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1. Introduction

The Nambu- Jona- Lasinio (NJL) model (1] is a very convenient
instrument for investigating the behaviour of mesons in the hot and
dense medium [2]- [6]. :

In the work [7] we have studied a simple U(2); symmetric variant
of the NJL model with a gluon condensate (GC) at finite temperature.
It was shown that the GC plays a stabilizing role for the behaviour
of physical quantities when the temperature changes. Now we shall
investigate the U(3) x U(3) chiral symmetric variant of the NJL model
with the GC and axial anomaly. The latter playsan: important role for
solving the U(1) 4 problem (7 —#’ mass difference). We shall show that
the stabilizing role of the GC at finite temperature for heavy mesons
is smaller than for light mesons. We also shall show that the absolute
value of the singlet— octet mixing angle increases with the temperature.
The axial anomaly decreases when the temperature increases.

The paper is organized as follows. In the next section we give the
U(3) x U(3) NJL Lagrangian with the gluon condeusate fields [7, 8]
and gluon anomaly term. In Section 3, the effective Lagrangian for the
scalar and pseudoscalar mesons is derived and the neson mass formu-
lae are described. Section 4 is devoted to the description of the input
parameters of our model, the meson masses and the quark conden-
sates. Then, in Section 5 we introduce the temperature and density
dependence of our physical quantities. Section 6 is the discussion and
conclusion. We comment on the behaviour of the constituent quark
masses, quark condensates, meson masses, Fr, Fx and the mixing an-
gle 8 at changing temperature in the region 0 < T < 150Mev. We show
that the gluon condensate plays a stabilizing role for the behaviour of
these quantities at changing T'. In the conclusion, we give some per-
spectives for the subsequent development of these investigations.

2. The U(3) x U(3) NJL model

Let us consider the effective quark Lagrangian {4}, [5],[7]-[11]
L=L+Ls+ L6 . (1)
Here

L =§(iD-mdq,
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where ¢ are the quark fields in the fundamental representation of

SU(‘?)colour x U(3)gavour With
u
q=1{ ¢
s

and each of quarks having three colours; m® is the current quark mass
matrix m® = diag(m3, mg, m?) (in what follows we suppose that m{ =
m3); D is the covariant derivative

X . A .
D,g=(0.+ 2970‘,)q ) (2)

where g is the QCD coupling constant; A,/2 are the generators of the
colour group SU(3). and G is the gluon field yielding a nonvanishing
gluon condensate

nr

2
G2 =< vaqf;ca (0)G**(0)|vac >= [330MeV]* . (3)

The value of the gluon condensate is taken from the [12].
Term L, is the effective chiral four- quark Lagrangian of the NJL
type
K _ _.
£y = @) +(@inre)] -

(4)
221Gy, 0i0)? + (G157, 00)
- 5@ @)+ (@Frs19)|
Here A; are the U(3) generators with Ao = 4/2/3 1 (1 is the 3 x 3 unit
matrix) and A, with 1 <1 < 8 are the standard Gell- Mann matrices.

We also take into account the U(1), breaking term L¢ based on
"tHooft’s instanton- inspired determinant interaction 5, 13]

Lo = dp [dotd(1 +75)g + detd(1 = 15)q] - (5)

This interaction conserves chiral SU(3);, x SU(3)g but is flavour mix-

mg.



3. The NJL model for the scalar and pseudoscalar mesons

Let us consider only the scalar and pseudoscalar parts of the La-
grangian (4). Upon introducing meson fields the Lagrangian (1) turns
into the form

_ (82 +4%)

£(0.6,5,9) = -5

+3(D—m® + 5 +ivsd)g +

(6)
+ Lg(g.5,9)

with & = &', ¢ = ¢*)A;. The vacuum expectation values of the scalar
fields &g, 53,05 are not equal to zero < G935 >o7 0 {10] (If m?2 = m3,
then < 65 >¢=0).

In order to pass to physical fields o; with < 0; >¢= 0, it is needed to
introduce new quark mass matrix m = diag(m,, mq4,m,). These new
quark masses are to be identified wiih the constituent guark masses

-mP+o=—-m+o, <o;>=0. (7)

Considering the vacuum expectation values of both parts of these
equations, we get ti.” gap equations (see Fig.1):

m, = mi— <, >=
= m®—2x; <du >o—2gD<dd>o< 3s >0 ,
(8
m, = md— <&, >=
= m®—~ 2K < 3s >0 —29p < Giu >o< dd >
Here
- _\/_2.0'0""78 - __0'0—\/508 (9)
* vi o v3i
If we suppose m, & my, then < diu >g=< dd >,.
The condensates < Giu >q, < dd >g, < 38 >¢ are given by
< dq >5= —4m I (m,) (10)



where

N Ay p? G? '
G _ ¢ - 2 q
17 (mg) = ———(2”)2/; dp~Eq + yrmer z » Eg=4/p*+ml. (11)

Here I8=(m,) is the quadratic divergent integral regularized with a
cut- ofl parameter Ay characterizing the scale of the chiral- symmetry
breaking. !

Now let us consider the divergent and convergent quark loops de-
scribed on Fig.2.

For evaluating the quark loops (quark determinants) with the ex-
ternal fields, we shall use the "heat kernel” technique which has been
emploved in [11]. We shall take into account also the corrections
connected with the Lagrangian L.

After regularization of the meson fields we get the Lagrangian

L{o, $,G) 7. 8, 10]

i

L(o,4.G) = g’l‘r{(@.np’)2 + (8,00 = (5o + 5247 —

- gif0r—2T0 4+ 26—l - ), 2| }+

%) 9ij

+ Lilo,9) . (12)

Here
1 ~1/2
9 = {‘:‘llf(miﬂn;’)—) )

(13)
1,G="(m_,-)_~ 17=0(my) e ( 1 1‘)2

: — +
2 2 13 U2
mi —m; 8- A8 \m: g

[g"(ml. m,) =

where g, is the renormalization coupling constant. I§=%(ra, ) is the

loearithmic divergent. integral regularized with the cut- off parameter
A '

! Here we used the three- dimensional cui- off Aj because it is
more convenient for introducing the temperature dependence of phys-
ica) quantities. As arule, A; < A; [5, 6).



2 2 m® m?
9i; 11G Gl =m0 )
¢ = L1 - anf(1fm) + Feml} = g2 (o4 20 - (0

Z = (1—6mZ/M? )7’ is the additional renormalization of pseudoscalar
fields resulting from the nondiagonal transitions of the type 7 ~— a,
(7 is the pion field and a, is the axial- vector field, g, = ZV/%g).

G038 G038 ‘ .
q + + gluon corrections
! ! »
- - ‘

Figure 1: The gap equation for current quarks

Figure 2: The quark loops with the external fields. G2, is the gluon

field. ¢ is the pseudoscalar field and o is the scalar field



From (12) and (14) we can sce that the pseudoscalar meson masses
are equal to zero if the current quark masses are equal to zero.
Taking into account Lg(a, ¢), we get (see [5]) 2

&Y = Ky +gp < dg >0 (15)

and instead of Lf in (12) there appears an additional term (in the
approach quadratic in the meson fields)

1
—§d¢(Z¢3+U§) ) {16)
where
< gq >%
dy = —6g2225 99 70 17
" 9 - (17)

The similar term has been considered in [10] for describing the gluon

anomaly.
Now we can get the following mass formulae for the pseudoscalar

meson nonets.

(]
L%

It is the Gell- Mann- Qakes- Renner formula. Here, we have used
the Goldberger- Treiman identity

2
zgt, =g =(=2), 19
9uu = 9n ( F,,) (19)
where F, = 93MeV is the pion decay constant.

M} = Z[e, + (i, —my)7] (20)

2 For the scalar- isoscalar mesons xJ° = x? but for the scalar- isovec-

tor mesons K° = K1 — gp < §q >o (see [4]).



Z
Miy = S{c+ch+d¥
(21)

Cfa—cﬁuz 8 3 ) 2] V/2
F {(dr-—?—) +'§(C..—Cuu)] }7

2\/:2(62' - cﬁu)

e = b ad,)

85 is the mixing angle of the singlet- octet components of the 7-
mesons. .

The gluon condensate also gives the singlet— octet mixing for the
scalar mesons fy — fj. Asaresult, we can obtain the masses fo and
f& from (21), where Z =1, ¢% = ¢f, + 4m2, ¢% = ¢?, + 4m?.

4. Determination of the model parameters

In our model, we have eight input parameters:

1.
2.

had

N & v A

8.

The pion decay constant F, = 93MeV.
The p meson decay constant g, (g3/47 =~ 3).
The gluon condensate G? = (330MeV)*.

. The a@; meson decay mass M,, =~ 1.2MeV.
. The pion mass M, = 140MeV.

. The kaon mass Mg = 495MeV.

. The p meson mass M, = 770MeV.

The mixing angle 6, = —220,

Using these input parameters we define the following output pa-
rameters:

L.

The current and constituent quark masses m, = 300MeV, m? =
4.5MeV, m, = 430MeV, m? = 92MeV.



2. The cut- off parameter A3 = 652MeV.
3. The renormalization constant Z = 1.6.

4. The four- quark coupling constants &, = 8.03GeV?,
k2 = (g,/2M,)* = 16GeV? [10].

5. The ‘tHooft coupling constant gp = ~85GeV™*
(dy = 0.46GeV?).

Now we can describe the quark condensates, the masses of the scalar,
pseudoscalar, vector and axial- vector meson nonets, all coupling con-
stants of meson interactions and the behaviour of these quantities as
functions of the temperature and chemical potential (see [6, 10, [1]).

Let us show how we define our output parameters. Consider three
equations:

1. The kinetic relation between the coupling constants g, and g
which takes place in the NJL model

3 -1/2
g, = Vg = \/;[I,G(mu,mu)] . (22)
2. The Goldberger- Treiman relation (19)

My 9o 172 .
Ty _ o = ey (23
oS )
3. 'The expression for the renormalization constant Z
' 6m?
Z= (1 - le) ‘ (24)
From (23) and (24) we derive the equation for m?2 with the solution
2 )
29,Fx x
m? = [ — 1 i;m )2] > 300MeV (23)
and then from (22) and (24) we get A; = 652MeV and
20,Fy 211
z=2[i+ J1- (L) =16 (26)
JV],“
I order to define the coupling constant x, and the current quark

mass mY we have to introduce the input paramoeter M, and to use
equations (8) and (18) 3,

3 At the first step, we can neglect the *tHooft term in (8).




Then, we get

2
KTV = (M—mF-) +815(m,) = 0.125GeV? , &, = 8.03GeV~? , (27)

25
O_MrF‘;r'cl
=

m = 4.5MeV . (28)

My
Using the mass formula (20) for Mg and the gap equation (3) we
obtain

m, = 430MeV , m? = 92MeV . (29)

If we use the mixing angle 6, = —220 (G:XP = —17.3 £ 3.6 [14}),
we obtain from (21) and (17)

d, = 0.46GeV? | dp = —89GeV™° | (30
M, = 544MeV , M, = 1039MeV ,

(ME¥P = 549MeV , MS'P = 958MeV) .

Then, using eq.(21) with Z = 1,¢2%,¢%?, we obtain the following
masses of the scalar- isoscalar mesons fo and fi: M, = 780MeV,
M;; = 1160MeV, and by, 4; = —420 4,

From formula (15} we can see that the 't Hooft correction to «; is
equal to 20% .

Now let us consider the quark condensates. The total quark con-
densate < gg >§ consists of two parts (see egs. (10), (11)). The first
part does not explicitly contain the gluon condensate G?

< iu >80 Tr(.. — ) = —4m I0=%(m,) = (—245MeV)%. (31)
10— m,

The second part includes the gluon condensate corrections

N 1 ¢* <G.GH >
A< au >00= —EZF__“m_—_ . (32)

4 Recently, the existence of the scalar state 7 = 0, 01*(750) has
been supported again [15].



In order to exclude the effect of explicit chiral symmetry breaking
by nonzero current quark masses we consider instead of (31) the
reduced condensates @ < @u >§=0 where we subtract from (31} the
values obtained in the limit x; = 0 (when the constituent quark mass
m, is replaced by mJ see [5, 16]). This effect plays a more important
role for < §s >. Then, we get

R< qq >§= —4mqllG(mq) + 47”211G=0(m2)
R <au >§=<dd >§= (-263MeV)® , (33)
R < 55 >§= (~248MeV)? .

5. The NJL model at finite temperature and chemical
potential

Now let us show how these physical quantities change at the finite

temperature and finite baryon number density.
The free quark propagator at the finite temperature and finite

baryon number density takes the form [6, 7, 17}
Sr(pT,p) = (P+m)[m
(34)
+ 27ib(p — m?) [B(poIn(p, ) + O(=po)i(p, )] | -
Here n{p, ) and #A{p, pu} are the Fermi functions for the quark and
antiquark.

-1
L]

[1 +exp(B(E —'#))]

n(p, p)
(35)

I

i, ) [1 +exp(B(E + u))] -

where § = 1/T, u is the chemical potential. Then, instead of the
integrals I8=% and IF=C of egs. (11), (13) we get the following 7- and
p— dependent quantities:

A

2
FomTp) = 5 | dpi-n=n),

10
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Figure 4: The T- dependence of m, and m, with gluon condensate
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(36)

G=0 NC As p2 = )
I=%(m;,m;, T,p) = Swzl dpﬁ(l—n—n) J(mi=m;) .

(for m; # m; see eq.(13)). The temperature behavior of the gluon
condensate has the form (18] °

2 NHN?I-1) T8¢ A 1
2Ty = 2oy T MW -1) TP Ap 1
T = G0) - 355 (11Nc—21"<)F;:{lnT f e 67

where Ap = 275MeV is the logarithmic scale occurring in the temper-
ature expansion of the pressure P.

Now using eqs. (36) and (37) for Iy,[; and G? we can obtain
the temperature dependence of all physical quantities - the constituent
quark masses m, and m,, quark condesnsates < @u >, < 3s >, decay
constants F, and Fg, meson masses and the mixing 8, (see Figs.1-
8). In our approach we neglect a possible temperature dependence of
#1,9p and Az 6.

6. Discussion

Figs.1-8 show the T— dependence of the main physical quantities
in our model. The behaviour of m,(T) is shown in Figure 1. It has
been found by a self- consistent solution of the thermal gap equation
(8) with I; and G?* given by (36), (37). For comparison we give the
behaviour of this value also for the case where the gluon condensate is
equal to zero. We can see that the gluon condensate plays a stabilizing
role for the behaviour of the constituent quark mass (and other physical
quantities) at changing temperature in the region 0 < T < 150MeV.
This takes place because the term with the gluon condensate plays a
more and more important role when the temperature increases (in the
region 0 < T' < 150MeV). Indeed, this term has the weakly changing

¥ Eq. (37) is legitimate in the region 0 < T < 150MeV. The
dependence on g is neglected. The weak dependence of the gluon
condensate on the temperature was found also in the SU(2) lattice
gauge theory in the papers {19, 20].

¢ The temperature dependence of gp was investigated in [21], where
it was showr. that gp rapidly decreases when temperature increases.
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Figure 11: The T- dependence of the mixiag angle 0,,,

with T function G¥(T) in the numerator and a more rapidly decreasing
function m? in the denominator (see'egs. (8), (10), (11)).

Figs.2,3 show the T- dependence of the m,..n, and quark conden-
sates < @tw >, < 88 >¢. Figs.4,5 show the bebaviour of F,, M, and
M, with G? and without G®. In Fig. 6 we can see the behaviour of
the kaon mass Mg and Fg. It is interesting that the last behaviour is
closer to the behaviour of M, and F, without G2. Indeed, in this case
we have heavier quark masses in the denominator of the term with G>
and thus the influence of this term is weaker.

Figs. 7,8 show the T- dependence of the masses of the 5, 3" mesons
and the mixing angle 8. The absolute value of 8 increases in the interval
0 < T < 150MeV. At the critical temperature Ty, d, is equal to zero
and 0 coinsides with the ideal mixing angle 8% = 35.30 (sind® = 1/,/3).

In conclusion, we would like to note that here we have obtained
the resulis which can be used only at low temperatures. lndeed, we
consider the G*- approximation following the work [22]. Lowever,
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the

(% terms rapidly increase with the temperature. So at a high

temperature it is necessary to consider the whole function f{G?) but
not only the first term of its expansion. This function can be found
using, for instance, the scale invariance (see works [23]- [26]). In the
future we want to investigate this problem.
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kwainnosenun 1O, Boakos M.K. E2-93-38
U3)Yx U3y -moacs Hamby — Hona-Jlazuuuo

U HROOHHBIM KOKICHUATOM M AKCHATbHOW AaHOMANHCH

T KOHEHHOH TUMNCPATYPL

Pacemotpena (3 x U(3)-moaeanr Hamby — HMoHa-J1a3MHKO € MI00HHBM
KAHICHCATOM # AKCHAABHOH anoMAannch (actepmnHanT 't Xodra) npu Kokey-
HOI TeMaepaTy pe. M3yucHo noscacHHe KOKCTUTYCHTHHEX MAce KBapkoB, KBap-
LORBNY  KORICHCHTOR, MOCC MC30HOB M KOHCTAHT CBSI3H KAk PyHKUMWE
covnep rvpe TToKAsaH0, 4TO NPU HIMCHCHME TCMICPATY Pl ITHOOHHKWHA KOH-
JURCAT MIPACT ¢TAGUTHIMPYIOWYIO Poab B NMOBEACHHM (PHU3MUCCKUX BEMUHH.
Tire RINAHKRE HAHGO.1CC CY DICCTBEHHO 44181 ICTKUX (i, d) KBAPKOB. AKCHAbHAS
AHOMATH M A TO () — #') CMCIDHBAHHUSA YMEHBIIAIOTCS € POCTOM TEMNEPATYPHL.

Patx 1 neoanena s Jlabopatopuu Teopernucckoit puankn OUAU.
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Kadimossks Yu L., Volkov MUK, E2-93-38
The 3o~ [43) Nambu — Jona-Lasinio Model

with the Gluon Condensate and Axial Anomaly

at Finne Tewiperature

The Cedyx 3y Nambu — Jona- Lasinio model with the gluon condensate
rd vl anomaly Ot Hooft determinanty is investigated at finite temperature.
W the behaswour of the constiuent quark masses, quark condensates,
rooe arasses, s eapling constants as functions of temperature, 1t is shown that
“booptuon condensate plays a stabilizing role for the behaviour of physical
atnt s when iemperature changes. This influence is more visible for the light
duarks e ana downd, The axial anomaly and the mixing angle (7 — 77°)
doorcase witht moreasing temperature,

Phe ncesiy tion has been performed at the Laboratory of Theoretical
sy, HINKRL
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