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I NUCLEAR PARTITION FUNCTIONS

1 Introduction

Tools to deal with many- body systems at finite temperature were developped long ago. As
early as 1932 R. E. Peierls [1] established the general framework of thermodynamic perturbation
theory for quantum systems. In 1955 T. Matsubara [2] worked out the details of thermal
perturbation theory for many body systems (see also [3]). Severa! textbooks in the field have by
now been available for some time. Among these we wish to mention those of Baym and Kadanoff
(4], Abrikosov, Gorkov and Dzyaloshinsky [5], Thouless [6], Fetter and Walecka {7]. More recent
reviews including a presentation of functional methods [8] can be found in the monographs by
Negele and Orland [9] and Blaizot and Ripka [10]). It is also worthwhile mentionning some
of the classic articles in the field such as the elegant construction given by M. Gaudin in
1960 {11] of Wick’s theorem at finite temperatures, which exploits the algebra of exponentials
of quadratic forms in the field operators. As a second example we mention the exhaustive
discussion of the mean field approximation (including small amplitude collective motion in hot
Fermi systems) given by des Cloizeaux in his 1967 les Houches lectures [12] using the framework
of the variational principle.

The motivation for the present lectures arises from the renewed interest in finite temperature
many body methods which has appeared recently in several different domains of nuclear and
particle physics. These include in particular the physics of hot nuclei, which is the main
purpose of these lectures, but also the restauration of broken symmetries in the standard model
(13, 14, 15] or the physics of the quark gluon plasma [16, 17, 18, 19, 20]. These methods are
also important for the description of type- II supernovae or the discussion of meson properties
in hot dense matter.

The possibility of producing thermalized hot nuclei with temperatures of the order of several
MeV’s (1MeV =~ 10" K) has been demonstrated in the early eighties by performing collisions
of two nuclei at intermediate energies. The first experiments where carried with a 720 MeV
carbon beam at CERN {21} and a 44 MeV per nucleon Argon beam at GANIL [22]. For a
review of recent developments in this field the reader is referred to the lectures presented at
the 1992 Predeal School by B. Tamain|23]. It is worthwhile emphasizing that temperatures of
about 5 MeV are precisely those which are reached during the collapse of massive stars which
are believed to lead to type II supernovae explosions. The measurement of thermal properties of
nuclei in this temperature range is thus of significance for an accurate description of the collapse
of massive stars. Among such properties is the specific heat and level density parameter of hot
nuclei. Their values indeed determine how much energy and entropy can be stored in nuclear
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excited states. It is also important to have good estimates of the limiting temperature beyond
which nucleons will no longer be bound into nuclei. Beyond this temperature one indeed
expects a sharp increase in the interior pressure of the star due to the sudden appearance of
the contribution of nucleons.

Another reason for the renewed interest in hot many body methods was the observation by
the Berkeley group in the early eighties of the persistance of giant collective oscillations in hot
nuclei up to temperatures of the order of several MeV’s [24]. The possibility of giant collective
oscillations built on nuclear excited states was anticipated in 1955 by D. M. Brink in his thesis
work [25]. Shortly after the discovery of giant resonances in hot nuclei several theoretical
studies using linear response theory at finite temperature were performed [26, 27, 28, 29].
Several applications of this approach were investigated at the same time. For instance the long
standing question of the contribution of collective modes to nuclear partition functions [30, 31]
was reexamined.

The purpose of the present lectures is to review the approximation methods relevant to
describe many -fermion systems at finite temperature. In the next section we review the
grand canonical formalism for independent fermions and discuss its applicability to the case
of finite nuclei for which fluctuations arising from the small number of particles involved are
expected to be sizeable. In section 3 we present a derivation of the mean field equations
based on the variational method. In the second part we discuss perturbation expansions of
partition functions. We consider a particularly important subseries containing the so called
ring diagrams whose summation leads to the random phase approximation (RPA). In the third
part an application to the physics of giant resonances in hot nuclei is described.

2 Partition functions in astrophysics

The basic tool for calculating thermodynamic properties of atomic nuclei is the familiar grand
canonical partition function

Z(a, B) = Trace exp(aN — AH), (2.1)

where the Trace is taken over the entire Fock space i.e. runs over all possible quanium states
of all possible nuclei. Denoting by E,(A) the energy of the n-th excited state of the nucleus of
mass number A this definition implies

Z(a,B) =YY exp(aA —~ BE.(A)). (22)
An
The canonical partition function Z4(8) is defined by a similar formula

Za(8) = ; exp(—BE4(A)). (23)
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Partition functions are involved in a large number of applications. As a first example they
appear in the determination of chemical (or thermonuclear) equilibrium. For a reaction

A+B— AB
the densities ny = N,/Q,ng = Np/Q, nypg = Nip/f indeed satisfy Saha’s equation

-3f2 5
nap _ ( m ) / ] ZABgﬂ) P EatEg~Ean) , (2.4)
nang 2xk’g Z,(B)Zs(B)
where 8 = 1/kT is the inverse temperature and where Z is the internal partition function
Z(B) =1+ePE P | (2.5)

where E; = E, — E, is the excitation energy of the n—th state of the system and m the reduced
mass mamg/(m4 +mg).

Nuclear partition functions are also important to determine which nuclei are present in the
hot dense matter encountered e.g. in collapsing stars. Let us use a single label 7 to specify the
neutron number N and the proton number Z of a nucleus. With this notation the density n;
of the nucleus ¢ is given by

] 3/2 .
m=n(gmg) <) (29)

In this formula m, is the mass of the nucleus 1, E; its energy and g; = 2J; + 1 its ground state
degeneracy. The quantity «, is often referred to as the degeneracy parameter and is given by

kra;~ Np, + Zpp, (2.7)

where g, and p, are the neutron and proton chemical potentials. These should be adjusted in
order to have the desired total nucleon density and proton fractions of the medium. Actually
equation 2.7 is approximate only. It neglects the interactions inside the nucleon vapor in which
nuclei are immersed. This is a reasonable approximation provided the density of the vapor is
not too high.

To conclude this subsection we mention that partition functions are a useful tool to con-
struct approximate expressions for nuclear level densities. Indeed the partition function can be
expressed as

Z(e, B) = / / p(E, A)exp(aA — BE)dAdE, (2.8)
where p(E, A) is the level density. By taking the inverse Laplace transform of this expression
we find

EA) = (L)sz"‘” (e, 8) A + BE)dadp 2.9

p(E,A) = 5 . Al exp(—aA + . (2.9)

As will be shown below the use of the saddle point method for this integral leads to useful
approximations to the nuclear level density.
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3 grand canonical formalism for independent nucleons

The most convenient formalism to deal with independent fermions is the grand canonical for-
malism. In contrast in the microcanonical or canonical formalisms the Pauli principle is difficult
to implement. A non trivial question however arises since nuclei are finite systems containing
a rather small number of particles. Fluctuations are thus expected to be sizeable. For this
reason we present in this section a critical review of the basic formulae in the grand canonical
formalism and discuss their applicability to the case of atomic nuclei.

Let us consider independent nucleons moving in a potential V(r), described by the one body
hamiltonian:

P
h= 2 + V(7). (3.1)
In this case the grand partition function
Zy = Trace exp(aﬁ — BHy), (3:2)
is easily calculable. Using Hy = k(1) + k(2) + .. we find
log Z, = Zlog(l 4 e*Bei), (3.3)

In this equation the index i labels the single particle levels of kb and ¢; is the single particle
energy defined by

(-2-1’—:; + V)pi(r) = ipu(r). | (3.4)

The number of particles is obtained by means of the standard formula
a
N = galog Zg = z':f" (3.5)

where f; is the occupation number

1
fi= . 3.6
T¥ exp{f(e - )} (39)
Similarly the energy is given by
a

E = —@logz(] =2i:£,'f,'. (3.7

To evaluate the entropy we use the definition
S = —Trace( Dy log D). (3.8)
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where Dy is the density matrix

Do = Zo_l exp(a]\? - ﬂﬂo), (39)
This formula leads to: 3 P
S = (1 - aa—a b ﬂ—aﬁ)log Zo(a,ﬂ). (3.10)

Using equation (3.3) this gives the familiar expression
§ = = Y {flog fi + (1 £ log(1 - ). (3.11)

As an application of the above formulae let us now construct an approximate expression for
the level density of a nucleus. We start from eq.(2.9) which we rewrite as

1 2 +ioo
oBA) = (55) [ [ o Ndadp. (3.12)
Dominant contributions to this integral will occur from the neighborhood of the point (ao, 8y)
where the integrand is stationary i.e.

d
A= —; log Z(ao,ﬂo), E=- lOg Z(ao,ﬂo). (313)

9
a ap
Expanding the argument of the exponential to second order in a — ag and 8 — f; we find

pLE,4) = = exp S(ao, o) (3.14)

where S(aq, ) is the entropy calculated at the saddle point (ag,) and D the determinant
of the matrix of the second derivatives of log Z

8log Z/0a®  8%log Z/0adp

D=\ 32108 2/8008 8%10g 23

(3.15)

Actually this formula corresponds to a nucleus with an equal number of neutron and protons.
For asymmetric nuclei one needs different chemical potentials for neutrons and protons [32].

Equation (3.14) is the well known formula expressing the fact the entropy is the log of the
number of accessible levels. Here however we have an additional correction appearing as a
preexponential factor. While in macroscopic systems this prefactor is negligible it is important
to include it in the case of atomic nuclei. A comparison between the grand canonical formula
(3.14) and a microcanonical enumeration of states performed by Jacquemin [33] in the case of
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calcium-40 is shown in Fig.3.1. It can be seen that a good agreement is obtained for excitation

energics above E* = 10 MeV.

log plE HMeV™")
*

Calcium 40

— HF
— microcanomcal
s rondom phase

20 40 60 80 100 R
E (MeV)

Figure 3.1 Level density in calcium-40 calculated in the grand canonical formalism and with
an exact enumeration of states [33]. Single particle energies are taken from [32].

4  Variational method and mean field approximation

The variational method is based on the principle of maximum entropy. This principle states
that for a given family of density matrices, the best density matrix D is that for which the
entropy functional

S(D) = —kTrace(Dlog D) (4.1)

is maximum. This maximization has to be performed for a fixed particle number and a fixed
energy. If we introduce two Lagrange multipliers to account for these constraints we find that
the functional

~ kTrace(D log D) — BTrace(DH) + aTrace(DN), (4.2)

should be maximum for the optimal density matrix. It is customary in the litterature to consider
the functional A .
A(D) = Trace(DH) — kT S(D) — pTrace(DN), (4.3)

where we have introduced the chemical potential p = a/8 and the temperature T = 1/k8.
The previous functional is referred to as the grand potential. Minimizing the grand potential
is thus equivalent to maximizing the entropy while including the adequate constraints due to
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energy and particle number conservation. If this minimization is performed for the most general
density matrix one obtains the usual Gibbs distribution [34]

D = Z"' exp(aN — BH). (4.4)

Unfortunately for interacting systems, expectation values with this distribution cannot in gen-
eral be calculated exactly, One thus has to rely in this case on approximation methods. A
convenient and powerful method is to minimize the grand potential within a restricted set of
density matrices for which calculations are feasible. An important example is the mean field or
Hartree- Fock approximation. This approximation corresponds to the case where the trial set
of density matrices is taken to be of the form

D=2 exp(z: M;;ata;), (4.5)
ij

This choice corresponds to a density matrix of independent Fermions. In this case the entropy
is found to be

S(D) = —ktrace{plog p + (1 — p)log(1 — p)}, (4.6)

where the trace is over single particle indices and where p is the single particle density matrix
pii = Trace(Da}a;) =< jlpli > . (4.7)

Performing the Trace in this equation leads to

1

p= m. (4.8)

exercise 4.1

Prove the relation
Da} = Z(eM );kaj' D.

Use this relation to derive equation 4.8.

answer The desired relation is obtained by expanding, in powers of the matrix M, the quantity

DafD_, = of + [} Mija}taj,a}] + ...

i

and by using the commutation relation

[E M,-_,‘aj’a,', a,f] = E a,-+ M,'k.
i I
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Equation 4.8 is then established by writing
Trace(Daf ar) = Y (") Trace(a}, Day).
m

By exploiting the anticommutation relations of a and a* one obtains

exercise 4.2

Using the results of the previous exercise prove that
Trace(Daf af ajar) =< klpli >< llplj > — < llpli >< k|plj >,

(Wick’s theorem).
answer

Using the commutation relation of D and at gives

Trace(Da}ataiar) = Y Trace(a}, Da} aiar)(€* )mi.

The next step is to reorder the fermion operators by means of the anticommutation relations.

This leads to
Y Trace(Da},a} ajar)(1 + M Ymi =

(€M < Upli > —(eM)ii < Elplj > .

Multiplying both sides by (1 + e¥);;! and summing over i gives the answer.

(4.9)

Let us now evaluate the grand potential corresponding to our trial density matrix. We assume

that the hamiltonian of the system is of the form H =T + V with
T= z cala;,

and 1
V= 52 < ij|VIkl > a}a}aiay.
ikl
The expectation value of the number operator is

< N >= trace(p).

9
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Let us now calculate the expectation value of the energy. The kinetic energy is
<T>=Y <iltjj><ilplj >. (4.13)
ij
Using the result of exercise 4.2 the potential energy is found to be

<V>=Y <ij{Vikl ><ilplj >< klpl >, (4.14)
sgkl

where < 17|V |kl >=< ij|V]kl > — < ij|V|lk >.

In order to determine the optimal density matrix Dyr we now have to perform a variation
of the grand potential with respect to the variational parameters M;; or equivalently p;;. Two
different types of variations can be envisaged. The first type corresponds to transformations of
the form

p=eXpyre X, (4.15)

Such transformations do not change the entropy and do not change the number of particles.
The change in the grand potential therefore reduces to the change in the energy. This change
is conveniently expressed by introducing the mean field operator W defined by

§E = Trace(W bp). (4.16)
Its explicit expression is given by

<i|Wik>=Y_ < ij|VIkl >< l|p|j > . (4.17)

¥l
Since 8p = i[x, pyr] we learn that Trace([W, pyr]x) vanishes for any operator ¥ i.e.
[W,pur] = 0. (4.18)

Thus W and pyr can be simultaneously diagonalized. We denote their common eigenvectors

by ¢;

Wlei >= €ilpi >,
4.19
purlpi >= filpi > . (4.19)

We can also perform a second type of variation for which only the eigenvalues of the one body
density matrix are modified e.g.

p = &filpi ><lpil- (4.20)

Requiring the change in the grand potential to be zero we find that the eigenvalues of the one
body density matrix should be given by Fermi occupation numbers

1
AR PR T,
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Equations 4.17, 4.18 and 4.21 are referred to as mean field or Hartree- Fock equations at finite
temperature. In these equations the chemical potential is to be adjusted in such a way that
the total number of nucleons equals A i.e.

Z fi=A. (4.22)

exercise 4.3 For a spin saturated symmetric nucleus (i.e. N=Z) work out the expression of
the mean field W in the case of a simplified Skyrme force which is a sum of two and three body

forces
V= 2 + V123, (4.23)

where the two and three- body terms v,2 and v;23 are respectively given by
v2 = to&(l‘l - 1‘2),

and
V123 = t38(r) — r2)8(r; — r3).

answer

In second quantized form the hamiltonian density of the nucleus reads

h2

2m

H= oV (VI + 2 G ) 40 ()P, (420)

where the notation :: indicates that the operators should be normal ordered i.e. all creation
operators placed to the left of annihilation operators as prescribed by equation (4.11). Note
that in the previous equation 9 is a two component spinor whose components are:

¢+(r’ o) = Z e (r, a)a}". (4.25)

The expectation value of the energy density is obtained by applying Wick’s theorem with the

result:
2

k 3 1
<H >= g or(r) + St (r) + J5tap’(r), (4.26)

where p and 7 are respectively the density and kinetic energy density

p(r) =< $*(EW(x) >= X fli(n)P, (4.27)

11
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and

7(r) =< V§*(r)Vi(r) >= 3 fil Vepi(r)[".
i
Requiring the grand potential to be stationary leads to the mean field equation
2
(A 4 U)pilr) = eipile),
where the average potential U is given in terms of the density distribution by

U(e) = Gtople) + 1stas(r).

exercise 4.4

Let us define the grand partition function in the Hartree- Fock approximation as

log Zyr(a,B) = —BA(D).

Show that this definition preserves the thermodynamic identities

0 i
E——Bﬁlogz, N—%-]ogz,

and

8 o
§=(1- 55~ gg)lo8 %

answer

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

Let us evaluate the change in log Z when a and £ are increased by éa and 83 respectively:

§log Z = —6pBTrace(DH) + SaTrace( DN).

(4.34)

Note that there is no term arising from the variation of the density matrix because the grand
potential is stationary. Identification of the variations in a and 8 provides the desired result.

Note also that the Hartree- Fock partition function is not the free particle one Z.

References

[1] See e.g. L.D. Landau and L.E. Lifschitz, Statistical Mechanics, Mir, Moscow, 1976, section
32; see also R.E. Peierls, Surprises in Theoretical Physics, Princeton series in Physics,

Princeton University Press, Princeton, New Jersey, 1979

12



e

(2] T. Matsubara, Prog. Theor. Phys. (Kyoto) 14(1955) 351
[3] P. Martin and J. Schwinger, Phys. Rev. 115 (1959) 1342

(4] L.P. Kadanoff and G. Baym , Quantum Statistical Mechanics, Benjamin, Reading Mass.,
1962

[5] A.A. Abrikosov, L.P. Gorkov and I.E. Dzyaloshinsky, Methods of Quantum Field Theory
in Statistical Physics, Dover, New York, 1963

[6] D.J. Thouless, Quantum Mechanics of Many Body Systems, Academic, New York, 1964

[7] A.L. Fetter and J.D. Walecka, Quantum Theory of Many Particle Systems, Mc Graw Hill,
New York, 1971

(8] A.K. Kerman and S. Levit, Phys. Rev. C24 (1981) 1029

[9] J.W. Negele and H. Orland, Quantum many- particle systems, Addison Wesley, Reading,
Mass. 1988

(10] J.P. Blaizot and G. Ripka, Quantum Theory of Finite Systems, MIT Press, Cambridge
Mass., 1988

[11] M. Gaudin, Nucl. Phys. 15 (1960) 89

[12] M. des Cloizeaux, in Many Body Physics, Les Houches Lectures, 1967, C. de Witt and R.
Balian eds., Gordon and Breach, New York, 1968.

[13] D.A. Kirznits and A.D. Linde, Phys. Lett. 42B (1972) 471

[14] S. Weinberg, Phys. Rev. D9 (1974) 3357

(15] L. Dolan and R. Jackiw, Phys. Rev. D9 (1974) 3320

[16] A.M. Polyakov, Phys. Lett. 72B (1978) 477

[17] C. Bernard, Phys. Rev. D9 (1974) 3312

(18] D. Gross, R. Pisarsky and L. Yaffe, Rev. Mod. Phys. 53 (1981) 43

[19] B. Peterson, Nucl. Phys. A525 (1991) 237c

[20] J. Kapusta, Finite Temperature Field Theory, Cambridge University Press, 1989
[21] S. Song et. al., Phys. Lett. 130B (1984) 14

(22} J. Galin, Nucl. Phys. A488 (1988) 297c

13

-

L 7
P -,

'
-

e N

i



i SN —

[23] B. Tamain, Lectures presented at the 1992 Predeal summer school in Physics
[24] M. Draper et. al., Phys. Rev. Lett. 49 (1982)

[25] D.M. Brink, D. Phil. Thesis, University of Oxford 1955, as quoted by J.E. Lynn, The
Theory of Neutron Resonance Reactions, Clarendon, Oxford, 1968

[26] D. Vautherin and N. Vinh Mau, Nucl. Phys. A422 (1984) 140

(27] J. Bar Touv, Phys. Rev. C32 (1985) 1369

[28] H. Sagawa and G.F. Bertsch, Phys. Lett. 146B (1984) 138

[29] M. Gallardo, M. Dievel, T. Dossing and R.A. Broglia, Nucl. Phys. A443 (1985) 415
[30] G.F. Bertsch and T.T.S. Kuo, Nucl. Phys. A112 (1968) 204

{31] N. Vinh Mau and D. Vautherin, in Windsurfing the Fermi sea, vol.2, T.T.S Kuo and J.
Speth Eds., Elsevier 1987; N. Vinh Mau, Nucl. Phys. A491 (1989) 246

[32] A. Bohr and B. Mottelson, Nuclear Structure, Vol.1, Benjamin, New York, 1969.

[33] C. Jacquemin and S.K. Kataria, Z. Phys. A324 (1986) 261; C. Jacquemin, private com-
munication

[34] R. Balian, From microphysics to macrophysics, vol.1, Texts and monographs in physics,
Springer, Berlin, 1992

14



The

id J.

com-

r'sics,

II THERMODYNAMIC PERTURBATION THEORY

5 Dyson’s expansion

Suppose that we have to deal with a many fermion system whose hamiltonian H is the sum
H =T +V of a one body operator T (e.g. the kinetic energy for an electron gas or the average
field for a nucleus)

T=Y <ilTlj >a}a; =) eala (5.1)
ij i

and a residual two- body interaction V

1 ..
V= 52‘;‘ < ij|V|kl > a} a} aia;. (5.2)
ij

As was mentionned in section 2 the partition function

Z(a,B) = Traceexp(aN — BH), (5.3)

cannot in general be calculated explicitely in this case. In this section we present a method
to construct Z as a perturbation series in the residual interaction V. Let us first write the
partition function as

Z(a, ) = Tracee PHo+V), (5.4)
where the operator H, collects the one body terms
\ Hy =} (& — p)a}a;, (5.5)

and where g is the chemical potential
p=afp. (5.6)

In order to construct a perturbation expansion for Z it is convenient to make explicit the
contribution of the unperturbed hamiltonian

;}? Z, = Trace e Mo, (5.7)
‘ (which is calculable by the methods of section 4), and to write
) 5 e"ﬁ"° ’
X Z(a,B) = ZoTrace{ 7 [ePHoeBltHat V)Y (5.8)
0

The attractive feature of this expression is that it is well adapted to the case of a weak residual
interaction. Indeed it expresses Z as the product of bare partition function Z; by a correction

15



factor. This factor is the thermal expectation value in the unperturbed state of an operator
close to unity when V is small. Explicitely

Z(a,B) = Zy < Ui(B) >

(5.9)

with ]
Ui(B) = efHoeFlHotY), (5.10)

This operator is reminiscent of evolution operator in the interaction representation. Indeed it
satisfies the following evolution equation (sometimes referred to as the Bloch equation {1])

7]
a—ﬂUl(ﬂ) = ~Vi(B)ULB), (5.11)
where V; is the residual interaction in the interaction representation

Vi(B) = etPHoyeRHo, (5.12)

The only difference with ordinary perturbation theory is that we now have an imaginary value
of the time variable. For this reason the formalism described below is called imaginary time

formalism.

Integration of the above evolution equation yields

i)
Ui(B)=1- /0 Vi(r)Ui(r)dr, (5.13)

which can be expanded as (Dyson’s expansion)

, - Ulp) =Y (=1)° /;ﬂ ...‘/: dn...dn, T{Vi(n1)...Vi(m)}. (5.14)

n!

n

In this equation the notation 7" denotes the time ordering operator defined by

T{A()B(r2)} = A(n)B(n2) ifn > 7,
{A(n1)B(r2)} = (fl)l’é(rz)A(n) it 2 (5.15)

; where A (resp. B) is a product of an arbitrary number of creation and annihilation operators
Ty with the same time argument 7, (resp. 72) and P is the parity of the permutation bringing the
fermion field operators in the desired order.

exercise 5.1 Establish equation (5.14).

answer




_,ﬁ\

Iterating equation (5.13) twice gives

Ui(B)=1- /0 * Vi(r)dr + /0  in /0 " dnVi(n)Vi(r) + .. (5.16)

which can be rewritten in the form (5.14) for the first two terms. Higher order terms are
obtained by induction.

To evaluate the partition function Z = Zy < U; > we are thus left with the calculation of the
thermal expectation value of time ordered products of interaction terms in the unperturbed
density matrix. The implementation of this step is achieved by means of the following two
lemma.

lemma 5.1

In the interaction representation the two body interaction reads

1 .. R
Vi(r) = 3 Y < iVIKL > ai(r)aj(r)a(r)ax(T), (5.17)
ikl
where the notation a(r) denotes creation and anihilation operators in the interaction represen-
tation
ai(7) = et™Hog,e"Ho = g exp{—(e&; — p)7},

di(r) = etHogte~Ho — o} exp{+(e; — p)7}. (5.18)

Note that &@(7) is no longer the hermitian conjugate of the annihilation operator a(r) in thermal
perturbation theory, unless 7 = 0.
proof
The derivation of (5.17) is straightforward. In order to establish (5.18) we expand a(r) as:
2
. T
ai(t) = a} + 7[Hy,a] + —2—'[H0, [Ho,al]) + ... (5.19)
The commutator appearing in this equation is given by
[Ho,af] = (& ~ p)af, (5.20)

which leads to the result. A similar calculation can be made to establish the expression for

a(r).
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lemma 5.2

The thermal expectation value of a time ordered product of creation and annilhilation oper-
ators in the unperturbed state is obtained by grouping the operators by pairs, multiplying the
expectation values of each time ordered pair, adding the contributions of all possible pairings
with a sign determined by the parity of the permutation which sets the operators in the required

sequence (Wick’s theorem).

example

< T{a(n)aj(m)ac(ms)ars)} > =< T{ai(n)a(r)} >< T{a;j(m2)ar(73)} >
— < T{ai(n)ex(r3)} >< T{a;(m2)es(74)} > (5.21)
+ < T{&,’(Tl)&j(Tz)} >< T{ak(ra)a,(r,;)} >.

The last term in fact vanishes since it involves the expectation value of two creation operators.

proof

Let us first restrict ourselves to the case of four operators mentionned in the previous example.
A possible -though tedious- way to prove Wick’s theorem is to exploit the time independent
version of this theorem discussed in exercise 4.2. A more elegant proof however [1] is obtained
by applying to both sides of equation (5.21) the operator 3/87; — €; + p. Note that, although
the action of this operator on &;(m;) vanishes, such is not the case for a time ordered product
involving this operator because of the step functions implied by the time ordering. As a result

' (8/0n — € + p) < T{ay(m)a;(r2)ar(7s)as(rs)} > (5.22)
Bx = &§(n — n)da < T{a;j(r)ar(ms)} > —8(n — 13)bix < T{aj(r2)a(ma)} > . '

It can thus be seen that both sides satisfy the same differential equation with the same an-
tiperiodic boundary conditions on the interval [0,8]. The extension to an arbitrary number of

operators is straightforward.

Definition 5.1

et

According to Wick’s theorem all expectation values of products of creation and annihilation

J operators can be expressed in terms of the quantities

e~ BHo
Zo

These quantities, which depend only on 7 — 7/ are called unperturbed propagators or unper-
turbed single particle Green’s functions in analogy with the zero temperature case. Exact

B G (r - ') = Trace { Tlai(7)a;(r")]} (5.23)
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Green’s functions G are defined in the same way provided the full hamiltonian H is substituted
to the unperturbed one ir the above formula.

exercise 5.2

Unperturbed propagators are needed only in the interval 0 < 7 < Bie. -8 <7 -7 < 6.
Show that in this interval G(®)(7) is antiperiodic with a period 3.

answer

Assume 7 to belong to th interval [0,3]. We have in this case

ZoG(r — B) = Trace {e ¥ T(a(r — B)a;(0)]}
= —Trace {e"Hogelr—PHog} e~ (r-A)Ho}

: = —Trace {eBHogmtog}e-mHog,}
= —Z,G(7)

(5.24)

which establishes the result. Note that the antiperiodicity of Green’s functions holds onmly in
the restricted interval [~8,+0].

exercise 5.3

Show that in the basis in which the single particle hamiltonian Hj is diagonal the unperturbed
Green’s function G(® are given by

G(r) = b;fieliwr if 7>0
J = —(1- fi)bije = i r<0 (5.25)

where f; is the Fermi occupation number defined by equation (3.6).

hint

‘ Use the definition (5.15) and equation (5.18). Note that equation (5.25) satisfies the antiperi-
AR odicity condition studied in the previous exercise.




;,‘.r

The unperturbed propagators can thus be represented by a Fourier series as

© 1 X i a(®
Gl'j (T) = E E e > G‘J (w‘,), (5.26)

Y=-—=00

where

w, = (2v 4+ 1) /B,
with v being an arbitrary positive or negative integer. The frequencies w, are called Matsubara
frequencies. From the previous equation we find

5

3
O ) = [ GO rytr = — Fi ,
6P, = [ e 6Pr)dr P——y (5.27)

It is interesting to see how equation (5.26) is able to reproduce the discontinuity at = = 0.
Suppose that r is greater than zero. By using the two previous formulae, we can write the

propagator as 1
() = g [ F(z)a (5.28)
where the function f is defined by

1 ezr

f(z) = (i —p)—2z €2+1° (5.29)

and where the contour C encloses the poles of f located at i times the Matsubara frequencies
i.e. at z = iw,. Now when |z| is large the function f(z) behaves as

f(z) e (F-MRes if Rez>0, (5.30)
and
f(z) e if Rez<O. (5.31)
In both cases the fuction f(z) vanishes exponentially at large |z| and the contour C can thus
be deformed into a single loop around the remaining pole at z = (¢ — g). This gives

e(e,- —pu)r

G(r) = (r>0). (5.32)

eﬂ(cl"“l‘) 4 1

In the case where 7 is negative the above procedure fails because f(z) no longer vanishes at
large |z|. However it is possible to use another function namely

1 e*r

9(2) = @@ -7 P51 (5.33)
Indeed this function g(z) behaves for large z as
g(z) = PR if Rez <0, (5.34)
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and
g(z) ~e™=  if Rez>u. (5.35)

A deformation of the contour C thus leads in this case to
e(q—y)r

(M= S 71 (r <0). (5.36)

{0)

From the calculation we have just made we also learn that the expression we have written for
the propagator in terms of its Fourier components is not a convergent one for 7 = 0. In order
to have a formula valid for all values of 7 it should be modified into

+w . .
GO = Im & 3 e GO(w,) (5.37)

n—0t ﬁ v=—00

exercise 5.4

Establish the correction to the partition function in first order perturbation theory.

answer
From equations (5.9) and (5.13) we have
3
Z(B)=2Zo < (1 —[) Vi(r)Ui(r)dr) > . (5.38)

Up to first order Z = Zy + Z; with:

2|20 =—f8 <Vi(r)>dr
= =5 <iIVIH > {GL(+0)G5(+0) — Gi(+0)C}(+0)} (5-39)
= —3 <ijlViij > fifi,
where V denotes an antisymmetrized matrix element:

<if|VIkl >=< ij|VIkl > — < i5|V]ik > . (5.40)

6 Diagrams

As for zero temperature perturbation theory it is convenient to visualize the various terms in
the perturbation expansion by means of graphs or diagrams. These terms involve the two body
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interaction V and the single particle propagators G. To each of them one can associate a graph
in the following way. An interaction matrix element < ij|V}kl > is represented by a dotted

horizontal line: : )
<ijiVIkl>=  §>-—-——<f (6.1)

whose altitude characterizes the imaginary time 7 when it is taking place. Propagators GS?)(T-—
7') are represented by a solid line beginning at imaginary time 7 and ending at time 7' and
oriented from 7 to 7/. With these conventions the first order contribution Z; to the partition
function is represented by the following graph

Z, = 0----0 (6.2)

It is also possible to define graphs with interaction matrix elements which are not antisyin-
metrized. One has in this case a larger number of graphs in a given order.

disconnected graphs. Some terms in the perturbation expansion can be factorized as a
product of two or more thermal expectation values in the unperturbed state. Such terms lead
to disconnected graphs. As an example in second order one encounters for the partition function
the following diagrams

0O----0
0-—-—--0 (6.3)
which correspond to the contribution
Z2/20 = é’dT] c‘:’x de ~< ‘/[(T]) >< ‘/[(Tz) >
= 8%y <ijlVlij > fif;)-

In contrast contributions which cannot be factorized are called connected graphs.

(6.4)

linked cluster expansion As for zero temperature the sum of all graphs, connected and
disconnected, is equal to the exponential of the sum including connected graphs only. Let us
illustrate this property on the following example

exercise 6.1 Calculate the sum of the corrections to the partition function Z; defined by the
following graphs:

Z/Z%=1+ O0-~-0 + O0---0 + O-—-0 +..
0---0 0---0 (6.5)
0---0

answer. The n-th order contribution is

A N1
ZM%:A&ML dry < Vi(r) > o < Vi(rw) >, (6.6)
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which is equal to )
Zn|Zo = _N'(az < ij|V]ij >)N. (6.7)
e

The sum of all such graphs is thus
Z[Zy = exp{—gz < i|VIii > £if} (6.8)
ij

This sum enjoys the following property.

exercise 6.2 Show that when the unperturbed hamiltonian is chosen to be the kinetic energy
operator T and the perturbation to be the two body interaction V, then the sum of all discon-
nected graphs generated from the first order one has an expression similar to the Hartree- Fock
partition function but with the Hartree- Fock occupation numbers replaced by the unperturbed
ones.

answer, Using the expression of the unperturbed partition function and equation (6.6) we
obtain:

- . 1 ey s
—PBlog Z = —BY log{l + =} 4 §Z <3|VIid > fif;. (6.9)
[ i)
The first term can be transformed into
Trace(T Do) —~ S(Do)/B — pN(D,), (6.10)

where S(D,) and N(Dy) are the unperturbed entropy and particle number respectively. The
last term is equal to Trace(DoV). Combining these results we have

— Blog Z = Trace(DoH) — §(Do)/B — pTrace(DoN). (6.11)

This expression looks similar to the Hartree- Fock partition function Zypr but in fact differs
from it because the occupation numbers f; are not the Hatree- Fock ones.

To conclude this section we now perform two additional exercises which will be usefull in the
next section.

exercise 6.3 List the second order connected graphs for the partition function and evaluate
their contributions.
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answer. In second order one has two possible connected graphs which are displayed in the

following figure
- -0

Z2alZo = Q: D Zy/Z = Q_ o (6.12)

The contribution of the first graph is given by

- $)fal = Jolie)  piviph > {1 - eBlomats}, (6.13)
Zo phpht €0~ €h + € — €y

Z2a . ﬂ (1
-3 E

The labels of single particle states have been classified as p or h depending on whether thry
become particle or hole states at zero temperature. The contribution of the second graph is

1 NI I
ZnZ0 = 5B° ) £ifi(1 - Fi)fi <idjIVIij >< jR|VIjk > . (6.14)
ijk
Note that this graph would not occur in zero temperature perturbation theory because the

factor f(1 — f) would vanish in this case. It would also not occur in the Hartree- Fock basis as
shown in the next exercise.

exercise 6.4 Examine the case where the unperturbed Hamiltonian is chosen to be the
Hartree- Fock Hamiltonian. Prove that in this case all graphs containing insertions of the form

i>-—---0 (6.15)

vanish identically.

answer The Hamiltonian Hg is T+U- pﬁ , where U is the Hartree- Fock potential, and the
perturbation is V — U where V is the two- body interaction. An insertion of the form (6.15)

contributes a factor :
Bi; = Y. fu < ik|V]jk > — < i|U|j > . (6.16)
k

Using the definition of the Hartree- Fock potential one finds ¥ = 0.

7 Thermal Green’s functions

In the previous sections we already encountered one body Green functions. For the discussion
of the random phase approximation it is also convenient to introduce the so called particle
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hole Green functions which involve expectation values of time ordered products of two pairs
of creation and annihilation operators. More precisely we define the unperturbed particle hole
Green function as

< ph‘rng])]p'h"r' >=< T{an(7)ay(7)ap(")an ()} > . (7.1)

The definition of exact Green functions is obtained by substituting the exact Hamiltonian to
the unperturbed one in this equation. Using Wick’s theorem one obtains:

< phr|GP PR >= GoH+0)Gh(+0) — GO~ — +)GiM' - 7). (7.2)

The applications considered below involve only the second term in equation (7.2). From now
on we thus focus on this particular function which we denote by Ggo):

¢ = -G — )G (' - 7) (7.3)

The function G, is periodic with a period 8 in the interval [—8, +8]. It can thus be represented
by a Fourier series

- 1 too . -
¢V(r) = 52 eGP w,), (7.4)

with w, = 27v/8, v being an arbitrary positive or negative integer. The Fourier coefficients
are found to be

. 8 . .
¢w,) = /; e GO (r)dr, (7.5)
or explicitely 5
< if]CP(w, )kl >= —6;;6uf(1 — fi) /; eliwvtei—alrgy (7.6)
Using the expression of the occupation numbets this formula leads to
Oy L
G2 (w”) - Ae + iqu’ (7-7)

where the matrices Ae and F are given by
< ph|Aelp'h >= bppbni(ep — €4), (7.8)
< ph’F,p'h’ >= —6ppl6hhl(fp - fh)- (79)

If we work in a model space containing N single particle levels, then the matrices Ae and F are
both N? by N? matrices (in fact N(N — 1) by N(N — 1) matrices since the matrix elements
with p = h vanish). It is worthwhile noting that with this notation the second order graph Z,,
considered in the previous section can be written as

Zra)Z0 = % Trace {YGOVED), (7.10)
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where the indices in the above matrices are of the form (7,p,k), 7 being the imaginary time
variable belonging to the interval [0, 3], while p and h are single particle indices. The interaction
matrix V is defined by

< phr|VIp' T >=< pk!|V|kp' > §(r — 7). (7.11)

Note on this specific example that the function of interest is G, and not G;. The function G,
would not be useful since it would include undesirable disconnected graphs.

Note also that the Fourier decomposition of the product of two operarors
i ; :
<7|lAjr >= EZ e“ ") A(w, ),
v

and 1
< 7|B|t' >= —ﬂ-z e‘“’"(’"")B(wy),

is, according to the standard properties of Fourier transforms, equal to
A " " ’ 1 fw, (7-7')
/ < Tl >< 1"|Br >= 5 0 M) Blw)
0 14

In this formula the product of the matrices A and B now involves a summation over the indices

(p, k) only.

8 The random phase approximation (RPA)

ring diagrams

The notation introduced in equation (7.10) suggests that the subset of the perturbation series
leading to contributions of the form :

C(N) = Ay Trace (VG)V (8.1)

should be worthwhile investigating. Due to the structure of the two particle Green’s function
Ggo) we see that the corresponding graphs contain two one-particle propagators originating
both a time 7 and ending at time 7/. They have the structure shown in the figure below

Qj’fz 7 (52)
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Such graphs are called ring diagrams.

summation of ring diagrams Enumerating the various possible ways of constructing term
of the form (8.2) we find that

1
Ay =gz for N>2 (8.3)

while A, = 1/4.

proof Let us diplay the interactions V at the various times Ty, T2...Ty 28 shown on the figure
below

1 >————< 2 T1
>———=< T (8.4)
3 >———-——< 4 ™

There are 2(N — 1) possibilities to link the first particle hole pair (labeled 1 on the figure)
to another one. Suppose we pick the pair labeled 3 on the figure. We now have to link the
pair labeled 4 to another one. Except for N=2 the pair number 2 is excluded since this would
give rise to a disconnected diagram. We thus have 2(N-2) possibilities for this second step. By
induction we find that the total number of possibilities is 2Y~!(N — 1)! except for N=2 where
there is a single possibility. To obtain the expression for Ay we must incorporate an extra
factor (1/2)" due to the N interactions V and another factor(—1)¥ /N! arising from the Dyson
expansion.

The sum of all ring diagrams which we denote by Zgp, can thus be expressed as
- 4(0) a0y _ 1 3(0)\2
2log(Zrpa/Zur) = —Tracelog(l + VG, ') + Trace (VG;") 1 Trace (VG ')°. (8.5)

The value Zpp, is generally referred to as the partition function in the random phase approxi-
mation. By using the Fourier representation of the unperturbed Green’s function the first term
in this formula can be rewritten as

Tracelog(l + VG) = Y tracelog{l + é(zo)(wy)V}, (8.6)

Note that in this formula we have two different types of traces denoted respectively Trace and
trace. The notation Trace involves a summation over the indices (p,k,7) while the notation
trace implies a sum over the indices p,k only. Similarly, matrix multiplications on the right
hand side involve summations over the particle hole indices (p, k) only, while the left hand
side also includes an integration over the imaginary time variable. In particular, although we
have kept the same notation, the interaction matrix ¥ in the left hand side is an operator in
the space (p, h,) while in the right hand side it is an operator in the space (p, k). Using the
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relation trace log M= log det M (valid for any matrix M) and the explicit form of the Fourier
coeflicient we obtain

. 1
Tracelog(1 + V&) = ;log det{m-;(Ae + FV 4+ iw,)}. (8.7)
This formula unvails the important role played by the eigenvalue equation

(Ae+ FV)|Y, >= E,|Ya >, (8.8)

which is known in the litterature as RPA equation at finite temperature. This equation has
the following properties.

property 1 If |[Y,, > is an eigenstate of the RPA matrix, then the vector
Xa >= FIY, >, (8.9)
is an eigenvector of the matrix (Ae + VF) with the eigenvalue Ey.

property 2 The eigenvalues of the RPA equations (8.8) are real when the unperturbed
Hartree-Fock ground state corresponds to a true minimum of the Hartree- Fock grand potential.

proof
Let us perform a small variation of the Hartree- Fock density matrix Dy defined by
D = &XDype™, (8.10)

where x is a small hermitian operator. The change in the one- body density matrix p to second
order is

pP=potprtprt. (8.11)
with
p1 = i[x, pol, (8.12)
and 1
P2 = =5 b poll- (8.13)

In this transformation the entropy and particle number are unchanged. The variation of the
grand potential is thus the change in the energy i.e.

§A =< x|(FAe+ FYF)[x >, (8.14)

where |x > is a vector whose components are related to the matrix elements of the operator y
by
Xoh =< klxlp > . (8.15)
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Since §A > 0 for any yx we find, by considering the particular choice |x >= | X, > that
E, < Xa|F|X, > >0. (8.16)

Since F is a hermitian matrix £, should be real.

property 3

The eigenstates of the RPA matrix corresponding to two different eigenvalues E, and E,,
satisfy the generalized orthogonality relation

< Xo|F|Xm >=0 i E,# En. (8.17)

proof

This property is obtained by using the fact that the matrices ' and Ae commute and by
calculating in two different ways the matrix element < X,,|(FAe+ FVF)| X, >.

property 4

If X,.(p, k) is a solution of the RPA equation corresponding to the eigenvalue E, then X(k,p)
is a solution corresponding to the eigenvalue - E,,.

proof

This property is a consequense of the symmetries of the matrices involved in the RPA equation
< ph|Aelp’h! >= — < hp|Aelh'y >*,
< ph|F|p'K >= — < hp|F|h'p’ >*, (8.18)
< phlVIp'l >=< hp|V|k'p’ >*.
In the following we shall denote negative energy states as | X} >.

property 5

The RPA eigenvectors can be normalized by means of the following relation
< X, |F) Xon >= 6pmnsign(E,) (8.19)

This is a direct consequence of the previous property.
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property 6

Provided the RPA eigenvectors form a closed set one has the following closure relations

Y {IXn >< Xal - 1X] >< XF}F =1, (8.20)
n>0

and
Z {lY ><Yi -V} ><Y}}=1, (8.21)
n>0

where the summation over the index » runs over positive energy states only. We will now show
that the properties of the RPA equation allow one to obtain an explicit formula for the RPA
partition function.

Explicit expression of the RPA partition function

Using the RPA eigenvalues it is possible to derive a more explicit expression of the partition
function in the RPA approximation. Indeed from properties 2, 3 and 4 we obtain

Hpsp w2 + (6, — €)?
Tracelog(l + VG)) = P>l_'i">ow3(_: 7 ) , (8.22)

where the notation » > 0 implies a summation over positive RPA roots only. The next step is
to use the representation of the hyperbolic sine as

2
—smhz = H(1+ = 2) (8.23)
v>0

where the product runs over all positive integer values of v. This formula allows one to perform
the infinite product over the Matsubara frequencies with the result

log(Zrpa/Zur) = Y logsinh{B(e, — €1)/2} — ) logsinh{B(E,/2}

p>h n>0
2 Z(l ~ fo)fu < ph{V|ph > (624)
ﬂ Z (1 "fpe),.'f!ileh’ fp;)fh I < phlVIp’h’ > |2x {1 _ e—ﬂ(fp"€1.+c,,:—cp.)} .

Since the partition function of a quantum harmeonic oscillator is Z(8) = 1/2sinh(Bw/2) we
see that the partition function in the random phase approximation can be interpreted as being
that of an assembly of independent harmonic oscillators whose frequencies are just the RPA
frequencies. There are however two important correction terms which must be introduced to
obtain the correct coefficients of the first and second order terms in the perturbation expansion.
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9 The time dependent mean field approximation and
RPA

The time dependent mean field approximation is obtained by assuming [2] that at each time
the density matrix D is the exponential of a one body operator. By considering the one body
reduction of the Liouville von Neuman equation for D, iD = [H, D], we obtain the evolution
equation for the one body density matrix p defined by

< ilplj >= Trace{D(t)a;} a;}. (9-1)

The result is

ip = [W,0l, (9-2)
where W is the mean field hamiltonian, defined as the functional derivative of the energy
functional with respect to one body density i.e.

O E = Trace(W bp). (9.3)
Using )
E = Trace(Tp) + 3 Y. < ij|VIkl >< Elpli >< lpli >, (9.4)
ijkl

where T is the kinetic energy operator we find, as in section 4,
<iWlk>=Y <i5IVIK ><lplj > . (9.5)
F]
As for zero temperature the thermal RPA equationé are related to the linearized mean field

equations. Let us consider small amplitude oscillations around a solution of the static Hartree-
Fock equations at finite temperature characterized by a one body density matrix py such that

{Wo, po] = 0. (9.6)

Substituting p(t) = po + 8p(t) into the evolution equation, and retaining only linear terms in
&p, we obtain

.0
zb—tb'p = [Wo, p] + [6W, po- (9.7
Considering the matrix element m,n of this equation we find
.3
i35 < m|bpln >= (em — €a) < m|dpln > + < m|6W|n > (£, — fu), (9.8)

where f, =< n|pojn > is the usual Fermi occupation number. Note that the structure of this
equation implies that only the matrix elements with m # n need to be considered. In contrast
matrix elements of §p with m = n are constants of the motion.
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Calculating the change §W in the mean field from equation (9.5) we find that the linearized

evolution equation can be written as

iX = (Ae + FV)X, (9.9)

where the vector X is defined by its components
(9.10)

Xomn =< m|bpln >,

and where the matrices Ae, F,V are the matrices which were introduced in section 7 to define
the particle hole Green functions (equations 7.8,7.9,7.11).

The matrix (Ae + FV) is also related to the response of the system to a small external field.
Suppose that at time minus infinity the system is in thermal equilibrium, described by a static
Hartree Fock density matrix pg, and submitted at later times to the external field

Vort = Ae @0 4 ilo-in g+, (9.11)

In this equation O is a one body operator (e.g. the dipole operator in the case of an external
electric field). The quantity 7 is a vanishingly small number corresponding to an adiabatic
switching of the external perturbation. We consider the limit where the strength A goes to zero
for which linearized evolution equations can be used. In this case we find:

(9.12)

i% < m|bpln >= (em — €n) < mlbpln > + <MW + Veuln > (fo — fim),

If we define a vector |O > whose components are

(9.13)

Omn =< m|Ojn >,

we find that < m|épjn >= X,,(t) + X, (¢) where the vector X satisfies the evolution equation

{id, — (Ae+ FV)}X >= —Ae~ile+inltp|0 > | (9.14)

The solution of this equation satisfying the boundary condition X = 0 at large negative times

is

’ |X >= —Ae @+t R(y)0 >, (9.15)

where R(w) is the response function

o B 1
45 Rw) = — (AT FV)F' (9.16)

This equation can also be written as

! (9.17)

Rw) = F e = (A vFy
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Using the closure relation of the RPA eigenstates we have

1
(Ae+ FV) =Y E{|Y, >< Ya|+]¥,f >< Y"ﬂ}f (9.18)

n>0

where

Yo >= FIX, > . (9.19)

Indeed the action of this operator on the basis vectors |Y,, > provides the expected result. We
can therefore write

Yo ><Ya| ¥ ><VF]

= . .2
R(w) nzgo{w +ip—FE, wtipt+k, (9-20)
Displaying the indices explicitely we find the following formula
yMy:m ) A
< ph|R(w)lp'H >= Y {2 ph P Ky (9:21)

n>0w+i7’—En w+i"l+En

10 Linear response theory in hot nuclear matter

The formalism presented in the previous section becomes particularly simple in the case of
nuclear matter, for which the single particle states are plane waves. Single particle states are
thus labeled by the three quantum numbers (k, o,7) where k is the wave number, o the spin
and 7 the isospin. Matrix elements of the response function RB{w) are thus of the form

(10.1)

< k“O'l,Tl;kz,ﬂz,TzIR(W)Ik3,0’3,T3; k.|,0'4,T4 >,

Let us suppose that the two- body interaction V is invariant under spin and isospin rotations.
In this case, if we couple in the above matrix element particles 1 and 2 to a total spin (5, Ms),
total isospin (T, M7) and particles 3 and 4 to (S’, Ms),(T’, M7), then the matrix R will be
diagonal in the quantum numbers S, Mg, T, M and will not depend on M5 or M7. The matrix
R thus falls into four blocks characterized by the four possible values of the quantum numbers

; (5,T)

T < ki, ke|Rsr(w)lks, ks > . (10.2)
Let us now specialize to the case of a local interaction Vs7(r) — r;) in the channel (S,T) and

1 } let us furthermore ignore exchange terms in a first step. From the definition of the interaction
matrix V we have

< ki, ko|Vsriks, ks > =< ki, ky|Voriks, ks >

= 5(a - a)Vsr(a)/(2r)%. (10.3)

33




In this formula we have introduced the moementum transfer variables

q=k -k, q’' = ki — ky, (10.4)

and V is the Fourier transform of V

V(q) = f V(r)e 9% dr. (10.5)

We thus see that the response function R(w) is diagonal in the momentum transfer q. In
contrast the matrix elements of ¥V are independent of the total momentum variables

K=k +k; K' =kj+ ki (10.6)

Therefore V is not diagonal in K. However it is possible to construct an explicit expression for
the matrix elements of R(w) in the basis |K,q >. The first step is to expand the RPA response

function as
R(w) = Ro(w) + Ro(w)VRofw) + - (10.7)

where Ry(w) is the bare response corresponding to V = 0. The second step is to examine the
structure of the matrix elements of the successive terms in the basis |K,q >. We first find

< K,q|ReVRo[K', q' >= §(q - q')Ro(K, q) Ro(K', q)V(a)/(27)", (10.8)

where Ro(K, q) is defined as

____ f(K+a/2) - f(K-q/2)
Bol®:0) = = (K v af2) T (K —a/2) + i7" (10.9)

Similarly, by using the closure relation

v
1= f dKdq|K,q >< K, ql, (10.10)
and the previous relation, we obtain
< K,alRVRVRIK', ' >=6(a — )oK, ) Ro(K', @)V (@) lo(w, q)V (q),  (10.11)
“ where Ip(w,q) is the so called Lindhard function, defined as [3]
'f ‘ 1 .
i } Mo(w,q) = WdeRo(K: q). (10.12)

By induction the expression of the response function is found to be

(2r)° < K,aRW)IK',q' >= (2r)°6(q ~ q')6(K — K')Ro(K, q)+ (10.13)
5(a — @) Ro(K, @) Ro(K', @) Wy '
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The response function is thus seen to have poles when 1 = II,V. The location of these poles
determines the energy w and the lifetime of the collective modes. For a more detailed discussion

see (3].

When exchange terms are included an additional contribution to the interaction matrix §(q—
q')V(K — K’) arises and the construction of the response function is more complicated. An
important exception is the case of zero range forces for which the direct and exchange terms have
the same structure. The case of a zero range force including a quadratic velocity dependence
can also be rather easily handled provided generalized Lindhard functions are introduced [4].

The Lindhard function I occurs in a wide variety of problems. As an illustrative example we
now consider the problem of the determination of the mean free path of neutrinos in neutron
matter. In this case the optical potential I' governing the propagation of a neutrino with a

momentum k is given by [5, 6, 7]

) = gt [ FEo M1 - fBpsal}blo + By~ Bopaddpdk, (1014

where Gy is the Fermi constant, q = k — k’, w = |k| — [k’|, Ep = p?/2m. Using the relation

FEN1 = F(Epsa)} = Ty (o) ~ F(Epsal} (10.15)

we see that the integrand is related, up to a factor 1 — exp(—fw), to the imaginary part of the
Lindhard function. Explicitely

ImMy(q,w)dk’, (10.16)

09 =~ | o)

where q = k—k', w = |k| — |k’|. The imaginary part of the Lindhard function can be evaluated
analytically due to the presence of the § function. The result is

m2 1 + eﬂ(A"Hd/Z)
—log —————,
2xg 1+ eBlA-w/2)

ImIy(q,w) = — (10.17)

with

1 ¢

, A=p— .

i ¢ being the chemical potential of the neutrons. In the range T <« g, which is relevant for
supernovae explosions (g ~ 50MeV,T < 10MeV), the following approximate formula can be
derived 3T

r(k) = 3 it L .
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where pr = \/2mp/h2. It is worthwhile noting that for neutron matter just above nuclear
density (e.g. pr = 300MeV, k = 5MeV, T = 10MeV, m = 940MeV) the previous equation
gives a mean free path of the order of 1.5 km. In contrast just below nuclear density, the
presence of nuclei allows coherent neutrino scattering which leads to a mean free path of the

order of 1 cm only (7).
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III GIANT RESONANCES IN HOT NUCLEI

11 Photoabsorption by hot nuclei

Let us consider a nucleus in thermal equilibrium at temperature T. We describe it in the mean
field approximation by its one body density matrix p,. We suppose that at time t=0, it begins
to interact with an electromagnetic plane wave, described by the vector potential

A(r,t) = e,i— sin(ky — wt). (11.1)

In the long wavelength limit kR << 1, where R is the nuclear radius, the interaction hamilto-
nian can be approximated by
Vert = —d.E(t) = —g€z coswt (11.2)

where d = gz is the dipole operator, E the electric field —3A /0t and g the proton charge. To
calculate the response of the nucleus we use the results of the previous section. The one body
density matrix at time £ can be expressed as

< mlpln >=< mlpo|n > +&nnlt) + Toa(2) (11.3)

where the vector z is given by

1 o .
2z >= E{————|Y. >< Y, |d> i(wtin)t _ _—iEnt
o>= X {u’+"r+13n| ld> (e <)

1 + + i(w i ]
—— d i(w+in)t $Ent
» E,.IY" ><Y|d> (e —e*nf) 3,

(11.4)

and where d,,, =< mlgz|n >. To obtain this relation we have first constructed a particular
solution of the evolution equation. In a second step we have subtracted, in order to satisfy
the boundary condition p(t = 0) = po, a superposition of the solutions |Y, > exp(—iE,t) and
|Y,;} > exp(i Ent) of the homogeneous equation. This formula can also be written as

lz S= igz: {lYn >< nld > ei(w—E,)l/?in(_‘ﬂi-_E.l)t_/g

n>0 wt En 115
——‘Y+ S< Yﬂd > e—i(w+En)!/25in(w —~ Ea)t/2 }, ( )
n n © — En

where the limit 7 — 0 has been performed. At sufficiently large times (but not too large for
first order perturbation theory to be valid) it is legitimate to make the substitution :
sin(w — E,)t/2

o By~ 2t Bu). (1L.6)
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The excitation of the system at time ¢ is given by the expectation value of the matrix (Ae+FV):
E(t) — E(t = 0) =< z(t)|(Ae+ FV)F|z(t) > . (11..7)

exercise 9.1

Why is it possible to obtain an expression up to second order in the external field £ for the
energy while the change in the density matrix was calculated only up to first order in £7

answer

The mean field evolution equation preserves the eigenvalues of one body density matrix p. It
can thus be written at all times as

p(t) = e*pure™™, (11.8)
where x is a one body operator

x =Y, <nlxlm> a}a,. (11.9)

mn

If we expand the one body density matrix up to second order in x as

pt)=purt+pr+p2+.. (11.10)

we thus find that the matrix elements of the first order term i[x, pyyr] automatically determine
those of the second order term. The contribution of p, can thus be hidden in the above
expression for the excitation energy. This generates the term Ae in this formula.

Using the properties of the RPA solutions we thus find

E(t) — E(0)

= =2 3 | < dIF|X, > PEn{8(w — Ba) + 8(w + Ea)} (11.11)

n>o

The photoabsorption cross section is the energy absorbed per unit time by the nucleus divided
by the modulus of the Poynting vector of the incident plane wave :

G = &c*|E x B| = ¢c€?/2. (11.12)
This procedure provides the following result :
o(w) =4n*a ) | < d|F|X, > PE.6(Es — w), (11.13)
n>0
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where a is the fine structure constant ¢*/4xeohc.

The strength function is o(w)/47%aw i.e.
S(w) =< d|SmR(w)|d > (11.14)

where R is the response function defined in the previous section. The present result misses a
factor 1 — exp(—fw) discussed in section 10 and reference [1). This is because our calculation
allows both absorption and emission of photons from the hot nucleus and is not restricted to
absorption only.

12 sum rules at finite temperature

For nuclei at zero temperature the photoabsorption cross section calculated in the random
phase approximation satisfies the well known sum rule

[ otw)do = % < HF|[d,(H,d))|HF >, (12.1)

where d is the dipole operator and |HF > the Hartree- Fock ground state. For a local in-
teraction without exchange terms only the kinetic energy operator contributes to the double
commutator and the result is

oo 3 R* NZ 2
'/0 a(w)dw = EWT X 4xa. (122)
In this formula M is the nucleon mass while N,Z and A are the neutron, proton and mass

numbers respectively.

The above equations can be generalized to the case of photoabsorption at finite temperature.
Indeed from the RPA expression of the cross section we find

00
/; o(w)dw = 4x%a ¥ | < d|F|X, > [*E,.. (12.3)
n>0
The right hand side of this expression is a special case of the moment of order k of the RPA
distribution of eigenvalues at temperature T, which for a given one body operator y is defined

by
mi(x, T) = 3 | < xIFI1Xa > EE. (124)
n>0
Note that in this equation the temperature dependance of the right hand side is contained not
only in the RPA eigenvalues and eigenvectors £ and X but also in the occupation number
matrix F.

39

N



>t

Let us now show that, in the random phase approximation at finite temperature, one has the
following sum rule

mi(x, T) = % Trace {Due(T)x [H, x]I} (12.5)

where Dy is the Hartree-Fock density matrix at temperature T'. To establish this relation we
consider a small change of the density matrix defined by

D = exp(iex)Dyr exp(—iex) (12.6)

where € is a small number. In this transformation the first order change in the one body density
matrix is
< m|§Wpln >=ie < m|x,plln >, (12.7)

ie.
< m|fNpln >=ie(fo — fm) < mix|n >, (12.8)

while the second order change is given by

62
< m|§Pp|n >= -3 < m|[x, [x,pllln > . (12.9)
The change in the grand potential A is thus, in the notations of section 8

AA= %ez < x|F(Ae+ VF)|x>. (12.10)

By using the completeness of the RPA solutions we can transform this formula into
AA=€Y E,| < x|FIX, > 2 (12.11)
n>0

However the change A A can also be evaluated directly from the expression of the density matrix
with the result

1
AA= —562 Trace {Dyr([H, x], X}, (12.12)
which establishes the sum rule (12.5).

For the dipole operator
Z
d =Y {rYo(8i,9:) — RY:0(R)}, (12.12)
i=1

one has (for a local interaction without charge exchange terms)

3 B* NZ
which is exactly the zero temperature result.
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For the isoscalar quadrupole operator
z
Q = riYa(8i i), (12.15)
i=1

there is in contrast a temperature dependence since

mi{Q,T) = ;;%;—A Trace{r’ Dyr(T)}. (12.16)

13 Observation of giant resonances in hot nuclei

As was already mentioned in the introduction of this course giant collective oscillations were first
observed in the early eighties by the Berkeley group [2]. This group used an 1150 MeV ¥ Xe
beam to produce deep inelastic collisions with a '®!Ta target. Excitation energies of the target
nucleus of 40, 80, 120, 160, 200 MeV were selected and the photons emitted from these highly
excited nuclei were observed. These experiments revealed that the photon spectrum contains
in addition to the thermal spectrum N(E) = exp(—E/kT) a broad and well developed peak.
As an example we show in the figure below more recent data obtained at the GANIL facility
for very hot nuclei (T ~ 5MeV) formed in the Argon-36 + Zirconium-90 reaction at 27 MeV
per nucleon bombarding energy. This figure gives the number of photons emitted by a hot
Tin-115 nucleus as a function of the photon energy [3]. The dotted lines are exponential fits to
the statistical and bremsstrahlung part of the spectrum while the upper right corner gives the
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difference between the sum of these two curves and the observed spectrum.

Counts

Figure 13.1

As for zero temperature the peak occurring around 15 MeV is interpreted as a collective dipole
oscillation in which neutrons oscillate against protons. As was mentioned in the introduction
the possibility of having giant resonances built on nuclear excited states was suggested in 1955
by David Brink in his thesis [4].

A large amount of information on giant resonances is by now available. It has first been
verified that there is a good evidence of thermalization of the nucleus in these reactions. This
has been checked by observing photons emitted from compound nuclei obtained by the fusion of
various systems e.g. 83Cu obtained in *He+%2Co, $Li+57 Fe, 2C +5'V and 18045 Sc reactions
[5]. Spectra obtained from these four reactions were found to be indistinguishable. The data
obtained by now indicate that, to a good precision, the energy of the giant dipole resonance is
independent of temperature while its width increases strongly at moderate excitation (about
130 MeV in Sn isotope) with a saturation for higher excitation energies [6, 7, 3, 8, 9].

14 The schematic model at finite temperature

The simplest description of giant resonances is through the schematic model of Brown and
Bolsterli [10]. We consider a simple version of this model in which N active particles occupy
2N levels, N with a single particle energy ¢, and N with an energy €; > €, as described in the
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figure below.
————— N levels e

N particles g = (e +¢€)/2

————— N levels ¢

The chemical potential is thus independent of temperature

£ = (e te)f2,

and the occupation numbers of the levels 1 and 2 are respectively

fi = 1
R emp(‘—l-g.—‘l)’
and ]
§ 23

1+ eap(27)’

A further assumption of the model is that the two body interaction is separable i.e.

< phiVIp'R' >= Avppvpy,
with v, = vj,. This equation can be written as

V=2Av><|.

For such a model the RPA matrix

Mi.ikl =< ’1]'(A£ + FV)lk,l >,

£

(14.1)

(14.2)

(14.3)

(14.4)

(14.5)

(14.6)

(14.7)

is a 2 by 2 matrix since the indices (Z,5) can take only the values (1,2) and (2,1). The single

particle energy matrix reads

— 0
Ae:(o e)’

with € = €, — ;. The occupation number matrix is given by

_(-F0
F“(o f)’

€ — €1
2T )

with
f = fi = f2 = tanh(
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From these formulae we construct the explicit expression of the RPA matrix

e 2 2
(Ae+ FV) = ( f:f" flvl e{vflvlz ) (14.11)

The positive eigenvalue of this matrix gives the excitation energy E of the giant resonance at
temperature T

. 2A|v|? € — €]
E =1(e; - el)\j 1+ @—e) tanh( 57 ) (14.12)

As an illustration let us consider the case of lead-208 for which we take the distance between
shells to be €2 — ;=7 MeV. If we adjust the strength of the interaction to reproduce the energy
of the giant dipole state at zero temperature E= 14MeV we find

2>

€ — €

3. (14.13)

With this value of the strength parameter the energy of the giant dipole is found to be

E =12 MeV for T =25 MeV
E =10 MeV for T =5 MeV (14.14)
E=8MeV for T =10MeV.

The energy of the giant dipole thus decreases slowly when temperature increases. This is in
contradiction with experimental observations which suggest a value independent of temperature.
The reason for this discrepancy is that we assumed all the particle states to have the same energy
€2 and all the hole states to have the same energy €;. As a result when temperature increases
the matrix Ae + VF tends to Ac i.e. collective effects decrease. In more realistic calculations
many configurations of the form pp’ or hh’ appear at non zero temperature since f, — fpr or
fn — fu i no longer zero. These new configurations induce additional collective effects which
compensate the decrease of the matrix VF. As a result the location of the giant dipole state
remains unchanged as we will show in the next section.

15 Numerical solution of the thermal RPA equations

For more simplicity we consider a density dependent effective interaction of the form

t3 ., +T2

V= {to+ o (—5)}o(r1 — 2).
For such an interaction the single particle Hartree- Fock wave functions can be written as
i(r,0) = Roti(r)Yeimi (8, p)xe:(0)- (15.1)
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In order to show how the angular reduction of the RPA equations is performed in this simple
case we introduce the following notation. We use a single index o to denote the set of quantum
numbers
a = {np; &p; s, 4} (15.2)

Similarly we define

ﬁ = {np',lp';n;,:,l;.'}. (15.3)
The notation o > 0 means that the single particle energy of the particle state is higher than
that of the hole state i.e.

e(n,,,l,,) > e(n;.,l;,). (15.4)
We also denote by & the set of quantum numbers in which particles and holes are interchanged
a = {np, lh;nplp}. (15.5)

For a spherical nucleus we decompose the RPA eigenvectors Xp, = X(n,, 4, mp;nn, b, my)
into their angular components as

/ 4L L LM
=(-1)™ » . .
Xon = (-1) g\:,(ﬂ’“)(—m,, e M)X,, (15.6)

By using the orthogonality of the Wigner coefficients this relation can be inverted to give

L 4 L
XM _ _ayme | b h ) )
wo s (Y, b ) (15.7)
With this decomposition we find that the RPA matrix is diagonal by block, each block being
characterized by the quantum numbers L and M, and being independent of M. For instance
the linearized evolution equation for the amplitude X, reads for a > 0 :

RXEM = A, XIM 4 F.,BZoAf,’;,’xg” + B XM (15.8)
>
where
A€y = e(ng, bp) — €(ns, ), (15.9)

F,= “f(nmtp) + f(nhath)'

The matrices A and B depend on the quantum number Z only :
ioio (b b L Ly 4 L
L _ 1 g, [ P P
Acs = ixlaslolilply ( 00 0 ) ( 0 0 0 ) (15.10)
Bly=4z
where the notation # stands for (2£ + 1)'/2 and where 7 is the radial integral

ILg = ./0 Rnpl,(r) Rnply(r) Ry bo(r) Rupe b (7)

3

b (15.11)
{Fto+ 151+ )2+ )" (M)} dr.
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Results of an RPA calculation for the dipole mode in calcium -40 are shown in figure 15.1.
This calculation uses a model space including 1s, 1p, 2s, 1d, 2p, If and 1g levels. It requires
the diagonalisation of a 30 x30 matrix (equation 15.8). The single pasticle wave functions
are chosen to be oscillator wave functions with a parameter 4 =1.8 fm and the single particle
energics were taken from reference [11]. The interaction is a simple delta force £, = -700 MeV
X fms, t3 =0.

T.O1Mev - T: I1Mev
E=2 7M¢V_
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- e e v am = e - o ma

DT [) [] .
-3 [ ] ?
Lottt —_— bt
) 20 20 25
£ . .
) ' Te 3MeV
% €% u 40.0Mev
e
[
s
o, Te 2MeV
E%: 178 MV
20 2s
= TaaMev
H E%67 OMev
1}
]
i !
i : '
] [
. [ et 14 1 !
014-:.,'.‘#%—5"—“!—'—:: ‘
5 20 ViNMev)

Figure 15.1

In figure 15.1, each RPA state is represented by a line, the length of which is proportional
to the dipole strength S, = | < d|F|X, > |>. While at zero temperature all the strength is
concentrated near E =20 MeV it can be seen that at temperatures of T =2 MeV and T' = 4MeV
the presence of new particle-particle and hole-hole configurations produces the appearance of a
wider spreading of the dipole strength. This effect provides a mechanism suitable to explain a
broadening of the giant dipole when temperature increases. The present calculation is however
too crude to reproduce the observed saturation in the increase of the dipole width at high
temperature. We wish to point out that the calculation we have described should be taken
as a pedagogical exercise only. More realistic calculations including spin orbit terms, pairing,
nuclear rotations and nuclear deformations can be found in the literature [12, 13, 14, 15, 16, 17]

46



16 The level density parameter in excited nuclei

In section 3 we showed that the number of levels per unit energy interval in a nucleus of mass
A, p(E, A), can be evaluated from the approximate formula [18] :

1
E,A) = ————exp S(co0, fo)- 16.1
p(E, A) 2D () p S(a0, fo) (16.1)

In this formula the quantities appearing on the right side are calculated at the saddle point
ap, Ay such that
A—-—a—lo Z(ao, Po) E——3
= da g 03 M0y - 6ﬂ
The quantity S{ay,y) is the entropy

log Z(ao, fo)- (16.2)

/] /]
§ = (1-ag; ~Ba5)log Z(aB), (16.3)

and D the determinant of the second derivatives of log Z(a, 8) at the saddle point

_ | 8%log Z/0a®  &%log Z/OadP

D=\ 52105 2/8008 &log Z/38° | (16.4)

Applying these formulae to a Fermi gas at a temperature T much smaller than the Fermi energy
€r one obtains the well known Bethe formula [18]

p(E*,A) = E—_l—-‘/4_8_ expv2aE", (16.5)

where E* = E — Ey is the excitation energy with respect to the ground state and a the so called
level density parameter

a= %D(ep). (16.6)
In this formula D(er) is the density of single particle levels at the Fermi surface. For a Fermi
gas
34

Dier) = 5. (16.7)

To a given excitation energy E* one can associate a temperature T by the formula
E® =aT%. (16.8)
In terms of the temperature the entropy is

S = 2aT. (16.9)
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The argument of the exponential in Bethe’s formula is thus the entropy of the nucleus as
prescribed by equation (16.1) .

Empirically the level density parameter a is found to be A/8 levels per MeV whereas the
Fermi gas value is a factor two smaller. Recently renewed interest in this parameter has been
reported. Indeed measurements of both temperature and excitation energy in hot nuclei have
been performed {19], which allow via the relation E* = aT? a determination of temperature
dependence of the level density parameter a(T). Whereas the Fermi gas model predicts a(T)
to be independent of T', a sharp decrease in nuclei of mass A = 160 was found near T= 4 MeV
from a value @ = A/8 levels per MeV to a = A/13 levels per MeV. Why is there such a large
deviation from the Fermi gas predictions ? It is the purpose of the present section to show that
the contribution of giant collective excitations to the partition function can provide part of the
explanation.

In order to be able to obtain analytic formulae we consider the schematic model of Brown
and Bolsterli. We specialize to the case of lead-208 for which we assume the difference €; — €,
between shells to be 7 MeV. We include five collective states : the giant dipole 1~ observed at
14 MeV, the quadrupole state observed at 4.1 MeV, and the 3~ (2.6 MeV), 4+ (4.3 MeV) and
57 (3.3 MeV). We adjust the strength A, of the separable interaction in each channel in order
to reproduce these data at zero temperature.

In this model the change in the partition function due to collective modes can be worked out
explicitly through the formulae given above. The result is

log Zrpa __B Z{E — Ae— 10 Aecothﬂﬁ}
Zur 1— e—ﬁE.. 2 (16-10)

- Z log( e—BAe )’

where Ae = ¢y — ) and where the sum over » runs over the five collective modes listed above.
The coefficient C,, is related to the interaction strength by

An
Cn= 2—A—E- <vju>. (16.11)

To obtain the correction to the Hartree-Fock level density parameter we divide the excitation
energy E* by the square of the temperature. This procedure gives

. Ae 1 BAC
T2 Z{Enc 2Tsmh2(ﬂAe/2)} th( 2 ) (16.12)

+exp(ﬂE‘,.) ~1 exp(BAe)—1
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As a function of temperature this formula leads to the following corrections to the Hartree-Fock
level density parameter (expressed in levels per MeV)

Ac=3.23(T = 1 MeV), 2.9%(T = 2 MeV), L.77(3 MeV)

Ae =1.10(4 MeV), 0.73(T = 5 MeV) (16.13)

Compared to the Hartree-Fock value ayr ~ 10 — 15 levels per MeV [20], we see that collective
states increase the level density parameter at zero temperature by about 20 to 30 percent.
The increase however is not so pronounced at higher temperatures which explains part of the
observed experimental variation. Other effects have been invoked in the literature to explain
the remaining part of the variation with temperature of o(T) [21].
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