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Much attention has been paid last t ime to giant resonances (GR) in 
metal clusters (MC) and their comparison with GR in nuclei (see reviews 
[1-5] and refs. therein). The vibrating potential model (VPM) seems 
to be very appropriate for investigation of GR in both these systems [6-
10].This mode! is convenient for qualitative analysis and simultaneously 
provides the RPA accuracy of numerical calculations. The V P M is widely 
used in nuclear physics [7-10] and has recently been modified for MC [6]. 

Investigation of GR is rather complicated for deformed systems. In 
nuclear physics the (doubly) stretched coordinate method is used to sim
plify the task in the case of quadrupole deformation (see. for example. 
[10]). But this method is rather complicated for MC (due to adding the 
Coulomb term) [11] and is not. practically, derived for systems with other 
kinds of deformation. In this paper, by using the multipole expansion of 
the single-particle potential and electron density we obtain equations of 
the V P M for systems with any kind of deformation. 

The V P M equations coincide with equations of the schematic RPA 
with separable forces. The strength constant of residual forces is deter
mined from the self-consistency condition. For the most simple external 
field f(r) = rxY\f, which corresponds to a divergency free and irrota-
tional ( r o f v f ( r ) = divS7f{r) = 0) flow we have the secular (dispersion) 
equation [G]: 

where 

к-> = J v Q ( r ) • v / ( r ) n o ( r ) d r = - f Q( r ) V / ( r ) • V"o ( r )d r (2) 

is the inverse s t rength constant and 

1 



is the operator of residual interaction. Here, | к > and «j. are the single-
particle eigenstate and eigenenergy of the static hamiltonian with a single-
particle potential Vjj(r), щ is a root of the equation (1), n0 is a static-
ground state density. If the second (Coulomb) term is neglected in (3), 
we obtain the version of the VPM used for description of isoscalar GR 
in nuclei. Thus, equations (l)-(3) can be used to study GR in both MC 
and nuclei. 

Equations (l)-(3) take place for both spherical and deformed systems. 
But in the deformed case they are too general to be convenient for es
timations and numerical calculations. One can get more appropriate 
equations using the multipole expansion of single-particle potential 

/ 
Voir) = E E Vlm(r)Y,dm(Q), (4) 

/ m=-l 

and ground state density 
1 

"o(r) = E E "h»(r)Y,i(n). (5) 

/ m=-l 

where У(„(П) = Yim(Q) + d • ^„ (П) and the external field is written as 

/ A » = rxY^(Q). (6) 
If d = +1 and -1 , the functions (4)-(6) are hermitian and antihermitian, 
respectively. As a result, the hermiticity of the Hamiltonian is assured. 
It is clear that any single-particle potential and density distribution are 
covered by expressions (4)-(5). So, the generality of the model is not lost. 

Omitting tedious mathematical transformations we present the final 
expressions for the operator (3) and strength constant (2) (for ion distri
bution the jellium approximation is used): 

0 $ W = E ^ ( f i ) • E ( C t v + d(-irCku-„)(Q[VL(r) + Q{?uJr)) 
LM Im 

(7) 
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where 

Q\u,,Ar) = (^A+ l>y A^2L + 1) ' ^ XIA~dT ~Ahuvi>n' J- (8) 

.[л/и) r - , / .+ i , у H/m(ri ^.A+A,/,.^ + _UH),./. у „ап^-'-Ып]. (9). 
О г 

Here Cj;*l is the Clehsrh-Gordan coefficient, expressions for М^'ц «ire 
given in the Appendix. In the atomic nuclei case only term (8) should be 
considered. 

In principle, the s t rength constant Кд ' , can be calculated within meth
ods of numerical integrating by using expressions (2). (4)-(9). But for 
qualitative estimations the analytical expression for л-Г1^ can be useful. 
This expression has the form 

lm I'm' I.M 

1 ( £ Ш | , | + £ Ш | г | | { 1 0 ) 

where 
ww,,., = A(2A-1) (2A + 1)2 У ,x_, 
A/- 2*(2£ + l) J" 

о 

r (!) dni>m>dV(m 2 , r (2 ) d\)„, (3) . 

т lmlW<c) _ 2 A ( 2 A - 1 ) ( 2 A + 1 )2 / л 
L ^ - (2TT17 У 

0 
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oo 

+LfLWnVrn.{r) • rL J nha(ri) • rt^drt]. (12) 
г 

The coefficients L^'Lll, are given in the Appendix. 
For the spherical case (/ = m = 0, L = A), expressions (7) and (10) 

are very simplified: 
г 

Q < > ) = А / у / 4 ^ [ У , т ( П ) + ^ - ^ ( П ) ] - [ ^ И - 1 - 4 ^ - ( А + 1 ) | п 0 ( г 1 ) г ^ г 1 ] 
0 

(13) 
and 

\2d K\lid ] 

0 

For systems with a large number of particles the direct solving of the 
RPA equations takes a considerable computer time. This is especially 
true for deformed systems. For investigation of GR in such systems the 
strength function method is very useful. Within this method we can 
avoid finding roots of the secular equation (1) and get information about 
GR through the strength function [12] 

b{E\fi,u}) = '$2B(E\ti,gr->u;t)p(u}-u;t) (15) 
t 

with the weight function 

p ( w _ w < ) = ^ . _ _ _ ^ _ _ _ . (16) 

Here, B(E\fi,gr —> w() is the reduced probability of E\fi transition 
from the ground state to the one-phonon state with excitation ensrgy ut, 
determined from the secular equation (1). The quantity Д is an averaging 
parameter. Following the prescription [12], where the strength function 
for atomic nuclei is considered in detail, for MC we obtain 

*™-K'm(35$%L г=ы+1Д/2 
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+ Л S P " А ( " ~ («* + **'))2 + (д/2)2 (<" + (с* + **'))2 + (А/2)2 j J 
(17) 

where 

1( = 2 Е < в > | ы ^ (18) 
and p t ^ is the single-particle element for the operator of EX transition. 

If all collective strength is assumed to be concentrated in one peak 
(one-pole approximation), we can get the estimation 

,,2 (: /0)42 1 / (V<?v(r) ) a • n0(r)dr 

where ш\ц and o>L are the energy of the collective peak and its unper
turbed value, respectively. Using a spherical jellium approximation for 
electron density, the oscillator form for single-particle potential 

Vb(r) = 1/2 • шУ (20) 

and the estimation wx = Awo for unperturbed energy, we obtain the 
simple expression for excitation energy of EX GR in spherical MC: 

«A = V 5 A T T ^ + ^ ^ - ( 2 1 ) 

where up is the plasma frequency. This expression exactly reproduces the 
estimations for frequencies of El and E2 GR, obtained within the sum 
rule approach [6,13], but the A dependence in the second term of (21) is in 
contradiction with the <~ (2A+1)(A — 1) dependence in [13,14] (in [13] also 
the spherical jellium approximation for electron density was used). This 
discrepancy could be caused by the use for the static potential in (21) of 
the oscillator form which is not consistent with the ground state electron 
density distribution. This could mean that the oscillator potential can 
not be appropriate for description of GR with large multipolarity. 
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Within the same approximations the estimation [6] for the splitting of 
El GR in spheroidal MC with a quadrupole deformation fi is reproduced: 

uj=i =u,p/V3-(l-U), (22) 
0 

^ = i = w p / v ^ - ( l + i«) . (23) 

Finally, the equations of the VPM [6] are derived to make them suit
able for description of GR in systems (MC and atomic nuclei) with any 
deformation. Any single-particle potentials and electron (nucleoli) densi
ties for which the coefficients of the multipole expansion are known can 
be used within this model. The RPA calculations within this version of 
the VPM are now in progress. 
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Appendix 

The coefficients used above have the following form: 

М[и = Axu ~ Bxu, 

Mx
2

u = l-AXLl-(l + l).BXLI, 

Мш = (/ + A + L + 1) • Ахи + (/ - A - L) • Bxu, 

M(x]
Ll = (I + A - L) • Ахи + (I - A + L + 1) • Bxu 

where 
, П + 1 A - l L\ ,n 

Ахи=\/{ГГ№+Щ{ A z J-C^Vio. 

BxLl = VK21 - 1) ( д { j J • C/-°!0A-10-

6 



Further, 
rO) _ л / ( 1 ) -Л/ (1) 

hXLW — MXLV MXW 
/•(2) _ M ( D . M ( 2 ) _ д / ( 2 ) . M ( D bAL//' — A 'AiJ ' MXLl A1XLV A1XW 

r(3) _ / / o \ _ i \ ^ C ) , д^<2) ч. Д/г(2) 
Чш = ( ( 2 A - *)МШ< + МШ>) • MXU' 

Lfuv = ((L - A)M™, - Л С ) • M S , 

Lg„, = ((A + L + l)M[% + Л О • M(
x% 

bA£№ ~ MXW \1UXU IUXU>-

For spherical systems we have / = m = 0, L = A and 

_ r(2) - Г<3> _ r W _ И5» - П — ^ A A O O — -^AAOO — ^ A A O O — ^ A A O O — u ' 

M& = Axxo = AAO -AAU y ( 2 A - l ) ( 2 A + l ) ' 

rW _ 42 _ Л 

A A 0 0 ~ А Л 0 ~ ( 2 А - 1 ) ( 2 А + 1 ) ' 

4A)OO = ^AAO(2A + 1 ) A 

( 2 A - 1 ) 
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Нестеренко В.О. Е4-93-338 
Модель вибрирующего потенциала для описания гигантских 
резонансов в деформированных металлических кластерах и 
атомных ядрах 

В рамках модели вибрирующего потенциала получены уравнения для 
описания гигантских резонансов в металлических кластерах и атомных 
ядрах с произвольной деформацией (включая случай сферической формы 
системы). В модели могут быть использованы любые одночастичные потен
циалы и плотности электронов (нуклонов), для которых известны коэффи
циенты мультипольного разложения. 

Работа выполнена в Лаборатории теоретической физики ОИЯИ. 

Препринт Объединенного института ядерных исследований. Дубна, 1993 

Nesterenko V.O. E4-93-338 
Vibrating Potential Model for Giant Resonances in Deformed 
Metal Clusters and Nuclei 

The equations of the vibrating potential model are derived for description 
of giant resonances in metal clusters and atomic nuclei with any deformation 
(including the spherical form of a system). Any single-particle potentials and 
electron (nucleon) densities for which the coefficients of the multipole 
expansion are known can be used within this model. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna, 1993 
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