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1. I N T R O D U C T I O N 

Hesoiianres an- оно of t lie most interesting phenomena in scattering processes. The problem of 
ill-lining and studying resonances in quantum mechanics is payed a lot of attention in physical 
tit к I mathematical literature, In recent years, the investigations of resonances in few-particle 
systems attract a growing attention. The role of such resonances is well known in physics of 
nuclear reactions and astrophysics. 

Developing met hods for studying resonances has a long history beginning from the paper 
by (i.G'nmow (I], hi this paper devoted to description of «-decay, it was discussed for the 
lirst, time a relation of resonance states to complex poles of the scattering matrix (it should 
be noted however that complex frequencies were considered much earlier, e.g. by J..J .Thomson 
in 1881). For spherically symmetrical potentials, the interpretation of resonances in two-body 
problems as polos of an analytic continuation of the scattering matrix was rigorously based in 
the known paper by R.Jost [2] (for further references in this direction see e.g. the books [3] 
imdl'l]). 

Approaches to interpretation of solutions to the Schrodinger equation (so-called Gainow's 
vectors) corresponding to resonances arc discussed in Refs. [5]-[7] (see also literature cited 
therein). 

Idea to interpret resonances as poles of analytical continuation of the resolvent kernel 
for the. Schrodingcr operator (or matrix elements of the resolvent between suitable states) is 
realized in [8]-[16] (see also Rcfs. cited in these papers and in the books [17], [18]). Such 
interpretation became a basis for the perturbation theory for two-body resonances which is 
well developed now (see. [11], [12], [17]). 

In the case when support of interaction in a system of two particles is compact with 
respect to relative coordinate, the approach [19] by P.Lax and R.Phillips may be applied (this 
approach was created initially for acoustical problems). The Lax-Phillips approach allows to 
describe resonances as a discrete spectrum of a dissipative operator representing generator of 
contracting semigroup, At present, the Lax-Phillips scheme is realized only in those scattering 
problems which generate the energy Riemann surface2 with two sheets of the complex energy 
plane (see Refs. [20], [21]). In multichannel scattering problems, the approach above is partly 
realized in [22]. 

Beginning from 1970-es, the complex scaling method [10], [14] is applied to investigation 
of resonances (see also Refs, [15] and [18]). This method gives a possibility to rotate the 
continuous spectrum of Hamiltonians in such a way that certain sectors become accessible 
for observation on unphysical sheets neighboring with physical one. Resonances situated in 
these sectors turn into a part of the discrete spectrum of the Hamiltonian transformed. The 
complex scaling method may be applied in the cases when potentials are analytical functions 
of coordinates. This method allows to compute location of resonances in concrete physical 
problems (see, e.g. Refs. [15], [23]). As regards the structure of the scattering matrix and 
resolvent continued on unphysical sheets, this method gives not too large capacities. 

Many important conceptual and constructive results (see [24]-[29]) for the physical sheet 
in three-body scattering problem are known to have been obtained on the base of the Faddeev 
equations [2<i] and their modifications. In particular the structure of resolvent and scatter­
ing operator was studied in details, completeness of the wave operators was proved and the 
coordinate asymptotics were studied in the case of quickly decreasing as well as Coulomb 
interactions3 [24], [28], [29], [32]. Analogous results were obtained also for singular interactions 
described by the boundary conditions of various types [32], [33]. On the base of the Faddeev 

2The latter is understood usually as the Riemann surface of the resolvent kernel considered as a function of 
energy or as that of the resolvent bilinear form restricted on certain subsets of Hilbert space. Such operator-
valued functions as the T- and scattering matrices have usually the same Riernann surface since these functions 
are closely related to the resolvent. 

3The new approaches [30], [31] (see also literature cited in [31]) have been developed recently in abstract 
scattering theory for Af-body systems which allow to prove existence and asymptotical completeness of the 
wave operators in the case of pair interactions decreasing at the infinity as r~e, g > л/3 — 1, i.e. substantially 
slower than Coulomb potentials. 
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cqunlionH, the methods of investigation of concrete physical systems were developed [2!)], [32]. 
134], [35], 

Ля to the unphysical sheets, the situation is rather different. Here, when solving a concrete 
/V-particle problem one usually restricts himself with developing some approximate numerical 
algorithm to search for resonances on unphysical sheets neighboring with physical one. Л 
survey of different physical approaches to study of three-body resonances in the problems of 
unclear physics can be found in Ilof. [36]. Л number of rigorous results (see [IS]) is obtained 
in framework of the complex scaling method [10], [14], [15]. These results touch first of all 
the proofs of the existence of analytical continuation of resolvent in the /V-body problem with 
potentials holomorphic with respect to the scale transforms, In l?.ef. [37], a proof is given for 
the existence of analytical continuation for the amplitudes of processes 2 —• 2 in the Л' particle 
system across the branches of continuous spectrum below ihe first breakup threshold "f the 
system into three clusters. 

Л goal of the present work consists in analytical continuation and investigation of the 
structure of three-body У'-matrix, scattering matrices and resolvent, on unphysical sheets of 
the energy Iliemann surface. The interaction potentials are supposed to be pairwise and 
decreasing in coordinate space not slower than exponentially. When constructing a theory of 
resonances in the two-body problem with such interactions one can use the coordinate as well 
as momentum representations. However, it is clear a priori that the analytical continuation 
of the three-body scattering theory equations [24], [29] on unphysical sheets becomes a very 
difficult problem if the equations arc written in configuration space. Thing is that there 
exist noncompact (cylindrical) domains where interactions do not decrease. Meanwhile, the 
kernels of the integral equations continued increase exponentially. Their solutions have to 
increase exponentially, too. This means that the integral terms become divergent ones and 
the coordinate space equations lose a sense. In the momentum space, the integral terms of 
the scattering theory equations, e.g. the Faddeev equations for components of '/'• matrix, are 
actually the Cauchi type integrals analytical continuation of which (in a sense of distributions) 
is a solvable problem. Л continuation of such kind on unphysical sheets neighboring with 
physical one was already realized for the s-wave Faddeev equations in the paper [38| (see 
also Rcf. [36]) for the case of separable pair potentials. In the present paper, we construct a 
continuation of the Faddeev equations in the case of sufficiently arbitrary pair potentials not 
only on the neighboring unphysical sheets but also on all those remote sheets of the three body 
Ricinanri surface where is possible to guide the spectral parameter (the energy z) going around 
two-body thresholds. 

Main result of the paper consists in a basing of existence of analytical continuation on 
unphysical sheets of z for the Faddcev components М0/з(г), о,/3 = 1,2,3, of the operator 'l'(z) 
and a. construction of representations for them in terms of the physical sheet [see formula (6.8)]. 
According to the representations, the continued matrix M{z) of the Faddeev components, 
M •-•- {Mae]i ' s explicitly expressed on unphysical sheets in terms of this matrix itself taken 
on the physical one and some truncations of the scattering matrix. Kind of the truncation 
is determined by the index (number) of the imphysical sheet concerned. Note that structure 
of the representations is quite analogous to that of the representations found in the author's 
recent works [39] and [40] for analytical continuation of 7'-matrix in multichannel scattering 
problems with binary channels. Representations for analytical continuation of three-body 
scattering matrices follow immediately from the representation above for M(z) [see Fqs. (6.9) 
and (6.11)]. As follows from the explicit representations (6.8), (6.9) and (6.11) obtained by us, 
the singularities of T-matrix, scattering matrices and resolvent on uriphysical sheets differing 
from those on the physical one (poles at the discrete spectrum eigenvalues of the Hamilt.onian), 
arc actually singularities of the operator-valued functions of z inverse with respect to suitable 
truncations of the scattering matrix. Consequently, the resonances (i.e. the poles of '/'--matrix, 
scattering matrix and resolvent on unphysical sheets) arc zeros of certain truncations of the 
scattering matrix taken on the physical sheet. 

Results of the present paper were announced in the report [41]. 
The paper is organized as follows. 
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Ill Sec 2. 1 lit* main notations иге described. Sec. '.] contains an information on analytical 
properties of the two body 7' and scattering matrices which is necessary in .subsequent sec-
lions. Sec, I is devoted to description of properties of the Kaddeev components of three body 
7' matrix and scattering matrices on the physical sheet of energy. In particular, the domains 
mi t he physical sheet are established where the half on-shell Kaddeev components and different 
truncations of the .sniftering matrices included in the representations (D.8). (6.9) and (u.ll) 
may lie considered as holomorphic functions. We justify these representations only on a certain 
part of the three body Niemann surface which is described in Sec. f». Analytical continuation 
of the Faddocv equations on unphysical sheets is described in Ser. (i. Also, in this section, 
tin- representations (b\S). ((>.!)) are (6,11) formulated for analytical continuation of the matrix 
.!/(-). scattering matrices and resolvent respectively. 

2. NOTATIONS 

We consider a system of three spinless non relativistic quantum particles. Movement of the 
mass center is assumed to be separated. Kor description of the system we use standard sets of 
the relative momenta k„. }>„ [29]. For example 

[2. i : 

/л 

ii)2 -(- ma I/a 
ntapa - m : ,p i 

2ni2ina 
mi + m-j + m : ) 

2ni|(ni-; + m ; i). 

nw + nia 
I/ ( l ) l j -f Il l.Qpi - l l l | ( p 2 -f p:1) 

111 | + 1112 + 41,4 

where tiiIM pn are masses and moment a of particles. Impressions for A-,,. /)„ with о — '2. Л 
may he obtained from (2.1) by cyclic permutation of indices. Usually we combine relative 

: . . i . . . . : . !,.„'.. i) _ / /. .. l A - i . . . : г . . . : :.. I i . .. i i-.._ _ , ._• . . ._ 
lll«"l#\ l»l O l J I - r l l l l l ' l I I I W I I I ^ —. I / *>\ I (\ * I n J ' l I II 111 I U M W I I U l l l l l l l l l - n . I Л 1 К 1 1 М \ \ r I W I U I I I I H ' U ' l i l M V C 

momenta A:„, ]>„ into six-vectors I' = {A\,, />„ }. Л choice of certain pair {k„.p„} lixes cartesian 
coordinate system in Ft'1. Transition from one pair of momenta to another one means rotation 
in 11", k„ — сп1,кя + *(,,iP[), /»„ = -fi„tika + спцра, with coeflicients e„,,. *„,, depending on Ihr 
particle masses only [29], such thai - I < r„,? < 0. 
;/ ^ ft 

*L 
' * ' • • • ' * I l l ' " O i l * " I ' 

*.*.. = 

hi momentum representation, the Ilauiiltouiau / / of the three bodv svstcm undei con-
sideration is given by {II/){!') = Il2f(l}) + E 'L . ( "« / ) ( ( ' ) - ' " f *?. +/'?,- / € W„ = UR% 
with i>„, the pair potentials which are integral operators in A1,, with kernels en(A\,. A-',). 

I'or the sake ofdefiiiiteness all the potentials r>„. r> -— 1,2,3. are supposed to be local. This 
means that, the kernel of ?;„ depends on the difference of variables A-„ and A-', only. r„(A-,.k') 
= ",,(AT„ - k'„). We consider two variants of the potentials »•„. In the first one. r,,(A) are 
lioloinorphie functions of the variable A- 6 C ; l which satisfy the estimate 

•>-2\ K(k)\ < (1-HA-l)"" 
(,«„|lmfr| V ^ . e ca 

with some с > 0, «о > 0 and 0t) 6 {'Л/'Z, 2). In the second variant, the potentials i\,(A-) are 
liolomorphic functions with respect to A- in the si rip №'•#, = {k : A'£ C : i. |lniA-| < 2/»} only and 
obey for A: € W-it, the condition (2.2) with a0 = 0: 

•;i:,\) K(k)\ < 
(l+|A-|)"« 

VA-: | In. A-| < 2/». 

It is supposed that in both variants i\,(~k) = i\,(A'). The latter condition guarantees self 
acljointmcss of the llainiltonian // on the set !>(//) = {/ : / ( I + ly2)'2\f(l')\-<ll' < ccj [21]. 

Note that the first variant, requirements of holoinorphness of ('„(A-) in all C:1 and no more 
than exponential increasing (2.2) in |IinA"| mean thai these potentialshavc a compact support 
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in the coordinate space. In the second variant, the potentials u„(k) rewritten in the coordinate 
representation, decrease exponentially. 

By /ta, (h0f)(ka) = klf(k0) + {v0f)(ka), we denote tlm Ilamilloniaii of (ho pair subsystem 
a. The operator /i„ acts in ^ ( R 3 ) - Due to conditions (2.2) and (2.3) its discrole spc< Hum 
ir,i(ha) is negative and finite [18]. Wo enumerate the eigenvalues \ltj € <y,/(/t„), AriiJ < 0, 
j = l,2,...,7i„, n0 < oo, taking into account their multiplicity: number of times to meet an 
eigenvalue in the numeration equals to its multiplicity, Maximal of these numbers is denoted 
by Amnx, Amnx = maxA0,j < 0. Notation ^ . • ( i a ) is used for respective eigenfiiiictions, 

By "л(Щ and &c(ll) we denote respectively the discrete and continuous component.!; of the 
spectrum cr{ll) of the Hamiltonian // . Note that, n^(II) = (Amj„,H-oo) with A„,jn = ininA,, ,. 

",j 

Notation Ho is used for the operator of kinetic energy, (//o/)(/ J) = / j 2 / ( / J ) . Ho(~) and 
R(z) stand for the resolvents of the operators II0 and // : /f"0(.z) = (//0 - : : / ) " ' and R{z) -
(II - zl)~l where in this case, / is the identity operator in 'Ho-

Let Mag(z) = SnPva - vQll(z)vp, a,/? = 1,2,3, be the Faddecv components [24], [29] of 
the three-body T-matrix T(z) - V- V R(z)V with V = u i+ui + "3- Operators Mnti[z) satisfy 
the Faddcev equations [24], [29] 

(2.4) Ma0{z)=6oBba(z)-tl,{z)li0(z)YlM^H, a = 1,2,3. 

Here, the operator ta(z) has the kernel 

(2.5) t„(P, /" , z) = lQ(k0,k'a,z- pl)S(Pa - p'a), 

where ta(tc,k', z) stands for the kernel of the pair '/'-matrix la(z) = va — vQrn{z)v„ with 
ra(z) =(ha - - г ) - 1 . 

It is convenient to rewrite the system (2.4) in the matrix form 

(2.6) M(z) = t(z)-t(z)R0(z)tM(z), 

with t(z) = diag{ti(2),t2(z), t3(z)} and R0{z) = diag{#0(z), Ho(z), Ii0(z)}. By T we denote a 
number ЗхЗ-matrix with the elements Tag = 1 — Sa(j. M(z) is the operator matrix constructed 
of the components Ма(з(г), M = {Mag}, affi = 1,2,3. The matrices M, t, R 0 and T 

3 
are considered as operators in the Hilbert space Qa = ф L2(Tl6). By Q ' ^ s ) , Q^Hz) = 

(-t(z)R0(z)r)kt(z), we denote iterations of the absolute term Q(0){z) =- t(z) оГ (2.6). 
The resolvent R(z) is expressed in terms of the matrix M{z) by formula [29] 

(2.7) R(z) = R0{z) - R0{z)ilM{z)i\4Uz), 

where ft, il :Qo ~y T^g.stands for the matrix-row, 11 = (1, 1, 1). At the same time J~l* = f2" = 
(1 , 1, l ) f . The symbol "f" means transposition. 

Throughout the paper we understand by \Jz — A, z£C, A G R , the main branch of the 
function (z - A)1 '2. By q we denote usually the unit vector in the direction r i gR" , q = q/\q\, 
and by 5 the unit sphere in R w , q€.SN~l. The inner product in R w is denoted by (• , •) . 
Notation (•, •) is used for inner products in Hilbcrt spaces. 

Let Н'"'" = A,2(R3) and НЬ' = Ф T^"'*. By Ф„ we denote operator acting from ft'"' 

to Ho as (*„/)(/>) = £ 0 » j ( * o ) / j ( P a ) , / = ( / | , / а , - , / п . ) ^ Notation % is used for the 

operator adjoint to Ф0. By Ф we denote the block-diagonal matrix operator Ф = diag{$,, Ф2, 
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Ф:)} which acts from Ч\ = Ф ft'"' to p„ and by Ф', the operator adjoint to Ф. Analogously 
(r = I 

(о Фл , »V„, Ф and Ф" we iiitrotlucc the operators Ф„, Ф*, Ф and Ф", which arc obtained from 
the former by replacement of the eigenfunctions фа,](ка) with the forrn-factors <t>a,i(ka) = 
("»Фс})(кп), er = 1,2,3, j = 1,2, . . . , я в . 

The pair '/'-matrix i„(z) is known [24],[29] to be an analytical operator-valued function 
of the variable г € C\[0,-foo) having at the points г 6 с^(Л0) simple poles, Its kernel admits 
tlic representation 

(2.8) t.a(k, A:', z) = - £ ^ W * » . ^ ) + Цк, k'z), 

where i.„(k,k'z) is a function holomorphic in z € C\[0,+oo). Therefore 

(2.D) tQ(2) = -4>„g„(*)<l>; + U ~ ) , 

where the operator t 0 (z) has the kernel ta(ka, k'a,z-pl)S(pc,-p'a) and g e(z) , ga(z)=diag{</0)i(2), 
•••)ffa,n„(^)}i ' s the block-diagonal matrix with elements <7n)J(z), the operators in "HS"'^ with 
singular kernels ga,j{z){p0,p'0,z) = 5(p„ - p'a)/(\a,j - z + p2

a) . 
Below, we consider restrictions of different functions on the energy shell 

(2.10) к = уДк, keS\ 

in the two-body problem and on the energy shells 

(2.11) Р = уДР, PeS5, 

and 
(2.12) pa = y/z.-Xaijpaij, pa,j&S2, a = 1 , 2 , 3 , j = l ,2,. . . ,nO J 

in the problem of three particles. In the last case the sets (2.11) and (2.12) are called respec­
tively three-body and two-body energy shells. 

Let 0 ( 0 ^ ) be the Fourier transform of the space C^(KN) (we deal with N = 3 or N = 6 
only). Any f(q) € 0(CN) is a holomorphic function in variable q — (qi, q2,..., q^) 6 CN 

satisfying the estimates - m ^ " 8 m„f(q) < co(f) • exp(a| Im<7|)(l + \q\)~°, with a, the radius 
of the ball centered in the origin and containing the support of the Fourier pre-image of this 
function in R^ , |m| = mx + ... + тдг, and |Im<7| = y53j=i Um9il2- As 0 one can take 
arbitrary positive number. For fixed / and m = (mi,...,mjv), the coefficient c$ > 0 depends 
only on в. 

Let j(z) be the operator restricting functions f(k), к £ R3, on the energy shell (2.10) at 
z = E± z'O, E > 0, and continuing them if possible, on the domain of complex values of the 
energy z. On the set 0(C3) the operator j(z)acts as 

(2.13) j(*j/(A) = f{V~zk). 

Its kernel is the holomorphic generalized function (distribution) [42] j(/t, к', z) = 8{\/zk — A;'). 
% j*(z) we denote the operator "transposed" with respect to j(z). Acting on <p e L2(S2) 

the operator j*(z) gives as a result the generalized functions (distributions) over 0 ( C 3 ) , 

(2.14) (Г(*)¥>)(*) = Jd 4k ~ yfrK) 4>{k) = 8m
 z ^}т, 
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(2.15) tf{*)4>,f) = Jdkf(SZhMh), JeO(C:i). 

Remember that in terms of the operators j(z) and j ' ( z ) , the pair scattering matrices .s„(z). 
.%(z) ; b2(S

2) ~* £2(£2) , look as (index of pair is omitted) [39]: 

(2.16) S ( J ) = / + ao(2)j(Z)/(xr)j,(2), 

where ао(-г) = —wiy/z and / is the identity operator in Лг(5г). Analyticity domain of .s(z), 
z € С, is determined in a general way by properties of the pair potential 71 (see e.g.. [.'}], ('1]. 
and also [39], [40]). 

Let Joj(-z), a = 1,2,3, j = 1,2, ...,nn, he the operator of restriction on the energy 
shell (2.12). Its action on 0(СЛ) is defined as 

9c,,j(z)f){M = fWz ~ **,i /'«). o = l , 2 , 3 , j = l,2....,7i„. 

Operators Jo,,-(z) have the kernels J0,j{p0,p'n, г) = S(\/z - <\a,jf>n - !>'„)• 
By Л0(г) we denote operator of restriction on the shell (2.11). On (9(C°) this opera­

tor is defined as (Л0(г)/)(Р) = f(y/*h- l t s k c r n o 1 «s h(P,P',z) = {<Д)-Ч{фР - P1) = 
6(^-\P>\)6(P,P>). 

Notations Jaj(z) and J0(z) are used for respective "transposed" operators. Their action 
is defined similarly to (2.M),(2.15) as 

^Ue)v)(Pa) = J dp'J(pa - л/^ХЗЙМЙ), V € H^\ 

{4(z)V)(P) = J <IP'6(P - y/zP'MP'), V € W„, 

where W-"'^ = L2{S2) and Wo = L2(S5). The generalized functions j], ̂ (2)9 and J 0 (z)^ are 
elements of the spaces C?'(C3) and 0'(CG) of distributions over 0 (C 3 ) and 0(CG ) , respect ively. 

Operators ,laj and ia • are then combined into the block-diagonal matrices j ' " ' ( z ) = 
diag{.)0>i(z), ...,Jo,,.„(^)} and.I (oJ ,(2) =diag{J^,(z) , . . . , Jj,,„„(z)}. Latter are used to construct 
operators ,J,(z) = diag{j(1)(z), J(2»(z), J<3>(z)} and j{(z) = diagp">t(z), j(*H(z), J( : ')t(-)j. 

Tlie action of j(°)(z) and Ji(z) on elements of the spaces respectively, 0*"' = X 0^n,'\ 
0=1 

0(».i) = 0(C3) and O, = X 0 ( o ) can be understood by the definition of the operators Jt,tj(z). 
0=1 

The operators J ^ ' ^ z ) act from '#°> = © ft^'» to the space of analytical distributions 0(a]' 

over 0^. In its turn the operator JJ(z) acts from Hi = © ft^) to the space of analytical 
distributions 0\ over Ot. 

At last, we use the block-diagonal operator ЗхЗ-malriccs Jo(z) = diag{.)0(z), J0(z), Jo(z)} 
and Л^г) = diag{jj(z), J0(z), J0(z)}, constructed of the operators .Jo(z) and J0(z), respectively 
as well as operators J(z) = diag{J0(z),.Ь(г)} J*(z) = diag{Jg(z),Jj(a)}. Action of those 
operators is clear due to definitions of the operators J0, J,, j j and JJ. In particular the 

3 » 3 
operator Л'(г) acts from the space Q0 = © Н 0 to the space X 0 ' (C 6 ) . 

0=1 0=1 

The identity operators in the spaces Ho, <?o, 7l!i and 7i0 Ф 'Hi are denoted by /(), I(), I\ 
and I respectively. 
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3 . A N A L Y T I C A L C O N T I N U A T I O N O F T H E 7'- A N D S C A T T E R I N G 
M A T R I C E S IN T H E T W O - B O D Y P R O B L E M 

In ibis section we remember some analytical properties of the pair T matrices which will be 
necessary further when posing the three body problem. Note thai above properties are well 
known (see e.g., Refs [•!], [3] and also [36]) for a wide class of the potentials va[x). As a matter 
of fart we want to expose here only an explicit representation for the two-body V-matrix on 
liiiphysical sheet which is a particular case of the explicit, representations constructed in the 
author's work [3D] (see Theorem 2 in [39] and comments toil) for a rather more general situation 
of analytical continuation of '/'--matrix on uuphysical sheets in the multichannel problem with 
binary channels. 

Throughout, the section we shall consider a fixed pair subsystem. Therefore its index will 
beoiuiltfcl in notations. Statements will be given for the first variant of the potentials (2.2). If 
it will he necessary, different assertions for the second variant (2.3) will be written in brackets. 
Also, we use the notation 

(3.1) Vb = | г : Re; > -b2 + J L ( I , „ S ) 2 \ . 

Remember that the energy Rieinanii surface in the I wo body problem coincides with that 
of the function г'/'2. On the physical sheet, z'1'2 - л/z, and on the iitiphysical one. z'1'2 = -\/h~. 
For those sheets we use the notations respectively. ll0 and 11 •. 

Representation for continuation of/(c) on tin physical sheet which will be used further, is 
described by the following statement which is one-channel variant of Theorem 2 of Ref. [39]. 
TllKOHKM 1. The. two body Tmatrix I(z) allow.* analytical continuation in variable z on tin 
sheet \\\ (on thr domain Vi, f] 111) as a bounded operator in /^(R11). Hcsult oj the eontinvalion 
'(~)|n ( ' ( r ) | r fill ) ,',s Г-т/"гллт ' ' ''!/'/'• anil S matrices on the physical sheet: 

(3.2) / ( r ) | n i = / ( r ) - a „ ( r ) r ( = ) 

where T(Z) = (/j'.s'-'j/Xz). The. kernel t(k,k\z)\ is a holoinorphie function of variables 

к.к' € C:' and z € II, \ (ff^UM'O) ( М ' ' 6 i n and = € П П » Л К , U^/CO) ) . lint. 

a,m is a set of the. points с £ С \ a(h) (z 6 'Pi,\ o-(li)\ where the operator \s{z)\~{ dots not 
exist. 
Kinpliasizc that for the second variant, of potentials (2.3). the existence of the continuation 
of t(z) on unphysicnl sheet is guaranteed by Theorem I for the domain "Phf)l\) bounded by 
(lie parabola Ini ^/z = />, inside of which the fund ion e ( \f~("k — к')) is holoniorphic in ; 
for arbitrary к, к' G S2. Note also that the operator 0'.')')(~)- included in K(|. (2.Hi), is a 
compact operator in C(S'2) [39]. Consequently on lite domain of its analyticity 11(1\г(7Г) 
('Pi, П " " \"•(''•)) °n 'he physical sheet, one can apply to the equation 

(3.3) s(z)A=[) 
flie Fred hoi in alternative [18] (see Ref. [39]). This means that the set atr> being countable, has 
not. concentration points in C\<r(/i) lVh\o~(h)). 

On the physical sheet II0, the pair T matrix admits the representation (2.S). It follows 
from the bippniann Schwingor equation for <pj, j = 1,2,....71, 

•I ) <J;( к) = - I du v(k. r/)-^-!—-£,(,/). Л, < I). 
J 11 Л; 

' ' - * ' 
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that form factor <!>j(k) admits analytical continuation in к on C:i (on Wn) <md at. the same 
time, it satisfies the type (2.2) estimate where one lias to replace 0„ with a number 0, 1 < 0 < ()th 
which can be taken in any close vicinity of 0a [24]. Hence the eigonfunction 

(3.5) ФЛЬ) = - Ф т 
k' - A, 

of h admits also an analytical continuation on С (on W-n,) with the exception of the set 
{A: € C 3 : A-2 = Xj} where ф](к) has singularities (turning for A: = yfzk, к 6 S2, into a pole in 
energy г at г = A,). 

The regular summand i(k,k'z) of the kernel of l(z) is holornorphic function in variables 
A.-, k' E С3, г 6 По (к, к' £ Wb, г € Vb f] По) and admits the estimate 

|t(lfc, k'z)\ < c( I + |fc - fc'|)-e • mcp[a(| Im A-| + | Im fr'|)], 

with arbitrary 0 € (l,0o)-
As to continuation of £(г)|п , it follows from Eq. (.'i.2) that the points zE.(r,{(li) give to 

it generally speaking, poles of the first order. One can easily check however that if eigenvalue 
A € (7j(A) is simple then the respective singularities of the both summands of (3.2) compensate 
each other and the pole of t(z)\n does not appear at z = A. It follows from the Fred holm 
analytical alternative [18] for Eq. (11.3) only that poles of / (г) |м at z 6 i7nrs are of a finite 
order and no more. It is easily to show that if A(k) is a nontrivial solution of \щ. (3.3) 
a t z £ Стгм, г $ dd{h), then the Scbrodingcr equation (—AT 4- u*(:c)) J/J*(X) = гф#(т) has 
a t this г a nontrivial (resonance) solution ф#(х) with exponentially increasing asyniptotics 

ii>*(.E) = (A{ —x) + o(l))———. The function 4>£.,(x) is so-called Gamow vector corre-
1-.00 | x | 

sponding to resonance at the energy z (sec e.g., Refs. [3], [6], [7]). The function A{k) makes a 
sense to the breakup amplitude of resonance slate4. 

The formula for analytical continuation of the scattering matrix on unphysical sheet, IIj 
(on the set ТьГ\ ПО follows immediately from Eq. (3.2) (sec Ref. [39]), 

(3.G) s(z)\Ut = £ [ ф ) Г ' £ , 

where £ stands for the inversion in A2(5''J), (£f)(k) = / ( —Ar). 
Utilizing (3.2) one can easily to get the explicit representation in terms of the physical 

shed as well for analytical continuation on Hi ( on Vbfl"i) °f the resolvent r(z) kernel5: 

(3.7) 7-(2)|(I( = r + a 0( / - rvJj'.s-'K/ - vr). 

The continuation has to be understood in a sense of generalized functions (distributions^ over 

0 ( C : t ) : one has to continue the bilinear form *(z) = (r(z)fi,f2) = f dq , ' ^ with / , , 
J Ri 4 ~ * 

/2eC(c : i). 
^Analogous assertion takes place as well in the multichannel scattering problem with rn binary channels: 

solution A = (A\,Ai,.-.,Am) t" the equation st(z)A = 0 at resonance energy z 6 a[m (in notations of Ref. [39]) 
represents amplitudes (i.e. coefficients at spherical waves in coordinate asymptotics of the channel components 
of solution to respective Schrodinftcr equation) >ti(ii),^2(^2) Am(km) of resonance on the sheet Hi to 
breakup into channels i,2,...,m, respectively. 

•"'Similar representations take place as well in the case of the multichannel problem. In notations of h7;f. [159] 
read I hem as г(г) |п = r + (I - ru j j ' Л /,s,"'.l(/ - vr). 

В 



4 . MATRIX M{z) AND T H R E E - B O D Y SCATTERING 
MATRICES ON T H E PHYSICAL SHEET 

At. the beginning, remember shortly principal properties [24], [29] of the Faddcev equations (2.G) 
for (lie matrix M(z) and properties of the kernels Mnp(P, P', z) at real arguments P, P' € RB. 
To formulate these properties we cite here the following definition [24]. 

The operator-valued function Qap(z) of variable z 6 C, Qap{z) : Ho —> Ho, is the type 
Т>„ц function, a,/? = 1,2,3, if it admits the representation 

Qap{z) = Tap{z) + Фоё0(г)1а/)(г)+ 
('1.0 + & / ? ( * Ы * ) Ф * + Фвдв(г)/С0/,(г)йв(г)Ф^. 

The operator-valued functions Га0{г) : По -> Но, Г0/3(2) : H0 -> W(a), ^„,3(2) : H[f3'> ~* 
7{0 and /C0/j(r) : Ti^p) —» K ( o ' are called components of the function Qap(z). If Q<,0(z) is an 
integral operator then its kernel is called kernel of the type VQp . 

Let N{P, 0)= J 2 (1 + Ы Г * 0 + \рр\)~'. Л function Q(z) of the type Vap is called 
a,P, <xtf 

the class T>op{0,fi) function if its components Fap, Tap, Jap and KQp are integral operators 
and for the kernels ?о0(Р,Р',г) at P, Я', ДР, Д Р ' e R6 , the estimates 

(4.2) \Fop(r,r',z)\<rt(P,0){l+PpT\ 

\Tap{P + ДР, Я' + Д Р ' , 2 + Дг) - Я Р , Л ) | < 

(4.3) < M(P,0)(1 + р ^ а ) - 1 ( | Д Р | " + | Д Р Г + |Д«Г) 

with certain с > 0 take place and at the same time, the kernels T0,j;p(pa, P', z), Ja.tptk{P, p'e,z) 
and fCaj-p^iPaiPpiZ) satisfy inequalities which may be got from (4.2) and (4.3) if to take 
respectively, ka = 0, k'p = 0 or simultaneously, ka = 0, k'p = 0. 

Let Q'n)(.z) be an iteration of the absolute term of Eq. (2.6). In a contrast to <2'°>(z) = t(z) 
kernels of the operators Q^(z) at n > 0 do not include ^-functions. Moreover, it follows from 
the representation (2.9) for t„(z) explicitly manifesting a contribution of the discrete spectrum 
of pair subsystems, that matrix elements Q*Q{Z), a, /? = 1,2,3, of the operators Q}-n\z) with 
71 > 1 are actually functions of the Vap type. Their components ^(z), 2 $ ( z ) , J${z) 
and Kgp{z) a t z 6 С \ [Amj„,+co) are bounded operators depending on z analytically. In 
the case of potentials (2.2) and (2.3), the Holder index of smoothness ц for their kernels 
with respect to variables P,P',pa and p'p at z $. [Amin, +00) equals to 1. If n < 3 then as 

Imz ~* 0, Rez e [Amin,+co) the kernels J*$ Z j ^ , J$k, and K.[?].0k have so-called 
minor (three-particle) singularities (sec Refs. [24] and [29]) weakening with growing n. At 
n > 4 such singularities do.not appear at all and these kernels become Holder functions in 
all their variables including the limit values z = E ± г'О, E € (Amin, +00). More precise 
statement [24] is following: the operator-valued functions S ^ (z) at n > 4 belong to the type 
Т>ар(0,^), 0 < 0 < 0o, 0 < p. < 5, uniformly with respect to z changing on arbitrary 
bounded set in the complex plane С with cut along the ray [Am;n,+oo). One can take as 0, 
0 < 0o, any number as close as possible to 0o- Thus, instead of M(z) it is convenient [24] to 
come to the new unknown W(z) = M(z)— £ ^ _ 0 Q ^ ( z ) , satisfying the equation 

(4.4) W(z) = W(0>(*) - t(*)Ro(*)TWf» 

analogous to Eq. (2.6) but with another absolute term W^(z) = Q^\z). 
Immersion of Eq. (4.4) in the Banach space B(Q,fi) (a description of the latter see in 

Refs. [24], or [29]) leads one to the following important 
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TllBORKM 2 (L.D.Faddcev [24]). Eq. (2.6) is uniquely .solvable, at z (£ a,i{ll). lis soliilinn 
M(z) admits Llic representation 

з 
(4.5) Л/(г) = ] T Q<">(*) + W(~')i 

71=0 

where the operator-valued function W(z) is holomorphic in variable z at z £ o-(ll) and Us 
components Wap{z) belong to the classes Vop(0,ii), 3/2 < 0 < 0Ol 0 < ft < g, uniformly 
with respect to z changing in arbitrary bounded set of the complex plane С with cut atom/ the 
ray [X,„\n, -+со) and removed neighborhoods of the points ofo-j(ll). 

Remember now structure of the scattering operator S [24], [29] for the system of three 
particles. For this purpose we introduce the operator-valued function Т(г) , T{z) : HoQ'Ht—* 
n^Tiuolz GC\<T(H), 

,, n n-t \=( VM{z)rt 1Ш(г)ТФ \ 
(1Ь) / 1 г , - \ Ф ' Т М ( л ) ! ] » Ф'(Ту + Т Л ф ) Т ) Ф J ' 

with v = diag{jj,,u2,u3}. Note that T00(z) = ПА/(*)Ш = T(z), Toa(z) : Па -* Ti0. The 
rest of the components Toi{z) : Ti\ -> W0, Тш(г) : H0 -* U\ and Тц(г) : H\ -* H\ is 
expressed by the transition operators [29] (see also [34]) U0(z) = Ш'/(г)Т, U^ = TM(z)iV 
and U{z) = T v + ТМ(г)Т: T0l = */0Ф, Tl0 = ФЧ/,} and T,, = ФЧ/Ф. The operator 7 ( г ) 
is a matrix integral operator with kernels %о(Р, P',z), TOlii0{pa,P',z), T0;p,i(P,]/p,z) and 
Tc,,i;P,j(pc,,p'ff,z), a = 1,2,3, i = 1,2,...,n„, /? = 1,2,3, j = 1,2,...,rip, properties of 
which are determined including the limit points z = E dh гО, E > Xm\„, by Theorem 2. 

By T(z), T(z) : Ho 0 ii\ -* 'Woffi'Hi, we denote analytical continuation in C* (sec 
Theorems 3, 6 and 7) of the operators T(E ± гО) having the kernels 

(T(E±iO))JP,h = Тт(±^Р,±у/Ё~Р',Е±Щ, Е>0; 
( T ( / J ± i O ) ) 0 ; / J . ( P , ^ ) --= Twfry/ЁР, ±y/E - X0.jPp, E ± гО), Я > 0 ; 
(Т(/г±*0)) в 1 . ; 0(р о ,Р ' ) = T a , . ^ ( ± V F = ^ p n i zfcy/ДР', E ± гО), Я > 0 ; 
( Т ( Я ± Ю ) ) а ' . ^ ( р 0 , р $ , ) = Т„мы(±у/Е - A0ll-p0, i v ' S - A w p^, ZJ ± iO), 

E > max{A0ii, Xflij}. 

We assume by definition that the product (ЛТЛ*)(.г) coincides with 7"(г), 

Elements of the matrix (JTJ*)(^) are expressed in terms of amplitudes of different processes 
taking place in the three-body system under consideration [29] (see also Sec. 7 of [43]). 

The scattering opera tors is unitary one in the space Tt0 © "Hi and as well as T , it lias a 
natural block structure. Its components S00, SO;0,j, So,,;0, Э^-д,- have the kernels, respectively 

(4.8) S0 U(P,P') = 8(P - P') - 2xi6(P2 ~ P'2)Too(P, P',P'2 + iO), 
(4.9) So;0|i(P,p'p) = -2m6(P2 - p'2 - \pj)%fij{P,p'p, \0,j + tf + гО), 
(4.10) Sa<i]0{PaJ") = -27r{5(Aa,; + p^-P , 2)TC I , i ;o(p a , / J '1P'2 + iO), 
(4.11) ScitfjiPcPft) = f>a0bijb{Va" P'p) ~ > 
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Scat tcriiig niiit rices arise from S in I IK? sped nil decomposition for // as operators acting in 
t IK* "cross wet ion" (at fixed energy) of the space WnCjiWi in the- Neumann direct integral [28], 
Kxtruction of the scattering matrix from S is related as a matter of fact to the replacements 
|/'|2.-> 1С. \0,i -\-i>l -> /'/', n = 1,2,3, / = 1,2 nn, in expressions ('1.8)—(-1.11) and then to 
the factorization of dependence of the kernels of S on the energies 1С and 1С'. 

( i . i2) s(/-;. it) = -Ki6(K- K')iHis)s'(i-: + ящ/С). 
where i)(/',') is a diagonal matrix function constructed of the Heaviside functions t)(IC) and 
•*(/•:-A„j): Щ1С)=1\\л&{0(1С),ЩЕ~\и),...ЩК-Х1,щ)ЛЕ-Х2л),...(1{Л:~Х2,п7)^{1':-
Л,, , | ) . . . . 0{Е— Л,ч.яя)}> A t г е С we understand by S'{z) the operator-valued function S'(z) = 
, | " ' ( - ) i +'H~)' Here and all over further, /1(c) = diag{/l()(~), Л,(г)} will) A0(z) = -viz'2 

nnil /!,(•=) =diag{/l<l>1_/tl^. Л<:"} wherein its turn. /!<"'(-) = diag{.4f>,,(c) Л„.П(,(г)} with 
Л,,,(--) = -т/,уГ=1„..,. 

Continuing the factorization, .S''(c) = 5(г)Л~'(г) = Л"'(-)'С,П(~)' corresponding to sep­
arating in (<I.P2) the multiplier — 7wvt-1(/v + IO) as a derivative of measure in the Neumann 
integral above [28] for HQ® 'H\. one comes to the scattering matrices 

(1,13) . *7(s)=i + ( J 7 J U ) ( s ) and .9»(с) = 1+(ЛЛТЛ*)(с) . 

In a contrast, to Ref, [2S] it is more convenient for us to use namely this, nonsyinmelric. form 
of t he scattering matrices. Matrices S(z) and A'*(r) are considered as operators in Ho i-' 7T(|. 
/\l. z = /'„'-(- /'0. 1С > 0, these operators are unitary. At z — 1С + iO, 1С < 0. there are 
certain truncations of S(z) and S^z) determined by the number of open channels which are 
unitary in Ни ф Й ь namely the matrices S{1C) = I + Ц1С)(.9(A' + /0) - I)i)(/v) and 5ЦИ) = 
1+ d(K)(S4lC + iO) - l)i){IC). It follows from Kq. (4.13) that operator T may be considered 
as a kind of "multichannel T -matrix" (cf. Ref. [39]) for the system of three particles. 

Note that, the matrix T(z) inay.be replaced in Kq. (4.13) with the matrix T'(c) obtained 
from 7{z) by the substitution T v -* vT (respectively, U -* «V* = v T + ТД/Т) in the second 
component of the lower row of (4.0). To prove that (ЛТ*Л*)(г) = (ЛТЛ')(;) . it is sullicieiit to 
observe! that for z = /',' ± /'0, /',' > A„,j, a = 1,2.3, j = 1,2 н„, 

(4-М) (Л,Ф*ТуФЛ|)(г) = (Л,ФЧТФЛ!)(г). 

Indeed, according to Kqs. (3.4) and (3.3), 

(UR (Ф Tv*) n i l W ( j i n . fy ) = - "Г—г; ^ J T ~ " — • 

Ш>) (Ф У Т Ф ) П , В Д ( ; | Л , ? / 1 ) = — г — | Г • - щ — 

where 
^1.17) Ц"(*У^)) =- " ^ + Л 7 , « = 1.2,3, 

</// € R-*1 (we shall suppose later that q, q 6 C3). One can easily to understand thai on (he 
energy shells \pn\ = ^ 1С - A0|i, |;>J,| = ^/i , ' - Ад,;-, /•,' > A„,,-, /v > A,-,j. the denominators 
of the fractions (4.15) and (4.10) coincide, 

( А Г ) 2 - А „ , ( = ( ^ - А ^ = 
i 
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Meanwhile the expression ('1.18) can not become zero nt E > A,,,,, /'/' > A,/j (see Lemma 2). It 
follows now from Fqs. ('1,15), (4.1G) and ('1.18) thai, the! (!(|ti!ilil.y ('l.l'l) is liner. 

Along with S(z) and S^(z) wo .shall consider also the truncated scattering matrices 

(4.19) S/(*) s I + (lJT.VLA)(z) and .?/(*) = i + (AUT3rIA(z), 

where the multi-index 

(•1.20) / = (/o. /i.it •••» 'i.nt i 2̂,i> <>v 'з,я»» ';»,ь ."t'.'i.H.i) 

has the components lo = 0 or /o = ± 1 find /,,,j = 0 or /„j = 1, a — 1,2, 3, , / = 1 , 2 , . . . , r/,,. My 
// and // we denote the diagonal number matrices 

(4.21) I = diag{/o,/|,i,...,'i.n li'i.b—i'2,n,,'.i lii—.'з.п,} 

and 
(4.22) // = diag{|/0 |,/i,j,..M/i,i«n'21i»-»»'2,nj,/3,i»-..,':» Ina}, 

corresponding to the multi-index /. The matrix L is evidently to be a projector in H0 ф Н, 
on the siibspace Hy if /o = 0 or on the subspace HQ Ф H\ if 'о ф 0. Here in both cases, 
H\n = Ф ft("';>. 

Ля can be seen from formulas (4.13) and (4.6) 'he scattering matrices S^z) and 5''(г) 
include kernels Map(P, /•", г) taken on the energy shells: their arguments P & R'' and /•" 6 R" 
are connected with the energy z = E + г'О by Eqs. (2.11) at l£ > 0 or (2.12) at # > A a j . 
We establish below [sec formula (6.8)] that analytical continuation of the matrix M{z) on 
unphysical sheets of energy z is expressed in terms of analytical continuation of the truncated 
scattering matrices S/(z) or Sj(z) and the half-on-shell Faddcev components Map(z) taken on 
the physical sheet. More precisely, along with S)(z), the final formula (0.8) includes the matrices 
(Л0ЛоЛ/)(*), (Lih^-TM)(z) and (Ш*/ , 0 ) ( г ) , (Л/ТФ.1{А|)(г). Here, / is a certain multi 
index (4.20) and /, = diag{/,0, Li} is the respective matrix (4.21) with Lo = 'o-

In the rest of this section we shall formulate some statements (Theorems .4-7) concerning 
the existence of the analytical continuation of the above matrices and their domains of holmor-
plmcss. In view of shortage of space we shall not give here full proofs. Note only that proofs 
are based on analysis [24] of the Faddcev equations (2.6). For all this, one has additionally to 
pay a special attention to studying the domains of holomorphncss in г of the functions 

(•1.23) [pl + Pp'-'^odir^Pp)-^} ,' 

with one or both arguments pn and p'fj situating on the energy shells (2.11) or (2.12). Functions 
(4.23) arise when iterating Hq. (2.6) because of the presence of the multiplier R 0 in the operator 
- t R 0 Y . Also, the functions (4.23) appear as a display of singularities (3.5) of the eigenfunctions 
J/>„J, a= 1,2,3, j = 1,2,...,n„. 

In the case when the arguments pn and/or p'p are taken on the shells (2.12), pa = 
\/z — At,,, f>„ and p'p — y/z - Xptj p'a, the holomorphncss domains of the functions (4.23) with 
respect to the variable z are described by the following plain lemmas. 

LK MM Л 1. For any p > 0, - 1 < r/ < 1, the domain 

| ( Imz) 2 

(1.25) z - A + p + 4c\fz - A /̂p т) - s2z = 0, 

(4.24) 

contain* no roots V of thr. 

Rez > 

equation 

A 
c? + c2 

4s2|A| 
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with Л < 0. 0 < \с\ < I and a2 = 1 - с2. For any number z £ С outside the domain (4.24) one 
ran always find such values of parameters p > 0 and 7/, — 1 < r/ < 1, //ш/ //ic left-hand part of 
/',7/. (V-2.5/ becomes equal to zero at the point z, 

LKMMA 2. //fi/ //»: parameters of the equation 

(-1.26) г - A| + z - A2 + 2C 4 /z - A, x/z - A2 77 - ,s2z = О 

be such; 7/ _ [—1, 1], A) < A2 < 0, 0 < с < 1 and s2 — 1 — c2. Then the following assertions 
take place. 

I) / / Mz| > c2|A|| Ihcn for all j/ _ [—1, ]] Eq. Ц.26) has a unique root z and this root is 
real. Moreover z — z+ if n > 0, and z = z_ i/r/ < 0 1//МЛ 

,„ o7> (1 + c2 - 2_V)(A, + A.) ±2 v /cV[A»A 2 s< - (A. - A t)2c2(l - т?2)] 

When i) runs the interval [—1,1], the roots _± fill the interval [ZH, zrt] ш7/г //гс ends 

(-1.28) _ц = i [ - | A , | - |A2| - 2cV'|A,|.|A2 |] 

(4.29) 2rt = - H A , | - | A _ | + 2cN/JA7MA-|]> *n < A,. 
О 

~V / / I 'M = c2 |Ai| -tan £/17. (4-26) has two real roots: 
a) the root z = Aj existing for all n _ [—1,1]; 
i) f/ге root z = z_ given йт/ (У/.27) which exists for — 1 < 77 < 0 on/j/. 
For —1 < r/ < 1 </ie«e roo/s together fill the interval [гц, Ai) шт̂ /т. гц — —|Ai|(l 4- 2c4/.s2). 

j ; / / |A 2 | <c 2 |A , | t _ n ' 
I 9 /« 2 I \ I 

«J /or' — 1 < 77 < 7/*, 7/* = , p — T-r—r, /fy. (4-26) has two real roots z± 
c(l - p) |A,| 

///иетг /77/ (4.21), which fill the interval [zit,zrt] with the ends (4-28) and (4.29), zrt < Ai; 
b) forn' < 7/ < 0 Eq. (4-26) has two complex roots z± described again by Eq. (4-27). When 

Г (c2 _ o)2 
7/ moves, these roots fill the ellipse centered in the point zc = —\\\\ 1 л — l + s2(l + c2)(l-f p) 

( c2 _ р\П _ c2p\ 
Half-axes of the ellipse are given by a = |Ai| • — • • (along real axis) and b = 

(c2 - o)(l - c2p) 
|A,| • . (along imaginary axis). The right vertex of the 

(1 -f c2)s2(l - p) V ( l + c2)2 - 4 c V 2 

ellipse is located in the point z;"' = zc + a = — situated between Ai and A2, Its left 
1 *т* С 

vertex is z^ = zc — a < zti. 

Let Il[ ' be the domain in the complex plane С with cut along the ray [Amjn, +00) where 
the conditions (4.24) with A = A/JJ, с = cap and the inequalities 

(4.30) Rez > XPij - slpb2 + ^ ( I r a 2 ) 2 

are valid simultaneously for all a = 1,2,3, a ф ft. In the case of the potentials (2.2) one has 
to take b — +00 in (4.30). 

By 7_Oi,-;0 j , a ф /?, we denote domain complementary in С \ [А,„;п, +оо) to the set filled 
by. the roots of Eq. (4.26) in the case when Ai = min{Aa>,-, A/з,,-}, A2 = max{A~,,-, A/jj}, с = \cap\ 
and г) = {paiP'p) runs the interval [—1,1 ] . -
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TllKORKM 3. The matrix integral opr.ml.or L\ti\(z)L'{, z = К ± iX), tiding in H\, allow» 
analytical continuation in z from rims of thr. ray E 6 (A,+00), A ,= max A7 ь on tin. 

domain „ „ _ _ , ,. 

(•1.30 C = [ П ^.wJfll П n!i\ff(wj 

«;/,,rr; /{ = diag (ft, /',,„ ..., / ' U l , /J,, /£,„„ /!,,„..., / ^ , ) , /'/ = diag (/(,', /','., /'/.,„, l'i , /?.„„ 

'a !.•».'!«,) 1 Ш'"'Л 'о = 'о = 0. The nontrivial kernels (L\fu(z)L'{) (/wXj,*), ',',, Ф 0, 

/'J'J / 0, turn into functions holomarphic concerning z € f({,/'» «n</ rr«/ analytic with nxptct 
to PcP'gG. S2. 

R.KMARK 1. The domains liffl and il}',;;l) coincide, nJJjS0 = ll{#4. 

If /' = /" = ', wc use for rffi the notation Il{ho4, 

(4.32) 1.,(Ы) - H,(,,,ol). 

TllKOREM 4, Let L0 = /o = 0. Then the. matrices (JWT4Ul/,,)(.?) and ( / , , . J , * " T J V / ) ( Z ) , z = 
I'J±i0, allow analytical continuation in z from runs of the ray E € (A, +00), A = max А#,>, 

on the domain U\m'\o(JJ) as bounded for г $ [Amj,„+oo) operator-valued functions of variable 
z, (A/T4MUi)(«): # , -> Go and (L , J ,**TM)(«) : & -* « 1 . 

'Continuing the half-on-shell matrices (30M)(z), (/V/J0)(,z), z = E ± i0, /J > 0, into 
domain of complex z is considered in a sense of distributions over 0(CG) . For example of M3l 
we consider continuation of the bilinear form 

(F, {МЗ[){Е± iO)) = YlJ dP ] dP'F*{P)Map(P,±\fE~P\ E ± iO) MP') 
n,P R» 5» 

where f = (FUF2, F3) with Я, 6 0 (C 6 ) and / = ( / , , / a , / 3 ) with /„ 6 W0. 
When constructing continuation of this form and that for (JoM)(/? ±t'0) we base on two 

simple statements concerning the domains of holornorphness of the function (4.23) in the case 
when argument P' belongs to the three-body energy shell (2.11) and therefore p'p = yjzu'p'p 
with v' 6 [0, 1]. 

LKMMA 3. Let in the equation p-\- zv'' + 2cy/zy/Py/pn — s2z = 0, the parameters v' and ц run 
the intervals 0 < u' < I and —1 < 7/ < 1 respectively, and с > 0, s2 = 1 — c2, z € С be fixed. 
'Then the roots p of the above equation fill the set consisting of the line segment [0, г] on the 
complex plane С and the circle centered in the origin, the radius of which being equal to c2\z\. 

LlvMMA 4. Let the parameters of the equation 

(4.33) z - A + zu + 2cy/zVz - Xy/u-q - s2z = 0, 

satisfy the conditions и € [0,1], 77 S [— 1,1], A < 0, с € (0,1) and s2 = 1 — c2. Then if и and 
7/ run the above ranges, the roots z of Eq. (1\.32) fill the ray (—00, A/(l +C1)] and the circle 
centered in the point zc = A/(l — c'1), radius of which equals to c2X/(\ — c4). 
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Let fl}1",±, fij,"'* С С*, Ьс \,\и: domains coniplciiicntary in C* to the totality of circles 
having radii r = f-a/j|A„j|/(l - сл

ав) and centered in the points zc = Aa,j/(1 — c*n3) where 
<\.H= 1,2,3. # ^ o, and ;' = l /2, . . . ,nn . In the case of the potentials (2.3) the domains II^0)i 

must satisfy extra conditions 

(,,"W) Н < " > _ ( 1 + Ы ) 2 + < 1 М Я * ( ,n,*) • 
for а11о,Л= 1.2,3. ft фа. 

t.'tilizing Lemmas 3 and '1 one can prove the following 

Tlll'.OHKM 5. Kernels of the matrices (/V/J^)(c) and (Л0Л/)(г), г = E± ?0, /•; > 0. allow 
(iiialj)lical continuation in z on the domains, respectively ll[0)+ and Н^"'-, IIjU)± С С*, Tin 
continuation of kernels of the matrices n < 3, included in the 
representation Ц-Ь") for M[z) /m.s /o 6c understood in a sense of distributions over 0(Cb). At 
tin saint lime the kernels 

,,,:,6) roP(l\y/EP\z), ЪМРО^Г"**)' 

n,ft~ 1,2,.), i - ; ,2, . . . ,н„, A-= 1,2 яд, 

»///«: matrices {QMi\){z), n > <\, ami (WjJ)(s) «.<•• well as the kernels 

JmtiAy/zl'iP'rnz) «"'/ ^nj;a.«,.(N/rv/17/J„.//rt,r) 

«/ /./»: matrices (J()C2'"')(-)> 7) > '1, and (J0W)(r) гам ftr continued on the domains llf,0'* 
«A- usual Iwlomorphic. functions of variable z. Being Holder functions of variables I" £ ,s's 

or y/Pfo, о < // < i, % e .<?2 (/J € 5 s «г ч/^Д,. о < i/ < i. A, € <?2; «-//л ; и , /и 
//' € (0, 1/8), the kernels Ц.35) (kernels (J,M)) considered as functions of 1> £ R", ;,„ € R;1 

(I" € R'\ p'f, € R : , j , can be embedded in their totality in 5(0,//) with 0 and p. the arbitrary 
numbers such that 0 € (3/2, 0o) and p £ (0, 1/8). At \ \m z\ >S> 0 one can take // = 1. 

Let us comment the assertion of the theorem for example of the matrices (jV/J,',)(r). Note 

in particular that continuation on fl[u)±of the form (/•', (Q ( 0 )J (
,
))(r)/) = £ „ (/-'„, ( t . X K - ) / . , ) 

is described by the equalities 

•7/2 

(/<•„, (t(1.](
t,)(c)/„) = j dkn J dli J dfi J ,Un sin2 Ja co.s2u.-,', x 

x f„( t„ ,v^cos4 '^^,ccos2w;)/ 'UA-„,±V^«'»4'>/^) - / .Лч ' .Л^ / 'о ) . 

where ш'п,к'п,р'п are the hyporspheric.al coordinates [29] of the point / " £ Sr\ ut'tl £ [О.тг/2]. 
k,li € S2-' Note also that /V = {cosu^i; , s i n i ^ } and <//v = ain'w,', cos 2 ^^ , ' . . / ^ , , / / / , is 
a measure on S"-'. . , .. 

The analytical continuation on Щ1' of the form (F, (Q* ' ' JO)( / ' / ' ± ' 0 ) / ) is given by 

(1.38) ' ' " ( M Q ( , ) 4 ) ( r ) / ) = E «*. ,»(-)+ 0*..v*(-) 
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whore 

ЯЫ*) = ± ^[7^ /dk- J^ j< Jd^ ffoy/i'J<1»' vWT^x 
W A-* .S3 S* О О 

(-1.39) Fa(ka, ф\Дфа) • Jg(y/1 - \>%„ sTv'v'ii), 
и + «/' - 2r.n(ly/vy/p (ficp'p) - slf, ? г'О 

x 10(к0,'к1
а
(1)(</г<1/йра,у/г\/й!р'а)1 z(\ - v)) x 

x t(,(i$4y/5\/Pj?a,ч/5ч/!7ра),^у/Г=ПРк'а,z(\ ~ //)) 

and 
l 

R1 S3 S2 SJ r± О 

(4.40) ^ . ( k , ±% /ftp») • 7 > ( у / Г = Г ^ , y/^fr) 

/з -'- г;/ • • 2c^y/zs/py/i?{pa.p^) - s2
n[iz 

y.ta{k„,W]{±y/pf>o,\/z\fi?f>'0),z-p) x 

x ^ ( ^ ° , ( л / г > / ^ ^ ) ± ^ в ) , л / ; > / ь Г 7 7 А ' д , г ( 1 - и')). 

Here, by Г+ (Tj) wc understand a path of integration beginning at z and going clockwise 
(counterclockwise) along the circumference C\z\ having radius |г| and centered in the origin. 
After the path crosses the real axis, it goes further along this one so that the rest of Г+ (V~) 
consists of the points p = A -f г'О (p = X + г'О), А € (|z|, -f oo). 

Boundaries of the holomorphness domains Г1[ ' of the form f F, ( Q ' ' ^ J O ) ( 2 ) / ) a r e found 
as a matter of the fact, from those requirements that the poles of '/'-matrices ta( •, • ,г(1 — v)) 
and /.<?(• , ' ,2(1 — u')) which are present in the integral (4.39), have not to manifest itself 
in above domains. Also, we require the same from the poles of '/'-matrices l.a( •, • ,z — p) 
which are present in the integral (4.40). If г ^ (—oo, Amax] then the appearance conditions 
z{\ — u) — Xaj, j = 1,2,...,7*„, z(l — u') = Xp<kl к = 1,2, ...,71/з, for the poles of the '/'-
matrices ta( •, •, г(1 - v)) and l.p{ •, •, z(\ — г/')), are valid for no и, и' 6 [0, 1]. The appearance 
conditions z — p — A„i7-, j = 1,2, ...,n„, of the poles of ta( •, •, z — p) may be realized if only 
the contours Pf include into itself more, than ona fourth of the circumference Cj2|. However 
their contribution to Q2mB(z) arising when the points p = z — Xaj cross contours Г*, may 
be always taken into account using the residue theorem. We shall not present here respective 
formulae. Note only that taking of residues in the points p = z — Xaj transforms the minor 
three-body pole singularities of the integrand of Q^np(z) into those of the type (г — A„,j + 
zv' — 'lc.np\fzyjz — Xaj\f\?T\ — s2

apz)~x. Location of such singularities is described by Lemma 4. 
The iteration Q{2)[z) kernels Fap(l',P\z), Ia<j.p(p0,l}',z), Ja;p,k(lJ,7>'p,z), and 

AC„j;0.]fc(pa,pJj,z)i ^V"" ^ R6 , Po,p'o € R3 , have more weak singularities [24], [29] than 
the 2 ' ' ' ( г ) components. When continuing the form If, (Q^20)(z)f) we get for it the 
representations which differ from (4.38)-(4.40) mainly in replacement of the distributions 
[z(u + i/ - 2caf)^\/?(pc„pfl) - s2

of) T г'О)}"1, 0 < v < 1, 0 < i/ < 1, with functions 
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singular as 

The kernels рпц{1',Р',г) Xn,j-p(p0, P',z), Ja;ptk(P,p'p,z), and A^0lj./j,fc(p„,p^,z) of the iter­
ation Q(: , ,(2) = (—t(z)Ro(z)T)3t(z) arc still singular. Though their singularities are weak, 
continuation of the kernels ( Q ^ J O ) (2) o n Ihe domains Щ ' we understand as before in 
a sense of distrioutions over 0(C r>). So, we realize it following the same scheme as for the 
«•oiitinualion of ( Q ( 1 ) J J ) (2) and ( Q ( 2 > J £ ) (г). 

ТНКОИКМ G. The matrix (3()M30)(z) (Ihc operator (3oT3Q}(z)) admits the analytical contin­
uation in z from the rims of the cut z — E ± г'0, E > 0, on the domains Й[0' G C* as a 
bounded operator in Q0 (in Ho)- For all this (3aM30)(z), г € Щ , admits the representation 

3 

[cf. (4.5)] (J0M3l)(z) = X ^ ( J o Q ( n ) j o ) ( 0 ) + (JoWJj)(«). The operators (J0Q ( 0 ) jJ)(z) and 
n=0 

( J O Q ' ' ' J O ) ( Z ) arc hounded matrix operators in Qo with singular kernels. Having weakly singular 
kernels the matrices (30Q^30)(z), n = 2,3, are compact operators in QQ, To that end kernels 
of matrix (J0WJo)(z) arc Holder functions of their arguments with the index p. € (O, 1/8). 

As a comment to this theorem we present explicit formulae for the kernels of the operators 
(JO<2 (0 )JJ)(Z) and (JoGWjJH*). 

The first of them have the form (JoQ ( 0 ,Jo) e j 9(Ap > ,*) = 6o0(JotaSo)(P,P',z), а,/3 = 
1,2,3, where 

(Jot0Jo)(P,/",z) = taiy/^COSLJakcy/zCOSUj'ck'a^COS^LJa) X 
(4.42) 

x 6(y/zs\r\ujapa - \/zs\nu)'ap'a). 

Here, u>a,ka,pa and ш'а,к'а,р'а are coordinates of the points P = {ka,pa} and P' = {k'n,p'a} 
011 hypersphere S5. We mean here that 

(4.43) £(v/esinu;p - v^sinw'p') = Sign Imz • , ̂  \\?~Ш>, 
( \ / г р т wcosw 

where 5(p, p') is the kernel of the identity operator in L2(S2). The denominator (y/z)3 sin2 w cos w 
of the right-hand part of Eq. (4.43) represents analytical continuation of the Jacobian for re­
spective replacement of variables. 

Therefore the operator (Jot0 jJ)(z) acts at Imz ф 0 on / e Ho as 

И ) ( . ) / ) Й = ^ - / * 
( v 4 . -

(4.44) x ta(y/zcoswQka, y/zcosu)afc'a, z cos2 u>a)f (cos ojah'a, sin u>apa). 

The operators (J 0Q ( 1 ) j J ) (z) , z £ Й£0,±, have the kernels 

(1 cfiXU\\ ,b b, , _ I 1 - ^ *«(*», *У},*(1 - „)) tp(kp
a\k'p,z(l-u')) 
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"^{y/z^/Pp'p, s/s^JuVo)- At the same time // = sin2 w0 and (/' = sin'wj,. 
Main singularities of the kernels (JoQ ( 2 )Ji)„p(/> , / J ' ,z)in P, lJf are described by Kqs. ('1.11). 

Singularities of the kernels (Л02 (3)Л^)о/?(Р, P',z) are more weak. 

THEOREM 7. The operators (JoiW1f*JJ)(z) : ft, -> So, ( J ^ ' T j W J j ) ( e ) : 0u -> 'Hi, 
7Ьг(г) ; Я, —> %„, enrf Тю(г) : 7тС0 -> 7т£| лг/mil (/te analytical continuation, from rim* of tin * 
cut z = Ц ± iO, £ > °) °" '° ^e domains П[0 ,± С С * including the points z € П10 ,± П " i ' ^ ' 
s»tisfying the additional conditions 

/"'• яку/?, 7 = 1,2,3, P ф 1, and j = l,2,...,np. For all z e n£0,± including the boundary 
points z = Ei: г'0 i? > 0» " lcse operators are compact. 

Later, we shall use the notation 

(4,15) ПГ^ПГПГС 
W h e r e /=•= = ( / J , / , , ! , • • • ) ' 1 , П | Л , 1 . ' " > * 2 , п ; | 1 ' я , 1 , . . . , / з , п , ) Will i /Q = ± 1 , / „ j = 1 , О = 1, ^ , ' 1 , i = 
l , 2 , , . . , n a , and / m = (0, / M , . . . , / , , „ , , /2 , i , . . . , /2,7.,, 'з,),..., /з,пз) with the same ln,j a« '*• K«-
•nciriber that the sets П}'™0 = l l ' ^ j , , were defined by Eqs. (4.31). 

As follows from Theorems 3, 6 and 7, the total three-body scattering matrix S{z). z = 
№ ±t'0 Е > 0, admits the analytical continuation as a holomorphic operator-valued function. 
S{z): V/0 Ф # i ~>~Ho®'Hu on the domain П^"1' С C + . For any z £ П[+,о1) |,hc operator S(z) 
is hounded. In equal degree the same is true for £'*(*). 

5. DESCRIPTION OF (PART OF) T H E T H R E E - B O D Y 
HIEMANN SURFACE 

l^y the three-body energy lliemann surface we mean the Riemann surface of the kernel lt(P, I", z) 
°f tlie llarailtonian H resolvent R(z) considered as a function of parameter z, the energy of 
three— body system. 

One has to exp e c t this surface as well as that of the free Green function / М Л ' " , г ) 
to consist of infinite number of sheets already because the threshold z = 0 is a logarithmic: 
branching point. Actually the Itiemann surface of Jt(l', P',z) is much more complicated than 
that of /?о(Л P',z) because besides z = 0 it has a lot of additional branching points. I'br 
example the pair thresholds г = AQj, « = 1 , 2 , 3 , j = l,2,...,na, become square root branch­
ing points of this surface. Also, the resonances of the pair subsystems turn into such points. 
Extra branching points are generated by the boundaries of supports of the function ('1.23) 
singularities which were described in Lemmas I, 2 and 4. 

In the present paper we restrict ourselves to consideration of a "small" part of the total 
three-body Riemaiin surface for which we succeeded to find the explicit representations ex­
pressing analytical continuation of the Green function R(P, P', г) , the kernels of the matrix 
А7(г) as well as the scattering matrix S(z), in terms of the physical sheet [see the formulae 
respectively, (6.8), (6-9) and (6.11)]. Namely, in the Riemann surface of U(P,l}',z) we con­
sider two neighboring "three-body" unphysical sheets immediately joint with the physical one 
along the three-body branch of continuous spectrum [0, -foo). Besides, we examine all the 

18 



"two body" mi physical sheets, i.e. the sheets whore parameter г may be carried if the rounds 
of I wo IKKI у thresholds г = ArM. " = ' / -^A j = 1,2, ...лг„. are permitted but the crossing 
of the ray fo, +co) is forbidden, evidently, the part of the three-body surface described in­
cludes all the sheets neighboring with physical one. The above sheets arc of most interest in 
applications. 

Л concrete description of the part under consideration we give using the auxiliary vector-
ruiielion Ц2) = (f0(s), fi(z)i h(z), f;»(*)), where f0(z) = In г and f0(z), n = 1,2.3. are again 
vector functions, in{z) = (( = - ^лУ/2,(г - A0.2) l /a (* ~ Ae.„„)"2). 

The Hiemaini surface of f(r) consists of infinite number of the copies of the complex plane 
С cut along the ray [A„,!n< + °o). Those sheets are sticked together in a suitable way along rims 
of the пи .segments between neighboring points in the set. of thresholds A„,j. a = 1.2,3. j = 
l. 'J,...,nn, anil ,\„ =. 0. 'i he sheets П|0/,/,|д of this surface are identified by the indices of 
branches of the functions Ы*) = I" = fl"(l b,j{z) = (z - A„,j) , /2 in such a manner that /0 is 
integer and /,-,, о = 1,2,3 are mult i-indices, /„ = (/„(l. /n,2, ...,/„,„„), /„j = 0,1. For the main 
branch of the function f„j(~). #" = ^ 2 , 3 , j = 1,2,...,»«, we take lnJ = 0, and otherwise 
'rij = I. In the case if there exist coinciding thresholds i.e. An,,- = \(i<j at n ф 0 and/or / ^ j 
(this means that discrete spectra of the pair Iiamiltoniau coincide partly though for two pair 
.subsystems or though one of the pair subsystems has a multiple discrete spectrum) then on 
the each sheet. 11/0/,/г/, indies /„,, and lflj coincide, too, / 0 1 ;= /^ . As /0 we choose the number 
of the function In z branch. In г = In | ; | -f г\э„ -f 12тт10 with уэ„. the argument of ; . r = | : | e ' ' ° . 
^>o С (0,2л-). Sheets \U„i,hh *,r<; «ticked together (along rims of the cut) in such a way that 
if parameter z going from the sheet 11|0/,/.д, crosses segment of line between two neighboring 
thresholds A,,,,- and Xflj, A».. < A/j,j (or Amax and A0) than it conies to the sheet H/j/j/j/?,. with 
indices Цк corresponding to A,,fc < A„,, (K,k < Amax) which change by 1. For all this if /,.А. = 0 
then /'д. = I; if/-уд. = 1 * ben l'yk = 0. Indices L,,k for A.,,*. > АЛ,, and /„ stay unchanged: 
l'^k = i^k% i> — /(], i„ |be case if parameter z crosses the rut on the right from the three body 
threshold A0 (at. 1С > Ao) 'hen all the indices Ц,к change as was described above. Besides, 
the index /,, changes by li too. If at that, z crosses the cut from below up then /(', = /0 + 1. 
Otherwise 1'0 = /„ — I. Further, by /we denote the rniilti -indexI = {hiJ\.li,l;\). 

'Thus, we have described the Ricmann surface of the auxiliary vector- function f(c). 
As mentioned above we shall consider only a part of the three body Niemann surface which 

will be denoted hy Ш. We include in ?R all the sheets II/ of the Kiemann surface of the function 
f(«) with /0 = 0. Also, we include in Ж the upper half plane, I m : > 0, of the sheet 11/ with 
'n = +1 and the lower half- plane, lm г < 0 , of the sheet II/ с /0 = - 1 . For these parts we keep 
the previous notations l'l/, IQ = ^ ' i assuming additionally that, cuts are made on them along the 
rays belonging to the set '/?,-•, = U r̂"» • Here, £r

(,?,' = {z : z = zrp. \ < p < +oo. cr € a^} 
n=l 

is a totality of the rays beginning at the resonance points zr 6 ст™ of the subsystem n and 
going to infinity along the directions zr = zr/\zr\. 

The sheet II/ for which all the components of the nuilti index / are zero. /0 = /„,, = 0. 
о = 1,2,3, j — 1,2,.-ч"», ' s «died the physical sheet. The unphysical sheets II/ with 
A» = 0 are called the two-body sheets since these ones may be reached rounding the two body 
thresholds only and it, is not necessary to round the three body threshold Au. The sheets II, 
at /0 = ±1 are called the three-body sheets. 

On the base of Sec. 'I results one can prove the following 

LKMMA 5. For each two-body unphysical sheet II/ oj the surface rR there exists such a path from 
tin: physical shed ]\0-to the domain ]\}°.' o/" II/ going only on the two body unphysiivl shuts 
He thai moving by this path, the parameter г stays always in respective domains II}!"'1' С 11/-. 
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6. C O N T I N U A T I O N OF T H E F A D D E E V E Q U A T I O N S AND 
R E P R E S E N T A T I O N S FOR M A T R I X Л/(г), S C A T T E R I N G M A T R I C E S 
AND R E S O L V E N T ON U N P H Y S I C A L S H E E T S 

In the present section wc formulate main results of the paper. In view of space shortage their 
proofs will bo given in the following paper [43]. Here we outline only schemes of the proofs. 

We begin with description of continuation on tinphysical sheets of the Faddeov equa­
tions (2.'l). 

Let [Aa1 = diag{/(,,i- 'o,2i"4 '«.л,,} be the diagonal number matrix constructed of the 
components /0 i, /„ 2, ...1 ln,nn °l" l-hfi multi-index / identifying a certain shoot, II; С ?JJ. For all 
this £,(/) = diag{/>>, /,<2>, / Я } and /,(/) = cliag{/,0, Ц] г. /,„ = /„. 

Let sn,\(z) be the operator defined in Ti0 by 

(6.1) s„,,(2) = /o + .h(z)ta(z)jl(z)A0(z)L0, z € П0. 

It follows from Eq. (6.1) that s0,( = /0 a t / 0 = 0. If/0 = ±1 then according to Hqs. (<l.42) (4.44), 
the operator s0<i(z) is defined for z £ VbftC* and acts on / € H 0 as 

(6.2) (s0,i(z)f)(h = / dk'sn(ka,k'n,zcos2и)/{сояшак'пУя'тшар0), 

where P = {cosw0fc0, sinu>apa} and .s„ is the scattering matrix (2.16) for the pair subsystem 
a. We take into account here the fact that /0 • Sign Imz = 1 for /0 = 1 as well as /0 = - 1 -
Remember that for l0 = 1 ••be sheet П; is actually the upper half-plane C + and for /0 = - 1 , 
the lower one, C + (in accordance with our choice in Sec. 5 of the part Sft of the total three-
body Ricmann surface). Therefore one can see now that on the both three body sheets II/, 
/0 = ± 1 , the operators sa,i arc described by the same formula (6.2). As a matter of fact, the 
operators saj(z) represent the scattering matrix (2.16) for the pair subsystem a rewritten in 
the three-body momentum space. 

It follows immediately from Eq. (0.2) that if z € 7>ьПС ± \ z™ t l l e « tberc exisls the 
bounded inverse operator s~,(z), 

{sl\(z)f){P) = / d"k's~lCka,'k'n,zcos2wa)f'(cosu)ak'a,su\u!aj>a) where s~l(k,k',() stands for 

the kernel of the inverse pair scattering matrix sa(Q. 
The operator s-1

((.z) becomes unbounded one at the boundary points г belonging to rims 
of the cuts ("resonance" rays) included in r/\"}. 

THKOHKM 8. The absolute terms t„(P,/-", 2) and kernels {taИо){13, Р',z) of the Faddeev equa­
tions (2.1)) admit the analytical continuation in a sense of distributions ow.r 0 ( C 6 ) both on 
two-body and three-body unphysical sheets Ilj of the surface 31. The continuation on the sheet 
lit with I = ( / 0 , / м , . . . , / | ,пц(2.ь—i 'г,п2,/3,1,...,/.•),„.•,), /о = 0, lp,j = 0 , 1 , or l0 - ± 1 , lp,j = 1 
(in both cases /3 = 1,2,3, j = 1,2,...,np) read as 

(6.3) t'jz) = t0(z)\Ui = tQ - LoAotaJls;^0ta - Фа.1(а)'/,(о)л(°и<и)Ф;, 
(6.4) ' Ыг)По(г)]\П1 = еа(гМг) 

where R[{z) = lio(z)\f] = lio{z) -f L0A0(Z)JQ(Z)JO(Z) is the continuation [39] on П; of the 
free Green function tto(z). If '0 = 0 (and consequently, П/ is a two-body sheet) then the 
continuation (6.3), (6.4) can be made on the hole sheet П/. For /0 = ± 1 (i.e. in the cane 
if 111 is a three-body sheet) the form (6.3), (6.4) continuation is possible only on the domain 
ph(]lli. /1 / the kernels in r.h. parts of Eqs. (6.3) arc taken on the physical sheet. 
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I'roof of (ho theorem is based on utilizing tlic properties of the C'auclii type integrals (sec 
Ix-iniiia from Sec. 2 of lief. [39]), which arc the integral terms of Eqs, (2.4). 

Using Eqs. (6.3) and (6.4) one can rewrite the Faddeev equations (2.6) continued on the 
.sheet 11/ in the matrix form 

(fi.o) M'(z) = t'(*) - t ' (*)Ri(*)TM'(*) 

(6.6) t'(z) = t - /io/lotJis,-1 J 0 t - ФЛ{/„ Л,Л1Ф*, 

((5.7) R0(z) = Ro(*) + laA0(z)4(z)J0(z). 
Here, si(z) = d\ag{su(z),S2j(z),S3,i{z)}. By JVf'(z) we denote a supposed analytical continu­
ation of the matrix 1Щ2) on the sheet П/. 

THRORKM 9. The kernels of the iterations QSn\z) = ( ( - t R 0 T ) n t ) ( z ) , n>\, allow, in a 
sense of distributions over О(С0), the analytical continuation on Ihc domain Щ °' of each 
unphysical sheet П, С Ш. The continuation is described by Qln)(z)\nt = ((-№0Т)пЪ1)(г). 

REMARK 2. The products LiWTQ™, Q ( m>T*j |L, , Z0JoQ<m), Q ( m , J ^ o , 
/ .^ ,Ф*Тд( т )ТФЛ}/„, ^oJoQ (m)JJ^o, 2/ ,J ,*-TQ(»)jJZ0 and 2,0J0Q(m>T*j{Z,b 0 < 
w < n, arising at substitution of the relations (6.6) and (6.7) into Q ( n )(z) |n , have to be 
understood in a sense of the definitions of Sec. 4. 

REMARK 3. Theorem 9 means that one can pose the continued Faddeev equations (6.5) only 
in domains П,(,ю1) С П,. 

Construction of the representations for Ml(z) consists actually in an explicit "solving" the 
continued Faddeev equations (6.5) in the same way as in Refs. [39], [40] where the type (3.2) 
explicit representations had been found for analytical continuation of T-rnatrix on unphysical 
sheets of the energy Riemann surface in the multichannel scattering problem with binary 
channels. Utilizing the expressions (6.6) for t '(z) and (6.7) for R 0 (z) , we begin with transfer 
of all the summands including M'{z) without J0 and J , to the left-hand part of (6.5). Then 
[for z g cr(tf)] we inverse the operators I + t(z)Ro(z)T, using the relation (I + t R 0 T ) _ 1 = 
I - MTRo (see Ref. [29]). Introducing the new unknowns 

X ^ H i o l s ^ J o f l - t R o J T M ' , 
Xj ' ' = -L\ [ j ^ * R o + A p W ^ * J t J o ] ТА/', 

we obtain for them a closed system of equations which was succeeded to solve explicitly. 
Expressing then Ml(z) by XQ a n d X, one comes to the desired representations for M'(z) . 

THEOREM 10. The matrix M(z) admits in a sense of distributions over 0(C6), the analyt­
ical continuation in z on the domains П, ° of unphysical sheets П/ of the surface 3t. The 
continuation is described by 

(6.8) M' = M- (Mtf3l Ф3\.+ M T * j { ) LA SflL ( л 1 ф . т ° М ^ j,<&- ) 

П 2 ) where St(z) is the truncated scattering matrix (4-19), L = diag{/0,/i,1,..., / l i n , , Z2,i,..., /2,; 
/3(i,.-., /з,в3} and L = diag{|/o|: 'i,i>•--» 'i,ns, h,h—, k,n2-> ' з ,ъ-> 'з,п3}- Kernels of all the 
operators in the right-hand part of Eq. (6.8) are taken on the physical sheet. 
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Nolo that LA Sfy(z)L = l[SJ(z)]-i AL. Thus, the relations (6.8) may be rewritten also 
in terms of the scattering matrices S\{z), It is clear that these relations may be rewritten in 
terms of symmetrized (truncated) scattering matrices [28], too. 

The representations for continuation of the (truncated) scattering matrices h)(:). >'/(c): 
TioB'Hi - » # o ® W t and SJ(z), SJ{z) : Н0 ф W, -> П0 © H\, follow from the represent at ions 
(6.8) for All(z). Before writing final formulae wc make some remarks, 

First of all, wc note that the function AQ{Z) is univalent. It looks as И(,(г) - — 7r/:* on 
all the sheds П|. At the same time after continuing from Ho on II •, the function Afiij(z) -
—isiyjz— \p,j keeps its form if only lpti = 0. If Ipj = L this function turns into A'^Jz) = 
—Ap,j(z). Analogous inversion t?kcs (or does not take) place for the arguments /', J". />„ and /V, 
of kernels of the operators J 0 $ W n * 4 , Л0ПЛ/ТФЛ|, WTM&il and J,V|>-(TV + T A / T ) 4 M J . 
too. Remember that on the physical sheet IIQ, the action of ,I0(;r) (.)0(г)) transforms /J g R" in 
фР (P' <= R ° in уДР'). At the same time, p0 6 R 3 [p'0 6 R 3 ) turns under ,)ll}i(z) (.l)^(s)) 
into \Jz — Xa,ipa (y/z — bp,jfi'p)- Therefore we introduce the operators £(/) = diag{£u. £|} 
where So is the identity operator in 7lQ if /0 = 0, and £o, the inversion (£af)(P) = f(-P) if 
/, ,= ±1. Analogously, £,(/) = diag{£-,.,...,£•,„,; £2.1, ••••.£2.7.3; £а,и-,£л,п3) where StiJ is the 
identity operator in 7 T ^ ' J ' if Ipj = 0, and £/j,j, the inversion {£p,jf)(pp) = /(-/ ' /?) if 1ц,, = I. 
Ну ei(/) we denote the diagonal matrix e.(/) = diag{ct,1,...,0|,Ti,; c2,i, ...,<;,„,; e3r), ...,е.ч,н,} 
with the elements cpj = 1 if Ipj = 0 and «a,,- = —1 if Ipj = 1. Let (•(/) = diag{o(„0|} where 
« o = + l . 
TllEOllKM 11 . / / there exists a path on the. surface. 3£ such that at moving by it from tin: 
domain П} '" ' on П0 to the domain П, '" ' f] П}}?' on П;<, the parameter z stays on intermediate, 
sheets 11;» always in the domains П, "'р)!!}1,?,1, then the truncated scattering matrices S'i(z) 
and S\{z) admit analytical continuation in z on the domain Ll| p)Il|}?' of the shad. lie. Tin: 
continuation is described by 

(6.9) ЭД|П|| = £ ( 0 [ l + £77, /le(/') - / ,77/ Л .9,7* 7/77, Ле(/')] £(/'), 

(6.10) S'/(*) = £(' ') I + c(/')/l / , 7 7 - с ( / ' ) Л LTL* [S},]-lA L'flUV] 

4 2,112' «Аетт // = {/0, /',.„...,/',.„„ . 2 . „ - A n , > 4 . M - A . * } «'" ' '-' = (I'ol- ''.и,•••7'1„„, / , . „ . . . , / , , 
/' /' 1 
•:),l* • • ч ' з . п , J-

As we have established, the kernels of all the operators present in the right hand part 
of expression (2.7) for the resolvent R(z) admit, in a sense of distributions over (9(C(i), the 
analytical continuation on the domains Hj " ' of unphysical sheets II; С SR. Hence, the kernel 
li{P, I", z) admits such representation, too. 
TllKOIlEM 12. The analytical continuation, in a sense of distributions over (Э(Св), of tin:' 
resolvent B{z) on the domain. I I , 1 0 ' of unphysical sheet П/ С Я? is described by the formula. 

ВД|п,=я+ 
(6.ii) +([/-«v].i0, nii-RoMT^jOMsr'/^j^.'Jj^^jnt 
Kernels of all the operators present in the right-hand part of Eq. (6.11) are taken on the 
physical sheet. 

Note that in their structure, the representations (6.11) are quite analogous to that for 
analytical continuation of the two body resolvent (3.7). Proof of the expressions (CM) an* 
based on immediate using the representations (6.8) for M'(z). 
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МотовиловА.К. Е5-95-45 
Представления для трехчастичной Т-матрицы 
на нефизических листах 

Формулируются явные представления для аналитического продол­
жения компонент Фаддеева трехчастичной ^-матрицы.на нефизические 
листы римановой поверхности энергии. Согласно этим представлениям 
^-матрица на нсфйзических листах выражается в терминах ее компонент, 
относящихся лишь к физическому листу. На основе представлений 
для Т'-матриц.ы формулируются аналогичные представления для аналити­
ческого продолжения матриц рассеяния и резольвенты. Дано описание 
областей применимости полученных представлений. 

Работа выполнена в Лаборатории теоретической физики им. Н.Н.Бого­
любова ОИЯИ. 

Препринт Объединенного института ядерных исследований. Дубна, 1995 

. Motovilov A.K. E5-95-45 
Representations for Three-Body T-matrix on Unphysical Sheets 

Sxplicil representations arc formulated for the Faddecv components 
of three-body ^-matrix continued analytically on uhphysical sheets 
of the energy Riemann surface. According to the representations, the T-matrix 
on unphysical sheets is obviously expressed in terms of its components taken 
on the physical sheet only. The representations for T-matrix are used then 
to construct similar representations for analytical continuation of three-body 
scattering matrices and resolvent. Domains on unphysical sheets are described 
where the representations obtained can be applied. 

The investigation has bee'n performed at the Bogoliubov Laboratory 
of Theoretical Physics, JINR. 
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