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Although n C-violating decay 7° — 39 is expected to have an extremely small branch-
ing ratio (1], beyond the reach of any present or future experimental facilitics, its exper-
imental study has attracted considerable attention [2] becauge any observed anomaly in
this process would be a clear signal of a new physics, '

Any 7% — 34 searching experiment has as a by-product, information about the allowed
decay 0 — 44, that is a potential background for 7% — 34, T'he experimental upper limit
on the branching ratio Br(r® — 49) was gradually improved (3, 4, 5] and lowered up to
2.107% in [2]. Some theoretical estimates can be found in the literature for Br(n® — 4+)
(6, 7, 8], with rather broad ranges from 10" to 10~'%, In our opinion, the results of [8]
are more reliable, the authors giving the most thorough investigation of the subject,

As argued in (8], the dominant contribution to the mp — 44 branching ratio is ex-
pecled Lo come from the purely clectromagnelic photon-splitting graph of Fig. 1, con-
tributions from any hadronic intermediate states being less significant, especially for a
PCAC-satisfying models. The calculation of this contribution is still absent to our best
knowledge, and will be performed in the preseut note, ’
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Fig. 1: The electromagnetic photon-splitting graph.

Using the standard covariant phase-space calculation technique (9] and factoring out
some numerical constants from the decay amplitiude, we can write

Br(n® — 47) M —dy) L (i)1 R, (1

I'(70 — 2y) = 67 \8x
where
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In (2) we have introduced a demensionless version of Kumar’s invariant variables [9].

1 1 1 1
3 = -777(11 — k), 8= ﬁ(q —ky—k3)?, w = 'r'n—;(q —k)?, up= ;n—z(q - k3)?, (3)

m being the pion mass.
One more invariant variable t; = -z (g — kz — k3)? is a linear function of the integration
variable ¢

b= = S(1+w)(1 =) = 5(1 = w)(1 — wa) g - VI=EVA- 7], (4)



where

CMlysg )= (1= s Pt (1= u)? (1= )P = (1 = ug)? = (1, 83, )

£= = ()
2(1 - ul)\/,\(l‘ag’,y’z) ’ 2(1 - u’)\/A(lv”)"”I) ,
Mz, y,2) = 2 +y? + 22 — 2(zy + zz + yz) is o conventional triangle function, and
sh=1+9;—uy—38y, s4h=2-8 —uy—u, (6)

At last, the limits of integration for the u;-variable in (2) are

1 1
ujy = 1-s(u+a)£gvAL s, 8). (7)

Function F stands for a half sum of the squared helicity amplitudes

F= Z Ilu-;-,\,,\,.\. '2_ (S)
{(»)

To evaluate these helicity amplitudes, it is convenient to use the light-light scattering
tensor from [10]. In fact, as virtuality of the intermediate photon .is ~ m and much bigger
than the electron mass, we have used the asymplotic form of the light-light scattering
amplitudes for the massless electron in the loop [11, 12).

Let us note, however, that we can not use the polarization vectors {rom (10} because
of an additional photon and the necd for photon permutations. Instead we have taken
polarization vectors in the form which appeared useful in various QED calculations {13]:

em(k) = N [q) - ke p{™ = pt™) e ke gf) 4 idmepnop™” £ g(™7]
N7V = o /ptm - glm) pom  E qtm) k, m=1+4, pm? =g =0, (9)

Where for various photons we take

P(l) =k, P(Q) = ky, P(s) = ky, P(d) = ki,
g =kyy, ¢ =k, ¢ =k, ¢ =k (10)

The polarization vectors from [10] can also be expressed in this form (8A = kg k3 k3
k4 ka . k4):

_A 1 . v (-
u;‘( 2) 4\/2E[k4 by kg, — k- kg kg, +1/\26“,,,\,k3k;k4;|,
. ‘
ul) = 4\/5_5[}&, cky kay = ka - k3 ko +idacuackl k3RS = (), (10
- I . v
u,(‘ M) = 4\/2_5“73 . k4 kzﬂ - kg . k4 k{jp + 1/\4€yyxgk;k;\k3].‘

But u;‘(_'\’) and u{™) differ by the phase factors from ) and ef{“)'(note that, in
contrast with [10], u:,("") corresponds to the -+Az circular polarization for the second



photon because now it is also outgoing). Therefore, while using the expressions from [10],
we should not forget the relovant phase factors, For example,

W) ) Mll)(Ag, 1244),

where

G(A1284) = ky kg kg ko4 Ry - Ry kg o ka = Ry kg koo ko id (B kay ks, Kl

(kv Ky ko, ko] = Euun Ky RSRSKT (12)
Owing tothe rcm.mrknblc cyclic symmetry in the definition (9), (10) of the el polarization

vectors, for the 70 — 4y hvlncnty amplitudes we get (remind tlmt somne numerical factors
have alrcady been taken out in (1)):

1 . ®(Az;1234) D)4 1432)
- 3
Myvoon = e Tl e B g b 2 Ky « Ky (13)

eyelic

x{A(A,; 1234)et") 1,0, (234) + B(A 1234)e"). |, 4, (213) + 2C(Ar; 1230)) \,,\,(234)}

A2,
Here the summation extends over simultancous cyclic permutations of (A1 Az, Az, M) and
(khk?a kfh kd):
D F(1284) = F(1234) + F(2341) + F(3412) + F(4123).
eyelic
The 6(\, and e“ amplitudes have been defined in [11] (sce also {12]) and we reproduce
them in the .1ppcnd|x For the A, 3 and C functions we have

k) ks )
A(A;1234) = ehvio k‘l‘ @ e!\J\I) [k:\ - (g=F1) ks kz] ’

(g k1) k2
T7RY: ] ] ( k ) k | ‘ ’
B(A151234) = =" kL g, gl [u m ks o (,14? -

Cl;123) = i 4% kL g, &M eppnn (br — g k3 &Y.

Their explicit expressions are rather cumbersome and are given in the appendix.

The polarization vectors (9) and (11) become ill-defined for collincar photons. Fortu-
nately, this kinematical region gives a negligible contribution to the decay width. In fact
the corresponding fictitious kinematical singularities don’t canse any considerable trouble
in numerical calculations becanse the phase factors also vanish for collinear photons and
only the singularitics corresponding to the three simultancously collinear photons remain.

"There are no infrared divergencics in out problem (when the cnergy of any photon
goes Lo zero), as is casily scen from the explicit expressions of the e("), e amplitudes.
The contribution of the muon in the fermion loop can be neglected at'least by a factor
(w/m,)®, w~ m/4, wis the mean photon energy, due to the known low energy behavior
of the light-light scattering amplitude. '

The numerical calculations give the result

Br(z® — 44) o (2.6 £0.1) - 10711, \ | (15)

This is about three orders of maguitude below the present experimental limit.



A Appendix
“The 5(",\)) and e((i)) amplitudes are defined in our case as .

1 1 )
EE\,),\;M(Z:M) = -2(_11:‘1;_);[9'(\;)'\"'\‘(234)

1
e, (234) = XE,‘;’M 2, (234) (A1)

and E() and E? are defined in [10]), The expressions for 5("'\)} and s((":\)) can be found in
[11], and here we just reproduce them. ;

e‘+‘1+(234) = 2(1 — vs)(1 ~ va) + [2(1 - v3)*(1 = v) + 2(1 = v3)(1 — m)

v va(l = ) ]
—(_l_j,?r'] In(1 ~ l{s) + [2(1 —1”‘2(:2— v) + (- 1’3‘)/51 — ”")] In(l = v4)
+ [(1 = ‘13)_(‘:‘; v) _ A1 '(1"3_)2”(21),‘ "‘)] (1’6—2 ~ Li(ss) — Li(s4) = In(1 = ug)In(1 — ud)) ,
e, =0, &) (234) = —Z—:e$l+(324) + :—:e$1+(342), (A.2)

210304

el (230) = {1}, (432), €Y, .-, (230) = —¢{l),, ,,(234).

2l =) 11— 2(1-—1/4)_1—1/4] _
=7 " ]ln(l—u3)+[ [ ” In(1 = v4)

A B [2(1 — )l ~wy) 4 ] (.’Tj = Li(ug) - Fi(u,) —In(1 - w)in(1 - m)) y

el (234) = [

(1 - V2)2 (1 - Ug) 6
e =—2, ef) (234) = {, (324) | (A.3)
el (23) = e, (432), €%, ., (230) =€), 0,(280),
where )
‘2k3'k4 2k2'k4 2k2‘k3
=l sl =l bt =2, (A4
S ) e e A
fd
Li(v) = — / = In(1 - 2) (A.5)
0

The expressions for the A, B and C functions look like

(g—=ki) - ks) ] ,
A 1234) = [ Ky kg (14 2505 ol ko Ry &
‘k(l ; ) [IH 4+( +\(q—kn)'kz 1okaf [k b2, ks 4]‘



[

—i[k.okm-kz(kl-ks-‘— ki) kg kz)+k1'k2fl'k1 (ks-ka—i‘l-‘—"—‘)—'—’-‘ikz.-m)

(q— k) kg ! (q— ki) kg
k
—kl . kz q: k4 (kl . ks i -Ei:ﬁ-;——fikl Lg) - kg . ka kl . k4 q-‘k‘] Ah (A.G)
ky) ok
B(M;1234) = [k, kg - E"ZT:“;T:“ k,] (K1, ke, k3, ka)

+i[kx‘k4'I'k1<k1‘k4—£g—-k—)ﬁk kz)—h ka q- k4<k1 kg~ Mkl‘ki)

(g - k) (g—F1) ks
(g — ki) Ky ] ‘
by v kg koo ke -k .____—__k.‘k.k ok A, . AT
1+ K2 Ra*Rq q ’(q—kl)-kz 1" R K2R QK 1 ( )

C();;1234) = {(kx - k2 Q'k4 —kx A Q'L‘z) [kh]t‘z,ka'k-:] AL
dif(kr kg ko kg =k -k ks ka) (§* k- ka—q ki ki ks —q- ki g kg)
—ky ko ks o kg(ky ksq-ky+q-kiq-ks—¢° ky - k3)

+(vk1'kz qoka—Kkickyka-q) (koo kaq-ks—kika g ka)]} (A.8)

L
(9~ k)*
Note that in the squared helicity amplitudes only [ky, k2, ks, k4]? appears, and it can be
expressed in terms of the scalar products between photon momenta:

ki, bz, sy Kal® = (Buvre HARSRIES) = =A(ky - ko ks kay ko v by ko kay o« kg ko - ka)GAL9)

- where A is the triangle function.
At last we list the expressions for various scalar products in terms of the invariant
variables used in the phase space integral (2):

2

~

bioki= (s —s—w), kako= (4 - w = w),
kl'k3=mT2(U1—t2—Sz), kz ky= 7—7—;:(31+u,+ug—sg¢—tg—1),
kx'k4='n;—2t2, k3 - k4=m___2_’ 2 (A.10)
q-ki= 72(1—31), q kz=£2l~(1—u1),

q-k3=%:(l—u,), q-k4=-n§( 1+ 8y + uy + u3).
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TpunuMaeTcs NoAnKcka Ha npenpuuTi, coobuienis OGLeMHHCHHOTO HICTHTYTA

aacpueix uccncaosanpii n «Kparkue cooGuenus OHAH»,

Ycraitonsicua chcayrowan CTOMMOCTh TORUKCKH Ha 12 Mecsues Ha H3ananna
OHSIH, skniouas nepechiky, NO OTACALHLIM TEMATHUCCKHM KaTCrODHAM:

Hngekc Tematuka Hena nonnucku
. Ha roft
1. DKenepUMCHTALIAA HHINKA BLICOKHX 2Hepriif 22600 p.
2, TeopeTHyccKad ¢hit3vKa BHICOKIX IHCPruii 59200 p.
3. DkenepuMenTanblan HeilTpolHag uIKa 7800 p.
4, TeopeTHyeckas hHIHKa HUIKHX HCPrHl 23400 p.
5. Maremarixka 14800 p.
6. SlnepHan cnexTpocKonus H pamHoXHMHA 12000 p.
7. Gu3MKa TAKETbIX HOHOB 2200 p.
8. Kpuorennka 1400 p.
9. Yckopurenn 12200 p.
10. AproMaTn3zauns obpaboTky axcnepuMemaﬁbuux AaHHBIX -12200 p.
11, BuiuscanTensias MaTeMaTHKA ¥ TEXHHKA 14300 p.
12. Xumus 1200 p.
3. Texnuka chuintecKoro aKcnepuMeHTa 21300 p.
14, HUccnenoBaHis TBCPOBIX TeN K XKUAKOCTEH aiepHbIMU MeTomamMn 7200 p.
15. DxcnepuMeHTAIbHAA (hH3HKA ANCPHLIX peakuuii
NpH HU3KUX IHEPrHAX 2600 p.
16, Joaumerpus u ¢HIMKA 3AUUTH 2200 p.
17. Tecpus KOHOEHCHPOBAHHOTO COCTOAHHA 12200 p.
18. Hcrnons3oBanue pe3ynsraroBs :
¥ METOIOB (hyHNaMEHTWIbHBIX (HINYECKHUX HCCHIEA0BAHHH .
B CMEXHBIX OOMACTAX HAYKM W TEXHHKH 1800 p.
19. Buoduauka 1800 p.
«Kparkue coobuienna OUAH» (5—6 suinyckos) 15000 p.

MNonnucka Moxer Guth oopmnena ¢ nwboro Mecsua roaga.

Opranu3aliusM H JulaM, 3aHHTepecoBalHBIM B nonyueHun nipanuii OHSIH,
cieflyeT NepeBecTH (UAM OTAPABHTL NO MouTe) HEoOXOoAMMYI0 CyMMy Ha pacueTHbIil
cuer 000608905 Hy6rerckoro ¢umana MMKB, r.ly6ua Mockosckoit oGnacth,
n/nHa. 141980 M®O 211844, ykazas: «3a noanucky Ha nanaing OHSIH»,:

Bo u3bexanue HemopasyMeHuit HeobxoaUMO YBCAOMHTS HMIATENLCKHA OTICH O
_TpoH3BeAeHHOH omate U sepuyTh «KapTouky noanucynka», OTMETHB B Hefl HOMEpa
¥ HQIBAHMA TEMATHYCCKHX KaTeropuii, Ha Xoropsie OGopMIRETCA MONNMCKAE, MO

afgpecy: ‘
141980 r. Oy6Ha Mockoeckoil o6,
yn.Xonno Kiopn, 6
OUAH, u3parenscKuii otaen
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Bparkosckas E.J1., Kypaes D.A., Cunaranze 3.K. E2-95-246
Pacnag ueiftpansioro nuoia 1a yersipe horona

BbiyycieH ROMHHHPYIOIUHA BRIAN B MAPUHAILHYID WHPUILY 7’ - 4vy pacnaga,
NPOUCXOMALLHIT OT MexaHWU3Ma, BKAoYaloWero KBAHTOBO-3/1EKTPOAHHAMHYECKHHA
6nok  pacmama TAxenoro  ¢oTosa °© Ha . TpH PeatbHLIX. Pesynvrar
Br(no -4 =260, 107! ya TPH nopsmxa 110 BE/HYMHE HHXE HMEIOIUMXCS
9KCNEPHUMENTANILHBIX OrpaltiyeH Hii,

PaGora seinonuena 8 Jlabopatopuu Teopernyeckoi ¢nanku uM. H.H.Boronto-
6osa OMUSH.

Mpenpitnt OGbeHENHOTO HHCTHTYTA AACPHBIA Hecacnopalnii, MyGna, 1995

Bratkovskaya E.L., Kuraev E.A., Silagadze Z.K. E2-95-246
On the Four-Photon Decay of the Neutral Pion

The dominant contribution to the r® —s 4y branching ratio, coming from purely
electromagnetic ~ photon-splitting  graph, is calculated. - The result

Br(n® - 4y) = (2.6 £0.1) - 10~ is about three orders of magnitude below the
present experimental limit.

The investigation has been performed at the Bogoliubov Laborétory of
Theoretical Physics, JINR.
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