
I'i ••JidJUIIilL^ti 
> i • i i ; i • i • • 

№91 

объединенный 
ИНСТИТУТ 
ядерных 

исследований 
дубна 

Е5-94-259 

A.K.Motovilov1 

REMOVAL OF THE ENERGY DEPENDENCE 
FROM THE RESOLVENT-LIKE 
ENERGY-DEPENDENT INTERACTIONS2 

Submitted to «Теоретическая и математическая физика» 

'E-mail: MOTOVILV@THSUNl.JINR.DUBNA.SU 
2The wcrk supported in part by the International Science Foundation 
(Grant No.RFBOOO) 

1994 

mailto:MOTOVILV@THSUNl.JINR.DUBNA.SU


1. I N T R O D U C T I O N 

Perturbations, depending on the spectral parameter (usually energy of system) arise in a 
lot of physical problems (see papers [1- 16] and llefs. therein). In particular, such are 
the interaction potentials between clusters formed by quantum particles \'t 6]. 

The perturbations of this type appear typically [I 1]. [11 Ifi] as a result of dividing 
the Hilbert space 7i of physical system in two subspa.es, "H — Hx •}• 7f2. The first one, 
say 7ii, is interpreted as a space of '•external" (fui example. Iiadrouir) degrees of freedom. 
The second one, Нг. is associated with an "internal" (for example, quark) structure of 
the system. The Ilamiltonian H of the system looks as a matrix. 

(1.1) H = Ax B» 
B-„ Ai 

with ,4| , Aj, the channel Hamiltonians (self-adjoint operators) and Htl, B!t = ti't, the 
coupling operators. Reducing the spectral problem HI' - ;Г , С -- {i<|.u 2} to the 
channel a only one gets the spectral problem 

(1.2) [Aa + К Л - Ж = - « . . « = 1.2. 

where the perturbation 

(1.3) \'„{z) = -B0MAi,-:)-4i„... J*n. 

depends on the spectral parameter г as the resolvent {A,-, - .-)"' of the llainiltoiiian At,. 
In more complicated cases V'u(c) can include also linear leinis m respect with г Other 
type* of dependency of the potentials \'a(:) on the sperlial parameter •/. give, iti л general 
way, the spectral problems (1.2) with a complex spectrum. 

The present paper is a continuation of the author's works (IV !9j devoted to a 
study of the possibility to "remove" the eneigv dependence from perturbations of the 
type (1.3). Namely, in J17 - 19] we construct su< h new potentials Wn that spectrum of 
the Hamillonian Ha - Aa + Wa is a pail of the spectrum of the problem (1.2). At the 
same time, the respective eigenvectors of //., become also those for (1.2). Ilamillonians 
//„ are found as solutions of the non-linear operator equations 

(1.4) //„ = A , f I'„(//..) 

first appeared in the paper [У] by M.A.Hraun in connection with consideration of tl'e 
qtiasipotential equation. The operator value function l'„(V) of the operator variable >', 
Y : Ha —» W a , is defined by us in such a way (see Sec. -T) that eigenvectors t/> of V. 
Y\l> — гф, become automatically those for l „ ( i ) and l j O )(.' — l^,(r)v-

In Ref. [17], the case is considered in details when one of the operators Ал is the 
Schrodinger operator in L?{R'') and another one has a discrete spectrum only. The re­
ports [18], [19] announce the results concerning the equations (I.-1) arid properties of 
their solutions //„ in a rather more general situation when the Ilamiltonian H may 
be rewritten in terms of a two-channel variant of I he IViolrichs model investigated by 
O.A.Ladyzhenskaya and L.D.Faddeev in Refs. [20]. [21]. In Ref. [Ifi] the method [17 
19] is used to construct an effective cluster Ilaiiiiltnuiaii for atoms adsorbed by the metal 
surface. 

In the present paper, we specify the assertions from [IS], jl!)] and give proofs for them. 
Also, we pay attention to an important circumstance disclosing a nature of solutions of 
the basic equations (1.4) Thing is that the potentials U'a = Va(ll„) may be presented in 
the form Wa = BngQga where the operators Qsa satisfy the equations (3.13) (see Sec. 3). 
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Exactly the same equations arise in the method of construction of invariant subspaces 
for self-adjoint operators developed by V.A.Malyshev and R.A.Minlos in Refs. [22), (23]. 
It follows from the results of [22], [23] that operators / / „ , a - 1.2. dclcitiiiuc in fact, 
parts of the two-channel Hamillonian H acting in corresponding invariant subspaces (see 
Theorem 2 and comments to it). 

Recently, the author came to know about the work 2 ' "Spectral properties of a class of 
rational operator-value functions" by V.M.Adamjan and H.hanger studying theoprralor-
value functions written in our notation as Fa(:) = : - A„ ± И„0{Лц — -)'4i.,„. In 
particular Adarnjati and Langer show in this work that a subset of eigenvectors of / , «an 
be chosen to form a R'ws/. basis in H„. There is a certain intersertion of theii n-*-iili> and 
ours from Itefs. [17 19]. However the methods are different. 

The paper is organized as follows. 
in Sec. 2 we describe the Hamiltonian H as a two-channel varian'. of the I'licdnciis 

model |20J. [21]. We suppose that both operators .4„, n = 1.2, may have continuous 
spectrum. When properties of objects connected with this spectrum (waie operators 
and scattering matrices) are considered in following sections, the coupling oper.itois II',„• 
in (1.1 I are assumed to be integral ones with kernels H,g(\.fi). the Holder functions in 
both variables A./i. 

In Sec. 3 the equations (1.4) are studied. As in Refs. [22]. [23] we suppose that spectra 
ir(.-li) and <т{Аг) of the operators Ал and Аг are separated. dist{<7(.l,j,r7| .1,.)} > 0. 
Existence of solutions of Eqs. (1.4) is established only in <!:e rase when the lliibert-
Schmidt norm НЛовЦг °f 'he coupling operators satisfies the tondiliou 
ц а в 0 ц 2 < ^dis t{ -T(4 1 ) . 0 - ( / i 2 ) } . 

In Sec. 4 the eigenfunctions systems of the operators Ha are studied anil theorems 
of their orthogonality and completeness are proved. We show here in parti» ular that 
spectrum of the Hamiltonian H is distributed between the solutions llt = Л\ Л R\iQi\ 
and H2 = Ai + B21Q12, Q21 = ~Q\2- °^ t n e basic equations (1.4) in such a way that / / , 
and Hi have not "common" eigenfunctions V = {u| . «2} of H: siiiiultancouslv. component 
U\ can not be eigenfunction for / / | , and component u 2 , for Hj. 

In Sec. 5 we introduce new inner products in the Hilbcrt spaces "H,. n = 1.2. making 
the Hamiltonians //„ self-adjoint. 

In Sec. 6 we give a non-stationary formulation of the scattering problem for a system 
described by the Hamiltonians Ha constructed. We show that this formulation is correct 
and scattering operator is exactly the same as in initial spectral problem. 

At last, in Sec. 7 we discuss the questions concerning a use of two-body energy-
dependent potentials in few-body problems. 

2. I N I T I A L S P E C T R A L P R O B L E M A N D 
T W O - C H A N N E L H A M I L T O N I A N 

Let A\ and A-i be self-adjoint operators acting, respectively, in "external", H i , and "in­
ternal", %г, Hilbert spaces. We study the spectral problem (1.2) with perturbation \'a(z) 
given by (1.3). We suppose that Bo0 € BCHo.Wj) where B(X„ , W/j) is the Banach space 
of bounded linear operators acting from W 0 to Ид. 

Note that method developed in the present paper works also in the case of more 
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general perturbations 3 ' Va(:) — -7?„(c) containing lin.-нг terms. 

(2.1) П0(г) = Nat + Н„.ЛЛа - .Vj.- - . - Г ' « в , 

with Na, self-adjoint bounded operator in Wo such that Л' а > (6- !)/„ where о > 0 and 
/o is the identity operator in W Q . Thing is thai the equation (1.2) with Va(s) - -Ka(z) 
can be easily rewritten in the form (1.2),(1.3). To do this, one has only to make the 
replacements u„ — u'a ^ (/„ + Na)t/2u0, .<!., -> A'n = r7„ + \ a ) ' l / t A J l a + Х.У ' ' 2 and 
Bap -* B'a3 = (/„ + .V„)~ l / 2 f l„j( /( , + Л ' л ) " | / 2 . I'herelore we shall consider further onlv 
the initial spectral problem (1.2),(1.3). 

We shall assume that operators A„, a — 1.2, may have continuous spectra <?[k. To deal 
with these spectra we accept below some presuppositions in respect with A„ restricting 
us to the case of a two-channel variant of the Kricdrichs model (20). [21 j . Note that these 
presuppositions are not necessary for a part of statements (Lemma 1, Theorems I 3 
and 5) which stay correct also in general case. 

The presuppositions are following. 
At first, we assume that Uamiltonian // is defined in dial representation where 

operators . l „ , o - 1,2. are diagonal. \VV suppose that roitliiiiiou.s spectra <r;~ of the 
operators Л , , и = 1 . 2 , are absolutely coiitiii'uius ami <un>ist nf a finite number of finite 
(and may be one or two infinite) intervals («,.' . / ) . . ) . - зс < i|„ j l < b;, < -fee. j = 
1 ,2 , . . . .N a , iia < <x. At second, we suppose thai disciel,- spectra a\ of the operators 
Ar,. ft = 1 2, clo not intersect with <т0, т а П < т , 1 — в. and consist of я finite number of 
points with finite multiplicity. In this case the space W» п-av he present as the direct 
integral [2!\] 

(2.2) W„ = 5 ^ Ф £ . ( А ) Л = <L-tQ„(M -b f •!-^„lA.i./Л. na -- a\ \Jaa с R . 

The space W Q consists of the measurable functions /„ whi- h are defined on <7, and have 
the valuef f„{\) from corresponding ililberl spaces (/„( \). Ну <. . •) •«• denote the inner 
product in W a , 

(/-,*,) = ^ (/»(A),s„(Aj) = £ ( / , ( A !..;.,(>)) : / d\(f.\\),ga(\)), 

where (• , • ) stands for inner product in (7„(A) H. | • | we denote norm of vectors and 
operators in Qa[\) and by || • ||, the ними in W.. Operator A,, a d s in W, as the 
independent variable multiplication operator. 

(2.3) (A.,f,){\) = A / . (A) . ,. = 1.2. 

It 's domain Z>(/t 0) consists of those functions fa С W,, which satisfy the condition 

A2 | /o(A)| 2 < oc. For the sake of simplicity we assume that Q.,{ A) does not depend 
A€oo 
on A € о*0, i.e. Qa{\) = Gc

a for each A € &a. Hence. / nQj X)rfA = Li(o'a,Q<J = W 0 . By 

3*Ftemember that if NQ > 0 then Eq (2.1) gives a gmt-ial form d Л function or; 7{a, i.*> an analytir it 
Imz ф 0 B(?<0,7ie)-value function with positive imaginary part for z !in : > U [sw paper [24] and 
Refa. therein). 
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Ka(d\) we denote a spectral measure [25] of tin- operator .4„, Aa -• f \E„(dX). In the 

diagonal representation considered, the spectral projector Ea acts on / € Hn as 

(2.4) ( £ , ( Д ) / ) ( Л ) = \ Л ( Л ) / ( А ) 

for anv Horelian set Д С na- Here, \ д is a characteristic function of Д. \^ ( . \ ) = 1 if 
A £ Д", and \-л(А) = 0 if A £ Д. 

Let Bg^ be a class of funct ions /•' defined on <т„ x <TJ, О, ,З =.- 1,2, for each A •;- IT ,. // € 
(T,j as operator /"'(A,/i) : £?,')(/') —» £„(А). with || /•" ||t<< oo, where 

| | ^ | | e = sup ( l + | A | ) * ( l + | , i | ) ' | F ( A , , . ) | T 

V € < r „ 

IA - AT + sup <t,l + H ) " ' ,V „ ; " " + I I -f |A[)'x 
л.// ' 6 "^ I. 
•V.V € » i 

| F ( A . , , ) - F ( A V ) I , |F( A , , , ) - / - ( A ' . , . ) - / • • ( A . / ) f / - ' ( A ' . / 
I/' - /' Г1 ! 

A ' . / . ) - / - ( A . / ) b H V . * O l l 
A - А'П/t - #iT J 

With the norm || • ||g this class will constitute a Banarh spate. We Introd'Kr also the 
Banach space Мц-,{ап) of functions / defined on a, with the norm 

II / ||,vi= »up(i + |A|)°|/(A)| + s„p ША! -/;A'!1 < x . 

Tlie value /(A) of the function / € Мв-,(т„) is an operator in </,t'A). 
Let Д,д be an integral operator with a kernel li.„,[\. /i) from I lie space L\'.'• 0 ;• '2. ^ < 

7 < 1 W-c assume (hat / i a j(A./() is a compact operator. W..,tA./.i : (?,,(//) •- t?„(A). for 
ea. '.. A fc rr„,/i 6 <T,J an<l /^^(A./i) = 0 if A belongs to the boundary of a[t or // belongs to 
the boundary of <Tj. 

With this presuppositions the Ilamiltoinau H may In- considered a> a two-channel 
variant of the Friedrichs model [2U]. [21]. Investiuation of II repeats almost literally the 
analysis from Ref. [21]. Therefore we describe here only final results which are quite 
analogous to [20], [21]. These results are following. 

The operator H is self-adjoint on the set Dill) - V\A\) .• D(A2). Continuous 
spectrum of H is situated on the set cr r(H) --- n\ U a2 Let II be the part of H acting 
in the invariant subspace corresponding to conlinuon • spectrum. I lie operator H' ts 
unitary equivalent to the operator Hi, = .•V,'1 ;• A*!'' with V.'". n i .2 . the rcslii/lion 
;;f i he operator Aa on Hc

n. Namely, there exist wave o|.< ;a1ois •' ' ' ' and /" '" ' . / ' *> -: 

(±) ,,'±) \ 
(±) (*) = •*- l i n i e , H , e - | H ° ' . with the foll.nvmii prop, Hie-: НГ<*> - C'^li,,. 
21 u 22 / f-T-x 

, ; (* ) - , / (±) = ^ СШЩ±)- = I _ l\ и,.,,., p i„ „„ „tthogonal proj. t lur on Mibspace 
corresponding to the discrete spectrum /r,/(H) of the operator H 

The kerne! u„„ (A. A') of the operator i/ , , . о !.'_'. iepr<-scuts .ill eigenfund ion of 
the continuous spectrum of the problem 11.21 foi \ : /II. A' .. n . .mii satisfies the 
integral equation 

(2.5) "Lt }(A.A') = /^e(A - A') - |(.-1, - A' 3- /l)i 4 .1 \' j . jii!«JfV](A. A'). 
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where / | is identity operator iti Q'a.\ € <r,,. 1'or earli concrete sign (plus or minus) and 
for each А' С т£,А' £ crd(H) th;> function «J*, (A. A') is an unique solution of eq.(2.5) in 
the class of the distributions 

(2-6) /< ± ) (A) = / . r ( A - V ) + r - f ^ L - , / 6 . 4 , . , . , 

where ± < в' < в, | < 7' < 7. At the same time 

«i j ' (A.V) = - | ( Л „ - А ' т » 1 ) Г ' « . . , . . ! * ' ] { > , A'). ,**<*, 

is the pro'jlem (12) eigenfiiriction corrcspoi,dinj.' lu A' G <r'r 

The functions uL , «, J = 1,2. can he explicitly expressed in terms of kernels of the 
operator 

0 « l i T{z) = li- 1ЦН- :)-'H. H 

Corresponding formulae read as 

H21 U 

(±i/ v \M x /cc , . . . . Т Ц 1 , | / 1 .Л ' . \ ' ± » 0 ) , r 

li -- A -f /U 

with t-matrices 
7 ' о л - Дав [̂  ~ А , + IliJA . - - Г ' / Л . . ] " ' «,1„ 

and 
7*. = Д ь [г - А , + й , « ( А . - . - Г ' Д . . , ] " ' (.- - A , ) = 

= (г - A-,) [- - Аз + /*,„ (А, - с ) " 1 На.,\ ' ' lh,. Л 7* «• 
Considering the equation for T(z). 7'(.r) = li - Ii{ A- z)~'T{z), A = A,'l-Ai. one shows in 
the same way as in [20], [2J] that for all ; £ C\ f f ( I I ) . each kernel 7 з 0 ( /л A.z). aji= 1,2, 
belongs to the class B^, with arbitrary 0'. 7' such that ^ < 0' < 0, A < 7 ' < 7. In 
respect with variable 2, the kernel of Tga(z) is continuous in the $ s , ° . norm right up to 
the upper and lower borders of the set <т г(Н| \ <т„-(Н). 

Scattering operator S = i / ' " , " ( / ( + ) for a system described by tin llamiltonian H is 
unitary in Hc

a. It's kernels spa(/i, А), о./У — 1.2. are given by expressions 

(2.7) s,}a{ii. A) = 6(/i - A) [{,,]„!;, - L'TJ 7',,„(/<, A. A + ,0)J. 

By Uj, j = 1,2, . . . , we denote eigenvectors. / ' , = {г/J-", 4 J , b <Л € X>(H). || (^ | |= 1, 
and by Zj, z3 £ R, the respective eigenvalues of the operator H discrete spectrum Orf(H). 
The component u„ '. a = 1,2, of the vector U) is a solution of Eq. (1.2) at г = z,. If 
г,€<г§ then (B0au{^)(zj) = 0. 

3. B A S I C E Q U A T I O N 

The paper is devoted to construction of such operator / /„ that it's each eigenfunction 
ua,Haua = zua, together with eigenvalue z, satisfies Eq. (1.2). This operator will be 
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found as a solution of the non-linear operator equation (1.4). To obtain this equation we 
need the following operator-value function V„(V) of the operator variable Y : 

Va(Y) = BaB f Ea(J,i)l3,,cAY -f,)'1, 

Y : Ha -» Ha . We suppose here that (V - /</)" ' e ^ т е (<Тй,В(Н„,Н„)) if /i 6 aB. 
This means that oB has not to be included into the spectrum of the operator Y. Integral 
Q(T) = f Е0Ы»)ВваТ(ц) for T € t „ ( ^ , B ( H u , H J ) , | |T |U = /•, '„-sup ||7'(,i)|| < oo, 

is constructed in the same way as integrals of scalar functions over spectral measure (see 
Ref. [25], p.130). Namely as a limit value, in respect to the operator norm in B ( H a , W 0 ) , 
of respective finite integral sums for piecewise-conslant operator-value functions approx­
imating T in L c f u ^ B C H c H o ) ) . We show the existence of this integral at least in the 
case when the Ililbert-Schmidt norm ||Z?„e||i is finite. 

LEMMA 1: Let T £ Ь0О(<гв,Щ'На,'На)) and || BnB | | 2 < oo. Then the integral Q{T) exists 
being a bounded operator, Q(T) : Ha - HB, \\ Q(T) || < | | T \\К-Ц B,la | | 2 . 

PROOF. We prove the Lemma in the diagonal representation (2.2). (2.3). By (2.4) we 
have 

(<ЭЛ0<) = $ Вд.(/«. A)(V(/«)/)(A)rfA 

for any / 6 7ia. It means that 

\(QI)M\2 < ^ d\ - \ВВа(ц. A)| 2 ^ </А|(7 'И/)(А) | 2 = 

= ^ dX\BBa{(i, A)| 2 • | | Г ( ^ ) / | | 2 < ^ d\\Baa[p, A)| 2 • | |7'(,i) | | 2 • Ц/Ц». 

Hence, integrating over ft € OQ we come to the relation 

i i<? / i i 2 <i i** . i iMmil - i i / i i 2 

which completes the proof. 

Let us suppose that (На — ц!)~1 6 Loc{o-j, B(W„,W 0 ) ) . We note that if Нафа — гфа, 
then automatically 

Va[Ha)i'a = Baa J /w,M/( )«.,„(-" - it)''*,, = 

(3.1) = BaB(z - А,,)'' В0ач-о = Va(z)ii<a. 

It follows from (3.1) that Ha satisfies the relation 11афа = (Aa + \'а[Иа))фа and we can 
spread this relation over all the linear combinations of H0 eigenfunctions. Supposing that 
the eigenfunctions system of Ha is dense in H„ we spread this equation over T>(Aa). As 
a result we come to the desired basic equation (1.4) for //„ (see also Ilefs. [9], [17 — 19]). 
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Eq. (14) means that the construction uf the operator //„ cotnes to the searching for the 
operator 

(3.2) Qt,,. = j E(i(d(,)Huo{17'„ - , , ) - ' . 

Since Ha = A„ -t- tJafiQea, we have 

(3.3) Qua = J Ея{4ц)В0а(Аа + BnilQ.„ -('Г'. ti*a. 
«a 

In this paper we restrict ourselves to the study of Eq. (3.3) solvability only in the case 
when spectra a\ and a-i are separated, 

(3.4) do = dist(o-|,eT;,) > 0. 

Using the Lemma 1 and the contracting mapping Theorem, we prove the following: 

THEOREM 1: Let MBo(f>) be a set of bounded opiralors X, .V : H„ ~> H„, satisfying 
the inequality |IA'|| < 6 with д > 0. If this S and the norm \\B„U\\I satisfy the condition 

\\Вав\\? < fl']min{ . | ?, If?}' ^'cn &Ч- (Я-3) '* ""'qwly solvable in Мац(6). 

P R O O F . Let 

(3.5) F(X) = JЕ0(4ц)Вйо(Ло f 1)оЛХ - / i ) " ' 

with X, the operator from ЪСН^^ц). 
Firstly, consider conditions when the function /•' maps tfie set M0(6) into itself. We 

suppose here that BOLi and X .ire such that 

(3.6) | |Я^|Ы|Л' | |<лц/л,.1|!2<<. 'и 

and consequently, | |В 0 1 зЛ| | < d0. This means that spectiuni of the operator Aa + BagX 
does not intersect with the set a/}. Hence, the resolvent (Aa + ВлцХ - / / ) " ' exists and is 
bounded for any ц € er.j. Thus, by Lemma 1 we have 

\\Г1Х)\\ < \\B,eh • Г-3- sup li( 4 . + BoJX - Myll\. 

Due to identity 

{Aa + BallX - fif' =•' + (Aa - ,if'-Bni,X)'l( 4„ - / . ) " ' 

and inequality ||Sa(?ll < ||Д>^!|г w e make estimation 

ИМ. + воВх - „,-Я < T _ - _ ) i m - ^ f l j ( . 4 0 - ,)-„ < 

(3.7) . . . . 
«о 
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Therefore, the set Ma(S) will be mapped by F into itself if ||B ag\\2 and 6 are such that 

(3.8) над , • - — i — _ < *. 
«0 - l|«o<j|U* 

Secondly, study conditions for the function F to be a contracting mapping. Now, we 
consider the difference 

F(X) - F(Y) = / Eff(dti)Bea {(An + ВовХ - , / ) " ' - (Aa + BaBY - , / p ] = 

«0 

= J EB(d^)B0a(Aa + ВьГХ - »Г1 Baa{Y - X)(Aa + B,eY - ц)~1. 
"к 

Again, by Lemma 1, we have 
\\F(X)-F(Y)\\< 

< \\Bol)\\l • sup | |{Д, + BaliX - , 4 ) -4 l • sup IK/»- + BoaY - , , ) - l l l • IKK - .V)||. 

With (3.7) we come to the estimate 

_1_ 
{do - \\В„а\\г6)2 

\\F(X) - F(Y)\\ < \\BaB\\l • n „ „ „ ,.2 • \\Y - X\\. 

The function F becomes a contracting mapping if 

(3-9) , , ТЛ. rt < '• 
\\Bo0\\\ 

(d0 - ||Д„»||2*)2 

Solving system of the inequalities (3.6), (3.8) and (3.9) we find 

and this completes the proof of Theorem 1. 

COROLLARY 1: Equation (3.3) is uniquely solvable in the unit ball -W 0(l) С B{Ha,Hp) 
for any Ba0 such that 

(3.10) \\Baeh<\<k-

To prove the inequality (3.10), note that max inin ( - — ~ j , . {_ e > = k (at S = 1). 

Hence, if (3.10) takes place then the function (3.5) is a contracting mapping of the unit 
ball Ma(\) into itself. 

REMARK. In the proofs of Lemma 1 and Theorem 1 we did not use the assumption about 
finiteness of the numbers n a of intervals included in continuous spectra ac

a of the operators 
Aa, a = 1,2. Really, these assertions take place in the case of arbitrary spectrum aa. 

Finiteness at least of one of the numbers >i| and >i2 will be used at the moment. If 
n\ and/or П2 are finite and 

(3.11) ||BO0<?/j e | |<<io = dist{<T,,o-2}, о = 1 , 2 , &фа. 
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we ran state that 

(3.12) (Ла + Я о , 1 < ? * , - / 0 " ' | | < -
С,,., 

i -t И" 
at any // 6 о,,, ii / Q, 

with some C Q ( 3 > 0, C a p ~ \/(d0— \]B0liQ„a\\). Of murse this estimate is essential only in 
the case when Cg is unbouiided. It follows iiunit'diately from Eq. (3.3) that if ii| and/or 
»)2 are finite then Qpafa e T>(Hff) = Р(Л,,) for any / , e W a . 

In this case we can rewrite the equation (3.3; in symmetric form 

(3.13) Q A , / 1 „ - / V < ^ . + Q.>,H,.,Q.<, = tfj... 

To make this, it is sufficient to calculate the expression Qjall^ - A,iQ,<, for both parts 
of eq.(3.3) having in mind that we apply it to /„ € T>(//,). Did, we have 

QaJh - ABQJa = £.,„(.U + / i . a 0. .J - l.v .̂,., = Qja.-\, - AjQ.-,. + QaJi^Qa*-
On the other hand, 

QnJia ~ AaQaa = f[E,(d^B.,a(ll„ - /,)- '/ , . . - ,,E,,(,/„)«,,.,(//„ - /')"'] = ft,». 

One finds immediately from Eqs. (3.13). и - 1.2. that if QgL, gives solution //., -- .'!„ f 
Ba,jQt3u of the problem ( I I ) in the channel о then 

(3.14) <?• ' = -<%* = - / ( " . : - / о х4a„E3{,t,,) 

gives analogous solution / / Q = ,4„ + Ba[)Qpa in the channel /i. 

THEOREM 2: Z.W Q ^ , Q ^ € B(H„,W,i). be a solution of Eq. (3.1 в) satisfying together 
with Q0a = -Q'aP the conditions (3.12). Then Ihc Irrnsform H ' = Q~4iQ with Q = 

Л Qu _ . . reduces the operator H to tin block diagonal form. \i' - d i a g { / / | , / / 2 } 
V2i h J 

юЛеге / /„ = Aa + Ba0Qga. o, /3 = 1,2. ,J ^ o. /1/ //if m i /ime. //if operators Oa — 
h 0 

о- ] но а = 

reduce the Hamiltonian H , H = 

о н; 

/с triangular form, H ' a * = 

PROOFS of both statements are done by direct substituting Q and Oa into the definitions 
of H ' and H ( o ' and using the equations (3.1-1) . 

We have to note only that operator Q is reversible since, according to (3.11), 

(3.15) 

and 

(3.16) 

Xa = la ~ QaBQoa = I a + QaeQlg > '» . « = 1 , 2 , 

w l о x; 
/i - < 3 . 2 

- Q 2 1 /2 
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COROLLARY 2: Subspaces H<°» = Oa(Ha Ф {0}) = {/ : / = {/„,/„} 6 W, /„ € 
« о , / s = Qpafa] are orthogonal, W<') X W<2», «mrf reducing for H. H (2>(Н)П «*"') С 

Really, if / 6 W(tt>, tf € W<"> and / = {f0,Qg0fa}, fl = {Q,pgp,gp), then </,«) = 
(fa,Qap9p) + (Qpafaygp) = 0 since <?<,„ = - (?;„ . The invariants of W I o>, Q = 1,2, in 
respect with H follows from the equality HQ = QH'. 

Assertions quite analogous to the Theorem 2 and Corollary 2 one can find in Refs. [221, 
[23]. Solvability (for sufficiently small | |B o f l | | ) of the equation (3.13) was proved in [22), [23] 
by rather different method also in the supposition (3.4). 

REMARK. It follows from Theorem 2 that operator Q = QX'111 with .V = diag{.V b .V 2) 
is unitary. Consequently, the operator H" = Q'HQ = А ' , / г Н ' А ' _ , / 2 becomes self-adjoint 
in H. Since H" = diag{//|', H['} with //;' = Xl/2HaXa"\ the operators / £ , a = 1 , 2 , 
are self-adjoint on "D(A0) in "Ha. Moreover the operators H'°* = <2 • diag{//^',0} • (2* = 
Q • diag{tf„, 0} - Q~l represent parts of the Hamiltonian H in the corresponding invariant 
subspaces W<" and W<J> (see also Refs. [22], [23]). 

Unfortunately, eigenvectors ф'ё of the operators H% differ from those for the initial 
spectral problem (1.2): ф"а = Xa фа-

LEMMA 2: Let the kernel Bpa[fi,X), 0 ф о, of the operator Bga belong to the class B^ 
with в > ту and Qga be a solution of Eq. (3.3) satisfying together with Qag = —Qga the 
conditions (3.12). Then 

(a) the operator Q0O is an integral operator, Q3a : Ha -» Hp, with a kernel Qg„(p, A) 
belonging to B^; 

(b) the potential Wa = BagQga is an integral operator. Wa : W„ — Ha, with a kernel 
Wa(\, A') belonging to B%. 

PROOF. At the beginning we prove the assertion (b). According to (3.14), 

(3.17) Wa = -Bapj(H-0 - \)-lBp0EJd\) 

with Hpa = Ap + Wp = Ag + QapB0p. Since the inequalities (3.12) lake place we write 

| | ( Я 2 - А ) - ' | | = | | ( / / ( 3 - А Г 1 | | < С в < > 

for any A € o-a. In the diagonal representation (2.2).(2.3), the equation (-1.17) turns in 

Wa(\, A') = -BO0(K • )(1Гв - \)-*Вво{ • ,A')-

It means that 

|W<,(A, A')| < | | £ЫА, - )Ц„, -1|(//J - A)"' | • \\Вво( •, A')||* e < 

(3.18) < Cga\\B„g(X, • ) |U d • \\Baa( •, А')||м„. 
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Неге, ||Д,,(А, • )||н, « £ \Bo0(K,t)\4,i 
л ч* 

Sine- 0 > } , . we have ||«„д(А. ) | | н , < 

.. .'.{ivi • ||#||e with some c\0), c(0) > 0, depending only on 0. Analogously, (1 + |A|J 

ll»fc( •. X)U, - № Q * ' . • )ll«, < ( | 1°^, • lltflle. 

where ithe operator Ba0(\,fi), #o ij(A,/i) : Go(fi) —• £>( A), is adjoint to #да(/<. A). 
Estimations similar to (3.18) may be done also for |U'„( A". A')- WJ A, A')|. A. A" € a<a, 

A € a„, |W„(A,A'") - We(A, A')|, A € <ra, A'". A' € «£. and |IV'„(A. A*) - H'e(A".A')-
We(A. A'")+H^(A", A'")|, A, A', A". A'" e < , in leiinsof the norms ||Я„д(А. (-«„„(A". ) | | 4 , 
and \\Bga( -, A'") - B0a{ •, A')||H,. Estimating the latter through \\ВаЯ\\0 we romc to the 
inequality 

WAei: < с(0)сл<, \\B„Xz 
with 0 < с(в) < oo. Therefore, we have proved the assertion (b). 

To prove the statement (a) we note thai anonling to (3.3). 

Qo° = J E0(dh)B0a [M„ - ,,)-' - (//,. - /<Г'Н„(.4„ - лГ'1 
«« 

or, in the diagonal representation (2.2),(2.3). 

n , n Вв'Ь'Л) Ц|„(/«. • )( / / . - jQ-MV.t- . A) Qaoif, A) = — r 
Л — ft A - ft 

Repeating literally the last part of the proof of tin* assertion (b) we come to the inequality 

ll<?A,lle£ < s«l> ~ - J ||«.,„||„;: + 

\ 

+ c(0) • \\BoAo- - sup ||(//„ - /.(-'и | | и ; , | | в ; - ) , а<с(в) 

Consequently Q0a € 0£* and 

\\Q0O\\B < £ {llfltfolle + e W C C * . - ||Я*.Щ} , 0 < r(0) < +oo. 
This completes the proof of Lemma 2. 
COROLLARY 3: // B0a € б £ , в > £, /Arn /Аг t-olution of Eq. (3.3) dtscribed by Theo­
rem 1 belongs to the class B^, too. 

This statement is based on the fact that the mentier<*l solution satisfies automatically 
the conditions (3.11) and, hence, the conditions (3.12). 

< +O0. 

I I 
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4. E I G E N F U N C T I O N S A N D T H E E X P A N S I O N T H E O R E M 

In (he preceding section, we have proved the exiMencc (in the unii ball \l.,{ I j С Tia) 
of a solution QaQ of the basic equation (3.3) only in th< rase when speiira <т,. тг of 
the operators A\. A? are separated, d'isl{at,o-i) = rfu > 0. and l|Wul|j - li '^i'ta < '•?• 
May be. hov.evc. 1- tjs. ( I I ) and (3 3) have solutions also in other cases. That i-> why 
we study 1 lie spectral propeilies of the operator //„ = Ал + H.-,.,Q.,^ not supposing tli.it 

ll#r>u'|i < i ^ a i l ' i using п.>.re general requirements (3.12) only, with ('„.,. -uiiif positive 
numbers. ti..i -•- 1.2, ,i 4- <\. Of course, we assume again thai the coiiuition I3.i l 
takes place. Remember that the requirements (3.12) are sufficient for exNien«e ..Г the 
operators 1'0 ( / / „ ' . As well, the equations (3.13) and (3.1!) take place a id il.e '-rlioijs 
of n-.iurciii 1 and Lemma 2 are valid. 

S". lei us suppose thai Qea and Q.,g — —Qja are solutions of l.q» i3. !| and (3.13) 
satisfying the conditions (3.12). It follows from Lemma 1 ihat (J3a € B.!„iW ,. ~H.,) a* well 
as Qnfl 0 B 0 , , (Wj .W a ) . If ВЯа € В £ \ 0 > )f. then, according to Leiim.a 1. Q.,a С В£" 
and QoU € B'g!? . 

By Theorem 2. the operator H ' = d i a g j / / , . //,,} is connected with the (self-adjoint) 
operator H by a similarity transform. Thus, the specira <7( / / . ; mil <j( ^/^) of the operators 
ll„. a = 1,2. are real and ff(//|) U " ' f 2' - <*iH) Coiitjnuoiis spectrum т I / / , ) of the 
each operator lla coincides with that of the operator /U. a. ill.,) = <7n. sime l ie to 
НД./ИЬ < +oo. the potential ll''0 = lia,,Qti^ is a compact operator. Since a\ |~)<r_. = 0 
we have т с ( / / | )f~| <T,(H^) — 0. We show now that the discrete spectra n{{H ,\. u 1.2. 
satisfy a s inr 'ar condition. 

Let us suppose that CTJ(//„) ф 0. с 6 с7,(/7,,) and <.•„ is the corresponding eigenfunc 
tion of //<,. / / „ v . = ~V„, t'a 6 V{lla) =• V[Aa). Then, according to rot»!ruction of / / „ . 
we have # 0i,'v, = [Aa + \'„{Н*))Фа = (A0 + \'„{:))i.:, " : e „ . Thus if .- £ rr,{ll..) then 
r becomes automatically a point of the discrete spectrum of the initial snecirai problem 
(1.2). At the same time v„ becomes it's eigenfunclion. 

Let us further denote the eigenfunctions of the operator //., disciele spectrum by 
Va , Фа = ul, . keeping for them the same numeration as for eigenvectors of I',. V, = 
{uj',u.g}, of the Hamiltonian H. H i ' , = :}1'}. z, 6 c.y(H). We assume that in the case 
of multiple discrete eigenvalues, certain :s may be repealed in this numeration. By I4d 

we denote the set Ud = {I'j.j = 1.2,...} of all the eigenvectors I',. 
Let «Уд be such a subset of U* that it's elements have the operator II„ eigenvectors i>! 

in the capacity of the channel a components: 14* = {/', : (', = {и, ,u2' }. u» = VI1 }. 
By Theorem 2, we have Ud \JUd = W. 

THEOREM 3: Let H3 = Aa + BeoQaB, correspond (for \\liaa\\2 < + x) to the same 
solution Qa0 - -Q0a of Eqs. (3.3) and (3.13) as II\, = .4» + B,aQfl„. and the condi­
tions (J.lz) are valid. Let z, e Cd(Ba) and Haua - : , u l with «o , the channel a 
component of the eigenvector U, = {uj .Ug) of tin operator H . Н ( ' ; = z}L!j- Then 
either 2j £ <Trf(#/j), /? ф о, or (if z, 6 ол(Нз)) the vector n j / ' is not an eigenvector of Hg. 

C O R O L L A R Y 4: Udf]Ud = 0. 

Statement of Theorem 3 means that discrete spectrum <T,J(H) is distributed between 
discrete spectra o-j{Hi) and tr,j(/7j) in such a way that operators Hx and Нг have not 
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"common" eigenvectors U, = {u, ,Uj }: simultaneously, component u, can not be 
eigenvector for Hi, and щ with the same j , for / / 2 . 
PHOOF of the Theorem will be given by contradiction. 

Let us suppose that фа

3 = uL is an eigenvector of Ha corresponding to гг i.e. 

(4.1) (A, + BagQ0a - :,№ = 0. 

If Zj G aa = ff(i40) then automatically c, £ аАНз) since due to conditions (3.12) 
we have cr(Hg)f]<r(Aa) = 0. Thus in the case when c, € <xa the assertion of Theorem is 
valid. 

Let .~j & <r(/la). In this case we can rewrite Eq. (4.1) in the form 

(4-2) 0i» = - ( Л . - г,)" 1 «м<3*.*£". 

Let j / ^ ' = (2вафЪП- It follows from (4.2) that 

(4.3) Й Я + <?Д«М---*Г '»л 1 =0-

We will show that the vector yj is a solution of the initial spectral problem (1.2) in the 
channel /? at z = z, and U, = {ФоКуд3*} is an eigenvector of H, HV, = zfi,. To do 
this, we act on both parts of Eq. (4.3) by H'a - ;, remembering that, according to (3.14), 
Q*> = ~QU = - КЩ ~ V^BgaEaidX). We obtain 

a - 4)V? + fwi ~ *,)Wt - *)"'(--, - b)'xВ8оЕМЬ)Вав$] = О. W 

Using the identity (// - г)(// - A)-'(; - A)"1 = (.- - A)"1 - (// - A)"1 we find 

(HZ - z,)№ + J\(z, - A)"1 -[III - :j)]BJj:a(dX)Baayi

a

1> = 0 

or, and it is the same, 

(4.4) (Щ - z,)yf - Boe(Aa - г,)" 1 В„.,УУ + QSaBaeya

3) = 0. 

However Hg = Ag — QeoBag. Hence the relation (4.4) turns in equation (1.2) for the 
channel /3, 

[A, - B3a(Aa - г , Г ' / Ъ - :,№ = 0. 

So, we have proved that yg

3' is a solution of the initial problem in the channel /3 and we 
did deal with an eigenvector U} = {us .ug

])) of the operator H having the components 
«£> = фа

з) and «J 1 = j £ ' . 
Let us show that yj can not be an eigenvector of Из corresponding to the eigenvalue 

Zj. Actually, due to (4.3) we have 

a = (у™ + QBo(Aa - г ,Г 'в .Лг{ЛЙ") = О-
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On the other hand 

If Уд is an eigenvector of Hg, Hgy0

J* = г,^' 1 , then 

Co 

It means that 
a = ll^'ll 2 + flM. - г,)"'»,*»?'!!2 > Н^'Н2. 

Since a = 0 we get y^ = 0 and, due to (4.2), ф'а = 0. However, by supposition, фа^ ф 0. 
Thus, we come to a contradiction and yB can not be an eigenvector of Ид. And so, if 
z} € <Ti(Ha) and HauJ = 2,ui then u^ is not an eigenvector of Hg. The proof of 
Theorem 3 is completed. 

Let us pay attention to the cuntinuous spectrum of //„ assuming here that li,.g G B^, 
в > i , 7 > | , and consequently, QaB 6 бД°, a.;) = \.>. t) ? n. 

Consider at A' £ 0~o the integral equations 

(4.51 v£*»(A,A') = /^(A - A') - [M- - А' т Л Г ' И ' . ^ ' Н А , А'), о = 1.2. 

where as usually Wa — BagQga. Since W„ 6 й£". the integral operator with the kernel 

A ^ A ^ ' T ' / O i s " " " P 3 * 1 i n M*->,< \ < 0' < 0.Q < -,' < -, (cf. Refs. [20], [21 J). If 

A' i <пШ») then Eq. (4.5) for tf'i+) as well as for <,•,',"' is uniquely solvable (see Ref. |21]) 
in the class of the form (2.6) distributions. 

Denote by *£,*', ф!»*' : Пс

а -» H0, tlie integral operator with the kernel ф1

а*\\,\'). 
The operator ¥a

±] is bounded and •",*'©(Л|,0^ С P ( / / 0 ) [20]. [21]. It follows from 
(4.5) that Ф*,*' has the property Н„№ = Ф^'л!.0'. Thus, Ga,*£*'(•, A') ^ (A' - Лд)" 1 

в(3<.Фо '(-, A'). Substitution of this expression in (4.5) shows that фа satisfies (2.5). Due 
to the uniqueness of Eq. (2.5) solution at A' £ <rj(H) we have </>£*'(A,A') = u!,*'(A, A'). 
This means that each eigenfunction ui,» (A, A'), A' € a'a. A' $ <7j(H) of the initial spectral 
problem problem (1.2) is also an eigenfunction of IIa. 

Consider the functions фа = фа" — QaguJ and 
й£\;У) = * i * ' ( - . A ' ) - G.fl««£'(-,A'), *' € o-i- Let *«*', 4-1*' : W< - « „ , be the 
integral operator with the kernel ^ ' ( A , A'). 

THEOREM 4: The functions фУ} (with j such that U, 6 U£) ore eigenfunctions of adjoint 
operator H'a,H'a = Л„ + Qg0Bga, discrete spectrum. Н'ф^ = г^'»'. Operators Ф^' 
Aowe Me property г^Ф^' = Ф^'Л^". At the same time the orthogonality relations take 
place: {ф^,ф^) = Sik, Ф ^ ' Ф ^ 1 = / и | „ , , Ф!,±,-^,•i', = 0 <W Ф^'Й,' ' = 0. Also, the 
following completeness relations are valid. 

(4.6) £ *£ , <-,0£») + Ф1*,Ф!.*,- = / . . о = 1 , 2 , 
>:t/ ,€^ 
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PROOF. Show for example that 
(4.7) H-Ji» = :,& 
(remember that г, € R). We have 

H'JIJ] = (Aa - Q.BBA.HW - <?.*«#') = 

(4.8) = (Aa - QOBB*.)^* - (AaQa,, - <?..,/**,<?.*)•#'• 
Note that Aa = Ha — Ba0Qpa and, hence, 

(4.9) (Aa - QapB^Ui» = zjW - (BagQea + Яс,ВВВа)фа'К 

Second term in the right part of (4.9) may be easily expressed through Ug . Actu­
ally, Up' = -(Aa - г,)~1В0афа (we use again the property <r(//„)f)"a = 0 following 
from (3.12) ). Since Eqs. (3.2) and // 0t'.£" = - j t l £ ' take place, we find Q^ci'' = Вави^\ 
Consequently, 

(BoBQ0o + QeoBaaWi» = B0aQe„tiiJ) + Я,.ААЯ - zt)(Aa - r , r ' Z W i " = 

= Вва*У - Q.t(Ae - -j )uj,". 
Substituting the expressions obtained into (4.9) and then into (4.8). we get 

H-Ji'} = г,(фа

л - QoBug

j)) + [ -«„„ + Qn.,A„ - A„Qn,, 4 Q^II^Q^u^. 

According to the equations (3.13), the expression in (lie square brackets is equal lo Zero 
and we come to (4.7). 

The equalities Н'афа (• , A') = Уфа'( •, A'), A' 6 <r„, are proved quite analogously. 
The orthogonality relations (фа'\фа

к)} = 6,к. *!.*'*</•» ' = 0 and Ф5.± ,"0»' = О are 
trivial. Proofs of the relation *J, )тФа = / 0 | w < , and the equality (1.6) are very similar. 
Both these proofs are based on use of properties of the wave operators (''*'. As a sample, 
we give a proof of the completeness relation (I.C). 

Consider the operator 

л= £ vi-"(-,c'i") + • .*; = 

(4.10) = £ фЬ^-.и^-Qa(,u\?)+ *,,[*-„-(Q°M°n 
j-u,eni 

For convenience, we omit signs " i " in notations of tya' = uaa , ugJ and Ф 0 ' taking in 
mind for example the case of sign "+". We have from (4.10): 

•*= £ к£'<•,<#')+ * . • ; - £ *4i"<•.<?..»•#')-*»«;.<?:,-

It follows from the completeness relations (/<*••( '<t> = 1 — 1' for vvave operators i''*' that 

(4.11) 9аЫ}а=иааи}а=-иави-п1- £ •£'{•.«#')• 
>,6»(H> 
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Since u'jgQ^e = (Qa^upe)' = "atfi w e r a n w r ' t e will' a help of (4.11) that 

-••u,&4i --, e»„(H) 
tr, « " i 

In the last sum, tlie conditions :} G oV/(H) and V, $. U* щели really thai we deal with 
any j such thai Г € Щ. Tins follows from the equalities Щ \JU$ = ^ and Uff\Uj = Й 
(see Theorem 3 and f.'urollary 4). For f/, € £/д, the vector uj is eigenfunclion of H.t, 

«J,J) = <У/'. and С?.„л<|/' - t?aflte,V = " » ' • Thus. Л turns in 

Sine.' l'l±'i:'' " + P = / we find A—la and this completes the proof of Theorem 4. 

Theorem 4 means in particular that part II'] of opt rat or lla acting in lite invariant 
sub.ipact corresponding to it's continuous sptrtrum ar

0, is similar to tin operator Aa , 
11^ = Ф„ А0 Ф„ , and spectrum ar^ is absolutely continuous. 

5. I N N E R P R O D U C T M A K I N G N E W H A M I L T O N I A N S S E L F - A D J O I N T 

We introduce now a new inner product [.. . ]„ in W„. \{-,.дл\„ = {Xafa.g„). / „ } , € H a . 
with .V., defined as in Theorem 2. A'„ = li+Q „tQ'n,r о = 1 • 2. The operator .V„ is positive 
definite. A' 0 > / 0 . This means that [., .]„ satisfies all the axioms of inner product. 

THKOREM 5: The. operator lla. a = 1,2» is self-adjoint on P(/1„) in respect with the. 
inntr product [., . ) a . 

PROOF. It follows from Theorem 2 that operator H ' is self-adjoint in H = Hi Ф "Hj in 
respect with the inner product [., . ] , [f,g] = [Xf,g] with Л' = diag{A'i, X2}- Did. since 
Q--> = Q-.Y" 1 = A'- 'Q*, we have for / , s € I>(H') = Z>(H) = Х>(Л,) J. V(A2): 

[H'f,g] = (XQ~lHQf,g) = (A' • X^Q'HQf.g) = 

= (f.Q-HQg) = </,A' • X-lQ'UQg) = [f.H'g]. 
Here, we used the fact that in the case of (3.12), Qf € VIA,) <Ъ T>(A2) iff € Z>(/ti) ф 
V[A2). 

Taking elements / . g in the equality [H'/ iS] = [Z.H'tf] in the form / = {/ i ,0}, 
g = {5i,0} or / = {0 , / г} , д = {0,g2} with one of the components equal to zero and 
fa>9a € "D{Aa), a = 1,2. one comes to the statement of Theorem. 
REMARK. This Theorem may be proved also in another way making use of the equality 

(5.1) ia + QoeQle= £ <#'<•.i-i'') + **»**'; 
j : t ' , € ^ 

which is valid for both signs " + " and "—". In this case, a sclf-adjointness of Ha in 
respect with [ •, • ]a follows from the fact that it's spectrum is real and also ''rorh relations 
/ / ^ Ф ^ ' Ф ^ ' * = Ф ^ ' Л ^ Ф ! , * 1 ' = Ф ^ ' Ф ^ ' Я о . The equality (5.1) itself is proved by 
calculating it 's right part in the same way as it was done when the completeness relations 
(4.6) were established (see proof of Theorem 4). 
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6. S C A T T E R I N G P R O B L E M 

We establish now that operators Ф» and Ф;, play the same important role describing 
a time asymptotics of solutions of the Schrodingcr equation 

(6.1) ijtUi) = lLf-.ii) 

as in the usual self-adjoint case [20], [21]. 

THEOREM 6: Operator UM) = exp( !7 / Q i )cxp( -b l ! i

c ' / ) converges strongly -ft -> Too, in 
respect with the norm || • ||* corresponding to liir inner product [• ,•]„ in H0. The limit 
is equal to s- lim LUt)~ 4>i±]. 

( —T=C 

Since the norms || • | |* and || • |j in W„ are equivalent. | | / | | < | | / | | Q

V < (l + \\QaB\\ -
IWJSOID'^ 'II /II ' 'he same statement takes place also in respect with the initial norm || • ||. 

THEOREM 7: For any element fa € "Ha one can find such unique element fa that 
solution fa(t) = exp(—iHat)fa of L'q. (6.1) satisfies the asymptotic condition 

Hm I! / „ ( 0 - «•xp(-/.-1,l

1

<"/)/.<-' ||* = 0. 
( — - 1 С 

There exists the unique dement /Д £ *Н'„ such that 

lim ||/ e(/)-cxp(-|-,l ' 0 |/)/J +» II* =0. 
t—hoc 

Elements fi~ and fi are connected by the relation fn — $*,M*fi~* with 
S(o} = фм-><+> = фМ-Ф£+> = * ! - > \ Y „ 4 / ! , + '. 

We do not give here proofs of the Theorems 6 and 7 because they are exactly the 
same as in the case of one-particle Schrodinger operator in Ref. [26] 

Theorem 7 gives the non-stationary formulation of the scattering problem for a system 
described by Hamiltonian / / „ . Moreover .s' ,!*' is a scattering operator for this system. 

THEOREM 8: Scattering operator S^ couindts with the component *,,„ of the scattering 
operator S, S = f/ '~ '"t / ' + ' , for a system drscribtd Inj the two channel llamiltonian H . 

PROOF. Let us show that operator Sla) has the kernel .s„„(A. A'j given by Kq. (2.7). To 
do this, remember that Ф[') = *!f' - Qn.<u\'„} ( s < - 1 ' ' heorem •!). 1'herefore. 

Here, we have used the properties Ф*' = »!,*'. Qa-, = -Q,., and Q,,„V[+) = u'/J estab­
lished above. Since 

"oo uaa + и в о "A. - И ' / „„ , s»'>-

we come to the statement of Theorem. The proof of Theorem 7 is completed. 
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A kernel of the scattering operator 5 ' ° ' may be presented also in a usual way (2.7) 
in terms of the <-matrix ta{z) = Wa — Wa(Ha - г ) _ , И ' а , taken on the energy shell. Note 
that ta(z) differs from Taa(z) introduced in See. 2. Did. easy calculations show that 

(6.2) ta(z) = Вав[Ь+ ()*,№. - z)'lB^}-'Q^. 

Using the basic equation (3.13) one can rewrite (0.2) in the form 

tJ:) = Toa(z)-i ia(z) 

where 
ia(z) = Ba0[Ag - В,за(Аа - zY'BaB\'lQoe(Aa -г)фО. 

However the additional term ta[z) is evidently disappearing on the energy-shell due to 
presence of the difference Aa — z as an end factor. Actually, in the diagonal representa­
tion (2.2),(2.3), Aa — z acts as the factor A - ; vanishing at с = A f I'O. Therefore, kernels 
of t-matrices ia and Taa coincide on the energy surface. 

Note also that in our case ( T J H ^ — 0- "once w o have s,,„ —- 0 and S '" ' = лаа is 
unitary. 

7. O N U S E OF T H E T W O - B O D Y E N E R G Y - D E P E N D E N T P O T E N T I A L S 
I N F E W - B O D Y P R O B L E M S 

There is a rather conceptual question (see for instance Refs. [7], [10j) concerning a 
use of the two-body energy-dependent potentials in few body non- relativistic scattering 
problems. Evidently this question is strongly related to the subject of the paper and 
we will discuss here three approaches seemed to be reasonable when one tries to embed 
energy-dependent potentials in few-body equations. 

A customary way to embed such potentials into the nnter-of-mass frame N-body 
Schrodinger equation consists in the following. Namely, one replaces (see papers [6], [8], 
[12], [13] and Rcfs. therein) the pair energy с 1 ; , argument of the potential Й ; (г , , ) , 
i ф j , describing interaction in two-body subsystem {t , j} ( i , j stand for numbers of par­
ticles, i,j = 1,2, ...,N) with the difference Z — T' between total energy Z of system 
and the kinetic energy operator T'l} of particles, supplementary to the subsystem {i,]\. 
For ;he resolvent-like energy dependent potentials (1.3) this replacement is quite cor­
rect from mathematical point of view since one ran reconstruct underlying multichannel 
(for instance, four-channel if N=3) self-adjoint llamiltoniaii [12]. [13]. Reducing the 
spectral problem for this Hamiltonian to the external channel only one gets the N -body 
Schrodinger equation exactly with the pair potentials VtJ(Z - 7"'). Thus one ran guar­
antee that spectrum of this equation is real and the scattering problem for the N body 
system can be based. 

However the replacements ztJ —» Z — T'tl meet serious conceptual objections for­
mulated in concentrated form by E.W.Schmid [10]. Did, it follows from the energy 
conservation law that to obtain a share of total energy belonging to subsystem {t, j } , one 
has to subtract from Z not only TtJ but also a potential energy of interaction between 
particles i,j and the rest particles of the system. This idea shows really a first way for 
the correct (in the context of Ref. [10]) embedding two-body potentials into N-body 
equations: one has to redefine pair potentials as solutions V t J of the following system of 
equations: 
(7.1) \ i , = Vil{Z-T„- Y. Vl'''> 
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where {г',7} runs all the pair subsystems. So, the usual embbedings (/;j(z,j) —> Kj(Z —77.) 
may be considered only as a zero approximation to solutions V;,-(Z) of the system (7.1). 
Unfortunately, this system may be treated relatively easy only in tin* case of linear de­
pendence of the potentials Ц,(г^) on the (pair) energies г,у. One can show in this case 
that operator-value functions V5>(K) of the operator variable Y, Y : Z , 2 (R 3 ( ' V ~ 1 ' ) - • 
Li(R3^N~1^) may be defined in such a way that solutions of Eqs. (7.1) generate only 
real spectrum for the N-body Schrodinger equation' 1 '. In the case of the resolvent-like 
energy dependence (1.3) of pair interactions one meets serious obstacles in solving the 
system (7.1) connected with a strong non-linearity of it's equations. Also, no underlying 
self-adjoint Hamiltonian is still found. 

Another way to deal with the two-body energy-dependent potentials in few-body 
problems is to replace them with energy-indepeudrnt ones. In fact, in the present work we 
realized namely this idea which was pronounced by B.H.J.McKellar and C.M.McKay [7]. 
Did, let us denote now a "share" of the total energy of the N-body system belonging 
to the pair subsystem {i.j}, by A , r Then this //;_, has to satisfy the operator equation 
following from the energy conservation law, too, 

(7.2) А о - С + ' Ъ - И ' Л М . 

where A,'-' stands for the kinetic energy operator of the pair {i,j} and vi}, for an energy-
independent part of the pair interaction. Remember that the equation (7.2) in nota­
tion (1.4) was a main subject of the present work. If solutions A,j of equations (7.2) be 
known, one could substitute the (energy-independent) operators WtJ = K,(A' J) in the 
N-body Harniltonian treating them in conventional way as additional energy-independent 
potentials. It should be noted however that the potentials IV,; are not totally equivalent 
to the potentials Уц{г) given by (1.3) since the Hamiltonian hi, being solution of (7.2), 
reproduces only a part of spectrum of the Schrodinger equation 

(7.3) (A<;°> + ^ + K, (;))</• = - ^ 

(see Sec. 4). Forbidden eigenstates correspond normally to the spectrum generated by 
respective internal Hamiltonian [17]. There is also another question: is the spectrum 
of the N-body Hamiltonian real if potentials \Vtl are substituted in? Thing is that 
Hamiltonian Ay becomes self-adjoint only in respect with a new inner product in / ^ ( R 3 ) 
(see Sec. 5). One can overcome this difficulty replacing A,j with similar Hamiltonian 
h'ij = Xti hijX'j where Xij is analog for hu of the operators A'„ introduced in Sec. 3. 
Writing AJj in the form A,'; = A'- + V{} one gets a new pair potential V^ which is already 
self-adjoint in respect with the standard inner product in £ г(Н- 3)- Thus, one may use 
then the potentials Ц' being sure that the N-body Hamiltonian constructed is Hermitic. 
Emphasize that potential V/j gives the same two-body spectrum and phase shifts as the 
potential v,-y + Wij because AJ7 is obtained from A,y by similarity transform. It follows 
from Theorems 7 and 8 that the phase shifts given by V/} coincide also with those for 
Eq. (7.3). Therefore, the operator Щ turns out one of the phase-equivalent potentials for 
the two-body subsystem concerned. 

So, we have discussed three different approaches to embedding the two-body energy-
dependent potentials in few-body problems. Certainly, the approaches based on solving 
the non-linear equations (7.1) and (7.2) do not seem to be too attractive from the com­
putational point of view. However, in the cases when the internal Hamiltonians of pair 
4 'The author prepares a paper devoted to this subject. 
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subsystems have a finite discrete spectrum only and tlie coupling of channels is relatively 
small (see Corollary 1 to Theorem 1), the approach based on solving Eqs. (7.2) could be 
quite realized numerically. 
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