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I. INTRODUCTION

The properties of neutrinos are of great interest in the physical literature mo-
tivated by different puzzles in neutrino physics [1]. A direction of investigations of
neutrinos is the study of their electromagnetic properties. The usual electromagnetic
characteristics: magnetic, electric dipole moments and neutrino charge radius have
been widely discussed everywhere [2]. Here we will investigate a more exotic kind of
electromagnetic characteristic of Majorana neutrinos, the toroid moment. .

As early as in 1939, Pauli remarked that Majorana neutrinos have neither mag-
netic dipole moment nor electric dipole moment [3]. However as was pointed out a
long time ago in Ref. [4], for the T-invariant interaction with non-conservation of
P and C symmetries, there is a diverse dipole moment of a particle with 1/2-spin:
the anapole moment. Subsequentely there was pointed out a more convenient char-
acteristic, the toroid dipole moment, which is the first term of the third multipole
family, toroid moments [5]. * This type of static multipole moments does not pro-
duce any external fields in vacuum and only reduces a free-field {(gauge-invariant)
transverse-longitudinal potential 6] responsible for topological effects like Aharonov
" — Bohm ones. In brief, the experts of neutrino physics show that the toroid dipole
moment [7], is a single electromagnetic characteristic of Majarano neutrinos valid
for any values of the spin [8]. The Majarano neutrinos possesing the toroid-moment
provide very interesting results in different media [9,10]. Indeed, as was pointed
out in Ref. [10], the toroid dipole moment moving in a medium with a sufficiently
high dielectric constant and magnetic permeability, (v/c),/ep > 1, can generate the
Vavilov-Cherenkov radiation. This radiation may be detected in experiment and
gives a new possibility for investigating neutrino properties.

A calculation of toroid dipole moment (anapole) has been started in [11] and by
diploma student of JINR A. A. Chepkasov in 1976. Then a number of articles about
the problems of renormalizability, gauge non-invariance and consequently observabil-
ity of anapole moment and neutrino charge radius was published {11-13]. However,
as was pointed out in [14], these quantities are finite and well-defined in the Stan-
dard Model as being its axial-vector and vector contact interactions with an external
electromagnetic field, respectively. Since a great interest to neutrino properties at
present and development of experimental setups for detection of neutrinos, we re-
analysed the previous results and present here the calculation of the toroid moment
of Majarano neutrino for a general class of modern gauge theories of electroweak
interactions.

II. ONE-LOOP RESULT

In the case of Majorana neutrinos, a toroid moment can be defined in the one-loop
approximation of the Standard Model of electroweak interactions from the Feynman

'The toroid dipole is well-defined in the classic limit that is not a case of anapole which
coinsides with it only on mass-shell of external massive particles.
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graphs shown in Fig. 1. The electromagnetic vertex of a neutrino, I',,(¢), has anapole
or toroid parametrization:
(1)

D) = {G(Nen - @} = {G(Pliewre Praxroshs}

anapole toroid |

They coincide identically only on mass-shell and different off mass-shell {5], which
follows from the indentity: -

us(p") {(mf‘"* mi)ou g’ + [q27u - ﬁqu] + ieuu,\aPqufrafrs}’rs'ui(p) =0, {2)

where €, is an antisymmetric tensor, P, = p, + p}, and ¢, = p, — p}. As can see
from (2) the transition toroid moment is equal to diagonal one plus part, which is pro-
portional to the neutrino mass difference, therefore for calculation of diagonal toroid
moment and estimation of transition one it is enough only anapole parametrizatiou.

For illustration, we write down some details of the calculation of two graphs
with £0W states, see Fig. 2. It is easy to verify that contributions of particle
and antiparticle currents are equal to each other and we will consider one of them
multiplying the amplitude by factor 2. Using the Feynman rules, summarized in
Appendix A, we can write the amplitude in the following form

M= / (C.l?:l i—k—z 2m)*6%(p1 — p2 — (ky — k2))a(p1) [iF(’\EN)] (k)
x(——zefy,‘) zAF(kz) [iT‘_E,ZN?] u(pz) [iAyA/l‘/I(Pl - kn)] Ab(ky — k). (3)

Here A#(k; — k;) is an external electromagnetic field, a source of virtual photons. 2

For convinience of our calculations, we pass to the t-channel where the momenta of
particles transform as

P —p-, P2 —Py, k] — k.= kl, kg — —k+ = —kg,

g= (ki + k) = (p- +p4),
and using the transformation

1

valid when we take into account the unitary condition for the S-matrix {15,16], we
can write the imaginary part of the amplitude as

*In the case of real photons, ¢> = 0 and ¢ - ¢ = 0, the toroid (anapole) interaction
disappears.



a(p- )T (Z:l + mz) Y (EZ - mz) F( M vu(py)
(p- — k1)? — My

ImM = e/d'r A*(q). (5)

Here we have denoted the two-body phase-space factor as

dr =. (2 )2d4k1d4k254(p + py — ky — kz) (]\,12 — mg) @(k10)5 (kg _ m?) @(kzo)‘

Now, keeping only terms with v,ys and performing the two-particle phase space
integration, following Refs. [11], we obtain

* * _—————1
ImG(t) = 167r [(A(ZN))M (A(Lm) )ez - (AgN))lz (AgN) )”] t(t — 4m?)

1 2 a t—4m§( a )
x{tlnc 2(t 4m£)(lnc+2b bzlnc) tt—4m¥ 2‘blnc

1 o [(mEi—m2\ (| a _a*
— _2_(t—~4ml) (mz— lnc+63—3gz—lnc

t —4m? a
+ 2mq(my — my) t—-4m§ (2——Elnc)}, (6)
‘ 1
a=Mﬁ,+§(t—2m£ mf—mz) —\/t 4m1\/t 4m2,

c=lla+b)/(a=b)l, t=g

The real part of the toroid form factor can be derived by using the dispersion relation
with one subtraction [15]. For ¢ < 0, with the new variable z = ¢/2M} and in
m, = my = my = ( approximation we find

60 = gy, (A - ) R o

where a = —t/2M}, > 0 and the integrdnd reads

_ 7_—_1~),/_2_7 ( L)2_1_1~7_”
F__( T 3 1 x+[2 1+2z T . a:2+2.7;2
. 1(1+w—7+\/x(w—7))

X In 3

14z -7~ /z(z—7)

with vy = m2/ME,. Finally, using the definition of matrices A(L’:}q and Bﬁ){ in the Stan-

dard Model (A.3) and performing the elementary integrations for these two graphs
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and other ones (making appropriate expansions in m}/miy ,, f = ¢, p, 7, u,d.s. ¢, b.1)
we obtain for |t} = 0:

ﬁGF{

G(0) = Z (Coew + Ceeg + Cwwe + Cwoe + Cowe + Cyge)

f=e,pu,T

1672

+ Cwwz + Cwyz + Cyoz + ZC_HZ}

2 2
CZZW—IK61|2{22 2 4m€ + — Ze (7 —In 2——ln3)+0(7 )}

"y, T,
m? (2 2 4m?
Cu¢=|lCé;l2-——l (5-—51 le + Oy ))
10
Cwwe = |Ka|? (*-3),
2
_ — g2 T
Cwge = Cowe = | Ky ( GM‘?V)’ .
2
— K:‘_Z _ 7y
Cope = |Kail ( 9Mv2v)’
5 4. 4m? 2 8
C_ffZ—_‘ (g} { - l f+ (——ln? 31n3———)+0( )}
fz;ét rt M MZ
Qs
+7(9L+gn) (—0.139), myop = 180 GeV,
Cwwz = —%— [’;7 + 4d — Vd(27 + 4d) arctan (d'l/z)] ,

Cwsz = —-% $in® ﬁw.[— +d~ \/E(l + d) arctan (d“llz)] ,

3
Qi . I _ ‘ '
Cooz = —?(1 — 2sin? O) [§ —d+ d**arctan (d 1/2)] , (3)
where d = 4 cos? 0w — 1, K¢ and §; are elements of the mixing matrices A and §,
see Appendlx A.
III REMARKS ON SOME PROPERTIES OF TOROID MOMENT

Let us disscuss some general properties of toroid interaction of neutrinos. In the
non-relativistic limit, the energy of interaction with external electromagnetic fields
is defined, in general, by three characteristics” magnetic (p), electric (d) and toroid
(T) dipole moments:

Hiot ~ —(p-H) = (d- E) — [T - (rotH or E}] . C(9)

In the case of ‘Majorano neutrinos, imposing the restriction of CPT-invarince and |
using C-, P-, T-properties of Hipn,, which we have combined in Table 1, we see that
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magnetic and electric dipole moments are absent in the static imit (m; = my = m, ).
This means that Majarano neutrino can possesses only one electromagnetic charac-
teristic. the toroid (anapole) moment if masses of initial and final neutrino eigenstates
are equal to each other. The electromagnetic matrix element connecting two different
mass eigenstates of the Majarano neutrino can be described. in principle. by all three
moments [7]. Adding all contributions from (8) and using the standard definitions of
dipole moments [5,9,14] we define the toroid moment of Majarano neutrino as being
its axial-vector contact interaction with an external electromagnetic field: *

GO 0)pursu(0). T = eG0)ptaro.

14

2m,,

G(0) = 1.28 x 1073 (K |? + 0.55[K i [% + 0.31|K ] — 0.210)  (em?).

where  is the Pauli spinor. It has the density g(r) = [r(Jr) — 2r2J}/10 in the
coordinate space aud the following interaction with an external electromagnetic field

[17]:

Hin, = JE'M(:I?)A“(.’I:) = eG(dz)N(m) [q'Z')',,A"(;r) - 7,,(1“q,/¢4"(.1')] 15V ()

- - [oran PFA(x
eG(g*) N () 1uvs V() [ aa-vaf) - 31.,8(; )}
. 4 v e ¥

F™(z)

dav

eG(¢*)N(z)v, 15 N(x)

Here F*¥(z) is the tensor of the electromagnetic field that produces the external
current
#(z) = =0, F*™(x).

In the non relativistic limit we obtain
Hine = —eG(0)plapj = —eG(0)plop(rotH — E).

How can we think of the toroid moment of the Majorana ncutrino? The answer to
this question was given in the original idea of Zel’dovich [4]: a conventional solenoid
folded into a torus having poloidal currents is a classical example of a toroid dipole.
For such a solenoid there is neither azimuthal compenent. of the poloidal currents nor
electric fields around torus that are responsible for the absence of electromaguetic
fields outside the torus and the presence of a non zero magnetic field inside the torus.
That is why the fields outside the toroid dipole are zero in vacuum. However wherr
the toroid dipole moves in a medium, the medium should be regarded as permitting

4Here we have used the normalization T(p)u(p) = 2m, and chiral representation of gamnma
matrices.



the dipole itself and the fields outside the dipole to appear producing, for instance
[10]. the Vavilov-Cherenkov radiation.

In conclusion, we have calculated the diagonal toroid dipole moment of Majarono
_ neutrino without specifying the gauge group under consideration. In the Standard
Model, it has a finite value and does not depend on the neutrino mass, i.e. it is
different from zero in the case of massless neutrinos. The toroid moment of Dirac
or Majorano neutrinos should be taken into account in various situations: it gives
an extra contribution to the total cross section of scattering of neutrinos by a spin-
less nucleus and it has a finite value in different media [9]; it is responsible for the
Vavilov-Cherenkov and transition radiations when neutrinos move through an uni-
form medium [10] and it may play a sensible role in neutrino oscillations, since the
toroid interaction with an external source of electromagnetic ficlds (in media it can
be the electron current) should be added to the Hamiltonian of evolution of neutri-
nos. For instance, the evolution equation for three neutrino lavors (in the presence
of non zero rotH or E) can be written as

.diy

_ g 2
Ld—t =K [2Ed1ag (ml,mg,mz) + T} K15,

where the matrix 7 is, in general, a 3 x 3 matrix whose elements are different from
zero (they are defined by the diagonal and transition toroid moments). This problem
i1s an analog of the well-known Wolfenstein equation for propagation of neuirinos
through the medium [18].

Note added. After this manuscript was completed an article by Boyarkin and
Rein {19] appeared. These authors studied the transition in a system of Majorana
_neutrinos with anapole and transition magnetic moments propagating in matter and
twisting non potential magnetic field investigated within the asymmetric left-right
model. [t was shown that resonance conversion of neutrinos appeares not only in re-
sponse to influence of matter but also by the availability of electromagnetic moments.
Since our calculations showed that toroid (anapole) moment is non zero quantity in
the Standard Model, consequently the result of Ref. {19] should be appreciated more
carefully in relation to neutrino oscillations and explanation of solar neutrino deficit.
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TABLE 1. C-, P-, T-properties of spin, electroma.gneti(;fields and their interactions.

o H E rotH,E . o-H ‘o-E a'rotH,crE
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\\ APPENDIX A. FEYNMAN RULES

Here we give ashort list of the Feynman rules used in our calculations. The
weak interactions of Majofana inos N and charged leptons £ with gauge bosons
W%, Z° non physical scalars ¢*, ¢ a,n\dH'Igg&péljiCles ¢° may be described by five
Lagrangians [20]: T

grangians [20] —

LN~ W g+ 4 T T T
NWE = NTVgy+e 4 7T , —

nt

LNZ = (NDMN + 100) 2%,

mt

[Ne* _ NTEN g+ -I-’?TUN)N(;S_,

int

Lind = (NT(VON + 70 0)4,

int
£ = (NTWIN 4+ 2000)4°.

The respective Feynman rules are:

o :T*™) for outgoing W~ or incoming W+,
o iTUM tgoing Wt or i ing W~
i, for outgoing or incoming ,

e [N for outgoing ¢~ or incoming ¢,

o iT) for outgoing ¢* or incoming #7,

. i(FLN) + FLNC)) for Z°,

o {(TN) 4 TNO)) for 0,

o {(TWé) 4 T(NeCY) for & .

T

Here P(VO) = C [FLN)} C~'and I''VO) = C [F(N)]TQ’l (similarly, for TV99)),

‘As was pointed out in Ref. [20}, in real calculations we should take the following
rule for the Dirac-Majorana transition in a Feynman graph: for an incoming (outgo-
ing) Dirac particle the outgoing (incoming) Majorana neutrino must be treated as a

particle, and vice versa, for antiparticles.
Introducing the notation Pr g = %(l F 7s) we can write the general forms for all

verticies . ‘
TP =4, (PLAY + PRAYD), z=¢N,IN
i m L RAR 3 | 3 3 )
{A.1)
: t * *
fffm =9 [F ffN )} Yo = Y (,PLA(LZN) + PRA%N) ) )
and
I‘(""):PLBE:)-I-PRB;:), $=N,N¢,£N7
. (A.2)

. t * A
T(zN) = [F(zN)] o = PRB]EzN) + PLBgN) .



The other Feynman rules used in our calculations are well known and are taken from
[21]. Equations (A.1-A.2) have a general form and must be specified-for a given
gauge group. Below, we present these matrices in the > Standard Model.
We will use the following definitions of charged and neutral currents:
/

Ty = gl = e KN, J2 = SN =)o,

where K, in general, is a rectangular matrix (for the Standard Model with 3 flavor
neutrinos from SU(2) doublets and k-singlets it has 3 x (34 k)-dimension), an analog
of the Kobayashi-Maskawa matrix in the quark sector and @ = KTK # | [22]. In

this manner, we define the matrices A(’”) and B£1)2 as:

A - \ng AN Z 0 pmeopr,

A0 _ 990 4o _ 99k

cosbp’ BT cosbw’
AW 9971, L A(N) =0,
L cos By
B(zN) _ gmy K, (eN) 9Ty ALy
g V2My T VM
W8) ___IMw o g0 ___—9Mw g A3
BLA 2Mzcos Oy 2Mz cos Oy (A-3)
where
gr = —% +sin? 0y, g% =sin® Oy,
12, 2 .
gz=§—§sm29w, g‘é:—gsm29w, :
1 1. 1.
98 = —3 + §.sm2 Ow, g&= —3:51n2 Ow,
éu 1, Gr _ ¢
Y =

57 9r =10, W':W

For the definition of B R matrices entering into the vertex of neutrino Higgs- boson
interactions, we use the followmg general form of Lagrangian which gives, after spon-
taneous symmetry breaking, the Dirac mass term:

l;uuaS“ = 21/4\/-G—F—z {(Mg)aﬁ mVﬁL + (Mg);u %VUR} ¢U
G SR (V). VTP

o3 i)
+(Up)is (MB), (Ur)as NPrN; } 4.

From this equation we immediately find



(B},N))ji : EJ{—IQ‘: o (CR)ja (‘”’g){.n (CL)ai

] (ng) G 2;10“, Z(('I:)m (“1;};);(. (Ur).j-

Y i
The general form of ') and I'? are

.y mye . gy
iLUe) = _gme NS | 0 2L
. 21\12 COs f)u' i 2."1;1'
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FIG. 1. Feynman diagrams which are respounsible for toroid moment of Majorana neu-
trino. ’
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Iy6osuk B.M., Ky3ueuos B.E. ~ ' : ; S E2-96-53
TopounHbIH MOMEHT Mai{OPaHOBCKOIO HEHTPHHO oA
PaccMOTpeH NoMHbIH HAaBOp 3AEKTPOMATHUTHBIX XapaKTEPHCTHK. MaiOpaHOB- -

CKHX HEHTPHHO. ﬂoxaaaHo YTO B CTaTHYECKOM' npenene (m;=m o= m )Mai‘iopaHos—,

CKHE HEHTPHUHO o6naua|oT TO/NBKO OJHOM MCKTpOMaFI!MTHOH XapaKTEPHCTHKON —
TOPOHIHBIM “[IMTIONBHBIM' MoMeHTOM (ananonem). C rOMOIIBIO IMCTIEPCHOHHOTO,
MeToj1a’ BLIUMCIIEH nual,‘ouanbﬂbm TOPOMIHbIH MOMEHT (cbopmcbamop) MaHOdeOB-
CKOTO, HEHTPHHO B OIHONETIEBOM NPHETIHXEHHH CTAHIAPTHOM- MOZENH. Bce BHelHHE
YAaCTHLbI HAXOAATCA Ha ‘MACCOBBIX [MOBEPXHOCTAX, H He BO3HHKaeT npobnem
tH3MuecKoi uHTepnpeTaLHei 'KOHEHHOTO pesynbTata. Takxe o6CyxmalTcs
paHUHbie np‘unoxehm Topou,uHoro MOMEHTa Maﬁobaﬂoscxom HeiiTpmlo.
Pa60Ta BHIIIONIHEHA B Ha6opa1‘opun TeopeTuqecxou cbnam(u um. H. H Eorofuo-
608a Ol/[ﬂl/‘[
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" Dubovik V.M., Kuznetsov VE: T . : E2-96-53
The Toroid Moment of Majorana Neutrmo : o
The total set of electromagnetlc characteristics  of -Majorana "-neutrinos

is corisidered. It is shown that in the. static limit (m, ""f‘z"'v) the Majorana

neutrinos possess only one electromagnetic characteristic, the toroid dipole momerit
(anapole). We have- ‘calculated the dlagonal toroid . moment (form factor)
of the Majorana neutrino in -the one-loop approximation of the Standard Model
. by the dispersion method. All external particles are on the.mass shells and theré
are no problems with the physical interpretation of the final result. Different
applications of the toroid moment of Majorana neutnno are also dlscussed
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