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Abstract

it is shown that in insulators, muonium should delocalize into Bloch waves up to
quite high temperatures, of order 70°K . The dissipative coupling to Debye phonons
will give a long-time stochastic behavior, and a microscopic theory quantitatively
explains the puzzling T3 behavior observed for the quantum diffusion coefficient
at intermediate temperatures, in recent experiments in KCl. The theory is generally
applicable to particle motion in the presence of a phonon heat bath.
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A particle coupled to some background “thermal bath” will make a transition
at low temperature from classical to quantum behavior, provided the coupling is
weak enough. The details of this transition, particularly where the quantum motion
involves tunneling, have interested theorists for decades, beginning with studies of
polarons' and continuing with the much heavier muon. Most attention, however, has
been devoted to the case where the particle is “ohmically” coupled to background
electrons - this coupling has a strong inhibitory effect on tunneling, and can even
suppress it altogether.2~* Experiments on muonium diffusion in Cu and Al are in
good agreement with these theories.®

Clearly, to enhance the quantum behavior it is necessary to remove the elec-
trons, and this has been dcne very recently in experiments® on muonium (ute~) in
KCI insulator. This leaves only the coupling to phonons, and previous theory for
this case has indicated either a T~® dependence of the muon diffusion coefficient D
(coming from 2-phonon processes’) or an exp(—hW/kT) dependence {coming from
one-phonon processes 8); here W(T) is imagined to be a muonium bandwidth. How-
ever the experiments give a completely different result;? at intermediate temperatures,
(10°K < T £ 70°K), D ~ T3, apparently beginning to flatten off for T < 10°K.

Thus theory and experiment seem in complete disagreement. In this letter we
resolve this disagreement, and give a quantitative theory of the diffusion, with no
adjustable parameters, which agrees very well with the experiments. We also show
that the observed diffusion rates must be interpreted rather differently from what is
usually thought.

A crucial insight into the question is obtained by studying the related a problem
of particle tunneling between two wells whilst coupled to a phonon bath, for which
the Hamiltonian is

) 1 M. .
H= lMR2 +V(R)+ Y huw, (“10‘1 + l) +:-) '—qe'i'ﬁ(ag - 0;’) (1)
g = TR & 2/ T2, z

coupling the muonium coordinate R(t) to Debye phonons via the matrix M,. In (1) we
assume the high frequency effects of optical phonons have already been incorporated
into the renormalization of M, V(R) and M, (and counter terms are not written
explicitly). Now this problem can be mapped by standard methods? on to a two-level
system coupled to phonons, provided the level splitting A, and temperature T, are
both <« h©p, the Debye energy, and also <« E,, the activation energy over the barrier
(for KCl, ©p ~ 231°K and E, ~ 390°K). These conditions obtain for T < 70°K,
where the puzzling T behavior occurs.

The time-dependence R(t) may be calculated in this two-well problem using
the “dilute-blip” approximation?, and one finds for the “return probability” P(t) to
the initial starting well after ¢ to be

P(t) = e "Mt cos(A(T)t) (2)
A(T) RA(T)
I(T) = —-,e,,( o0 ) th[ ST ] (3)
2 b -
A(T) =A, exp {—47 (EkeT_D) 'Lhé /kT efd_ - } (4)

2



o o e e SRR T S A v 0

where the T = 0 values are given by I'y = (1r/2)7GD(Ao/OD)3, and Ag = Age™,

where

1 M |? "
_ZE|—w;|—(1—cosg-c_lo) (5)
T Y

is the usual Debye-Waller factor, (with a, the lattice spacing) and w, = cq. For KCl,
v ~ 0.85; and we shall find that for muonium, kA, ~ 9.85°K, so that hT', ~ 0.0239°K..
Note that also for KCl, |M,|* = (10/3)E,w, in Debye approximation.

A complete analysis of (2)-(4) is lengthy, but the important features are rather
simple. For 0 < T < 70°K, A(T) hardly varies, its leading temperature dependence
being A(T) ~ Al — (2v/15)(kT/hOp)?]. For kT < hA,, the damping T{T) is
roughly constant, varying as I'(T') ~ T,[1 + 2exp(—hA,/kT)). In Fig.1 we show the
behavior of I'(T') and A(T) for T < 70°K, alongside the experimental data. It must
be emphasized that A, in these plots is not obtained by fitting to the low-T data, but
is extracted from the quite separate high-T data (see below). It is thus encouraging
to sce the apparent low-T' convergence of the measured v, extracted from the data,
to our A,.

Now from Fig.1 we see that at low and intermediate T < 70°K, I{T)/ A(T) < 1.
Thus we are in the regime of very week damping, and so the muonium motion in
this region is Bloch coherent hopping, with only occasional absorption and emis-
sion of phonons. Moreover, since A, is not small, we expect single phonon absorp-
tion/emission processes to be of overriding importance. These two conclusions are
quite different from previous work.”®

However these results also pose a paradox — why should the rate v extracted
from experiments fall off so steeply for T > 10°K, when'® A(T) varies so slowly?
The crucial point is that the experiments are apparently not measuring the inter-site
hopping rate at all (except for kT < hA,, or else for high temperatures when we
have incoherent thermal-activated hopping between sites). The low and intermediate-
T coherent hopping proceeds at a frequency ~ v/a,, with the muonium velocity v ~
O(a,A(T)); however v(t) changes after each muonium-phonon interaction, so that
these high-frequency (~ A,) parts of v will be washed out!! in the experiment except
for T < A,. Here the observed v(T) will arise from the much less frequent muonium-
phonon interactions, which are responsible for the long-time “quantum dif fusive”
evolution of the muonium coordinate (more strictly, of its density matrix).

We now show, by putting this picture on a quantitative basis, that is agrees
remarkably well with experiment. We start with a band picture for the muonium
(Justified by the above calculations), with tight-binding spectrum (at T = 0) of'

€ = 2[&,,(cos kza, + coskya, + cos k,a,) (6)

Then the reduced density matrix p,, 4 +5l(t) for the muonium (afier integrating out the
phonons) obeys the equation

3P£"12+
5 L = [Ho, P"Nierg + Tiros @
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where Hp excludes nondlagona.l phonon processes (diagonal ones ere already ab-
sorbed into A,), and Iy k44 is the muonium-phonon collision integral. The general
form of Iy 44 for smgle muonium-phonon processes is!'?

L =73 Y pobler, +Qu—ex, —np){ S Vrih + VL Vi kp‘:’y} 8)
aﬂk k

in the Born approximation, where the total density matrix p(t) ~ p(“)(t)pp,., and
Ppn 1s the phonon density matrix in thermal equilibrium. The term in (8) is much
larger than that coming from two-phonon processes’ because A, is not small. Using
V = M,6(k — k' — ¢) and Q, — Qg = hw,, we then find

Lgrg=7 (m, + 7)oy 9)

T =7 Mo ppnblensq ~ € ~ hug) (10)
q

Now in the high temperature limit (Arrhenius) limit, the incoherent thermal
over-barrier-hopping motion is described by a stochastic thermal diffusion coefficient
Dy(T) = a?vy(T). The evaluation of v1(T) is standard and gives

x 1/2 < E.
v(T) = (4h2E’ T) Alexp {-—f . (11)

As mentioned above, this equation, when fitted to the high-temperature data of Ref.6,
gives a best fit for A, =~ 9.85°K.

At low and intcrmediate T the muonium tunnels over long distances as a Bloch
wave, in between phonon interactions. Nevertheless, as described above, this behavior
will appear as (quantum) diffusion over long times, and can then be described by a
quantum diffusion coefficient Dg(T) = a2vg(T). The rate vg(T') is then given as in
the usual low-T fermion-phonon interaction by

volT) = 3AH7(T) (12)
E kT IZM:o/kT J.'zdI
AWT) = 122242 (E) | == (13)

where v = 23, e ! and we assume ga, < 1 for the temperature of interest (i.e.,
again, the kT < £Op). Evaluatior of the coefficient A is tedious but straightforward,
giving

A=— / dye' / sin 6d6 / d¢ Jo(8wy sin @ cos ¢)Jo(Bwy sin @ sin ¢)Jo(8wy cos 8)
’ (14)
where Jy(z) is the Bessel function and w = A,/0 ~ 4.3 x 1072,
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Returning to Fig.1, we fit the data using v7(T') for the high-T regime, and vg(T)
for low and intermediate-T and interpolating between the two by summing them.

We see that for intermediate T (10°K < T < 70°K) the expression (12) fits
the data rather well, not only giving the observed T~ behavior but also the correct
magnitude, using no adjustable parameters. This is a strong confirmation of the the-
ory. For T « 10°K we expect it should be possible to distinguish the high-frequency
(v ~ A,) motion from the low-frequency phonen scattering, and the apparent flatten-
ing off of the data for the lowest experimental temperatures may indicate this is so.
It would thus be extremely interesting if the experiments of Ref.6 could be continued
to kT < hA,.

Summarizing, we have shown that a theory of muonium dynamics in KCl in-
sulators need only involve one-phonon interactions with the muonium, and that at
temperature ¥T' € hOp the muonium motion is essentially Bloch-like, with diffu-
sion over long times arising from phonon interactions. A quantitative theory agrees
very well with the data, provided one realizes that the quantum diffusion rate vg ex-
tracted from this data is not an intersite hopping rate, but a measure of the stochastic
diffusion induced by the muon-phonon interaction.

Finally, a brief word on the generality of these results is in order. In principle,
they should be applicable to the motion of any object moving through a phonon heat-
bath on a lattice. This of course makes them relevant to a large variety of systems.
But we should add one cautionary note - we have assumed that the particle is in
thermal equilibrium with the heat bath. Whilst this is aimost certainly true for the
KCI case we have studied, it may not be at much lower temperatures. Work on this
question is in progress.

Acknowledgements

We thank R. Kiefl, J. Brewer, N. Tzoar, W. Hardy and W. G. Unruh for very
useful discussions. This work is supported by an NSERC-URF grant (PCES).

Reference

1. H. Frohlich, Adv. Phys. 3, 325 (1954); R. P. Feynman, Phys. Rev. 97, 660
(1955); T. Holstein, Ann. Phys. (N.Y.) 8, 343 (1959); G. D. Mahan, Many-
Particle Physics, (Plenum Press, 1981) ch.6.

2. A.J. Leggett et al., Rev. Mod. Phys. 59, 1 (1987), and references therein.
3. J. Kondo, J. Phys. Soc. Jpn. 56, 1638 (1987), and references theiein.
4. Yu Kagan and N. V. Prokof’ev, Sov. Phys.-JETP. 63, 1276 (1986), and refer-

ences therein.

5. C. W. Clawson et al., Phys. Rev. Lett. 51, 114 (1983); R. Kadono et. al., Phys.
Rev. B39, 23 (1989); O. Hartmann et. al., Phys. Rev. B37, 4425 (1988);

6. R. F. Kiefl et. al., Phys. Rev. Lett. 62, 792 (1989)
7. Yu Kagan and M. 1. Klinger, J. Phys. C7, 2791 (1974)

5



10.

11.

12,

. Yu Kagan and N. V. Prokof’ev, Sov. Phys.-JETP Lett. 45, 115 (1987)

In Ref.8, a T3 term is derived for very low temperatures (kT <« h[lo); this
also disagrees with our result. Experiments have yet to probe this regime.

One should not assume the bandwidth W(T') is equivalent to the A(T) of
the two-level problem. or that the muonium-phonon scattering rate is given by
I'(T), for band muonium. Although these quantities are similar for low damping,
they are not the same. The correct calculation of the band properties is given
below. Note, however, that in Eq.(6), we have written the T = 0 bandwidth
Wo = Ay; the damping is so small here that this a good approximation.

A detailed verification of this picture will require the highly non-trivial calcu-
lation of the tunneling of a particle in a 3-d lattice of potential wells, in the
presence of phonons. This calculation is under way.

A cross-term in (8) is ignored - it is negligible in this problem.

Figure Caption

Fig.1. Plots, as a function of temperature, of (i) the temperature dependent “level-
splitting” A(T), (ii) the temperature dependent damping I'(T'), for the two-level
problem, and (iii) the data from Ref.6, with a fit from our theory (solid line). All
quantities are shown as frequencies - see text for details.
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