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Abstract

Plasma dispersion functions for complex wave propagation frequency in the weak
relativistic regime for arbitrary longitudinal refractive index are estimated and
presented in this work. These functions, that are known as Shkarofsky functions in the
case of real frequency, are estimated using a new method that avoids the singularities
that appear in previous calculations shown in the preceding literature. These results
can be used to obtain the properties of plasma instabilities in the weakly relativistic

regime.

Funciones de dispersion del plasma para frecuencias compplejas

Resumen

En este trabajo se calculan y presentan las funciones de dispersion del plasma para la
propagacion de ondas con frecuencia compleja e indice de refraccion longitudinal
arbitrario, en el régimen débilmente relativista. Estas funciones, conocidas como
funciones de Shkarovsky para el caso de frecuencia real, se estiman usando un nuevo
método que evita las singularidades aparecidas en calculos previos mostrados en
publicaciones anteriores. Estos resultados son utiles para estudiar las propiedades de

las inestabilidades en plasmas débilmente relativistas.



1. Introduction.

The description of dispersion and absorption of electron cyclotron (EC) waves in
magneto-active plasmas requires to take into account relativistic effects [1] for moderated
temperatures in the cuasi-perpendicular propagation with respect to the static magnetic field
and for high temperatures in the oblique propagation regime. The dielectric tensor for
homogeneous plasma with Maxwellian electron distribution was derived by Trubnikov [2] in
two equivalent integral forms. However, the use of those forms for practical proposes
presented some difficulties as a consequence of the singularity of the integrals that appear
when describing dispersion properties of the plasma. For EC waves perpendicular to magnetic
field these difficulties were overcome by Dnestrovskii, Kostomarov and Skrydlov. They
calculated the weakly relativistic plasma dispersion functions (PDF) for those waves [3] in
terms of non-relativistic PDF [4]. Those functions are known as Dnestrovskii functions. Later,
Shkarofsky generalized these results for the case of quasi-perpendicular propagation [5]. He
also introduced the weakly relativistic PDFs for any angle of propagation, which are known
as Shkarofsky functions.

Further generalization for the case of arbitrary propagation was suggested by Airoldi
and Orefice [6] on the basis of expanding of dielectric tensor in the parameters u = (c/VTO)2
and A=(klpe)2, where V7, =(T/m0)y2, T 1is electron temperature, m, is the rest mass of
electron, &, is the perpendicular wave number, p, =V;,/Q, is the electron Larmor radius,
and Q, =eB/m, ¢ is the electron cyclotron frequency. The authors suggested also the method

to calculate Shkarofsky functions as a convolution of the classical Maxwellian distribution
with Dnestrovskii functions of integer order, which can be expressed in terms of exponential
integral function [7]. Krivenski and Orefice suggested in the work [8] a useful method to
calculate Shkarofsky functions introducing the recursive properties of PDFs and write the first
two ones through the non-relativistic PDFs of 1/2 and 3/2 orders.

The use of these two last methods to estimate Shkarofsky functions in complex region
is hindered by some difficulties. The method of Airoldi and Orefice presents the problem of
performing analytical continuation in complex region of the convolution of classical
Maxwellian distribution with Dnestrovskii functions of complex argument. In the method of
Krivenski and Orefice the difficulties happens because the recursion of Shkarofsky functions

does not converge for all values of the argument, even on real axis [9].



The works by Robinson [10-12] are devoted totally to review the properties of the
weakly relativistic PDFs. In particular, some properties of Shkarofsky functions in complex
region are discussed in the work [10] and their qualitative behavior is illustrated in a diagram

of modulus-argument in terms of Dnestrovskii function with index 5/2. However, the

structure and symmetry properties of Shkarofsky functions in complex region are not studied
in detail in that work.

In the case of non-Maxwellian electron distribution functions, the description of
dispersion properties of plasma also leads to singular integrals. For such a case it is useful,
from the point of view of numerical calculations, to obtain integral forms in which
singularities either were absent or weakened. So, some integral forms in which singularities
have a weak character are given in the work [12].

In the present work, a new method to calculate Shkarofsky functions is given on the
basis of obtaining the integrals without singularities. This method provides a straightforward

calculation of Shkarofsky functions of any half-integer index ¢=3/2, valid for all the

Riemann surface, and the study of this surface. This method may also be used for the
numerical calculation of the singular integrals that appear for non-Maxwellian distribution
functions and for integral transformations of Stieltjes type. The estimation of PDFs for
complex frequency could allow one to treat with plasma instabilities by writing the dispersion

relation of these instabilities.



2. Calculation of the weakly relativistic PDF in real region.

The weakly relativistic PDFs, or Shkarofsky functions of index ¢, are defined by the

contour integral [5]
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where z=u(-nQ,/w), a=uN?2/2, o is the angular wave frequency, and N, =k,c/w is the

longitudinal refractive index. An alternative integral form of those functions was obtained by

Robinson [11] and is given here:
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where [ q_l(x) is the modified Bessel function of index ¢ —1. Those forms differ in the type of
integral transformation. While expression (1) is related to the Laplace transformation, the
form (2) is related to the transformation of Stieltjes [13]. We shall start from the form (2) and
consider that the half-integer index ¢ satisfies ¢ = 3/2 from now on, since the dielectric tensor
contains only Shkarofsky functions of such orders. For the moment, we shall consider that
argument z takes real values. Then, if z < a, the integral (2) is divergent at the pole u=a-z
and must be understood as the Principal Part of integral, in the sense of Cauchy. The contour
of integration in that case is chosen to pass above the pole to reproduce the well-known result
for Imjl;(z,a) [5].

The difficulties to calculate Shkarofsky functions are connected with the calculation of

the Principal Part of integral, i.e. of RejL;(z,a). Let us consider this problem in more details

to understand the peculiarities of this calculation. First of all, let us study the problem of
calculating the principal part of the integral of Stieltjes type in the real regio
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being f(7) a regular function that satisfies the conditions f()=0O(¢""), when +—0 and

£=0, and ff(t)dt<oo, If »>0 the contour of integration passes above the pole as in
0

expression (2). Then, according to Sohotskii-Plenelj‘s formula, one has:

o(b) =-inf (b)+ P [ dt%z |

As a consequence of the oddness of the function 1/ (t-b) with respect to the point 5, the

principal part of the integral may be calculated using any of the infinite number of equivalent

expressions
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for every value of ¢ that satisfies 0 <c <b. The main difference between these forms is the
fact that the closer the point ¢ to 0 the smaller the value of first and third integrands are.
Moreover, those integrals do not present any singularity.

The second integral is also nonsingular at the point b since, when ¢t — b, the integrand
goes to 2f '(b). Thus, the most suitable form for numerical calculations is that in which ¢
takes the value 0, although all these forms are equivalent. In this case, first integral

disappears, and the integrand of third integral is the most limited. We have the following

nonsingular form:
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It is easy to see that, due to the assumptions we have done for function f (t) when ¢ — 0, both

integrals in the right hand side of Eq. (4) have no singularities at the point b if b —0.

We can use now expression (4) for calculating Shkarofsky functions 7 (z,a).

According to the original integral form (2), we shall have:
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where

This integral form has no singularity at the pole and may be used for estimating Shkarofsky
functions of any half-integer index ¢ = 3/2, since the integrand corresponds to the conditions
assumed for function f (t) for these indexes. For this purpose, any standard program may be
used to calculate the integrals with finite and infinite limits.

It is also easy to see that the expression (4) may be used for the numerical calculation
of the similar singular integrals obtained for non-Maxwellian distribution functions and of any

integral of Stieltjes type, provided that the integrand satisfies the conditions stated above.



3. Calculation of Shkarofsky functions in the complex plane.

The time evolution of distribution function for complex frequency can be useful for
studying both instabilities and collisional dumping in the frame of initial value problem. The
knowing of Shakarofsky functions of complex argument z is necessary to perform such
estimates. These functions must be continued analytically in complex region, which presents
some difficulties. In the two methods commented in the Introduction of this paper, the
problem of calculating the singular integrals is not solved by removing the singularity but by
the transformation into another one. That new singularity is described by more simple
integrals or by differential equations that are already studied and the solutions tabulated.

So, in the method of Airoldi and Orefice, the calculation of Shkarofsky functions of
half-
integer index is done in terms of the calculation of Dnestrovskii functions of integer index

using the following integral convolution

j‘;%(z,a) = n'%jdxexp(—xz)Fq(z +x7 - Za%x).

(5)

The calculation of Dnestrovskii functions may be, in turn, obtained from the
calculation of the exponential integral function El(z) [9], which should be analytically
continued into low semi-plane. And, although the function El(z) is tabulated in the upper
semi-plane and may be continued analytically into lower semi-plane, the usage of the
convolution (5) for calculating Shkarofsky functions in complex region presents some
difficulties since, on one hand, the variable of integration x is not single-significantly
expressed trough complex argument z and, on the other hand, Dnestrovskii function F q(z) is
not limited in the lower semi-plane.

In the method of Krivenski and Orefice, Shkarofsky functions should be calculated on

the basis of the recurrent relation:

at,..(za)=1+(a-2)F,(z.a)-q7,.(z.a),
(6)



Where the calculation of Shkarofsky function of any half-integer index is finally
obtained in terms of the two functions 7(z,a) and 7,(z,a), which are expressed trough the

non-relativistic PDF sjk(z,a)=—iZ+/(z—a)y2,j§A(z,a) =-Z"/a”* where
+ 1 JA s

7% = E{Z[ +i(z - a) ] Z[ *+i(z-a) ]}

Z" = é{Z[ g z(z a) ]+ Z[ 2+ z(z a)/]} and Z(x) is the non-relativistic PDF. In this

method, some difficulties appear already for real values of argument z, since the recursion
relation (6) does not converge for every value of a and z, for given ¢ [9].

Calculating Shkarofsky functions on the basis of an integral of Stieltjes type (2) and
using the non-singular form for the principal part of integral (4), allows one to continue
analytically those functions on the whole Riemann surface. It is also possible to explore the
properties of that surface on the basis of the well-known theory of analytical continuation of
Cauchy integral. We shall use the complex analysis theorem about analytical continuation of
Cauchy integral given on any contour C. This theorem is a generalization of Landau
prescription for continuation of Cauchy integral by means of deforming the contour of
integration in the particular case when the contour is secluded and passing trough infinity on
the case of any regular contour in complex plane. Following the theorem, if the integrand

inside the Cauchy integral along any regular contour C

(7

satisfies the condition

f

then the function F (z) is given by F +(z), on left side of the contour C and by F ‘(z), on the

opposite side of the contour C and the relation F*(z)=F(z) +f(z) gives the analytical
continuation of function F (z) through contour C [14].

The contour to calculate the integral form (2) goes along real axis from 0 to « and,
following the Landau prescription, must be chosen to pass above the pole, if z<a. Let us

consider that the integral form (2) defines the original analytical element on the real axis for



z < a, which should be continued on the whole Riemann surface, and let us find out the

structure of this surface. Since the integrand contains a function that depends on the double-

valued square root, then it is necessary to define the sign of va and u. For a given half-

integer index g =% it is easy to show that the function f(u,a) =e'”'”(u/a)q%lq_l[Z(au)%]

inside the sign of integral is even in Va and odd in Vu. Consequently, the sign before Va
does not have any influence on the result of integration and it is natural to choose “+” for the
sign of u, since it is hold that u=0 during the integration. Obviously, we shall have the
original analytical element choosing the opposite sign and, consequently, the whole analytical
continuation for opposite sign.

Following the mentioned theorem, if Rez > a, Shkarofsky functions are analytically
continued into the whole semi-plane by means of the analytical continuation of the function
under integral (2)

f;(z,a)=}du f(u.a)(u+Rez-a) —i}du f(.a)Imz

) (a—Rez—u)2+(Imz)2 ) (a—Rez—u)2+(Imz)2'
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In fact, since Imz/[(a —Rez- u)2 + (Imz)z] — 6(a-Rez-u) when Imz—0, the second

integral in (8) converges to af(a—-Rez,a). But f(,a)=0 for u=<o0and, consequently,

FH(za)=_F; (za) when Imz=0, i.e. the function 7 (z,a) is continuous when crossing real

(n)
axis. Accordingly to the properties of Cauchy integral, F(”)(z)=L ()

2aiy. £-z

dg, all

derivatives of f;(z,a) will be continuous on real axis, t0o.

If Rez < a, Shkarofsky functions can be analytically continued above the real axis
with the same formula (8). In this way we get the function j;*(z,a). Then the function
f;‘(z,a), which is the analytical continuation of function j;(z,a) below real axis, will be
given by the formula j;'(z,a)=};+(z,a)+2m’f(a—z,a), where

(g-1), ]
f(uwa)=e"(u/a) % I q_l[Z(au)A] and taking into account the direction of integration. The

functions under integrals in (8) happen to be continuous on the line Rez=a (Imz >0),
consequently the function j;(z,a) is continuous on this ray above the real axis. Taking into

account that the functions



f(")(u,a)(Rez —a+ u)/[(a —-Rez- u)2 + (Imz)z] and f(")(u,a)lmz/[(a —-Rez- u)2 + (Imz)z],
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are continuous on the same line, one may conclude that j;(”)(z,a), all the derivatives of
j;(z,a), are continuous , accordingly to the properties of Cauchy integral. Thus, the function
f;(z,a) in the semi-plane Rez > a is defined by the analytical continuation of j;(z,a) of
arguments belonging to the semi-plane Re z < a through the ray Rez =a (Imz > 0).

Thus, the original analytical function, given on real axis, may be analytically
continued on the whole complex plane with cutting along the line Rez =a (Imz <0). We will

call this continuation first branch of the function % (z,a). The second branch of 7. (z.a) is

presented below.

The function j;*(z,a), defined in the first quadrant of complex plane
(Rez > a,Imz >0), is analytically continued to the second quadrant (Rez <a,Jmz >0)
through the ray Rez=a (Imz > 0).
Similarly, the function f;‘(z,a), defined in the third quadrant (Rez <a,Imz <0) will be
analytically continued to the fourth quadrant (Rez > a,Imz <0) through the ray Rez=a
(Imz <0).
If we perform analytical continuation of that function further into 2nd quadrant using the
same formula 7, (z,a) = F, (z.a)+ 27 f(a-z.a), ie. F, (z.a)=_F'(z.a)+2m f(a-z,a) in
this quadrant. Then the first branch from the 4" quadrant, which is f;"(z,a), will be

analytically continued through the ray Rez=a (Imz <0) on the whole semi-plane as far as

the ray Rez=a (Imz > 0) and we obtain in this way half of the second branch, consisting of
function j;‘(z,a) in the 3rd quadrant and of function j;*(z,a)+2m' f(a-za) in the ond

quadrant.

The other half part of that branch is the function 7,(z.a)+2mi f(a-z,a) in the Ist
quadrant and the function 7, (z,a)-2mi f(a-z,a) in the 4™ quadrant because it follows that
F(za)= F *(z.a) for Rez>a from expression (8), and then those functions are

continued analytically each other trough real axis. Moreover, since f(u,a) is an analytical

function in argument u, the whole half branch will analytically continue the former halve



through the ray Rez=a (Imz>0), and will transit analytically into first branch through the ray
Rez =a (Imz <0), which is the function 7, (z,a) -2 f(a - z,a) in the 3d quadrant.

So, the first branch is defined by #'(z.a) in the 1% and 2™ quadrants,
j;'(z,a) - 27 f(a— z,a) in the 3rd and f;’(z,a) in the 4™ ones. And the second branch is
given by F'(z.a)+2mi f(a- za) in the 1% and 2" quadrants, j;‘(z,a) and
. (z,a)-2mi f(a-z,a) in the 3rd and 4th quadrants, respectively.

Thus, we have obtained a double-valued analytical function defined on the whole

complex plane excepting the points z=a and z =, since it is known that Shkarofsky

function j;(z,a) and its derivatives till (q - 1/2)th are continuous at the point z=a , and the
(q -1/ 2)th derivative has a single pole at that point [9].
It holds that f(a -za)=0 and f(”)(a— za)=0 when a—o, for Rez=a and

Imz <0, so these branches are separating in that case and the first branch tends to the non-

relativistic PDF Z(z), and the second branch tends to the function Z* (z), which is obtained

if the contour is passing below the pole [5]. Consequently, accordingly to the prescription of
Landau, the second branch should not be taken in consideration and the first branch must be
considered as the principal branch.

Obviously, in the case of choosing the sign “-“ before \u, in the original analytical
element, one would get the analytical function defined on the same double connected domain
only with opposite sign. Analogically, the principal branch of the two existing ones will be

the branch that tends to the function -Z(z) and, consequently, it makes sense for negative

longitudinal refractive index. Consequently, the procedure of analytical continuation of the
Cauchy integral (2) leads to two double-valued functions that differ only in the sign. The
principal branches of those functions corresponding to the signs “+* and “-“ before \u are
defined for positive and negative longitudinal refractive indexes, respectively. The non-
principal branches have no physical meaning according to Landau prescription for choosing
contour and should not be taken into account. Thus, it is necessary to choose the right sign of
square root to get the proper analytical function in the original integral forms (1) and (2) of
Shkarofsky functions.

From expression (8), it is possible to deduce also the following symmetry properties of

the principal branch of function j;(z,a) in complex plane:

f{(z*,a)=j‘;(z,a)* +27if (a - z,a) , where f(u,a)= e'“’”(u/a)(q?%lq_l[Z(au)%] if Rez<a



fi(z*,a)=ﬁ(z,a)* if Rez>a.

From these symmetry properties it follows that it is enough to define Shkarofsky function

j;(z,a) in three quadrants: in the two quadrants that satisfy Rez <a and in any of the

quadrants in which it holds that Rez > a.

To calculate the principal branch of function j;(z,a) one may use the expression (8).

The first integral in (8) is divergent on real axis if Rez <a and must be understood as the
principal part in the sense of Cauchy. One may use the nonsingular form (4) to calculate it,
since the function under the integral is odd with respect to the point z = a, at the real axis and
near it. Obviously, outside the real axis, where the first integral in (8) converges, the principal
value of this integral coincides with the integral itself. The second integral in (8) is also

divergent on real axis if Rez < a but it can be rewritten in the form

i wa’u f(u,a)lmzz
S

= .
Imz u+Rez-a) +Imz*

In this case we have a singularity outside the integral and, hence, the integral may be
calculated for any value near the real axis.

The real and imaginary parts of Shkarofsky function @(z,a) are presented in Figures

1 and 2 respectively, for perpendicular propagation (a=0), i.e., the Dnestrovski function

F%(z) for complex frequencies, calculated using the integral forms (4) and (8). For
comparison, % (z,a) is shown in Figure 3 and 4 for a moderate value of a(a=1.5,
corresponding to T=1keV and N=0.1). For large values of the parameter a, @(z,a) is close

to the non-relativistic PDF whose diagram is presented in [7].



4. Conclusions.

In this work, the calculation of weakly relativistic PDFs, i. e. Shakarofsky functions

f;(z,a), for complex argument is shown. The calculation starts presenting a new way to

estimate those functions for real argument z and for half-integer index ¢ = 3/2, on the basis
of the nonsingular form of the main value of Stieltjes type integral. The former method allows
one to continue analytically Shkarofsky functions (given for both signs of the square root) for
any real value of the parameter a from the real axis into the whole Riemann surfaces and to
study the structure of those surfaces.

It has been shown that the Riemann surfaces for every Shkarofsky function, defined
by integrals (1) and (2), are two double-valued functions defined on the whole complex plane
with pricked out point a and differ each other by the sign.

The analytical continuation of Shkarofsky function from real axis into complex region,
and the prescription of Landau to pass the pole, allows one to extract two single-valued
analytical principal branches from the two double-valued functions, defined on the complex
plane with a cut along the ray Rez=a (Imz<0). Thus, in the weakly relativistic case, the

sign of the square root should be properly chosen in the original integrals (1) and (2), defining

Shkarofsky functions except on the contour of integration. Therefore, sign “+” before Vu in

(YA

form (2) corresponds to positive longitudinal refractive index and the sign to negative
one.
This recipe can be used to calculate singular integrals for non-Maxwellian distribution

functions and other integral transformations of Stieltjes type.

Acknowledgements

This work has been partially supported by the Spanish Ministerio de Educacion
y Ciencia under Project ENE2004-06957.



References.

10.
11.
12.
13.

14.

. L. Fidone, G. Granata, and R.L. Meyer. Physics of Fluids 25 (1982) 2249.

B.A. Trubnikov. “Plasma Physics and the Problem of Controlled Thermonuclear
Reactions”, (Ed. M.A. Leontovich), vol.3, Pergamon, 1959.

Ya.N. Dnestrovskii, D.P. Kostomarov, N.V. Skrydlov, Soviet Phys. Tech. Phys. 8
(1964) 691.

B.D. Fried and S.D. Conte, “The Plasma Dispersion Function”. Academic, New York,
1961.

I.P. Shkarofsky, Phys. Fluids 9 (1966) 561.

A.C. Airoldi and A.Orefice. J. Plasma Phys. 27 (1982) 515.

M. Abramowitz and I.A. Stegun. “Handbook of Mathematical Functions”. Dover,
New York, 1970.

V. Krivenski and A.Orefice. J. Plasma Phys. 30 (1983) 125.

M. Brambilla. “Kinetic theory of plasma waves in homogeneous plasmas”. Oxford
University Press, Oxford, 1998.

P.A. Robinson. J. Math. Phys. 27 (1986) 1206.

P.A. Robinson. J. Math. Phys. 28 (1987) 1203.

P.A. Robinson. J. Math. Phys. 30 (1989) 2484.

H. Bateman, A. Erdeyi, “Tables of integral transforms” (New York, Toronto, London,
1954).

M.A. Yevgrafov, “Analytical functions”. Science, Moscow, 1968 (in Russian).



13—

2

+
+

resh,out’ u 1

Figure 1: Real part of Shkarovsky function of index 5/2, (z,a), for complex frequency and

perpendicular propagation.
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Figure 2: Imaginary part of J’Z;,Z (z,a) for complex frequency and perpendicular propagation.
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Figure 3: The same as in Figure 1
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Figure 4: The same as in Figure 2, but for N



