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Neoclassical and anomalous transport 
in axisymmetric toroidal plasmas 

with electrostatic turbulence 

H. Sugama 
National Institute JOT Fusion Science, Nagoya 464-01, Japan 

and 

W. Horton 
Institute for Fusion Studies, The University of Texas at Austin 

Austin, Texas 78712 

Neoclassical and anomalous transport fluxes are determined for axisymmetric toroidal 

plasmas with weak electrostatic fluctuations. The neoclassical and anomalous fluxes are 

defined based on the ensemble-averaged kinetic equation with the statistically averaged non

linear term. The anomalous forces derived from that quasilinear term induce the anomalous 

particle and heat fluxes. The neoclassical banana-plateau particle and heat fluxes and the 

bootstrap current are also affected by the fluctuations through the parallel anomalous forces 

and the modified parallel viscosities. The quasilinear term, the anomalous forces, and the 

anomalous particle and heat fluxes are evaluated from the fluctuating part of the drift ki

netic equation. The averaged drift kinetic equation with the quasilinear term is solved for the 

plateau regime to derive the parallel viscosities modified by the fluctuations. The entropy 

production rate due to the anomalous transport processes is formulated and used to identify 

conjugate pairs of the anomalous fluxes and forces, which are connected by the matrix with 

the Onsager symmetry. 

Keywords: neoclassical transport, anomalous transport, electrostatic turbulence, drift 

kinetic equation 
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I. INTRODUCTION 

Extensive theoretical and experimental studies on transport processes of magnetically 

confined plasmas have been performed over many years since it is crucially important to 

understand the transport rates for realizing controlled nuclear fusion. The neoclassical 

transport theory1-3 is based on Coulomb collisions of particles moving in toroidal magnetic 

configurations. Particle and energy transport fluxes observed in most fusion devices exceed 

the predictions of the neoclassical theory and thus are called anomalous transport.4 The 

anomalous transport is considered to result from the turbulent fluctuations caused by vari

ous instabilities existing in confined plasmas. Most of the theoretical works on the anomalous 

(or turbulent) plasma transport have been done separately from the neoclassical transport. 

Shaing5,6 and Balescu,7 however, have attempted to unify the neoclassical and anomalous 

transport theories. The present work treats this same problem from a different approach. 

Here we investigate the weakly turbulent regime as in the theories of Shaing and Balescu. 

Only electrostatic fluctuations in the axisymmetric toroidal system are considered for sim

plicity. The principal difference between the present theory and the formulation of Shaing 

and Balescu lies in the way of dividing the physical variables into the average and fluctuating 

parts. Two-scale separation of spatio-temporally varying quantities is essentially important 

in treating both the neoclassical and turbulent effects. Variables treated by the neoclassical 

theory are spatio-temporally smooth and regarded as the ensemble-averaged parts while the 

fluctuating parts are treated mainly by the anomalous or turbulent transport theory. For 

example, the averaged flow is incompressible to the lowest order in the neoclassical theory, 

which is crucially important in deriving the neoclassical banana-plateau transports fluxes. 

This incompressibility is derived from the continuity equation with the slow temporal vari

ation of the ensemble-average density neglected. On the other hand, the fluctuating part of 

2 



the flow can be compressible, which causes the ion sound wave, the ion temperature gradient 

driven mode and other effects that influence the anomalous transport. Here we emphasize 

that it matters significantly how the separation of variables into the average and fluctu

ating parts is defined. In our treatment, strict separation into the ensemble-average and 

fluctuating parts is done at the level of the kinetic equation. We define the average part of 

fluid variables such as densities, flow velocities, temperatures and heat flux from the average 

kinetic distribution function. These definitions are different from those given by ensemble-

average of random fluid variables. For example, tlie flow velocities and temperatures given 

from the average kinetic distribution function (which we call the 'kinetic definition') deviate 

from the average of the random flow velocities and temperatures given from the random 

kinetic distribution function (which we call the 'fluid definition'). In the works of Shaing 

and Balescu, clear definitions for the average and fluctuating parts are not written although 

they seem to obey the fluid definition. When the fluid definition is employed, the averaged 

fluid equations include many nonlinear terms with respect to the fluctuations of the fluid 

variables. On the other hand, by using the kinetic definition, each fluid equation contains 

only a single nonlinear term with respect to the fluctuations, and thus the complexities are 

reduced. 

Furthermore, the kinetic definition makes clearer the division of the total transport into 

the neoclassical and anomalous parts. The averaged kinetic equation is a starting point of 

the neoclassical part of the theory, where the effects of the fluctuations are contained through 

the term including the statistically averaged quadratic nonlinearity. We define anomalous 

particle and heat fluxes from this term quite naturally according to the analogy to the 

definitions of the classical and neoclassical fluxes. This definition of the anomalous heat flux 

is different from that of Shaing5,6 and Balescu.7 Thus, this statistically averaged nonlinear 

term plays an essential role in the unification of the neoclassical and anomalous transport 

theories, and it is calculated by the quasilinear technique in the weakly turbulent regime. 
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Evaluation of this quasilinear term requires the fluctuating part of the kinetic distribution 

function. In our formulation, owing to the kinetic definition, the fluctuating part of the 

kinetic equation coincides with the standard drift or gyrokinetic equation for the plasma 

turbulence, and the fluctuation of the kinetic distribution function takes a well-known form 

used for microinstabilities. In contrast Shaing5'6 and Balescu7 employ Shaing's ansatz5"7 

for the kinetic distribution and derive the kinetic response to the fluctuations from a drift 

or gyrokinetic equation including non-diamagnetic flow dependence which we treat by the 

average part of the drift kinetic equation. 

In the present formulation :he modified averaged parallel viscosities are obtained in the 

plateau regime from the solution of the averaged drift kinetic equation and the fluctuations 

affect the neoclassical banana-plateau transport fluxes. We find the new relation between 

the parallel viscosities and the average poloidal flows caused by the electrostatic fluctuations, 

which are not described by Shaing and Balescu since the quasilinear fluctuation effects on 

the average kinetic distribution are neglected by them. Physically, the parallel viscosity 

modification arises from the pressure anisotropy induced by the parallel velocity diffusion 

produced by the drift wave fluctuations. This anisotropy competes with the neoclassical 

anisotropy mechanism from the poloidal flow in producing the parallel viscosity. 

We also analyze the Onsager relations and the entropy production functional in the 

anomalous transport system. Shaing argues that the Onsager relation holds for the anoma

lous transport coefficients6 while Balescu claims that it does not.7"9 Here, we emphasize that 

the Onsager relation is closely related to the entropy production. For example, in the classi

cal process, the entropy production defined in terms of the collision operator is represented 

by the product of transport fluxes and thermodynamic forces and the Onsager symmetry is 

valid for the transport matrix which relates these fluxes and forces to each other.3 Thus, 

conjugated pairs of the fluxes and forces are determined through the entropy production 

functional. According to the neoclassical and anomalous transport processes, there exist 
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two types of entropy production, one is derived from the collision operator as mentioned 

above, and the other is due to the transfer of energy and momentum through the anomalous 

processes. Since neither Shaing nor Balescu give clear expressions for the entropy produc

tion in the anomalous transport process from which the conjugate pairs of the anomalous 

transport fluxes and forces should be defined, their argximents on the Onsager relation seem 

to be incomplete. We define the anomalous entropy production in terms of the anomalous 

quasilineaT term and thus give the conjugate flux-force pairs. The resulting expression of 

the anomalous entropy production coincides with that derived by Horton.10 It is also shown 

that the Onsager symmetry is satisfied by the anomalous transport matrix connecting these 

anomalous fluxes and forces. However, this anomalous transport relation has the structure 

which is totally different from the classical or neoclassical one, since the anomalous transport 

matrix is also a highly nonlinear function of the forces such as the density and temperature 

gradients through the eigenfrequencies. Furthermore, in order to the complete transport re

lations, the spectrum of the potential fluctuations remains to be determined. The fluctuation 

spectrum is given by the nonlinear saturation mechanism although here we only treat the 

spectrum as given following the works of Shaing and Balescu. We estimate the anomalous 

transport and the parallel viscosities from the dispersion relation for the ion temperature 

gradient driven mode. 

This work is organized as follows. In Sec.II, basic equations for the density, momentum, 

energy and energy fluxes are derived from the ensemble-averaged kinetic equation including 

the effects of the electrostatic fluctuations through the quasilinear term. In Sec.Ill, the neo

classical and anomalous transport fluxes are defined. In Sec.IV, the average and fluctuating 

parts of the drift kinetic equation are shown, which give the bases for the neoclassical and 

anomalous parts of our theory, respectively. In Sec.V, we derive the entropy production in 

the anomlous transport process and show the Onsager relation between the conjugate pairs 

of the anomalous transport fluxes and forces. In Sec.VI, the averaged drift kinetic equation 
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with the quasilinear term is solved for the plateau regime to give the average parallel vis

cosities. There, estimates are given for the anomalous transport and parallel viscosities from 

the dispersion relation for the ion temperature gradient driven mode. Finally, conclusions 

and discussion are given in Sec.VIII. 

I I . BASIC EQUATIONS 

We start from an ensemble-averaged kinetic equation for species a: 

dft ^ + v - V / a + — ( E + - v x B ) . ^ = C a + I?a ( i) 
at ma \ c / ov 

where Ca is a collision term and Va is fluctuation-averaged nonlinear term defined by 

> ' ens 

E = -V$ (3) 

Here (-)cns denotes the ensemble average and we divided the distribution function (the electric 

field) into the ensemble-averaged part fa (E) and the fluctuating part fa (E). Taking the 

moments of the kinetic equation yields the following fluid equations. The continuity equation: 

^ + V • (nana) = 0. (4) 

The momentum balance equation: 

mana ( — + ua • V J u a = naea ( E + - u a x BJ - Vp a - V • ir0 + F a l + K a l (5) 

The energy balance equation: 

2 ~m = _ v " (q"+ 2 P a t l a + 7r° * u ° ) + U a " V p a + U a " ^ V " **)+ Qa + Ha- (6) 

The energy flux equation: 

mana—rr- = — E • f AP"1 + *"<> + m a n 0 u a u a ) + - Q a x B 
at m a L \ 2 / c J 

+ — f | ( P . i + K o l ) + (Fo 2 + Ko 2)l - V • r0 (7) 



Here F a l , Qa, and F a 2 represents the collisional generation rates of momentum, heat, 

and heat flux, respectively, which are defined in Ref. 2. The density n a , pressure p a , flow 

velocity u a , heat flux q a , total energy flux Q„, viscosity tensor x a i and energy weighted 

stress tensor ra are all defined from the ensemble-averaged distribution function fa in the 

standard way as given in Ref. 2. It should be noted that these 'kinetic' definitions of the 

average fluid variables are different from the conventional 'fluid' definitions: for example, 

the both definitions give the same average density and pressure although the average flow 

velocity in the latter is defined by the average of the random flow velocity given from the 

total kinetic distribution and is different from that in the former as 

/ J d y / . + £ ) v \ ,Sd3vfav_ . 
\I<Pv(fa + fa)/enJ Jd>vfa - ' ^ 

and similarly the different average temperatures are given depending on the definitions. By 

our kinetic definitions, the above fluid equations contain the nonlinear terms with repsect 

to the kinetic fluctuations, which are all derived from 2>a, while, when the fluid definitions 

were used, there are large numbers of nonlinear terms with respect to the fluctuations at 

each level of the averaged fluid equations. For example, the averaged momentum balance 

equation is written in the fluid definition as 

-f m„V • (n a u a u a -f n a ( u a u n ) e n i 4 (n a u a ) e n j u a 4 ixa(«aUa)en3 4 (n a u a u a ) e n s ) 

= naea \E 4 - u 0 x BJ - Vp a - V • 7ra 4 F a i 4 ea(nBE)«„f 4 — (naua)en, x B 

0) 

where all the random fluid variables are defined from the total distribution function fa 4 fa 

and devided into the average (u0 , • • •) and fluctuating parts (u a ) • • •)• 
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The heat generation rate and forces resulting from the fluctuation term T>a are given hy 

Ha = J d3vT>a-ma(v - uaf = ea {(f a - riaua) - E ) ^ 

K „ I = [ dzvVamav = ea (n aE) 

= ~(~(pa-naTa)B + ittl-E) (10) 
J-o » ~ ' ens 

where we defined the fluctuating density, particle flux and pressure (scalar and stress parts) 

as 

n0 - J d3vfa 

pa = g J d3vfamav
2 

* . = / ^ / . ^ ( w - -v2 l) (11) 

Let us define an ordering parameter A for the fluctuating variables as 

fa ea$ na k\\ . 
— ~ — ~ - - ~ — ~ A (12) 
fa 1a na kx 

where k\\ ~ L a (L: the scale length of the plasma equilibrium quantities) and k± denotes 

the parallel and perpendicular wavenumbers of fluctuations, respectively. Then we have 

KajX ~ A 

K a J , | ~A 2 (j =1 ,2) . (13) 

Another ordering parameter is a drift-ordering parameter 6 given by 

6~Pa/L (14) 
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where pa is a thermal gyroradius. When A ~ 5, we should use the gyrokinetic equation 

to obtain the gyrophase dependence of /„ . If A ^ 5, the lowest-OTder part of fa has no 

gyrophase dependence and is obtained from the drift-kinetic equation. In the latter case, x a 

has a Chew-Goldberger-Low (CGL) form: 

*„ = {p\\a - P_u) Inn — —M 

Pl\a = J d3vfamavj 

Pxa = -fd3vfamav
2

x (15) 

where n = B / i ? , v\\ = v • n and vj_ = v — v\\n. 

Prom the perpendicular components of Eqs. (5) and (7), we have the perpendicular clas

sical and neoclassical fluxes of particles and heat of 0{52) and the anomalous perpendicular 

fluxes driven by KOJx °f <9(5A). In the parallel components of Eqs. (5) and (7), forces such 

as (V • To)!! and (V • rQ)n are 0(5) while the parallel forces Ka j | | are C(A 2 ) . Thus, if we 

take A ~ 5, the order of the anomalous perpendicular fluxes is equal to that of classical and 

neoclassical perpendicular fluxes, and the fluctuation effects due to Ka j | | on the neoclassical 

banana-plateau fluxes and the bootstrap current are neglected. Hereafter, we employ the or

dering A ~ 51'2 ^> S. Then the anomalous perpendicular fluxes exceed the neoclassical ones 

and besides the banana-plateau fluxes and the bootstrap current are significantly affected 

by the fluctuations as shown in the following sections. 

III . NEOCLASSICAL AND ANOMALOUS FLUXES 

In axisymmetric systems such as tokamaks, the magnetic field is given by 

B = / V C + ^ - V C x VX (16) 

where C denotes the toroidal angle, X the poloidal magnetic flux and / the covariant toroidal 

component of the magnetic field which is a flux surface quantity due to no radial current 
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condition VX - V x B = 0. Hereafter, we assume that the ensemble-averaged distribution 

function / „ is independent of the toroidal angle £ and that all the average fluid variables 

defined from j a and the average electric field E are axisymmetric. 

The lowest-order parts of the continuity equation (4) and the energy balance equation 

(6) show that the divergence of the lowest-order flows \\a and q a vanishes. Using this zero-

divergence constraint and the lowest-order parallel components of Eqs. (5) and (7) with the 

friction-flow relations,2,3 we have the relations: 

—Sz(Bn) 1 _ / R 2 \ U* Ue6 — UiB 
3d. 
Vt 

+ 
\(B(Vle-Vu))] 

(BV2e) 

n,m. 

?n - \ / ! 5 II 
5*11 

nee (BE{\A)) - <B • K e l ) + (B • V • we>" 

- (B • Ke 2) + <B • V • 0 e ) 

and 

W (**>=I j W+{mi)=~te(-<B • K * > + ( B •v •0i>) 

(17) 

(18) 

where (•) denotes the magnetic flux surface average, and 0 a = (mc/Ta)[ra - ~\(\: ra)] — | x a 

Here ua9 and qag is the flux functions2 defined by 

uae(ip) = 
ua-ve 

q*e{i>) = 
_ q a • V0 (19) 

B - V 0 ^ c v r , _ B - V e 

with the poloidal angle d and an arbitrary flux label ip. The dimensionless coefficients a\\, 

a\\, KJj and K[I are given in Ref. 3. The diamagnetic flow contributions Via and Via are defined 

by 

_ 2TT/ cTa (p'a eaV 
Via = ——, ™ I r — 

V 2 n S 

X' eaB \pa ' Ta 

2irl cT' 
(20) 2a~ X' eaB 

The species summation of the lowest-order parallel component of the momentum balance 

equation (5) gives 

(B • V • x e ) + (B • V • ir,-> = 0 
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where we should note that the species summation of the anomalous forces £ a K a i vanishes 

due to the quasineutrality condition £ „ eana = 0. The parallel viscosities (B • V • ira) and 

(B - V - 0 a ) are calculated by solving the ensemble-averaged drift kinetic equation which 

contains the quasilinear fluctuation term as shown in the following sections. The source 

of the parallel viscosities consists of two parts : one is the same as in the conventional 

neoclassical theory2,3 due to the poloidal flows and the other is the anomalous drive due to 

the quasilinear fluctuation term. Thus, the parallel viscosities are written as 

< B . V . * - 0 ) 
( B - V - 0 . ) 

= 3<(n-VB)2} 

= 3 ((n • V5)2} 

Vol Ma2 

A*a2 A»o3. 

A*al /*a2 

^a2 Ma3 

VaB 
22afl. 

lb pa . 
+ Ya2 

UaB - Wal 

l&UL _ Wan 
5 pa

 a~ 

(22) 

Here the neoclassical viscosity coefficients ftaj (j = 1,2,3) are given in Ref. 2 for the Pftrsch-

Schliiter, plateau, and banana regimes, and written in Ref. 3 as 

3 ((n • VBf) 
A*a2 Va3 

nama 
( * > 

Mil vfj /*13 

. V 2 ^ 3 1 2^33 
(23) 

for the banana regime, where <p and [i°k should be replaced with <pa* and A,* for the plateau 

regime (see Ref. 3 for the definitions of these coefficients). In Eq. (22), Yaj (j = 1,2) denote 

the anomalous parts of the parallel viscosities, Waj (j = 1,2) represent the shifts of the 

poloidal flows due to the fluctuations, and they are calculated in the Sec. VI for the plateau 

regime. 

Taking the flux surface averages of the toroidal components of Eqs. (5) and (7) yields the 

flux-surface-averaged radial particle and heat fluxes up to 0(52) as 

<r. • v $ = <r. • V4>)d + <r. • v^)PS + <r. • v ^ 

+ <r„ • v^ n
5

o m + <r. • v^)anom 
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(q. ' VV-) = (qa * W ) d + (qa • V4>)FS + (qa - V ^ 

+ (qa • VV)a
p
n
5
om + <q« • V^) a n o m (24) 

where the first three in the right-hand sides represent the classical, Pfirsch-Schluter and 

banana-plateau fluxes while the last two are the anomalous contributions defined later. The 

classical and Pfirsch-Schluter fluxes are given in terms of the pressure and termperature 

gradients in the same way as in the case of no fluctuations and theiT transport relations are 

written in Refs. 1-3. However, the fluctuation effects appear in the anomalous fluxes as well 

as in the banana-plateau transport relations as shown later. 

Anomalous terms (B • K a j) and Waj (or Yaj) axe incorporated into the neoclassical frame

work by defining the modified forces and poloidal flows as 

(B(Vle - Vu))
{m) = (B(Vle - Vu)) + \ / f 5 | | ^ - (B - Ke2) + (B2) (Wel - W{i) 

(BV2e)™ = (BV2e) - \K\-~- (B • Ke2) + (B2) We2 

(BV2l)™ = (BV2l) - 1~4-~{B • Ka) + (if?2) Wi2 

(BE^)(m)=(BE^)-(nee)->(B.Kel) 

( m ) TT7-

1M-=\M-Wa2 (25) 
O Pa O Pa 

If we use the above modified forces and poloidal flows, the neoclassical expressions for the 

parallel viscosities and accordingly for the banana-plateau particle and heat fluxes which are 

valid even in the presence of fluctuations. From Eq. (17), we can obtain the contributions 

of fluctuations to the parallel current. Then, from Eqs. (17), (18), (21), (22) and (23), we 
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obtain the banana-plateau transport equations as 

" rkp jbp T^P jbp' 
h n l>12 ^13 -^14 (IWV)^ 

, 2 v - l / 2 / « . \ ( " » ) 

7-fep rbp rbp rbp 
-"21 -"22 -"23 -"24 
rbp rbp rbp rbp 

-^31 ^32 ^ 3 3 -^34 
rbp rbp jbp rbp 

L^il -^42 -^43 -^44 J 
(jpr'-'iBn) 

where the fluxes in the left-hand side are defined by 

2wIc(B-V -ira) 

-TT\dTi/dib)^ 

Tr1 (qa - Vtf)^ = x, 

X' ea (fl2) 

27rIc(B-V-Qa} 

2irl C 

The transport matrix is given by 

rbp rbp rbp rbp 
-"11 -"12 -"13 -"14 
rbp jbp jbp jbp 
•"21 -"22 -"23 -"24 

X bp jbp jbp jbp 
31 -"32 ^33 ^34 

jbp jbp jbp jbp 
^ 4 1 -"42 ^"43 -"44 

nep
2

e f2irl\2 

= 2lwA-Xr) * 

1 0 o 
o 

0 0 

0 

0 

0 
0
 - ^ I ^ K 

lee 
'11 
lee 
*31 
lie 
'31 

' £ 1 

lee 
113 
7ee 
'33 
7te 
'33 
/e 

'13 

'33 

•™33 

' £ 3 

' I JB 

/ e 

n 
' 3 £ 
t-EE. 

1 0 0 

0 / | T e 0 

0 0 

0 0 

0 

0 

0 5ZL 
2Zi 
0 - « & l « e | r e 

(26) 

(Bj9)™ = (B*) - ^ (BEn™ ~ ff°Ce (B • Ke2> (27) 

and the modified pressure and temperature gradients <ire givei from Eq. (25) as 

© w - % + h \ (#>£<B • K->+- <*2> w« - "*•>) 
(28) 

(29) 

where p„ = ^To/|fia| and fltt = e„ (5 2 ) ' /m a c . The dimensionless coefficients /Jf, •• • and A 

are defined in Ref. 3. From Eqs. (18), (22), (23) and (25), the parallel ion viscosity is written 
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as 

M3 (BVX)M 

"vfl 2 1 + Xf, /^ {52) 

The Pfirsch-Schluter type fluxes induced by the parallel fluctuation forces are given by 

(30) 

<"-"«B--£(^('-&)) 
•>- ! /„ T7/\anom 2TTI / n-Ka2 f ^ B' 

^<*-**>~-—Vs^1-^/- (31' 
The anomalous transport induced by the perpendicular fluctuation forces are given by 

( r a . V ^ r o m = ( - ^ - . ( K a l x n ) \ 
\ malla J 

T;1 (qtt • Vt/>rom = ( ^ • (Ka2 x n ) ) . (32) 

The anomalous fluxes in Eq. (31) are negligibly smaller than those in Eq. (32) since k\\ <C k± 

is assumed. 

In the following sections, KOJ and Waj are calculated so that we can evaluate all the 

anomalous contribution to the total transport by using Eqs. (26), (31), and (32). Before 

proceeding to that, we here discuss the general properties of the anomalous transport matri

ces from the linear thermodynamic point of view. We have shown in Eq. (26) the anomalous 

effects on the banana-plateau transport by modifying the forces and the parallel current. 

However, it is useful to express the anomaly in terms of the modification of the transport 

coefficients rather than the forces so that the various contributions to the total transport can 

be represented by the corresponding transport matrices. In order to obtain such expressions, 

we need to express KOJ and Wa} in terms of the thermodynamic forces. Since the density and 

temperature gradients are the causes of the fluctuations, Kaj, Waj and accordingly all types 
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of the anomalous transport fluxes are nonlinear functions of them as shown in the following 

sections, although we here assume that the K a j and Waj are approximated as their linear 

combinations. Noting that the density gradient is also given by the pressure and temperature 

gradients as 

Vln„. = Vlnn,- = V l n P - j ^ ~ ( » W . + ^ I n T . ) (33) 

the K a j and Waj are assumed to be written as 

•a3 

°J 

AD f (2 ) A3) 
laj 1ai 1aj 
,„(1) ,„(2) (3) 
Waj Waj ™aj 

' -n^dP/diP 
-T^dTJd^ 
-T-HTi/di) 

(a = e,i; j = 1,2). (34) 

(The linear thermodynamic form of the anomalous transport will be also discussed in Sec. V.) 

Then, the deviation of the banana-plateau transport from its non-turbulent expression is 

expressed as 

<rc • v^)£ 

L(Br1/2(^n} 

anom 
bp 
anotn 
bp 
anorn 

anom 

rbpan rbpan rbpan r»" 
h n L>i2 A-i3 U 

i bpan rbpan rbpan r\ 
21 X/22 ^23 U 

Xbpan T bpan r bpan r\ 
31 -"32 -"33 u 

Lbpan T bpan r bpan n 
u 41 -"42 ^43 U . 

where the transport matrix is given by 

' rbpan rbpan jbpan 
•^11 -"12 -^13 
rbpan j-bpan rbpan 

-"21 -"22 -"23 
rbpan rbpan rbpan 
-"31 -"M Li** ' 3 1 
r bpan r bpan r bp* 

IJA i Jjjr, Lit* y41 U12 J43 

rbp rbp rbp rbp 
•"21 -"22 -"23 ^24 
rbp rbp rbp rbp 
^31 -"32 -^33 ^34 
rbp rbp rbp rbp 

h l \ Li2 ^43 ^44 

-n^dPfdiji 
-T-^dTjdiP 
-T~ldTi/di> 

(1) M& JLfO) 

(35) 

M%> M% M% 

M®M$MS> Le2 e2 

M2> M™ M, 
e3 
(3) 
.3 

Mf M? Mf 

+ 

0 0 0 
0 0 0 
0 0 0 

MP M™ M™ 

(36) 

with 

^,--^S(fe^B-*VW---a 
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UP = ^ (a2)"1'2 M , (B • # > + a, (B • #>) 

(a = e,i; j = 1,2,3). 

m. 

(37) 

Here the Onsager symmetry and the positive definiteness are no longer ensured for the 

trasnport matrix in Eq. (36) even if that is restricted to the 3 x 3 (or 2 x 2 ) matrix [/$£""] 

with j , k = 1,2,3 (or j , k= 1,2). Similarly, the linear thermodynamic form of the anomalous 

particle and heat fluxes given in Eqs. (31) and (32) can be written as 

<qe • VV)pT 
L(q.-VV)p5°m 

r TanPS TanPS TanPS 
-^11 ^ 1 2 ^IZ 
TanPS TanPS TanPS 

•"21 22 ^ 2 3 
TanPS TanPS TanPS 

•"ai -L>v> -^aa '31 •'32 '33 

-n^dP/dift 
-T^dTJdiP 
-T^dTi/di}) 

<qe • V^> 
L(q.-Vt/>) 

where the transport coefficients are given by 

i anom 

lanom 

i anom 

X an Tan Tan 
11 ^ 1 2 "^13 

TanT an T an 
•"21 -"22 x ,23 
ran Tan Tan 

•"31 -"32 "^33 

-n^dP/dift 
-Tr'dTJdi, 

[-T-'dTi/d^l 

(38) 

(39) 

ranPS __ 

TanPS 
L2j -

ranPS 
L3j ~ 

ran 

2nl fn-&? 
X 

2irITe 

X' 

2TTITJ 

X' 

mSl. 

PO) 

melle \ 

n - i . 2 

<S2> 

B2 

) > 

<£2> 

5 2 

mjfli V" (B2) 

./-Zi-.flffxn) 
\ m e H e 

(J = 1,2,3) (40) 

L% = Te 
mefie 

PO) ( « ' x n) 

x5T"3 i©- ( l S ) x i l )) (i = I'2'3)- (41) 
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Generally, these anomalous transport matrices do not satisfy the Onsager-type symmetry 

and the positive definiteness, and this broken symmetry in the anomalous transport is in 

agreement with Balescu's argument.7-9 

Here, it should be noted that the pairs of the thermodynamic forces and the anomalous 

fluxes employed in Eqs. (35), (38), and (39) are chosen in the same way as in the case of the 

classical and neoclassical transport, which is because we intended to classify the classical, 

neoclassical and anomalous fluxes according to the corresponding transport matrices in the 

linear thermodynamic transport equations. However, there exist qualitative differences be

tween the collision-induced (classical and neoclassical) transport and the turtmlence-induced 

(anomalous) transport. One of them is the intrinsically nonlinear thermodynamic force de

pendence of the anomalous transport and another remarkable difference is that those iwo 

types of transport correspond to different structure of entropy production functional. The in

ner product of the collision-induced fluxes and the thermodynamic forces causes the collsional 

entropy production, by which the conjugated pairs of the fluxes and forces are identified. 

The Onsager symmetry of the classical and neoclassical transport matrices are derived from 

the self-adjointness of the collsion operator. On the contrary, the anomalous transport re

sults in another structure of entropy production.10 The structure of the anomalous entropy 

production is given in Sec. V. The products of the anomalous fluxes and forces in Eqs. (35), 

(38), and (39) do not correponding to this anomalous entropy production, and those pairs 

are not conjugate in that sense. The Onsager symmetry and the positive definiteness are 

not valid for the anomalous transport matrices connecting the conjugated pairs defined by 

the collision operator Ca as mentioned above. In Sec. V, for the operator Va, the conjugated 

pairs of the anomalous fluxes and forces are defined from the anomalous entropy production 

produced by the resonant wave-particle interactions. For the relation between these fluxes 

and driving forces, the Onsager symmetry holds. 
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IV. DRIFT KINETIC EQUATION W I T H ELECTROSTATIC 
FLUCTUATIONS 

The drift kinetic equation11,12 is given by 

^~ + (vl]n + vda)-Vfa + ea — + (V||n + v(fQ)-E(j4) 

dE 
= Ca{fa) (42) 

where fa is a gyroangle-averaged distribution function in the phase space of guiding center 

variables (x, E, f.t) and vda is the guiding center drift velocity. The potential $ consists of 

the time-independent ensemble average part $ 0 = ($)„,, a n d *n e fluctuating part <p: 

$ = $„ + <£, - ^ = ° - (43) 

Then the energy variable E is divided into the average and fluctuating parts: 

E = E0 + ea$ 

E0 = -mav
2 + ea$0. (44) 

Hereafter let us use (x, Eo,[.i) as independent guiding center variables instead of (x, E, /J.). 

Then the drift kinetic equation is rewritten for fa(x,E0,[i) as 

^ + (V)|n + vda0 + vE) • Vja + ea{v\\n + vda0 + v £ ) • (E + E ^ > ) | ^ - = Ca(fa) (45) 

w here 

E = -V<£, vE = -^E x n. 
B 

v,a0 = ~~n x (^-V<fr0 + x\aV In B + 2z2
0n • Vn) (46) 

with xx = vx/vTa, x\\ — v\\/vTa and vj a = (2Ta/mQ)1^2. Due to the electrostatic fluctuation 

terms, the solution fa of the drift kinetic equation also includes average and fluctuating 

parts: 

7. = (7.L + ?. (47) 
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Taking an ensemble average of the drift kinetic equation and retaining the terms up to O(S), 

we obtain 

<t*n + v « ) - V { / „ ) _ + eaz^A) yj~" = { C . f f . ) ) ^ + ©. (48) 

where 

^ = -^,,(^1^) (49) 
To the lowest order, we have 

As a solution of the lowest order equation, we use the Maxwellian distribution function 

7.o = (L„}„, = UM = «***.<&-* = «. (£$ "2 exp (**£*) (51) 

where xa = v/vxa- We should note that the lowest order distribution function / a 0 does not 

include a fluctuating part, i.e., fa0 = 0. To £>(<5), we have 

W • V (7«i>ena +
 v ^ o • V/ a 0 + eaVlE^S^ = Ca((fal)eJ + Va. (52) 

In the right-hand side, we use the linearized collision operator and 

â = - e a *„(£ | , §§ i ) . (53) 
> ' ens 

The linearized drift kinetic equation for the fluctuating part fal is written as 

^ L + (V||n + Vrfo0) • V? o l + vE • V/ o 0 + ea(vnjx + xdaQ) • E | ^ 2 . = Ca(Jal) (54) 

where higher order terms than 0(8) are neglected. Defining the nonadiabatic part ha by 

7«i = --jrfaM + ha (55) 

we obtain 

— -1- (w||n + v^o) • V + Ca ha = { F t + r t n x v l n / o M ' v ) l^faM (56) 
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which has the well known form of the gyrokinetic equation11,13*14 in the zero gyroradius limit-

Using the Fourier representation for the rapid spatio-temporal variation of the fluctuating 

quantities as 

exp[ik - x — ia^t] (57) 4> 
k 

4>k 
Kk 

and neglecting the bounce motion of the trapped ions that is justified in the plateau regime, 

we have 

h„v = 
u — uiE — LO2 e<L<i>k 

u — wE - wD„ - k\\v\\ + iua Ta 

where Ca(hak) is replaced with i/ahak
 a n d 

• / . Af (58) 

UE = k - —n x V $ 0 

cT„ 
ujDa = k- (vaVB + v„curv) = k • ̂ ~n x (z i 0V In B -h 2xjjan • Vn) 

wfa = W.a 1 + ^ ( ^ - 7 

a;,a = k —n x V In na 

eaB 

rja = d\n Ta/d\nna (59) 

are used. Using Eqs. (53), (55), (57), and (58) and assuming that ua <C |w|, we have 

Va = -eav^Re,\^k^ 

el(\$k\2) d 
= - T T £ *||V|| r " J g g l(w - ^ - wj„)5(u; - wB - "Da - V H ) / « M ] • (60) 

From Eqs. (10), (11), (55), (57), and (58), we can calculate the anomalous heat generation 

rate and forces as 

H* - ^ y - H ( l ^ | 2 ) e n 3 / d3vfaM8(u) -uiE- uDa - k\\v\)){u) -u)B- w*) 

20 



x(£||Z>|| - uE — w,a[l + rja]) 

°2 . 

k 

K a i = -K— Y^ (l^kl2) / d3vfaM5(u -uE- wDa - fc|ii>||)(u> ~uE- u£)k 
i o k CT 

K « 2 = T^fT y i ( l^k I 2 ) / (PvfaAfHu -WE- WDa - % > | | ) ( ^ ~ U1B - u £ ) 
J a y cni J 

* [ ( S ^ + *L " | ) V + ( 4 + 2xia - | ) kx] (61) 

When the fluctuation spectrum (i<£k|2) and *-he dispetsion relation w = ujy are given, vre 

can obtain from the above equations the parallel anomalous forces, which are necessary for 

tbe determination of the banana-plateau transport in Eq. (26) and the anomalous Pfirsch-

Schliiter fluxes in Eq. (31). We can also obtain the anomalous fluxes from the perpendicular 

anomalous forces as 

r r = - ^ K C 1 x n eaB 

~<C°m = ~ ^ K o 2 x n. (62) 
•la eaO 

The flux surface averages of the radial components of Eq. (62) were already found in Eq. (32). 

V. ENTROPY PRODUCTION AND CONJUGATE PAIRS OF 
FLUXES AND FORCES IN ANOMALOUS TRANSPORT 
PROCESSES 

We define the microscopic entropy Sam and macroscopic entropy SaM per unit volume 

for species a by 

Sam = - / d3v((fa) + / . ) ln((/.> + /«) (63) 

SaM=-Jd3v{fa)\n(fa). (64) 
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In this section, the subscript for ensemble average is suppressed. We have the relation 

between these entropies by retaining terms up to 0(A2) as 

1 (P) 
SaM = (Sam) + -J dPvjjj: (65) 

Without collisions-, the total microscopic entropy, i.e., the species summation and the spatial 

integration of Sam is conserved although the total macroscopic entropy can be increased by 

the turbulent or anomalous transport process. In this section, we are concerned with the 

entropy production by the turbulent process and neglect the collsional effect by assuming 

that the time scale of the turbulent fluctuations is much shorter than the collision time. Then 

we see from the average kinetic (Vlasov) equation that the conservation of Sa\j is broken by 

Va and the entropy production rate due to the anomalous or turbulent process is defined by 

a* = - fd3vValn{fa). (66) 

From the average and fluctuating part? T f!ie Vlasov equation, we also obtain up to C?(A2) 

•MMs + H©- (67» 
Here we can see that cr£ is due to the spatio-temporal variation of the second term in the 

right-hand side of Eq. (65). Using (/) ^ faM ai*d the linearized drift kinetic equation (54) 

for fa in the collisionless limit and assuming that the temporal variation of faM is much 

slower than that of ( / „ ) , we have 

<tf = \ j d \ j - ( | + V|1n • v ) (fl) = J d3v ( / a [ -v* • V In faM + g ^ n + vd a 0) • E ] } 

= Jal * X a i + J a 2 * Xa2 + Ja3Xa3 (68) 

where we defined conjugate pairs of forces 

X«i = - V In na, X a 2 = - V In Ta, Xa3 = l/Ta (69) 
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and fluxes 

(I^kl2) 
= *Z- 7? 

c^v/oAfSfw - w£ — WDO — /b|]f]i)(cu -UJE- ula)—^k x n 

= " 2 ^ ^ 2 — / V** "" 2~/ ^oA/ ^ " ^ '£ ~ " ^ "" ̂ W * " ' " " W £ ~ " ^ ' T l ? X n 

• («lin + v a V s + Vccurv J 

k 

(l^kl2) 
- / d3vfM6(uJ — u)E — UD<L - k\\V\\)(u — U>E- u*a)(uj - U>E)- (70) 

Here J a i = 1 ^ is the particle flux conjugate to the density gradient force X„i = —V In na and 

is the same as the anomalous particle flux r*nom defined in Eq. (62). J a 2 = qf /T 0 is the heat 

flux divided by the temperature conjugate to the temperature gradient force X a 2 = —V In Ta 

although it is different from the anomalous flux *\™ottl/Ta defined in Eq. (62). The flux Jo 3 

is conjugate to the force Xa3 = l/Ta and represents the rate of the energy transfer from the 

electrostatic fluctuations to the particles moving along the guiding center orbits. 

The positive definiteness of a* ls shown as 

a = * E ^ T ^ / d3vfaMS(uJ - « B - C ^ - k^){tJ - Wfl - ^af > 0. (71 ) 

The relation between the fluxes and forces are given by 

Jol 
Ja2 
«^o3. 

= 

• 1 o Id T « " 
L l l L12 ^13 
1 a 1 ° T * 
L12 L22 -^23 .Lf3 L23 £33 

"X.i" 
x a 2 

L*a3J 
(72) 

where 

k 

e0(l4|2) 
J12 

) f ( 3% (+m-2 / cT \ 
i- J d3V \^xl - - J /.Jtf*(w - W£ - WDa - V i l ) ^ J - ^ J ( k X n ) ( k * n ) 
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L?3 = T 2J f 7 d U ^ * « ~ 2"J /aAf <5(W - W B - W^a - *| |W||)(w - Wjj) — ( k X n ) 

^33 = "" Z^ ea (l^kP) / CpvfaM8(u ~WE- ^Dn. ~ hV]\)(U} ~ UE)2 (I, TTl = 1 , 2 ) . ( 7 
k 

Thus the matrix relating the fluxes to ihc forces satisfies the Onsager symmetry and the 

positive definiteness although i t is qualitatively different from the classical arid neoclassical 

transport matrices in that the former matrix depends also on the forces through the eigen-

frequencies, which are determined from the dispersion relation, and through the spectrum of 

the fluctuation amplitudes, which is given by the nonlinear saturation. In order to elucidate 

the origin of the Onsager symmetry and the positive definiteness satisfied by the anomalous 

transport equations (72), a general quasilinear formulation of the drift kinetic equation with 

the electrostatic fluctuations is developed in Appendix A. There, we derive a symmetric and 

positive definite five-dimensional diffusion tensor D<j which relates the anomalous fluxes to 

the gradient forces in the drift phase space. From that phase space diffusion tensor, the 

Onsager symmetry and the positive definiteness of the the anomalous transport matrix (73) 

are derived. 

The effects of the finite gyroradius can be derived from using the gyro-kinetic equation 

and the results are easily obtained by including [Jo{kxVx/Qa)]
2 into the integrands in the 

matrix coefficients given by Eq. (73). As shown in Ref. 10, for stronger turbulent regime, 

the delta functions in the integrands are replaced with the resonance functions derived from 

the renormalized propagator which takes account of the turbulent resonance broadening. 

In Ref. 9, Balescu derived the linear thermodynamic form of the anomalous transport 

and discussed the broken Onsager symmetry and the difficulty lying in the transport coef

ficients. The relation between his results and ours given in this section is shown in detail 

in Appendix B. There we find that, in the linear themodynamic form employed by Balescu, 

the Onsager symmetry is hidden and that it is essential to the Onsager relation of Eq. (72) 
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to include J^ and X^ as the flux and force, which are not treated as such in his linear 

thermodynamic form. 

VI. ANOMALOUS EFFECTS ON THE PARALLEL VISCOSI
TIES 

Now, let us find the solution of the averaged drift kinetic equation (52). Here, we consider 

a large aspect ratio tokamak in order to derive the approximate solution for the plateau 

regime, and, as shown in Appendix B, the solution is written as 

(7 a l ) C T 3 = 7 .1 + ffi/==1) - (VaCa)-^!*0) + ha (74) 

where we denoted the contribution of the thermodynamic forces by given by 

_ 2vr/ v,, dja0 _ 2 ^ r / 5 \ 1 , 
F* ~ ~~xrn:~dir - vfa ra+[x« ~ 2) V2a\ / o ° ' (75) 

the poloidal flow part by 

_0=D _ 2w|| f 2qaB / 2 5\] ? 
VTa L bPa \ Ll\ 

the part contributing to the parallel viscosity by 

H-=-,,3feBh+!rH-t)]7.o^/:^2Ve} 
x r drsm(9 - K^^T)^3'6 (77) 

h 

and the definition of (vaCa)~
] (V>a~ ) is described in Appendix B. Here, £ = v\\/v denotes the 

cosine of the pitch angle. Fluctuation effects on the solution are explicitly included through 

0?2)) i n t h e t h i r d a n d f o u r t h t e r m s i n Ecl- (7 4)- T h e t h i r d t e r m -iy*£*)~X$i~2)) re

sults from the balance between the collisional pitch angle scattering and the quasilinear 

anisotropic deformation of the distribution in the velocity space. The fourth term ha rep

resents the distribution of the resonant particles (|£| <C 1). The anisotropic distribution 

25 



(or ^-dependence) in the velocity space caused by the second term (poloidal flow) and that 

by the third term (quasilinear effect) give the sources of the resonant particles that are re

sponsible for the neoclassical and anomalous parallel viscosities, which are shown in Eq.(77). 

Since the quasilinear term (T>a) contains a delta function of £, all the Legendre function 

components with I = 2,3,4, * * • homogeneously contribute to {Va~~ ) although its even parts 

with Z = 2,4, 6, - - - vanish in the integral Jo{1?a~ )d£. Then, noting that only ha contributes 

to the flux averaged parallel viscosities, we obtain 

(B • V - xa) ] _ \ (f d3vmavf\B • VA„) 

( B - V - 0 a ) ( /d 3 «m a t ; j [ ( i2 - | )B-V/ i . )_ 

= - r - e namauTaBo 

y/TT o ,-,2 

= — e narnatuTaBo 

2 4 

If 
1 13 2<?<,9 

5 Pa J 
+ Ya2 

1 | 
1 11 
2 4 J 

uae - Wal 

. 5 Pa °~ 
(78) 

where the anomalous contributions from the quasilinear fluctuation term are given by 

Yal 
Ya2 

wa2 

V/TF too , j.4 T 1 "1 ,1 ml^>) 
=-—e2nama<jjTaVTaTaaBo dxae~x- *-—- / 2 5 \ / —f d£ 

2 JO TaaVa(Xa) l{Xa- 2)\ J0 JaM 

~ Bo Jo 
dxae

 a 

TaaVa{Xa) ( l - |x2) J -/o /aAf 
rfe (79) 

where the quasilinear term Va ~ is given by 

^ 1 f1 

Va = vfaM £ 
e2<fti8L*n 

7? l*lll 

[u)-uB- ul'a)a6{Z, -a)- —r{u - wB - u/Jj 1 + 

with 

,r 1 + * ( *2 -§ ) ] , 

2x1' 

u>„ 

2 wa 

Z<i£ k\\VTa 
*'(e-«) (80) 

= k - v a a = 
a; — OJE — upa 

k\\V 
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Here, if the anomalous contributions Yaj or WaJ vanish, Eq. (78) reduces to the conventional 

plateau parallel viscosities. 

As seen from Eqs, (61), (79) and (80), the anomalous effects are negligibly small when 

the phase velocities of the fluctuations in the reference frame moving with the guiding center 

particles are much larger than the thermal velocity, i.e., |(o; — u>E — u)£>a)/k\\\ ^> vxa- Thus 

we now investigate the unstable modes with |(u> — u>E — u)Da)jk\\\ ~ vya to give the detailed 

expressions of the anomalous transport and the parallel viscosities. In the case of the electron 

drift wave driven by the density gradient dnajd4> < 0 with r]a ~ 0 and WD0 ~ 0, the 

anomalous effects are small since v-n <C \{u — CL}E)/k^\ <C ^Te is required for the unstable 

modes and the anomalous contributions K e j , Yej and Wej (j = 1,2) are all proportional to 

|(a; — wE — a;»e)/a;,e| ~ \k\p^(1 4- Z{Te/Ti) <C 1, where Zi is the ion charge number. 

The most relevant fluctuations that resonantly exchange energy-momentum between the 

ions and the fluctuation is the ion-temperature gradient driven turbulence. Numerous studies 

of the stability and quasilinear fluxes from this form of drift wave turbulence are available. 

For the small perpendicular wavenumbers satisfying k±p, < 1 or ui£>i -C k\\Vxu we obtain 

the slab ion temperature gradient (ITG) driven modes15,16 where the instabilities with \{ui — 

wE)lk\\\ ~ vxi are found as shown in Appendix C. The relationship of the small u>£>, limit 

to the strong toroidal regime of woi ~ k\\ VT% is developed in Kim and Horton17 and Kim 

et a/..18 When ZtTe/T, = 1 and dTt/dtp < 0, we can write the anomalous effects for ions 

from Appendix C as 

cT e? (\k\2) 
T-1 (q,- • V < / r o m = 2.61 n , - ; C ^ - £ ' |k x n • Vf l V ' Un> 

e{tf° k •*• 

k 2i 
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c? (\$k\2) 

k J « 

W b - C ^ ^ S ^ t B ' V ': ; - (j = l,2) (8!) 

where £ ' represents the summation over the wavenumber region where |w«e77i/&||V7',| ~ 2 

and a»i is the sign of the ion diamagnetic drift frequency. The dimensionless constants in 

Eq. (81) are given by 

C,1 = - 3 . 0 5 , C,a = 0.85, C,l)1 = 1.94, Cw2 = - 0 . 4 5 . (82) 

We should remark on the symmetry properties of the eigenfrequency and the fluctuation 

spectrum with respect to the parallel wavenumber k\\. It is found that the eigenfrequency 

given is an even function of k\\, which results from our use of the Maxwellian distribution 

with no flow velocity as an equilibrium. If we assume that the spectrum ( | ^ k | / is also 

even in k^, the parallel anomalous forces (B • K a j ) and the anomalous effects on the parallel 

viscosities Yaj and Wa} vanish. These are confirmed by noting that the wavenumber spectra 

of (B • K a j ) , Yaj and Waj are odd functions of k\\. Thus, in this case, the banana-plateau 

transport is not modified by the fluctuations. The fc||-symmetry of the dispersion relation 

is broken, for example, if we take account of sheared flows in the equilibrium distribution 

function, although they are neglected here by the ^-ordering. 

Using m<./ml <C 1 and Eq. (21), we have (B • V • x,) cz 0, from which we obtain the 

poloidal flow velocity up = Bpu,e as 

up = -2TB^~& + L 9 5 e q VT,r" ̂  °»k\\ fi (83) 

where Eqs. (18), (20), (22), (78), and (81) are used. In the right-hand side, the first term 

represents the ion temperature gradient driven poloidal flow in the plateau regime given by 

the conventional neoclassical theory, the second is due to (B • K t 2 ) and Y^ (or W^) . As 
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previously mentioned, the second term vanishes if the spectrum (|<£k|2) is even in Arj|_ We 

can see that first term contributes to the direction of the electron diamagnetic rotation with 

dnefdr < 0 and dT,/dr < 0 assumed, while the sign of the second term depends on the 

wavenumber spectrum. The ratio of the anomalous poloidal flow to the ion temperature 

gradient driven flow has the same order of magnitude as the ratio of the anomalous parallel 

current to the pressure gradient driven bootstrap current and that is estimated for the 

plateau regime from Eq. (83) as 

^ ^ ^ ^ ^ s ^ l i l J L (M) 
UP J\\ \ P> J k 1i 

where a dimensionless numerical constant is omitted and LTt = \d\nTtfdr\~1 is used. When 

we write the parallel wavenumber as that k\\ = (m — nq)/Rq with the poloidal and toroidal 

mode numbers (m, n), Eq. (84) implies that the anomalous rotation and the anomalous 

parallel currents have opposite signs on different sides of the mode rational surfaces as shown 

by Shaing.6 As shown by Dong et a/.,19 in the presence of the parallel shear flow which breaks 

the radial symmetry, the peak of the fluctuating potential shifts radially. In that case, the 

anomalous forces on the both sides of the mode rational surface do not cancel out and they 

generate the net rotation and current. If we use a.ikuR ~ 1 and £j< e2 ( |$k |2) /If ~ A2 ~ 
* ' ens 

5 ~ PX[LTX, the ratio in Eq. (84) reduces to e(a/T,r„) and we have e <C €(ujTirti) <C e-1^2 for 

the plateau regime. Thus, the anomalous contribution to the transport along the magnetic 

flux surface is expected to become dominant in the weak collisional plateau regime. For 

comparison, let us consider the anomalous contribution to the anomalous heat flux across 

the magnetic flux surface. Using Eq.(81), the ratio of the anomalous to the banana-plateau 

heat flux is estimated for the plateau regime as 
anom anom i / r _ \ _ e 2 ( | ^ k | 2 ) 

Si ~ *» i (±21 V'jfcjfl V*:'"". (85) 

From the ordering kj_/k\\ ~ A - 1 >• 1, this ratio is much larger than the ratio given by 

Eq. (84) and reduces to A - 1 . 
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VII. CONCLUSIONS AND DISCUSSION 

In this work, we have investigated the neoclassical and anomalous transport in axisym-

metric toroidal systems with electrostatic fluctuations. The total transport is clearly sepa

rated into the neoclassical and anomalous parts by using the kinetic definitions which give 

the average fluid variables from the average kinetic distribution function. The neoclassi

cal banana-plateau transport fluxes modified by the fluctuations were shown in Eq. (26), 

where the parallel fluctuation-induced forces (B - K ^ ) , (a = 1,2;j — i ,f) and the correc

tions YaJ (or Waj) to the parallel viscosities due to the fluctuations appear in the definitions 

of the modified thermodynamic forces and the parallel current. The anomalous transport 

fluxes were defined by Eq. (32) or Eq. (62) in terms of the perpendicular components of the 

fluctuation-induced forces KOJ in the similar way to the definition of the classical transport 

fluxes by the collisional friction forces FQ J . Thus, the anomalous fluxes are defined com

pactly in terms of K a J in our treatment, which give expressions different from the anomalo\is 

heat fluxes defined by Shaing and by Balescu. The parallel components of K a j produce 

the Pfirsch-Schliiter like anomalous fluxes as given by Eq. (31) although they are negligibly 

smaller than those in Eq. (32) for the fluctuations with k\\ «C k±. 

The fluctuation-induced forces K a j were defined by Eq. (10) in terms of the statistically 

nonlinear term Va which appears in the ensemble-averaged kinetic equation and they were 

calculated from the solution of the fluctuating part of the linear drift kinetic equation as 

given in Eq. (55). The anisotropic distribution in the velocity space caused by the quasilinear 

fluctuation source gives the corrections to the parallel viscosities Yaj (or Waj), which were 

obtained for the plateau regime in Eq. (79) from the solution of the ensemble-averaged drift 

kinetic equation. Thus from K a J and Yaj (or Waj), we can evaluate the neoclassical and 

anomalous transport fluxes when the fluctuation spectrum (|<£k|2)ens anc* the frequency u^ 

are specified. The results using the slab ITG mode dispersion relation for the fluctuations 
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with the small perpendicular wavenumbers were shown in Sec. VI. 

Neither Shaing nor Balescu described the anomalous contributions Yaj or Waj to the 

parallel viscosities since they did not take account of the ensemble-averaged drift kinetic 

equation with the quasilinear fluctuation term. The anomalous effects on the banana-plateau 

fluxes appear through (B - K a j ) and Yaj (or Waj). If ( l ^ k l 2 ) ^ is even in fy, (B - K a j ) and 

Y0J (or Waj) vanish. The spectra of K o j J . are larger than those of KOJ|| by an order of 

ki./k\\{~S> 1) so that the anomalous effects on the perpendicular transport is much larger 

than those on the parallel transport. 

The entropy production in the anomalous transport process was given in Eqs. (66)-

(68) and its positive definiteness was shown. Then, we identified conjugated pairs of the 

anomalous fluxes and forces and found the Onsager symmetry satisfied by the transport 

matrix connecting them. This matrix is a highly nonlinear function of the forces such as 

the density and temperature gradients through the eigenfrequencies and the fluctuation 

spectrum. 

The magnetic flux surface average of Eqs. (4) and (6) yields the basic equations used for 

the particle and energy transport analyses. The results of our work suggest that the modified 

neoclassical fluxes as well as the anomalous fluxes should be included in the total transport 

fluxes and that the anomalous heat generation terms Ha should be added into the energy 

transport equations. The anomalous particle fluxes in Eqs. (31) and (32) are intrinsically 

ambipolar due to the quasineutrality condition ]£„ eana = 0 which is used for the disper

sion relation. Thus, in the axisymmetric systems even with the electrostatic fluctuations, 

the ambipolarity gives no constraint to determine the average radial electric field. In the 

conventional neoclassical transport theory for the axisymmetric systems, the radial electric 

field does not affect the particle and heat fluxes and it is not required for the transport anal

yses. In our case, the radial electric field affects the anomalous energy exchange between 

the electrons and the ions through the dependence of Ha on the E x B drift frequency o^ . 
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However, the anomalous fluxes and the dispersion relations contain coE only in the form of 

(u — LUE) as seen in Eqs. (61) and (Dl) , which implies the Doppler shift and no explicit 

dependence of the anomalous fluxes on UJE- Further investigations for the determination of 

the radial electric field and the fluctuation spectrum (l^kl2)^,, are required. We are also 

considering the direct extension of this work to the case of the nonaxisymmetric system with 

the magnetic fluctuations, which will be reported elsewhere. 
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APPENDIX A: DERIVATION OF THE ANOMALOUS ENTROPY 
PRODUCTION FUNCTIONAL 

In this Appendix, the anomalous transport equations given by Eqs. (72) and (73) are 

derived from general quasilinear formulation of the drift kinetic equation with the electro

static fluctuations in order to elucidate the origin of the Onsager symmetry and the positive 

definiteness satisfied by the matrix connecting the conjugate pairs of the anomalous fluxes 

and forces. 

We start from the drift kinetic equation given in Ref. 12: 

df 

where 

* - L f <A1> 

. a I a . 9 a , , , 

Here, the subscript for particle species is suppressed and the collision term is neglected as in 

Sec. V. The gyxoangle-averaged distribution / is regarded as a function of the phase space 

variable Z = (x, u>,//) where the kinetic energy w = \mv2 is used as an independent velocity 

space variable instead of tli*> total energy E = \mv2 + e$ . The detailed expressions of 

Z = (Vg,w,{t) are given from itef. 12 and are .iot shown here. The Jacobian for the phase 

space variable (Z, (p) (<p: the gyroangle) is given by 

c ? ( x , v ) _ fl(y) B 

The phase space flow Z depends linearly on the electric field and it is naturally dev-

ided into the ensemble-averaged part and the fluctuating part with respect to the turbulent 

electrostatic field as 

Z = ( Z ) + Z or 
'v<7=(v</)+y<7 

w = (w) + w (A4) 

. A = (A) + A 

33 



where the subscript for the ensemble average is also suppressed as in Sec. V. The incom-

pressibility of the collisioless particle motion in the (x, v)-space or the Liouville's theorem is 

reflected in the following zeio-divergence constraints for the guiding center motion 

Here we find that (Z) and Z satisfy the zero-divergence conditions separately. (It is noted 

that the phase space flow contained in the drift kinetic equation (42) satisfies this type 

of zero-divergence constraint only approximately since the higher order correction to the 

parallel velocity and the temporal variation of the magnetic moment described in Ref. 12 are 

neglected in Eq. (42).) According to the division of Z in Eq. (A4), the differential operator 

L is devided similarly as 

L = L0 + L (A6) 

where 

' d I d -

Noting that the distribution function / also consists of the ensemble average and fluctuating 

parts as 

/ = ( / ) + / (A8) 

we obtain from Eq. (Al) the ensemble-averaged daft kinetic equation 

(Jf-^o) </> = (£/}• (A9) 

Here, \Lf) does not completely coincide with V defind in Sec. II which is easily seen from 

the fact that the velocity space integration of the latter exactly vanishes while that of the 

former does not. The fluctuating part of the drift kinetic equation is given in the linearized 
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form as 

ryt-
L°) / = £(/>• (MO) 

Using the initial condition f(t = —oo) = 0, / is given by 

= - £ ° c / r e ^ - r , Z ) - M ( i _ r ) Z ) 

= -jfo i r Z [ f - r , Z H ] - | [ f - r , Z ( - r ) ] . (All) 

where Z(f) is defined as the solution of the ordinary differential equation 

§-<*><*> (M2) 

with the initial condition Z(t = 0) = Z. Here we assume that, within the correlation time 

of the electrostatic fluctuations, (d(f) /dt)[t - T, Z ( - T ) ] in Eq. (All) varies only slightly 

and is replaced by (d{f) /3Z)(i,Z). (This assumption is questionable if (/) contains the 

gyroangle dependence through which {/) [t — r,Z(—r)] has the time scale comparable to or 

shorter than the fluctuation time scale. For this reason, we started from the drift kinetic 

equation.) Then the nonlinear (or quasilinear) term in the right-hand side of Eq. (A9) is 

written as 

where the anomalous particle flux J^ in the Z-space is given by 

jj(t) = (z(t)f(t)} 

= - / o ° ° d r ( z ( i ) Z ) Z ( i - r ) Z ( - r ) ) ) . ^ ( < , Z ) 

= (/) D$ • XZ (A14) 
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which are regarded as the anomalous transport equations represented in the Z-space. Here 

the Z-space gradient force X^ and the Z-space anomalous diffusion tensor D£ are defined 

D2sj£°°rfr(V(0)V(r)) 

V(r) = Z [ - r , Z ( - r ) ] (A16) 

where the stationary electrostatic turbulence is assumed to eliminate the explicit time de

pendence of Dz- Futhermore, assuming the spatially homogeneous turbulence within the 

tubulence scale length, we have 

(V(i)V(i + r)) = (V(O)V(r)) . (A17) 

Then we find that, for an arbitrary vector a = (a,) J=1 ...5l the Z-space anomalous diffusion 

tensor Dz satisfies 

a . D ^ a = r l i m ^ ^ a - ^ T d r V ( r ) ) ^ > 0 (A18) 

from which we obtain the positive definiteness of the anomalous entropy production locally 

defined in the Z-space as 

aA
z = 3j -Xz = (/>XZ • DA

Z -XZ > 0. (A19) 

For the stationary and locally homogeneous electrostatic turbulence, we can define the cor

relation fuction F for the fluctuating scalar electrostatic potential <£ as 

F(h -* 2 ,X! - x 2 ) = (^ i , x 1 ) ^ ( i 2 , x 2 ) ) = F(t2 -tltx2 - x i ) (A20) 

from which we find that 

(Mt^)mM = -d2Ft~^x) d2F(t2-tux) 
dxdx 

X = X ] - X 2 
X=X2—Xl dxdx 

= (E(«2 lx2)E(i1>x1)). (A21) 
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This symmetry property leads to 

(V(r)V(O)) = (v (O)V( r ) ) (A22) 

which in turn reduces to the Onsager-type symmetry of the the Z-space anomalous diffusion 

tensor D^ 

(D2)T = D£ (A23) 

where the superscript T denote* the transpose of the tensor. The symmetry (A23) and the 

positive definiteness (A19) of the anomalous diffusion tensor dae to the particle-fluctuation 

interaction are the analogy to those of the linearized collision operator used in the classical 

and neoclassical transport thories. 

The anomalous effect due to (-£/) on the temporal evolution of the macroscopic entropy 

SM = -J ^v ( / ) In ( /) defined in Sec. V is given by 

- / d*v (In ( / ) + 1) (Lf) = J d\±(ln ( / ) + 1) A . ( J J 2 ) 

= - J ; * J 5 + c ^ (A24) 

where 3A *s the anomalous entropy flux given by 

J* = - J d3v (In (/> + 1) ( / > , ) (A25) 

and aA is the anomalous entropy production defined as 

= / d\aA = J d3v Jz • Xz > 0. (A26) aA 

The local functional aA in the x-space is given by the velocity space integral of oA anc^ *s 

the same as given in Sec. V as is seen later. The anomalous entropy production arises from 

the resonant exchange of energy-momentum between the particles and the fluctuations as 

we now make clear. 
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In order to compare the formulation here to the results in Sec. V, we use the Maxwellian 

distribution function JM as ( / ) . Then, we have dfM/di.i = 0 and Eq. (A26) is rewritten as 

^ a s - / ^ [ ( / v , ) . ^ t + { / T & > ^ ] = J 1 . X 1 + J 2 - X 2 + J3X3 (A27) 

which is found to be the same as Eq. (68) by noting that 

Xi + (x2 - - ) X21 + eE • [v{ln + vVB + vcurv) X3. 

(A2S) 

The forces (Xi,X2 ,X3) and the fluxes (Ji,J2, J3) are defined in Sec. V and are related to 

the forces X^ and the fluxes J^ as 

xr 

= v £ 

d\nfM/dx. 
d\nfM/dw 

13 (x2 - I ) l3 0 
0 0 1 

x2 
* 3 

(A29) 

Ji 
J 2 

L^3j 

. / # . [(/*.) m (A30) 
l3 0" 

0 2 - i ) 13 0 

- - L ° lj 

where |3 denotes the 3 x 3 unit matrix. The anomalous transport equations in the Z-space 

are written as V*.) d\nfM/dx 
d\nfM/dw (A31) = -fMDf 

where DA is the 4 x 4 matrix reduced from D£ and is also symmetric and positive definite. 

Then we obtain the anomalous transport equations for the forces (Xi, X2) X3) and the fluxes 

(Ji)J2,^3) as 
J l 
J2 

h 
= lA 

'xn 
x2 

. * 3 

where 

= jd3vfM 

l3 0 
( * 2 - | ) ' 3 0 D? 

I3 (x
2 ~ | ) l3 0 

0 0 1 

(A32) 

(A33) 

which shows that the matrix LA preserves the Onsager-type symmetry and the positive 

definiteness of DA. 
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Using the Fourier representation for the fluctuations as in Eq. (57) and the approximation 

that x(—r) ~ x — (t^n + Vd0)r within the correlation time of the fluctuations, we have 

( E ( 0 , x ) E ( - r , x ( - r ) ) ) = £ k k (|<6k|
2) cos[{u -wE-wD- knvn)r] (A34) 

k 

and 

Df = ir ( |^k|2) 5(w -taB-uD- V l l ) 

( f ) ( k x n ) ( k x n ) | ( k x n)e(uD + y 
e{uD + %vj|)^(k x n) e2(w£, + &||V||)2 

(A35) 

Substituting Eq. (A35) into Eq. (A33), we obtain the same expressions as in Eq. (73). 
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APPENDIX B: RELATION BETWEEN EQ. (72) AND THE 
LINEAR THERMODYNAMIC FORM OF THE ANOMALOUS 
TRANSPORT IN REF . (9) 

Here, we derive the linear thermodynamic form of the anomalous transport equations (72). 

For that purpose, we use the drift wave dispersion relation for the eigenfrequency in Eq. (73) 

and linearize Eq. (72) with respect to the density and temperature gradient forces in the 

same way as in Ref. 9. (Since kxp, ~ A -C 1 in our ordering, the anomalous fluxes by the 

electron drift wave is small as discussed in Sec. VI although here its dispersion relation is 

used for comparison to the results of the linear thermodynamic transport in Ref. 9.) We 

should note that, as in Ref. 9, we still treat the fluctuation spectrum (|0k|2) treated as 

given, and that we do not regard Xa^ = \/Ta as a thermodynamic force here. (A'a3 = 1/Ta 

measures a velocity space gradient of the kinetic distribution function and really causes the 

anomalous entropy production although it is difficult to take the limit of Xaz —• 0 in the 

linearizing procedure since it still exists even for the spatially uniform Maxwellian distri

bution which is a complete equilibrium state for the collisional (classical and neoclassical) 

processes.) Assuming the large-aspect-ratio system, we neglect u>Da and use the following 

frequency ordering 

te^„M*„x<1. (BI) 
\k\\\VTe \U)-WE\ 

Using the quasineutrarily condition, we obtain the dispersion relation to the lowest order in 

A as 

u-u>E = A0(l- Af »i)a;.e = A0^i(k x n) • (X e l - MX l 2 ) (B2) 

where A0 = r 0 / [ l + 9(1 - T0)], T0 = e-%(b), M = b[l - I^b)/'/„(&)], b = ^ i ^ f t ? , 

9 = Z,Te/Ti, Z, is the ion charge number, and /„(6) are the modified Bessel functions. Here 

the finite gyroradius effect is retained through the 6-dependence. 
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First, we consider the anomalous fluxes for the electrons. To the lowest order in A, 

5(u — OJE — wee — k\\v\\) iri Eq. (73) for the electrons is replaced with 5(fc||ti||). We also find 

that Je3 does not enter the linear thermodynamic transport equations since it is 0(X2) 

where X denotes the order of the density and temperature gradient forces: X al >-a2 X. 

As mentioned before, A'o3 = 1/Ta is not regarded as a thermodynamic force so that A'^ is 

O(X0). Then, we obtain the linearized form of the electron anomalous particle and heat 

fluxes as 

J . i 
J*2 

where the transport coefficients are given by 

1 ee 1 ee 1 et " 
L 7 1 L 1 2 L 1 2 

L 2 1 L 2 2 L 2 2 

'xel-
Xe2 

LX,-2J 
(B3) 

I " -fefc + ̂ S 
1 3 I A 

Lr, = . l i m — — £ (j,Jb = l ,2) . (B4) 32 X-~oTedXi2 

Here, limx-*o stands for the limit of X e i ,X e 2 ,X,2 —* 0. Using the dispersion relation (B2) 

the anomalous transport matrix in Eq. (B3) is written as 

I ee I ee I et 
L l l L12 L12 
Lee I ee I et 

21 L22 "-22 

= TT^V ( 
eBj 2? 

(\k\2) 
T! \k\\\vTe 

(1 - ^ 0 ) ( k x n ) (k x n) - | ( k x n)(k x n) A0M(k x n ) (k x n) 
- § ( l - y 4 0 ) ( k x n ) ( k x n ) f(k x n)(k x n) - | i 4 0 M ( k x n ) (k x n) 

(B5) 

which is in complete agreement with the electron anomalous transport equations in Ref. 9 

to the lowest order in A while it should be noted that the definition of the heat flux in Ref. 9 

is different from ours. Now, we find that the symmetry Lf̂  = L|i *s n o longer valid since the 

nonsymmetric additional terms (l/Te)(5Lj3/5Xefc) enter these coefficients. Thus, the broken 

symmetry in the linear thermodynamic anomalous transport coefficients claimed by Balescu 

has been confirmed again. We also see that the neglect of Je3 in the electron anomalous 
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entropy production er£ = J e i * X e i 4- Je2 * Xj^ + Je3Xe3 breaks its positive definiteness since 

all of J e l • X e l , J e 2 -X e 2 , and Je3Xe3 is of the same order 0(X2) while Je3(= 0{X2)) is 

necessarily neglected in the linear thermodynamic anomalous transport. In order to ensure 

the positive definitess of the anomalous entropy production, it is indispensable to retain the 

energy transfer from the turbulent fields to the particles represented by J e 3 which however 

has been rarely taken account of in conventional anomalous transport theories. 

Next, let us consider the anomalous ion fluxes. The anomalous ion particle flux is given 

from the anomalous electton particle flux as J t l = Z77J*i which Tesults from using the 

quasineutrality condition as the dispersion relation. To the lowest order in A, 5(u> — U>E — 

ui£>i — &||V||) in Eq. (73) for the ions is replaced with 5(w — CUE) = 6(A0(1 — MrjCju)^). From 

this term, it is difficult to obtain the linear thermodynamic form of the anomalous ion heat 

flux even to the lowest order in A. Futhermore, the ^ - spec t rum of this anomalous ion heat 

flux has a singularity at M(b)ri, = 1 (b = k\v^i/2Q2). These difficulties about the linear 

thermodynamic form of the anomalous ion heat flux using the approximation (Rl) are the 

same as clarified by Balescu in Ref. 9. 
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APPENDIX C: SOLUTION OF QUASILINEAR EQUATION IN 
THE PLATEAU REGIME 

Here, we find the solution of the averaged drift kinetic equation (52). Putting 

(f«i)m, = F«i+9> (CI) 

where 

T 2x1 vn dfa0 = 2t>„ 
X' Qa dtp v$a 

^[v,„+(^-|)v;„]L,. (ca) 

Equation (52) is rewritten as 

• ,„n • Vga - Cj(ga) = - e ^ E ^ S g + C?(Fm) + C f + Va (C3) 

where C j and C[ are the test and field particle parts of the linear colUsion operator, respec

tively. The I = 1 part in the Legendre polynomial expansion of ( / a i ) as a function of £ 
» ' ens 

is written in the 13M approximation3 as 

/ 7 v( /=i)_2v| , 
V W e n 5 - v2a kB^-f)]?- (C4) 

and that of ga is given as 

2un 
9ai - -r-B 

VTa 

2 < M / 2 5 \ 
U '* + 5^l X ° -2) JaO-

We find 

(r/|,n • Vgaf~
0) = - jf i d^lin • Vga = 0. 

Then the I = 0 part of Eq. (C3) is given by 

Subtracting Eq. (C7) from Eq. (C3) yields 

«||n • Vffa - vaCaga = ZF(v, V, 9) + C'}1^ + ^ 2 ) 
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(C8) 



where i/aCa denotes the pitch angle scattering part of the collision operator and 

C'a = CZ(ga) + C[ - uaCaga (C9) 

The superscript ([ > 2) represents the sum of the Legendre polynomial components with 

/ > 2. Here F(v, tp, 9) is an isotropic function in the velocity space and its functional form 

will not affect the results of the following analysis. 

Let us put 

la = ̂  ~ ( ^ r 1 0!-2)) + K (CIO) 

where (vaCa)~* represents the inverse of the pitch angle scattering operator. Here ~g%=1^ and 

( i ' 0 £ a ) " 1 ( P 0 " ) do not contribute to the parallel viscosities. Neglecting C%1-2^ compared 

to the pitch angle scattering term in Eq. (C8), we have 

where 

_9__ ldlnB 

09 2 d9 

dXnB (/ 1 - Zf2x 

69 

(i-a£-?r4(W2)4 
d£ 2 d^ 'dS 

+ 

f l - 3 £ 2 2 z O D L 2qaB ( 2 5 \ 1 7 1 ft ^t>2) \ 

+ * { ("TaXar'F - ^X, 
Via >BV>+\fM-*i), f, aO (Cll) 

V« = (uTaTaa) 
_ 1 r a a i / a ( i a ) 

X' vTa (C12) 

Here the collision frequency roa and the energy dependent collision frequency va(xa) are 

defined in Ref. 2, and we have used the Jacobian yfg = (Vip x V9 • V O - 1 , the major radius 

R = |V( | _ 1 and the safety factor q. In the large aspect ratio system, we have dlnB/dd ~ 
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esvn.8 with the inverse aspect ratio e and we also assume that I t>a~~ — {T^a~~ ) \ /(Da~'~ ) ~ 

e. For the plateau Tegime e3/2 <̂C {uiTaTaa)~
1 -C 1, the ordering f ~ V]J3 -C 1 and the 

perturbation expansion with respect to e/v2Jz are used0 to solve Eq. (C l l ) and the lowest 

order solution is given by 

l^Ta [ 5 p a \ 2 / J J/a Jo J 

x f" dTsm(9-v:^^T)e-T'l6. (C13) 
Jo 
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APPENDIX D: ANOMALOUS EFFECTS BY THE ITG MODES 
W I T H (U - L*E)/k\\VTi = 0 ( 1 ) 

The dispersion relation for ion-temperature gradient (ITG) modes given by Eq. (48) is 

given in Kim et a?.15,16 here we simply analyze the limit of small u>i)/k\\VTi- Assuming that 

the response of the electrons to the electrostatic fluctuations is approximately adiabatic., 

the drift kinetic equation and the quasineutrality condition yield the following dispersion 

relation 

1 + A ^ > + T? t1 + <*«» + ̂  H c * ~ 5) ZK)] = ° (D1) 

where Z[Q is a plasma dispersion function and C = (w — u>E)/k\\VTi- Furthermore we assume 

that the density gradient is small aima ~ 0. From the above dispersion relation, we find that 

instabilities occur when 

The adiabatic response of the electrons, which is assumed in the dispersion relation in 

Eq. (Dl), yields no anomalous contributions to the heat generation rate, the particle and 

heat transport fluxes and the parallel viscosities for electrons. Then the ion particle flux 

also vanishes according to the ambipolarity resulting from the quasineutrality. Thus, we 

treat the anomalous contributions to the heat generation rate, the heat flux and the parallel 

viscosities for ions only. 

For \u*erii/k\\VTi\ ~> 1, we obtain the typical slab ITG mode instability with 

w - uE ~ |ftgc*w.ii7,|1/3(a„- + y/Zi)/2. (D3) 

Here c, = (ZiTe/rrii)1!2 denotes the ion sound velocity and 

= u«* =
 k x n ' V ^ dTj/dip 

aw'-|aWK| Ikx ix -V^I^ /^ l ^ 
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the sign of the ion diamagnetic frequency. Then, we have {(LJ—^>B)/^]\vTt\ ^* 1 and therefore 

the fluctuation-induced forces K^ and parallel viscosities Yi3 (j = 1,2) for ions are small. 

Now, let us consider the unstable modes with |(u; — u>E)/k\\VTi\ — 0(1) . These modes exist 

near the marginal point \io.er}i/k\\VT,\ ~ [2(1 + ZtTc/Ti)]1^2 and their real frequencies are 

given by 

°«[\{i+^)]1,a=*-<>• (D5) U — UJ£ 

Then, from Eqs. (61) and (79), we have (Hi) ~ 0 and 

T r 1 (q. - Wr™ = - 4 T 1 / 2 - g g Co exp (-<g) 

xE'(>xn-V„(,^L)||^ 
\m/di>\ 

(B - K a ) = -2**l*?£- Co exp (-<*) £ '** (*||B ( l<£k | 2 ) e J 

(D6) 

(D7) 

Y-1 r°° 2 x* T l 

Yt2\ Jo Tuviixi) [ (x, - J J. 

x J2 a*ik\\ [Vi (x«> Co) + ^jT2/2 (a,-, Co) (D8) 

Wt2 
= 5T-^— Co / dxie ' i—-r 

B0 Jo TtiV,(Xi) 

2Ti 

0-K) 

k 
2/i (a;.', Co) + J 5 j p 2 (a:,-, Co)j (D9) 

where X)' represents the summation over the wavenumber region where |w«e^t/^HuTt| 

[2(1 + ZiTe/Ti)]1!2 and the functions y\ and y2 are defined by 

yi(x> 7) = cT^C1 ~ 7) + g ^ ^ 1 ~ 6 7 2 - 3)tf(x - 7) 
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2/2(2,7) = — ^72 - ^ j S{x - 7) 
87 

+ Y^?{7(8a;3 - 20x) - (127
2 + 6)i2 + 307

2 + 9}H{x - 7). (D10) 

When Z{TjTt = 1, we obtain Eq. (81) from Eqs. (D6)-(D9). 
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