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Abstract 

S.M.Sergeev. Statistical Mechanical Properties of Z%n~l Broken Ь idel: IHEP Preprint 
92­46. — Protvino, 1992. — p. 9, refs.: 8. 

The formulation of the Zjv""1 broken model is given. The partition function is obtained 
under ao assumption of analyticity, A string function for the local st?'e probabilities has 
also been found. 

Аннотация 
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Дана формулировка 2$п~л нарушенной модели. Статистическая с:-,та. получена 
в предположении аналитичности. Также построено представление дл. вероятности 
локального спинового состояния в виде одномерной конфигурационной суммы. 
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1. Introduction 
The Z®""1 broken model was obtained in [1]. The Boltzmann weight S 

of this model, regarded as an R ­ matrix, acts in а ( Л г п ­ 1 ) 2 ­ state space and 
intertwines two L ­ operators for the Belavin sl(n) R ­ matrix. 

In this paper we investigate the statistical mechanical properties of the 
model. Note, that we didn't find any physical regime for the 2®" _ 1 model 
except for the n = 2 case. Nevertheless the numerical calculations show that 
the partition function of the model for real spectral parameters inside the 
region (3.11) is positive and agrees with (3.10). 

Throughout the paper we apply the Baxter's technique [2] for the calcu­

lation of the free energy and the local state probabilities (LSP). 
The plan of the paper is following. In section 2 we give the formulation of 

the Zf,"~' model. In section 3 the free energy for the elliptic parametrization 
and for some triginometric limits are found. The string function and the 
matrix representation for the LSP are described in section 4. 

2. Formulation of the model 
First of all introduce the following notations. Let £,,, ji = 0,..., n — 1 be an 

orthonormal basis of R", so that П = {a^ : a^ = £,,_] ­ e^, ц = 1,..., n — 1} 
be the basis of the ­4„_i root system. Let 

n- l n- l 
QN - {a, a = У^ a^a^ = £ a^a^; 0 < a,, < Л'} (2.1) 

be the ZH ­ span of П. Hereafter we shall use the Jacoby function в\ in the 
form 

0i(2,r) = E e ' ' " r ( t + 1 / 2 > ! + 2 " ( t + 1 / 2 ) ( ! + 1 / 2 ) (2.2) 
tez 
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Define a function t«t(<r,u), k,<t € Z, by 

n£M(*fc#=V) , <r>0 
0 

The function wt((r, a) is determined uniquelly by the relation 

Wk{a + !,«) _ „ ,fe/n + g - и . 

Note that 
адь(<т,и) -• (-)' 

u > - * ( - f f , - l - u ) ' 
Define the next functions W(m, n; u) and W(m, n;«) by 

n- l 
Щ т , n; u) = П u),,_„(mM - n„; a), 

W ^ m ^ u ) = 
1 

W{m, n; u)' 
m,n € Q/f, u=p~ q being the spectral parameter (Fig. 1). 

(2.3) 

(2.4) 

(2.5) 

(2.6a) 

(2.6b) 

P * ,4 P *_ 
= W ( m , « ; p - g ) ; = W(m,n;| j - q) 

Fig. 1. 

From (2.5), it follows that 

W[m, n; u) = W(n, m; - 1 - u) 

The last function that we have to define is D(m), m € QN: 

D(m) = П 
й / ( > 1 - Ч / ) / Я - г Г П < | - я у ч 

We shall use a big full circle as the graphical notation for D(m). 
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Now we can express the Boltzmann four ­ spin weight S in terms of the 
defined functions (Fig. 2) 

= D(m)D(n) 

S(m ,n;m,п)^^ = 

W(n\ m\q— p)W(m, n;p' — q)W{n,m'\q' — p') 
W(n',m';g' -p) 

(2.9) 

Fig. 2. S(m',n';m,7i) p p.„'. 

The statistical lattice is obtained by translating S. 
The W ­ function obeys the unitarity relation 

32 W(m,l;u)W(l,n;-u)D(l)jD(m)D(n) = Ф(и)6т,„ (2.10) 
l£Qn 

where up to a constant factor 

ф ( в ) = » . ( я и , Л Г г ) / » , ( » / * , т ) \ " 
W ey(nu/N,T) \0i(n­j,nJVr)j 

X "ff (Ыз/nN - u/N, r)ei(j/nN + u/N, r))n~' (2.11) 

From (2.10) and (2.7), it follows that the unitarity relation for the S - matrix 
is given by 

32 S(n",m"';ri ,m'),tfpp,S(m' ,n';m,n)ppf^ — 

= Ф(р ­ 9 )Ф( 9 ' ­ r>)6n,n..Sm,m.. (2.12) 
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It is useful to make the Jacoby transformation for the в ­ functions. This 
transformation up to a gaugeJs equivalent to the replacement 

0 i ( * , r ) ­ 0 K ­ , ­ ­ ) (2.13) 
г т 

in (2.3) and the function Ф in the unitarity condition becomes 

Wnu/ffr.-l/Nr) ( b(*/lfr,-l/r) у 
W B,(nu/NT,-l/T) \9i(u/JVT,­ l /nNr)J 

x "П (Hi/nNr - U/NT, ­1/т)в,С;/пЛГт + U/NT, -1/т))п~> (2.14) 

Throughout the paper the Jacoby transformation is implied and form (2.14) 
for the Ф is used. 

3. Free energy 
In the previous section we regarded the S matrix as the vertex one. It 

is convenient to consider the face formulation of the model. Let four ­ spin 
functions U and V be 

, . W(mi,mi;p' ­ p) 

s ­ rv ^w(mumB<4' ~ P'W(mo,m4;p' - q)W(mz,m0,;q -p) 
x 2s Щто) 77Г, ; с 

(3.1a) 

W(mo,mr, q' ­ р ' ) У У ( т а , m 0 ; p ' ­ q)W(mo,mb; 4 ~ P) 

,T>t \ n/ sW{mum^q'-q) 
y ( « , , m t , w „ m « V w . = Z ) ( m 1 ) i y ( | > | f t W g ; g , _ g ) x 

x \Z D{m0) 
m„e<3,< W ( m 0 , m 4 ; ? ' ­ p ) 

(3.16) 

The indentity (Fig. 3) 

С/(т ь тг ,тз ,т4)рр/„ / = U'(mi,mi,m3,mi)pp:^ (3.2) 

is known as the Star ­ Star relation. 
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m 2 l 

"to
,. • • \ " » j > ' 

• 
t 

mi q' f<? 

П?з 

ТГЦ 

Fig. 3. The Stai ­ Star Relation. 

Clearly, translating V we obtain the same lattice as in the previous section. 
Now consider transfer matrioes T and T'\ 

r { . . ) W ( s i , S j ) = II 
W(aiyi-xl)W{o'i,ai^;x.1) 

W(<ri,u;_i;i i+i2) 

r M W (« . , **) - П W{o^m,Xl + Xi) 

Introduce four new variables Xi, X2,хз,14 instead of p,p', q, q1: 

xi=q'-pl; Xi=p'-q\ 
i 3 = ­ l ­ g ' + p; xt = q-p; 

Using relation (2.7) and translating the star ­ star relation in the horizontal 
direction, we obtain 

(3.3a) 

(3.36) 

(3.4) 

Г{х{,х2)Т(х3,х4) = Т(х3,ц)Т(хих2), (3.5) 

hence the free energy is a sum of two terms, one depends on x\ and ц and the 
other ­ on 13 and 14. Applying the same procedure to the vertical direction 
we can write 

Q(xi,x3)Q'(x4,X2) = Q'(x4,x2)Q(xi,xz) (3.6) 

for appropriately defined Q and Q". Note, that in terms of x, the partition 
function is symmetric with respect to the cyclic permutation of i ; (see Fig. 
2), so using (3.5), (3.6), (2.12) and (2.14) we derive the following equations 
for the free energy k(xy,x2, 13,14): 

k(xuX2,ii,xn) = k(xi) + k(x2) + k(xz) + k(x4) 
k(x) + k(-z) = A 
k{x) + k(~\-x) = logФ(I) + B 

(3.7) 
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where A and В are some constants. Supposing the function k(x) to be the 
analytical one, we can define it together with A and В uniquely. 

Let 
vj = e$r, 9 = ет&\ (3.8) 

Using w and 5, system (3.7) can be written as 

f k(w) + k(w~i) = log<f>(w) + B 
\ k(w) + k(xw~l) = A ( ^ 1 

Expanding log Ф(ш) into a power series of w, converging absolutely inside the 
ring 

Ы 1 ' " < M < I?!"1/" 
and assuming the existence of a k(w) power series of w, converging in the 
ring 

M 1 + ' / " < \w\ < \д\-1'\ 
we obtain 

1 ; ~ t t l *[« i / W A r / 2 I [?* ' , / 2 ] + lt[«,*Wr]fo*/*f ' ^­ 1 U J 

where [г] stands for г — г ­ 1 . This series converges inside the strip 

-l--<Rcu<- (3.11) 
n n 

for a pure imaginary т. 
In the trigonometric limit r = 0 of (2.11) system (3.7) can be solved by 

the Fourier transformation inside the strip of analyticity (3.11). The result 
is similar to (3.10): 

t M ­ f ° — ( * f t (* n / 2 + knx)sh(k(N ­ l)/2) 
(x'~Jo 2k\~~ sh{kn/2)sh{k/2)sh{kNJ2) + 

sh(k/2 + kx)Sh(k(N-l)/2)\ . 
sh(kN/2)sh*{k/2n) ) ' ' 

An other trigonometric limit of (2.11), obtained with the help of the T(N) 
modular transformation, is the trigonometric limit of the Zn~ generaliza­

tion of the chiral Potts model [3,4,1]: 

s h ^ V x / ^ i n x y 
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Using the analyticity inside (3.11), we find 

' ( X ' ~ /o 2t \ " sh(7tk)sh(Nirk) 

sh(k{2Nx + 7r))gft((JV - l)irfc/n)\ 
sk{7rk/n}sh(Nnk/n) ) K ' ' 

4. Local State Probabilities 
Let a 6 QA1 be a spin of a fixed site SQ on the lattice. Define the local 

state probability conventionally: 

Let VT[O) be the eigenvector of T(xi,xj), corresponding to the maximal 
eigenvalue. Clearly, VT(O) depends on xx and x% v i a i i +г? = —1 — (хз +14). 
Similarly, considering Q(x^,Xi), Vq\a) depends on 11 and г 4 via xi + г 4 . 
Since 

< a > = £ VT(ff)VT(ff)= £ VW)VQ(<7) , (4-2) 

we conclude that < a > is independent of the spectral parameters. For the 
sake of simplicity we set 

xi = i 2 = u; Xi = i j = - - - u; (4.3) 

Such choice allows us to use directly the Corner Transfer Matrix method for 
the face weights U and U'. 

The SE corner matrix and the NW one, expressed in the terms of U, are 
the same. Denote them as A(u). Making the Star - Star transformation (3.2) 

for the SV, and NE matrices, we find ther. equal to A(—1/2 — u). So.the 
vector of local state probabilities is 

< a >= tracer (A(u)A(-l/2 - u)f (4.4) 

Using the algebraic limit of U, one can find the diagonal form of A(u) and 
substitute it to (4.4). 

To write out the answer for < a > we need some new notations. Let t be 
a real number. Denote 

SA*) = -№ + \), (4-5) 
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where f = StN + i so that 0 < t < TV, 6a be an integer. Futher denote 

a(„\-\ ^USN(-k/n-j-1/2), a>0 
9 t { < T ) ' { -£7=0 ' SN(-k/n + j + 1/2), a < 0 ( 4 ­ ? ) 

Let Л1,п6 QAJ. Define 

F{m) = £ /»­л(™о ­ mb) (4.8) 

or,0 

Using the introduced notations, the local state probability can be written as 

< a > _ £ 9KL1*№l.<ri­i)+G(»*,<'1+>)+2f>/.)) (4.Ю) 
{ffl'.ffo­a 

= £4:^,4^..., (4-П) 
и 

where 
д1Ч _ gt(CK.")+fM)+(t­DiC(,7,<T')+J'M) ( 4 1 2 ) 

More simply expressions we can write for the n = 2 case, which is closely 
connected to the Kashiwara ­ Miwa model [5]. In this case a and a' are 
nonnegative integers less than N. 

A{t\ - 91
21­1)№+»'>+1''­<''1>­1:/(2<г')­(*~1Ш2<г). (4ДЗ) 

where 
[ 0, a = 0 

/ (a) = | a ­ 1, a < N (4.14) 
( 3 0 ­ 2 ^ ­ 2 , a > N 

Contrary to the RSOS [6,7] models these local state probabilities do not 
correspond to any GKO ­ construction directly. Assuming the following 
assymptotic for LSP [8] in the limit when q = eimr —> 1" 

< a >-> еЙ7, (4.15) 

г being a central charge, we estimate for n = 2 

:(.V) = | ^ j f (4Л6) 
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