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Abstract

The fa, Fp,-•/?"-= I-TJ-H) | roton structure functions are derived ill the QCD
dipole picture. Assuming kj and renorinalizatioii-group factorization, we-
deep-inelastic proton scattering/to deep-inelastic onium scattering. V\fege4^ three-
parameter fit of the 199-1 ll(l -data in the lo\v-.r, moderate Q2 ranged
ftt;/lrl ^ntl ft are -predicted without farther ndjuiiUnettt. The dipole picture of BFKL
dynamics is shown to provide a relevant, model for quantitatively describing the
proton structure functions at HERA. T4*e-fMrditiwrTTv4iw--fV'':ITT^1^
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1. Introduction

The purpose of the present paper is to show that the QCD dipole picture [1, 2. '•]. 4]
provides a pertinent model for describing the proton structure functions at HERA in
the low-.r and moderate Q~ range. Indeed the HERA experimental data on the proton
structure function and particularly the most recent 199-1 published data [5] give a good
opportunity to check the validity of different QCD-inspired theoretical models. The QCD
dipole model contains the physics of the 13FKL Pomerou [6]. i.e. the leading In l/.r
resummation of the perturbative expansion of QCD. In order to apply this model to
proton structure function phenomenology, we shall use the A-f-factorization properties [7]
in the context of the dipole modej. In this scheme we give predictions for the whole set of
F-2. Fa and R = Fi/ Fj proton structure functions. P\ is well reproduced with only three
parameters and the ratios Fa/ F> and R are predicted without any further adjustment.

To apply consistently the QCD dipole model to deep-inelastic scattering on a proton,
we are led to introduce massive qq (onium) configurations inside the proton. On the one
hand, we compute the coupling of gluons to the dipole states in an onium (see formulae
(9,10)). On the other hand we exhibit factorization constraints on the non-perturbativc
probabilities of finding an onium into the proton (see formula (19)).

In section 2. we derive the expression for the onium structure function, including
the determination of the gluon-dipole coupling using Ar-factorization. In section 3. we
use once more the ̂ -factorization properties to get the predictions for the set of pro-
ton structure functions Fj, F/, and Fa- They are obtained as inverse Mellin transforms
which can be calculated by the steepest-descent method. In section 4, we adjust the -I
free parameters of the resulting expressions with the 199 1 data on F>, and give the pre-
dictions for I-Q and R without further adjustment. The summary of results is in section 5.

2. Onium structure functions

To get the structure function F> we rely on the A'7-depeitdent factorization properties
[7] which are valid at high energy (small .r). In a first step, we calculate the deep-inelastic
cross-section au"""n of a photon of virtuality Q2 on an ouiiim state. This on in in stale can
be described by dipole configurations [I]. The pliotoii-onium cross-section reads

rr""""" = I <l2
L<h<S>w(L.z)a{.v. Q2: r) ([)

where <J>'0>(r. ; ) is t he probability (list ribution of dipole configiirat ions of transverse coor-
dinate r..

In the /17-factorization scheme, one writes

Q2a(.,;Q2;r) = /Q* <l2k f — a(r/=. P[Q2) F(z.(hr)2) (2)
./ Jo ~

where rrfQ2 is the {-, (){k) —>• (/ (j) Born cross section for an off-shell gluon of t ransverse

m o m e n t u m k. F(:.(kr)2) is the uii inlcgrated gluon dis t r ibut ion of an oniuin s t a t e of

radius r and contains the physics of the HFK'I, pomerou. In the .r-space. eq.(2) is a

convolution . Using the in verse-Mel I in transform

/ ( ) / L - / V ) (»)/
2/7T ./,-_,



yields

' f ^ j j (l
2k- &(u.:^)F(u.:(k-r)2).v-'. (4)

A second Mellin transform in the A-2-space. namely

2/7T 7c-/x.

yields

Q2*%v,Q2:r) = [p- f±La(^A-1)F(u:,1){Qr)i\r-^ (6)
J IITT J 2ITT

Here we have used the Mellin transform of both a and F, and taken into account the
relation

The unintegrated gluon distribution for an ouium of radius r has been derived in the
QCD dipole picture. One obtains [1]

where \(->) = 2*(1) - ^(7) ~ 4»(1 - 7) with ^(7) = ^ , and ~ c \ ( 7 ) is the well-
known BFKL [6] anomalous dimension. ^(7) is, up to a factor, the Mellin transform of
the gluon-dipole coupling, which expression in the QCD dipole framework we shall now
derive.

Using once more the A-Y-factorization in extracting a gluou of virtuality / from a dipole
of transverse radius r, we find the following expression of v in the momentum spacc[l, 2]

r{rl) = — f2"(10{'I - tilr''"*° - <•-•''•••««») = L _ ,/„(/,-) (9)
4̂ " Jo

and correspondingly

j) \.
I \ 1 T 7;

(10)

A sketchy proof of the determination of c(lr) is obtained by using the eikoual coupling
of the off-shell gluon to the dipole of transverse size ;•. We use the well-known light-cone
coordinates as well as the light-cone gauge. When the emitted gluon is soft, the dominant
component of its polarization [ij is

'-£
where rx is a two dimensional vector depending on the polarization index A. Given a quark
(autiquark) of transverse coordinate i , ( i i ) , the coupling has the form .//(r"

A w -J+(-.\
with the corresponding eikoual current given by



where o = </2/(-l~). After averaging over color and polarizat ion, this leads to the cross

sect ion

—

ii'l - < - - ' » - <• -ll--^)jr. (13)

After integrating over the polar angle 0. and with the suitable' normalization [7], one gets
formula (9). Note that a similar expression is encountered in the elementary dipolc-dipolc
cross section [2].

Since lr(a.\ -)) (formula (8)) exhibits a pole at ^ = "^r \{-,). the u.1 integral yields

Q V ( Q J ) (14)

Furthermore <r(u,\ I—";) ' s weakly ^'-dependent [7]. and thus

<r(u,v, I—)) ~ <T(0, l - - ; ) = - | - -o f . m . / ; ( 7 ) , (15)

factorizing out the electromagnetic coupling.
In order to average over the wave function of the onium state (see formula (L)), one

defines
< ,-' >"= J d'rlr-pd: <D(O)(Z1, ;) = (M'i)-> (16)

where M1 is a perl tuba tier *cah characterizing the average oniiim size. This means that
M~ is high enough to use the perturbative dipole-cascade mechanism [I]. The photon-
onium structure function then reads

T .1 '2/7T \.\l- J -,

wh(%re rr(~,) is the inverse Melliu transfonn of t he onium structure function.

3. Proton structure functions

Let us now deal with deep inelastic scattering on a proton largel. Assuming the
A"-/—factorizal ion properties to be valid for high-energy scattering off a proton target, we
substitute in formula (17) T(" ) ) by <r(-))«'("). M~: (}u~) where ir can be interpreted as the
Mellin-I ransformed probability of finding an oiiium of transverse mass M2 in the proton.
QQ" is a typically nou-pert urbat iv<> proton scale. Thus.

l.>^>(sA?xQl)='^ f p-h^ ( 18 )



As previously mentionned, M* is an arbitrary perturbative scale. The overall result
has to be independent of the factorization scale, provided it is in the perturbative region.
Hence, assuming the renoriualization group properties to be valid, the .I/2 dependence of
tv has to match the (A/2)"7 dependence of the term (-^7)"'. One then writes

«'(-)..\/2; <?o2) = «•(-)) (~\ . (19)

The argument leading to formula (19) is similar to the one applied to the one-loop evolu-
tion equation in ref. [12] .
This yields the final result

^ £ ^ ( ^ ) \ ^ f ) . (20)

Note that fP''o'on depends on the ratio Q2/Qo2 where Qo* can be interpreted as a char-
acteristic scale of the non perturbative hadron-onium structure function.

Let us use the generic result (20) to derive the prediction for specific proton structure
functions in the QCD dipole picture.

Fa

where /"Y(/,) is the structure function corresponding to transverse (longitudinal) photons
and Fa the gluon structure function. The coefficient functions

/ , r ^ o ( n i - ^ n i + i))-1 i , % . , ,,v. , , ,

are given in ref [7]. Note that the coupling constant o in formula (22) will be taken
identical to the effective coupling of the UFKL kernel in formula (8). In the following
we shall take o constant and not running, as in general considered in both IJFKL and
A-f-factorizatiou schemes.

The integral in ") is performed by the steepest descent method. Assuming that »'(-))
is smooth and regular near 7 = j , we can calculate (he structure functions by expansion
of the HFKL kernel near this value. The saddle point is at

1c = 7(1-«•"£)

a = (—7C(.5)I"-) • (2:5)

Formulae (2-J) show t hat the considered approximation is valid when a lu(^-) ~ In ̂ -/ In j
1, that is the small .r. moderate Q/Qu kiiiematical domain.

We obtain

,- = F.,.+ /.• =



where

op - 1 = (2o)

/I

C. Qo and a p ate three unknown parameters which have to be determined by the fit. Once

the F> fit performed, formula (20) allows one to predict Fa and II — F[J Fj. Moreover

R and FQJF> are independent of the overall normalization ('. i.e of the nou-perturbative

«•(•),.)• O n e gets

Fo = 1_

F-2 I>T + i =-., o
(20)

and

4. C o m p a r i s o n wi th e x p e r i m e n t and pred ic t ions

In order to test the accuracy of the F> para met risat ion obtained in formula (21). a

fit using the recently published data from the Hi experiment [5] has been performed. In

order to remain in the domain of validity of the QCD dipole model, all the points with

Q2 5: l#r>0 CUV1 were used in the fit (we checked that the result is not strongly dependent

on the cut value). The parameters used for the fit are ('. Qy>. and o/>. The fit for F-2 is

displayed in figure 1. The \ ' is 101 for I."JO points for parameter values:

o P = 1.282

Qo = 0.()27Gc\:

( ' = 0 . 0 7 7 ( 2 8 )

T h e v a l u e o f t h e h a r d I ' o m e r o n i n t e r c e p t o/> is in a g r e e m e n t w i t h v a l u e s f o u n d i n o t h e r

d e t e r m i n a t i o n s u s i n g U I ' T v L d y n a m i c s for d e s c r i b i n g /•'_• a t H K R A [ l - l ] . It c o n e s p o i u l s

t o a n e f f e c t i v e c o u p l i n g c o n s t a n t o ~ . 1 1 . A s a m a t t e r o f c o m p a r a i s o i i . t h e i n p u t v a l u e

c o r r c ' s p o u d i n g t o t h e I I I Q ( ' I ) s t u d y is . 1 2 . A s d i s c u s s e d i n s e c t i o n "5 o f t h i s p a p e r . (^ ( )

a n d (' a r e p a r a m e t e r s o f n o n - p e r l u r b a t i v e o r i g i n . T h e v a l u e o f Q». w h i c h c o r r e s p o n d s t o

a n a v e r a g e t r a u s v e r s e s i z e o f .'•] f e r m i . is in t h e range* e x p e c t e d (o r d e e p i n e l a s t i c s c a t t e r i n g

o n a p r o t o n . (' i s c o n n e c t e d t o t h e i i o n - p e r t u r b a t i v e i m p u t » ' ( I / 2 ) .

W i t h o n l y t h r e e p a r a m e t e r s , t h e fit o f t h e d a t a i s r e m a r k a b l y g o o d in t h e l o w Q1 r a n g e .

W h e n c o n s i d e r i n g t h e w h o l e s e t o f I I I d a t a ( s e e l ig . 2 ) . d e v i a t i o n s f r o m t h e fit a r e o n l y

o b s e r v e d in t h e h i g l i - ^ " r a n g e (Q1 > 2 0 0 ( 7 * \ " ) , for .r > l ( ) ~ " . T h i s is e x p e c t e d s i n c e ( h e

d i p o l e m o d e l d o e s n o t c o n t a i n s t h e v a l e n c e c o n t r i b u t i o n a n d d o e s n o t d e s c r i b e s t h e h i g h

Q1 Q C D d y n a m i c s . H y c o m p a r i s o n w i t h o u r p r e v i o u s r e s u l t s [10] b a s e d o n t h e I I I a n d

Z e u s !!)!)•'{ d a t a [ 8 ] . t h e q u a l i t y o f t h e p r e s e n t fit c o n f i r m s t h e v a l i d i t y o f o u r p r e d i c t i o n s ,

w h i l e t a k i n g i n t o a c c o u n t t h e e x t e n d e d k i n e m a t i c a l d o m a i n a n d t h e m o r e p r e c i s e d a t a

t a k e n in [<)!)• I.

I ' s i n g f o r m u l a ( 2 6 ) , w e g e t n o w a p r e c i s e p r e d i c t i o n o f t h e g l u o n d e n s i t y . T h e v a l u e

o f a w e u s e d in f o r m u l a ( 2 0 ) is t h e s a m e a s for / ' j . t h a t is e x t r a c t e d f r o m t h e f i t t e d v a l u e

o l ' o / « . b y t h e h e l p o f e q . ( 2 5 ) . T h e c o m p a r i s o n w i t h t h e p u b l i s h e d I I I d e t e r m i n a t i o n [5]

is s h o w n in f i g u r e "5. T h e g r e y b a n d is t h e g l u o n v a l u e o b t a i n e d b y t h e I I I c o l l a b o r a t i o n

f r o m t h e i r I X ! L A I ' n e x t - t o - l e a d i n g o r d e r Q ( ' I ) fit for t w o d i l f e r e n l v a l u e s o f Q1. W e c a n



see that our prediction is quite satisfactory without any further adjustment for the HI
values of Fa for ,r < 5.10"2 (this parametrisation is not supposed to be valid for higher
values of ,r). We notice that the fit is located in the middle part of the range quoted
by the Hi collaboration, while all the gluon density values quoted in the error band are
equiprobable [o, 9]. In figure 3. we have also shown the result using only the first-order
perturbative expansion of I>T and hi in Eq.(22). This corresponds to taking

(29)

The comparison between Eqs. (26) and (29) exhibits the resuinmatiou effect of the In l/.r
terms on the coefficient fuuctioiK (>T and /*/,. The result of formula (29) is shown as
a dotted line in fig.-5. The III determination clearly favours the resummed result. Our
results show in particular that the gluon distribution does not allow to make a distinction
between the DGLAP equations, used for the HI determination, and the BFKL dynamics
expressed by the QCD dipole model.

Let us comment the prediction of this model for the value of R = F^fFT (formula
27). Let us first notice that this prediction is independent of the non-pert urbative nor-
malisation C obtained in the fit, of the structure function F^. The only non-perturbative
parameter which enters the R prediction is Qa. The corresponding curve (full line) is
displayed in figure A. As before, it is useful to compare this prediction with the one-loop
one (dotted line), namely R = ")c.

The measurement of R might be an opportunity to distinguish between the BFKL
and DGLAP mechanisms. One expects the DGLAP predictions for R to be much larger
than the limiting value 2/9 obtained in the dipole model. For instance, the theoretical
values quoted in [5] arc significantly higher than our predictions. It is known that this
measurement is very difficult to achieve and the If values are very much correlated to the
gluon densities when a QCD fit is performed. However, the fact that a sizeable difference
for R is predicted in the same region where /•',> and Fa are well described is an incentive
for further studies of R.

5. Summary of results

The main results of our analysis of deep-inelastic scattering can be summarized as
follows

i) Using twice the A-f-factorization properties of high-energy hard iutcractions[7] we
were able to give a generic formula for the different structure functions of the proton, and
by straightforward extension to any physical target, namely

where li(^) is associated[7] to the (7 <y —> q q) Horn cross section (see (I-1))). r(->) is the
gluon-dipolr coupling function (10) and ir1'"'"'' is the probability of finding an ouium in
the target.



ii) Using the steepest-descent method, we obtain a ^-parameter expression for Fz which
gives a fair description of all the 94 ML data with Q1 < loOGt I "'.

iii) Without further adjustment, the model gives definite predictions for FQ and R.
One obtains:

Fn_
F,

I

where the expression of the saddle-point -jc is givc-u in formula (2:5). In particular, the
resulting Fr; is fully compatible with the determination by III[o].

iv) The predictions of the Qf'l) dipole model art* similar to those obtained through
uext-to-leading order DC!LAP evolution equations. Hy contrast. l\ is expected to be
significantly lower.



FIGURE CAPTIONS

Figure 1 S-parameter fit of the Hi proton struct tinfunction for Q2 < 150 6'el "2. The
fit is constrained by the 94 data from the HI experiment [5] (including the point at 2
Gel'2 not shown on the figure for convenience).

Figure 2 Comparison of the fit with all 9{ HI data. The validity of the fit extends
beyond the domain included in the chi-squared (the highest Q2 points at 5000 Gc\ * *2
are not displayed for convenience). We note a discrepancy at high .r. and high Q2. as
expected outside the validity of the model.

Figure 3 Prediction for the ijluon density Fa(.i\Q2). We compare our prediction (full
line) (cf. text) with the gluon density obtained by the HI collaboration [5] (grey band)
from their DGLAP next-to-leading order QCD fit. In order to exhibit the resuinmation
effect, we also display the one loop approximation (dotted line), cf. formula (29).

Figure 4 Prediction for /?. The full line describes our prediction, and is compared to
the one-loop approximation (dotted line).
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