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Abstract

S.M.Sergeev. Statistical Mechanical Properties of Z§"~! Broken M adel: IHEP Preprint
92-46. — Protvino, 1992. — p. 9, refs.: 8.

The formulation of the Z§~? broken madel is given. The partition function is obtained
under ao assumption of analyticity. A siring function for the local sta*e probabilities has
also been found.
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1. Introduction

The ZR"! broken model was obtained in [1]. The Boltzmann weight S
of this model, regarded as an R - matrix, acts in a (N"~!)? - state space and
intertwines twa L — operators for the Belavin si(n) R — matrix.

In this paper we investigate the statistical mechanical properties of the
model. Note, that we didn’t find any physical regime for the Z&"~! model
except for the n = 2 case. Nevertheless the numerical calculations show that
the partition function of the model for real spectral parameters inside the
region (3.11) is positive and agrees with (3.10),

Throughout the paper we apply the Baxter’s technique (2] for the calcu-
lation of the free energy and the local state probabilities (LSP).

The plan of the paper is following. In section 2 we give the formulation of
the Z§"~! mnodel. In section 3 the free energy for the elliptic parametrization
and for some triginometric limits are found. The string function and the
matrix representation for the LSP are described in section 4.

2. Formulation of the model

First of all introduce the following notations. Let¢,, p =0, ...,n—1be an
orthonormal basis of R”, so that Il = {a, : ¢y = €41 — €, p = 1,...,mn — 1}
be the basis of the A,_; root system. Let

n-1 n-1
Qv ={a, e =“Zl a0, = Zoaﬂa‘,; D<a, <N} (2.1)
= p=

be the Zy - span of II. Hereafter we shall use the Jacaby function 6; in the

form )
91(2 T) = z eitr(H-l/2)’+2ri(k+l/2)(z+l/2) (22)
kezZ



Define a function wi(o,u), k,0 € Z, by
D 0( ) 0> 0
(57 et )™ | o <o

The function wi(o, u) is determined uniquelly by the relation

wi(o,u) =

wlo+1,4)  , kfnto—u
we(oym) Bi( N )
Note that .
(o) = ——

wop{—~0,—1 —u)’
Define the next functions W(m, n; u) and W(m,n;u) by

n—1
W(m,nyu) = [] wyp(m, — n,;u),
p=0
W(m,nu) = !
™ T W(m,n;u)’

m,n € @y, u = p ~ g being the spectral parameter (Fig. 1).

n m
P, ] e I
A =Wmnp-9f =Wimnp-q

m ) n
Fig. 1.

From {2.5), it follows that
W(m, n;u) = Win,m;~1 ~ u)
The last function that we have to define is D(m), m € @n:

D(m) = [ PR )
m)= T B N
H<v gl(%ﬁ‘v'r)

We shall use a big full circle as the graphical natation for D(m).
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Now we can express the Boltzmann four — spin weight 5 in terms of the

defined functions (Fig. 2)
S(m', s my ) gy =

W(n',m g — p)W(m,n;p' — q)W(n,m';¢ — p)

= D(m)D(n)

W(n',m';¢ — p)
nl
Z4 T3
ml
I Iy
n

Fig. 2. S(m',n';m, n)ppq-

The statistical lattice is obtained by translating 5.
The W — function obeys the unitarity relation

Y. W(m, L u)W{l, n; —~u)D{1)/D(m)D{n) = @(u)émn
1eQn
where up to a constant factor

6 (nu,N7) ( 61(u/N,7) )"X
81(nu/N,7) \h(nu,nNT)

O(u) =

x ff (61(3/nl = u/N, )8, (5/nN + u/N, )"

(2.9)

(2.10)

(2.11)

From (2.10) and (2.7), it follows that the unitarity relation for the S - matrix

is given by

3:0 S(n",m";n', m)ggpp S(m', 0’y m,n) g =
n EQN

= @(p ~ 9)®(q' ~ P')6nnmm

(2.12)



It is useful to make the Jacoby transformation for the # —~ functions. This
transformation up to a gauge is equivalent to the replacement

z 1
4 — (=, —= 2
e,m) = (2 =) (2.13)
in {2.3) and the function ® in the unitarity condition becomes

_ bi(nu/Nr,~1/N7) ( O1(u/N7,—1/7) "
() = 0)(nu/Nt,-1/7) (GI(L/NT,ﬂlanT))

X "I—Il (#1(j/aNT — u/N7,-1)7)8,(j/nNT +u/NT, —1/)" (2.149)
i=

Throughout the paper the Jacoby transformation s implied and form (2.14)
for the ® is used.

3. Free energy

In the previous section we regarded the $ matrix as the vertex one. It
is convenient to consider the face formulation of the model. Let four - spin
functions U and U” be
W (my, m1;p’ - p)

W(mgz, mq;p' — p)

W (my, mp; ¢ — p YW (mg, mua;p' — Q)W (m3,mg,;0 — p)
W(ma, mp; ¢’ — p)

U(my, mg, mg, Ma)ppey = D(m1)

X EQ D(my)
mg€

" (3.1a}

Wim,maq ~q)

W(mg,m3;¢' ~ q)

W (mg, mg; ¢’ — p)W (my, mo; ¢ — @)W (mo, 71,50 ~ p)

U'(my, mg, m3, my)ppeg = D(my)

* mug?rl Dima) W (mo, mas ¢’ — p)
(3.1b)
The indentity (Fig. 3)
U(my,my, ma, mq)ppey = U'(my, my, ma, Ma)ppeg (3:2)

is known as the Star - Star relation.



Fig. 3. The Star - Star Relation.

Clearly, translating U we obtain the same lattice as in the previous section.
Now consider transfer matrises 7" and 7":

W(oi, 05 21)W (0}, 05415 72)

Tioe(E1,%2) = 11 Wlohoirir o) (3.30)
W(ai, 04 21)W (0}, 0:-1; 72)
? . [ R3] HTi-1,
T(ar){v) (z1,20) = I:I Wios, 011 21 + 22) (3.35)
Introduce four new variables =1, z9,23, 24 instead of p,p’,q,¢":
zi=¢-pl; zm=p-g (3.4)

Ty=-l-qd+p s=g-p;

Using relation (2.7) and translating the star - star relation in the horizontal
direction, we obtain

T'(z1,20)T (3, 24) = T(x3,24)T (1, 72), (3.5)

hence the free energy is a sum of two terms, one depends on z; and 3 and the
other - on z3 and z4. Applying the same procedure to the vertical direction
we can write

Q(TlaIJ)Q'(Ith) = Q’(rq,ti)Q(-’ths) (3.6)

for appropriately defined @ and Q. Note, that in terms of z; the partition
function is symmetric with respect to the cyslic permutation of z; (see Fig.
2), so using (3.5), (3.6), (2.12) and {2.14) we derive the following equations
for the free energy k(z), T, T3, Z4):

k(z1, T2, T3, 24)
k{(z)+ k(~x)
k(z) + k(=1 = z)

k(::l) + k(.’tg) + ’c(l‘;;) + k(.’u)
A

(3.7

log®{z}+ B



where A and B are some constants. Supposing the function k(z) to be the
analytical one, we can define it together with A and B uniquely,
Let
2Zmiy =m
w=ePfr g=ePr, (3.8)

Using w and ¢, system (3.7) can be written as

{ k(w) + k(w™)

log ®(w)+ B
k(w) + k(zw™) ,: v (39)

It}

Expanding log $(w) into a power series of w, converging absolutely inside the
ring
lgf”" < Jw] < [gl7V"
and assuming the existence of a k(w) power series of w, converging in the
ring
lgf" /" < |w] < g~/

we obtain
o [qHN-IZ|[kngkn/2)  [KN-1)/2[y kg2
k(w) = = 2 k]1‘£/2 qkn/2] + [ 1777) Hk/?n 7 ]’ (3.10)
o1 KGR [gt2] T k(g*A (gt
where [2] stands for z ~ z~!. This series converges inside the strip
-1- L < Reu < 1 (3.11)
n n

for a pure imaginary 7.

In the trigonametric limit 7 = 0 of (2.11) system (3.7) can be solved by
the Fourier transformation inside the strip of analyticity (3.11). The result
is similar to (3.10):

K(z) = /m% _sh{kn/2 + knz)sh{k(N - 1)/2)
“h 2% sh{kn/2)sh{kf2)sh(EN/2)
sh(k/2 + kz)sh(k(N ~ 1}/2) (3.12)
sh(kN/2)sh?(k/2n) o
An other trigonometric limit of (2.11), obtained with the help of the I'(N)
modular transformation, is the trigonometric limit of the Zﬁ("'l) generaliza-

tion of the chiral Potts model [3,4,1):
_ sinnNz ( sinz )"

(=) = sin Nz (313)

sinnr



Using the analyticity inside (3.11), we find

v _ o dk { sh(k(2Nz 4 n))sh((N — L)nk)
k)= "o (" Sh{nk)sh(N=E) -

sh(k(2Nz + m))sh((N —- l)nk/n))
sh{zk/n)sh{N=k/n)

(3.14)

4. Local State Probabilities

Let a € Qu be a spin of a fixed site sy on the lattice. Define the local
state probability conventionally:

<e>= 3 JIs({eh (41)

0,)0,,=0 8

Let Vr(o) be the eigenvector of T(z,,z3), corresponding to the maximal
eigenvalue. Clearly, Vp(o) depends on 2; and 3 via £; + 29 = =1 — (z3+24).
Similarly, considering Q(zy,74), Vo) depends on x| and z4 via z, + Z4.
Since

<a>= ¥ Wloao)= ¥ Valo)Valo), (42)

{o):00=a {z}:00=a
we conclude that < a > is independent of the spectral parameters. For the
sake of simplicity we set

1
Ty =Ty = U 12=23=—§—u; (4.3)

Such choice allows us to use directly the Corner Transfer Matrix method for
the face weights U and U’.

The SE corner matrix and the NW one, expressed in the terms of U, are
the same. Denote them as A(«). Making the Star - Star transformation (3.2)

for the S and NE matrices, we find ther. equal to A(~1/2 — u). So,the
vector of local state probabilities is

< @ >= tracesy=q (A{u)A(=1/2 — u))? (4.4)

Using the algebraic limit of U, one can find the diagonal form of A(z) and
substitute it to (4.4).

To write out the answer for < a > we need some new notations. Let ¢t be
a real numnber. Denote

Swlt) = ~(6+ 3), (45)

7



where f = §N +fso that 0 <{ < N, 6, be an integer. Futher denote

a—1 :
"2 Sn(k/n+7) >0
— '] H
file) = { - T Snlk/n—j=1), ¢ <0 (49)
73 Sn(=kin—j—-1/2), o>0
- =0 N 7 1
9:(2) { — % Sn(=kfn+ i +1/2), <0 S
Let m,n € Qx. Define
F(m)= %fa—ﬂ(mo ~ mp) (4.8)
G(m,n) = Z‘;ga—ﬂ(mu ~ ng) (49)
Using the introduced notations, the local state probability can be written as
<a >____‘ ]Z gL HEor 01 )+Gon 0ra}+2P (1) (4.10)
a}:o0=0a
= (5_:) AL AP A4S (4.11)
[
where
A,(:,),, = gHEW O FEN+HE-NG )+ Fo) (4.12)

More simply expressions we can write for the r = 2 case, which is closely
connected to the Kashiwara - Miwa madel [5]. In this case ¢ and o are
nonnegative integers less than N.

AW, = O+ lo=o k)11 20), (4.13)
where
a, a=40
fla) = e—1, a<N (4.14)

3a~2N-2, a> N
Contrary to the RSOS [6,7) models these local state probabilities do not
correspond to any GKO - construction directly. Assuming the following
assymptotic for LSP {8] in the limit when ¢ = &¥*" — 1-

< o >— el (4.15)

2 being a central charge, we estimate for n = 2

IN-1)

':(N-) = m

(4.16)
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