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Abstract
We-derive Ana.lytic expressions‘for the integrals with singularities in the Feynman

parametrization. .
e Aom ved

1 Introduction

In the calculation of transition amplitudes, the propagation of on-shell intermediate state
is expressed mathematically by the presence of singularities in the integrals. This requires
an analytic continuation into the complex plane and gives rise to an imaginary part in the
amplitude. In the following we consider integrals expressed in the Feynman parametrization
taking the form:

li b ™ dz li b ™ dx 1
co0t / @z +PF L) O esor / (@ + f'z + 4 £ ie)" (1)
with n = 1,2. We will assume that the singularities cannot be located in a or 4.

When there is only one singularity, it is always located on the upper part or the lower
part of the real axis depending on the sign in front of 7¢’. In that case, it is possible
to calculate these integrals by choosing a closed integration path as shown on Fig.1 for a
singularity with a negative imaginary part. The integration is then performed choosing the
new complex variable z = "—‘}9 + éz—ae“’ and the result is obtained from the Cauchy theorem.
When the singularity has a positive imaginary part, the closed integration path is chosen as
a semicircle located in the lower part of the complex plane. When there are two singularities,
the preceding method may be extented if the two solutions have different real parts (as we
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shall see later, we are only concerned with singularities with opposite signs in the imaginary
part) and the integral is calculated by using the theorem of residues.

Thanks to the extreme simplicity of the numerator in our case, it is possible to find
analytic expressions for these integrals allowing more accurate results and to save computing
time in practical calculations. The corresponding expressions are given in sections 2 to 4.

Figure 1: Integration path corresponding to a singularity with a negative imaginary part.

Moreover, when there are two singularities with the same real part which are located
on each side of the real axis, the integration in the complex plane fails and the analytic
expressions will be very useful. These integrals correspond to the following expressions:

m

lim f 2" dz , 2)
=0+ Ja (2 — zo + t6)" (T — T — 1€)"
where the singularities are shown on Fig.2. The expressions corresponding to these integrals
are given for n=1 in section 5 and their generalization where the numerator is a polynom
is given in section 6. In the appendix, all the details of the calculations are shown with the
formulae extracted from Ref. [1].

In this report, we give the details of the calculations leading to analytic expressions. The
principle of the method is based on the following relation

lim f iy _fl@)dz

e—0t — To + 26)"



Figure 2: Singularities with the same real part and opposite imaginary parts.

- Lim lim[ /‘Io-ﬂ f(z) dz +/:o+n f(z) dz

e=0+ n—0+ (z — o L t€)" o—n (T — o L i€)"

+ /::+n (z -{(::o) :}:dz;'e)" :’

2 Singularity of the form  lim [ —% 9=

e-0t Jo o'z + F' + 1€’

The denominator is written:
14 6I
de+ B tic'=0 (z—z9+ie) with 20 =—-— and ¢ = —
o o

We have two types of integrals which depend on the sign of o/.

1) o >0:

lim /b ™ dx 1 lim b g™ dx

i —_— = — S
em0t Jo o'z + (' Lie! o 0t Jo x — 30 i€

2) o' <0

. b ™ dz 1 . b ™ dx
hm PR R hm —_—
e=0t Jo o'z + (' L1e! o es0t Jo T — 30 F i€

(3)

(4)

(3)

(6)



We are let to study the integral
b ™ dz
lim _— 7
5-3)0'+ a T —Tpte ()

We make a separation in a real part and an imaginary part:

1 _ T — To Ty € (8)
r—zotic (z—z0)2+€2 (z—x0)?+e?

If we define z = z — zq, the integral is resolved into a real and imaginary parts

lim [ 92
e=0t Ja T — o L€
) b-z0 z (z4+zo)™ dz _ . [b=%0 (24 z0)™ dz
N CI;IiIg}* [/a—zo 22 4 ¢? Fe /a—::o 22 4 ¢2 ] (9)

The two integrals are even functions of €. From these above expressions, we can see that
the sign of the imaginary part is always opposite to the sign of the prescription +ic.

We perform the following expansion

m 2 (m\ ok ok . bm _ m!
(z + zo) —g(k):co z with (k) = Hm k) (10)
which gives:
b ™ dz

lim —_—
e=0t Jg .’13—2:0:':16

= (m\ , b-zo k1 dy  rb-z0 2F 2
B Z k %o C:)Ig'l*' [/a—zo 22 +€2 T /a—zo 22 +€2 ]

k=0
— - m m—k 1: 1 - — m m-k 1 1
“g__%(k)% el_lfgﬁ Jk+1(€):szz=%(k):co el_l’Ig_lf ey (€) (11)
where we have defined . v
—z0 ok ds
Ji(e) = /a_zo el (12)
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From the appendix A,

. 1y k=0
Jim, eJy () = { 0 ifk>0 (13)
we then define:
Je= lim Jie) k>1 (14)
e—0t
which gives
1 (b—30)2 1 n-1 n-1 |,
h=ghios = agle-etm -t i n22 (9)
and

tim [ =5 (7

20t Joa T —x0te [

b m m
2" do (m)xo"“kaH:F inzl (16)

In fact, as we now show, when the numerator 2™ is replaced by f(z), the imaginary part of
the integral is equal to Fr f(zo). From eq. 8:

b
lim f(z) d:l:'
e=0t Ja x — x0F 26
o b=z0 2z f(z+z0)dz _ . [b=%0 f(z2+ z0) dz
- el—lg-l* [-/a—::o 22 4 g2 Fie -/a—::o 22 4 g2 ] (17)

So Z, the imaginary part of the integral is given by:

I= sm{ fm [ L&) 4z } = Te /b'" f(z + 2o) dz (18)

e=0t Ja T — zp + 1€ -z 22 4 ¢2

Because ¢ — 0 and the numerator has finite values, this integral goes to 0 except when
z = 0. So we have



Z=F lim lim e/ f(z+20) d2 (19)

=0t n-+0t 22 + e?

We make a Taylor expansion:

2 23
f(z 4 z0) = f(0) + 2fP(z0) + %Tf(z)(%) + gf(a)(%) + - (20)
Only the value 2* with k even contribute to this integral. But
2n
lim/n-‘zzi=0 for n >1 (21)
noot J_n 2 +€2

So, finally:

2
I = Ff(zo) lim lim e /" dz = Ff(zo) lim lim 6[;13&11'1 Q]

e—=0t noot -n 224 ¢2 e—=0t noot £

= F2f(zo) lim lim [E—%+--~]

n—=0+ e=0t+ L2

Fr f(zo) (22)

z™ dz

3 Singularity of the form lim / b @zt F L)

As in the previous case, there are two types of integrals which depend on the sign of o'.

1) o >0:

. b z™ dz z™ dz
5'11,%1+ /:, (o'z + B! £13e)? 57 e—>0+ / (a: — xo * 1€)? (23)
2)Ifo' <0
b z™ dz 1 b z™ dx
. _—— l -
e'll»rf)l+ [; (a'z+ B £1ie')? e a (z —z0 F1€)? (24)

We turn now to study the integral

b z™ dz
li —
e:—ir(?.+ a (:1: — Xp :t 7:6)2 (25)
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We make a separation in a real and an imaginary part:

1 (z —z0)? — €2 . &z — o)
= 2 26
(z—z0xie)? ((z—z0)% +€2)? i z((:z: — 29)? +€?)2 (26)
$0
I b z™dz
e—lbrg'l" a (1‘ — X + i€)2
) b-z0 (22 —€?) (24 o)™ d2 . b0 z (24 z0)" dz
B 51_13& [/a—zo (2% 4+ €2)? Fe /a—::o (2% + €2)? ]
" (m Y b-zo  2k+2 { 2 /6_10 2* dz ) /b“’o 2k gz
_ m ETdz S DA
kz=;) (k)zo {el—lbrg'l" [/a—zo (2'2 + 62)2 ¢ a-zxo (2'2 + 62)2 F e a—xg (22 + 62)2 ]
= z'": " )apF lim (J2,,(e) - €2J3(e)) F 2 fj ") zmk lim eJ2,, (e) (27)
S \k )70 emot \TEHE k S \k)70 emor TEH
where we have defined ) by
2 ~%0 2% dz
— < 28
ORI (22 + e2)2 (28)
From the appendix A:
. 2 _ % if k = 2
for k # 0, el_l}l’(l)l eJi(e) = { 0 ifk£2 (29)
so, only the term k = 1 will contribute to the imaginary part of the integral
we then define:
I = gl_i.%i (J,f+2(6) - esz(e)) (30)
which gives:
1 1 1 (b - 130)2
Io—a—zo b—zo 11_2111 a — z0)? (31)
1
In=—10~- 2o)" ™! = (a —zo)"" | n>2 (32)



Then:

b m m
lim _z—dz__ Z (T:) * LFirma]! (33)

=0+ Ja (¢ — zo £ 1€)? - =

As we now show, the imaginary part can be derived for any function f(z). From the
equation (26), we have,

7= %m{sl_i,%}+ /;b.(_f_(_z)_d_:_t?__} F2 lim E/ab f(z)(z — o) do (34)

T — To £ i€)? e—0+ ((z — z0)? + £2)?

With the arguments given in the preceding section, we write:

zotn f(z)(z — o) dz n f(z 4+ zo)z dz

IT=w2limelinm | (C-cpteop Tolmlme “Grap ©)
We make a Taylor expansion:
22 23
F(z + 20) = f(z0) + 2fM(z0) + 27 f (o) + gf@)(%) +oe (36)
Only the terms z* with k odd in the expansion can contribute to this integral. But
lim "&ﬂ for n > 2 (37)

n-0% Jon (22 + €2)?

and only the term z in the expansion will contribute. We then have

22 d 1
= (1) / Z_ _ —of) - im (——"1 Ztan-17
z :F2f (Io el—l)r(ﬁ‘ ¢ n]ibrg}* (22 + 62 :F2f (.’Eo) el—l)rtg' € n]iI(I)}" ( 172 + 62 + £ tan 5)
— (1) . : -7
N :F2f (.’Eo) sl—l)I(%' n]i)I(I)l*‘ tan €
= :F2f(l)(a:0) lim lim tan~' 7 = mp2f(1)(.7:0) lim lim [Z _& + - ]
n—0t c—0+ € n—0t o0t "2 n

= FfW(z0) 7

(38)



. . b z™ dz
i =1,2
4 Singularity of the form )im Rz rewrr i

The denominator reads:

n ) ’ ! €I
(2’ + Bz ++ i) =™ (a® + Bz + 7 £ ie)" ﬂ=§7 7=§ e=~ (39)
1) >0
b ™ dz 1 b z™ dr
ellg& ./a (/22 + Bz ++4 L) o o0t Ja (2% 4+ Bz + v L ie)" (40)
2)Ifo/ <0
b z™ dr 1 b z™ dz
; = I / . 41
e’ll)r{)l'*' ./a (/22 + Bz + ' L ie")» o e0% Ja (z2 4+ Bz + v Fie)" (41)

In both cases, we have to calculate the following integrals:

b z™ dx
li - n=12 42
cr0t Ja (22 4+ Bz + v L ie)m ’ (42)
In this expression, 3, v and ¢ are real numbers.
The discriminant of the denominator is a complex number written A.

A =% —4(y +ie) = 6 F ide; 6 =p0%—4y (43)

The real and imaginary parts of A can be expressed explicitely in function of 3, v and ¢.

) ) 4
A =p e’ p = V% + 16¢2; cosf = ;; sin§ = :F—E; (44)
p
The denominator has two solutions denoted z, and z_:

B4VE 8- VA
T
When ¢ goes to 0, the sqare root of the complex discriminant we are interested in is given

by:

(45)

0 6 6
VA = /p € =\/p'(cos§+isin—2—) (46)



8 1 sin0~ 2¢

= el T s
which gives:
\/Zz\/g(lq:iz—s)=\/3q:i2—e (50)
8 V8
The two solutions z, and z_ have opposite imaginary parts. We now define
2e
£ = — 51
75 (51)
then the two solutions read:
- 5 .. —-B—-Vé ..
Ty = it—[ —1€; T = —-—ﬁ————\/_ + i&; (52)
2 2
The real part of these values are given by:
- ) —B -V
P = M; P = _ﬁ_‘/_; (53)
2 2
The denominator is now written:
2?4 Br+ytic=(z—z4)(z—z-) = (¢ — 2F £1i&) (z — 2B Fi8) (54)
Finally, we obtain:
b z™ dr b z™ dz
lim [ = I , _ 55
e30+ Ja (224 Bz +y L ie)” énot Jo (z — 2B +4&) (z — R Fig) (53)

Generally, we have two singularities with opposite signs for the imaginary part. They
are shown on Fig. 3.
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Figure 3: Singularities corresponding to (z — =& £i€)"* (z — 2R Fi&)"

To calculate these integrals, we perform a decomposition of in elementary fractions.

Calculation for n=1.

1 _ A + B
(z—zR+ié) (z—2RFid) z-zR+if z-zFFi
we find ) ] )
A= — = N — B=-A
zf—a:’}:F2ze \/3:F2i€ V$
Finally:

b ™ dzx

lim /b ™ dz 1 I /b ™ dz 1 5
—=— lim [ —pf—— ——% ——a
=0t Jo 22+ P +ytie 6 vt Jo z—aR L iE \/36—1»%1‘ o T—zRFig

Calculation for n=2.

1 _ A n B, n A + B,
(z—z4)2(z—2_)2 (z—24)2 (z—2.)2 z—2, zT—x_

11
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The final result is given by:

5 b z™ dz
i -
e a (224 Bz + v L 1¢e)?
1 b z™ dz 2 b ™ dx

= = lim = — lim —r
§ isot Jo (z—zRE4E)2 832 inot Jo z—af Lig

n 1 5 b z™ dzx 2 5 /‘b ™ dz
z im —_—
o a T — 1:1_2 :F 1€

60
§ im0t Jo (z— 2B Fié)? +63/2 é0+ (60)

As it is seen, the equations 58, 60 become infinite when Vs = :cf — z® goes to zero. This
case corresponds to pinch singularities and is developed in the next section.

5 Singularity of the form lim [ o do

e=0t Jo (T — zo +1€) (T — T — i)

In this type of integrals, the two poles have the same real part which leads to new
expressions.

. b ™ dz ) b=z0 (z 4+ z¢)™ dz
lim ' , = lim —_—
e>0+ Ja (T — 2o + t€) (x — o — 1) e=0+ Ja—z, 22 4 g2

m i . )
=3 (k> ¢ lim JA(e) (61)

We see that this integral is purely real. From the appendix A, we know that the k = 0 term
diverges:

. 1 _r
Jim Jo(e) = (62)
As previously defined,
Ji = liré}+ Ji(e) k>1 (63)
e—

which gives:
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b m m
lim 2™ do =z7 lim =+ 3 (’;‘) =k Jy (64)
k=1

e20+ Ja (z — zo + 1€) (T — zo — i€) =0+ €

The last term is defined only for m > 0 and the coefficients Jj. are given explicitely by:

1 (b—zo)z, 1 n-1 n-1 |,
h=gh—y a=gg[G-e) —e-w) ] n22 (69)

) b P(z) dz
6 Singularity of the form A ), G—sotie) (c — 20 —ie)

From the relations in the previous section, if the numerator is any polynomial P(z), all
these integrals will be divergent except if P(zo) = 0. Let us assume that this property is
verified. We write

P(z) = Za; zt (66)

which gives:

P(z) = P(z) - P(zo) = Z o (:t:" - :c:,) (67)

=1

From the preceding section, we have (m > 0):

b m _ . m
lim (a" — 2) dz ) (’;)zg‘-k Jh (68)

e20+ Ja (z — 2o + t€) (T — 79 — 1€) =k=1

If there are £ Feynman graphs with the same denominator, with the numerators P;(z),
.. P/(z), we only need P(z) = Py(z) +... Pi(z) to be equal to 0 for z = zo. We now write

P(z) = P(z)— P(zo) = Pi(z)+ ...+ Pi(z) — [Pi(z0) + ...+ Pe(z0)]
= P(z)— Pi(z0) + ...+ Pei(z) — Pi(z0) (69)

Then it is possible to calculate each integral with the modified numerators P;(z)— P, (zo),
.. Py(z) — Py(z0)
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A Expression of the elementary integrals

A.1 Calculation of J}(¢)
The integral J}(c) is defined as:

A.1.1 Calculation of J}(¢)

dz 1.
/ = —tan
€

Al

(L3 I

. b-z0 (2 n  dz b-zo (2
el—lvrg}" a—xp 2'2 + e? = el—l)%}" r]l—l)Ig" [ ./—1:0 z? + €2 /r] 2?2 + €2 t ./r; z2 + 62 ] (A2)

/_" = _ l(tan‘1 —_6—’7 — tan™! %) = l(— tan™ L 4 tant 2% (A3)

a-z 22+ €2 € € ¢ i
[ttt e
e e I
Jm i_ zzc-lfez = Z(tan~ 2220 4 an 22 (8.6)
el_l)xa ::0 zzdze2 - el—lgi Jo(e)
[r—e b_lxo ol—a)+ 533: ((b—lxo)3 ( oia)3 _§ ((5—1330)5 i Oia)S)
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A.1.2 Calculation of Ji(¢)

z dz 1
[ e =3 e +e) (A-9)

im [ 2% _ hm lim [/ 2 dz /" _zdz +/nb"z° 2 dz | (A10)

=0t Jaczg 22+ €2 em0t noa0t L aizy 22 4 €2 Jog 22 4 €2 2% 4 g2
n zdz 1 2, .2 2, .2
[ =75 (b +€) ~In((e~ 20" + %) (A.11)
/n _zdz_ =0 odd function (A.12)
- 22 + €2
-0 2z dz 1 2, .2 2, 2
_! _ _ A13
[ =5 (1n((b— 20 + ) ~In( + ) (A.13)
b-xo zdz 1 (b— z0)? + ¢€?

/¢;-=o 24e 2 In (a — z0)? + €2 (A-14)

(b—20)* + ¢ 2, .2 2, .2
lnm =ln((b—l‘o) +¢€ )—ln((a—-:co) + ¢ ) (A15)

2
In((b- zo)z + 52) =In(b— :1;0)2 + ln(l + m) (A.16)
2 3 4 5

ln(l+m)=w—-a;—+%—%-+%+--- (A.17)

2 2 2 e? e e®
In((b—z0)*+¢€*) =In(b—z0)* + G—20? _ 2(6—z0)" + 30— z0)° (A.18)

(b - 230)2 + 62 (b - 230)2 2 1 1 €4 1 1
1 =ln—~ - -

n(a—x0)2+52 n(a—:co)2+€ ((b—-l‘g)2 (a—:co)2) 2((b—-:cg) (a—zco)“))
A9
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b~z0 2z dz
lim ——— = lim J} ()
e—0t a—zg VA + € =01

1. (b—=z0)? 1¢, 1 1 et 1 1 A
_1 L _ _& _ 20
2lIl (@ — z)? +2 [5 ((b—x0)2 (a—:co)2) 2 ((b—-xo)4 (a-—-:co)“) ] ( )
A.1.3 Calculation of J}(¢), k > 2
22 = 24—t (A.21)
22 g’
- = 1= — A.22
22 + €2 72 +¢€? (4.22)
2 = z22=2(2 2+ -¢Y) (A.23)
P ez
—_— = z-— A.24
22 + €2 fTEYe (A.24)
2t = 22 =22 (e —€Y) (A.25)
z* , €222
_ o &2 A.26
22+ ¢€? T e ( )
b-zo 22 dz
J;(é') = /{;_zo ;2—;? =b— g ~— (a - l‘o) - 62 JOI(E) (A27)
b-zo 2% d2 1
Be = [ 7 A = 5= 20 —(a =20 = Ji(e) (4.28)
b-zo 2%dz 1
1) — _ 3 3 _ .2 71
Be = ara = 3l - = (- o) & J(e) (A29)
More generally, the recurrence relation is given by
1 - -
Ji(e) = Py (U zo)* ™! = (a— zo)* '] — €% Ji_,(e) (A.30)

16



b-z0 22 dz
li — =1 1
B oy 7y = BRSO
= b—1xo— (a—z)
1 1
b—z9 z0—a

o 1 1 e’
43 (oo T o) "5

—e[w—e(

. b-z0 22 dz _ )
B oo e~ BB RO
1
= 5[(b — 20) — (a = 2o)’]

(A.32)
. b-zo 24 dz ) .
A ., e - Am )
1
= 5[(5 —20)° — (a—20)*| —€*(b—zo— (a — z0) )
+53[7r—a( ! L )+§i( L + L )—Ei( ! + ! ]
b—zo zo—a 3 '(b—=z0)® (zo—a)? 5 '(b—x0)°  (z0—a)
(A.33)
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A.2 Calculation of J2(¢)
The integral JZ(¢) is defined as:

A.2.1 Calculation of J(e)

dz 1 z 1 12
/ (22 + €2)? = 92 32 + 2 t is_"”tan € (A-34)

5 b—zo dz bm 1 [ / /” dz + /b—=° dz ]
e—{rr(%’ a-zp (22 + 52)2 - e—i%‘l*’ n—{rrg* —xp 22 + 52 -1 (22 + 52)2 n (22 + 52)2

(A.35)
-1 dz 1 - a—To 1 1 n 1 To—a
o - —(—t t —) (A.36
/—zo (22 +¢€?) 2 [772+€2 (a — zo) +52]+253( o + o € ) ( )
1 dz 1 n 1 a7
== —t - A.37
/-n(22+52)2 P 2+€2+€3an c ( )
b—zo dz 1 b—zo n 1 _10— 20 -1 7
— = - —(t — 1t =) (A.38
/r] (224+¢€2)? 22 [(b—xo)2+e2 772+52]+253(an 5 o 5) ( )
! =l-z+z S+ (A.39)
14«2

) b—=o dz 1 b—zp a— g 1 Ip—a b—

1 ——— = — - — -1 tan~!

20t Jomzy (224 €22 267 [(b-x0)2+52 (a—zo)2+€2]+2e3( Ha

18




b—to dz

. ¢ _ 2
El—lblgi a—xg (22 +62)2 81—1}101"]4' J ( )
11 1 o, 1 1 g 1
2e? [ b—zo a-—2 —€ ((b—:co)3 (a-—:co)3> te ((b—:co)5 (a——:co)5) ]
1 1 1 3 1 1 € 1
+ﬁ [TF—-E (b—:co + :cg—a)+-3— ((b—:co)3 + (:co—a)3)— 5 ((b—:co)5 * (zo —a)
(A.41)
A.2.2 Calculation of J3(¢)
z dz 1 1
= - - A 42
/ (2% +€2)? 2 224¢? (A.42)
. b-zo 2 dz ) ) -n z dz n  zdz b—z0 2 dz
A e g A Jim [/_ Frer L, @reap +/,, = +62)2]
(A.43)
-1 zdz 1 1 1
—_— - A.44
/a-zo (22 + €2)? 2 (172 +e2 (a—z0)*+ 62) ( )
n  zdz .
/_n 1)t =0 (odd function) (A.45)
b-z0 2 dz 1 1 1
s — Ad
/,, (22 + €2)? 2((b—:co) 24e? 772+62) (A.46)
) b-z0 2 dz 1 1
El_l’rgi a—zo (22 + €2)? - _E[ (b— .7:0)2 + g2 - (a — z0)? + &2 ] (A.47)
) b-zo 2 dz 5
B Jomey ey T RO
1 1 1 . 1 1 ) 1
R A CEr il e (e el e D R (e i e DB
(A.48)
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A.2.3 Calculation of JZ(e), k > 2

2% dz 1 z 1 12
[erep =i mrateE™; (4.49)

I b-z0 22 dz Em [ -n 2 dz /’7 2dz N /b—zo 2 dz ]
im [ e stmim [ ot L mrart waay

(A.50)
-n 2l dz 1 -7 a— xo 1 1" 18— Zo
—_— = - — [t ——t — A5l
/_xo (22 + €2)? 2(n2+52 (a—xo)2+62)+25( amo T € ) ( )
n  22dz 1 n -n 1 an 171 U 1. a7
- — — 4 Y= _ Zt i
/_,, (22 + €2)? 2 (n2+52 n? + €2 )+25 ( € tan € ) 7]2+€2+6 g
(A.52)
b—z0 22 {3 1 b—zo n 1 1 b—20 17
T __Z - — { tan~ —tan” A.53
[] (22+62)2 2 ( (b—$0)2+62 772_*_52 )+25 ( an £ an £ ) ( )
b-zo 22 dz 1 b— zo a— zo To—a b— x
I e _ 2 - -1 tan~t 220
e20t Jaz (22 4 €2)? 2 [(b——xo)2 +e? (a—z0)? +52]+ ( € Htan € )
(A.54)
: b-z0 22 dz
E]-.iroll a—xg (22 +62) E].—I)Igi J2( )
1 1 1 2y 1 1 ) 1
T2 [b—:l:o a—xo ¢ ((b—x0)3 (a—x0)3)+6 ((b—xo)5 (a—xo)s)]
1 1 1 el 1 1 o 1 1
(S it ren s o oy Ll e
(A.55)
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3
/_i -< L % In(2? + €?) (A.56)

b—zo 23 d2
hi — = = lim J?
e—l)%}" a—zp (22 + 62)2 e-l)lg}" 3(6)

(a — zo) —1z0)? (a— o) 2\(b—=x0)* (a—zo)*
(A.57)
=+ -t = (246?282 + ) + € (A.58)
b-zo 24 dz
[l_zo m = b — Tg — (a - :130) — 262.]3(6) + 64.]3(6) (A59)
I b-zo 24 dz
E’}*Ig'l* a—xp (22 +€2)2
= b— To — (a - 2170)
1 1 g3 1 1 s 1 1
—2 [W - (b—:co + :co-a)+ 3 ((b—:z:o)3 + (zo —a)3 5 ((b-—:co)5 + (:co——a)s)]
e 1 1 .1 1 o1 1
tslscm ((b—-a:o)3 - (a—:co)3) te ((b—m0)5 - (a~x0)5) )
€ 1 1 e 1 1 e’ 1 1
ST Ut o v e (o e S A (e l pp )
(A.60)
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b-z0 2% dz
1. — . 2
e—lkrg'lf a—xp (22 + 52)2 hm J4 (E)

3T
= b— 120—((1—120)—76
o 1 1 g 1 1 45, 1 1
+26 b—z0  a-— %o )< (b—20f  (a—zo)® )+ 5 (b—z0)°  (a— o) )
(A.61)
2P =2+t =) =2 (2P 4+ %) - 2% (22 +€%) + €] (A.62)
/b_zo _2dr l( (b—20)? — (a — 20)?* ) — 22T} (e) + €' J?(¢) (A.63)
~z (22+€2)? 2 ° ° ! ! '

I b=z0 25 dz
e'—lkl—OI1 a—zxp (2'2 + 52)
= -[( — 20)? = (a = 20)* ]

2

— o) 1 1 1 et 1 1
2" { (@ — z0)? +5 1 ((b—zo)z‘(a—zo)z)"E((b-z0)4_(a-zo)4)]}
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b-z0 25 dz
li = _ lim J?
B oy ey - RSO

_ 1 2 2 2 1. (b—20)’
= G lb=of a0 ] - =2

3¢t 1 1 1 1

66
-7 (b—20)?  (a—20)? )+l (6= 20)* ~ (@ —o)*

23

-

1 1
G am o))
(A.65)
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