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Preface

The aim of these lectures is to give a self-contained introduction to
nonrelativistic potential models, to their formulation as well as to their
possible applications. At the price of some lack of (in a mathematical
sense) rigorous derivations, we try to give a feeling and understanding
for the simplest conceivable method to extract the explicit form of the
forces acting between quarks from the interplay between experimental
observations and theoretical considerations. According to this spirit,
we demonstrate, in detail, how to obtain the underlying Hamiltonian
and how to determine the Lorentz structure of the quark-(anti-)quark
interaction potential from well-established experimental facts.
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Einleitung
Die - theoretische - Elementarteilchenphysik verfügt in Gestalt der

sogenannten „Standard-Theorie" über eine mathematisch konsistente
Quantenfeldtheorie der nicht-gravitativen Wechselwirkungen. Im Rah-
men dieser Standard-Theorie werden die starke Wechselwirkung durch
die Quantenchromodynamik und die elektroschwache Wechselwirkung
durch das Abdus Salam-Glashow-Weinberg-Modell beschrieben.

Die Quantenchromodynamik (QCD) stellt eine Theorie der starken
Wechselwirkung auf dem Niveau der Quarks dar: die starke Wechsel-
wirkung wird durch den Austausch von an die Farbladung koppelnden
Gluonen zwischen den Quarks vermittelt. Die zwischen den Hadronen
wirkende Kernkraft läßt sich in diesem Bild als ^Van der Waals-Kraft"
der starken Wechselwirkung verstehen.

Die Quantenchromodynamik besitzt zwei besonders fundamentale
Eigenschaften: 1. „Asymptotische Freiheit" - die Theorie verhält sich
im Hochenergielimes wie eine Theorie ohne Wechselwirkungen - und
2. "Confinement" - alle physikalisch beobachtbaren Zustände tragen
genau Farbladung Null. Als Konsequenz des Confinements können die
Quarks nur in farbneutralen Bindungszuständen, nicht jedoch als freie
Teilchen existieren.

Das Confinement beruht auf dem Umstand, daß - im Gegensatz zur
Quantenelektrodynamik, wo die Träger-Teilchen der Kräfte, die Pho-
tonen, selbst elektrisch neutral sind - in der Quantenchromodynamik
die Austausch-Teilchen, die Gluonen, eine nichtverschwindende Farb-
ladung tragen und daher zusätzlich Selbstwechselwirkungen eingehen.
Bedauerlicherweise stellt das Confinement jedoch ein nicht mehr im
Rahmen der Störungstheorie erfaßbares Phänomen dar. Aus diesem
Grund ist es bis jetzt nicht möglich, die detaillierte Form der zwischen
den Quarks herrschenden Kräfte aus der Quantenchromodynamik ab-
zuleiten.

Ab Ausweg bietet sich hier die Beschreibung dieser starken Kräfte
durch - nichtrelativistische - Potentialmodelle an. Einer der Haupt-
vorzüge dieser Potentialmodelle besteht in ihrer relativen Einfachheit.
Ihnen liegt aber die fundamentale Annahme zugrunde, daß für gebun-
dene Zustände von Quarks eine nichtrelativistische Betrachtungsweise
zulässig ist. Die Rechtfertigung dieser Vorgangsweise besteht letztend-
Hch in der erfolgreichen Konfrontation mit dem Experiment. Im Rah-
men dieses Zugangs tritt an die Stelle der Ableitung des Quark-Quark-
Potentials aus der zugrundeliegenden Quantenfeldtheorie die Bestim-



mung der Gestalt des Potentials aus dem Wechselspiel von theoreti-
schen Modellen, die natürlich mit den Forderungen der Quantenchrc-
modynamik in Einklang stehen müssen, und experimentellen Befun-
den, wie etwa Massenspektra und Zerfallsbreiten der Hadronen. Das
so ermittelte Potential findet dann bei der (nichtrelativistischen) Be-
handlung von Quark-Bindungszuständen in der Schrödingergleichung
Verwendung.

Dieses Potential muß demnach auf jeden Fall zwei charakteristische
Komponenten enthalten: .'

1. Der kurzreichweitige Anteil ist theoretisch gut verstanden, da er
. im Rahmen der Störungstheorie aus der Quantenchromodynamik
ableitbar ist. Der „Ein-Gluon-Austausch" zwischen Quarks führt
auf einen Coulomb-artigen Beitrag zum Potential.

2. Der langreichweitige Anteil müßte wohl für die Beschreibung des
Confinements verantwortlich sein. Über diesen Anteil lassen sich,
wie bereits erwähnt, störungstheoretisch keine Aussagen machen.
Einige Hinweise zum Verhalten des Potentials in diesem Bereich
können eventuell aus den Gittereichtheorien gewonnen werden.

Historisch gesehen wurden Potentialmodelle zunächst für das Stu-
dium schwerer Quark-Antiquark-Systéme herangezogen. Dem liegt die
Überlegung zugrunde, daß das Verhältnis von kinetischer Energie zu
Gesamtenergie - und damit auch der Relativabstand - der Quarks sich
mit steigender Quarkmasse verringert, sodaß man dort eher Gültigkeit
der nichtrelativistischen Näherung erwarten darf. Im skizzierten Bild
eines Quark-Potentials mit kurzreichweitigem Coulomb-Beitrag und
langreichweitigem Confinement-Anteil werden für Systeme schwerer
Quarks die Eigenschaften ihres Bindungszustandes primär durch den
Coulortb-Teil bestimmt. Dadurch besteht eine gewisse Analogie zum
Elektron-Positron-Bindungszustand, dem Positronium, und man кгиш
sich auch bei der Behandlung von Quarkonia von der in der Quanten-
elektrodynamik erworbenen Intuition leiten lassen.

Die Bezeichnung „Quarkonium" wurde zunächst nur für Bindungs-
zustände (qq) von schweren Quark-Antiquark-Paaren geprägt, im ein-
zelnen „Charmonium" für (cc), „Bottomonium" für (bb), „Toponium"
für (tt). Später wurde dieser Begriff weniger restriktiv verstanden, um
auch Bindungszustände von leichten Quarks und gemischte Systeme,
bestehend aus einem leichten und einem schweren (Anti-) Quark, mit-
einzubeziehen.



Введение

Физика элементарных частиц в рамках так называемой
„стандартной теории" представляет собой математически согла-
сованную квантовую теорию поля всех негравитационных взаи-
модействий. С точки зрения стандартной теории, сильное взаи-
модействие описывается квантовой хромодинамнкой, а слабое и
электромагнитное взаимодействие - моделью Глэшоу-Вайнберга-
Салама.

Квантовая хромодинамика представляет собой теорию сильно-
го взаимодействия на уровне кварков - сильное взаимодействие
между кварками осуществляется посредством обмена глюонами,
связанными с цветными зарядами. Сильное взаимодействие ме-
жду адронами может быть представлено в этой теории как „сила
Ван-дер-Ваальса" сильного взаимодействия.

Квантовая хромодинамика обладает двумя фундаментальны-
ми свойствами: „асимптотической сзободы" - в пределе высоких
энергий теория ведет себя как теория без взаимодействий - и
„конфайнмента" (confinement, удержание) - все физически наблю-
даемые состояния являются бесцветными. Из-за конфайнмента
квархи могут существовать только внутри бесцветных связанных
состояний, а не как свободные частицы.

Конфайнмент является следствием того обстоятельства, что, в
отличие от квантовой электродинамики, в которой носители сил,
фотоны, сами являются электрически нейтральными, а обменные
частицы в квантовой хромодинамике, глюоны, обладают ненуле-
вым цветным зарядом и поэтому дополнительно взаимодейству-
ют между собой. К сожалению, конфайнмент представляет собой
явление, которое невозможно охватить в рамках теории возмуще-
ний. По этой причине в настоящее время из принципов квантовой
хромодннамики невозможно детально определить структуру меж-
кварковых сил.

Выходом из этого положения является описание этих сил по-
средством нерелятивистских потенциальных моделей. Одно из
главных преимуществ потенциальных моделей состоит в их отно-
сительной простоте. Однако в их основе лежит фундаментальное
предположение о том, что для связанных состояний кварков до-
пустим лишь нерелятивистский подход. Обоснование этого под-
хода состоит, в конце концов, в успешном сопоставлении с экс-
периментальными данными. В рамках этого подхода вместо вы-



вода меэккваркового потенциала из исходной квантовой теории
поля мы имеем дело с нахождением формы потенциала из вэаим;-
ных предсказаний различных. теоретических моделей, которые,
естественно, должны быть согласованы с требованиями кванто-
вой хромодинамики и с результатами экспериментов.по измере-
нию спектров масс и ширин распадов адронов. Найденный таким
образом потенциал может быть использован при решении уравне-
ния Шредингера на спектр масс связанных состояний кварков.

Потенциал в любом случае должен содержать две составляю-
щие:

1. Короткодействующую часть, которая хорошо понята теорети-
чески, так как в рамках теории возмущений она выводима из
квантовой хромодинамики. Одноглюонный обмен между квар-
ками приводит к кулоноподобному вкладу в потенциал.

2. Длиннодействующую часть, которая отвечает за конфайн-
мент кварков. По поводу этого вклада, как уже упоминалось,
в рамках теории возмущений невозможны какие-либо выска-
зывания. Некоторые указания на поведение потенциала в этой
области можно извлечь из решеточных калибровочных тео-
рий.

Исторически впервые потенциальные модели использовались
при изучении тяжелых кварк-антикварковых систем. В основе
этого лежит соображение о том, что отношение кинетической
энергии к полной энергии, а тем самым и относительное рассто-
яние между кварками уменьшается с ростом массы кварка, так
что для тяжелых кварк-антикварковых систем можно ожидать
выполнимости нерелятивистского приближения.

В описанной картине, когда потенциал кварка представляет
собой сумму короткодействующей кулоновской части и длинно-
действующей части, обеспечивающей конфайнмент, для систем
тяжелых кварков свойства их связанного состояния определя-
ются главным образом кулоновской частью. Тем самым имеет
место определенная аналогия со связанным состоянием системы
„электрон-позитрон", позитронием, и при рассмотрении кварко-
ния можно руководствоваться интуицией, развитой в квантовой
электродинамике.

Термин „кварконий" употреблялся сначала для связанных
состояний (qq) тяжелой пары кварк-антккварк, в частности



„чармоний" для (ее), „боттомоний" для (bb), „топоний" для (tt).
Позднее &то понятие стало трактоваться шире, для того, что-
бы охватить также связанные состояния легких кварков и сме-
шанных систем, состоящих из одного легкого и одного тяжелого
(анти-) кварка.

' ' Вольфганг Люха
Франц Ф. Шёберл
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Chapter 1

Nonrelativistic Potential
ч

In principle, the appropriate framework for the description of bound
states within rclativistic quantum field theories is the Bethe-Salpeter
formalism. There are, however, some circumstances which are opposed
to this. The Bethe-Salpeter equation cannot be solved in general. The
interaction kernel entering in this equation is not derivable from QCD
either. The propagators of the constituents have to be approximated
by their free form, the involved masses, however, being interpreted as
effective ("constituent") ones. So, even if one is willing to put up with
the complexity of the Bethe-Salpeter formalism, it is hard to obtain
information from this approach.

The alternative which comes closest to one's physical intuition is the
description of bound states with the help of the Schrodinger equation
[1, 2, 3]

where the nonrelativistic Hamiltonian for a quantum system consisting
of two particles with masses mi and rri2, respectively, which interact
via some potential V(x) is given in the cenler-of-momentum frame by

here /x denotes the reduced mass,

+ 7712

Our main task is simply to find that potential T''(x) which describes
the interaction of the two particles constituting the bound state under
consideration. By investigating the corresponding scattering problem
of the involved bound-state constituents, the periurbalivebj accessible
part of this potential may be derived according to the following recipe
(for details sec, for instance, Refs. [4. 51):
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1. Compute the scattering amplitude ТЦ, which is defined in terms
of the S-matrix element 5fj introduced in Appendix A,

Sn= (f,out|i,in) ,

by the decomposition

for the elastic scattering process i —» f in lowest" non-trivial order
of perturbation theory, the so-called "first Born approximation."

2. Perform the nonrelativistic limit, realized by the vanishing of the
momenta p of the involved bound-state constituents; we indicate
this limit rather symbolically by

p - » 0 .

3. Obtain the configuration-space interaction potential sought after,
V(x), as the Fourier transform of the above scattering amplitude

For the sake of simplicity, we split off all the normalization factors
of the one-particle wave functions, given for a fermion of mass m and
kinetic energy

by .

we thereby define a quantity t according to

In the framework of this nonrelativistic treatment, the short-range
part of the quark-antiquark potential (which, is of perturbative origin!)
will be determined from quantum •chromodynamics (QCD) according
to the above prescription. The shape of the long-range, confining part
of the quark-antiquark potential (which is of nonperturbative origin!)
will be obtained from the analysis of the possible Lorentz structures of
the potential, its coordinate dependence from the comparison of some
of the resulting predictions with experiment.
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1.1 Nonrelativistic limit

In the nonrelativistic limit, our whole formalism, so to say, "collapses"
to an extremely simple one: ; ... •..-..•.. ;

• The relativistically correct expression for the one-particle kinetic
energy,

Ep = ^ p 2 + m2 ,

reduces to
Ep = m .

• The Dirac spinors u(j>, <x) and v(p, a) describing fermions of mass
m, four-momentum p, and spin polarization er,

, a) = J
4

Ev+m

t r p

* ' " \ 1 /

where <r = {04, i = 1,2,3} are the three Pauli matrices

( 0 П (O -i) (l O\

reduce to the nonrelativistic spinors • •,••: •••. :-

«и =

The normalization of the Dirac spinors adopted by us,

u* (p, c) u(p, r) = и1 (р, о-) v(p, т) = -£ бет ,

reduces to the nonrelativistic normalization

?/f (<r) u(r) = xl XT - Sar ,
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1.2 Static potential in quantum electrodynamics

Let us illustrate the very simple procedure outlined above by applying

it first to electron-positron scattering:

e~(pi,ffi) + e+(p2, o-г) -> e~(qi, n) + e+(«j2, r2) .

Figure 1.1: Electron-positron scattering, one-photon exchange graph.

Figure 1.2: Electron-positron scattering, pair annihilation graph.
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The interaction term in the Lagrangian of quantum electrodynamics
(QED) for the coupling of a fermion with electric charge e, described
by the Dirac spinor field ф(х), to the photon field А^{х) is well known:

In lowest non-trivial order of the perturbative loop expansion, just
two Feynman diagrams contribute to the scattering amplitude Тц for
elastic electron-positron scattering:

• the exchange of a single photon, 7, between electron and positron,
as depicted in Fig. 1.1; and

• the annihilation of the electron-positron pair into a single photon,
7, followed by a subsequent creation of an electron-positron pair
by this single photon, as depicted in Fig. 1.2.

With the help of the Feynman rules given for an arbitrary, that is, in
general, non-Abclian, gauge theory in Appendix B, it's straightforward
to find the corresponding scattering amplitude Тц:

• The contribution of the one-photon exchange graph in Fig. 1.1 to
our scattering amplitude t reads

e 2 _

<exch = ~jg " ( f t , Tl) 7p «(Pi. Cl) б(Р2, 0-2) 7^ «(92, Г2) , (1.1)

where к denotes the involved momentum transfer,

k = P i — <7i = 92 — P2 •

The square of this momentum transfer,

k2 .= (Pi-e i ) 2 . . .

which enters in the denominator of the scattering amplitude гмс1,,
reduces in the nonrelativistic limit to

fca = - k 2 .

The spinor factors п 7^ « and v у1* v may be evaluated very easily:

— For our particular choice for the normalization of the Dirac
spinors u and v, we have, in the nonrelativistic limit,

«(rOToufo) = «t(T1)«(<Ti) = 5r,(7l ,

«(о-г) То 1'Ы = v\a2) w(r2) - 6T^2 .
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•7 In the Dirac representation, the Dirac matrices 7м = {7°>7}
are explicitly given by :

/ 1 0\
= \o -lj •

Inserting these explicit representations of the Dirac matrices,
we obtain, in the nonrelativistic limit,

= 0

and, similarly,
t>(<r2) 7 f (тг) = 0 .

Accordingly, the scattering amplitude <exch of Eq. (1.1) reduces to

• The contribution of the pair annihilation graph in Fig. 1.2 to our
scattering amplitude t reads

turn = 7 y u (

Here, the total momentum P of the system under consideration,

enters in the denominator of the scattering amplitude t a l m. In that
case, however, the square of this total momentum,

P2 = ( P l + P 2 ) 2
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reduces in the nonrelativistic limit to

Thus, compared with the contribution to the scattering amplitude
t arising from one-photon exchange, ieXch. the contribution to the
scattering amplitude t arising from pair annihilation, tmn, will be
of the order of

m 2" '
This observation indicates that the annihilation contribution tmn

represents, in any case, already some relativistic correction to the
exchange contribution <exch»for which there will be no room at all
within a purely nonrelativistic investigation and which, therefore,
has to be neglected for the present discussion.

We are unambiguously led to the conclusion that, in the nonrelativistic
limit, only the one-photon exchange graph contributes to the T-matrix
element for elastic electron-positron scattering:

(2тг)6 (2ТГ)6 к 2

According to step 3 of our procedure, the interaction potential V(x)
is obtained as the Fourier transform of the T-matrix element Tfi. Since,
at present, we are exclusively interested in the nonrelativistic limit, we
shall obtain in this way only the nonrelativistic (or static) part
of the potential:

/ d3kexp(-ikx)TrW

The. result of the required integration may immediately be written
down:

1. The integral is obviously invariant under rotations. Consequently,
it has to be some function Ф of the radial coordinate r ~ Jx[ only:
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2. For dimensional reasons, this function Ф(г) has to be proportional
to the inverse of r:

Ф(г) ос - .
• • г

These considerations justify the ansatz

1 г з exp(-tk-x) _ A

(2тг)3 J к 2 ~ г '

with some dimensionless constant A. We determine the constant Л by
applying the Laplacian Д = V • V to both sides of this ansatz:

• For the left-hand side, we find

1 г з exp(-ik-x) _

?2lo3"AydA: P ~

For the right-hand side, upon remembering thu relation

we find
AA± = -

By comparison, the dimensionless proportionality factor, A, is pinned
down to the value

With due satisfaction, we realize that, by following step by step our
general prescription given in our introductory remarks to this chapter,
one is indeed able to recover, from the nonrelativistic limit of the Born
approximation to the T-matrix element for (elastic) electron-positron
scattering, the static Coulomb potential of quantum electrodynamics:

or, with the usually employed definition

e2

acm = -r-
47Г

of the electromagnetic fine structure constant,
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1.3 Static potential in quantum chromodynamics

The overwhelming success in the case of quantum electrodynamics has
contributed to enhance our confidence in our prescriptiou of extracting
the (perturbalively accessible part of an) effective interaction potential
from the relevant elastic-scattering problem. Hence, we do not hesitate
to apply this procedure also to the case of quantum chromodynamics.

The relevant situation for the determination of the potential which
describes the quark forces acting within mesons is the quark-antiquark
scattering

4i{Pb<ri) + <J;G>2,02) - * qk{qu n) + qi{q2, т 2) ,

where the indices i,j,... — 1,2,3 denote the colour degrees of freedom
of the involved quarks.

According to our brief but nevertheless comprehensive—not to say,
exhaustive—sketch of quantum chromodynamics given in Appendix C,
the coupling, with the interaction strength gs, of a quark q, represented
by the Diracspinorfield qi(x), to the gluon fields G£(x), a = 1,2,... ,8,
is described by the interaction Lagrangian

£?CD(*) = л *(*) 7» f- is(*) <?«*),
where Aa, a = 1,2 8, are the eight Gell-Mann matrices; an explicit
representation of these matrices may be found in Appendix D.2. They
serve to construct a fundamental (three-dimensional) representation of
the generators of the gauge group SU(3) of quantum chromodynamics:

rpa _ 21
•Mund <j •

Because of the (structural) similarity of the interaction Lagrangians
C\ of quantum electrodynamics, £j , and quantum chromodynamics,
Cj , again only two Feynman graphs potentially contribute, in lowest
non-trivial order of the perturbative loop expansion, to the scattering
amplitude ТЦ for elastic quark-antiquark scattering:

• the exchange of a single gluon, Ga, between quark and antiquark,
as depicted in Fig. 1.3; and

• the "annihilation" of the quark-antiquark pair into a single gluon,
Ga, followed by the subsequent creation of a quark-antiquark pair
by this single gluon, as depicted in Fig. 1.4.
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Figure 1.3: Quark-antiquark scattering, one-gluon exchange graph.

Figure 1.4: Quark-antiquark scattering, pair annihilation graph.
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There is absolutely no need to calculate the corresponding T-matrix
elements Tf, once more. Comparing the above interaction Lagrangians
£i of quantum electrodynamics, £? E D , and quantum chromodynamics,
£j , we realize that—loosely speaking—we may obtain the transition
amplitudes required in the present case from the ones computed in the
previous section by simply replacing in the latter the electric charge e
by the expression

A°

However, we have to take into account that, according to the famous
confinement hypothesis, all the quarks inside a hadron form necessarily
a colour-singlet state. Consequently, we feel obliged to amend—which,
as there is no danger of confusion,.we do without change of notations—
the transition amplitudes Та for the scattering of free particles by the
(normalized) meson colour wave functions

which means, in fact, nothing else but an appropriate average over the
colour degrees of freedom.

With this proviso, the T-matrix element Tf, in question is found as
follows:

• The contribution of the one-gluon exchange graph in Fig. 1.3 to
our scattering amplitude t reads

Jl да Да

«exch = --^•y--^u(gi,n)7p«(Pl|0-l)5(p2,O-2)7'1w(92.r2) ,

where к denotes again the involved momentum transfer,

or, after the announced multiplication by those meson colour wave
functions,

gl 1 1 AfcAge

With one of the relations given in Appendix D.3, 'he colour factor
stemming from the exchange graph yields

meson colour wave functions "(colour charge)'" /gf
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1С

Hence, the one-gluon exchange contribution ttxch to the scattering
amplitude ( is given by the expression

4 g2 _
<«л = -3^«(gi,n)7^«(Pi.o"i)^(P2,^2)7'1"(72,T2) ,

which reduces in the nonrelativistic limit to

* - 4 9' л л
'occh - „ у °no\ °TZOI •

The contribution of the pair annihilation graph in Fig. 1.4 to our
scattering amplitude t reads

2 да. да
< = ' ' ^ - ^ Й(?1, П) 7(i «(®!i 2̂> V(P2, <T2) i" «(pi, Cl) ,

or, after the announced multiplication by those meson colour wave
functions,

However, this annihilation contribution t&m vanishes identically:

= о .
From the physical point of view, the interpretation of this, at first
sight slightly surprising, phenomenon is rather evident: the gluon,
as a colour octet, that is, as a particle which transforms according
to the eight-dimensional adjoint representation of SU(3)o, has no
means to couple to a colour singlet, like any bound state of quarks,
without violating thereby the conservation of colour demanded by
the exact invariance of quantum chromodynamics with respect to
the colour gauge group SU(3)c.
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Collecting all our above findings, we may state that, in lowest order
of the perturbative Loop expansion, the T-matrix element Та for elastic
quark-antiquark scattering within mesons receives only a contribution
from the one-gluon exchange graph: .

Consequently, the quintessence of the present consideration is: we may

recover the (perturbatively accessible part of the) effective interaction

potential operative in quantum chromodynarnics from its counterpart

in the case of quantum electrodynamics by simply replacing the square

e2 of the electric charge e by the factor
4 2

Hence, the short-distance part of the static quark-antiquark potential,
arising from one-gluon exchange within mesons, is of Coulombic shape:

or, with the usually employed definition

of the strong fine structure constant,

1.4 Lorentz structure of an interquark interaction

At this stage, in order to seize hold of the nonperturbative contribution
to any effective potential, we embark on a rather general investigation.

Quite generally, the T-matrix element ТЦ for the elastic scattering
of some generic fermion J- and the corresponding antifermion f-', botli
of them of mass m,

Hvi, ffi) + H?2, °г) -+ H4i, П) + ЙЧг, Is) .

is, apart from the overall normalization factors of the one-partic!s wave
functions, which we always split off by the definition

T =
of our scattering amplitude t, the product of
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» two bilinears of Dirac spinors of the form u(gi, Ti) F I u(pi, cri) and
«(?2i "'г) Гг и(дг, т2), where I\ and Га represent some (unspecified)
Dirac matrices, and

• some interaction kernel К which, a priori, may depend on all four
external momentaрьрг,ЯиЯ2,

K=K(pup2,q1,q2) ,

only subject to the momentum conservation

Pi

as expressed by that overall 6 function multiplying this T-matrix
element ТЦ in the standard decomposition of the S-matrix element
Sa.

Consequently, the most general ansatz for our scattering amplitude t
reads

* = "(gi, Ti) Ti u(pi, cri) v{p2, o-2) Г2 u(g2,r2) К ,

with К depending on any three independent linear combinations built
from the external momenta out of the set {pi,p2,9i, 92}•

We shall constrain the T-matrix element ТЦ under consideration by
the following two, very reasonable assumptions:

1. The T-matrix element Ifi is invariant with respect to the full set of
transformations forming the (homogeneous) Lorentz group, that
is, invariant under

• proper orthochronous Lorentz transformations,

• space reflection ('"parity operation"), and

• time reversal.

2. The interaction kernel К entering in the T-matrix element TR is a
function of only theequare k2 of the involved momentum transfer

that is,

which reduces in the nonrelativistic limit to
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The most general form of the scattering amplitude t consistent with
the requirements of the above assumptions is (see, e.g., Refs. [2, 6, 7])

i = E *s, (1-2)
S=S,P,V,A,T

where any particular contribution tj; is of the form

*s = u(qu n ) ГЕ и(ри <rx) 5(р2, cr2) ГЕ v{q2, r 2 ) K^{k2)

and the sum extends over the five possible Lorentz .structures

о scalar (S),

• pseudoscalar (P),
ГЕ ® ГЕ =

• vector (V),
Г

• axial vector (A),

and

• tensor (T),

Here, we had to introduce the Dirac matrices

7 5 — 7 — т у t i i v p o 1 1 1 1

with the totally antisymmetric Levi-Civita symbol in four dimensions

unambiguously fixed by demanding

as well as
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In the Dirac representation, these Dirac matrices are explicitly given

by

75 = -

and

In the two preceding sections, that ferrnion-antifennion interaction
was basically mediated by the exchange of some vector boson, namely,

• the photon in the case of quantum electrodynamics or

• the gluon in the case of quantum chromodynamics.

As a consequence of this, in both of these cases the effective interaction
was solely of vector Lorentz structure,

or, in other words, in the decomposition (1.2) the scattering amplitude
t received exclusively a vector contribution. The interaction kernel К
was given by

K(k*) = - J
reducing to

A'(-k2) = £ ,
where the effective coupling strength к stands

• in the case of quantum electrodynamics for

к = e2 ,

• in the case of quantum chromodynamics for

Fourier transformation then resulted in the static Coulomb potential
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Needless to say, in general the various contributions entering in the
decomposition (1.2) of our scattering amplitude i will not arise from
the exchange of a single particle representing some fundamental degree
of freedom of the underlying quantum field theory. Rather, these terms
have to be interpreted as due to only an effective exchange of a particle
of the appropriate behaviour under Lorentz transformations.

We should be prepared to the fact that—in the course of evaluating
below the various terms <E contributing to the T-matrix element Тц—
we shall encounter expectation values of the Pauli matrices of the form
XV,' <TXai and x%-} aXr2- We shall cast the second of these expressions,
which involves two-component spinors xZ representing the spin degrees
of freedom of antifcrmions, defined by

with the help of the identity

= -a'

into an equivalent form which involves only the two-component spinors
Xa pertaining to fcrmions:

c _ (ve\ (rvc\T

\ла "Хт)v c t _ v c _ (

Лег " Л т — \л

= (

= - [Ха О- Хт)

We shall find it convenient to abbreviate the expectation values of the
Pauli matrices a by introducing the shorthand notation

(1.3)

Now, what we really have to do when trying to follow the steps Riven
in our prescription for the derivation of that (perturbatively accessible
part of an) effective interaction potential from the underlying quantum
field theory by considering the relevant clastic-scattering problem may
be phrased in the following way:
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1. Calculate the expectation values of the considered S operator, Sn,
or T. operator, Xn, with respect to those Fock-space states usually
employed in quantum field theory.

2. Look upon these matrix elements as the expectation values of that
interaction potential you are searching for, V(x), with respect to
the quantum-theoretical bound states and extract this interaction
potential by "factorizing off" all remnants of these bound states.

In this and only this (!) sense one may adhere, when switching from the
scattering amplitude to the interaction potential, to the identifications
of the spin operators Sj and Sj of fermion and antifermion with half of
the expectation values C7"i and &i of the Pauli matrices er, respectively:

с « » l

and therefore
o - i . < r 2 " = > > 4 S l - S 2 .

Adopting an admittedly rather symbolical notation, we suppress in
the following any reference to both the momenta and the spin degrees
of freedom of the involved particles. Nevertheless, at every moment it
should be c? :-.r what's going on. With the above at one's disposal, the
nonrelativistic potentials V^n^x), S = S,P, V, A,T, are easily found:

Scalar: For the scalar Lorentz structure, i.e.,

Г в ® ГЕ = 1 ® 1 ,

we find for our scattering amplitude t in the nonrelativistic limit

is = uuvvKs(k2)

Upon Fourier transformation, the corresponding static interaction
potential V^(x) reads

where Vs(r) is defined by

Vs(r) E

Accordingly, the scalar Lorentz structure yields a "pure potential"
term.
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Pseudoscalar: For the pseudoscalar Lorentz structure, i.e.,

we find for our scattering amplitude t in the nonrelativistic limit

= V 70 7s и и* 7o 7 5

= о .
Consequently, in the nonrelativistic limit, the contribution of this
pseudoscalar Lorcntz structure vanishes:

Vector: For the vector Lorentz structure, i.e., :

the nonrelativistic limit of our scattering amplitude t has, in fact,
already been calculated in Section 1.2:

Upon Fourier transformation, the corresponding static interaction
potential Vj^ (x) reads

where Vy(r) is defined by •

Vv(r) = -~^ f d3fcexP(-ik • x)iiv(-k 2) .

Accordingly, the vector Lorentz structure yields, very similarly to
its scalar counterpart, a "pure potential" • term.

Axial vector: For the axial vector Lorentz structure, i.e.,

Г ц © ^ = 7^7507"7 s ,

we find
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• for (l = 0

п 7o 7s и v 7° 7 5 " = " ' 75 " " ' 7 5 "

x 10, Xе

= 0

and

• for ц = i

U775U -п775и = u'7o775« • u J7°775u

and therefore for our scattering amplitude t in the nonrelativistic
limit

tK -

- [u7o75 « п 7°7 5 » - « 7 75 " • « 7 7 5 "] ЙА

Upon Fourier transformation, the corresponding static interaction

potential PRR ( x ) reads

where VA(0 is defined by

Accordingly, the axial vector Lorentz structure entails an effective
spin-spin interaction.
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Tensor: For the tensor Lorentz structure, i.e.,
1
2

we find

• for ft = 0, v = i

r0!vu(roiuvcro:v =

x i(

= 0

and

, • for ц = i,i/ = j

п tr1-7 uvcr'i v = и ' 7o &1' и и' 7° о-1-7 v

and therefore for our scattering amplitude < in the nonrelativistic
limit

= п «rOl- u t* ff0' и + - п <rtj и v <т'3 v\ Ki(k2)
i 2 . • * • • • .

Upon Fourier transformation, the corresponding static interaction
potential VNR(X) reads

NR.4X/-4



22 CHAPTER!. NONRELATIVISTICPOTENTIAL

where V^(r) is defined by

Accordingly, the tensor Lorentz s t ructure entails also an effective

spin-spin interaction.

Table 1.1 summarizes o u r findings for the contributions of t h e various

possible Lorentz s t ructures t o the effective interaction potential in t h e

nonrelativistic l imit.

ТЧЫе 1.1: Nonrelativistic interaction potential V$ arising effectively from the various
conceivable Lorentz structures Гв® ГЕ of an arbitrary fermion-antifermion interaction

Lorentz structure Г Б ® Fs static potential

scalar 1 ® 1 Vs(r)

pseudoscalar 75 ® 7 5 0

vector

axial vector

tensor

The total spin S of the respective bound state under consideration

is clearly given by the sum of the spins Sj and S2 of its constituents:

Upon squaring this relation,

S 2 =

we may express the product S t • S 2 of the two spins Si and S 2 in terms

of the squares of Si, S2, and S,

S l . s 2 = I(s2-s2-s|) ,
and, therefore, its expectation values by the corresponding expectation

values of S2, S|, and S2:
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Accordingly, expressed in terms of the quantum numbers 5 , Si, and 5 2

of the spins S, Si, and S 2 , respectively, the expectation values (Si -S2)
of the product of the spins Si, S 2 of the bound-state constituents read

For fermionic constituents with spin

1
i - 2 - g >

we have

and therefore

Moreover, for fermionic constituents with spin

5i = 5 2 = — ,

the quantum number 5 of the total spin S may accept precisely either
of two values:

• 5 = 0, which corresponds to some spin singlet, like the pion or the
j} meson in the case of light quarks, or the rjc in the charmonium
system. ..

• 5 = 1, which corresponds to some spin triplet, like the p, u>, and ф
mesons in the case of light quarks, or the J/t/> in the charmonium
system, or the T in the bottomonium system.

This implies for the eigenvalues 5 (5 + 1 ) of the square S 2 of the total
spin S:

0 for spin singlets, i.e., 5 = 0 ,

2 for spin triplets, i.e., 5 = 1 .

Accordingly, the expectation values (Si-Sa) of the product of the spins
Si, S 2 of the bound-state constituents are finally given by

3
—- for spin singlets, i.e., 5 = 0 ,

1 ( L 4 )

+- for spin triplets, i.e., 5 = 1 .
4
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The first and simultaneously most important lesson to be learned from
the above is that, for these two possible values of the quantum number
S of the total spin S of the bound state, the spin-spin interaction term
will contribute necessarily with opposite signs.

Collecting all previous results, the following picture emerges for the
nonrelativisiic limit of the most general effective fermion-antiferniion
interaction potential VNR(X):

• Both scalar and vector Lorentz structures lead to "pure potential"
terms:

vffl(*) = Mr) for E = S,V.

• The contribution of the pseudoscalar Lorcntz structure vanishes:1

This circumstance provides, for instance, a very compelling reason
for the (relatively) weak binding of deuterium in nuclear physics:
The interaction between nucleons, that is, protons and neutrons,
is generally accepted to be dominated by one-pion exchange. Since
the ж meson is a pseudoscalar meson, the Lorentz structure of its
coupling to the nucleons has to be also of pseudoscalar nature in
order to form an interaction Lagrangian which is a Lorentz scalar.
This fact implies that only the relativistic corrections arising from
one-pion exchange can be responsible for the binding of a proton
and a neutron to the deuterium.

• Both axial vector and tensor Lorentz structures contribute merely
to the spin-spin interaction term:

V$(x)=4SlS2Vs(r) for E = A,T.

As a consequence of Eq. (1.4), in this case we will obtain a binding
force between fermion and antifermion only for either of the above
two possible values, 5 = 0 and 5 = 1, of the quantum number S
of the total spin S of the bound state.

Hoping that the empirically observed hadron spectrum will provide
some restrictions on the allowed effective quark-antiquark interaction,
we now confront the above picture of general findings with experiment:

1 In the next—i.e., first non-trivial—order of the present nonrelativistic expansion,
this pseudoscalar Lorentz structure contributes to the spin-spin and tensor interaction
terms.
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• Already the mere existence of strongly bound mesons forbids the
pseudoscalar Lorentz structure to play any significant role within
some phenomenologically acceptable quark-antiquark interaction
potential. ;-

• The existence of both pseudoscalar mesons (like x, T], and т)') and
vector mesons (like p, u>, and <f>), all of which are bound states of a
quark-antiquark pair with vanishing orbital angular momentum,
implies that the actual quark-antiquark forces must be described
by an interaction potential which yields binding for 5 = 0 as well
as S = 1. Obviously, this fact rules out both the axial vector and
tensor Lorentz structures as the predominant contribution to any
realistic quark-antiquark interaction potential.

In other words, the theoretically predicted particle spectra would look
very different from the experimentally measured ones if the dominant
terms in the effective quark-antiquark interaction potential would not
be just some linear combination of vector and scalar Lorcntz structure.
Therefore, our conclusion has to be:

The Lorentz s tructure of the quark-antiquark interaction
is dominated by the vector yl,<S>yt' and/or the scalar 1 ® 1,
both of which lead in the nonrelativistic limit to so-called
pure potential terms. Thus the static interaction potential
Ит.( г) must be the sum of merely the contributions of the
vector—Vv(r)—and the scalar—Vs(r)—Lorentz structures:

Ы г ) = Vv(r) + Vs(r) .



Chapter 2

Relativistic Corrections

Beyond doubt, the next logical step must be to improve the up-to-now
entirely nonrelativistic formalism by taking into account all relativistic
corrections. In principle, one encounters no particular difficulties when
trying to take into account (at least, at some formal level) the complete
set of relativistic corrections to the effective interaction potential [4,5].

For the moment, however, we intend to be somewhat more modest,
and this even in two respects:

1. We shall calculate these relativistic corrections only up to second
order iri the absolute value v = |v| of the generic relative velocities

of the bound-state constituents, that is, only up to order

which, since up to this order the relativistic kinetic energy

Ep = y/p* + m2

may be approximated at this place by

EpOim ,

is equivalent to

m2

2. We shall consider only the spin-dependent contributions to these
relativistic corrections. These spin-dependent interactions control
the fine and hyperfine level splittings of the bound-state spectra.
The spin-independent interactions may be obtained, with slightly
more effort, along similar lines [6].

26
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2.1 Spin-dependent corrections

We shall be interested in all the spin-dependent relativistic corrections
to the static interaction potential VNR(X) up to order- ••

Therefore, we must focus our attention to those terms in the transition
amplitude Гп which involve expectation values of the Pauli matrices a.
One may simplify this task considerably by the following observation:
we are entitled to approximate the relativistic kinetic energy

Ep = v'p2 + m2

by the lowest-order term

of its nonrelativistic expansion in two places, namely,

1. in the Dirac spinors u(p, cr) and v(p, a),

Ep

Up

cr-p

which then (only for the purpose of the present analysis!) become

" ( P . <0 = o - p Ха i

J™ (2.1)

2. in that general relationship between the T-matrix element Тц and
our scattering amplitude t,

which then becomes
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In the course of calculating the scattering amplitude t, we may take
advantage of two trivial simplifications:

1. In order to get the interaction potential V^x), we have to consider
the scattering amplitude t only in the center-of-momentum frame,
defined by the vanishing of the total momenta Pi and Pf of initial
state i and final state f, respectively:

Pi = P l + p 2 = qi + q2 = Pf = 0 .

Consequently, this scattering amplitude ( will depend only on the
involved momentum transfer

к = pi - q, = q2 - P2

and on the relative momentum

P = Pi = -P2 •

2. The Pauli matrices a- = {a, i = 1,2,3} satisfy both

• the commutation relations

a n d ; • • •• • • • .

• the anticommutation relations

Adding up these two relations, the product oy a-j of any two Pauli
matrices is given by

= Sij +

By application of this relation, any product of (two or more) Pauli
matrices may be reduced to an expression which involves no more
than at most one Pauli matrix.

Performing the Fourier transformation as demanded by that general
prescription briefly sketched in our introductory remarks to Chapter 1,
the effective interaction potential V(x) is derived from t according to

V(x) = -(2T)3/d3/fcexp(-tk-x)2fi(*)
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As the central result of the intended inclusion of all spin-dependent
relativistic corrections up to order

' pi

we shall finally end up with the generalization to arbitrary interaction
potentials of the well-known Brett-Fermi Ilamillonian, of the standard
form

II = mi + m2 + £ - + V(x) ,

with (i the reduced mass of the particular two-particle quantum system
under consideration,

r/Ii Ш2

и = .
nil + «»2

Here, the interaction potential F(x) will encompass, in addition to the
nonrelativistic contribution Ит(х), also all spin-dependent relativistic
corrections Vipin(x):

The set of spin-dependent relativistic corrections V£pjn(x) wiil turn out
to consist, in general, of some

• spin-orbit interaction term #LS,

• spin-spin interaction term Hss, and

• tensor interaction term H^;

that is, this spin-dependent part Убр;п of the interaction potential V{x)
will read

V3pia = Ihs + HSS + Лт •

Bearing in mind the outcome of our analysis of the possible Lorentz
structure of the effective interaction in a quark-antiquark bound state
as performed in Section 1.4, we will treat below only the case of vector
and scalar Lorentz structure of the static interaction potential

Furthermore, for the sake of simplicity, wo will present in the following
all the necessary derivations in detail only for the special case of equal
т&язсз of the bound-state constituents:

= mj = m
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2.2 Interaction with vector Lorentz structure

In the case of an interaction with vector Lorentz structure, that is, for

the scattering amplitude (1.2) assumes the form . •

iv = "(?i,п)у,,u{pucri)v(p2,v-i)t"v[q2,r2)Ky(k2) .

Upon inserting the Dirac spinors in Dirac representation, Eq. (2.1),
and suppressing, for the sake of notational simplicity, any reference to
the spin degrees of freedom, we find for this scattering amplitude

Xcl [(О" • pj) a- + cr (a • q 2 )] X

c }}
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Dropping all contributions to spin-independent relativistic corrections
at the very instant they show up, and recalling the abbreviations (1.3),
this scattering amplitude simplifies, in the center-of-momentum frame,
to - . • : - . .

= U + ^^

+ [(2 p - *),• + ieijk kj <rlk) [(2p - k)i + ie:tm kt <r2m]}J Kv(-

er2) k
2 + (<n • k) (cr2 • k)]} ̂ v(-k 2 ) .

Fourier transformation appears to be the appropriate tool to obtain
the resulting effective interaction potential:

• Already from the very beginning, all interaction kernels K% have
been (implicitly) assumed to depend, in the nonrelativistic limit,
only on the modulus |k| of the momentum transfer k. Therefore,
all the corresponding static interaction potentials V̂ R (x) have to
be spherically symmetric:

Mr) = -^L./d»fcexp(-ik.x)*v(-k2) .

• Denoting the first and second derivatives of any static interaction
potential with respect to the radial coordinate r = |x| by primes,
one finds

/ - к 2 ) = -iVjVv(r)

and, with the help of an identity proven in Appendix E,

^ / d3k к, к, exp(-* к • x) lw(-k 2 )
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Consequently, the spin-dependent relativistic corrections Kpem °r f°r ' n e

case of a vector Lorentz structure of the effective fermion-antifermion
interaction become

+ S

, 1 [(S1-x)(S2-x) 1 1 Г1
+ ^ [ ? 3 S l ' S2j [r

Herein, it is straightforward to identify, in full accordance with the
previously announced decomposition of the spin-dependent relativistic
corrections ^ р Ш 1 when specified to the case of vector Lorentz structure,

V'Vector /TYector i rrvector , TI rector
«pin -

 Ji
LS + -"SS + "1 .

• the spin-orbit term

with the relative orbital angular momentum

L = x x p

of the bound-state constituents;

the spin-spin term

and

the tensor term

„vecor _ 1 f(Sl-x)(S2-X)
JJrr — -

with the shorthand notation

for the spin-dependent factor.
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2.3 Interaction with scalar Lorentz structure

In the case of an interaction with scalar Lorentz structure, that is, for

Г 2 ® Г Е = 1®1 ,

the scattering amplitude (1.2) assumes the form

ts = п(ди п) u(pu <ri) v(p2, <72) v(g2, r2) Ks(k2) .

Upon inserting the Dirac spinors in Dirac representation, Eq. (2.1),
and suppressing, for the sake of notaUonul simplicity, any reference to
the spin degrees of freedom, we find for this scattering amplitude

tS = u(qx) «(pi) v(p2) v(q2) Ks(k2)

= « f Ы TO W(PI) wf(p2) 7o v(q2) Ks(k2) . . . . . .

[xct Xе - ~^XC] (o- • pa) (a • q2) x] KS(-k*)

x Ks(~k2).x Ks(k).

Dropping all contributjons to spin-independent relativistic corrections
at the very instant they show up, and recalling the abbreviations (1.3),
this scattering amplitude simplifies, in the center-of-momenturn frame,
to . . .

1—2

4 m
1 ~ ~.—9 * tijkPi kj (aik + o"2i) ^"s(~k ) •4 m-' J

Once more, Fourier transformation appears to be the adequate too!
to obtain the resulting effective interaction potential:
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• For the same reason as before, the static interaction potential has
to be again spherically symmetric: '

Vs{r) s ^L j/d 3 fcexpHk • x) tfs(-k2) .

• The corresponding spin-dependent relativistic corrections may be
found with the help of

Consequently, the spin-dependent relativistic corrections Vffi" for the
case of a scalar Lorentz structure of the effective fermion-antifermion
interaction become

V'scalar __ irscalac
«pin - "hS >

with the spin-orbit term

where Ъ denotes, as before, the relative orbital angular momentum of
the bound-state constituents,

L = x x p .

Accordingly, an interaction with scalar spin structure contributes only
to the spin-orbit term Н\д. However, apart from possible differences of
the two nonrelativistic potentials Vv(r) and Vs(r) of vector and scalar
spin structure, respectively, the spin-dependent relativistic corrections
for scalar spin structure, #£"'", contribute with a sign opposite to that
of the corresponding spin-dependent relativistic corrections for vector
spin structure, Я£"'ог. Hence, assuming identical static potentials, i.e.,

Vv(r) = Vs(r) ,

the spin-orbit term Щ"{<", resulting from a vector spin structure, may
be partially compensated by the spin-orbit term J7£|alsr, resulting from
a scalar spin structure:

=~ягг« в» woo = ад.
Before trying, in Chapter 3, to write down a (physically meaningful)

quark-antiquark interaction potential, it is advisable to "condense" all
these results on the effective fermion-ahtifermion interaction potential
to what we would like to call a "generalized Breit-Fermi Hamiltonian."
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2.4 Generalized Breit-Fermi Hamiltonian

The Hamiltonian containing all spin-dependent relativistic corrections
up to order

2 P2 P2

is called the generalized Brett-Fermi Hamiltonian:

H = mj + m2 + £ - + Vm(r) + His + #ss + Я т
(2.2)

where

ГП1ТП2

ffli + Ш2

= — for
£1

= ni2 = m

is the reduced mass and—according to the analysis of Section 1.4—the
static potential ^мц(г) consists of a vector and a scalar contribution,

(2-3)

The corresponding spin-dependent relativistic corrections read (for the
case of equal masses mi = m-i = m):

spin-orbit term:

2m2r
L S dr1 dr

(2.4)

where
S = Sx + S2

is the total spin of the bound state and

L = x x p

is the relative orbital angular momentum of its constituents;

spin-spin term:

(2.5)
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« tensor term:
1 [(S1-x)(S2-x) 1 1 d

or, with the abbreviation

. - ^ [ ( S i - x H S i - x )
(2.0)

of the spin-dependent factor, which is sometimes called the tensor
operator,

1
12 m 2 г dr

d2

(2.7)

The corresponding expressions for the general case of unequal masses
of the bound-state constituents mi ф mi may be obtained in asimiiar
manner; they are collected in Appendix F.

The total angular momentum J of the respective bound state under
consideration—^which constitutes, of course, nothing else but the spin
of the corresponding composite particle^—is clearly given by the sum
of

• the relative orbital angular momentum

L = x x p

and

• the total spin

of its constituents:
J = L + S .

Upon squaring this relation,

J 2 =• (L + S)2

= L2 + S2 + 2L-S ,

we may express the product L-S of relative orbital angular momentum
L and total spin S in terms of the squares of Ь, S, and J,



2.4. GENERALIZED BREIT-FERMIHAMILTONIAN 37

and, therefore, its expectation values by the corresponding expectation
values of L2, S2, and J2:

Accordingly, expressed in terms of the quantum numbers I, 5, and j
of the relative orbital angular momentum L, the total spin S, and the
total angular momentum J, respectively, denoting the bound state, the
expectation values (L-S) of the product of orbital angular momentum
L and total spin S, originating from the spin-orbit term 7/LS) Eq. (2.4),
read

i( L S ) = [i( ; + l)

Evidently, the expectation values of the spin-orbit term 7/LS, Eq. (2.4),
vanish for either £ = 0,

(L • S) = 0 for t = 0 ,

or 5 = 0,
(L • S) = 0 for 5 = 0 ,

contributing thus only for t Ф 0 and 5 = 1 . The above relation yields
the explicit nonvanishing matrix elements (L • S) listed in Table 2.1.

Table 2.1: Nonvanishing spin-orbit couplings for t ф 0 and 5 = 1

t

j

+

-

1

1

(L-S)

I

-1

-(*+!)•

For fermionic bound-state constituents of spin

Si = 5 2 = - ,

the expectation values (Si • S2) of the product of their spins Si and S2
in the spin-spin term Hss, Eq. (2.5), have been determined already in
Section 1.4:

2
—- for spin singlets, i.e., S = 0 ,

\
-h- for spin triplets, i.e., 5 = 1 .
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Likewise, for fermionic bound-state constituents of spin

Si — S2 - - ,

the spin-dependent factor Sa in the tensor term # т , Eq. (2.7), may
be rewritten as

[ £ # ] (2.8)
г*

Accordingly, the expectation values of the tensor term Hi, Eq. (2.7),
also vanish for either S = 0,

(5i2> = 0 for 5 = 0 ,

or£ = 0,
(5i2) = 0 for £ = 0 ,

the (more or less obvious) reason for the latter being the fact that the
rotational symmetry realized in the case of I = 0 leads to

/xiXjK _ 1
\ r* / ~ 3 * 4 >

which, in turn, results in a mutual cancellation of the two terms on the
right-hand side of Eq. (2.8). After a lengthy calculation, the following
expression for the diagonal matrix elements of S12 may be found:

-v И <L2> - 1 <b • s> -
which, again only for l ф 0 and 5 = 1, yields the explicit nonvanishing
expectation values listed in Table 2.2.

Table 2.2: Nonvanishing diagonal matrix elements of Sa for t ф 0 and 5 = 1

3

1 + 1

t

(Su)

11

2

2 (I +1)
2 ^ - 1



Chapter 3

The Prototype

We are now in a position where we may start to think seriously about
the question of how a realistic, that is, phenomenologically acceptable,
potential describing the forces acting between quarks might look like.

3.1 Funnel potential

To begin with, let's summarize our knowledge gained so far. According
to the analysis of Section 1.4, the quark-antiquark potential VNR(P) is
of vector and/or scalar type,

For short distances, the potential—arising from one-gluon exchange
is (essentially) Coulomb-like,

. „ с м . , - з r •

For large distances, there has to exist a contribution Vconi(r) in order
to describe colour confinement,

Vmn[(r) = arn with n > 0 ,

implying that for large r the binding force К must not decrease faster
than 1/r:

К = --r-Fconf(»*) = - П в r " " 1 = -71 - j ^ .

From the mesonic mass spectrum, the exponent n is in the vicinity of

3S
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For instance, n = 2 corresponds to the harmonic oscillator and would
lead to equidistant level spacings. Moreover, lattice gauge theories also
find that VNR(»") is roughly proportional to г for large r. Consequently,
a linear potential,

Копг(г) = а г ,

is beyond doubt a sensible choice for Vcon((r).
The funnel (or "Coulomb-plus-linear") potential (Fig. 3.1)

one-gluon exchange

+ ss,
confinement

(3.1)

fixed in this way has been the first proposed model [8], which in spite of
its simplicity is able to reproduce quite well the charmonium spectrum.
In a strict sense, the momentum (-transfer) dependence

of the strong fine structure constant a3 has to be taken into account,
modifying thereby the Coulomb-like behaviour of the first term on the
right-hand side of Eq. (3.1).

V(r)

\

no

Figure 3.1: F\innel potential.
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3.2 Lorentz structure of the funnel potential

In order to decide whether the Lorentz structure of the funnel potential
(3.1) is a pure vector, or a pure scalar, or a mixing of both, we consider
the P-wave spin splittings of charmonium and bottomonium, that is,
the ratio of mass differences [9]

_
9 ~ M (3Pi) - M(3P0) '

(Recall the usual spectroscopic notation, which designates a state with
orbital angular momentum I, spin 5, and total angular momentum j
by 25+1Lj, where the capital L = S, P, D, F , . . . represents the orbital
angular momentum I — 0,1,2,3,... , respectively.)

Table 3.1: Masses (in GeV) and the ratio p [Eq. (3.2)J for the {I = \,S - 1) states of
charmonium and bottomonium [10]

Level

3Po
3Pi
3P 2

P

(cc)

3.4151

3.5105

3.5562

0.478

(bb)

9.8598

9.8919

9.9132

0.664

(bb)'

10.2321

10.2552

10.2685

0i576

From Table 3.1, the experimental average for p [10],

p = 0.48 for (cc) ,

p=0.66 for (bb) ,

p = 0.58 for (bb)' ,

is

= 0.6 .

With the help of the generalized Breit-Fermi Hamiltonian (2.2),
we calculate this ratio p for the potential (3.1) perturbatively. Since
the spin-spin interaction, 7/ss, does not depend on the total angular
momentum, its contribution cancels in a perturbative evaluation of p.
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Accordingly, p is determined by the contributions of spin-orbit term,
HtSi and tensor term, Нт, only:

From Tables 2.1 and 2.2, we find for the expectation values {L • S) and

{Su)i
- 2 for 3 P 0 ,

- 1 for 3 Pi ,<L-S) =

1 . for 3 P 2 ,

and

For a pure vector,

one obtains

which implies the

'12} -

i.e.,

Vv

1
P = l

- 4

2

-§

8 Q s (r" 3

2or,(r-
bounds

for

for

for

3 P o ,
3 P 1 ,

3 P 2 .

= 0 ,

)+7<i(r-4
3) + a ( r - 1 )

corresponding to a = 0 and o;, = 0, respectively, in clear conflict
with the experimental finding р и р 2i 0.6.

• A pure scalar, i.e.,

Vs = Vm , Vv = 0 ,

leads to

which also is not tolerable from an experimental point of view.

• A vector/scalar mixing, i.e.,
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results in

p~-—'. 2 ^
a" \r ' ~ 4 a *r '

w h i c h i m p l i e s .•••••• • • ••

4

if the. Coulomb part dominates, and

if the linear part dominates.

Consequently, we arrive at the conclusion that the funnel potential
Vim in Eq. (3.1) must be a linear combination of a vector and a scalar
part,

where the Coulomb part Vexch is of vector type,

and the linear part X̂ onf is of scalar type,

In summary, from the analysis of the most general conceivable spin
structures and the experimentally observed quarkonium mass spectra,
we have been able to determine unambiguously the basic shape of the
potential acting between quarks:

The interquark potential Ищ.(г) = Vy(r) + Vs(r) essentially
consists of a Coulomb part Vexch» which is of vector type,

W(r) = Vexch(r) = - ~ ,

as well as of a linear part КопГ> which is of scalar type,

In this form, the funnel potential represents ihe genuine prototype
of all "QCD-inspired" potential models proposed for the description of
hadrons as bound states of ("constituent") quarks [l, 2, 3]. A selection
of more sophisticated potential models may be found in Appendix G.



Appendix A

S Matrix, Cross-section, and
Decay Width

The normalization of creation and annihilation operators is reflected
by the (anti-) commutation relations of these operators:

• For the case of bosons, the nonvanishing commutators are

For the case of fermions, the nonvanishing anticommutators are

Normalizing the vacuum state |0) according to

(0|0) = l ,

the normalizations of the one-particle states read

• for bosons, generically denoted by B,

<B(p) |B(q))=fiM(p-q)

and

• for fermions, generically denoted by F,

Let us define, for any transition i —» f from some initial state i to
some final state f, like, for instance, a scattering or decay process, the
S-malrix element Sa by

44
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and the reduced T-matrix element Ti\ by

where P, and P( denote the total momenta of initial and final state,
respectively. The corresponding transition probability Wi\ is the square
of the modulus of the transition amplitude Sn — 5ц:~

For a finite spatial volume V and a finite time interval T, the obscure
square of the 6 function may be replaced by

r fl) / d'x exp[i (Л - fl) x]

which leads to

Wa = (2тг)4

The transition rate Rf, is the transition probability.per unit time:

Tlie cross-section ац is the above transition rate 1{ц divided by the
product of the observed flux of the incoming particles, j = n vn\, times
the number of target particles, n V; here, vn\ is the relative velocity of
the scattered particles and n denotes generically the particle densities.
If necessary, one has to sum over the final states and to average over
the initial states, which will be indicated below by a primed sum over
the possible spin polarizations a:

With the particle density

corresponding to a normalization volume of size (2тг)3, the resulting
cross-section er(i —• f) for the scattering process i —*• f reads

f ) =

«tel
J fa d
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The product of the energies E\ and Ei of the two scattered particles
and of their relative velocity vTC\ forms a Lorentz invariant:

E1 EiuK) = \]{рхргУ

The decay width Гд is the transition rate iJfj divided by the number
of decaying particles n V. If necessary, one again has to sum over the
final states and to average over the initial states:

The partial decay width T(i —*• f) for the decay of the particle i into a
particular final state f is therefore given by

f) =

The total decay width F(i) of the particle i, which is, of course, nothing
else but the inverse of the average lifetime TJ of this particle, is obtained
by summing over all possible, kinematically allowed decay channels f:

_ 1

~ П f



Appendix В

Feynman Rules for a General
Gauge Theory

First of all, a little warning: The correct application of Feynman rules
requires some experience. In particular, one clearly should be careful

• when identifying all Feynman diagrams regarded as relevant for
the specific process under consideration and

• when computing the combinatorial factors (cf. rule # 3 below).

In order to remain on the safe side, it is advisable to evaluate n-point
Green's functions with the help of "Wick's theorem." Wick's theorem
allows to convert time-ordered products of field operators, like those
appearing in the S operator

S=Texp[ifdixC1(x)] ,

into a sum of products of propagators and normal-ordered products of
field operators. A particular Feynman graph is then nothing else but
the symbolical representation of a particular operator in the series of
the Wick decomposition. S-matrix elements may be obtained from the
Green's functions along the course of the "LSZ reduction technique."

Л general unbroken non-Abelian gauge theory for Dirac fermions ф
but without scalar bosons is described in Щ gauge by the Lagrangian

+ g fabc V% V$\

The fermions гр transform according to an arbitrary representation of
the gauge group.

47



48 APPENDIX B. FEYNMAN RULES FOR A GENERAL GAUGE THEORY

The modification of the original theory brought about by the gauge
fixing must be compensated—in order to maintain the unitarity of the
S matrix—by adding a further (in general, not Hermitean) term to the
Lagrangian, which involves anticommuting, scalar "ghost" fields £„, Qa.

For this theory, the complete list of Feynman rules in momentum
space for the computation of :'Тц, where T{\ is the reduced T-matrix
element defined (in Appendix A) in terms of the S-matrix element Sf,
by

Sfi = (f, out|i, in> =: SR + i (2хУ бМ(Р, - PC) 7'fi ,

is:

1. Propagators:

Table B.I: Feynman rules for the propagators in a general giuge theory

Vector-boson propagator

„.-—...

Fermion propagator

: « 3

Ghost propagator

a j ,

Co =

Co =

Se(k)

-t

m-
- f -

m ) ,

m +

1

ге

к„к„
t2 + i£

к2 — m 2 + !£
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2. Vertices:

Table B.2: Feynman rules for the vertices in a general gauge theory

Three-vector-boson vertex

r,p с

1

Four-vector-boson vertex

H,<*\ / u,b
\ /

V
/ \

/ \
<r,d / \p,c

Vector-boson-fermion vortex

ц,а

1

* i

Vector-boson-ghost vertex

!

Ci = -gf*cVfV?d,.V'

1

= -g fabc [ffpi/ (p - q)P

+ Qvp (9 - г ) я ;

+ 9PH {r - P)u] j

Cl = ~\g2 fabc-fad. V% VV

C VJ1 V?

= ~ig2 [fabc fede (ff/i/> 9va ~ 9fi<r 9vp)

+ face fbdc (fiT/ji/ 0pa ~ 9»<J 9pf)

+ fade /ice (ffpi/ 9тр ~ Я lip ff<7i/)]

Сг=дфП

1
А = -вЛ*с(врС«)СьК"

= 5 / o b e P ^ . • ? • • •
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3. Symmetry factors: For Feynman graphs involving identical particles
in internal lines there arise certain combinatorial factors, which have
to be introduced in order to avoid "double counting." Some examples
for this are presented in Table B.3.

Table B.3: Combinatorial factors for Feynman diagiam3 involving identical particles
in internal lines

Feynman graph

1 1
\ /

/"" *\
— H h —

\ /

Statistical factor

1

2!

1
2!

1
3!

4. For each closed loop of anticommuting fields, i.e., fermions or ghosts,
a factor

(-1)-
5. Loop integration: At every vertex, energy-momentum conservation
has to be taken into account. For every internal and independent four-
momentum k, i.e., one which is not constrained by energy-momentum
conservation at the vertices, an integration

i d к
J ?2xF '
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6. External particles: Let the polarization vectors e^(p, A) describing
(massless) vector bosons V^ of four-momentum p and spin polarization
A be normalized according to . . . . - . , . . . .

Y, f/i(p, A) e*(p, A)'= -д„„ .
A • • - . • • • • .

Let the Dirac spinors u(p, a) and v(p, cr) describing fermions ip of mass
m, four-momentum p, and spin polarization cr be normalized according
to

«(P. o) "(P. T) = <5<7r ,

v(p, IT) v(p, r ) = -6ат ,

which is equivalent to

иЧр, cr) u(p, т) = и*(р, о-) w(p, T) = -£ 5°T ,

where

The above normalization implies for the energy projection operators

J?p = \/p2

4 —
=

With the above conventions, the expansions of the corresponding field
operators in terms of plane waves read

• for Hermitean vector bosons

and

• for Dirac fermions

+ S(p, a) v{p, a)exp(i p x)] ,

, <т) п(р, cr) exp(ip x)] .
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Table B.4: Feynman rules for the external particles in a general gauge theory

Particle

Vector boson

Fermion

Antifermion" •

incoming

1

Wj2Er 'X)

1 ПтГ

outgoing

1

(2.)3/y2VJ>

i pr

1 pT

7. For each change of the relative order of external fermions, a factor

(-1) •

For illustrative purposes, let's consider electron-positron scattering
in lowest non-trivial order of the perturbative, that is, loop, expansion
(cf. Fig. B.I):

e~(pu <n) + e+fe, <гг) -* е"(дь n) + e+(?2, n) .

Applying the above Feynman rules, we may immediately write down
the corresponding scattering amplitude Тц (in the so-called Feynman
gauge, defined by fixing the gauge parameter f to the value £ = 1):

T f i = -
i n '

«fall П) 7л «(Pi. <r\i 5f>2,0-2) 7" vfa, r2)

- 7 42U(«l.n)7/it)
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(a)

(b)

Figure B.I: Electron-positron acattering in lowest order of the perturbation expansion:
(a) one-photon exchange, (b) pair annihilation.



Appendix С

Quantum Chromodynamics

Quantum chromodynamics (QCD) is that quantum field theory which
is generally believed to describe the strong interactions. It is the special
case of a general gauge theory, characterized by the following features:

• The gauge group is SU(3)c (where С stands for colour), describing
the (unbroken) symmetry acting on the colour degrees of freedom.
The order or dimension of the Lie group SU(iV) is N2 — 1, which
equals 8 in the case of SU(3). Hence, SU(3) has eight generators
T", a = 1,2,..., 8. Of course, the totally antisymmetric structure
constants fabc, a, b, с = 1,2,...,8, are those of SU(3); their values
may be found in Appendix D.I.

• The particle content of QCD comprises the following vector-boson
and ferrnion fields:

— Vector bosons: There are eight, of course, massless, gluons G°
transforming according to the adjoint, i.e., eight-dimensional,
representation of SU(3).

— Fermions: There are at least six quarks q/ = u,d,s,c,b, t , . . . ,
each of them transforming according to the fundamental, i.e.,
three-dimensional, representation of SU(3). The generators of
SU(3) in the fundamental representation are given by

rpa "o
-'fund — ~2 >

where Aa, a = 1,2,..., 8, label the eight Gell-Mann matrices;
an explicit representation of the latter matrices may be found
in Appendix D.2. The total number of quark flavours will be
denoted by JIF: / = 1,2,..., np.

54
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Consequently, the Lagrangian defining QCD reads

+ gauge-fixing terms
+ ghost terms ,

with the gluon field strength

F;v = d,G°v - dvGl + g. l

and the gauge-covariant derivative acting on the quark fields

The parameters of this theory are the strong coupling constant gs and
the (current) quark masses mj.



Appendix D

SU(3)

D.I Structure constants

The Lie group SU(3) is defined by the following commutation relations
for its eight generators T", a = 1,..., 8:

where the nonvanishing elements among the structure constants Jatx
are listed in Table D.I.

Table D.I: Nonvanishing structure constants /аьс of SU(3)

a b C fabc

1 2 3 1
1 4 7 1/2
1 5 6 -1/2
2 4 6 1/2
2 5 7 1/2
3 4 5 1/2
3 6 7 -1/2
4 5 8 \/3/2
6 7 8 л/3/2

In addition, the generators T" satisfy the anticommutation relations

where the nonvanishing elements among the coefficients dabc are listed
in Table D.2.

56
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Table D.2: Nonvanishing coefficients daic of SU(3)

a

1
1
1
2
2
2
3
3

b

1
4
5
2
4
5
3
4

с

8
6
7
8
7
6
8
4

dabc

l/\/3
1/2
1/2

1/V3
-1/2

1/2
l/v/3
1/2

a

3
3
3
4

5
G
7
8

b

5
6
7
4
5
6
7

8

с

5
6
7
8
8
8
8

8

dabc

1/2
-1/2
-1/2
-l/(2v/3)
-1/(2ч/3)

-1/(2^)
-l/(2v/3)

-1Д/3

The structure constants fabc are totally antisymmetric whereas the
coefficients dnbc are totally symmetric under permutations of indices.

D.2 Gell-Mann matrices

In the fundamental, i.e., three-dimensional, representation of
the eight generators T", a = 1,.. ., 8, are explicitly given by

-'fund о '

where Aa are the eight Gell-Mann matrices

A, =

SU(3),

A6 =
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D.3 Traces

The traces of the simplest products of Gell-Mann matrices read

Ъ(Ха) = 0 ,

Tr(Ao {Ab, Ac}) = 4 dot* ,

Tr(Ao Ab Ac) = 21 fabc + 2 dabe .

Some further useful relations are:

(
a,b,c

1, i.dabc) = — ,
а,Ь,с о



Appendix E

We would like to express the second derivatives V,-V^(r) with respect
to Cartesian coordinates x = {хъхг.агз} of an arbitrary function $(r)
which depends merely on the radial coordinate r = |x| in terms of the
"spherically symmetric" derivatives coming into question, that is, the
first and second derivatives of Ф with respect to i—which we indicate
by prime(s)—as well as the Laplacian Д = V-V of Ф. In other words,
we would like to rewrite these second derivatives V,-V,^(r) in terms of
Ф'(г), Ф"(»')> a n c* ДФ(Г)- То this end, we start from the most general
ansatz for the expression we are looking for, viz., from

where, for every term, the powers of the radial coordinate r have been
chosen in such a way that the coefficients a, b,..., / are dirnensionless.

It is a simple and straightforward task to determine the coefficients
a,b,...,/:

• On the one hand, we contract the above ansatz by multiplying it
by f>ij and by summing over t and j . Using

Sij 5ij = 6ij 6ji = Тг(13хз) = 3 ,

we obtain

АФ(г) = (3 a + b) - Ф'(г) + (3 с + d) Ф"(г) + (3 e + f) ДФ(г) .
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By comparing both sides of this equation, we may conclude that
the coefficients a,b,...,f have to satisfy the relationships

= 0 ,

Zc + d = 0 ,

3e + / = 1 ,

which, in turn, imply

b

e ~ з ~ з •
Consequently, taking into account these relations and combining
corresponding terms, our ansatz simplifies to

V,-Vj^(r) = f^i£i _ Sij) \b - Ф'(г) + d Ф"(г) + / ДФ(г)|
\ Г о / L Г J

• On the other hand, for the case f ф j , we may easily calculate any
second derivative V,-Vj<$(r) explicitly. The first derivative V,-4'(r)
of Ф(г) with respect to any of the Cartesian coordinates x; reads

У.ф(г)=3ф'(г) .

Consequently, for t ф j , the second derivatives V,Vj$(r) of Ф(г)
are given by

for

whereas, by gaining advantage from the fact that 6,-j = 0 for i Ф j ,
the above, already simplified expression for У;У^Ф(г) reduces to

ViУ,Ф(г) = ?Ц± \b i Ф'(г) + dФ"(г) + / ДФ(г)] for j ф j .
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The comparison of these two expressions allows us to fix the three,
until now indeterminate coefficients b, d, and / :

6 = - 1 ,

d = + 1 ,

/ = 0 .

In summary, upon collecting all our findings, the second derivatives
V,-Vj<J>(r) may be expressed as the following linear combinations of the
"spherically symmetric" derivatives Ф'(г), Ф"(г), and ДФ(г):

W(r)-(*2i-i«,) "С 1 Ч
г

1



Appendix F

Some Further Formulae for
Spectroscopy

For unequal masses mj ф тз, the various spin-dependent relativistic
corrections to a nonrelativistic potential

Vm(r) - Vv(r) + Vs(r)

of vector-plus-scalar Lorentz structure read

• for the spin-orbit term

- [(m? + ml) L • S+ + (m\ - mf) L • S_

with
S+ s S] +S2

and
S_ s St — S2 ;

for the spin-spin term

and

• for the tensor term

Sa \-~Vv(r) -
[rifr

Sa \
12 mi ГП2 [rifr
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The signatures—parity P, charge conjugation,С, and G parity—for a
quark-antiquark bound state with relative orbital angular momentum
I, spin S, and isospin / are given by

РШ = (-D'+ 1,

C(qq) = (-l)l+S ,

G(qq) = (-l)t+S+I .

For instance, for the pion we have t ~ 0, S = 0, / = 1 and therefore

PM = - i ,

C(z) = +1 ,

G{T) = -1 .



Appendix G

Various Potential Models

Eichten et al. [8]

Quigg-Rosner [11]

i> Г

Vm = Ah[r/ra)

4 48, ' 1 ,

3 3 3 - 2 » , (2»)» У " q

cxp(tqx)

»ln(l+qVA»)

4 cc

Ono-Schobetl [13] VNR = -Jcxp(-r/c) + i з Т + о г r - [

[ r for г >

Martin [14]

Buchmiillet et al. [15]

Falkensteiner ei al. [16]

vm-- 4

VNB =

V^A +

1 ^ .

/iir)+ur
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Schoberl [17] KNa = (

( а г for г >

Vs=ar, Vv = Vm-Vs

Flamm et al. [18] Vv = - 1 ^ + ° ' ) 1 . , 0 7 (1 - <0 + a r 0 ' 1 (1 - d)
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