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1. Introduction 
The purpose of this work is an OIIIF *й'"(» °f ; ' i " poor УЛЮ of 3D пИс^тЫс 
lattice models. Wc say the model to be iotcgrablc if ; t possesses a family of 
commuting transfer matrices. The existcuce of such fainily is ensured, for 
example, by the construction of solutious of the tetrahedron ("qiialioii, which 
is a three dimensional generalization of the Yang  Baxter equation [1 5]. As 
an example we can mention the Л'  color trigonometric model by Basdiaiiov 
Baxter [6]. Although its integrability has been proved by ;i diiFeroul method. 
the Boltzmann weights of this model arc the solutions of the leimbMrmi 
equation |7]. This solution, as well as the first known Zaiw»li>deliib»v's uiiv 
|l,2] (which is a particular case of the BaihimmBrtxm пннЫ win» V = 
2) can be parameterized in terms of trigonometric functions depending on 
tetrahedron angles. In our previous paper |S] we have construed an elliptii

two color solution of a modified system of (,Uv tetrahedron etnuaious, which 
piovidcs the contiuwtativity of two  layer transferшatrki's. This solution 
in a sense is not "full" and corresponds to the case of the so called ".static" 
limit of tetrahedron equations. 



ID difference from Bazhanov  Baxter model, for which the solution of 
tetrahedron equations contains six angular variables (five of them are in

dependent), the static solution of the modified tetrahedron equations from 
[8] can be parameterized by three angle  like variables and one additional 
parameter (the modulus of elliptic functions). 

In this paper we generalize this elliptic solution to the case of an arbitrary 
number Л' of spin values and obtain one more parameter, on which weight 
functions depend. This additional parameter is the same for all weights and 
new solutions are still static. Boltzmann weights of the new models like 
the weight functions of Bazhanov  Baxter model have the so called Body 

Centered  Cube (BCC) form, invented by Baxter in |9]. This fact allows us 
to use the technique of the Star  Square relations, developed in [7]. 

The paper is organized as follows. In Section 2 we recall main definitions 
and notations, give the form of the Boltzmann weights and write out the 
modified tetrahedron equations. In Section 3 we formulate conditions for the 
BCC ansatz for weight functions to obey the modified tetrahedron equations. 
In Section 4 a natural parameterization of the obtained solution is given in 
terms of elliptic functions. In Section 5 we discuss symmetry properties 
of weight functions of the model. At last, Appendix contains a detailed 
consideration of N = 2 case and an explanation of the transition to the 
weights of the model from paper [8]. 

2. BodyCenteredCube (BCC) ansatz 
for weight functions 

In this section we recall some definitions from [7,10] and give the explicit 
form of weight functions. We also write out modified tetrahedron equations, 
which provide a commutativity of twolayer transfer matrices (8j. 

Consider a simple cubic lattice С consisting of two types of elementary 
cubes alternating in checkerboard order in all directions (see Fig. 1). 
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Fig. 1 
At each site of С place a spin variable taking its values in i? :\, for any 

integer N > 1 (elements of 1>N arc given by N distinct numbers 0.1, .V  1 
considered modulo N). To each "white" cube we assign a weight fundiim 
W(a\efg\bcd\h) (see Fig. 2). 

Fig. 2 
and to each "dashed" cube  a weight function W(a\cfg\bal\li), where SLS 
usual a,. . . , k  spin variables placeil in the vertices of each elementary cube. 

Then the partition function of the model reads 

2 = £ П u ' ( ° k / 9 i M » ) П 1 Г ( о | п / 3 | И Ц ! . (2.1) 
(pint --»«•• "'^'*,','

r 

Following [S] suppose that weight functions И' and W satisfy the following 
«illations: 

£ ^(fl,|ca,c1,cs|bb6,16,|d)Tr'(c,|6j,n3,bi!ci.rf.fiI|ft.i) 

x W(bl\d,c,,c3\a2,b3,b,h)W"(d\b.i,b.ubi\r^<;,^\<,l) 



= Z Wm(bi\e,,c1,C3\aa1a4,a3]d)W(ci\b2tattal\d,C2,CB\ai) 
A 
X \Г{ак\ъ,&,сг\а7ММъ№{&\ах^,&г\ъ,СьМЪС\, (22) 

whore W, W, W", Wm and W, W, W", W" are four independent pairs of 
weight functions. Suppose that the dual variant of (2.2) is also valid (with 
all Ws replaced by W's and vice versa). We call this pair of equations as 
a system of modified tetrabedrou equations. Note that if put W = Vv* in 
(2.2), we come to the standard version of tetrahedron equations (Eqs. (2.2) 
of {3]). In the Bazhaoov  Baxter model all weights entering in tetrahedron 
equations are parameterized in terms of six angles 0],... ,0e satisfying one 
quadrilateral constraint. The explicit dependence on spectraJ parameters can 
be exhibited as {W = W) 

W -> W(62,ft,flj), W » W(* - 0 6, ft,7Г  0 4), 
IV"  . W(h,*  f t > *  ft), W"  . W(ft,ft,ft) (2.3) 

In the static limit three spectral parameters ft,#i,#3 in weight functions 
W{$i, 02,0з), ТГ(в],02, h) are constrained by relation 0i + ft + в3 = v. Then 
formulas (2.3) are transformed as follows: 

W -* W(ft,ft, 7Г  0!  0j), W  №(f t+ ft,0bJT  ft ~ ft ~ ft), 
IV" _ W(ft,0l +ft,)T  0!  02  ft), №'" + W(ft,ft ,* ~ 0S  05) (2.4) 

and the same for W weights. Note that in this case the quadrilateral con

straint between tetrahedron angles is satisfied automatically. 
As it is shown in [8] the system of modified tetrahedron equations pro

vides a commuting family of twolayer transfermatiices. Let us construct a 
horizontal transfermatrix T(W, W) from alternating weights W and W as in 
Fig. 1. Here we imply that ingoing indices of the transfermatrix correspond 
to the spins of the lower layer, outgoing indices  to the spins of the upper 
one and the summation over the spins of the middle layer is performed. As 
usual partition function (2.1) can be rewritten as 

Z = TT{T(W,W)]}M, (2.5) 

where 2 A/ is a number of horizontal layers of the lattice and we imply periodic 
boundary conditions. When equation (2.2) and its dual variant are satisfied, 

4 



we have the following coramutativity relation: 

T(W!W)T(W\W) = T(W\W)T(W,W). (2.6) 

Now let us specify the explicit form of weight functions. To make it, 
denote 

u = «p(2»i/A0. u " 1  cxpfiri/N). (2.7) 

Fiirlliei, taking x. y, z to Ъе complex parameters constrained \>y the Fermet 
equation 

:N + yN = *S (2.8) 

and I to be an element of ZN, define 

(2.9) 

![• addition, define the function with one more ai^uracnt 

»(i,J,.|l,!) = i » ( i , S , = | t  0 » ( 0 . t ' £ 2 » , (2.10) 

Ф О Т » ^ » " " . (2.11) 

Let us mention also two formulas for w functions, which are useful for calcu

lations: 
w(x,y,z\l + k) = w(x,y,z\k)w{xb>k,y,z\l), (2.12) 

w(x,y,z\kj) = utl/w{z^'2y,wx\l,k). (2.13) 

Now introduce the set of homogeneous variables x;, i = 1,...,8 and х,л, 
гд, J58,1ет satisfying 

4i = 4 ~ ^ \ x& = *f-*". х£ = 4~х*, х& = *%-х?.(2.И) 

Using all these notations wc define the weight function W(a\efg\bcd\k) as 

« ' ( » k , / # , c d i ; , ) = у _ » ( * • . ' " • ' • 1 ' ' . Ч  ' ' М * 4 , « я , * . | « , 8 + <0 

(2.15) 



In fact, the Boltzmann weights of form (2.15) generalize the weight func

tions of the B&zhanov Baxter E~ idel [6,10]. Up to inessential gauge factors 
the latter corresponds to the choice 

*s = xi, x6 = it, i T = i 3 , xt = xt. (2.16) 
Following paper (6] we will call formula (2.15) as a BodyCenteredCube 
(BCC) ansatz for weight functions. 

3. Starsquare relation and the proof of mod
ified tetrahedron equations 

la paper [7| tetrahedron equations for the Bazhanov  Baxter model with N 
states were proved using the so called StarSquare and "inversion" relations. 
We will follow the method of this paper for weight function (2.15). 

First recall "inversion" relation for functions w(x,y, z\k,l): 

4«,(.,».«1*.т)-
ЛГ

*-"(1-^/-Э')'
 ( М ) 

where/, m e Zn,x,y,z satisfy (2.8) and 6j,m is the Kronecker symbol on 2ц. 
To write down the StarSquare relation introduce a noncyclic analog of 

ш function, defined recurrently as follows: 

-<*»-'• ^ = т а •««• <"> 
where Z is the set of all integers. It is obvious that 

4r,».»|i) = ("/»(«/«IO. iez„, (3.3) 
where index I, being considered modulo N, is interpreted as an element of 
Zf/. Then we have the following identity 

| y u>(zi,yi,z\\a + g)m(ga,Sft,Zj]b + о)l _ 
^•ohs w(x3iУЗ.*a|e + <r)w(n,yt, zt[d + a) U 

(x2zi/xizi)
a'i{xijf3/x2Zi)i{zz/y3y(zi/yi)

d 

Ф(а  6)i>+*>/3 
wfoxiXiZiZifxiXtztzAc + d-a~b) , 4 ., 
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where the lower index -4' after thererly brackets imii.at,, tha i\:- 1 h ~ „f 

is imposed 
«"S-"-

1 =-'=„.. (.15. 
.'1 ,.'ls!/l 

ill the r.h.s. of (3.4) are not siiujlcval.ird functtous on 2.v. «bile the whole 
expression is ij 'di on tile exterior .4.11.4 „.4.,. J. 

The proof of (3.1). (3.4! was given iu |7| and we refer lite interest.d r..oli 
.0 Ibis paper. 

Now we Hint to relation (2.2). Insic. ' of «virJils 1С. H". 1С". 4"" lei 

1С,1С'.и"'.и""-11'(х„Л;).и'(,;./у,1с;<,4),1Си:".у;;1. 
iF,i(''.iP°.r'

,

-.ic!7,.j,.i.ic(i:.2;Ji.»'(3;.r;;i.ir(i:".r;:i. м-

Let us multiply Ь о , | , s l J e , „f (9.JI hv the following product „1 „• wvights. 

(3.1) we ,ln „01 lose п и m l ™ ! » » . .Art « 1 m.milioa iron, spins u, A to 
i..m,. 

The ninclioiu «• iu expression (3.7i are elioscn in sorb a w,,y ll.al using 

and those over 6,.6,.(.j,ot in Ив r.ll.s. of the obtained equation ami cancel 
the summations over the spins IT'S, win. !i eoine from expression (o.if.) f,„ Ц„. 

StarSquare relation (3.4) lor the sums over a,.«,.«,, ,1, in the r lis. ami over 
Oi.l,,»,,a, in the l.h.s. of the obtained equation. We obtain Bight condition, 
on I 'S and I's. Applying relation (3.4) .iKht lime» ami calculating the sums 
over „ spin in the l.li.s. a.,,1 r.li.s (Ibe sola ari.eture of t ie «inns over ,/ Us 
the form of relation (3 1) and we demand Hint corresponding, variables i,y.; 



I 

entering in the arguments of functions w{x, y, z|k,J) are constrained in such 
a way that relation (3.1) can be used), we come to the equation without any 
summation. The l.h.s. and rh.s. of this equation consist of the products of 
ten w functions with the same spin structure and expressions like Z™1 coming 
bom relation (3.4). Let us impose all necessary constraints on parameters 
i;, Zij, S; and l y to satisfy this equation. On obeying these constraints 
one can show that spin independent multipliers coming from relations (31), 
(3.4) coincide. 

We also have to satisfy the dual variant of (2.2). Hence, we must add 
a dual set with x replaced by x and vice versa to all obtained constraints 
on parameters x and x . We will not write out here all th<*~" relations. A 
detailed analysis shews that we have two solutions. The first one corresponds 
to the choice 

Ъ = z,, *i3 = * » , г и = x M , z S 8 = i M , ?6T = *вт, ' = !•••.8 (3.8) 
and the same for x', x", x"'. This choice corresponds tD the BazhanDV 

Baxter model, considered in [7]. 
But there is also another possibility. It will be convenient to fix a nor

malization of all parameters x in W functions as 

i 3 = l , xt = l, i , = l , i 8 = l (3.9) 

for all sets x, x', z", xm and I , x*, x", 1?". Then all parameters ? can be 
expressed in terms of i as: 

?i = l/«a, *а = 1/n, Г 5 = l /z f i , Щ = l /* s , 

*» = *-
in

% * м =
u X P

% *« = "l/7

% **=«-'"W- (3-ю) 
Let m introduce the following notations: 

', = §•, ii = 

and the same for the sets of x', x", z". Then all constraints on parameters 
take tho form 

* ! = ' ? . Ъ=Ьг *3 = $. tf,=ff, f3=f3, (?=*f, 
Ji = Ja". h = A. Js = J». Ji = Я". А = Л , J'i' = >f. (312) 

Я = a' = S" = s'", I24)! j 4 = Г м ^ Й 



Relations (3.93.12) together with consistency relations (2.14) are sufficient 
conditions for ' ~ight functions (2.15) to satisfy modified tetrahedron equa

tions (2.2) and the'» dual variant. In the next section we will obtain a natural 
parameterization for relations (2.14), (3.113.12) in terms of elliptic functions. 

4. Parameterization 
Recall that consistency relations (2.14) connect JVth powers of i , and rtJ. 
Hence, it is convenient to consider Л'th powers of (3.113.12) and introduce 
new parameters 

S* = sN, T?=-t?/St Jf=jf, i = l 3. (4.1) 

From (3.113.12) we see that parameter 5 is the same for all weights entering 
in relation (2.2). 

Parameters S, 7J, Jis i = 1,2,3 arc defined by four mdcprndcul variables 
X\, 12,15, те Therefore, there are three additional constraints btlween these 
values. After simple calculations we obtain 

-M *-Ш$Ш- (4.2) 

= 1,2, (4.3) 
TtJi 

where we introduce a new parameter P. 
Note that definitions (41) contain only the second powers of variables 5, 

Ti, J,- and in (4.24.3) we h.*vc chosen some signs in a convenient way. Using 
(4.2) it is easy to obtain that we can add the case i = 3 to relations (4.3). 
The validity of formulas (4.24.3) can be checked by substitution of relations 
(3.11), (4.1) and consistency conditions (2.14). 

Introduce an elliptic curve 

f e t g 4 . , ' - S g ' ( l ± M { 4 4 ) 

Points (Tj, Ji), i = 1,2,3 belong to this curve. We can uniform it in terms of 
elliptic functions (see, for example, [11]). Note that formulas (4.2) take the 



I'litiuii ih>'4fi4,n for illiptii fiuiftions. Then we obtain 

у ,  . , . , " ' * , , , , . , ) . J ,  l " ^ , M j = i 3. 

Г =-!„„4-,m'lk«l'll<M'l). S = miii'(i,), (i.5, 

u. cln an' ellintir futntinns cf modulus m and 

":: = Hi + "2- (4.G) 

a\ we 1'an uliiiuii ihi tiaraitioterixrilion for J * and i * . When wr 
r .V Hi power*, a pbiiM1 auiliiguity appears. Makiiu; an appropriate 
i,,. phase:, so iliai (3.113 Г2) f'l valid we obtain the followiiiR 

r ,  .i«f*..zJ!!&l(sn"'v 

1 _  I nil i i , )sn(t i t . ) J • 

r, =."'(/»•»»<./-»,),„,(,)««(«,)«„(„,))"", 
.'!|?I'I liJi?!!ll = J4.H , ' ' V , , = , i f t j ^ O i i M j  t t j ) ! ! / » 

i ,  , | H l a , ) H i l ) » n i |  i t t l B ( v  n i h W 

i йг»--« л )В(.,)П11.дата1 -
 1 н(,, , , , )ОДб(5П8(чГ' ' 
i„tm?,i < 4"l '«t ir"tJS! , i  , "H' A ' 

I •!.• la... ilijai.' ,imeii,.ns (see lllj). Suppose tliat 

nhei. \t i the complete integral or the first kind of till' modulus m. These 
..seh:i..Us e,uurunt hat all values of (lie elliptie functions in (4.74.8) arc 



nonnegative, and we choose the positive values of all roots of jVth power in 
formulas (4.74.8). 

Now we can rewrite the Boltzmann weight as a function of four new 
parameters: W(ui,ua|m,ij) (we omit the dependence from spin variables). 
It is on easy to check that dual weights W can be obtained by the shift of 
parameter ij: 

W(uuu3\m,i}) = W(uitvi\m,t} + iM'), (4.10) 

where M' is the complete integral of the first kind of the complementary 
modulus m' = %Л — m 2 Equations (3.12) relate the sets of new parameters 
in different weights. Then we obtain 

W-*W(v3,uih W "  . » ' ( W 3 + K S , " I ) , 

W  ИЧщ.щ + u 2 ) , Wm - №(u 5 ,u 2 ) . (4.11) 

Parameters m and r) are the same for all weight functions and we omit them 
in (4.11). Also note that we have chosen three independent parameters in 
(4.11) as U[, щ and щ to emphasize the connection of our parameterization 
with static limit one (2.4). 

5. Symmetry Properties 
In this section we discuss symmetry properties of weight functions (2.15) 
of the model with respect to the group G of transformations of a three

dimensional cube (бее [10, I2J). Recall briefly some definitions. Group G has 
two generating elements p and т. Any element » of G can be expressed as a 
composition of these two elements. We define the action of elements г and p 
on the set of spins {a|e,/,a|D,c,d|h} as follows 

7{a!e,/, 0|b | C,d|A} = { а | / , е , 0 | с , М | Л } (5.1) 

and 
p{a\e,f,3\b,c,d\h) = {g\c,aMf,l>,e,\d}- (52) 

Further it will be convenient to remove normalization conditions (3.9) and to 
restore the homogeneity of the parameters x'e. 

И 



iL is easy to see that weight function (2.15) is invariant under the action 
of clement r, if we make the follow!tig transformation of parameters: 

(z s,xi7,xi) -» (r 3 , i)3,X|), ( J , , i n , i j ) — (14,*г4,*Л 
( х 8 , х м , т ь ) — (X 7 /W,X 6 T-^6) , (j-7,X6T,xe) — (wi s .x M , i ! , ) . (5.3} 

The action of element p is less trivial and can lie obtained with the help of the 
Fourier transformalion (see jlOj). Introduce two more additional parameters 
и and v which arc defined as 

N _ x^x* - x?x? N x%x$ - xj/xj; 
" '-я •

 v гв • <
a

-
4

) 
The phases of parameters н pud v can be chosen in an arbitrary way. Then one 

can show that the following identity is valid: 

U'(x l lJi3,J 1 |ri ;/t + g)u>(x<.Xi4,l2|<'.g + g) • 

= dh+ch-Ы-Ьц u>[fiX6, X2".X], rg|a + J, / + g) , 5 5 , 
m(xix7,Xiii,x3xs|c + /i,£i + (;)

 v ' > 
. у w(x7xt3,xiu,x3xb-;\e,d + о):о(т2х(Я,Х1У,х6хы\д,Ь + g) 
"€Z„ Ц'(г5^]З.^Х]И,ШХ,г5т|с,Л + <т)ц'(Х416в,ХэЦХ8Х21|в,/ + 17) °' 

where the lower index "0" after the curly brackets implies that the expression 
in the curly brackets is divided by itself with all exterior spin variables equated 
to zero. 

The arrangement of spins in the sum of the r.b.s. in (5.5) corresponds 
to the p~transformed set of the indices (sec (5.2)). Hence, wc can define the 
aciion of p transformation on the parameters as 

(z-3,a:i3,Ji]) -^ (х7Хц,хуи,х3хь,), (хих-ц,х2)-^ {x2X5»,x2v,x6x-n}l 

(x1tXf,T,Tb) Л {xbX,.i,u)Xiy,WI|XS7). 
( j g , leg, r 6 ) •?* (ии^и , x2v, х$хц), (5.6) 

Using (5.5) we can choose gauge factors before formula (2.15) in such a way 
liiat ti'c whole W function will be invariant under the trans formations from 
the group G. We will not write this symmetric form of weight functions here. 
Note only that after p transformation (5.6) W function is transformed into 
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W and vice versa. Using relations (4.74.8) from the previous section we can 
write the following transformation rules for parameters ui, 1/3,17 with respect 
to the elements г and p from the group G: 

ui Л iM'  «i, ч-i •£* ui + u2 - iM', t] A IJ + 1'Л(' (58) 

We hope to use these symmetries for the calculation of the partition function 
for our models. 

Appendix. A detailed consideration for the 
case N = 2 
The BCC form of the weight is useful for proving the modified tetrahedron 
equations. But for other purposes a symmetrical ftrm of the Boltzmann 
weights, which differs from the BCC one by some gauge transformation, is 
more preferable. In this section we find this gauge multipliers for the case 
when N = 2 and obtain a table of Boltzmann weights analogous to Baxter's 
table from [9] and endowed by obvious symmetrical properties. Also we show 
that fixing ij = M we obtain the particular case considered in [8]. 

We start from a simple gauge transformation of our BCC weight (2.15) 
and consider the weight W: 

W>|«./,S|6,c,d|A) = (_i)VK*+»+\»/«**+44.F<rx 

x^'^^W{a\eJig\b,c,d\h), (A.l) 
la.l.t,S*t,b,d,f'c,<U,a 

where 
У..1У, = « p {  i | / « } c*p{.V«b(/ -,)). (Л.2) 

It is convenient to introduce spins (—1)" = ±1 instead of a = 0,1. Further 
we shall use cnly the multiplicative spins and write a instead of (—1)°, etc. 

Absolute values of these weights ( both W and W) depend only on three 
Baxter's sign variables abeh, acfh, adgh, abed. Therefore up to signs there 
exist sixteen different weights (A.l). In terms of multiplicative spins we can 
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minK 1>агашс1сп7л1юп: 

W=(Wsx 11 = ( ! ( ; * 
x схр((Л/, + N,)agbf + (Л/,  Л',)«Й14 

+(А/2 + Ni)agcc + (Л/,  .\^)b/rfft+ 
+(.Wj + Л'))ог/ г + (ЛЬ  N2)cgbf+ 
+<Л/, + Я „ ) » Ы + (Л/,  Ло)с/ ,Ц, 

•, calculating all sign factors, we parameterize Ws as [ollows: 

(A.3) 

Mi acfh adgh Ws(a\efg\bcd\k) 

1 + + + fll 
+ + И, 

1 + - + u 
i
 + + - Ъ 

+ - - abPl 

- + - acPi 

- - + am 
- - - ato* 

Parameter £ in (A.3) is a normalization factor and we choose it so that 
/ и = 1. Now we can obtain cxp{lGMi). ехр(1бЛг,) and № | just by multiplying 
ami dividing DCC weights for several seti of the spins, 

I( is useful to express the answer in terms of elliptic functions of another 
nmdulus к instead of the used functions of the modulus m 

1  m 
{АЛ) 

Denoting the complete elliptic integrals of the first kind of the moduli n 
in' = y/l  m'' as M and Л1\ and of the moduli к ami к' = \Л  kl 

;mil A."', we haw the connection between them 

K' = {\+m)M, 2!C = {l+m}M'. 



One can easily obtain the reparameterization of x\ and x* using 

im" 2sm>,m) = V f***k)

t fc., « f e n  ^  = » . (A.6) 
v ' cn(r,A)dn(r,t) 1 + m 

To calculate expressions for Ws, exp(2Af;) and exp(2JV,}, we need three more 
complicated identities: 

sn(ui + «г) — sn(»i) — sn(^) — msn(»|)sn(^)sn(y| + щ) 
sn(«i +f2) + sn(wi) + sn(t>j) msn(u1)sn(i'j)sn(ui +v2) 

_ sn(ji)sn(r a) 
cd(xi)cd(xj)' 

SD(UI) + sn(t^) + sn(«i + eg) + msnfaJspfaJsiiCui + tfr) 
Sn(W]) + Sn(fj) + sn(V| + Uj)  mSD(fi)Bn(V2)sD(ui + Wj) 

cd(zi + r a ) 
cd(ii)cd(x s) ' 

sn(ui) + sn(»2)  sn(m + ca)  msn(ui)sn(va)sK(vi + v2) __ 
sn(i'i) + sn(v3) + sn(«i + V2) - rfian(vi)i;n(vi)5n(vi + wj) 

= i 2sn(T])En(xi)cd(ii +*j ) , 
(A.7) 

where in the LHS we imply the modulus m, and in the RIIS  k, the arguments 
Ы and x, being connected by (A.6). 

We would like to obtain a model with real weights W$. To do this we 
have to consider a regime when U|, u?, U3 ate puie imaginary satisfying 
0 < Imui j j < M.' and ij = M+ ie, a small e being real. Denning further the 
variable11 21,2,3, A by 

2zi 5 . 2A , . _. 
j  j  ^ =  щ ц , г, + zj + zj = Jf, j  j — = 11,; (Л.8) 

and using repeatedly (A7), we obtain the exponentials 

ехргЛ', = e"»{i*Mi(A + 2,)cd(A + г , ) ) 1 " , 
exp2JV, = {ifcm(J + 2j)cd(A + z,))«<, 
esv2Ns = {-ikm(X - zj)cd(A  Zj))V<, 

exp2Л^| = {;fcn(Л)cd(A)}" ,; (A.9) 
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"" 
чти» , ми real. ( ) < ; , < K, and A = t£'/2 + (', *' being small 
) In expressions contained iu the curly brackets belong to the first 
Ljiimlraiil.s of tin1 complex plane, the fourtb power roots of these 
ili'tiui'il so that they belong to the same quadrants. As to Wt;, it 
villi the Hlipt.it solution of ref. [8]: 

^Н^Ш' 
- *^(=:} .^Ы^. 

- . < .< г. л.ч ,i'v permutation of 1,2,3. Here rhc square roots of the 
[•••- i \ \,ili!<••, ai,' supposed to lie also positive. Our weights coincide with 

A = i y <*ч = М . (АЛ2) 

1 ,•!• una! weights №' с fin be obtiiineil from these ones by the changing 
.4, .W,. i i. I) 3, and 5'u — -?,,. so that the terms A/|,i,3 and N]_2.3 
.!'•• il j j>i;ii' î tnK1' of the. system of the modified tetrahedron ctjnations and 
Hi '•••• dilfereiiie with the case (A. 12) ronsists in the A/0 and ;V0 terms. 

'.I. '.I.al the estiaction of llie A dependent terms exp(A/o) andexp{A'o) 
.. • ••!. = tnii ii!:i]<i|i|iers of the A imle])endeut weight Wg is the property of 
'!i. • I . v  2. wlieti Л" ф 2 ibis property fails. 
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