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1

Introduction

Revealing the structure of matter is one of the most fundamental questions in physics which

still has no satisfactory answer. Long time ago people started to think about the structure of

matter and one the very first concepts of the microscopic structure occurred in ancient Greek

philosophy, when Demokrit proposed the idea that everything consists of small objects, the

atoms.

Our knowledge of the structure of matter has improved since then. It was not before the

end of the 19th century that science had developed a picture of atomic physics. But only the

development of quantum mechanics at the beginning of the 20th century made a thorough

understanding of this picture possible. Further on it was observed that atoms themselves

have an internal structure due to the scattering experiments of Rutherford at the beginning

of the last century. He observed that atoms are composed by a massive atomic nucleus with

positive electric charge surrounded by a much larger cloud of electrons with negative charge.

The force acting between the nucleus and the electrons is the electromagnetic force, which

can be described by the theory of Quantum Electrodynamics (QED). We also know that

the nucleus is built up of positively charged protons and neutrally charged neutrons. They

were seen for quite some time as point-like particles. A first hint that the nucleons are not

point-like came from the experimental measurements of the magnetic moment of the proton

in the 1940’s [1]. The experimental results were found to be much larger than expected for

a point-like particle. Further measurements of the nucleon form factors F1 and F2 in the

1960’s substantiated the assumption that nucleons have an internal structure. The point-like

constituents of the nucleon are found to be fermions of spin 1/2 and were identified with

quarks, proposed by Gell-Mann and Zweig [2, 3]. The interaction between quarks is the
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strong force and is mediated by gluons.

The underlying theory of strong interactions is called Quantum Chromodynamics (QCD).

It describes the interaction of “colored” quarks via the exchange of “colored” gluons. In con-

trast to QED, QCD is a non-Abelian quantum field theory which allows the self-interaction

of the gauge bosons (gluons) due to the fact that gluons carry a color charge. In QED the

gauge bosons (photons) are electrically neutral and therefore cannot couple to each other.

In nature it is not possible to observe colored quarks and gluons as free particles, but only in

color-neutral combinations (e.g. hadrons). The formation of such highly non-trivial bound

states is due to one of the central features of QCD: confinement. The theoretical description

of hadronic system is a very difficult task. It becomes feasible through another central prop-

erty of QCD: asymptotic freedom [4,5]. The strength of the strong interaction is dependent

on the momentum transfer of the reaction. In contrast to QED, where the coupling of two

interacting particles becomes larger for decreasing distance, the strong coupling constant αs

decreases for smaller distances. Because the decrease of αs at high energies, QCD becomes

amenable for perturbative methods.

The first scattering experiments at high energies were performed at the Stanford Linear

Collider (SLAC) in the 1960’s where the internal structure of the nucleon was probed in

inclusive deep-inelastic scattering (DIS). In these experiments a electron is scattered on a

nucleon, e+N → e′ +X, and only the rescattered electron is detected. The results for the

DIS cross section showed an unexpected weak dependence on the photon virtuality Q2. It

was possible to extract structure functions from the measured cross section, which encode

information about the internal structure of nucleon. One of the main observations was the

fact that these structure functions are only dependent on a single variable, the Bjorken

scaling variable xB, instead of two (xB and Q2) allowed by kinematics. This observation

is called Bjorken scaling. A explanation for Bjorken scaling is provided by the asymptotic

freedom of QCD: at large energies Q2 the strong coupling constant αs is small and the

incoming lepton scatters almost incoherently on the constituents of the nucleon. Therefore

the structure functions can be expressed in terms of quark and gluon parton distribution

functions (PDFs), q(x, µ2) and g(x, µ2), where x denotes the momentum fraction carried by

the different partons. The dependence of the PDFs on the scale µ2 is based on the violation

of Bjorken scaling and is only logarithmic. It represents the physical scale at which the

partons are resolved.

A very important step in the description of high energy inelastic scattering processes with

the help of perturbative methods was the formulation of factorization theorems [6–11]. They

state that in certain kinematical regions the process can be described as a combination of

universal “soft” functions, PDFs, which parameterize the distribution of quarks and gluons

inside the nucleon, and “hard” partonic functions. The hard functions are process dependent

and describe the interaction of quasi-free quarks and gluons emerging from the nucleons.

These hard functions can be calculated as a series in αs within the framework of perturbative

QCD. The PDFs on the other hand cannot be calculated with perturbative methods and

have to be extracted from experiments or nowadays from lattice calculations. At present,
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the PDFs of the unpolarized nucleon are well established [12, 13] and the confirmation of

their universality has given some evidence of the validity of the factorization theorems.

One of the most fundamental properties of elementary particles which is essential for

the complete understanding of the internal structure and the dynamics of interaction of

hadrons is their spin. Information about the spin structure can be obtained in DIS processes

with polarized lepton beams scattering on a polarized target or in polarized proton proton

collisions. It is possible to extract the polarized structure functions g1 and g2 from such

experiments. These polarized structure functions can be expressed in terms of the polarized

parton distribution functions ∆q(x, µ2) and ∆g(x, µ2) describing the helicity distributions of

partons in the nucleon. One of the most interesting questions is how the spin of the proton,

Sz, is built up from its constituents. It can be naively expressed by the sum rule

Sz =
1

2
=

1

2
∆Σ + ∆G+ Lq

z + Lg
z , (1.1)

stating that the spin of the proton is given by the sum of the angular momentum Lq,g
z of

quarks and gluons, the total quark polarization, ∆Σ =
∫ 1

0
dx
∑

q ∆q(x, µ2) and the total

gluon polarization, ∆G =
∫ 1

0
dx∆g(x, µ2). The large interest in spin structure arised after

the European Muon Collaboration (EMC) published their results for the first moment of

the structure function, g1, of a proton target [14]. These results can be translated into a

surprisingly small value for ∆Σ ' 0.1 − 0.2 which is in clear contradiction to the naive

assumption that the spin of the proton is mainly carried by the quarks. From the EMC

result it follows that most of the spin has to come from the gluon polarization and/or from

the orbital angular momenta. Unfortunately very little is known about them.

Up to now we only discussed inelastic scattering processes where only the rescattered

lepton was detected experimentally, so-called inclusive processes. There also exists the pos-

sibility that all final states can be detected separately and which will be the topic of this

work: exclusive processes. In the last ten years the theoretical and experimental interest in

exclusive processes has grown rapidly because this processes provide information about the

structure of the nucleon which cannot be obtained from inclusive processes. The two most

prominent examples of exclusive processes are deeply virtual compton scattering (DVCS)

and exclusive meson production. In DVCS the incoming virtual photon scatters on the

nucleon and the final states are the nucleon and a (real or virtual) photon which are both

detected in the experiment. In exclusive meson production the final states are also a nucleon

and, in contrast to DVCS, a meson instead of a photon. As for inclusive processes there

exist factorization theorems for both types of exclusive processes [15, 16]. The factorization

theorems state that exclusive processes can be described in terms of a combination of soft

universal functions and process dependent hard functions. The hard functions can be calcu-

lated with perturbative methods and are given by a series in αs. Calculating the terms of the

series is still a challenging task and in comparison to inclusive processes the progress is not

very far. The soft, or non-perturbative functions appearing in the description of exclusive

processes are not the same as for inclusive processes. They rather provide information about

the structure of the nucleon which cannot be accessed by inclusive measurements. Initially
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these functions appeared under different names in the literature: non-forward parton distri-

butions, off-forward parton distributions, off-diagonal parton distributions or skewed parton

distributions. Nowadays they are called generalized parton distributions (GPDs), which is

the term we will use throughout this work.

To our knowledge, one of the first examples of GPDs was introduced by Dittes et al. [17]

in the context of an interpolating function between the Dokshitzer-Gribov-Lipatov-Altarelli-

Parisi (DGLAP) evolution [18–22] and the Efremov-Radyushkin-Brodsky-Lepage (ERBL)

evolution equation [23–26]. A systematic study of GPDs in a physical process was made by

Müller et al. [27] where they showed that GPDs contribute to the virtual photon Compton

scattering (the same process has been considered much earlier by Watanabe [28]). The

large interest in GPDs started in 1996 when the non-forward nature of parton distributions

entering DVCS [29–31] and meson production [32] was emphasized by Ji and Radyushkin. In

these publications it was shown that GPDs have a connection to the ordinary PDFs and to

elastic form factors, which so far provided information on the structure of the nucleon. In [29]

it was also shown that GPDs provide access to the total angular momentum carried by the

partons. This offered the opportunity to reveal the spin structure of the nucleon and gave rise

to the hope to solve the puzzle how the different partons contribute to the spin of the nucleon.

Besides the information about the spin structure, the GPDs provide the possibility to study

the nucleon in a three dimensional picture. This property has recently been investigated

for the first time by Burkardt [33] using the impact-parameter representation of the GPDs.

These information can not be accessed in inclusive processes

In this work we will concentrate on the exclusive production of mesons. On the one

hand the theoretical understanding of these processes is not as sophisticated as for DVCS,

in particular higher-order corrections in the hard function are poorly understood. On the

other hand experimental measurements of at least charged exclusive meson production is

easier. than for DVCS.

The work is organized as follows: in the next chapter we will give a brief introduction

to the theory of GPDs and will discuss the main properties mentioned in the previous

paragraph. In Chapter 3 we will calculate the cross sections for various final state mesons

at leading order (LO) of the hard function, compare our results with recent experimental

data and discuss the impact of exclusive meson production on the semi-inclusive production

of mesons. In order to improve the theoretical predictions for exclusive meson production it

is necessary to consider the next-to-leading order corrections (NLO) to the hard functions.

We will give a systematic investigation of such NLO corrections in Chapter 4. Finally we

will summarize and give a brief outlook.

Parts of this work have already been presented in Physical Review D [34].
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General framework

In this chapter we will discuss the theoretical framework for exclusive processes. As described

in the introduction there are two main processes which are relevant for the existing exper-

iments: deeply virtual compton scattering (DVCS) and exclusive meson production. Both

processes are described by the same theoretical framework of collinear factorization [15,16].

We will explain this framework in some detail in Sec. 2.1 and give there the general definition

of the GPDs and the kinematics of the process of exclusive meson production. In Sect. 2.2

we will recall the basic properties of the GPDs and give their physical interpretation. For

recent reviews on GPDs see [35–39]. The different properties of the GPDs influence also

their evolution, which is different from that of the well known PDFs. This issue will be in-

vestigated in Section 2.3. In Sect. 2.4 we will discuss some models for the GPDs, especially

the model we use to obtain our theoretical predictions shown in Chapter 3 and Chapter 4.

Finally in Section 2.5 we will briefly discuss the so-called transition GPDs, which will become

important in Chapter 3.

2.1 Kinematics and definition of GPDs

We consider the process of exclusive meson production (see Fig.2.1)

γ∗(q) + p(p) →M(q′) +B(p′) , (2.1)

where M is a meson and B is a baryon and where the four-momenta are indicated in

parentheses. This general form includes also transition process within the baryon octet,e.g.
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Figure 2.1. Most general graph for the exclusive production of a meson M .

γ∗p→ K+ Λ. We shall discuss transition processes in a little more detail in Sect. 2.5 and in

Chapter 3 we will give a very detailed study of cross sections for such transition processes.

For the general process in (2.1) we use the standard kinematic variables

Q2 = −q2, W 2 = (p+ q)2, xB =
Q2

2pq
. (2.2)

We further define

P =
p + p′

2
∆ = p′ − p t = ∆2 . (2.3)

Within the framework of collinear factorization [15, 16] the most general diagram for the

process in (2.1) is shown in Fig. 2.1. The factorization theorem for exclusive meson produc-

tion [15] states that the amplitude for the process (2.1) can be written as

M =

1∫

0

dz

1∫

−1

dxF (x, ξ, t, µ)T (x, ξ, z, Q2, µ)φV (z, µ) + power suppressed terms . (2.4)

Here F (x, ξ, t, µ) is the generalized parton distribution which is represented in Fig. 2.1 by the

large lower blob. The GPDs are non-perturbative objects and cannot be easily determined

by first principles. They depend on the three kinematical variables x, the longitudinal

momentum fraction of the probed parton, ξ, the longitudinal momentum transfer from the

initial to the final state and the Mandelstam variable t. The GPDs are also dependent on

the factorization scale µ, representing the physical scale at which the partons are resolved

and for which one has an evolution equation, to be discussed in more detail in Sec. 2.3.

The GPDs are defined by the matrix elements (see e.g., [35])

F q(x ξ, t) =
1

2

∫
dz−

2π
eixP+z−〈p′|q̄

(
− z

2

)
γ+q

(
z
2

)
|p〉
∣
∣
z+=0,zT =0

=
1

2P+

[

Hq(x, ξ, t) ū(p′) γ+ u(p) + Eq(x ξ, t) ū(p′)
iσ+α∆α

2mN

u(p)

]

, (2.5)

F̃ q(x ξ, t) =
1

2

∫
dz−

2π
eixP+z−〈p′|q̄

(
− z

2

)
γ+γ5q

(
z
2

)
|p〉
∣
∣
z+=0,zT =0

=
1

2P+

[

H̃q(x, ξ, t) ū(p′) γ+γ5 u(p) + Ẽq(x ξ, t) ū(p′)
γ5∆

+

2mN
u(p)

]

, (2.6)
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Figure 2.2. Parton and hadron plus-momenta in the parameterization of Ji [35] (left) and

Radyushkin [40] (right).

in the case of unpolarized and polarized quark GPDs and for the unpolarized and polarized

gluon GPD through

F g(x ξ, t) =
1

P+

∫
dz−

2π
eixP+z−〈p′|G+µ

(
− z

2

)
G +

µ

(
z
2

)
|p〉
∣
∣
z+=0,zT =0

=
1

2P+

[

Hg(x, ξ, t) ū(p′) γ+ u(p) + Eg(x ξ, t) ū(p′)
iσ+α∆α

2mN
u(p)

]

, (2.7)

and

F̃ g(x ξ, t) =
−i
P+

∫
dz−

2π
eixP+z−〈p′|G̃+µ

(
− z

2

)
G +

µ

(
z
2

)
|p〉
∣
∣
z+=0,zT =0

=
1

2P+

[

H̃g(x, ξ, t) ū(p′) γ+γ5 u(p) + Ẽg(x ξ, t) ū(p′)
γ5∆

+

2mN
u(p)

]

. (2.8)

Here the quark fields are denoted with q(x), the gluon field strength by Gµν(x) and the dual

field strength by

G̃µν(x) =
1

2
εµναβGαβ(x) , (2.9)

where the total antisymmetric tensor is defined as

ε0123 = 1 . (2.10)

For the definition of the GPDs we used light-cone coordinates which are defined by

v± =
1√
2
(v0 ± v3), vT = (0, v1, v2, 0) (2.11)

for any four-vector v. Within this coordinates the light-cone momentum p+ becomes pro-

portional to the momentum (energy) of a particle in the infinite momentum frame where

p3 → ∞. It is also sometimes useful to introduce two light-like four-vectors n+ and n− with

the properties

n2
+ = n2

− = 0, n+n− = 1 . (2.12)

The GPDs (2.5)−(2.7) depend only on the kinematical variables x, ξ and t because of

Lorentz invariance. The skewness variable ξ is defined here by

ξ =
p+ − p′+

p+ + p′+
, (2.13)
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Figure 2.3. Example graphs for exclusive meson production in the generalized Bjorken limit. The

large blob denotes the p → B transition GPD and the small one the meson distribution amplitude.

The left figure shows the quark exchange and the right figure the gluon exchange.

and can be interpreted as the longitudinal momentum transfer from the initial to the final

states. In the literature at least two parameterization of the longitudinal momentum transfer

exist. They are shown in Fig. 2.2. Their relation is

X =
x + ξ

1 + ξ
, ζ =

2ξ

1 + ξ
. (2.14)

Using the symmetric parameterization as in the left diagram in Fig. 2.2 one has the relation

ξ ≈ xB

2 − xB

(2.15)

in the Bjorken limit. We will use the symmetric parameterization throughout of this work

and use the relation (2.15) especially to present our results versus xB.

In the amplitude (2.4) the hard scattering function T (x, z, Q2, µ) also appears. This

function can be in principal calculated within perturbative QCD up to arbitrary order in

the strong coupling constant αs. Depending on the final state meson, different exchange

graphs can appear, as shown in Fig. 2.3 for the leading order in αs. The left graph in

Fig. 2.3 is the quark exchange and probes the different quark GPDs inside the hadron.

The right diagram represents the gluon exchange and probes the gluon GPD of the hadron.

Which of both graphs contribute to the amplitude is dependent of the final state meson.

The gluon contribution to the amplitude can only appear for final state meson with odd

C-parity because only for such kind of mesons the C-even gluon scattering kernel gives a

non-vanishing contribution to the amplitude. This is due to the fact that the complete

process has to preserve C-parity and the incoming virtual photon has odd C-parity. The

exact expressions of the hard scattering functions and the amplitude of exclusive meson

production will be given in Chapter 3 and Chapter 4.

The last ingredient of the amplitude is the meson distribution amplitude (DA). It is also

a non-perturbative object and for a longitudinal polarized meson defined by

〈0|q̄(y)γµq(−y)|M(q′)〉y2→0 = q′µfM

1∫

0

dz ei(2z−1)q′yφV (z, µ) . (2.16)

Here z is a light-cone momentum fraction of one of the quarks and fM is the meson decay

constant.
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Figure 2.4. The parton interpretation of GPDs in the three intervals x ∈ [−1, ,−ξ], x ∈ [−ξ, ξ] and

x ∈ [ξ, 1]. The figure is taken from [38].

The meson DA plays an important role not only in hard exclusive processes but also in the

determination of the pion electromagnetic form factor [41], where different models of the DA

are used to make quantitative predictions at the level of next-to-leading order in αs.

2.2 Physical interpretation and properties of GPDs

The quark and gluon GPDs defined in the previous section are functions of three kinematical

variables and provide a lot of information about the internal structure of hadrons. Although

they have not such a simple interpretation as the PDFs it is nevertheless possible to find a

partonic interpretation of the GPDs. As we will see in a few moments they are connected to

the ordinary PDFs as well as to the nucleon form factors. Furthermore they can provide a

three dimensional picture of the hadron via the dependence on the Mandelstam variable t.

Let us start with the partonic interpretation of GPDs. As it can be seen from the

amplitude, the GPDs we defined in (2.5)-(2.8) have support in the region x ∈ [−1; 1], which

can be split in three different regions as shown in Fig. 2.4. In the first region, x ∈ [ξ, 1]

the two momentum fractions x + ξ and x − ξ are positive and can be interpreted as the

emission and absorption of a quark. In the second region, x ∈ [−ξ, ξ] one has x + ξ ≥ −
and x− ξ ≤ 0. One can now interpret the second momentum fraction as an antiquark with

the momentum fraction ξ − x which is emitted from the initial proton. Finally in the third

region, x ∈ [−1,−ξ] both momentum fractions are negative and can be seen as the emission

and reabsorption of an antiquark. For a detailed discussion of the partonic interpretation of

GPDs see Section 3.4 in [38]. The first and third region are also commonly referred to the

DGLAP region because the GPDs behave similar to the usual parton distribution functions

which obey the DGLAP evolution equation [18–22] (we will discuss the evolution of GPDs

in some detail in Sec. 2.3). The second region is referred to the ERBL region because of the

meson like behavior of the GPDs and mesons obey the ERBL evolution equation [23–26].

The above parton interpretation is also reflected in the forward limit of GPDs. In the

case where p = p′ and the initial and final state hadrons have the same helicities the matrix

elements in (2.5)-(2.8) reduce to the ones which define the ordinary unpolarized or polarized
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parton distribution functions. To be more precise one has the following relations for ∆ = 0

Hq(x, 0, 0) =







q(x) x > 0 ,

−q̄(−x) x < 0 ,

H̃q(x, 0, 0) =







∆q(x) x > 0 ,

∆q̄(−x) x < 0 ,
(2.17)

for the quark GPDs and

Hg(x, 0, 0) = x g(x) x > 0 ,

H̃g(x, 0, 0) = x∆g(x) x > 0 , (2.18)

for the gluon GPDs. The gluon GPD Hg is an even function x so that for x < 0 the GPD

Hg has the same forward limit as in (2.18). For the polarized gluon GPD H̃g the forward

limit for x < 0 is given by −∆g(−x) because H̃g is an odd function in x. For the quark

and gluon GPDs E and Ẽ exist no such relation as for the GPDs H and H̃ because in their

definitions the functions are multiplied with a factor which is proportional to ∆. This does

not mean that the functions themselves have no forward limit, but rather carry information

about the orbital angular momentum of partons.

As we have seen above, GPDs reduce to the ordinary PDFs in their forward limits.

Other physical quantities to which the GPDs are directly connected are the form factors.

This connection is give through the moments in the momentum fraction x of the GPDs.

If one integrates the matrix elements (2.5)−(2.8) over x one gets matrix elements of local

quark-antiquark or gluon operators. To be more precise one has

1∫

−1

dxHq(x, ξ, t) = F q
1 (t),

1∫

−1

dxEq(x, ξ, t) = F q
2 (t),

1∫

−1

dx H̃q(x, ξ, t) = gq
A(t),

1∫

−1

dx Ẽq(x, ξ, t) = gq
P (t), (2.19)

where F1, F2, gp and gA are the Dirac, Pauli, pseudoscalar and axial form factor, respectively,

for each quark flavor separately. The common proton and neutron form factors are given by

F p
1,2 = euF

u
1,2 + edF

d
1,2 , F n

1,2 = edF
u
1,2 + euF

d
1,2 , (2.20)

with the quark charges eu and ed in unit of the positron charge.

One of the most remarkable properties of the GPDs is the fact that the integrals in (2.19)

are independent of ξ due to Lorentz invariance. A generalization of the above property is the

so-called polynomiality: the x-integrals of xnHq and xnEq (Mellin moments) are polynomials
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in ξ of the order n+ 1. To be more precise on has

1∫

−1

dx xnHq(x, ξ, t) =
n∑

i=0
even

(2ξ)iAq
n+1,i(t) + mod(n, 2) (2ξ)n+1Cq

n+1(t) ,

1∫

−1

dx xnEq(x, ξ, t) =
n∑

i=0
even

(2ξ)iBq
n+1,i(t) − mod(n, 2) (2ξ)n+1Cq

n+1(t) , (2.21)

where mod(n, 2) is 1 for odd n and 0 for even n. The functions Aq, Bq and Cq appear in

the form factor decomposition of matrix elements with local twist-two operators (for details

see [35, 38]). One finds similar relations for the spin dependent GPDs and for the gluon

GPDs. It is remarkable that the terms with the highest power of ξ in (2.21) are of opposite

sign, so for the combination of Hq +Eq the xn-th moment is just a polynomial of degree ξn.

A further property of GPDs and their moments is the possibility to get access to the

orbital angular momentum of the nucleon. This was for the first time suggested by Ji [29].

It is possible to write a gauge-invariant decomposition of the nucleon spin into quark orbital

momentum Lq, quark spin ∆Σ and gluon total angular momentum J g :

1

2
= Jq(µ2) + Jg(µ2) =

1

2
∆Σ(µ2) + Lq

z(µ
2) + Jg(µ2) , (2.22)

where the total quark orbital angular momentum J q(µ2) can be decomposed in a gauge-

invariant way into the spin ∆Σ(µ2) and the orbital contribution Lq
z(µ

2). Such a gauge-

invariant decomposition does not exist for the gluon orbital angular momentum. The orbital

angular momentum of quarks and gluons in the nucleon can be related to the second moment

of the GPDs

Jq(µ2) =
1

2
lim
t→0

1∫

−1

dx x
[
Hq(x, ξ, t, µ2) + Eq(x, ξ, t, µ2)

]
,

Jg(µ2) =
1

2
lim
t→0

1∫

0

dx
[
Hg(x, ξ, t, µ2) + Eg(x, ξ, t, µ2)

]
. (2.23)

The above relation is often referred to as Ji’s sum rule [29] and is the only known possibility

to access the orbital angular momentum.

All properties discussed so far were related to the longitudinal momentum fractions x and

ξ and was done in the momentum space. A further way to find a physical interpretation of

GPDs was developed by M. Burkardt [33], by Fourier transforming the GPDs with respect

to the transverse momentum transfer but keeping the longitudinal momentum fraction x

fixed. This procedure leads to a mixed representation of momentum space and transverse

position space and is called impact parameter space. For a detailed review we refer to [42].

The impact parameter representation of GPDs is valid for all values of ξ but for ξ = 0 it has
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a very intuitive physical interpretation which we now want to discuss briefly. In the impact

parameter space representation and at ξ = 0 one has

qi(x,~b⊥) =

∫
d2~∆⊥
(2π)2

ei~b⊥ ~∆⊥H i(x, 0,−~∆2
⊥) , (2.24)

where now the function qi(x,~b⊥) can be interpreted as the probability density to find a parton

with the momentum fraction x at the transverse distance ~b⊥ from the transverse center of

momentum, which is defined by
∑

i xi~r⊥i (the summation runs over all partons in the hadron

and xi is the momentum fraction carried by the i-th parton). Integrating qi(x,~b⊥) over ~b⊥
leads to the usual quark or gluon PDFs. For the spin dependent GPD E(x, ξ, t) one finds a

similar relation

ei(x,~b⊥) =

∫
d2~∆⊥
(2π)2

ei~b⊥ ~∆⊥Ei(x, 0,−~∆2
⊥) . (2.25)

We have to keep in mind that the GPD E(x, ξ, t) does not contribute to the amplitude when

the initial and final state have the same helicity. If we assume to have a state that is a

superposition of transversely localized nucleon states with opposite helicities, which we will

denote as

|X〉 ≡ 1√
2

(
|p+, ↑〉 + |p+, ↓〉

)
(2.26)

the impact parameter dependent PDF for this state is given by the following Fourier trans-

formation

qX(x,~b⊥) =

∫
d2~∆⊥
(2π)2

ei~b⊥ ~∆⊥

[

Hq(x, 0,−~∆2
⊥) + i

∆y

2mN
Eq(x, 0,−~∆2

⊥)

]

=q(x,~b⊥) − 1

2mN

∂

∂by
e(x,~b⊥) . (2.27)

Physically, the above equation describes the transverse distortion of the unpolarized impact

parameter PDF if the state is polarized in the transverse direction and not in the ±z direc-

tion.

With a appropriate model for the GPDs the above representation of PDFs in the impact

parameter space offers for the first time the opportunity to visualize the parton distributions

in the transverse plane. Some examples are shown in [42] where one can see that the unpo-

larized u and d quark distributions are centered around the origin for an unpolarized proton.

In the case of a transversely polarized proton, which is described by (2.27) one finds that

the two quark distribution are moved away from the origin. The discovery that the quarks

are not uniformly distributed in the transverse plain can be a possible explanation for some

transverse single spin asymmetries [43].

As mentioned before the impact parameter representation can also be chosen for ξ 6= 0 but

for this case there exists no simple physical interpretation as for ξ = 0. For a detailed

discussion of the issue we refer to [42].
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2.3 Evolution

The properties described in Sect. 2.2 are all of non-perturbative nature. In this section we

want to discuss the most important perturbative property of the GPDs: their evolution.

We want to start with a small review of the theory of the evolution of ordinary parton

distribution functions which appear in description of deep-inelastic scattering processes and

then turn to the evolution of the GPDs, which is quite different to that of the ordinary

PDFs. In deep inelastic scattering a virtual photon with high virtuality Q2 is exchanged

between the lepton and the proton. It acts as a local probe that resolves local distances that

are inversely proportional to its virtuality. A change in the resolution scale leads to a more

detailed picture of the probed hadron. In other words, the change of the scale Q2 leads to

a different parton number density q(x,Q2), where x is the usual momentum fraction of the

parton.

The change of the PDF q(x, µ2) is governed by the well-known Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi (DGLAP) equation [18–22]

µ2 d

dµ2
q(x, µ2) =

1∫

x

dy

y
P

(
x

y
, αs(µ

2)

)

q(y, µ2) , (2.28)

where P
(

x
y
, αs(µ

2)
)

is the so-called evolution kernel. We can choose a specific combination

of cross sections where the gluonic contribution drops out and picks up the so-called non-

singlet parton distribution qNS(x, µ2) = q(x, µ2) − q̄(x, µ2). The evolution equation for this

combination of PDF is given by (2.28) and the corresponding evolution kernel PNS(x, αs(µ
2)

is given by an infinite series in αs

PNS(x, αs(µ
2)) =

∞∑

n=1

(αs

2π

)n

P
(n)
NS(x) . (2.29)

For the singlet combination

qS =
∑

q

(q + q̄) , (2.30)

the situation is more complicated because the quarks can mix with gluons and the evolution

equation has therefore the form

µ2 d

dµ2




qS

g



 =

1∫

x

dy

y




P qq P qg

P gq P gg





(
x

y
, αs(µ

2)

)



qS

g



 , (2.31)

where we the arguments of qS, g and the evolution kernels P ab are the same as in (2.28).

The evolution kernels P ab in (2.31) have similar perturbative expansion as in (2.29).

For the GPDs the situation is different. In contrast to the ordinary PDFs the GPDs have

no simple probability interpretation. As explained in Sect. 2.2 there are three different parts

in the support region of the GPDs where they have various physical interpretations. In the
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regions x ∈ [−1,−ξ] and x ∈ [ξ, 1] the GPDs can be treated as ordinary quark or antiquark

distribution. Therefore the evolution equation looks similar to the DGLAP equation in this

region. In the central region, x ∈ [−ξ, ξ], the GPDs can be interpreted as the probability to

find a meson like quark-antiquark state inside the hadron. In this part of the support region

the evolution is related to that of meson distribution amplitudes, which obey the ERBL

evolution equation [23–26]. Because of this different behavior of the GPDs the evolution

equation also looks different in comparison to the DGLAP equation.

As in the case of the DGLAP evolution one can define for the polarized and unpolarized

GPDs singlet and non-singlet combinations given by

F q
NS(x, ξ, µ2) = F q(−)(x, ξ, µ2) = F q(x, ξ, µ2) + F q(−x, ξ, µ2) ,

F̃ q
NS(x, ξ, µ2) = F̃ q(−)(x, ξ, µ2) = F̃ q(x, ξ, µ2) − F̃ q(−x, ξ, µ2) , (2.32)

and

F q
S(x, ξ, µ2) = F q(+)(x, ξ, µ2) = F q(x, ξ, µ2) − F q(−x, ξ, µ2) ,

F̃ q
S(x, ξ, µ2) = F̃ q(+)(x, ξ, µ2) = F̃ q(x, ξ, µ2) + F̃ q(−x, ξ, µ2) , (2.33)

where we dropped the t dependence of the GPDs for simplicity. As in the case of DGLAP

evolution they obey different evolution equations. For the non-singlet GPDs the evolution

equation is given by

µ2 d

dµ2
F q(−)(x, ξ, µ2) =

1∫

−1

dx′
1

|ξ|VNS

(
x

ξ
,
x′

ξ

)

F q(−)(x′, ξ, µ2) . (2.34)

An analog equation holds for F̃ q(−). For the singlet GPDs the equation is again somewhat

more difficult because one has again a mixing of quark and gluon GPDs. The evolution

equation reads therefore

µ2 d

dµ2




F (+)(x, ξ, µ2)

F g(x, ξ, µ2)



 =

1∫

−1

dx′
1

|ξ|






V qq
(

x
ξ
, x′

ξ

)
1
ξ
V qg

(
x
ξ
, x′

ξ

)

ξV gq
(

x
ξ
, x′

ξ

)

V gg
(

x
ξ
, x′

ξ

)









F (+)(x′, ξ, µ2)

F g(x′, ξ, µ2)





(2.35)

with

F (+)(x, ξ, µ2) =

nf∑

q

F q(+)(x, ξ, µ2) . (2.36)

For the polarized singlet GPDs F̃ (+) one has an analog equation (see Appendix D.1).

The exclusive evolution kernels appearing in (2.34) and (2.35) have been calculated for the

first time by Gribov et al. [44] but their results contain some mistakes [45]. At the leading

order level the evolution kernels have been discussed in detail in [27], and the next-to-leading

order kernels have been calculated in [46–50]. In this work we will deal only with the LO
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evolution kernels which are given in Appendix D for the polarized and unpolarized singlet

and non-singlet GPDs. In the literature there exist different versions of the evolution kernels.

In order to be sure to deal with the correct form it is possible to perform some consistency

checks. The first opportunity is to see if the evolution kernels have the correct forward limit.

For the case ξ → 0 the kernels of (2.34) and (2.35) have to reduce to the ordinary DGLAP

evolution kernels of (2.28) and (2.31) (the correct procedure for taking the limit ξ → 0 is

described in Appendix D.1). The second possibility to check the correctness of the evolution

kernels is to apply the evolution equation to the following sum of moments of the quark and

gluon GPDs
1∫

−1

dx
[
xF (+)(x, ξ, t) + F g(x, ξ, t)

]
. (2.37)

Using (2.21) it can be shown that this sum corresponds to a special combination of nucleon

form factors. Because form factors are physical observables they cannot dependent on the

factorization scale µ and therefore we must find

µ2 d

dµ2

1∫

−1

dx
[
xF (+)(x, ξ, µ2) + F g(x, ξ, µ2)

]
=

=







∫ 1

−1
dx
∫ 1

−1
dx′F (+)(x′, ξ, µ2)

[

xV qq
(

x
ξ
, x′

ξ

)

+ ξV gq
(

x
ξ
, x′

ξ

)]

∫ 1

−1
dx
∫ 1

−1
dx′F g(x′, ξ, µ2)

[
x
ξ
V qg

(
x
ξ
, x′

ξ

)

+ V gg
(

x
ξ
, x′

ξ

)]







!
= 0 . (2.38)

A straightforward calculation shows that this relation is indeed fulfilled for the evolution

kernels given in Appendix D.1.

In the case of DIS evolution is very important to describe the experimental data in a

correct way. This is also true for exclusive processes and we will show in Chapter 3 and

Chapter 4 that the amplitude and hence the cross section of exclusive meson production

is strongly dependent on the choice of the factorization scale and it is therefore very im-

portant to treat the evolution of the GPDs in the right way. Since some time there exists

an analytical solution of the evolution equation for the GPDs [51, 52] which also allows a

numerical implementation. A second approach is to treat the evolution equation completely

numerically [53]. Both approaches are restricted to the leading order evolution but one can

find a numerical implementation of the NLO evolution in [54]. In this work we will restrict

ourself on the LO evolution because the numerical implementation of the NLO evolution is

too time consuming for our purposes and the effects of NLO evolution are small, as we will

discuss in some detail in Sect. 4.6.1.

2.4 Modeling the generalized parton distributions

The GPDs are non-perturbative objects and are still essentially unknown. In order to make

quantitative predictions for physical observable such as cross sections we therefore need some
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kind of model for the GPDs. In the first part of this section we want to give a brief overview

of models for the GPDs which are based on dynamics. In the second part we will discuss in

some detail the double distributions. They offer an alternative way to parameterize hadronic

matrix elements which define the GPDs. For a detailed discussion of the different possible

ansätze of GPDs we refer to Chapter 4 of [38].

2.4.1 Model based on dynamics

One possible way to construct models for the GPDs is to use dynamical symmetries of

QCD and hence all models and ansätze which we will discuss in the following are based on

non-perturbative calculations.

The very first attempt of a dynamical study of quark GPDs was done by Ji et al. [55]

and was based on the MIT bag model [56]. Within the MIT bag model the hadron is seen as

finite region of space containing quark fields. The curves for the four different GPDs H, E,

H̃ and Ẽ as a function of x obtained in [55] show a very weak dependence on ξ. The physics

reason for this is not understood, nor are the results reliable for x < ξ where one expects

that antiquarks play an important role. A further missing piece in this model is the lack

of gluonic degrees of freedom, which are known to play play an essential role in scattering

processes at small xB.

A further approach is to model the GPDs with the help of the constituent quark model

where the hadron is a simple bound state of a few massive quark constituents. The first study

of the connection between the GPDs and and the constituent quark model wave functions

was done in [57], where the authors used a non-relativistic quark model to calculate the

GPD Hq. The main features of the obtained results are the vanishing of the GPDs at x = ξ

and that the GPDs, as a function of x, have a peak whose position shifts to the right with

increasing ξ. Treating the ERBL region with this model is problematic because in this region

the antiquarks start to become important but they are not covered by the model which is

restricted to the region x > ξ. In addition the model contains no gluonic degrees of freedom

as the MIT bag model.

Another possibility is to make us of chiral symmetry. This is quite natural because the

GPDs are low-energy quantities. It is possible to infer some properties of the GPDs from

chiral symmetry and chiral perturbation theory. However the GPDs include quark and gluon

fields. It is therefore necessary to find a matching procedure to link the low-energy degrees

of freedom such as pions to the parton degrees of freedom. The most prominent example

of the application of chiral symmetry to the GPDs is the pion exchange contribution to the

GPDs Ẽq, mentioned for the first time in [58] and discussed in detail in [59, 60]. Physically

this contribution corresponds to the emission of a virtual pion by the initial nucleon. This

virtual pion dissociates into a qq̄ pair which is probed in the hard scattering process. Because

of its physical nature this contribution is present only in ERBL region and contributes only

to the isovector combination Ẽu−d, due to the quantum numbers. Following [59, 60] this
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contribution is given by the limit

lim
t→m2

π

Ẽu−d(x, ξ, t) =
θ(|x| ≤ ξ)

2ξ
φπ

(
x + ξ

2ξ

)
2mpfπ gπNN

m2
π − t

, (2.39)

where the meson DA φπ is defined as in (2.16), the coupling constant gπNN is given by the

Goldberger-Treiman relation and fπ is the pion decay constant. We will use an improved

form of this model in Chapter 3 for the calculation of the exclusive production of pions. The

pole contribution in (2.39) can be seen as a resonance contribution to the GPDs, although

it is questionable that only one single resonance should dominate at small values of t.

Within the chiral quark soliton model, which was detailed studied in [60, 61], one finds

corrections to the pole contribution (2.39) that are not negligible at −t ≈ 0.1 GeV2. In this

model the nucleon is seen as a bound state of quarks in a semi-classical pion field. The main

ingredients of this model are the spontaneously broken chiral symmetry and the large-Nc

limit. A detailed review of this model and references can be found in [37]. Up to now, u and d

quark GPDs have been calculated with this model. The analytic results obtained fulfill some

of the previous described properties of the GPDs: the forward limit and the reduction of the

lowest Mellin moment to the elastic form factors. Further features of the GPDs were found

with this model: the GPD Hu+d show a rapid variation in x around the point x = ±ξ, the

pion pole contribution (2.39) to Ẽu−d can be obtained analytical and even more important

the corrections to the pole term can be calculated and parameterized for intermediate values

of t. A further very important observation is that the model does not support a factorized t

dependence in the form F (t)f(x, ξ) for the GPDs H(x, ξ, t) and H̃(x, ξ, t). We will use this

factorized ansatz in Chapter 3 and we will discuss the impact of this ansatz on our results.

Let us finally mention a further possibility to obtain information about the GPDs, due to

lattice calculations. Within this framework, quarks are placed at the interstices of a lattice

and interact with each other via the exchange of gluons along the links between the quarks.

Unfortunately it is not possible to calculate the GPDs directly on the lattice but rather their

Mellin moments, which are related to form factors. For recent progress in this field and

references we refer to [62, 63].

2.4.2 Double Distributions

Beside the disadvantages mentioned before (e.g., the lack of gluonic freedom) the most

models described in the previous section are not very practicable for phenomenological cal-

culations. The most widely used model for phenomenological calculations is based on the

so-called double distributions. They are an alternative way to parameterize the hadronic

matrix elements which define the GPDs. The double distributions are defined as the Fourier

transform of matrix elements

〈p′|q̄(−1

2
z)/zq(

1

2
z)|p〉 (2.40)
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with respect to the two independent variables Pz and ∆z,

〈p′|q̄(−1

2
z)/zq(

1

2
z)|p〉|z2=0 =ū(p′)/zu(p)

∫

dβ dα e−iβ(Pz)+iα(∆z)/2 f q(β, α, t)

+ ū(p′)
iσµαzµ∆α

2m
u(p)

∫

dβ dα e−iβ(Pz)+iα(∆z)/2 kq(β, α, t)

− ū(p′)
∆z

2m
u(p)

∫

dα eiα(∆z)/2 Dq(α, t) . (2.41)

One can find similar expressions for the gluonic matrix element and for the helicity dependent

quark and gluon operators. The double distribution have been introduced by Müller at

al. [27] and have been rediscovered by Radyushkin, who has given a detailed review in [36].

The last term in (2.41), the so-called D-term was introduced by Polyakov and Weiss [64].

This term does no appear for the helicity dependent quark and gluon matrix element. We

will discuss the influence of the D-term on the cross sections of exclusive vector meson

production in Sect. 3.3.

The support region of the α and β integration is given by the rhombus |α| + |β| ≤ 1 and

the D-term has support for |α| ≤ 1. For the relation between the GPDs and the double

distributions one finds

Hq(x, ξ, t) =

∫

dβ dα δ(x− β − ξα) f q(β, α, t) + sgn(ξ)Dq
(x

ξ
, t
)

,

Eq(x, ξ, t) =

∫

dβ dα δ(x− β − ξα) kq(β, α, t) − sgn(ξ)Dq
(x

ξ
, t
)

. (2.42)

if one takes a given lightlike z and chooses the frame where z+ = zT = 0 and the Fourier

transform the matrix element (2.40) with respect to z−. There are analogous expressions

for the helicity dependent GPDs H̃ and Ẽ and the gluon GPDs there are with the only

difference that the D-term is missing for the helicity dependent GPDs.

The forward quark densities can be easily obtained from the functions f q(β, α, 0) by the

integration over the line β = x

q(x) =

1−x∫

x−1

dα f q(x, α, 0) . (2.43)

This simple connection to the forward densities offers the opportunity to model the GPDs

with the well known forward parton densities as input. Following the ansatz in [37, 65] it is

possible to write

f q(β, α) = q(β)hq(β, α) , (2.44)

where the profile function hq is normalized to

1−|β|∫

−1+|β|

dα hq(α, β) = 1 (2.45)
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in order to obtain the correct forward limit for the GPDs. This ansatz can of course only

made at t = 0. For the t dependence of the GPDs the most widely used ansatz is of the

factorized form

Hq(x, ξ, t) = Hq(x, ξ)F p
1 (t) (2.46)

where Hq(x, ξ) is determined by (2.42) with (2.44). Within this model the GPDs have

automatically the correct forward limit and also the sum rules (2.19) are fulfilled.

All above considerations can be easily transfered to the gluon and polarized GPDs H g

and H̃q,g. The model we will use in this work is specified in detail in Sect. 3.1 where we also

briefly discuss the shortcomings of the factorized ansatz (2.46) for the t dependence, and

also in Appendix A where we present useful formulas for the convolution of GPDs and the

hard scattering kernels.

2.5 Transition GPDs

In contrast to DVCS, where the struck parton is absorbed by the final hadron, in exclusive

meson production the final state hadron can have different flavor content from the initial

one.

The understanding of transition effects is important, since the reactions with ∆ or N ∗ final

states can compete with the usual p → p reaction in experiments that cannot distinguish

between different final baryon states. On the other side if the experimental setup allows a

clear detection of the final hadronic system, one can use the transition GPDs to study the

different flavor content of the initial state hadron.

For transitions within the ground state baryon octet one has the same spin structure as for

the proton GPDs, namely the four GPDs H, E, H̃ and Ẽ for each quark flavor transition. In

the transition between the baryon octet the gluon GPD cannot contribute because two gluons

carry zero isospin and hypercharge. Let us consider for example the p→ n transition. This

transition can happen in the process γ∗p → nπ+ or γ∗p → ρ+ where for the latter process

the GPDs are defined by

1

2

∫
dz−

2π
eixP+z−〈n(p′)| d̄(−1

2
z) γ+u(

1

2
z) |p(p)〉

∣
∣
∣
z+=0, zT =0

=
1

2P+

[

Hdu
p→n(x, ξ, t) ū(p

′)γ+u(p) + Edu
p→n(x, ξ, t) ū(p

′)
iσ+α∆α

2m
u(p)

]

. (2.47)

The problem appearing in the phenomenological description of such process is to find a

appropriate model for the transition GPDs like Hud. Unfortunately most of the models

discussed in Sect. 2.4 and especially the widely used double distribution model are made for

single quark flavors. In [66] it was shown how the transition GPDs are related to the flavor

diagonal ones. In the case of the p→ n transition one finds

Hdu
p→n = Hud

n→p = Hu
p −Hd

p . (2.48)
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In Chapter 3 we will also calculate cross sections for the the transitions p → Λ and p → Σ

where an explicit exchange of strange quarks take place. The transition GPDs for this

processes are defined in (3.9) and can be also related to the flavor diagonal GPDs through

SU(3) flavor symmetry [37, 67]. One obtains the following relations

Hsu
p→Λ = − 1√

6

[
2Hu

p −Hd
p −Hs

p

]
,

Hsu
p→Σ = − 1√

2

[
Hd

p −Hs
p

]
,

Hsd
p→Σ+ = Hs

p −Hd
p . (2.49)

For the GPDs E and H̃ one has analogous expressions. For the GPD Ẽ one expects large

effects due to flavor SU(3) breaking effects due to the difference of the pion and kaon mass.

We will give a list of the most common transition GPDs in Table 3.1.



3

Exclusive processes in semi inclusive

reactions

As described in the introduction exclusive processes offer the only opportunity to access the

generalized parton distributions. Describing exclusive reaction in the right manner effects

also an other type of reactions which are the deep inelastic semi inclusive reactions. In

this kind of reactions one observes a single hadron, which carries the momentum fraction

z of the photon energy in the target rest frame, in a finale state with large multiplicity. It

exist also an QCD factorization theorem for this kind of processes which states that the

semi-inclusive cross section can be expressed in terms of the distribution functions of the

partons in the targe and of the corresponding fragmentation functions into the observed

hadron. The latter functions describe in principle the probability that a single parton of the

target hadronizes into a hadron. With this one is able to tag the the active parton via its

fragmentation properties which has recently be used for a flavor decomposition of polarized

quark and antiquark distributions in the semi-inclusive production of pions and kaons [68]. In

addition, measurements of azimuthal asymmetries in semi-inclusive pion or kaon production,

such as the Collins and Sievers asymmetries for polarized targets [69], provide interesting

informations about the distribution of the spin and transverse momentum carried by quarks

and antiquarks in the nucleon.

Although the Bjorken limit for semi-inclusive electroproduction implies a large average of

multiplicity of the produced hadronic system there can appear situations in which individ-

ual exclusive channels play an important role. Especially in in fixed-target experiments the
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limited photon energy restricts the phase space for the quark fragmentation, in particular at

large z. And in addition du to the relative low photon virtuality Q2 the suppression of indi-

vidual exclusive cross sections, which drop faster with Q2 in comparison to the semi-inclusive

ones, may not be effective. There exists also phenomenological studies which suggest that

a large contribution to π± production comes from exclusive ρ0 production, with subsequent

decay ρ0 → π+π− [70, 71]. The cross sections for exclusive ρ0 electroproduction have been

measured by the HERMES and CLASS experiments, including also the ratio for longitudinal

and transverse photons [72–77]. It is natural to ask whether the strange vector mesons φ

and K? play an equally important role in semi-inclusive production of kaons and whether

other exclusive channels may be important too. A quantitative answer to these questions

will help to delineate the limits of the kinematic region where semi-inclusive data can be

analyzed using the factorization theorem.

In this chapter we study the role of exclusive channels in semi-inclusive production on the

basis of the factorization theorem for hard exclusive processes. We will do this investigation in

two different steps. Firstly we evaluate the longitudinal cross section for exclusive production

production of pseudoscalar and vector mesons in the leading-twist approximation and at

leading order in the strong coupling. We will focus on π, K and ρ, φ, K? production

using the models described in Sect. 2.4. We explore uncertainties in the obtained cross

sections, in particular those du to the generalized part distributions, which are still largely

unknown. The uncertainties persist if higher-order and higher-twist corrections are included.

We will give a detailed analysis of the higher-order corrections in Chapter 4. Seen from a

different perspective, these uncertainties indicate to which extent exclusive meson production

is sensitive to GPDs and thus interesting in its own right. It is also known that exclusive

meson production at moderate Q2 is affected by substantial power corrections. For the

production of ρ0, φ and π+ there is data or preliminary data, which we will use to assess the

quantitative validity of or calculated cross sections. Secondly, we evaluate the contributions

of these exclusive channels to semi-inclusive production of π and K and compare them

with the results obtained from leading-twist quark fragmentation. For the exclusive meson

production cross sections we rely on experimental data where possible, and only use our

leading-twist calculation to estimate the ratio of cross sections for measured and unmeasured

channels.

We will proceed as following in this chapter. In the first section we will summarize the

leading-twist description of exclusive meson production and specify the model we used for

the GPDs. In the second and third section we present our analysis of different pseudoscalar

and vector meson production channels. In Sect. 3.4 we will discuss the limitations of our

leading-order results and give a comparison with experimental data. Finally in Sect. 3.5.

we present the contribution of exclusive channels to the semi-inclusive meson production in

comparison with the leading-twist quark fragmentation.
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3.1 Exclusive meson production in the leading-twist

approximation

Let us consider the exclusive electroproduction process

e(k) + p(p) → e(k′) + M(q′) + B(p′), (3.1)

where M is a meson and B a baryon, and where four-momenta are indicated in parentheses.

Throughout this work we assume beam and target to be unpolarized. We write q = k − k ′,

∆ = p′ − p, and use the standard kinematic variables which we introduced in Sect 2.1

t = ∆2, Q2 = −q2, W 2 = (p+ q)2, xB = Q2/(2pq), y = (pq)/(pk). (3.2)

We respectively write mp, mB, mM for the masses of the proton, the baryon B, and the

meson M . With Hand’s convention [78] for the virtual photon flux, the electroproduction

cross section is given by

dσ(ep→ eMB)

dQ2 dxB dt
=
αem

2π

y2

1 − ε

1 − xB

xB

1

Q2

[
dσT

dt
+ ε

dσL

dt

]

(3.3)

in terms of the cross sections dσT /dt and dσL/dt of the γ∗p→MB subprocess for transverse

and longitudinal γ∗, where

ε =
1 − y − (yxBmp/Q)2

1 − y + y2/2 + (yxBmp/Q)2
(3.4)

is the ratio of longitudinal to transverse photon flux.

In the generalized Bjorken limit of large Q2 at fixed xB and fixed t, the process amplitude

factorizes into a hard-scattering kernel convoluted with generalized parton distributions for

the p→ B transition and with the distribution amplitude of the meson [15]. Example graphs

are shown in Fig. 2.3. In this limit the longitudinal cross section can be written as

dσL

dt
=
αem

Q6

x2
B

1 − xB

{

(1 − ξ2)|H|2 −
[

2ξ(m2
B −m2

p) + t

(mB +mp)2
+ ξ2

]

|E|2

−
[

ξ +
mB −mp

mB +mp

]

2ξ Re (E∗H)

}

(3.5)

for vector mesons, and as

dσL

dt
=
αem

Q6

x2
B

1 − xB

{

(1 − ξ2)|H̃|2 +
(mB −mp)

2 − t

(mB +mp)2
ξ2|Ẽ|2

−
[

ξ +
mB −mp

mB +mp

]

2ξ Re (Ẽ∗H̃)

}

(3.6)
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for pseudoscalar mesons M . The transverse cross section dσT/dt is power suppressed by

1/Q2 compared with dσL/dt. Here we have in addition used the skewness variable

ξ =
(p− p′)(q + q′)

(p+ p′)(q + q′)
≈ xB

2 − xB
, (3.7)

where the approximation holds in the generalized Bjorken limit. Note that the prefactor in

(3.5) and (3.6) can be rewritten as x2
B/(1 − xB) = 4ξ2/(1 − ξ2). The quantities H, E and

H̃, Ẽ are specific for each channel. Throughout this work we will take their leading order

approximations in αs. To be specific, we have

HK∗+Λ(ξ, t) =
4παs

27
fK∗

[ 1∫

0

dz
1

z(1 − z)
φK∗+(z)

1∫

−1

dx
2Hp→Λ(x, ξ, t) +Hp→Λ(−x, ξ, t)

ξ − x− iε

−
1∫

0

dz
2z − 1

z(1 − z)
φK∗+(z)

1∫

−1

dx
2Hp→Λ(x, ξ, t) −Hp→Λ(−x, ξ, t)

ξ − x− iε

]

,

H̃K+Λ(ξ, t) =
4παs

27
fK

[ 1∫

0

dz
1

z(1 − z)
φK+(z)

1∫

−1

dx
2H̃p→Λ(x, ξ, t) + H̃p→Λ(−x, ξ, t)

ξ − x− iε

−
1∫

0

dz
2z − 1

z(1 − z)
φK+(z)

1∫

−1

dx
2H̃p→Λ(x, ξ, t) − H̃p→Λ(−x, ξ, t)

ξ − x− iε

]

(3.8)

for γ∗p → K∗+Λ and γ∗p → K+Λ, respectively, with analogous expressions for EK∗+Λ and

ẼK+Λ. The GPDs for the p→ Λ transition are defined as

1

2

∫
dz−

2π
eixP+z−〈Λ| s̄(−1

2
z) γ+u(1

2
z) |p〉

∣
∣
∣
z+=0, zT =0

=
1

2P+

[

Hp→Λ(x, ξ, t) ūγ+u+ Ep→Λ(x, ξ, t) ū
iσ+α∆α

mΛ +mp

u

]

,

1

2

∫
dz−

2π
eixP+z−〈Λ| s̄(−1

2
z) γ+γ5 u(

1
2
z) |p〉

∣
∣
∣
z+=0, zT =0

=
1

2P+

[

H̃p→Λ(x, ξ, t) ūγ+γ5u+ Ẽp→Λ(x, ξ, t) ū
γ5∆

+

mΛ +mp
u

]

, (3.9)

where we use light-cone coordinates as defined in (2.11) and assume light-cone gauge A+ = 0.

For brevity we have not displayed the momentum and polarization dependence of the baryon

spinors on the right-hand sides. GPDs for other transitions are defined in full analogy. The

integrals over meson distribution amplitudes in (3.8) can be expressed as

1∫

0

dz
1

z(1 − z)
φ(z) = 6

[

1 +

∞∑

n=1

a2n

]

,

1∫

0

dz
2z − 1

z(1 − z)
φ(z) = 6

∞∑

n=1

a2n−1 (3.10)
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Table 3.1. Combinations of proton GPDs to be used for various channels γp → MB at the place

of 2Hp→Λ(x, ξ, t) + Hp→Λ(−x, ξ, t) or 2H̃p→Λ(x, ξ, t) + H̃p→Λ(−x, ξ, t) in (3.8). All distributions

are to be evaluated at arguments x, ξ, t, with Hq, H̃q and Hg as defined in [38] and H q̄, H̃ q̄ given

above (3.12).

ρ+n 2[Hu −Hd] − [H ū −H d̄ ]

ρ0p 1√
2

(

[2Hu +Hd] + [2H ū +H d̄ ] + 9
4
x−1Hg

)

ωp 1√
2

(

[2Hu −Hd] + [2H ū −H d̄ ] + 3
4
x−1Hg

)

K∗+Λ − 1√
6

(

2[2Hu −Hd −Hs] − [2H ū −H d̄ −H s̄ ]
)

K∗+Σ0 − 1√
2

(

2[Hd −Hs] − [H d̄ −H s̄ ]
)

K∗0Σ+ [Hd −Hs] + [H d̄ −H s̄ ]

φp −
(

[Hs +H s̄ ] + 3
4
x−1Hg

)

π+n 2[H̃u − H̃d] + [H̃ ū − H̃ d̄ ]

π0p 1√
2

(

[2H̃u + H̃d] − [2H̃ ū + H̃ d̄ ]
)

K+Λ − 1√
6

(

2[2H̃u − H̃d − H̃s] + [2H̃ ū − H̃ d̄ − H̃ s̄ ]
)

K+Σ0 − 1√
2

(

2[H̃d − H̃s] + [H̃ d̄ − H̃ s̄ ]
)

K0Σ+ [H̃d − H̃s] − [H̃ d̄ − H̃ s̄ ]

through their coefficients in the expansion

φ(z) = 6z(1 − z)
[

1 +

∞∑

n=1

an C
3/2
n (2z − 1)

]

(3.11)

on Gegenbauer polynomials, where z is the light-cone momentum fraction carried by the

quark in the meson. Note that odd Gegenbauer coefficients a2n−1 describe an asymmetry in

the momentum distribution of the quark and antiquark in the meson. They can be nonzero

for K and K∗ due to flavor SU(3) breaking. In (3.8) to (3.11) we have not displayed the

logarithmic dependence on the renormalization scale in αs and on the factorization scale in

the GPDs and the distribution amplitudes.

Using flavor SU(3) symmetry one can relate the transition GPDs from the proton to a

hyperon to the distributions Hq(x, ξ, t) for quark flavor q in the proton [37, 39]. This gives

in particular Hp→Λ = −[2Hu −Hd − Hs]/
√

6 and an analogous relation for H̃p→Λ. We use

these relations throughout, except for Ẽ, where there are large effects of SU(3) breaking as
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we shall see below. Results analogous to (3.8) hold for all meson channels we consider, see

e.g. [37,38,79], and we have collected the relevant combinations of GPDs in Table 3.1. There

we have introduced H q̄(x, ξ, t) = −Hq(−x, ξ, t) and H̃ q̄(x, ξ, t) = H̃q(−x, ξ, t), so that for

x > 0 we have simple forward limits

Hq(x, 0, 0) = q(x), H q̄(x, 0, 0) = q̄(x), H̃q(x, 0, 0) = ∆q(x), H̃ q̄(x, 0, 0) = ∆q̄(x)

(3.12)

in terms of the unpolarized and polarized quark and antiquark densities in the proton. For

gluons we have Hg(x, 0, 0) = xg(x), which is the origin of the additional factors x−1 in the

entries for ρ0, ω, φ. In addition to the replacements in Table 3.1 one has of course to take

the appropriate meson distribution amplitude and meson decay constants in (3.8). For the

latter we will take fπ = 131 MeV, fK = 160 MeV, and

fρ = 209 MeV, fω = 187 MeV, fφ = 221 MeV, fK∗ = 218 MeV (3.13)

from [80].

For αs in (3.8) we will take the one-loop running coupling at the scale Q2, with three

active quark flavors and ΛQCD = 200 MeV. This gives αs = 0.34 at Q2 = 2.5 GeV2, where

we will show most of our numerical results. We will not attempt more refined choices of

renormalization scale, as were for instance explored in [81], since our principal use of the

leading-order calculation will be to describe the relative size of cross sections for different

exclusive channels.

For the calculation of exclusive cross sections we use simple models of GPDs based one

the double distribution ansatz as described in Sect. 2.4. As explained there the models have

been developed in [37,65] and been used in most phenomenological analyses so far. Our aim

here is not to improve on these models, but instead to see by how much predictions can vary

within the given framework. We take a factorizing t dependence for H and H̃ described in

Sect. 2.4

Hq(x, ξ, t) = Hq(x, ξ)F p
1 (t), Hg(x, ξ, t) = Hg(x, ξ)F p

1 (t),

H̃q(x, ξ, t) = H̃q(x, ξ)GA(t)/GA(0), (3.14)

where F p
1 (t) is the electromagnetic Dirac form factor of the proton and GA(t) the isovector

axial form factor of the nucleon. A more refined version of the model would take different

combinations of the proton and neutron form factors forHu andHd, but for the low values of t

dominating integrated cross sections, F n
1 (t) is much smaller than F p

1 (t) and we simply neglect

it. In this sense (3.14) is consistent with the sum rule for the first moment
∫
dxHq(x, ξ, t).

The ansatz for H̃q is consistent with the sum rule for
∫
dx H̃q(x, ξ, t) to the extent that the

(unknown) isoscalar axial form factor has the same t dependence as the isovector one. In

our numerical evaluations we take the familiar parameterizations

F p
1 (t) =

4m2
p − 2.8t

4m2
p − t

1

[1 − t/(0.71 GeV2)]2
,

GA(t)

GA(0)
=

1

[1 − t/(1.05 GeV2)]2
. (3.15)
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We note that for the gluon distribution Hg there is no reason a priori to take the electro-

magnetic form factor F p
1 (t) in the ansatz (3.14). It turns out, however, that F p

1 (t) is well

approximated by a dipole form F p
1 (t) = [1 − t/(0.98 GeV2)]−2 for t up to about 3 GeV2 [82]

and thus close to the two-gluon form factor advocated in [83].

It is rather certain that the ansatz (3.14) is too simple and can at best reflect the correct

t dependence in a limited range of x and ξ [37,82,84]. For x and ξ in the valence region, say

above 0.2, the decrease of GPDs with t is most likely less steep than the one of F p
1 (t) and

GA(t). Whereas there are phenomenological constraints of the t behavior of valence quark

GPDs [82] and for gluons at small x [83], the behavior for sea quarks is largely unknown,

and sea quarks are important for the xB region around 0.1 we will be mostly concerned with.

Furthermore, the t dependence of meson production at moderate Q2 is strongly affected

by power corrections, as is for instance seen in the Q2 dependence of the logarithmic slope

B = (∂/∂t) log(dσ/dt)|t=0 for ρ0 production at very high energies [85]. We note that our

ansatz (3.14) gives a slope parameter B ≈ 4 GeV2, which may be quite realistic for xB

around 0.1. Furthermore, cross section ratios should be less affected by the insufficiency of

our ansatz, since they are sensitive only to the relative t dependence of the contributions

from different quark flavors and from gluons.

For the t independent functions in (3.14) we use the double distribution based ansatz

of [65], whose ingredients are the usual parton densities at a given factorization scale µ

and a so-called profile parameter b, where µ and b are to be regarded as free parameters

of the model. Explicit expressions are given in App. A. We will not take into account the

evolution of GPDs, which should not be too problematic since our numerical applications

will stay within a rather narrow range of Q2.

The modeling of the nucleon helicity-flip distributions Eq and Eg is still at an early stage

of development, with the most advanced considerations focused on the valence quark domain

[37, 82]. Fortunately, contributions from E enter the unpolarized meson production cross

section (3.5) with prefactors that are quite small in the kinematics we are most interested

in. Following the argumentation of [86] that E is not much larger than H for a given parton

species, we hence neglect E altogether in our cross section estimates.

The distributions Ẽ cannot be neglected since they receive contributions proportional to

ξ−1 that compensate the kinematic prefactors in the cross section (3.6). We model them as

described in Sect. 2.4 as

Ẽp→n(x, ξ, t) =
θ(|x| ≤ ξ)

2ξ
φπ

(
x + ξ

2ξ

)
2mpfπ gπNN

m2
π − t

Λ2 −m2
π

Λ2 − t
,

Ẽp→Λ(x, ξ, t) =
θ(|x| ≤ ξ)

2ξ
φK

(
x+ ξ

2ξ

)
(mp +mΛ)fK gKNΛ

m2
K − t

Λ2 −m2
K

Λ2 − t
, (3.16)

where the distribution amplitudes φ are the same as those introduced above. For the coupling

constants we take the value gπNN = 2mpGA(0)/fπ ≈ 14.7 from the Goldberger-Treiman

relation and gKNΛ ≈ −13.3 from [87]. Continued to the points t = m2
π or t = m2

K in

the unphysical region, the expressions (3.16) become the well-known results from pion or

kaon exchange [59, 60, 87]. These can only be expected to be good approximations for t
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close to the squared meson masses, and for −t of several 0.1 GeV2 are to be regarded as

extrapolations. In (3.16) we have included form factors that cut off the 1/(m2
M − t) behavior

of the pure pole terms when −t becomes large. As default value for the cut-off mass we

will take Λ = 0.8 GeV [88] and study the sensitivity of results to the precise value of this

parameter. We note that for Λ = 0.6 GeV and −t ≤ 1 GeV2 the above form of Ẽp→n differs

by less than 15% from the corresponding term calculated in the chiral quark-soliton model

as given in Eq. (4.39) of [60].

With this model for Ẽ the longitudinal cross section for γ∗p→ π+n takes the form

dσL

dt
=

αem

Q6

x2
B

1 − xB

{

(1 − ξ2)|H̃(ξ, t)|2 − 2mp ξ Re H̃(ξ, t) Q2Fπ(Q2)
gπNN

m2
π − t

Λ2 −m2
π

Λ2 − t

− t

4

[

Q2Fπ(Q2)
gπNN

m2
π − t

Λ2 −m2
π

Λ2 − t

]2}

, (3.17)

where

Fπ(Q2) =
2παs

9

f 2
π

Q2

[ 1∫

0

dz
1

z(1 − z)
φπ(z)

]2

(3.18)

is the electromagnetic pion form factor to leading order in αs and 1/Q2. An similar expression

involving FK+(Q2) is obtained for γ∗p→ K+Λ according to (3.6) and (3.16). Note that the

the |Ẽ|2 term in dσL/dt has no xB dependence other than from the explicit factor x2
B/(1−xB).

Within our model the |H̃|2 term reflects the behavior of the polarized parton distributions

at momentum fractions of order ξ, and its contribution to dσL/dt can very roughly be

represented by [ξ∆q(ξ)]2.

3.2 Exclusive pseudoscalar meson production

In this and the next section we present numerical results for cross sections of exclusive meson

production. Our main focus is to compare the rates for different production channels and to

investigate model uncertainties. Comparison with data in Sect. 3.4 will allow us to estimate

the shortcomings of the leading approximation in 1/Q2 and in αs, on which our calculations

are based.

The factorization theorem for exclusive meson production requires t to be much smaller

than Q2. For definiteness we will give all meson cross sections in this paper integrated

over −t from its smallest kinematically allowed value −t0 to an upper limit of 1 GeV2. In

generalized Bjorken kinematics we have

−t0 ≈
2ξ2(m2

B +m2
p) + 2ξ(m2

B −m2
p)

1 − ξ2
(3.19)

with ξ defined in (3.7). For low enough xB most of the cross section should be accumulated

in this t region, whereas for large xB our cross sections decrease to the extent that −t0
approaches 1 GeV2.
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Figure 3.1. Leading-twist cross sections for γ∗

L p → π+n (left) and γ∗

L p → K+Λ (right) for Q2 =

2.5GeV2. An upper cut on −t of 1GeV2 has been applied here and in all further plots of this paper.

Shown are the individual contributions from |H̃|2 and |Ẽ |2, and their coherent sum according to

(3.6).

To begin with, let us investigate the relative importance of the contributions from H̃ and

Ẽ to π+ and K+ production with our model assumptions. As is seen in Fig. 3.1, exclusive

π+ production receives comparable contributions from both the |H̃|2 and the |Ẽ|2 term in

(3.6), as well as from the interference term proportional to Re (Ẽ∗H̃). Note that the relative

weight of the contributions is different for dσL/dt, where it strongly depends on t given the

characteristic t dependence of the pion pole term (3.16). In K+ production the influence of

Ẽ is less prominent, since the pole factor (m2
K − t)−1 gives much less enhancement at small

t than (m2
π − t)−1.

To obtain the curves in Fig. 3.1 we have made a number of choices in the non-perturbative

input to the cross section, which we now discuss in turn. In Fig. 3.2 we show how the cross

section changes when we vary the parameter Λ in our model for Ẽ, where Λ = 1.3 GeV

represents an upper limit of the values discussed in the phenomenological study [88], and Λ =

0.6 GeV approximates the form factor dependence obtained for the pion pole contribution

in [60], as discussed at the end of Sect. 3.1. Omitting the form factor altogether (tantamount

to setting Λ → ∞) the π+ cross section would increase by more than a factor 1.4 and the

K+ cross section by more than a factor 1.7 compared with our default choice Λ = 0.8 GeV.

Also, the cross sections would considerably increase when raising the upper cutoff in the −t
integration above 1 GeV2. In other words, the cross section would then receive substantial

contributions from values of t far away from the region where the pion or kaon pole term

can be regarded as a reasonable approximation of Ẽ.

For the pion distribution amplitude we have taken the asymptotic form φπ(z) = 6z(1−z)
under scale evolution, which is close to what can be extracted from data on the γ–π transition

form factor, see e.g. [89,90]. The study in [90] quotes limits on a2 + a4 at scale µ = 1 GeV of

about ±0.3 if all other Gegenbauer coefficients are set to zero. This corresponds to a change

of the γ∗p → π+n cross section by a factor (1 + a2 + a4)
2 between 0.5 and 1.7. For the K+

distribution amplitude we have taken the asymptotic form as well. Figure 3.3 shows how the
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Figure 3.3. Left: Leading-twist cross section for γ∗

L p → K+Λ at Q2 = 2.5GeV2 calculated with the

asymptotic kaon distribution amplitude and with the one from Khodjamirian, Mannel and Melcher

(KMM) [91]. Right: The same cross section calculated with different parton distributions in the

model for H̃. The distributions from Leader, Sidorov and Stamenov (LSS) [93] and from Blümlein

and Böttcher (BB) [94] are taken at a scale µ = 1GeV.

K+ cross section changes if instead one takes a1 = −0.05 and a2 = 0.27 at µ = 1 GeV from

the QCD sum rule calculation [91]. This value of a1 is compatible with the findings of [92].

For our model of H̃ we have taken a double distribution ansatz with a profile parameter

b = 1 (see Sect. 3.1 and App. A). Taking b = 2 instead would decrease the K+ cross

section by a factor of approximately 0.6. The pion cross section changes less, because of

the relative weight of H̃ and Ẽ . A more important source of uncertainty is however due to

the polarized quark densities used as input to model H̃. As a default we have used the LO

parameterization from [93] at a scale µ = 1 GeV. Using instead the LO parameterization

in scenario 1 of [94] at the same scale, the K+ cross section changes as shown in Fig. 3.3.

Note that any uncertainty on parton distributions is amplified in the meson production cross

section, where GPDs appear squared.

Let us now comment on other pseudoscalar channels. The cross sections for γ∗p→ K+Σ0
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is about an order of magnitude smaller than the one for γ∗p → K+Λ, as is seen in the

numerical study of [87]. For the contribution from H̃ this can be understood from the flavor

structure in Table 3.1, where for a rough estimate one may concentrate on the dominant terms

H̃u and H̃d. For current parameterizations of polarized parton densities the combination

[2H̃u−H̃d]/
√

3 for Λ production is clearly larger than H̃d in the analogous expression for the

Σ0 channel. Concerning the contribution from Ẽ , the coupling gKNΣ0 is about three times

smaller than gKNΛ appearing in (3.16), see [87]. Along the same lines one can see that the

cross section for γ∗p→ K0Σ+ is of similar size as the one for γ∗p→ K+Σ0.

The channel γ∗p→ π0p does not receive contributions from the pion pole term in (3.16)

because of charge conjugation invariance, so that in our model it is entirely given by the

contribution from H̃. In Table 3.1 we see that the combination 2H̃u + H̃d for π0 production

is to be compared with
√

2[H̃u − H̃d] for γ∗p→ π+n, which is of comparable size. One thus

expects the π0 cross section to be similar to the |H̃|2 part of the π+ cross section.

The exclusive channels γ∗p → ηp and γ∗p → η′p involve the combination 2H̃u − H̃d

instead of 2H̃u + H̃d in the π0 case, which is somewhat larger because the polarized distri-

butions ∆u and ∆d have opposite sign. The strange quark contribution to these channels

involves H̃s− H̃ s̄, which vanishes in our model with polarized parton distributions satisfying

∆s(x) = ∆s̄(x). A quantitative analysis requires the appropriate decay constants for the η

and η′, see for instance [95], but one can in general expect comparable cross sections for the

π0, η and η′ channels.

3.3 Exclusive vector meson production

Within our model for the GPDs, the cross section for vector meson production is sensitive

to unpolarized quark and gluon densities. To obtain an indication of uncertainties we have

compared results with the LO distributions from CTEQ6 [12] and the LO distributions

from MRST2001 [96]. For consistency we need LO rather than NLO parton densities, which

unfortunately are not available in several of the most recent parton fits. We have checked that

the NLO distributions from MRST2001 are in good agreement with those in the MRST2002

and MRST2004 analyses [97] for quark and antiquark densities down to about x ∼ 10−2 and

for the gluon density down to about x ∼ 10−1. Comparing the LO distributions of CTEQ6

and MRST2001 at a scale µ2 = 1.2 GeV2 (which is the lowest value accepted by the code for

the MRST2001 parameterization) we find that the CTEQ6 gluon is larger for x <∼ 10−1 and

smaller for x>∼ 10−1. The u quark distribution is quite similar in the two sets for x >∼ 10−2,

whereas the s quark is significantly smaller for CTEQ6. The distributions for d, ū, d̄ are

quite similar for x>∼ 10−1 and larger for CTEQ6 at smaller x. The LO parameterization of

Alekhin [98] has significantly larger u and ū distributions and a smaller gluon than the two

other sets. At µ2 = 1.2 GeV2 it has however almost no strange quarks in the proton, which

we do not consider physically very plausible and which is in clear contrast with the results

of CTEQ6, where a dedicated analysis of data constraining the strangeness distribution

was performed. Since our study is crucially dependent on the flavor structure of parton
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Figure 3.4. Leading-twist cross section for γ∗

L p → ρ0p at Q2 = 2.5GeV2. Shown are the individual

contributions from quark and gluon distributions and their coherent sum. The parton densities in

the double distribution model are taken at scale µ2 = 1.2GeV2 for the upper and at µ2 = 2.5GeV2

for the lower plots.

distributions, we have therefore not used [98]. Comparing the different parton sets at the

higher scale µ2 = 2.5 GeV2 we find a very similar picture. In the double distribution model

of GPDs we take the profile parameter b = 2 for both quark and gluon distributions. For

all mesons we take the asymptotic shape of the distribution amplitude, given that no direct

experimental information is available for them. Theoretical estimates do not give stronger

deviations from the asymptotic form than those we discussed for pseudoscalar mesons, see

e.g. the compilation in [80]. In Fig. 3.4 we show the individual contributions from quark

and gluon distributions to the ρ0 cross section as well as their coherent sum. The clear

difference between the CTEQ6 and MRST2001 result reflects the current uncertainty on the

usual parton densities at low scales in the relevant range of x. A striking feature is the

clear dominance of the gluon distribution up to quite high values of xB. Note that with our

model of GPDs the convolutions Hq(ξ, t) and Hg(ξ, t) are sensitive to the forward parton

distributions in a certain range of momentum fractions around ξ (see App. A). The strong

dominance of gluon over quark distributions at small momentum fractions thus still shows

its effect at xB values above 10−1. Note that we have taken the same t dependence for quark

and gluon GPDs in our model (3.14), lacking phenomenological evidence to the contrary.
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Figure 3.5. Leading-twist cross sections for γ∗

L p → ρ0p and γ∗

L p → ωp (left) and for γ∗

L p → ρ+n

(right) at Q2 = 2.5GeV2, obtained with the MRST2001 parton densities taken at µ2 = 1.2GeV2.

Comparison of the t dependence e.g. for ρ0 and ρ+ production in equal kinematics could be

of help here.

In our numerical calculations we have calculated the integrals (A.5) and (A.6) for the

meson production amplitude with a lower cutoff at momentum fractions x = 10−4. The

cross section for xB = 0.05 changes by less than 2% if we cut off at 10−5 or at 10−3. It is

diminished by about 10% with a cutoff at 0.005, which gives an indication of the relevance

of momentum fractions which are an order of magnitude smaller than the xB of the process

in this model. Similar changes are observed for the individual quark and gluon distributions.

We note that if we take a profile parameter b = 1 for quarks, the quark contribution to the

cross section at xB = 0.05 decreases by 10% when moving the cutoff on x from x = 10−4 to

x = 10−3 and by 35% when moving it from x = 10−4 to 0.005. Such a strong dependence

on momentum fractions well below xB seems difficult to understand in physical terms. We

note that in the sea quark sector there are no strong theoretical arguments for taking b = 1,

see Sect. 4.4 of [38].

In Fig. 3.4 we also observe a significant change of the gluon contribution to the cross

section when changing the scale of the parton distributions in the double distribution ansatz

(A.1). In contrast, the quark contribution changes by at most a factor of 1.3, reflecting the

relatively weak scale evolution of quark and antiquark distributions compared with gluons

in the relevant kinematic region. Changing the scale of the forward distributions in the

double distribution model (A.1) gives a rough indication of how the actual GPDs evolve

with µ2 [65], so that the strong increase with µ2 seen in Fig. 3.4 reflects a strong scale

uncertainty of the leading-order approximation in αs for channels involving gluon exchange.

A full NLO analysis of meson production is possible using the results of [99] but beyond

the scope of this work. We will use the smaller scale µ2 = 1.2 GeV2 in our further studies,

because the internal virtualities in the hard-scattering graphs of Fig. 2.3 are typically smaller

than Q2 (see also the study [100] of relevant scales in the small-x limit). Furthermore, the

MRST2001 set gives a better description for the ratio of φ and ρ0 production with our model

(see below) and will hence be our default choice in the following.
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Figure 3.6. Leading-twist cross sections for γ∗

L p → K∗+Λ, K∗+Σ0, K∗0Σ+ at Q2 = 2.5GeV2,

obtained with the MRST2001 parton densities taken at µ2 = 1.2GeV2.

In Fig. 3.5 we show the production cross sections for ρ+, ρ0 and ω. The xB behavior of

the ρ+ cross section roughly follows the one of ξ2 [u(ξ)−d(ξ)+ ū(ξ)− d̄(ξ)]2, which is a flavor

nonsinglet combination and hence does not display the strong rise of sea quarks or gluons

at small x. The clear suppression of ω production compared with the ρ0 is a consequence of

the relative factor in the gluon contribution (see Table 3.1) and at large xB of the relative

size of the flavor combination 2Hu − Hd compared with 2Hu + Hd. We remark that the

exclusive channel γ∗p→ f2 p also contributes to semi-inclusive production of π+, π− and π0.

It involves the combination 2Hu +Hd − [2H ū +H d̄], where sea quarks drop out, so that one

may expect a cross section of similar size as for ρ+ production. A numerical estimate would

however require knowledge of quark and gluon distribution amplitudes of the f2, see [101],

and is beyond the scope of this work.

Figure 3.6 shows our results for K∗+ and K∗0 production. In contrast to K+ production,

the cross section for the Λ channel is not much larger than for the Σ0 channel. Consulting

Table 3.1 we see that this is because the contributions from u and d quarks partially cancel

in 2Hu − Hd whereas they add in 2H̃u − H̃d. We remark that the results for K∗+ and

K∗0 production decrease by less than 25% when instead of MRST2001 we take the CTEQ6

parameterization. The uncertainty due to knowledge of the parton distributions is hence

much less than for the gluon dominated channels.

Results for φ production are shown in Fig. 3.7. The dominance of the gluon over the

strange quark contribution is clearly seen, although strange quarks are not entirely negligible

with the MRST2001 parameterization.1 Since gluons dominate for most xB, we see the same

trend concerning differences between the parameterizations and the choice of scale as for

ρ0 production. The ratio of σL for φ and ρ0 production is shown in Fig. 3.8, where the

dependence on µ2 is seen to be much milder since it partially cancels in the ratio. The

difference between CTEQ6 and MRST2001 is still significant and mainly due to the difference

in the gluon distributions.

Preliminary data from HERMES [73,76] give a ratio of about 0.08 for the cross sections

1In the study [86] strange quarks were neglected based on inspection of the CTEQ6 parameterization.
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Figure 3.7. Leading-twist cross section for γ∗

L p → φp at Q2 = 2.5GeV2. Shown are the individual

contributions from gluons and the coherent sum of gluons and strange quarks. The upper plots are

for parton densities taken at scale µ2 = 1.2GeV2 in the double distribution model, and the lower

plots for parton densities taken at µ2 = 2.5GeV2.

of φ and ρ0 production for xB = 0.09 and Q2 = 2.46 GeV2 and for xB = 0.13 and Q2 =

3.5 GeV2. These data contain a significant contribution from σT , and preliminary HERMES

data [73,75,76] suggest that R = σL/σT may be slightly smaller for φ than for ρ0 production

at the same Q2. The φ to ρ0 ratio for σL would then be somewhat larger than 0.08. In

addition, one can expect that a narrower shape of the distribution amplitude and power

corrections due to the strange quark mass would decrease the estimates in Fig. 3.8 [86].

A complete representation of GPDs includes in addition to the double distribution the

so-called D-term [64]. It vanishes in the forward limit ξ = 0 and does not affect the dou-

ble distribution ansatz we are using. Its contribution to the GPDs can be expanded in

Gegenbauer polynomials as

Hq
D(x, ξ, t) = θ(|x| ≤ ξ)

(

1 − x2

ξ2

) ∞∑

n=0

dq
2n+1(t)C

3/2
2n+1

(x

ξ

)

,

Hg
D(x, ξ, t) = θ(|x| ≤ ξ)

3ξ

2

(

1 − x2

ξ2

)2 ∞∑

n=0

dg
2n+1(t)C

5/3
2n

(x

ξ

)

(3.20)

for ξ > 0. Such terms contribute to the real part of the convolution integrals needed in the
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meson production amplitudes as

Iq
D =

1∫

−1

dx
Hq

D(x, ξ, t)

ξ − x− iε
=

1∫

−1

dx
H q̄

D(x, ξ, t)

ξ − x− iε
= 2

∞∑

n=0

dq
2n+1(t) ,

Ig
D =

1∫

−1

dx
Hg

D(x, ξ, t)

x

1

ξ − x− iε
= 2

∞∑

n=0

dg
2n+1(t) . (3.21)

These terms give a ξ independent contribution to H(ξ, t), in contrast to the contributions

from the double distribution part, which very roughly follow the behavior of ξq(ξ), ξq̄(ξ)

or ξg(ξ) and hence grow as ξ becomes smaller. In [102] the first three coefficients in the

quark D-term at t = 0 have been extracted from a calculation in the chiral quark-soliton

model of the nucleon, giving du
1(0) ≈ −2.0, du

3(0) ≈ −0.6, du
5(0) ≈ −0.2 and equal values

for d quarks, referring to a scale µ of a few GeV [103]. The gluon D-term is parametrically

subleading at the low scale intrinsic to the model, but evolution to µ of a few GeV can

give values similar in size to those for quarks. The values Iu
D = Id

D = −5.6 turn out to be

similar in size and opposite in sign to the real parts of the corresponding integrals from the

double distribution part in our model. The effect of such a D-term is however much weaker

on the square |H|2 appearing the cross section, which is dominated by the imaginary parts

of the integrals in a large region of xB. Taking the above values for the quark D-term and

Ig
D = −11.2 as an order-of-magnitude estimate, we find that the change of the various vector

meson cross sections is at the 10% level for xB = 0.1 and not more than a factor 1.5 in either

direction for xB below 0.3, where for definiteness we have taken the MRST2001 distributions

at µ2 = 1.2 GeV2.
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3.4 Comparison with data and discussion of power cor-

rections

Our calculation of meson production cross sections is based on the leading-twist approxi-

mation. It is known that corrections in 1/Q2 to leading-twist meson cross sections can be

substantial for Q2 of a few GeV2. A systematic treatment of such power corrections remains

an unsolved problem. There is however a number of approaches that allow one to model

particular sources of power corrections, see e.g. [38] for a discussion and references. For

vector meson production, a considerable suppression of the leading-twist result at moder-

ate Q2 is found when including in the hard-scattering kernel the transverse momentum of

the quarks in the meson [100, 104, 105]. This means that the transverse resolution power

of the virtual photon cannot be neglected compared with the transverse size of the meson.

Similarly, the finite transverse momentum of the partons coming from the proton gives rise

to power corrections, when it is included in the hard-scattering kernel. Estimating both

effects in a calculation considering only quark GPDs [104], a suppression of the leading-twist

cross section for ρ0 production by factors of 3.3, 4.9 and 9.2 was found at Q2 = 5 GeV2

for xB = 0.3, 0.45 and 0.6, respectively. The recent study [105] for small xB , where only

gluon GPDs were retained and only the transverse quark momentum in the meson was taken

into account, found corresponding suppression factors of 4.6 and 6.6 for respective values of

xB = 2.95× 10−3 and 10−4 at Q2 = 4.8 GeV2. For Q2 = 10.9 GeV2 and xB = 4.3× 10−3 this

factor decreases to 1.9. The discrepancy of the calculation including power suppression and

experimental data is less than 35% in all three cases.2

In Table 3.2 we compare our leading-oder results for ρ0 and φ production with data from

HERMES [72,73,76,106]. The discrepancy between our calculation and the ρ0 data is well in

the range of what can be explained by suppression from quark transverse momentum (con-

sidering in addition the uncertainties of our model for the GPDs). The stronger discrepancy

with the φ data corresponds to our overestimating the φ to ρ0 production ratio, discussed

in the previous subsection.

The CLAS collaboration has published results for ρ0 production at xB = 0.31 and at

xB = 0.38, with Q2 values between 1.5 and 2.3 GeV2 [77], and for φ production at xB = 0.29

and Q2 = 1.7 GeV2 [107]. We consider that this kinematics, where the hadronic invariant

mass W is below 2.3 GeV, is too close to threshold for comparison with a leading-twist

calculation. A recent CLAS measurement [108] of ω production at higher energies, with Q2

up to 5.1 GeV2 and W up to 2.8 GeV, found that helicity conservation between the γ∗ and

the ω is strongly violated, in contrast with the predicted behavior in the large-Q2 limit. This

prevented the extraction of σL and was ascribed to a strong contribution from π0 exchange

(which is absent in the ρ0 and φ channels).

Let us now turn to π+ production, where the situation is quite different. For the contri-

2The leading-order formula (90) in [105] with which we obtained the suppression factors just quoted

contains in addition an approximation for small xB , which should however not be the dominant effect

comparing to the full calculation.
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Table 3.2. Experimental values σexp
L of the longitudinal cross section for the production of ρ0 [72]

and φ [73, 76, 106] from HERMES, and the ratio between our leading-twist results σthy
L (obtained

with the MRST2001 distributions taken at µ2 = 1.2GeV2) and the data. The data for φ production

is preliminary.

γ∗p→ ρ0p

Q2[ GeV2] xB σexp
L [µb] σthy

L /σexp
L

2.3 0.1 0.21 ± 0.04 7.1

2.3 0.075 0.21 ± 0.04 7.6

4.0 0.16 0.09 ± 0.02 2.1

4.0 0.12 0.06 ± 0.01 3.5

γ∗p→ φp (preliminary data)

Q2[ GeV2] xB σexp
L [nb] σthy

L /σexp
L

2.3 0.087 15.6 ± 3.1 14.9

3.8 0.136 6.2 ± 1.24 5.5

bution from H̃ one expects a similar suppression from quark transverse momentum as in the

case of H in vector meson production, which was indeed found in the numerical study [104].

The pion exchange contribution from Ẽ is described in terms of the pion form factor accord-

ing to (3.17), and this relation persists beyond the leading approximation in 1/Q2 to the

extent that the pion emitted from the nucleon is not too far from off-shell. The power correc-

tions for Ẽ are then the same as those for the pion form factor. The leading-twist expression

(3.18) for Fπ(Q2), with our choice of αs specified after (3.13), undershoots the data of [109]

by a factor 0.53 at Q2 = 1 GeV2 and a factor 0.41 at Q2 = 1.6 GeV2. For Q2 = 3.3 GeV2

we find this factor to be between 0.34 and 0.77 within the large error bars in [110]. We will

not attempt here to summarize the detailed theoretical and phenomenological work on the

pion form factor, but remark that in addition to the leading-twist perturbative contribution

there is a contribution from the Feynman mechanism, where the photon hits a quark carry-

ing almost all of the pion momentum. This leads to a considerable enhancement over the

leading-twist approximation. The calculations of Fπ(Q2) in [111], which take this effect into

account using different methods, give for instance results larger than our leading-twist value

by factors between 2 and 4, even at Q2 = 10 GeV2. Note that these factors are to be squared

in the contribution of |Ẽ|2 to the π+ production cross section. For the production of the

neutral pseudoscalars π0, η, η′, where there is no pion exchange contribution, one expects

that power corrections will decrease the cross section, similarly to the case of vector meson

production.

We have further compared our leading-twist calculation of εσL for γ∗p → π+n with

preliminary data on σT + εσL from HERMES [112]. The HERMES data are presented for

three different bins in xB, with the average values of Q2 and xB for individual data points

ranging from 1.5 GeV2 and 0.1 to 4.2 GeV2 and 0.17 in the first bin, from 2.5 GeV2 and 0.21

to 6.3 GeV2 and 0.25 in the second bin, and from 4.5 GeV2 and 0.34 to 10.5 GeV2 and 0.45 in
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the third bin [113]. Averaging the ratio between theoretical and experimental cross sections

for the data points in each bin, we find ratios of 0.42, 0.19 and 0.12 in the first, second and

third bin, respectively. The large discrepancy at large Q2 and large xB (which are strongly

correlated in the data) is striking, but not too surprising given the size of corrections just

estimated for the pion form factor. The much better agreement at smaller Q2 and xB might

be accidental, given that we expect comparable contributions from H̃ and Ẽ , for with the

power corrections go in different directions. Help in clarifying this issue could come from the

spin asymmetry for transverse target polarization, which gives access to the relative size of

H̃ and Ẽ [37].

The case of π+ production (and also the findings in the ω channel mentioned above)

show that there are specific power corrections which will not cancel in cross section ratios

for different processes. The situation is however better for channels that are sufficiently

similar, as the example of ρ0 and φ production shows. Corrections due to quark transverse

momentum (as well as the overall normalization uncertainty from the scale of αs in our

leading-order calculation) will tend to cancel in that case. We hence expect that the overall

pattern of differences between various meson cross sections we estimated at leading order

will not be overturned in a more realistic treatment, given that these differences are largely

controlled by the relevant combinations of quark and gluon distributions.

3.5 Exclusive channels in semi-inclusive pion and kaon

production

In semi-inclusive hadron production one considers processes of the type

e(k) + p(p) → e(k′) + h(qh) + X, (3.22)

where h is a specified hadron and X an unspecified inclusive final state. A basic observable

is the distribution of the produced hadron over the variable

z =
qhp

qp
, (3.23)

which measures the fraction of the virtual photon energy carried by the produced hadron in

the target rest frame. In the Bjorken limit of large Q2 at fixed xB and fixed z, semi-inclusive

hadron production can be treated within a QCD factorization approach. The differential

cross section factorizes into the distribution of partons of type i in the target, the cross

section for the virtual photon scattering off this parton, and the fragmentation function

Di→h(z) describing the fragmentation of the struck parton into the hadron h, which carries

a fraction z of its longitudinal momentum. To leading order in αs one has

dσ

dQ2 dxB dz
= 2παem

y2

1 − ε

1

xBQ4

∑

q

e2q

[

q(xB)Dq→h(z) + q̄(xB)Dq̄→h(z)
]

, (3.24)
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Figure 3.9. Contributions of exclusive channels to semi-inclusive pion and kaon production, cal-

culated at leading order. (a) Direct exclusive production of pseudoscalar mesons. (b) Exclusive

production of a vector meson with subsequent decay into pseudoscalars.

where the sum is over quark flavors. Note that (3.24) has the same Q2-dependence as the

inclusive DIS cross section in the Bjorken regime. The fragmentation functions are process-

independent and describe not only semi-inclusive DIS but also e+e− annihilation into hadrons

and the distribution of leading hadrons in high-pT jets. Their scale evolution is governed

by evolution equations analogous to the DGLAP equations for the parton distribution func-

tions. Various parameterizations of the fragmentation functions have been presented in the

literature, which fit e+e− annihilation and semi-inclusive DIS data at higher scales.

The derivation of semi-inclusive factorization relies on the fact that in the Bjorken limit

the inclusive final state X has a large invariant mass

m2
X = Q2 1 − z

xB
+m2

p − (q − qh)
2, (3.25)

and thus a large average multiplicity (note that the squared momentum transfer (q− qh)
2 is

always negative). The semi-inclusive cross section is thus obtained by summing over many

individual channels. In practice m2
X is not very large for Q2 values of a few GeV2 typical of

fixed-target experiments, for instance at Jefferson Lab or HERMES, especially at high z. At

the same time, for moderate Q2 the suppression of the cross sections for exclusive channels

relative to the semi-inclusive cross section (see below) may not yet be effective. One thus

can reach a situation in which the cross sections of individual exclusive channels becomes

comparable to the semi-inclusive one. It is interesting to compare the semi-inclusive cross

section (3.24) with the cross sections of exclusive channels contributing to semi-inclusive

production. In the following we investigate the role of exclusive channels in semi-inclusive

π and K production on a proton target. We study two types of exclusive channels (see

Fig. 3.9) at a quantitative level:

i) direct exclusive production of pseudoscalar mesons, γ∗p→ π+n and γ∗p→ K+Λ,

ii) exclusive production of neutral or charged vector mesons ρ, φ,K∗ with subsequent

decay into pseudoscalars.

In the direct production of pseudoscalar mesons (Fig. 3.9a), the energy fraction z carried

by the produced meson is related to the invariant momentum transfer to the nucleon t by

1 − z = xB

m2
B −m2

p − t

Q2
(3.26)



3.5 Exclusive channels in semi-inclusive pion and kaon production 41

according to (3.25). Exclusive production in the limit of large Q2 at fixed xB and fixed t thus

corresponds to values of z very close to 1. For example, π+ and K+ production corresponds

to z > 0.94 in typical HERMES kinematics of xB = 0.1 and Q2 = 2.5 GeV2 with a maximum

momentum transfer |t| = 1 GeV2 (since the cross section drops rapidly with t, most events

have z values yet closer to unity). Such exclusive contributions can usually be separated

experimentally from the semi-inclusive events at smaller values of z.

The situation is different for the contribution to semi-inclusive production resulting from

the decay of exclusively produced vector mesons (Fig. 3.9b). Since the decay products share

the energy of the vector meson, such contributions result in an extended z distribution for the

pion or kaon, even in the Bjorken limit. With the approximations described in Appendix B,

the z spectrum of the pseudoscalar meson P1 from the decay V → P1P2 can be written as

dσ(ep→ P1 + P2B)

dQ2 dxB dz
=
αem

2π

y2

1 − ε

1 − xB

xBQ2

[

εσL(γ∗p→ V B)DL(z) + σT (γ∗p→ V B)DT (z)
]

(3.27)

with

DL(z) =
3

2ζ3
(z − z0)

2, DT (z) =
3

4ζ3
(z − z1)(z2 − z). (3.28)

Here z1 ≤ z ≤ z2 with

z0 =
EP1

mV
, z1 = z0 − ζ , z2 = z0 + ζ , ζ =

|qP1|
mV

(3.29)

up to corrections of order xBm
2
p/Q

2. For brevity we have not explicitly indicated the depen-

dence ofDL and DT on xB andQ2 due to these corrections. The energy and three-momentum

of P1 in the rest frame of the vector meson

EP1 =
m2

V +m2
P1 −m2

P2

2mV
,

|qP1| =

√

m4
V +m4

P1 +m4
P2 − 2 (m2

Vm
2
P1 +m2

Vm
2
P2 +m2

P1m
2
P2)

2mV

(3.30)

depend only on the meson masses, and so do z0, z1 and z2 in the limit of large Q2. In

particular, the smallest and largest possible values of z for pions from the decay ρ→ ππ are

z1 = 0.04 and z2 = 0.96 in that limit. The corresponding values for kaons from φ → KK

are z1 = 0.37 and z2 = 0.63. For the kaon from K∗ decay one has z1 = 0.32 and z2 = 0.96,

and for the pion from K∗ decay one has z1 = 0.04 and z2 = 0.68.

According to (3.5), (3.6) and (3.27), the contribution of exclusive vector meson produc-

tion to the cross section dσ/(dQ2 dxB dz) asymptotically scales as 1/Q8 at fixed xB and z and

is thus suppressed by 1/Q4 compared with the leading behavior (3.24) of the semi-inclusive

cross section. Notice that (3.24) corresponds to transverse photon polarization, with con-

tributions to the longitudinal cross arising at the level of αs and of 1/Q2 corrections, just

as in the familiar case of inclusive DIS. The situation is opposite for hard exclusive meson

production, where σL dominates over σT in the large-Q2 limit. Measurements show however
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Figure 3.10. Exclusive contributions to the π+ electroproduction cross section (e p → e + π+ + X)

at Q2 = 2.5GeV2, obtained from our leading-twist calculation of σL. This and the following plots

are for a lepton beam energy of 27.5GeV in the target rest frame. Left: direct exclusive production,

and contributions from K∗+ and ρ+ decay. Right: sum of contributions from K∗+ and ρ+ decay

compared with contributions from ω and ρ0 decay.

that at Q2 in the few GeV2 region the ratio R = σL/σT is still of order 1 in ρ0 and φ

production [73, 75, 76].

We first consider the semi-inclusive production of pions. Depending on the pion charge,

exclusive channels contributing here are direct production ep → eπ+n and the production

and decay of ρ and K∗(892). The ρ decays to almost 100% as ρ0 → π+π− and ρ+ → π+π0,

and the K∗(892) decays to almost 100% into Kπ, with branching fractions

B(K∗+ → K+π0) = 1
3
, B(K∗+ → K0π+) = 2

3
,

B(K∗0 → K+π−) = 2
3
, B(K∗0 → K0π0) = 1

3
(3.31)

following from isospin symmetry. Note that in quark fragmentation one has σ(π0) =
1
2
[σ(π+) + σ(π−)], which follows directly from the isospin relations between the pion frag-

mentation functions. This relation also holds for the contributions from K∗ decay, but it is

strongly violated for ρ decay. For the ρ0 this effect was investigated in Ref. [70] in connection

with the separation of ū and d̄ distributions in the proton using semi-inclusive DIS.

In Fig. 3.10 we show the result of our leading-twist calculation from Sects. 3.2 and 3.3

for the ep cross section of π+ production. We give all ep cross section for a lepton beam

energy of 27.5 GeV in the target rest frame, corresponding to the HERMES experiment,

and recall that all our exclusive cross sections are calculated with an upper cutoff of 1 GeV2

on |t|. We see that the ρ0 channel is clearly dominating. The ω, which decays to almost

100% into π+π−π0, is much less prominent. According to our discussion in Sects. 3.2 and

3.4 one expects that the contribution from ep → eπ0p to π0 production is smaller than in

the case of direct π+ production. The same holds for the production and decay of η and

η′, which have several three-body decays contributing to all three pion channels. As we

argued in Sect. 3.3 the production of f2(1270), which predominantly decays into π+π− and

π0π0, may contribute at a similar or lower level as ρ+ decays. In Fig. 3.11 we show the z

spectrum arising from different vector meson decays. Whereas ρ decays contribute in almost



3.5 Exclusive channels in semi-inclusive pion and kaon production 43

0

2

4

6

8

10

12

14

16

0 0.2 0.4 0.6 0.8 1

R=0.8
R=1.4
R=2d

σ
/(

d
z
d
x

d
Q

2
)

[n
b
/

G
eV

2
]

e p→ e + π+ + X from ρ0 decay

z

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0 0.2 0.4 0.6 0.8 1

R=0.8
R=1.4
R=2d

σ
/(

d
z
d
x

d
Q

2
)

[n
b
/

G
eV

2
]

e p→ e + π+ + X from ρ+ decay

z

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

R=0.8
R=1.4
R=2

d
σ
/(

d
z
d
x

d
Q

2
)

[n
b
/

G
eV

2
]

e p→ e + π+ + X from K∗+ decay

z

0

0.05

0.1

0.15

0.2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

R=0.8
R=1.4
R=2d

σ
/(

d
z
d
x

d
Q

2
)

[n
b
/

G
eV

2
]

e p→ e + π− + X from K∗0 decay

z

Figure 3.11. Contributions to the semi-inclusive pion electroproduction cross section from decays

of exclusively produced vector mesons, for Q2 = 2.5GeV2 and xB = 0.1. Shown are the results

corresponding to our leading-twist calculation of σL for vector meson production, and a value of

R = σL/σT chosen as indicated in the figure. Top left: π+ from ρ0 decay. Top right: π+ from ρ+

decay. Bottom left: π+ from K∗+ decay. Bottom right: π− from K∗0 decay. The contribution to

π0 production from K∗+ and K∗0 decays is given by the average of the corresponding curves in the

two lower plots, according to (3.31).

the entire z range, pions from K∗ decays are limited to z values below 0.7. Note that due

to charge conjugation invariance the z spectrum from ρ0 decays is identical for the π+ and

π−, and by isospin invariance the same holds for the π+ and π0 spectra from the decay

of ρ+. To illustrate the dependence of the z spectrum on the ratio R of longitudinal and

transverse meson production cross sections we have taken values which correspond to the

range measured in ρ0 and φ production at Q2 = 2.5 GeV2 [73, 75–77].

We now compare the contribution from exclusive channels with the semi-inclusive cross

section obtained from the leading-order expression (3.24) for quark fragmentation. We use

the LO parton densities from MRST2001 and the LO fragmentation functions of Kretzer

[114], both at a scaleQ2 = 2.5 GeV2. Let us first take a look at the high-z tail of the spectrum,

where direct exclusive production contributes. Integrating the semi-inclusive cross section

for π+ production for z > 0.9 at Q2 = 2.5 GeV2 and xB = 0.1, we obtain dσ/(dQ2 dxB) =

0.19 nbGeV−2 from (3.24). This number should be understood as a naive extrapolation: the

fragmentation functions are not well known for z close to 1, and in the above kinematics
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z > 0.9 corresponds to an invariant mass mX < 1.84 GeV according to (3.25), where leading-

twist fragmentation can be just marginally valid. Our leading-twist result for ep → eπ+n

gives dσ/(dQ2 dxB) = 0.045 nbGeV−2, which according to our comparison with preliminary

HERMES data (Sect. 3.4) undershoots the actual cross section by a factor of about 0.4. We

thus find that for z > 0.9 direct exclusive pion production may be a substantial part of the

semi-inclusive cross section, but cannot be more quantitative given the uncertainties just

discussed.

For a realistic estimate of exclusive vector meson production we divide our leading-twist

results for σL by a factor 7, except for φ production. According to Table 3.2 this brings us

close to the HERMES measurement for ρ0 production at Q2 = 2.3 GeV2 and xB = 0.1, and

according to our arguments in Sect. 3.4 it should give a reasonable estimate for the other

channels. In other words, we assume that the ratio of vector meson channels is sufficiently

well described by our leading-twist calculation. Only for φ production do we divide our

leading-twist results by a different factor, namely by 15, following our comparison in Table 3.2

with preliminary HERMES data in this channel. One might argue that for the production of

a K∗, which has one light and one strange quark, power corrections are between those for the

ρ0 and for the φ, but we refrain from such refinements here. Possible changes by a factor of 2

would in fact not change our conclusions regarding the role of K∗ decays. For a prediction of

σT we divide σL obtained as just described by the value R = σL/σT = 1.2 from preliminary

HERMES data for ρ0 production in the relevant kinematics [73,75], except for the φ channel,

where instead we take R = 0.8 from the parameterization of preliminary HERMES data

in [73, 76]. Variation of R as shown in Fig. 3.11 would not affect the conclusions we shall

draw.

Integrating the ρ0 decay contribution to π+ production for z > 0.9 at Q2 = 2.5 GeV2

and xB = 0.1, we find dσ/(dQ2 dxB) = 0.13 nbGeV−2, which is surprisingly close to the

extrapolation of the fragmentation result given above. The fragmentation formula for π−

production gives dσ/(dQ2 dxB) = 0.07 nbGeV−2 when integrated over z > 0.9, so that in this

case the ρ0 contribution slightly overshoots the naive fragmentation result. In Fig. 3.12 we

show the z spectrum of semi-inclusive π+ and π− production, comparing the fragmentation

result with the contributions from vector meson decays. Following our above discussion

we do not show the cross section from fragmentation for z above 0.9. We see that ρ0

production gives a sizable contribution to semi-inclusive production for z greater than about

0.8. According to our estimate, ρ+ production is suppressed relative to ρ0 by two orders

of magnitude and cannot compete with the cross section from quark fragmentation even at

large z. The K∗ decay contribution is somewhat larger in size but limited to z below 0.7. The

fragmentation result for π0 production is just the average of π+ and π− because of isospin

invariance. With ρ0 decay being absent and the contributions from other vector mesons

being comparatively small, we find no exclusive channel that is prominent in semi-inclusive

π0 production for the kinematics discussed here. We expect direct exclusive production

ep → eπ0p to be much less important at high z than in the case of π+ production, to the

extent that power corrections enhance the π+ but suppress the π0 compared with the leading
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Figure 3.12. The cross section for semi-inclusive electroproduction of π+ (left) and π− (right), as

a function of z, at xB = 0.1 and Q2 = 2.5GeV2. The cross sections from quark fragmentation

were calculated using the LO fragmentation functions of Kretzer [114] and the MRST 2001 LO

parton distributions. The contributions from vector meson decays were obtained by adjusting our

leading–twist results for the vector meson production cross sections, as explained in the text. The

value taken for the ρ0 cross section matches the HERMES measurement [72]. This plots are taken

from [34].

approximation in 1/Q2. Given the relative size of cross sections in Fig. 3.10 it is clear that

pions from ω production are significantly smaller than the fragmentation result for all z, and

we shall not analyze the kinematics of the corresponding three-body decay here.

Turning to semi-inclusive K+ and K− production, we show in Fig. 3.13 the contributions

of the relevant exclusive channels to the ep cross section, obtained from our leading-twist

calculation in Sect. 3.3. The production of φ, which decays to approximately 50% into

K+K−, is clearly dominant for K+ production, and it is the only channel contributing to

K− production. As is seen in the z-spectra of Fig. 3.14, it is however only the K+ from K∗

decays that extends to z values above 0.65.

Integrating the leading-order fragmentation formula (3.24) for K+ production for z > 0.9

at Q2 = 2.5 GeV2 and xB = 0.1, we obtain dσ/(dQ2 dxB) = 0.048 nbGeV−2, which is to be

understood as an extrapolation as in the pion case discussed above. Our leading-twist esti-

mate for direct exclusive K+ production in Sect. 3.2 gives dσ/(dQ2 dxB) = 0.016 nb/GeV2.

Following our discussion in Sect. 3.4 one expects that power corrections will lead to weaker

enhancement than in the case of ep→ eπ+n (or possibly even to a suppression), because H̃
is more important in the leading-twist cross section for K+ production than Ẽ . Nevertheless,

the above numbers suggest that direct exclusive K+ production may be of some significance

at the high-z end of the spectrum.

If we integrate the K+ spectrum from K∗+ and K∗0 decays for z > 0.9, dividing our

leading-twist result by 7 and accounting for the transverse cross section as described above,

we obtain dσ/(dQ2 dxB) = 0.0021 nbGeV−2, which is well below our extrapolation from



46 3. Exclusive processes in semi inclusive reactions

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.1 0.2 0.3 0.4 0.5 0.6

K∗+ decay
K∗0 decay

exclusive K+

d
σ
/(

d
x

d
Q

2
)

[n
b
/

G
eV

2
]

e p→ e + K+ + X

xB

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.1 0.2 0.3 0.4 0.5 0.6

φ decay
(K∗+ + K∗0) decay

d
σ
/(

d
x

d
Q

2
)

[n
b
/

G
eV

2
]

e p→ e + K+ + X

xB

Figure 3.13. Same as Fig. 3.10, but for electroproduction of K+.
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Figure 3.14. Same as Fig. 3.11, but for the contribution from K∗+ and K∗0 decays to K+ production

(left) and for the contribution of φ decay to K+ or K− production (right).

leading-twist fragmentation. In Fig. 3.15 we compare the fragmentation result for semi-

inclusive K+ and K− production with the individual contributions from K∗ and φ decays.

We conclude that, even within the uncertainties of our estimates, contributions from K∗

production are only a fraction of the fragmentation result at any z, and that φ production,

despite its larger cross section, is always well below the semi-inclusive cross section. Our

finding concerning the φ contribution agrees with a recent study of measured kaon multi-

plicities in [115]. On one hand, kaon production by quark fragmentation is less suppressed

compared with pion production than is exclusive φ production compared with production

of ρ0, and on the other hand φ decays only contribute in a z-range where the fragmentation

functions are still large. Apart possibly from direct K+ production at z close to 1, we thus

find no exclusive channel dominating K+ or K− production in typical HERMES kinematics.

So far we have compared exclusive channels with quark fragmentation at xB = 0.1 and

Q2 = 2.5 GeV2. We have also performed the comparison of Figs. 3.12 and 3.15 for xB = 0.3

at the same Q2. For the vector meson cross sections we used the same values of R and the

same correction factors as for xB = 0.1, dividing our leading-twist cross sections by 7 for
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Figure 3.15. Same as Fig. 3.12, but for semi-inclusive production of K+ (left) and K− (right).

As discussed in the text, the φ production cross section used in this plot matches the preliminary

results of a HERMES measurement [73,76]. This plots are taken from [34].

all vector mesons except the φ, where we divide by 15. In doing this, we assume that the

leading-twist approximation gives a realistic description of the xB dependence in this region.

We find that our qualitative conclusions do not change when going to the larger value of xB.

A comment is in order concerning the treatment of exclusive channels in the analysis

of semi-inclusive DIS data when extracting quark fragmentation or distribution functions.

It is by no means clear that by subtracting contributions of individual exclusive channels

from the total yield one obtains an observable more suitable for comparison with the quark

fragmentation formulae. In fact, the derivation of factorization theorems relies on the sum

over all channels X in (3.22) to be complete. At sufficiently large Q2, each individual

exclusive channel by itself is a power correction which may or may not be included in

the leading-twist analysis. This situation is similar to the one with the contribution from

individual nucleon resonances to the cross section of inclusive DIS. A way to think about

the relation of exclusive channels to the leading-twist cross section is quark-hadron duality.

It remains a challenge to formulate the problem of quark-hadron duality for semi-inclusive

DIS in a quantitative fashion.

Symmetry properties like σ(π0) = 1
2
[σ(π+)+σ(π−)] can emerge from summing over many

channels which do not fulfill this relation individually. If however a single channel like ρ0

production dominates the semi-inclusive cross section, it clearly becomes more and more

difficult for the remaining channels to compensate the missing symmetry between charged

and neutral pion production. In such a situation, parton-hadron duality must cease to work.

The outcome of our study is that indeed the only channel whose contribution can become

dangerously large in HERMES kinematics, is the ρ0 contribution to π+ and π− production.





4

Higher order corrections to exclusive

meson production

In the previous chapter we found that treating the exclusive production of mesons at the

leading order level in αs and at leading twist is not sufficient for describing the available

experimental data in a satisfying way. One way to decrease the discrapency is to include

higher twist corrections to the amplitude. This approach was used in the limit of high energies

which are important for experiments like H1 and ZEUS at HERA and at leading order in

the strong coupling constant. In a recent work [116] the calculation of power corrections was

extended to low energies which are important for fixed target experiments like HERMES.

In this work the authors found a large suppression of the leading-twist cross section due

to the power corrections. The question that arises now is the how large the influence of

next-to-leading order corrections is on the leading-twist amplitude at different energies.

Taking into the consideration the NLO effects is important also to discuss the applicability

of the perturbative expansion at leading twist. Up to now this question remains unanswered

for exclusive meson production. In the case of DVCS there are first hints of a convergence of

the perturbation series. In that case, the NLO corrections can be quite large [117, 118], but

the next-to-next-to-leading order (NNLO) corrections, recently calculated in [119, 120], are

much smaller. This suggests that for DVCS one could assume the validity of the perturbative

approach. In the case of exclusive meson production the situation is less clear. Up to these

days there are no detailed studies about the size of NLO corrections. The first attempt

to include NLO corrections was done in [121]. In this work the authors focused on the
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exclusive production of π+. For this process the calculation is directly related to that of the

pion electromagnetic form factor [41]. This is due to the fact that for exclusive production

of π+ only the quark exchange diagram contributes to the amplitude. The effect of the

next-to-leading order corrections which was found in [121] was quite substantial and led to

a large change of the cross sections. For heavy and light neutral vector mesons the situation

is somewhat different. In this production channels not only the quark exchange contributes

to the amplitude, but also the gluon exchange channel. The calculation of the gluonic hard

scattering kernel was done in [122] for photoproduction of heavy vector mesons and in [99]

for electroproduction of light mesons. In these two works just mentioned the authors did

some first numerical calculations of the NLO corrections. They did this investigation for

high energies and in this regime they found large corrections to the amplitude in the case of

heavy meson production and also in the case of light meson production. The large corrections

found in [99,122] could be an indication of the failing of the leading twist and fixed order in

αs approach at high energies.

In this chapter we want to give a systematic analysis of NLO corrections for exclusive meson

production. We do not restrict ourselves to a special kinematical regime, in order to obtain

quantitative predictions for the most important experiments. We will present our results

for single parts of the amplitude focusing mainly on the results for the unpolarized GPD

H(x, ξ, t) which is the most important one in the case of neutral vector meson production.

We will also present the results for the unpolarized helicity-flip GPD E(x, ξ, t) using a specific

model. And we present results for the polarized GPDs, which are the ingredients for the

exclusive production of pions and kaons. Finally, we will also present some results for

exclusive cross sections that can be compared with available experimental data and we will

discuss the validity of the collinear factorization approach.

4.1 The amplitude of exclusive meson production at

next-to-leading order

As in the case of DVCS where the gluon contribution just starts at next-to-leading order one

has for the exclusive meson production a new term appearing in the amplitude. In addition

to the quark and gluon contribution which appear at the leading order in αs this new term

is the pure singlet contribution coming from a special class of diagrams. We have shown

three example diagrams for the exclusive meson production at NLO in Fig. 4.1, where the

first one is the known quark exchange part of the amplitude, the second one is the new

contribution starting at NLO and finally the third diagram representing the gluonic part of

the amplitude.

We split the amplitude into three different parts: the gluon and singlet contribution,

which mix under evolution and the flavor non-singlet part which does not mix with the

other two parts under evolution. The first two parts appear only in the production of

neutral vector mesons on which we will mainly concentrate. The non-singlet contribution

appears in any process and is the only term for exclusive production of charged mesons.
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Figure 4.1. Example diagrams for exclusive meson production at next-to-leading order. Diagram

(a) corresponds to the quark exchange, diagram (b) is the new singlet contribution and diagram (c)

is the gluon exchange.

With these three contributions the amplitude of the exclusive production of neutral vector

mesons reads

Mγ?
L
→VLN =

2π
√

4παfV

Nc Q ξ
QV

1∫

0

dz φV (z)

×
1∫

−1

dx

[

Tg(z, x)F
g(x, ξ, t) + F (+)(x, ξ, t)

(

T(+)(z, x) +
1

Nf

Tq(z, x)

)

+Tq(z, x)
(
eV

u−dF
u−d(x, ξ, t) + eV

d−sF
d−s(x, ξ, t)

)
]

, (4.1)

where we have suppressed the factorization and renormalization scale dependence of the

meson DA, the hard scattering kernels and the GPDs for simplicity. The GPDs F g(x, ξ, t) and

F (+)(x, ξ, t) are defined as in (2.7) and (2.36). The two flavor non-singlet GPDs F u−d(x, ξ, t)

and F d−s(x, ξ, t) are defined as

F u−d(x, ξ, t) =(F u(x, ξ, t) − F u(−x, ξ, t)) − (F d(x, ξ, t) − F d(−x, ξ, t)) ,
F d−s(x, ξ, t) =(F d(x, ξ, t) − F d(−x, ξ, t)) − (F s(x, ξ, t) − F s(−x, ξ, t)) . (4.2)

In contrast to the calculations in Chapter 3 we followed here the convention of [122] for the

definition of the amplitude which allows a clear distinction of the different exchange channels

and the leading and next-to-leading contributions. At the LO level the definition (4.1) is

equivalent to the definition used in Chapter 3 .

We introduced in (4.1) the three different scattering kernels Tg(z, x), T(+)(z, x) and Tq(z, x)

which correspond to the gluon, singlet and quark exchange diagrams respectively. The ker-

nels are again functions of the two variables x and z as in Sect. 3.1. The explicit expressions

for the full NLO scattering kernels are given in [122] and we do not want to repeat them

at this point but give the formulas in Appendix C. One of the results of this work are the

analytical expressions of the convolution of scattering kernels and the meson DA which we

will present in Appendix C because the results are too long to show them here.

In (4.1) we also introduced the three process dependent charges QV , eu−d and ed−s. If one
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assumes that the flavor content of the mesons is given by 1√
2
(|uū〉 − |dd̄〉), 1√

2
(|uū〉 + |dd̄〉)

and |ss̄〉 for ρ, ω and φ respectively then the charge factors are defined as

Qρ =
1√
2
, Qω =

1

3
√

2
, Qφ =

−1

3
, (4.3)

and

eρ
u−d = eρ

d−s = eω
d−s = −eφ

u−d =
1

3
, eω

u−d =
5

3
, eφ

d−s = −2

3
. (4.4)

4.2 Scale dependence of the amplitude

We have skipped the scale dependence of the meson DA, the GPDs and the hard scattering

kernel in the previous section for shortness and now want to give a brief discussion of the

different scales appearing in the amplitude of exclusive meson production.

As in leading order the GPDs and the meson DA are dependent on the factorization scale µF .

Throughout Chapter 3 we have neglected the scale dependence of the meson DA completely

because we were not interested in the evolution of the Gegenbauer coefficients an. We also

used no special evolution procedure in the previous chapter and just took our choice of the

factorization scale to obtain the forward PDFs which we then used as input for the double

distribution ansatz to model the GPDs.

Now the situation is different: at NLO not only the GPDs and the meson DA but also the

scattering kernels have an explicit scale dependence of the form

ln

(
Q2

µ2
F

)

and ln

(
Q2

µ2
R

)

. (4.5)

This is a consequence of the evolution of the amplitude: the derivative of the amplitude with

respect to the factorization or renormalization scale has to vanish at fixed order of αs(µR).

This property can also be used to check the correctness of the scattering kernels. To be more

precise one has

µ2 d

dµ2
M = 0 , (4.6)

for fixed order in the strong coupling. We will demonstrate in Appendix D.2 in detail

that the above relation is fulfilled using the hard scattering and evolution kernels given in

Appendix C.1 and Appendix D.1.

With the help of the above equation it is also possible to distinguish the parts in the scattering

kernels which correspond to the factorization scale of the GPDs and the factorization scale

of the meson DA which not necessarily have to be the same. For the rest of this work the

two abbreviations µF and µF (GPD) are equivalent and denote the factorization scale of the

GPDs. If necessary we will call the factorization scale of the meson DA µF (DA), to avoid

confusions.

The scale dependence of the hard scattering kernels are purely determined by the evolution
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equation and the renormalization group equation (RGE). We want to explain this, using

for example the pure singlet scattering kernel (C.20). This scattering kernel appears at the

NLO level and hence is proportional to α2
s(µ

2
R) and has no logarithmic dependence on the

renormalization scale. This issue can be easily understood if we apply the RGE, which is

given

µ2
R

dαs(µ
2
R)

dµ2
R

= −β0α
2
s(µ

2
R) − β1α

3
s(µ

2
R) + O(α4

s) , (4.7)

with

β0 =
11

3
Nc −

2

3
nf ,

β1 =
51

3
Nc −

19

3
nf (4.8)

to the singlet scattering kernel. Taking the derivative with respect to µR of the singlet kernel

the lowest term is of the power α3
s. Because we are just considering terms up to the power α2

s

it is obvious that at this power of αs we cannot have an explicit logarithmic dependence of

the singlet scattering kernel on µR. There is also a very intuitive picture of the fact that the

singlet kernel cannot depend logarithmically on µR: terms containing logarithms of µR are

always proportional to β0 because they correspond to Feynman diagrams containing quark

loops. Because quark loops in a digram give an additional power of αs, the singlet scattering

kernel cannot depend on terms proportional to β0 at the order α2
s. Term proportional to β0

will appear for the singlet scattering kernel at the order α3
s.

On can use similar arguments for the dependence on the two factorization scales µF (GPD)

and µF (DA) and we will show this explicit in Appendix D.2, where we take the derivative of

the amplitude with respect to the factorization scale.

4.3 Numerical treatment of the NLO amplitude

As for the leading order amplitude, where we developed a semi-analytic approach to calculate

the real and imaginary part of the amplitude (cf. Appendix A) we want to calculate this

two parts for the amplitude at NLO level. But now the situation is more difficult due to

the fact that the scattering kernels are much more complicate functions. Furthermore we

want to include the evolution of the GPDs and want to use a more realistic ansatz for the t

dependence of the GPDs. This makes it impossible to find similar expressions for the real

and imaginary part of the convolution of the GPDs and the hard scattering kernel as in the

case of the LO amplitude. We have

1∫

−1

dx f(x, ξ, t)
1

ξ − x− iε
= �

1∫

−1

dx
f(x, ξ, t)

ξ − x
) + iπf(ξ, ξ, t) . (4.9)

We want to mention that the sign of the iε cannot be chosen arbitrarily. The correct sign for

the iε-prescription is given by the replacement ξ → ξ − iε. Taking the correct sign for the
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iε-prescription is not only important for the pole structure of the amplitude. As one sees in

the Appendix C.1 the NLO scattering kernel contain terms proportional to logarithms and

polylogarithms. These functions have a branch cut in the regions x ∈ [−1,−ξ] and x ∈ [ξ, 1]

and the sign of iε specifies the branch of the logarithms.

For the numerical evaluation of the amplitude it is easier to use the variable

y =
ξ − x

2ξ
− iε , (4.10)

which is also defined in Appendix C.1. Using this variable the remaining x-integration can

be written as

Mγ?
L
→VLN ∼

1∫

−1

dxF (x, ξ, t)T

(
ξ − x

2ξ

)

= 2ξ

1+ξ
2ξ∫

− 1−ξ
2ξ

F (ξ(1 − 2y), ξ, t)T (y) . (4.11)

In comparison to the LO amplitude the imaginary part is now not only given by F (ξ, ξ, t)

but by an integral in the two regions where the logarithmic and polylogarithmic functions

of the scattering kernels have their branch cut.

For the computation of the amplitude it is sufficient to consider only the region x ∈ [0, 1] or

y ∈ [−(1 − ξ)/2ξ, 1/2] because of the symmetry properties of the GPDs and the scattering

kernels as discussed in Sect. 2.2 and Appendix C.1. As mentioned at the beginning of this

section it was possible to find an analytical expression for the convolution of the GPDs and

the scattering kernels within the double distribution ansatz. This is not possible for the

NLO scattering kernels and we need a possibility to treat the poles of the scattering kernels

in the right way. For this purpose we will use the subtraction method which we will explain

at a short example: considering the singular integral of the type

1/2∫

−1/2

dy
f(y)

(1 − y)(y − iε)
, (4.12)

which appear in the convolution of hard scattering kernels and the GPDs. It can be rewritten

as

1/2∫

−1/2

dy
f(y)

(1 − y)(y − iε)
=

1/2∫

−1/2

dy
f(y) − f(0)

(1 − y)y
+ f(0)

1/2∫

−1/2

dy
1

(1 − y)(y − iε)
. (4.13)

With this rewriting we have removed the original singularity and the last term in (4.13) can

be integrated in the complex plane.We finally obtain

1/2∫

−1/2

dy
f(y)

(1 − y)(y − iε)
=

1/2∫

−1/2

dy
f(y) − f(0)

(1 − y)y
+ f(0)(iπ + ln(3)) . (4.14)
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With this procedure we obtain automatically the correct sign for the imaginary part. The

constant term f(0) ln(3) is the subtraction term and can be calculated also for the NLO

scattering kernels. The numerical values for the subtraction terms and an example of how

to separate the real and imaginary part for the NLO amplitude are given in App. C.2. Using

the above method makes the final integration much easier because we only have to compute

logarithmic singular integrals which can be treated with programs like MATHEMATICA.

4.4 High energy behavior of the amplitude

The high energy regime of hard processes is very interesting because it has been experimen-

tally quite extensively tested at the HERA experiments H1 and ZEUS. This experiments

have probed the production of light vector mesons like ρ0, φ and ω but also the heavy vector

mesons J/Ψ and Υ in the xB range from 10−2 to 10−4. For a review of the experimental situa-

tion see [123,124]. In this region of small xB the process of exclusive vector meson production

is clearly dominated by the imaginary part of the gluon contribution to the amplitude. The

dominance of the gluon contribution was found already at values of xB ≡ 0.05 as shown in

our results for the cross section of ρ0 and φ production in Sect. 3.3. In our physical picture

this means that the process is dominated by the two-gluon exchange. Being dominated by

the gluon contribution the choice of the factorization is very important because the scale

violation in the gluon density is quite strong for small xB.

The choice of the factorization scale and Q2 in the previous chapter was quite arbitrary

because at LO both scales appear independently. For the amplitude at NLO this is not

the case because we have now an explicit logarithmic dependence of the scattering kernel

on the factorization scale. This terms should diminish the dependence of the amplitude on

the factorization scale at fixed Q2. In order to get a first impression of the size of the NLO

correction at small xB we will expand our hard scattering kernels in powers of 1/y, which

corresponds to small values of ξ. We will not focus only on the gluon scattering kernel Tg(x)

but we will also include the scattering kernel for the pure singlet contribution T(+).

Expanding the real and imaginary part of the gluon scattering kernel in powers of 1/y

we obtain

ReIg,0(y) = ln

(
Q2

µ2
F

)

[−4(c1 − c2) + (4c2 − 3c1) ln |y|] − 3

4
c1(4 − π2) (4.15)

+
β0

2
ln

(

µ2
R

µ2
F (GPD)

)

+ ln2 |y|
(

2c2 − c1
3

2

)

− π2c2 + O
(

1

y

)

,

for the real part and

Im Ig,0(y) = 4y(c1 − c2)

[

ln

(
Q2

µ2
F

)

− 2

]

+ O(1) , (4.16)

for the imaginary part. To obtain this expansion we used the formulas given in Appendix C.3.

We have to combine the above results with the LO scattering kernel 1/(yȳ) to obtain the
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complete NLO scattering kernel. We obtain the following result for the NLO gluon scattering

kernel in powers of 1/y

ReTg,NLO(y) =
1

yȳ

(

ln

(
Q2

µ2
F

)

[−4(c1 − c2) + (4c2 − 3c1) ln |y|] − 3

4
c1(4 − π2) (4.17)

+
β0

2
ln

(

µ2
R

µ2
F (GPD)

)

+ ln2 |y|
(

2c2 − c1
3

2

)

− π2c2

)

+ O
(

1

y2ȳ

)

,

for the real part and for the imaginary part we obtain

ImTg,NLO(y) =
4

ȳ
(c1 − c2)

[

ln

(
Q2

µ2
F

)

− 2

]

+ O
(

1

yȳ

)

. (4.18)

It is obvious that the above expansion fits not for the whole integration region y ∈
[

−1−ξ
2ξ
, 1

2

]

.

Nevertheless we can make a first rough estimate about the size of the NLO corrections. Under

the assumption that the main contribution to the integral comes from the integration region

−1−ξ
2ξ

� y � −1
2

(which is corresponding to the interval 2ξ � x � 1 in the original variable

x) we can neglect the terms of our prescription of the real and imaginary part in App. C.2

containing the integrals in the region y ∈ [−1/2, 1/2]. For the imaginary part of the gluon

contribution to the amplitude we get

ImM ∼ παs

Q






F g(ξ, ξ, t) +

αs

π
Nc

[

ln

(
Q2

µ2
F

)

− 2

] − 1
2∫

− 1−ξ
2ξ

dy
F g(ξ(1 − 2y), ξ, t)

ȳ






. (4.19)

If we now assume the behavior of the gluon GPD at small values of x to be F g(x, ξ, t) ∼ const.

and of the order F g(ξ, ξ, t) we find

ImM ∼ παs

Q

(

F g(ξ, ξ, t) +
αs

π
Nc

[

ln

(
Q2

µ2
F

)

− 2

]

ln

(
1

ξ

)

F g(ξ, ξ, t)

)

. (4.20)

This result indicates that the NLO corrections to the imaginary part are parametrically

large, ∼ ln(1/ξ) and of opposite sign to the LO part unless we choose µF < Q
e
. This result

was originally obtained in [99, 122]. We can also immediately see that the NLO corrections

for the real part do not show a similar behavior because the expansion just starts at the

order 1/(yȳ). The question now arises, is how good our approximation is. We have checked

our approximation of the scattering kernel as well as the simplification of the gluon GPD at

small x numerically. We find that our result with the expanded scattering kernel and the

exact gluon GPD the deviation from the exact result is at the 5-10% level for xB < 5 · 10−3.

If we also use the approximation for the GPD we found a strong discrepancy with the exact

result. But for a first rough estimate of the size of the NLO corrections our approximation

is sufficient and we will see in Sect. 4.6 that our exact results show the similar behavior we

obtained here.
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Let us now turn to the pure singlet part of the amplitude. We restrict ourself now only

on the imaginary part and expand the scattering kernel again in powers of 1/y. Using again

the expressions in App. C.3 we obtain

Im Iq(y) = 2

[

3 − ln

(

Q2

µ2
F (GPD)

)]

+ O
(

1

y

)

. (4.21)

For the real part of the singlet scattering kernel (C.20) we find one additional power more

in 1/y as for the gluon scattering kernel. Assuming that the behavior of the singlet GPD at

small x is given by F (+)(x, ξ, t) ∼ 1/x we find again that the imaginary part has a logarithmic

enhanced contribution ln(1/ξ) as for the NLO gluon contribution of the amplitude. Because

the singlet scattering kernel appears at order α2
s we have no comparison to a LO contribution

as for the gluon part of the amplitude. To keep the corrections through the pure singlet

part of the amplitude small at small x we have to choose the factorization scale to be

µF (GPD) ≈ Q/e3/2 which is much smaller than for the gluon case. This leads now to the

situation where we are not able to keep the NLO contributions of the gluon and the pure

singlet part simultaneously small.

Let us finally mention that we find no similar behavior for the NLO quark scattering

kernel at small x. For the imaginary part of the quark kernel we find the leading power

is given by 1/y. Therefore we find no logarithmically enhanced contributions for the NLO

quark scattering kernel at small x.

4.5 Modeling of E(x, ξ, t)

In Chapter 3 we have neglected the contributions to the cross section proportional |E|2
because it has a kinematical factor ξ2 in front and thus gives only a small contribution.

In this chapter we are mainly interested in the amplitude of exclusive meson production

and therefore we also want to determine the size of the contributions arising from the GPD

E(x, ξ, t).

To obtain a model for the helicity flip GPD E(x, ξ, t) we follow the ansatz of [82] which is

based on the extraction of GPDs from experimental data of different from factors. Because

of Lorentz invariance the ξ-dependence drops out in the sum rule for the form factors (2.19)

and the ansatz concentrates on the correlation between the variables x and t.

For our purpose we need the GPDs at ξ 6= 0, so we use the ξ-independent ansatz of [82]

and take this as “forward” input for the double distribution model (2.44). For the valence

distribution we took the following ansatz for ξ = 0

Eq
v(x, t, µ

2) = Eq(x, t, µ2) + Eq(−x, t, µ2) = eq
v(x) exp[tgq(x)] (4.22)

with

gq(x) = α′(1 − x)3 log
1

x
+Dq(1 − x)3 + Cqx(1 − x)2 (4.23)
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uv 2ū dv 2d̄ Eu
v (x, t = 0) Ed

v (x, t = 0)

0.289 0.055 0.118 0.071 0.138 -0.13

Table 4.1. Second moments of forward PDFs for CTEQ6M parameterization at µF = 2GeV and

for Eq
v(x, t = 0) according to the model of [82].

with α′ = 0.9 GeV−2 and

eq
v(x) = Nqκqx

−αq (1 − x)βq .

κq is the contribution of a quark flavor q to the anomalous magnetic moment of the proton.

For the free parameters in (4.23) we take the default choice of [82]

βu = 3.99, βd = 5.59

Cu = 1.22 GeV−2, Cd = 2.59 GeV−2

Du = 0.38 GeV−2, Dd = −0.75 GeV−2 , (4.24)

and take αu = αd = 0.55 according to [82]. The correct normalization is ensured by the

factor

Nq =
Γ(2 − αq + βq)

Γ(1 − αq)Γ(1 + βq)
, (4.25)

which guarantees the right contribution of the quark flavor q to the anomalous magnetic

moment of the proton.

Besides of the valence distribution we also need the antiquark distribution E q̄(x, ξ, t). We

use a similar ansatz as for the valence distribution

E q̄(x t, µ2) = eq̄(x) exp[tgq̄(x)] . (4.26)

For gq̄(x) we use the form of 4.23 and for the general shape we use the ansatz

eq̄(x) = Nq̄x
−αq̄(1 − x)βq̄ .

For the normalization there is no corresponding equation as for Eq
v(x, t). As a guess we use

the second moments of the forward PDFs, and extract from the ratio of the valence quark

contribution to the anti-quark contribution. For u-quarks one finds roughly a factor 1/10

for the ratio of anti-quarks to valence quarks and for d-quarks we find a factor 1/3 for the

same ratio, where we used the CTEQ6M parameterization at the scale µ = 2 GeV. So we

have for the normalization

∫ 1

0
dx xE q̄(x, t = 0)

∫ 1

0
dx xEq

v(x, t = 0)
=

∫ 1

0
dx xq̄(x)

∫ 1

0
dx xqv(x)

. (4.27)

One finds for the second moments of the forward PDFs the values listed in Tab. 4.1. The



4.5 Modeling of E(x, ξ, t) 59

normalization factors Nq̄ are therefore given by

Nū =
0.1381

10

Γ(3 − αū + βū)

Γ(2 − αū)Γ(1 + βū)
,

Nd̄ = −0.13

3

Γ(3 − αd̄ + βd̄)

Γ(2 − αd̄)Γ(1 + βd̄)
. (4.28)

The low-x behavior of eq̄(x) is given by the exponent αq̄ which we fitted in the range x ∈
[10−4; 10−3] to the forward PDFs. We obtain the following values

αū = αd̄ = 1.25 . (4.29)

The parameter βq̄ was also fitted to the forward PDFs and then tuned in such way that the

positivity condition

|eq̄| ≤ 2mp

(
g(x)

f(x)

)3/2√

f(x) − g(x) q̄(x) e
1
2
(1+ln 2) (4.30)

is fulfilled in the range x ≤ 0.9. In order to satisfy the condition (4.30) we have to set

βū = 9.6 and βd̄ = 9.2 . (4.31)

We also need the helicity flip GPD for gluons for which we use the ansatz

Eg(x, ξ = 0, t) = Ngx
−αg(1 − x)βgetgg(x) (4.32)

with

gg(x) = α′
g(1 − x)2 log

1

x
+B(1 − x)2 . (4.33)

The parameter α′ and B are obtained from exclusive J/ψ photoproduction at ZEUS and

H1 [125, 126]. We use the average of their results for our two parameters, which are then

given by

α′
g = 0.140 GeV−2 , B = 2.195 GeV−2 . (4.34)

As condition for the normalization of Eg(x, t) one can use the sum rule

∑

q

1∫

0

dx x [Eq
v(x, 0) + 2E q̄(x, 0)] +

1∫

0

dxEg(x, 0) = 0 . (4.35)

So the normalization factor Ng is given by

Ng = 0.0505
Γ(2 − αg + βg)

Γ(1 − αg)Γ(1 + βg)
. (4.36)
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Figure 4.2. Comparison of the helicity dependent GPD E(x, ξ, t) and the gluon GPD H g(x, ξ, t) at

ξ = 0, t = −0.15GeV2 and µF = 2GeV.

The parameter αg and βg in (4.32) are fitted in the same way as the parameter for the

anti-quark GPD and βg is changed in that way that the positivity condition (4.30) is fulfilled

in the range x ∈ [10−4; 0.9]. The numerical values for the parameters are

αg = 0.102 , βg = 6.7 . (4.37)

In Fig. 4.2 we show the results for the valence, sea and gluon helicity dependent GPDs

for ξ = 0, t = −0.15 GeV2 and at the initial scale µF = 2 GeV. Form this figure it is

immediately clear that the contribution coming from Eg(x, ξ, t) will be much smaller than

the corresponding contribution form Hg(x, ξ, t). An additional information one gains from

Fig. 4.2 is the sign of the contribution from Eq(x, ξ, t). It will be opposite to that of the

contributions from Hq(x, ξ, t) because of the negative valued GPDs Eu
v +Ed

v and Eū +Ed̄.

All our parameterizations are still independent functions of ξ. Because we do not want to

restrict ourself on the case ξ = 0, we use our ansatz as input distribution for the double dis-

tribution which is discussed in some detail in Sect. 2.4. According to (A.1) the ξ dependence

of the GPDs Eq(x, ξ, t) and Eg(x, ξ, t) is generated by

Eq(x, ξ, t) =

1∫

−1

dβ

1−|β|∫

−1+|β|

dα δ(x− β − ξα) h(β, α)
[

θ(β)Eq(β, t) − θ(−β)Eq̄(−β, t)
]

,

Eg(x, ξ, t) =

1∫

−1

dβ

1−|β|∫

−1+|β|

dα δ(x− β − ξα) h(β, α) β
[

θ(β)Eg(β, t) − θ(−β)Eg(β, t)
]

,

(4.38)

where Eq(x, t) is given by

Eq(x, t) = Eq
v(x, t) + 2Eq̄(x, t) . (4.39)

We will use the discussed parameterization for the t dependence in the following section

also for the GPDs H(x, ξ, t) and H̃(x, ξ, t). For the gluon GPD Hg(x, ξ, t) we will use the
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same parameters (4.34) and (4.37) as for Eg(x, ξ, t). For the u and d quark GPDs Hu(x, ξ, t)

and Hd(x, ξ, t) we used the following ansatz at ξ = 0

Hq(x, t) = q(x) exp[tfq(x)] , (4.40)

where

fq(x) = α′(1 − x)3 log
1

x
+Bq(1 − x)3 + Aqx(1 − x)2 (4.41)

and we choose α′ = 0.9 GeV2. For the parameters Bq and Aq we choose the following values

from [82]

Au = 1.26 GeV−2, Ad = 3.82 GeV−2

Bu = 0.59 GeV−2, Bd = 0.32 GeV−2 , (4.42)

where we make no distinction for the valence and sea quarks as we did for E(x, ξ, t). For

the polarized quark GPDs H̃u(x, ξ, t) and H̃d(x, ξ, t) we use the same parameters (4.42) as

for the unpolarized GPDs for simplicity. For a detailed discussion of the polarized GPDs

see [82].

4.6 Numerical results

In this section we want to present our numerical results for the amplitude of exclusive meson

production at NLO. We will again use the double distribution model for the GPDs. But

now we will use the numerical implementation of [53] for the evolution of the GPDs where

we take the analytic parameterization of the CTEQ6M forward parton densities [12] at the

starting scale µF = 1.3 GeV as input. Instead of the factorized ansatz of the t-dependence

of the GPDs we will now use the parameterization of [82] which we discussed in some detail

in the previous section at the example for the helicity-flip GPD E(x, ξ, t).

For the determination of the strong coupling constant αs(µR) we use the two loop result

with fixed Nf = 3. This is due to the fact that we do not want to consider the production

of charm quarks and also the numerical difference is at the level of two % for range of µR

we want to consider.

We present our result for the real and imaginary part of the amplitude in the following form

where we have neglected the prefactors of (4.1):

Hg(ξ, t) =

1∫

−1

dx Tg(x)H
g(x, ξ, t) , (4.43)

HS(a)(ξ, t) =

1∫

−1

dx
1

Nf
Tq,V (x)H (+)(x, ξ, t) , HS(b)(ξ, t) =

1∫

−1

dx T(+)(x)H
(+)(x, ξ, t) , (4.44)
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Hu−d(ξ, t) =

1∫

−1

dx Tq,V (x)Hu−d(x, ξ, t) , Hd−s(ξ, t) =

1∫

−1

dx Tq,V (x)Hd−s(x, ξ, t) . (4.45)

For the helicity-flip GPD E(x, ξ, t) we have defined analog expression.

We want to present our results for two different regions of xB, the small-xB region given by

xB ∈ [10−4, 10−1] which will correspond to high energies achieved by H1 and ZEUS. The

second region is for fixed target experiments like HERMES and is given by xB ∈ [0.1, 0.3].

For this two sector we choose fixed values for Q2, the factorization and renormalization scale.

We will discuss the scale dependence of our results separately at fixed values of xB .

4.6.1 Results for H
We want to start with the results for the convolution of the GPD H(x, ξ, t) with the different

scattering kernels because one expects that this is the largest contribution to the amplitude.

In this and the following section the abbreviation NLO refer to the part of the amplitude

which are proportional to α2
s and LO referred to the part of the amplitude proportional to

αs. The sum of both we will explicitly denote by LO+NLO. We also like to mention that

the presented results are always for the asymptotic scattering kernel and will be marked

explicitly if we consider scattering kernels obtained from the higher Gegenbauer coefficients

in the expansion of the meson DA.

Let us first discuss the case of xB ∈ [10−4, 10−1] and t = 0 GeV. An interesting question

arising is the magnitude of the different terms in the NLO scattering kernels. The results

are presented in Fig 4.3 where we have chosen Q = µR = µF = 4 GeV and split the different

scattering kernels in scale dependent and scale independent terms. The upper two plots

show the results for real and imaginary part of the gluon contribution to the amplitude.

One clearly sees the strong rise of the constant term of the imaginary part as described

in Sect. 4.4. The sign of the constant term is opposite to that proportional to ln(Q2/µ2
F ).

For the choice Q = µF this term is equivalent to zero and one is only left with the large

contribution of the constant term. And one is left with a large contribution form the constant

term. The same situation shows up for the real part of the NLO gluon term but there the

rise of the constant term is not as strong for small xB as for the imaginary part. It is also

clear from the upper two plots in Fig. 4.3 that one has to choose µR � µF or µR � µF to

obtain sizable contributions form the term proportional to ln(µ2
R/µ

2
F ). And especially for

the widely use choice µR = µF this term is exact zero.

Let us now turn the pure singlet contribution of the amplitude. The single parts are shown

in the two middle plots of Fig. 4.3. For this contribution one has no term dependent on

the renormalization scale but only one proportional to ln(Q2/µ2
F ). This term is again of

opposite sign in comparison to the constant term as in the case of the gluon contributions.

In comparison to the gluon results the absolute magnitude of the contributions is much

smaller. As explained in Sect. 4.4 it is not possible to find a scale setting for Q and µF for

which the corrections of the gluon and the pure singlet contribution become small.

The situation is different for the convolution of the singlet GPD with the quark scattering
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Figure 4.3. Single contributions to the pure NLO part of the real and imaginary part for the am-

plitude with the specific choice µF = µR = 4GeV. The upper left and upper right figure correspond

to the real and imaginary part for the gluon contribution to the amplitude. The two figures in the

middle are the real and imaginary part of the singlet term, T(+), of the amplitude and the lower

two plots are for the singlet GPD convoluted with the quark scattering kernel.
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kernel. In the lower two plots of Fig. 4.3 one sees that for this case the contributions coming

from the term proportional to µF are negligible small compared to the other ones. A new

feature is the appearance of two constant terms, the first one is analog to the constant

terms of the previous two parts of the amplitude. The second one is proportional to β0 and

therefore directly related to the term proportional to the renormalization scale. The two

constant terms have opposite sign and for Q = µR they show a cancellation which leads to

a small correction to the LO contribution as we will see. The term proportional to µR is

positive and therefore can lead to cancellations with the constant β0-term. This is used in

the BLM scale setting prescription [127]. Within this prescription the renormalization scale

is chosen in such a way that the higher order corrections proportional to β0 vanish. For

our case that means that the constant β0 term and the term proportional to µR cancel each

other. We will discuss the BLM scale setting in detail later in this section.

Let us turn now to the comparison of LO and NLO parts of the amplitude. The results

are shown in Fig. 4.4 for the small-xB region. We choose again Q = µR = µF and in addition

Q = µF (DA) because we also want to investigate the influence of the higher Gegenbauer

coefficients. With this specific choice all scale dependent terms of the scattering kernels

are identical to zero and we are just left with the constant terms. The upper two plots of

Fig. 4.4 show again the gluon contribution of the amplitude. We find that with setting all

scales equal the NLO corrections are of the same magnitude but of opposite sign as expected

from the high energy expansion in Sect. 4.4. This happens for the real as well as for the

imaginary part. The sum of LO and NLO parts would therefore lead to a almost complete

cancellation of the real and imaginary part of the gluon contribution of the amplitude. This

would lead to an approximately flat energy behavior of the cross section (if one neglects the

contributions coming from the quark terms). This is a clear contrast to the experimental

observations [123] which support a rising of the cross section with energy for fixed Q2. We

will see later in this section when discussing the scale dependence of our results for fixed xB

that the situation changes. Nevertheless this observation does not support the naive scale

setting procedure at high energies.

The situation is similar for the contributions coming from the singlet GPD H (+)(x, ξ, t) as

shown in the two middle plots of Fig. 4.4. There we plotted the NLO part coming from

the convolution with the singlet and quark kernel in comparison to the LO contribution

of the convolution with the quark kernel. Again the scales are all identical and one finds

that the new contribution from the singlet kernel is of opposite sign and is even larger than

the LO contribution from the quark kernel. This would again lead to cancellation of both

contributions. A pleasant observation is that the NLO corrections to the quark scattering

kernel are small in comparison to the LO ones and hence give only a small correction to the

amplitude. In the last two plots of Fig. 4.4 we compared the sum of all above LO and NLO

contributions and show also the results one obtains for the scattering kernels proportional

to the higher Gegenbauer coefficients. For a better comparison of the different terms we

set a2 = a4 = 1. As stated in the discussion of the single terms one now clearly sees that

for the sum of them one finds a nearly complete cancellation of the LO and asymptotic
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Figure 4.4. Comparison of pure LO and NLO parts for Hg (upper two plots), HS(a) and HS(b)

(middle plots) and the sum of all three (lower figures) at the scales µF (GPD) = µF (DA) = µR =

Q = 4GeV. The label a2-NLO (a4-NLO) corresponds to the result for the convolution with the

scattering kernel obtained from the second (fourth) term in the Gegenbauer expansion of the meson

distribution amplitude, where we set a2 = a4 = 1.
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Figure 4.5. Single contributions to the pure NLO part of flavor non-singlet combinations

Hu−d(x, ξ, t) and Hd−s(x, ξ, t) with the specific choice µF = µR = 4GeV.

NLO contribution. The results for the NLO contributions from the higher Gegenbauer

coefficients have the same sign as the asymptotic correction but they are larger by its absolute

value. One also sees that the change from the asymptotic scattering kernel to the scattering

kernel proportional to a2 is much bigger than the change from a2 to a4. This supports the

assumption that the expansion of the meson DA in terms of Gegenbauer polynomials is a

converging series.

For completeness we present the results for the two flavor non-singlet GPDs Hu−d(x, ξ, t)

and Hd−s(x, ξ, t) in the small-xB region. Figure 4.5 shows again the different contributions

to the pure asymptotic NLO part for Q = µR = µF = 4 GeV. One finds a different behavior

for the u− d and the d− s combination. In the case of u− d the single contributions almost

vanish at very small xB. This is due to the fact that for the u and d quark distribution are

quite identical at this values of xB and one has a complete cancellation of both contributions.

For d− s this is not the case because the d quark distribution is still larger than the strange

quark distribution. But both combinations give results of the same order of magnitude as

the gluon and singlet terms in the region xB ∼ 0.1. In Fig. 4.6 we compare the LO and the

sum of LO and NLO contributions for the two non-singlet combinations. For all scales being

equal we find only small correction to the LO part. This is due to the partial cancellation

of the two constant terms of the scattering kernel as for the convolution of the singlet GPD



4.6 Numerical results 67

0

0.2

0.4

0.6

0.8

1

0.001 0.01 0.1

a4(LO+NLO)
a2(LO+NLO)

LO+NLO

LO

ReHu−d

xB

−1

−0.8

−0.6

−0.4

−0.2

0

0.001 0.01 0.1

LO
LO+NLO
a2(LO+NLO)
a4(LO+NLO)

ImHu−d

xB

−4

−3

−2

−1

0

1

0.001 0.01 0.1

LO
LO+NLO
a2(LO+NLO)
a4(LO+NLO)

ReHd−s

xB

−10

−8

−6

−4

−2

0

0.001 0.01 0.1

LO
LO+NLO
a2(LO+NLO)
a4(LO+NLO)

ImHd−s

xB

Figure 4.6. Comparison of LO sum of LO and NLO terms of the two GPDs Hu−d(x, ξ, t) and

Hd−s(x, ξ, t) with the scale set to be µF (GPD) = µF (DA) = µR = 4GeV.

with the quark scattering kernel.

After the discussion of the small-xB we now want to turn to the region where xB ∈
[0.1, 0.3] which is of interest in fixed target experiments. We will proceed as before and want

to start with the different contributions to the NLO parts of the gluon and singlet terms

of the amplitude. Because of the limited energy range of fixed target experiments we will

choose now Q = µR = µF = 2 GeV. In Fig. 4.7 we show our results for the individual terms

of the gluon and singlet terms. The plots look quite similar to Fig. 4.3 but as expected the

gluon and two singlet contributions are of the same order of magnitude. For the gluon we

find again the different signs of the constant term and the µF dependent term but now also

the term proportional to the renormalization scale can give sizeable contributions. For the

pure singlet part, shown in the two middle plots of Fig. 4.3, we find the same picture as in

the small-xB region. It is also obvious that for our special choice of the scale the constant

terms of the pure singlet and gluon part will cancel each other in the imaginary part because

they have opposite sign. This will lead to a small correction to the LO contribution for the

sum of both terms. For the real part it is vice versa. Here the two constant parts have the

same sign and one can expect large NLO corrections. The single terms of the convolution of

singlet GPD and quark scattering kernel show the same behavior as in the small-xB region

and because now the amplitude is no longer purely dominated by the gluon part one will
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Figure 4.7. Single contributions to the pure NLO part of the real and imaginary part for the am-

plitude with the specific choice µF = µR = 2GeV. The upper left and upper right figure correspond

to the real and imaginary part for the gluon contribution to the amplitude. The two figures in the

middle are the real and imaginary part of the singlet term, T(+), of the amplitude and the lower

two plots are for the singlet GPD convoluted with the quark scattering kernel.
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find a bigger influence of these contributions.

If we compare now the LO and NLO contributions to the previous three terms we find in

Fig 4.8 that for the gluon term one has again strong cancellations for the real and imaginary

part. For imaginary part of the gluon the NLO corrections are of the same sign as the

LO ones. For xB ≈ 0.1 they are relative small but become larger for increasing xB. The

comparison of the singlet terms shows that for the real part one has very small correction

coming from the quark kernel. The real part is in this situation and for our scale setting

mainly dominated by the pure singlet NLO contribution. For the imaginary part it is differ-

ent. Here again the correction from the NLO quark kernel is small but the LO contribution

from the quark scattering kernel and the NLO term from the singlet kernel have the same

size and different sign. Adding all three contributions together (as done in the lower two

plots of Fig. 4.8) we find for the real part very large corrections which are of opposite sign

and only become small at xB ∼ 0.3. The results for the higher Gegenbauer coefficient are

again larger from their absolute value than the results of the asymptotic meson DA, but

one again finds a converging behavior of this series. For the imaginary part the situation

looks better. Because of the cancellation between the gluon and pure singlet NLO terms the

corrections are very small for the asymptotic meson DA because they are determined by the

small corrections from the convolution of quark scattering kernel and singlet GPD.

We now turn to the discussion of the results for the non-singlet combinations Hu−d(x, ξ, t)

and Hd−s(x, ξ, t) in the large-xB regime. The single contributions to the NLO part are

shown in Fig. 4.9. We find a similar picture for both combinations as in the small-xB

region. Again we choose Q = µR = µF = 2 GeV as for the gluon and singlet terms of the

amplitude. The absolute size of the different contributions are now of the same order as for

the gluon and singlet contributions and one expects that the non-singlet combinations give

a noticeable contribution to the amplitude. The single contributions to the NLO part of the

non-singlet combinations show the same behavior as in the small-xB regime. Especially the

compensation of the two constant terms remains. This will lead again to small corrections

to the LO part in the case of the naive scale setting where all scales are equal. But for the

BLM scale setting procedure, described above, one will find large NLO corrections. This

was already observed in [121] were the authors computed the NLO corrections to exclusive

π+ production and found the correction being much larger for the BLM scale setting then

for the naive setting. Now this can be easily understood through the knowledge of the size

of the different contributions to the NLO part of the scattering kernel. The absolute size of

the corrections for the naive scale setting is shown in Fig. 4.10. As expected the corrections

are small and we show the results in the form of sum of LO and NLO. The corrections are at

the level of 10% for the real and imaginary part. Also the NLO corrections from the higher

Gegenbauer coefficients do not change this conclusion.

Finally, concluding the discussion of the xB behavior of the amplitude, one can say that for

small values of xB we find large corrections to the gluon and pure singlet part as well for the

real and the imaginary part with the naive scale setting. This observation is in full agreement

with the results of [122] where the authors computed the NLO corrections to photoproduction
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Figure 4.8. Comparison of pure LO and NLO parts for Hg (upper two plots), HS(a) and HS(b)

(middle plots) and the sum of all three (lower figures) at the scales µF (GPD) = µF (DA) = µR =

Q = 2GeV. The label a2-NLO (a4-NLO) corresponds to the result for the convolution with the

scattering kernel obtained from the second (fourth) term in the Gegenbauer expansion of the meson

distribution amplitude.
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Figure 4.9. Single contributions to the pure NLO part of the real and imaginary part for the

amplitude with the specific choice µF = µR = 2GeV.

of J/Ψ at high energies. Especially for the imaginary part the corrections show a strong

rise for small values of xB and they are roughly proportional to ln
(

1
ξ

)

as expected from

the high energy expansion of the amplitude in Sect. 4.4. For processes like exclusive ρ0

production which are dominated at high energies by the gluon exchange contribution this

situation is very unsatisfying. For the today available values of Q2 only very small values

of the factorization scale would lead to small corrections. The situation for the pure singlet

contribution is similar to that of the gluon contribution. But one needs even smaller values

for µF than for the gluon contribution to obtain small NLO corrections. The other possibility

keeping the NLO corrections for the pure singlet and gluon part of the amplitude small is to

go to extreme large values of Q2. We will discuss this issue in detail in the next part of this

section when discussing the scale dependence of the amplitude at fixed xB . For the part of

the amplitude containing the convolution of singlet GPD and quark scattering kernel and the

two non-singlet combinations the situation is different. For the naive scale setting we found

only small corrections at the order of 10-20% to the LO part. This is due to the cancellation

of the two constant terms of the scattering kernel which have opposite sign. On the other

hand assuming the BLM scale setting prescription would lead to much larger correction

because the complete term proportional to β0 will vanish within this prescription and one

is left with only one constant term which is of opposite sign to the LO contribution. This
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Figure 4.10. Comparison of pure LO and sum of LO and NLO parts for Hu−d (upper two plots)

and Hd−s) (lower plots) at the scales µF (GPD) = µF (DA) = µR = Q = 2GeV. The label a2-NLO

(a4-NLO) corresponds to the results for the convolution with the scattering kernel obtained from the

second (fourth) term in the Gegenbauer expansion of the meson DA.

observation causes the conclusion that for processes like exclusive ρ+ or π+ production the

BLM scale setting prescription will lead to very large corrections to the cross sections as it

was found in [121]. Concerning our results for the scattering kernel of the higher Gegenbauer

coefficients one has to conclude that their contribution to the complete amplitude will be

important, especially for small values of xB and the naive choice of scales. Because then one

has the above described cancellation of the LO and NLO part of the pure singlet and gluon

contribution. For larger values of xB and for the non-singlet contribution the effect of the

higher Gegenbauer coefficients on the amplitude is much weaker and they can only be seen

as small corrections to the asymptotic result. The second observation is the fact that the

absolute size of the contributions coming from the different coefficients becomes smaller if

one goes to the higher Gegenbauer coefficients. This indicates again the convergence of the

series in the expansion of the meson distribution amplitude.

Scale dependence of the amplitude

We want now turn to the discussion of the scale dependence of our results. The inves-

tigation of the scale dependence of the amplitude at NLO level is of great interest because

under consideration of the NLO corrections the dependence of the amplitude on the factor-
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ization and renormalization should be improved in comparison to the pure LO amplitude.

For example we studied in Sect. 3.3 the dependence of the cross section for exclusive vector

meson production on the factorization scale µF . We found a large uncertainty for the cross

section by changing the scale by a factor two. Through the higher order corrections this

large uncertainty should be reduced and even considering only the level of amplitude this

effect should be clearly visible.

As for the previous discussion we present our results for t = 0 GeV. For the purpose of our

scale studies we fix the values at three different values of ξ and Q corresponding to three

different experimental situations: for high energy experiments like H1 or ZEUS we choose

ξ = 10−3 and Q = 4 GeV. This value of ξ corresponds to xB ≈ 2 · 10−3. For fixed tar-

get experiments like HERMES we take ξ = 0.1, which gives approximately xB ≈ 0.18 and

Q = 2 GeV. For the upcoming 12 GeV JLAB upgrade, which hopefully gives us the possibil-

ity to probe the large-xB region together with high values of Q2, we take ξ = 0.4 (xB ≈ 0.6)

and Q = 3 GeV. We present our results for the two different contribution of the amplitude:

the sum of the gluon and the singlet contributions and the non-singlet contributions. To

present the results in this form is important for the investigation of th factorization scale de-

pendence because the non-singlet contributions do not mix with the others under evolution

and hence can be treated separately. The gluon and singlet GPD on the other hand mix

with each other under evolution and so only the sum of both parts can describe the correct

dependence on the factorization scale. Additionally we want to mention that the following

results are for the asymptotic scattering kernels. For the higher Gegenbauer moments the

main interesting property is the dependence on the factorization scale of the meson DA. We

will discuss this issue in this section separately.

We want to start with the dependence on the renormalization scale µR where we keep the

above described separation of the amplitude into the two contributions for simplicity. In

order to discuss only the µR dependence we fix the remaining scale to be equal, Q = µF . We

choose the range µR ∈ [1 GeV, 10 GeV] which covers the most interesting region. Beginning

with the results for the singlet and gluon part of the amplitude the results are shown in

Fig. 4.11. The first two plots are for the real and imaginary part in the high energy region

where the amplitude is dominated by the gluon contribution. For the pure LO part the

results just follow the running of αs. For our range of the renormalization scale the strong

coupling is given by αs(1 GeV) = 0.51 and αs(10 GeV) = 0.16. So the LO part changes by a

factor of three for the real and imaginary part. The sum of LO and NLO corrections show a

different behavior especially for low values of µR. The shape is much steeper because in that

region of small renormalization scale the term proportional to ln
(

µ2
R

µ2
F

)

is numerically large

and negative. So it adds up to the positive constant term of the NLO and due to the large

value of αs this effect is amplified and leads to that large correction. For this small value of

ξ it has to be stated that a stable theoretical prediction can only be made for µR > 4 GeV

for real and imaginary part. Especially for µR < 2 GeV there is no numerical stability in the

results. The situation does not become better for larger values as shown it the two middle

plots of Fig. 4.11. There we applied the typical kinematics of the HERMES experiment. For
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Figure 4.11. Real and imaginary part of the sum of Hg, HS(a) and HS(b) for different values of µR

and three different kinematical regions.
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the real part we find again the change of sign at very low values of µR. The corrections to

the imaginary part are now of the same sign and the shape is not as steep as in the small-xB

region but the results anyhow become stable only for µR > 3 GeV. In this region of xB the

gluon part is not anymore the dominant one. So one can think about applying the BLM

scale setting prescription. But this prescription would shift the renormalization scale in the

infrared region as found in [121]. The author found that within their model, which also is

based on the double distribution ansatz, for the BLM scale setting µR ≈ 0.3Q. Applying

this result to our situation would lead to µR ∼ 0.6 GeV. In this region the strong coupling

is so large that one cannot talk seriously about perturbation theory. For the kinematical

region achieved with 12 GeV upgrade at JLAB the situation changes not too much as shown

in the last two plots of Fig. 4.11. For the real part it looks like that for the high values of

xB and Q lead to a stabilization of the result for a wide range of µR but for the imaginary

part we find no improvement in comparison to the LO amplitude. And again the BLM scale

setting is not applicable in this kinematical region.

Let us now briefly discuss the size of the corrections due to the NLO terms of the ampli-

tude. We found that the corrections are quite large and especially at very low xB and small

µR they are significantly big. For the kinematical regions of high xB and small Q the NLO

terms lead to corrections about 25−50% of the LO amplitude for the whole range of µR we

considered. We can conclude that for fixed Q = µF and fixed values of xB the dependence

of the amplitude with respect to the renormalization scale shows no improvement by taking

the NLO corrections into account. We only find that the numerical results for the sum of

LO and NLO contribution show a much steeper behavior than the pure LO results at very

small values of µR. This happens due to an accidental addition of different NLO terms in

the amplitude. But this strong dependence on the renormalization scale happens in a region

of µR which we will not consider in the further discussion because the values of αs becomes

very large.

So far we discussed the renormalization scale dependence of the sum of gluon and singlet

parts of the amplitude. Now we want turn to the two non-singlet combinations u − d and

d − s. The results for them are presented in Fig. 4.12 for the combination u − d and in

Fig. 4.13 for the combination d − s. The results we found are quite the same for both

combination of flavors and are similar to the results we found for the sum of gluon and

singlet terms of the amplitude. For very small values of the renormalization scale there is

no stability of the results when we choose µR in the range 1-3 GeV. This induces again that

the BLM scale prescription cannot be applied. In addition we find, as for the gluon and the

singlet parts, that the corrections to the LO part are large at small values of µR. It is also

obvious from the obtained results that in comparison to the gluon and singlet parts of the

amplitude the absolute magnitude non-singlet contributions can only compete for the large

values of ξ.

After the discussion of the renormalization scale dependence of the different parts of the

amplitude where we found no significant improvement by consideration of the NLO cor-

rections we want now turn to the factorization scale dependence. As we found in the LO



76 4. Higher order corrections to exclusive meson production

0

0.05

0.1

0.15

0.2

1 2 3 4 5 6 7 8 9 10

LO+NLO

LO

ReHu−d at ξ = 10−3, µF = Q = 4 GeV

µR [GeV]

−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

1 2 3 4 5 6 7 8 9 10

LO+NLO

LO

ImHu−d at ξ = 10−3, µF = Q = 4 GeV

µR [GeV]

0

0.5

1

1.5

2

1 2 3 4 5 6 7 8 9 10

LO+NLO

LO

ReHu−d at ξ = 10−1, µF = Q = 2 GeV

µR [GeV]

−2.5

−2

−1.5

−1

−0.5

0

1 2 3 4 5 6 7 8 9 10

LO+NLO

LO

ImHu−d at ξ = 10−1, µF = Q = 2 GeV

µR [GeV]

−2

−1.5

−1

−0.5

0

1 2 3 4 5 6 7 8 9 10

LO+NLO

LO

ReHu−d at ξ = 0.4, µF = Q = 3 GeV

µR [GeV]

−5

−4

−3

−2

−1

0

1 2 3 4 5 6 7 8 9 10

LO+NLO

LO

ImHu−d at ξ = 0.4, µF = Q = 3 GeV

µR [GeV]

Figure 4.12. Real and imaginary part of the non-singlet combination Hu−d and Hd−s for different

values of µR and fixed values of ξ and Q = µF .

description of the exclusive vector meson production in Sect. 3.3 the choice of the factoriza-

tion scale has a large influence on the cross section and is the main source of uncertainty at

the LO level. Within the model we used in Sect. 3.3 we did not consider the evolution of

the GPDs but rather used the evolved forward parton densities in the double distribution

model. Now we want to use the numerical procedure of [53] for LO evolution in order to

treat the evolution of the GPDs in the correct way. This is important because due to the

mixing of gluon and singlet parts of the amplitude under evolution both parts get contribu-

tions from each other when evolving them to higher scales. As mentioned in Sect. 2.3 there
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Figure 4.13. Real and imaginary part of the non-singlet combination Hd−s for different values of

µR and fixed values of ξ and Q = µF .



78 4. Higher order corrections to exclusive meson production

exists also an analytical solution of the evolution equation [51, 52] but this solution and its

numerical implementation is too time consuming for our purposes. We restrict ourself to

the LO evolution although there is a numerical code for NLO evolution available, but this

is also not applicable for our studies. In addition a detailed discussion on the influence of

LO and NLO evolution [128] shows that the difference is between 5-10% by going from LO

to NLO evolution. The effect is much larger for very small values of ξ and if the evolution

range runs through a large interval.

We want to start again with the presentation of our results for the sum of the gluon and

singlet parts of the amplitude which are mixing under evolution. For the three kinematical

regions also used for the discussion of the renormalization scale dependence the results are

shown in Fig. 4.14. For our discussion of the factorization scale dependence we set Q = µR.

As it can be seen from Fig. 4.14 we find for the ξ = 10−3 a strong increase of the LO part

of the amplitude for µF becoming larger. Because the amplitude is at this value of ξ clearly

dominated by the gluon distribution that rising is a consequence of the large evolution effects

of the gluon GPD. For the sum of LO and NLO parts we find a change in the sign of the real

part and the size of the corrections is growing with larger values of µF . In addition we find

that the scale dependence reduces for the sum of LO and NLO part in comparison to the

pure LO result. For the imaginary part the situation looks similar but there we find no sign

change. But again the corrections are becoming bigger when increasing the factorization

scale. This can be understood if we remind the single contributions to the gluonic NLO

part in Fig. 4.3. The constant part starts to become larger for higher values of µF as the

term proportional to ln
(

Q2

µ2
F

)

and both terms have opposite sign. For our choice Q = 4 GeV

one only finds a cancellation of both terms and hence a small NLO correction for very small

values of µF . For the imaginary part we find also that the sum of LO and NLO contribution

seems to bee quite stable over a wide range of µF . For the kinematical region with ξ = 0.1

and Q = 2 GeV the situation looks a little bit different. Here we find that the imaginary

part of the pure LO contribution is not as strong dependent on µF as for the low xB region.

This is due to the fact that the gluon and singlet GPDs do not show such a strong evolution

behavior at this moderate value of ξ. Also the LO real part shows a weaker scale dependence

in this region. For the sum of LO and NLO contributions we find that the corrections are

smaller than for the small value of ξ. And additionally one finds that the difference of LO

and sum of LO and NLO contributions diverges much slower in this kinematical region. For

the JLAB kinematics with ξ = 0.4 and Q = 3 GeV the situation for the real part look very

promising. The corrections due to the NLO contributions are small and the result changes

not much over the whole range of µF we considered. For the imaginary part we find also

a stable result over the range of the factorization scale but the corrections are larger as for

the real part. The second observation is that the difference of LO and sum of LO and NLO

stays constant in the complete interval of µF .

So for the factorization scale dependence of the sum of gluon and singlet parts one has

the two different conclusions: for the high energy region one finds an weaker dependence

of the amplitude for the sum of LO and NLO contribution but for our typical choice of
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Figure 4.14. Real and imaginary part for different values of µF and three different kinematical

situations for the sum of gluon and singlet parts of the amplitude.

Q one has large corrections to the LO amplitude. The size of the corrections is strongly

dependent on the choice of Q as we will demonstrate in the next paragraph. On the other

hand for moderate and large values we also find a weaker µF dependence and in addition

the corrections are much smaller than in the high energy regime.

The results obtained for the factorization scale dependence rises the question how predic-

tive the theoretical results for the NLO amplitude can be. Especially for high energies where

we found very large corrections to the LO amplitude. We want to explore if one finds for

small values of ξ a kinematical setup where the result of the amplitude is stable and where
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the corrections are small. We show this on the example of the imaginary part in Fig. 4.15. In

this figure we show the imaginary part of the sum of gluon and singlet parts of the amplitude

for different values of ξ and two different choices of Q = µR. In the upper two plots the

results are presented for ξ = 10−2 with Q = µR = 4 GeV in the left plot, which corresponds

to the kinematical region achieved at the COMPASS experiment, and Q = µR = 7 GeV in

the right plot. One finds that for the first choice of Q and µR neither the LO nor the sum

of LO and NLO contributions show flat behavior. But the difference of both curves diverges

only slowly and the size of the corrections are quite acceptable. The situation becomes even

better if we take Q = µR = 7 GeV. The dependence on µF becomes somewhat weaker and

more important, the corrections are quite small over the whole interval of the factorization

scale. So for a different choice of the factorization and renormalization scale with µR = Q

the corrections become stable and small at Q = 7 GeV. This value of Q is unfortunately too

large to be achieved in todays experiments. But even the results for Q = 4 GeV see to be

promising, because the corrections are not too large and the difference of LO and sum of LO

and NLO increases slowly over our range of µF . Turning to smaller values of ξ (and hence

xB) we find that Q = µR = 7 GeV is not sufficient to keep the corrections small as seen in

the middle plots of Fig. 4.15. The left middle plot shows the same as in Fig. 4.14 where we

set Q = µR = 4 GeV. The corrections for the larger values of Q and µR are only small in

the region µF ≈ 1 GeV − 2 GeV and than starting to diverge. The result for the sum of LO

and NLO has a quiet flat behavior for the large value of Q but the large corrections makes it

not easy to make clear theoretical predictions. In order to keep the corrections small for this

value of ξ we would need a much larger value of Q = µR which is far away to bee reached in

experiments. The situation becomes even worse if we assume ξ to be ξ = 10−4. The results

are shown in the lower two plots of Fig. 4.15. There we find that even for Q = µR = 7 GeV

the correction are very large and the difference starts to diverge from µF > 4 GeV. For such

a small value of ξ the corrections can only be kept under control for Q much bigger than

10 GeV and hence can be not compared with experimental data.

To conclude this discussion we have to state that for small ξ and the choice Q = µR and

different values of the factorization scale µF we can only find small corrections for extremely

large values of Q. The results imply that the smaller the value of ξ the larger Q and µR have

to be, to keep the corrections small. For ξ of the order 10−2 or larger we find that the NLO

corrections are of reasonable size and are not diverging,even at moderate values of Q.

To complete the discussion of the factorization scale dependence of the amplitude with

fixed and equal Q and µR we briefly discuss the two non-singlet combinations of the am-

plitude. We will keep this discussion of our results quite short because it is widle known

that evolution effects for non-singlet combinations are not as strong as for the singlet or

gluon contribution of the amplitude. We show our results for the imaginary part of both

combinations in Fig. 4.16. We concentrate on the results for the imaginary part because for

the real part they look very similar and offer no deeper insight. We only show the results at

the point ξ = 0.1 because as we have seen from the previous discussions of our results the

non-singlet combinations do not contribute to the amplitude in a significant way for smaller
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Figure 4.15. Imaginary part for the sum of gluon and singlet parts of the amplitude for different

values of µF . The upper two plots are at ξ = 10−2 and Q = µR = 4GeV (left plot) and Q = µR =

7GeV (right plot). The two middle plots are for ξ = 10−3 and the lower two plots for ξ = 10−4

with the same choices for Q and µR for the left and right plot as in the first two plots.

values of ξ in comparison to the gluon and singlet parts. As one can see in Fig. 4.16 the

imaginary part for the combination u− d is more sensitive to the choice of the factorization

scale than the combination d − s. But the change is not as large as for the sum of gluon

and singlet parts. The size of the corrections is over the complete range of µF between 10%

and 20% and the difference between LO and sum of LO and NLO does not start to diverge

as it was the case before. For the combination of d− s quarks the scale dependence is very

weak even at the LO level. The size of the correction is as for the combination u− d about
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Figure 4.16. Imaginary part of Hu−d and Hd−s at ξ = 10−1 for different values of µF and fixed

Q = µR = 2GeV.

20% for the complete interval of µF and does not start to drift apart. So the situation for

the non-singlet combinations is quite more suitable than for the sum of gluon and singlet

parts of the amplitude. The corrections to the leading order amplitude are moderate and

numerical stable for a wide range of the factorization scale. If we assume ξ = 0.4 which can

be relevant for the JLAB upgrade the situation is similar but the corrections become even

smaller. This implies that the framework of collinear factorization we used for our theoreti-

cal prescription of exclusive meson production seems to be applicable for the kinematics of

fixed target experiments. For high energy experiments on the other hand one has very large

corrections to the amplitude even at high values of Q and µR which are still growing for

higher values of the factorization scale.

So far we have treated the factorization and renormalization scale separately. A widely

used way in the literature is to set both scales equal, µR = µF . We will also use this procedure

of scale setting and want to discuss our results. We would like to start again with the results

for the sum of gluon and singlet parts of the amplitude which are shown in Fig. 4.17 where we

again plotted the three different kinematical configurations. For the scale setting µR = µF

we also show the results for the higher Gegenbauer coefficients scattering kernels for which

we set µR = µF (GPD) = µF (DA). For the ξ = 10−3 we find that the pure LO amplitude has

a strong dependence on µ. The falling of the αs for higher scales cannot compensate the

strong rising of the gluon contribution. We also find that the corrections are large over the

complete range of scales. The results for the higher Gegenbauer coefficients, where we set

a2 = a4 = 1, are larger from their absolute value but show the same quantitative behavior.

The strong rise of our results for small scale can be explained by the small size of αs in

that region. This enhances the NLO contributions for small scales. The situation becomes

better for higher values of ξ as we see in the two middle and lower plots in Fig. 4.17. We

find, except for small scales, only small corrections to the LO amplitude. The results show

also a flat behavior over a wide range of µ. This also hints that our approach suites better

for higher values of xB then for smaller ones. But we also can conclude thaht the results

become more stable when treating the factorization and renormalization scale in the same
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Figure 4.17. Real and imaginary part for different values of µF (GPD) = µF (DA) = µR.

way. This becomes clearer if we redo our analysis of Fig. 4.15 for µR = µF . The results

are shown in Fig. 4.18 where we only used the asymptotic scattering kernel. We find that

for ξ = 10−2 and Q = 4 GeV the corrections to the LO amplitude are becoming small if

one considers only the region µ > 2 GeV and do not diverge for large scales as it happens

if one fixes Q = µR. For a higher value of Q the corrections become even smaller and also

the shape is approximately flat over nearly the complete range of µ. If we turn to smaller

values of ξ, as shown in the middle and lower plots of Fig. 4.18 we find that the corrections

are larger and for the low value of Q they also start to diverge. But the divergence is not as

strong as for the case Q = µR. The situation improves when we choose Q = 7 GeV. Beside
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Figure 4.18. Imaginary part for the sum of gluon and singlet parts of the amplitude for different

values of µF = µR. The upper two plots are at ξ = 10−2 and Q = 4GeV (left plot) and Q = 7GeV

(right plot). The two middle plots are for ξ = 10−3 and the lower two plots for ξ = 10−4 with the

same choices for Q for the left and right plot as in the first two plots.

that the corrections are large and the results show no flat scale dependence. The results of

Fig. 4.18 support the assumption to choose the factorization and renormalization scale even

at small values of xB.

Let us now briefly discuss the same scenario of scale setting for the two non-singlet

combinations of the amplitude. The results are shown in Fig. 4.19 where we again only show

the imaginary part of both contribution. We also concentrate only on the kinematical region

where ξ = 0.1 and Q = 2 GeV. For the smaller values of ξ the non-singlet contribution
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Figure 4.19. Imaginary part of Hu−d and Hd−s for different values of µ = µF (GPD) = µF (DA) = µR

at ξ = 0.1 and Q = 2GeV.

do not contribute to the amplitude in a significant way, as stated before. The situation

does also not change if we assume ξ to be in the region of the JLAB upgrade kinematics.

If we look at Fig. 4.19 we find a flat behavior of the results for the sum of LO and NLO

contributions. The situation is for u− d somewhat better than for d− s especially for small

scales. We find also that the corrections from the NLO part are small and the difference

of LO and sum of LO and NLO stays constant over the whole interval. The results for

the higher Gegenbauer coefficients (we used again a2 = a4) are larger than result for the

asymptotic scattering kernel. But one again finds the nice behavior of convergence of the

results. For the non-singlet contributions we can also conclude that choosing µF equal to µR

does not improve the situation very much in comparison to the situation where one treats

both scales different. This is of course only true as long we choose them in a reasonable way

which means choosing it not to small.

We discussed in the previous paragraphs only the scale dependence of the results for

the asymptotic scattering kernels. We also presented results for the higher Gegenbauer

coefficients but did not investigate the dependence of our results on the factorization scale

of the meson DA (µF (DA)). This scale appears only in the scattering kernel of the higher

Gegenbauer coefficients. The Gegenbauer coefficients an are not fixed parameter but evolve

at leading-logarithmic accuracy according to

an(µF (DA)) = an(µ0)

(
αs(µF (DA))

αs(µ0)

)γ
(0)
n /(2β0)

, (4.46)

where we choose µ0 = 2 GeV and the anomalous dimension γ
(0)
n is given by

γ(0)
n = 8CF

(

ψ(n+ 2) + γE − 3

4
− 1

2(n+ 1)(n+ 2)

)

(4.47)

with CF = 4/3. The dependence of the scattering on µF (DA) should compensate the evolution

of the Gegenbauer coefficients an. In order to see that this is really the case we present our

results in the following form: we multiply the LO and NLO results with the prefactor of
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Figure 4.20. Real and imaginary part for the sum Hg +HS(a) +HS(b) for different values of µF (DA)

with Q = µF (GPD) = µR = 2GeV.

an(µ0) in (4.46) and vary the factorization scale µF (DA). The results for the contribution of

the Gegenbauer coefficient a2 are shown in Fig. 4.20. We present only the results for the low

energy region and for the sum of gluon and singlet parts of the amplitude because the results

do not change qualitatively for the non-singlet contributions and at smaller values of ξ. We

see in Fig. 4.20 that there is no improvement on the scale dependence when including the

NLO terms. For the real part the situation looks better and we found a more flat dependence

on the factorization scale of the meson DA. The corrections due to the NLO terms are again

quite large but we find no change in the overall sign as we did for the high energy region. For

the next higher coefficient a4 the results look similar and we also find no large improvement

on the scale dependence.

Finite values of t

All our previous results were obtained for t = 0 GeV2. Now we want to investigate how

a finite value of t influences our results. The t-dependence of our model for the GPDs is

discussed in some detail in Sect. 4.5 where we explained how we model the GPD E(x, ξ, t).

Our ansatz for the t-dependence follows the ansatz of [82] and has the general form

Hq,g(x, ξ = 0, t) ∼ exp(t fq,g(x)) . (4.48)

Because t is negative we expect that the results are smaller in comparison to the results

obtained for t = 0 GeV2. We do not want to repeat the complete analysis of the case of t

equal zero but give some example plots. We start with the xB behavior of the sum of gluon

and singlet parts of the amplitude for a fixed value of t. The results for the pure LO and

NLO parts are shown in Fig. 4.21 versus xB. As expected we find a suppression of our results

for t = 0 GeV2 as seen in Fig. 4.21. The suppression factor is about 40% at very small values

of xB as well for the LO and NLO part and also for real and imaginary part. The factor of

suppression reduces for larger values of xB. This can be understood, taking a closer look at
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Figure 4.21. Real and imaginary part for the sum of gluon and singlet contributions of the amplitude

vs. xB for t = 0GeV and t = −0.15GeV. We choose the scales to be Q = µR = µF = 4GeV.

the function f(x) in (4.48). The functions for the quark and gluon GPD are given by

fq(x) = α′
q(1 − x)3 log

1

x
+Dq(1 − x)3 + Cqx(1 − x)2 ,

fg(x) = α′
g(1 − x)3 log

1

x
+B(1 − x)2 . (4.49)

Due to the different values of α′
q = 0.9 GeV−2 and α′

g = 0.14 GeV−2 we expect that the

suppression at small values of x is for the quark GPDs larger than for the gluon GPD.

For our choice Q = µR = µF = 4 GeV in Fig. 4.21 we find that the suppression factor

becomes larger at small xB as we expected for the quark GPDs. On the other side we might

expect that at very small values of xB the gluon GPD gives the dominant contribution to

the amplitude and hence the suppression factor should not increase in the way we found in

Fig. 4.21. But for our choice of the scale the gluon contribution is very small because the LO

and NLO contributions of the gluon term nearly compensate as seen in Fig. 4.4. Therefore

it is not surprising that we find an increasing suppression factor for small values of xB.

If we now want to investigate the dependence of the amplitude on t it is obvious that the

suppression should become larger for increasing t for the quark contribution. This behavior

is shown in Fig. 4.22 where we plotted the sum of LO and NLO contributions of the sum of

gluon and singlet parts of the amplitude at two different kinematical setups. In the left plot

we choose the high energy situation with ξ = 10−3 and Q = µR = µF = 4 GeV. We find

that the imaginary part is much more sensitive on t than the real part. One can understand

this if one keeps in mind that at LO the imaginary part of the amplitude is just given by the

point H(ξ, ξ, t) and hence is much more sensitive than the real part which is determined by

the convolution of the GPDs and the hard scattering kernel. If we turn to the kinematical

situation where ξ = 10−1 and Q = µR = µF = 2 GeV, which is shown in the right plot

of Fig. 4.22, we find for the real part a stronger dependence on t as for the high energy

kinematics. Additionally we find that the real part changes sign at t ≈ −0.35 GeV2. For this

phenomenon we have no physical explanation because as said before the real part is given

by principal value integrals of the GPDs and the hard scattering kernels. For the imaginary



88 4. Higher order corrections to exclusive meson production

−20

−15

−10

−5

0

5

10

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Re
Im

Hg + HS(a) + HS(b), ξ = 10−3, Q = µR = µF = 4 GeV

−t [GeV2]

−20

−15

−10

−5

0

5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Re
Im

Hg + HS(a) + HS(b), ξ = 10−1, Q = µR = µF = 2 GeV

−t [GeV2]

Figure 4.22. Real and imaginary part for the sum of gluon and singlet contributions of the amplitude

vs. t. We plotted the sum of LO and NLO contributions. The left figure shows the high energy

region with ξ = 10−3 and Q = µR = µF = 4GeV, the right plot is for the low energy regime with

ξ = 10−1 and Q = µR = µF = 2GeV.

part the plot looks almost identical as for the high energy kinematics.

Let us now turn briefly to the non-singlet parts Hu−d and Hd−s of the amplitude and

their t-dependence. For simplicity we only want to present the results for the sum of LO

and NLO contributions because we found in the results before that the NLO terms give only

small corrections to the LO part. We also show our results for the region xB ∈ [0.1, 0.3]

because there the non-singlet terms start to give sizeable contributions to the amplitude.

For the real and imaginary part of both non-singlet combinations the results are shown in

Fig. 4.23. For the real part we cannot make the statement that for finite value of t our

results are smaller than for t = 0 GeV2. This is again due to the fact that the real part is

given by a principal value integral and hence one cannot easily argue as for the imaginary

part. For the imaginary part we find on the other hand a clear reduction of our results

for t = −0.15 GeV2 in comparison to the results for vanishing t. The factor of reduction is

quite the same for both combinations is roughly 40% and stays nearly constant of the range

of xB . Finally we want to show the dependence of the real and imaginary part of the two

non-singlet combinations for various values of t. The left plot of Fig. 4.24 shows the sum

of the LO and NLO contributions for the real and imaginary part of the combination u− d.

We find again that the t-dependence is much weaker for the real than for the imaginary part.

For the combination d− s we find a change of sign for the real part for increasing values of t

whereas the imaginary part shows the same strong falling behavior than for the combination

u− d. One can explain this again by the different structure of the real and imaginary part.

More over, since the corrections form the NLO contributions are relative small in comparison

to the gluon and singlet parts of the amplitude the imaginary part is widely dominated by

the LO contributions which is, as stated before, just given by the GPDs at the point x = ξ.

This leads to the fact that the imaginary part shows a stronger dependence on t.
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Figure 4.23. Real and imaginary part for the non-singlet combinations Hu−d and Hd−s vs. xB

with Q = µR = µF = 2GeV. The plots show the sum of LO and NLO contributions.
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Figure 4.24. Real and imaginary part for the non-singlet combinations Hu−d and Hd−s vs. t with

ξ = 10−1 and Q = µR = µF = 2GeV. The plots show the sum of LO and NLO contributions.

4.6.2 Results for E

In the previous section we have discussed in great detail the NLO corrections to the part of

the amplitude containing the GPD H(x, ξ, t). The contributions coming from that part give

the largest contributions to physical observable like cross sections. This can be seen in (3.5)

where we give the formula for the cross section of exclusive vector meson production. One

can see from this equation that the contributions proportional to E(x, ξ, t) are suppressed

with at least a factor of ξ or t/(4m2) in comparison to the term proportional to H(x, ξ, t).

In addition to the cross section there is a second observable which involves leading-twist

amplitudes and can be expressed using the factorization theorem, namely the single spin

asymmetry (SSA) for a transversely polarized target. The SSA have been discussed the first

time for pseudoscalar meson production in [67] and the analog for vector meson production

was given in [37]. The SSA is directly proportional to the imaginary part of the product

HE∗

SSA ∼ Im (HE∗) , (4.50)
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Figure 4.25. Comparison of pure LO and NLO parts for Eg (upper two plots), ES(a) and ES(b)

(lower plots) at the scales µF = µR = Q = 4GeV and t = −0.15GeV2.

where H and E denotes the convolution of the GPDs H(x, ξ, t) and E(x, ξ, t) with the

scattering kernels.

First numerical estimates [37, 67] found that the asymmetries for both pseudoscalar and

vector meson production can be sizable. Therefore it is clear that we also need numerical

calculations for the convolution of scattering kernels and E(x, ξ, t) to obtain a theoretical

prediction for the SSA.

We described in Sect. 4.5 how one may obtain a model for the GPD E(x, ξ, t) and we

will use this model to calculate numerical values for the convolution of the GPD and the

scattering kernels. We do not want to repeat the complete analysis of the previous section

but want to give only these results where we find a qualitative change of our results. We

also show our results for the fixed value t = −0.15 GeV2 because our model is based on the

correlation between the x and t-dependence of the GPDs.

We want to start with the discussion of the xB behavior of our results. In Fig. 4.25 we

show the pure LO and NLO contributions to the gluon and the both singlet parts of the

amplitude at µF = µR = Q = 4 GeV. In comparison to the results obtained for the GPD

H(x, ξ, t) the main difference is in the absolute value of the contributions. They are much

smaller than for H(x, ξ, t) but the qualitative behavior is the same with the exception that

for the singlet terms the sign changes. This is due the fact that for our model the d quark
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Figure 4.26. Comparison of pure LO and NLO parts for Eu−d for the scales µF = µR = Q = 4GeV

and t = −0.15GeV2.

GPDs is negative and much larger than the u quark GPD as shown in Fig. 4.2. We again

find that the NLO contribution of the pure singlet term E s(b) is much larger than the LO

contribution of the convolution of the singlet GPD and the quark scattering kernel as for

the GPD H(x, ξ, t) . If we turn now to the non-singlet combination u− d we find that their

contributions are large even for small values of xB. The results are shown in Fig. 4.26 for

the real and imaginary part. The absolute size is even bigger than the contributions of the

gluon and singlet parts. This is due to the fact that u and d quark GPDs are of opposite

sign and the d quark GPD is much larger than the u quark GPD. This leads to the situation

that for the combination u−d there is an enhancement of the GPD instead of a cancellation.

Therefore we find that large contributions of the non-singlet GPD even at that small values

of xB. The size of the corrections for the non-singlet GPD is small in comparison to the LO

part as for the non-singlet GPD Hu−d in Sect. 4.6.1.

Now we want briefly discuss the large xB-behavior, starting again with gluon and singlet

terms of the amplitude. We have chosen in Fig. 4.27 again µF = µR = 2 GeV as in Sect. 4.6.1

for direct comparison with the results for the GPD H(x, ξ, t). We can see from Fig. 4.27 that

the absolute size of the different contributions is much smaller than for the GPD H(x, ξ, t)

(see Fig. 4.8 for direct comparison). The qualitative behavior is the same as for the non-

flip GPD. The main difference is the change of sign for the singlet contributions of the

amplitude in comparison to the results obtained for H(x, ξ, t) in Sect. 4.6.1. But this effect

has been observed also for the small-xB region. The reason is again the different sign and

absolute size of the u and d quark GPDs. For the non-singlet combination the results for the

large xB-region are shown in Fig. 4.28. We find again a large contribution to the real and

imaginary part of the amplitude coming from the non-singlet term. Im comparison to the

gluon and singlet parts the contributions are much larger by their absolute size. As before

we also find that for the specific choice of scales the NLO corrections are small in comparison

with the LO contribution. We can conclude that for the large-xB region the amplitude is

clearly dominated by the non-singlet term. This was not so clear for the results of the GPD

H(x, ξ, t) where the non-singlet terms give a sizeable contribution to the amplitude but are
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Figure 4.27. Comparison of pure LO and NLO parts for Eg (upper two plots), ES(a) and ES(b)

(lower plots) at the scales µF = µR = Q = 2GeV and t = −0.15GeV2.

−6

−5

−4

−3

−2

−1

0

0.1 0.2 0.3

NLO

LO

Re Eu−d

xB

−12

−10

−8

−6

−4

−2

0

0.1 0.2 0.3

NLO

LO

Im Eu−d

xB

Figure 4.28. Comparison of pure LO and NLO parts for Eu−d for the scales µF = µR = Q = 2GeV

and t = −0.15GeV2.

not as dominant as for the GPD E(x, ξ, t).

We do not want to repeat the analysis for the higher Gegenbauer coefficients because the

results show the same qualitative features as the results for the GPD H(x, ξ, t). For the

higher coefficients we also find an enhancement of the NLO corrections but for higher and

higher coefficients the results converge.

Let us now turn to the scale dependence of the results for the GPD E(x, ξ, t). For the
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Figure 4.29. Comparison of pure LO and sum of LO and NLO parts for different values of µF .

The upper two plots show the real and imaginary part for xi = 10−1 and µR = Q = 2GeV. The

lower tow plots the real and imaginary part for xi = 10−3 and µR = Q = 4GeV. All results are

obtained for t = −0.15GeV2.

renormalization scale dependence at fixed µF = Q we find the same qualitative results as

for the GPD H(x, ξ, t): the pure LO part follows directly the falling of the strong coupling

at higher values of µR. For the sum of LO and NLO contributions we find again a strong

dependence on the renormalization scale for very low values of µR ∼ 1− 3 GeV. The results

become more stable for higher values of µR. This observation was done not only in the high

energy region (ξ = 10−3, µF = Q = 4 GeV) but also in the low energy region (ξ = 10−1,

µF = Q = 2 GeV). These results are not only restricted to the gluon and singlet parts of

the amplitude but they are also valid for the non-singlet part of the amplitude. The more

interesting case is the dependence on the factorization scale µF . We present our results

again for the two different kinematical regions ξ = 10−3 with µR = Q = 4 GeV and ξ = 10−1

with µR = Q = 2 GeV. We would like to start to discuss our results for the sum of gluon

and singlet parts of the amplitude because they mix under evolution and hence cannot be

treated separately. Our results for the real and imaginary part are shown in Fig. 4.29 for

both kinematical setups. For the low energy region and high energy region we find that the

correction due to the NLO contributions are large. Similar results we also found for the

GPD H(x, ξ, t) but in that case the corrections for the low energy region were not as large as

they are for E(x, ξ, t). In contrast to the non-flip GPD we found that the scale dependence
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Figure 4.30. Comparison of pure LO and sum of LO and NLO parts of the non-singlet combination

Eu−d for different values of µF . The upper two plots show the real and imaginary part for xi = 10−1

and µR = Q = 2GeV. The lower tow plots the real and imaginary part for xi = 10−3 and

µR = Q = 4GeV. All results are obtained for t = −0.15GeV2.

is not so strong, even at LO level. This is due to the fact that the gluon GPD Eg(x, ξ, t)

does not evolve as strong as the corresponding non-flip GPD H g(x, ξ, t). The evolution of

Hg(x, ξ, t) was the main source of the strong factorization scale dependence in Sect. 4.6.1.

Now the dependence is much weaker and shape is approximately flat if we add the NLO

terms. The very large corrections in the low energy region are somewhat surprising but as

stated above, the amplitude is clearly dominated by the non-singlet part and hence the large

corrections play no important role for the complete amplitude. For the non-singlet part our

results are shown in Fig. 4.30. The factorization scale dependence is very flat for the LO and

the sum of LO and NLO terms. This result we also obtained for the non-singlet combination

of GPD H(x, ξ, t). The corrections are small in comparison to the gluon and singlet part of

the amplitude and the absolute size of the contribution is much larger than the contributions

from the sum of gluon and singlet.

Our results show that the contributions to the amplitude coming from the GPD E(x, ξ, t)

are small in comparison to the contributions from H(x, ξ, t), especially at high energies.

For lower energies the contributions from the helicity-flip GPD can affect the amplitude

because the dominant non-singlet contributions are of the same order of magnitude as the

contributions of the non-flip GPD H(x, ξ, t). Also the additional suppression due to the
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extra factor ξ in front of the terms containing the GPD E(x, ξ, t) is not pronounced at low

energies. We have not discussed in detail the renormalization scale dependence of our results

and we also have not shown the results for the higher Gegenbauer coefficients. The results

are qualitatively the same as for the GPD H(x, ξ, t). And also the t dependence of our

results is similar to that for H(x, ξ, t) because we used an analog parameterization for the

function f(x) to model the t dependence (4.23).

4.6.3 Results for the polarized GPDs H̃(x, ξ, t) and Ẽ(x, ξ, t)

In the previous sections we discussed our results for the unpolarized GPDs H(x, ξ, t) and

E(x, ξ, t). In this section we want to discuss the polarized GPDs H̃(x, ξ, t) and Ẽ(x, ξ, t).

These GPDs are necessary to describe the exclusive production of pseudoscalar mesons like

pions and kaons. We have discussed the cross sections for pseudoscalar meson production in

detail in Sect. 3.2 at the LO level. The first NLO calculation for the exclusive production

of pions was done in [121] where the authors found large corrections to the cross section

for a specific choice of Q, the factorization and the renormalization scale. We are in this

section also only interested in the exclusive production of charged pions. Therefore we show

our results only for the non-singlet combination u− d. The flavor singlet combination u+ d

appears only in the exclusive production of π0 which we do not want to consider. The

polarized gluon GPD H̃g appears for example in the production of h1 and there only at

NLO level.

To obtain numerical results we need a model for the GPDs H̃ and Ẽ. For Ẽ we use the

same model as in Sect. 3.1 given by

Ẽ(x, ξ, t) =
θ(|x| ≤ ξ)

2ξ
φπ

(
x + ξ

2ξ

)
2mpfπ gπNN

m2
π − t

Λ2 −m2
π

Λ2 − t
. (4.51)

In this section we are not interested in cross sections or other observables but only in the

amplitude and hence we can omit to specify the value for the additional parameter Λ. The

pion distribution amplitude is defined in the same way as in (3.11) given by

φπ(z) = 6z(1 − z)
[

1 +

∞∑

n=1

an C
3/2
n (2z − 1)

]

. (4.52)

For the GPD H̃ we also use again the double distribution ansatz of Sect. 3.1. Instead of the

factorized ansatz for the (x, ξ) and t-dependence we use the ansatz described in Sect. 4.5

where we also specified the parameters of our model.

We want to start with our results for Ẽ. For exclusive π+ production the convolution of

GPD and the hard scattering kernel is given by

1∫

−1

dx Ẽ(x, ξ, t)

[

QuTq

(
ξ − x

2ξ

)

−QdTq

(
ξ + x

2ξ

)]

, (4.53)
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where the scattering kernel Tq is given by (C.25) and Qu and Qd are the u and d quark

charge. Because the support region of Ẽ(x, ξ, t) is restricted to the ERBL region the result

of the convolution (4.53) is purely real and at LO we find

Nαs(µ
2
R) (1 + a2 + a4) (4.54)

where

N =
1

2ξ

2mpfπgπNN

m2
π − t

Λ2 −m2
π

Λ2 − t

9

4
CF . (4.55)

For the NLO scattering kernel we obtain the result

Nα2
s(µ

2
R)

1

12π

{

39.5 + 149.964a2 + 196.851a4 + 320.242a2a4 + 128.581a2
2 + 195.313a2

4

− 27

2
(1 + a2 + a4)

2 ln

(
Q2

µ2
R

)

−
(

25

3
a2(1 + a2) +

182

15
a4(1 + a4) −

50

3
a2a4

)

ln

(

Q2

µ2
F (DA)

)

−
(

25

3
a2(1 + a2) +

182

15
a4(1 + a4) −

364

15
a2a4

)

ln

(

Q2

µ2
F (GPD)

)}

(4.56)

It is not surprising that the µF (GPD) dependence vanishes for the asymptotic term of the

meson DA (4.52) because the coefficient of ln(Q2/µ2
F (GPD)) is the LO evolution kernel and

the asymptotic DA is its eigenfunction with zero eigenvalue. To get an impression of the

absolute size of the corrections we need an estimate of the size of the different Gegenbauer

coefficients. For the value of a2 exists a new lattice result [129]

aπ
2 (µ = 2 GeV) = 0.201(114) . (4.57)

Unfortunately there exists no value for a4 from lattice calculations. But in the work [130]

the authors give the value

aπ
4 (µ = 2 GeV) = −0.10(5) . (4.58)

Using these values for the higher Gegenbauer coefficients we can estimate the size of the NLO

corrections. For simplicity we choose all scales to be equal (Q = µR = µF (GPD) = µF (DA))

and obtain for the sum of LO and NLO contribution

LO + NLO = Nαs(µ
2
R)

[

1.101 +
αs(µ

2
R)

π
4.22

]

. (4.59)

For the arbitrary choice µR = 2 GeV the corrections due to the NLO terms are of the order

30%. From (4.56) it is obvious that the main corrections are due to the asymptotic term of

the Gegenbauer expansion of the meson DA. But also the terms proportional to a2 and a4

give sizeable corrections with our choice for the coefficients (4.57) and (4.58). On the other

side the terms in (4.56) proportional to higher powers of the Gegenbauer coefficients give
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Figure 4.31. Comparison of pure LO and NLO parts for H̃u−d at the scales µF = µR = Q = 2GeV.

only a very small contribution to the NLO corrections in comparison to the term depending

linear on them.

Let us turn to the discussion of the results for the GPD H̃(x, ξ, t). As mentioned at

the beginning of this section we used the double distribution model with the improved

t dependence described in Sect. 4.5. As forward parton distribution we used the analytic

parameterization of Blümlein et al. [94] at the initial scale Q2
0 = 4 GeV2 and at NLO (ISET 3).

The main feature of that parameterization is the equal treatment of the different sea quarks.

For our non-singlet combination the contribution of the sea quarks is therefore exactly zero

and we obtain for small values of xB a vanishing result and so we concentrate only on the

large-xB region. We keep the discussion of the results very short because they show the same

qualitative behavior as the result for the unpolarized non-singlet GPD Hu−d(x, ξ, t).

In Fig. 4.31 we show the comparison of the pure LO and NLO parts at Q = µF = µR = 2 GeV

for the large-xB region. We find as for the unpolarized case that the corrections are small

and of the same sign as the LO contributions. This would lead to an increase of the cross

section with our naive scale setting. This result was observed for the first time in [121] where

the authors also applied the BLM scale setting procedure and found a strong decrease of the

cross section. This result is not surprising and we discussed this issue in detail in Sect. 4.6.1.

The results for the higher Gegenbauer coefficients show the same behavior as in the case of

the unpolarized GPDs and also the renormalization scale dependence of our results for fixed

Q = µF are similar to that of the unpolarized case. More interesting is the factorization

scale dependence at fixed Q = µR. The results for ξ = 10−1 and Q = µR = 2 GeV are

shown in Fig. 4.32. We find that the unpolarized GPDs do not evolve as strong as the

unpolarized ones even if we take only the LO contribution into account. For the sum of LO

and NLO contribution the situation becomes somewhat better, especially for the real part.

The corrections we found are moderate and reach the 50% level only for the real part at very

high values of µF which seem to be an unrealistic choice for the kinematical region of fixed

target experiments.
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Figure 4.33. Differential cross section for exclusive ρ0-production at Q2 = 27GeV2. The bands are

obtained by the two different choices µF = µR = Q/2 and µF = µR = 2Q. The red curve in the

left plot shows the measured W dependence of the cross section [131], σ(γ∗p → ρ0p) ∝ W δ with

δ = 0.88 at Q2 = 27GeV2. The renormalization of this curve is chosen arbitrarily in order to fit

into the plotted range.

4.6.4 Cross section for exclusive ρ0-production

At the end of this chapter let us briefly discuss the consequences of our previous results for

the cross section of exclusive ρ0-production. Because we are here mainly interested in the

xB-dependence of the cross section we calculate the differential forward cross section

dσL

dt
|t=0 . (4.60)

For a first estimate of the cross section we neglect the term proportional to |E|2 and Re (HE∗)

because these terms have at least one additional kinematical factor ξ in front and do therefore

give no big contribution to the cross section for the region of xB we are interested in. We

present our result for the cross section in Fig. 4.33. We have chosen the value ofQ2 = 27 GeV2

because we want to avoid effects from higher twist contributions. The bands in Fig. 4.33

are obtained by varying the renormalization and factorization scale in the following way: in

order to cover a broad range of possibilities we choose µF = µR = Q/2 and µF = µR = 2Q.
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In the left plot of Fig. 4.33 we show the results for the very low-xB region as achieved at

H1 or ZEUS. We find that the corrections to the cross section are very large and even more

problematic: the sum of LO and NLO does not show the correct energy behavior. From

experimental measurements at the H1 [85] and ZEUS experiment [132] we know that the

cross section increases for higher energies. For our result of LO and NLO terms we find in

contrast to the experimental results a approximately flat energy behavior for small values of

xB for both choices of µF and µR. We show in Fig. 4.33 also the measured W dependence

of the cross section (red curve in the left plot). The cross section is roughly proportional to

W 0.88 at Q = 27 GeV2 [131] and we have chosen the normalization in such a way that the

curve fits into the plot range. We see that the measured energy is much more steeper than

the behavior we find for our full result. From this result we can conclude that the leading

twist at fixed order αs approach fails at such high energies even for our large value of Q2.

The situation becomes better if we turn to higher values of xB as shown in the right plot of

Fig. 4.33. There we show our result for the same value of Q2 and the same choices of the

renormalization and factorization scale. The region of xB can be achieved by the COMPASS

and HERMES experiment even if our value of Q2 is to large for these experiments. We

observe that the corrections due to the NLO terms in the amplitude start to converge for

higher and higher values of xB. This is caused by the fact that at this values of xB the

gluon and singlet contribution start to lose their dominance in the amplitude and the non-

singlet contributions (which have small NLO corrections) give a sizable contribution to the

amplitude. From this result one can assume that for even higher values of xB and moderate

values of Q2 the NLO corrections to the cross sections are not too large.

We finally can conclude that the leading twist and fixed order αs approach we used for

the calculation of the amplitude is insufficient for high energy processes where we found very

large corrections even on the amplitude level. The corrections amplify on the level of cross

sections and lead to an unstable theoretical prediction. At low energies the situation is more

under control. The correction can nevertheless be quite large as it was shown for exclusive

pion production in [121] but they are not as sensitive on specific choices of Q, µF and µR as

in the high energy regime.
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Summary and outlook

In this work we have investigated some new aspects of the exclusive production of mesons.

These processes offer the opportunity to get access to the GPDs, which contain rich informa-

tion about the structure of the nucleon. After a general introduction and a brief review of the

theoretical framework of GPDs and their properties in Chapter 1 and 2, we have evaluated

the cross section for a variety of exclusive meson production channels for moderate to large

xB at leading order in 1/Q2 and in αs. Cross sections change significantly when varying the

non-perturbative input, generalized parton distributions and meson distribution amplitudes,

within plausible limits of current model building. On one hand this implies an uncertainty

in predicting these cross sections, but on the other hand it implies that their measurement

can ultimately help to constrain the non-perturbative functions, provided theoretical control

over corrections to the leading-order formulae. We find the largest cross section uncertain-

ties for ρ0, ω and φ production, which is sensitive to the gluon GPD over a large range of

xB, reflecting the current uncertainty of the unpolarized gluon density at low scales. Com-

paring our leading-twist cross section with experimental data, we confirm that for Q2 of a

few GeV2 power corrections are substantial. In particular, the suppression of vector meson

cross sections we find is consistent with what has been estimated in the literature from the

effects of parton transverse momentum in the hard-scattering subprocess. As it is seen for

the ratio of φ and ρ0 production, the most serious theoretical uncertainties cancel in cross

section ratios for sufficiently similar channels (the main distinction being between channels

with and without t-channel pion exchange).

Rescaling our leading-twist cross sections in order to be consistent with experimental

data for ρ0 and φ production, we have compared their contribution to semi-inclusive pion or
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kaon production with the result of leading-twist quark fragmentation, focusing on the typical

kinematics of HERMES measurements, where Q2 ∼ 2.5 GeV2 and xB ∼ 0.1. Within large

uncertainties, direct exclusive production of π+ and possibly K+ appears to be comparable

to the fragmentation result extrapolated to the bin 0.9 < z < 1. Through their decays,

exclusively produced ρ, φ and K∗ contribute in a wide range of z. Pions from K∗ decay

and kaons from φ decay are however limited to z below 0.7. With this and the relative

size of cross sections, our estimates indicate that in typical HERMES kinematics the only

exclusive channel whose cross section can compete with quark fragmentation is the ρ0. The

ρ0 saturates the quark fragmentation result for semi-inclusive π+ and π− production at large

z. Since the ρ0 does not contribute to π0 and to kaon production, there is no corresponding

“dangerous” vector channel in these cases.

The large discrepancy of our leading order results and the experimental measurements

and the strong dependence on the factorization scale found in Chapter 3 motivated the

systematic investigation of next-to-leading order corrections in Chapter 4. Our results for

the different parts of the amplitude lead to different conclusions for high and low energies.

At high energies we found huge corrections to the gluon part of the amplitude and large

contributions from the singlet part, which arises for the first time at next-to-leading order.

The scale dependence of the NLO corrections of the gluon and singlet part strongly disfavors

the naive scale setting procedure, widely used in the literature. The overall dependence on

the factorization scale has improved by considering the sum of LO and NLO part of the

amplitude for both contributions. But at small values of xB they are not under theoretical

control even at very large values of Q2. These results make use of the leading-twist and

fixed-order approach highly questionable. It manifests itself in our result for the cross section

for exclusive ρ0 production, where we found that by inclusion of the NLO corrections the

cross section shows an approximately flat energy behavior which is in clear contrast to the

experimental measurements even when varying the factorization scale over a huge range.

A rough estimate of the size of the NLO corrections in the high energy regime indicates

that they are parametrically of the size αs ln(1/ξ) for the gluon and the singlet part of the

amplitude. It would be of great interest to see if the results improve and become more stable

when resumming such logarithms to all orders. To calculate the resummation, which will

have roughly the form (αs ln(1/ξ))n, is a challenging task for future projects.

The situation changes when we consider the low energy regime and moderate values

of Q2. In this kinematical region, which is of interest for experiments like COMPASS or

HERMES, the corrections to the LO amplitude are of the order of 10-30% for the gluon

and singlet part. Even more important, the corrections are approximately constant over a

broad range of the factorization and renormalization scales for fixed values of Q2. In this

energy region the contributions from the non-singlet part of the amplitude start to play

an important role. For this part the NLO corrections are of the order of 20−30%. The

size of the corrections for the non-singlet parts becomes very large if we apply the BLM

scale setting procedure due to a cancellation of different terms in the NLO scattering kernel.

The BLM scale setting procedure also favors a very low renormalization scale, where the
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applicability of perturbation theory is questionable. The large corrections and the small size

of µR lead to the conclusion that the BLM scale setting is not the correct way to choose the

renormalization scale. The BLM scale setting gives further no constraints on the choice of the

factorization scale. From our results it follows that choosing µR = µF leads to more reliable

results for the non-singlet part of the amplitude. The size of the corrections and the stability

gives hope that the theoretical predictions for physical observables like cross sections and

especially for single-spin asymmetries show a substantial improvement in this kinematical

region. The calculation of cross sections and single-spin asymmetries for different final state

mesons is under progress and we hope to present some results in the near future.

Finally we investigated for the first time the impact of the GPDE(x, ξ, t) on the scattering

amplitude. Our results showed the same qualitative features described above. The main

difference is the absolute size of the different contributions in comparison to the results for

the GPD H(x, ξ, t). For our specific model we found the gluon and singlet contribution

being much smaller for E(x, ξ, t) than for H(x, ξ, t). On the other hand the non-singlet

contribution plays an important role, even at small values of xB. This is due to the fact that

the u and d quark GPDs have opposite sign and the d quark GPD is much larger. Therefore

the two contributions do not cancel each other as in the case of H(x, ξ, t) where both GPDs

are of the same sign. It remains to be studied in future analyses how a different model for

E(x, ξ, t) affects our results. Such an investigation will be of great interest, especially for the

calculation of single-spin asymmetries, which are the only way to directly access the GPD

E(x, ξ, t) in exclusive meson production.





A

Integrals over GPDs within the double

distribution model

The t independent functions in the ansatz (3.14) for quark and gluon GPDs are modeled as

described in Sect. 2.4

Hq(x, ξ) =

1∫

−1

dβ

1−|β|∫

−1+|β|

dα δ(x− β − ξα) h(β, α)
[

θ(β) q(β) − θ(−β) q̄(−β)
]

,

Hg(x, ξ) =

1∫

−1

dβ

1−|β|∫

−1+|β|

dα δ(x− β − ξα) h(β, α) β
[

θ(β) g(β) − θ(−β) g(−β)
]

,

H̃q(x, ξ) =

1∫

−1

dβ

1−|β|∫

−1+|β|

dα δ(x− β − ξα) h(β, α)
[

θ(β) ∆q(β) + θ(−β) ∆q̄(−β)
]

, (A.1)

where θ denotes the usual step function, q, q̄, ∆q, ∆q̄ the unpolarized and polarized quark

and antiquark distributions, and g the unpolarized gluon distribution. The profile function

h(β, α) =
Γ(2b+ 2)

22b+1Γ2(b+ 1)

[(1 − |β|)2 − α2]b

(1 − |β|)2b+1
(A.2)

depends on a parameter b, which we chose to be either b = 1 or b = 2 in this work.
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For meson production amplitudes at leading order in αs we need the integrals

Iq(ξ) =

1∫

−1

dx
Hq(x, ξ)

ξ − x− iε
, I q̄(ξ) =

1∫

−1

dx
H q̄(x, ξ)

ξ − x− iε
= [Iq(−ξ)]∗,

Ĩq(ξ) =

1∫

−1

dx
H̃q(x, ξ)

ξ − x− iε
, Ĩ q̄(ξ) =

1∫

−1

dx
H̃ q̄(x, ξ)

ξ − x− iε
= −[ Ĩq(−ξ)]∗, (A.3)

where we used the definitions H q̄(x, ξ) = −Hq(−x, ξ) and H̃ q̄(x, ξ) = H̃q(−x, ξ) together

with the fact that these functions are even in ξ. The required integral for gluons can be

brought into the same form as Iq(ξ) by rewriting

Ig(ξ) =

1∫

−1

dx
Hg(x, ξ)

x

1

ξ − x− iε
=

1

ξ

1∫

−1

dx
Hg(x, ξ)

ξ − x− iε
, (A.4)

where we used that Hg(x, ξ) is even in x. The imaginary parts of these integrals are readily

converted into integrals over β, with

Im Iq(ξ) =

2ξ
1+ξ∫

0

dβ I(β, ξ) q(β),

I(β, ξ) =
πΓ(2b+ 2)

22b+1Γ2(b+ 1)

(1 − ξ2)b

ξ2b+1

1

(1 − β)2b+1

( 2ξ

1 + ξ
− β

)b

βb (A.5)

for ξ > 0. The function I(β, ξ) vanishes at the endpoints of the integration region, which in

particular ensures the convergence of the integral at β = 0 for common parameterizations of

quark densities. To obtain the analogous expressions for I q̄, Ĩq, Ĩ q̄ and Ig one has to replace

q(β) with q̄(β), ∆q(β), ∆q̄(β) and βg(β), respectively.

The real parts of the amplitudes involve principal value integrals, whose numerical eval-

uation requires some care, especially for small ξ. For our choices of profile parameters b = 1

and b = 2 one can explicitly perform the α integral after inserting (A.1) into (A.3) and (A.4).

The result is

Re Iq(ξ) =

1∫

0

dβ
[

R(β, ξ) q(β) +R(β,−ξ) q̄(β)
]

=

1∫

0

dβ

{

R(β, ξ)
[

q(β) − q̄(β)
]

+
[

R(β, ξ) +R(β,−ξ)
]

q̄(β)

}

,

Re Ig(ξ) =

1∫

0

dβ
[

R(β, ξ) +R(β,−ξ)
]

βg(β) ,
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Figure A.1. The functions appearing in the integrals (A.5) and (A.6) for the meson production

amplitude for ξ = 0.053 (top) and ξ = 0.18 (bottom), which respectively correspond to xB = 0.1 and

xB = 0.3. Note the different ranges for β in the plots.

Re Ĩq(ξ) =

1∫

0

dβ
[

R(β, ξ) ∆q(β)− R(β,−ξ) ∆q̄(β)
]

, (A.6)

with

R(β, ξ)
b=1
= − 3

4ξ3(1 − β)3

(

2ξ(1 − β)(β − ξ)

+ β(1 − ξ)
[

β(1 + ξ) − 2ξ
]

log
|β(1 + ξ) − 2ξ|

β(1 − ξ)

)

,

R(β, ξ)
b=2
=

5

16ξ5(1 − β)5

(

2ξ(1 − β)(β − ξ)
[

3(β − ξ)2 − 5ξ2(1 − β)2
]

+ 3β2(1 − ξ)2
[

β(1 + ξ) − 2ξ
]2

log
|β(1 + ξ) − 2ξ|

β(1 − ξ)

)

. (A.7)

For both b = 1 and b = 2, the function R(β, ξ) is continuous in the full interval of integration,

with finite limits at β = 0 and β = 1. If ξ > 0 it is positive for β < ξ and negative for
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β > ξ, and if ξ < 0 it is negative in the entire interval. Convergence of the integral for

polarized quark distributions requires that ∆q(β) and ∆q̄(β) have integrable singularities at

β = 0, which is the case for the parton densities we use in this study. The unpolarized quark

distributions have a steeper behavior at small β, but since R(β, ξ)+R(β,−ξ) ∼ β for β → 0

it is sufficient to have integrable singularities for q(β) − q̄(β) and for βq̄(β).

In Fig. A.1 we illustrate the behavior of the functions multiplying the parton distributions

in the integrals (A.5) and (A.6). The imaginary part of the amplitude involves momentum

fractions in the parton densities between 0 and 2ξ/(1+ξ) = xB, with a maximum of the shape

function I(β, ξ) for β around ξ. In contrast, the real part is sensitive to higher momentum

fractions, with a partial cancellation from values above and below ξ. One also clearly sees

the stronger sensitivity to small β if b = 1. Note that the functions shown in the figure will

be multiplied in the amplitude with functions showing a strong rise towards β = 0.



B

Distribution of pions or kaons from vector

meson decay

In this appendix we discuss the decay of a vector meson into two pseudoscalar mesons

and derive the z distribution given in (3.27). Consider the contribution of ep → V B with

subsequent decay V → P1P2 to semi-inclusive production ep → P1 + X. A useful set of

variables to describe the decay of the vector meson are the polar and azimuthal angles θ and

ϕ of P1 in the vector meson center-of-mass, as shown in Fig. B.1. The distribution in these

angles is connected in a straightforward way with the spin density matrix of the produced

vector meson [133], and the phase space element has a factorized form in the variables Q2,

xB, t and θ, ϕ. The variable z used for semi-inclusive production of P1 is then given by

z = a + b cos θ + c sin θ cosϕ (B.1)

with

a =
EP1

mV

r2 (1 + 2xBm
2
p/Q

2) + r3

√

1 + 4x2
Bm

2
p/Q

2

2r1

[

1 +O(xB∆2
T/Q

2)
]

≈ EP1

mV

,

b =
|qP1|
mV

r3 (1 + 2xBm
2
p/Q

2) + r2
√

1 + 4x2
Bm

2
p/Q

2

2r1

[

1 +O(xB∆2
T/Q

2)
]

≈ |qP1|
mV

,

c = − |qP1|∆T

Q2

2xB

1 − xB

√

1 + 4x2
Bm

2
p/Q

2

r3
, (B.2)
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Figure B.1. Kinematic variables for γ∗(q)+p(p) → V (q′)+B(p′) followed by the decay V → P1P2,

shown in the γ∗ p center-of-mass and in the rest frame of V . Here θ and ϕ are the spherical

coordinates of the momentum of P1 in the depicted coordinate system.

where we abbreviated

r1 = 1 +
xB

1 − xB

m2
p

Q2
, r2 = 1 +

xB

1 − xB

m2
V −m2

B +m2
p

Q2
,

r3 =

[(

1 − xB

1 − xB

m2
V +m2

B −m2
p

Q2

)2

−
(

xB

1 − xB

2mVmB

Q2

)2 ]1/2

. (B.3)

The energy and momentum EP1 and |qP1| of P1 in the rest frame of V have already been

given in (3.30), and ∆T is the transverse momentum of the scattered baryon with respect to

the initial proton in the γ∗p center-of-mass (see Fig. B.1). The approximate expressions in

(B.2) are valid up to relative corrections of order xBm
2
p/Q

2 and xB ∆2
T/Q

2, and to the same

accuracy one has ∆2
T = (1 − xB)(t0 − t). Changing variables from θ to z gives for the cross

section
dσ(ep→ P1 + P2B)

dQ2 dxB dt dϕ dz
=

1

b− c cot θ cosϕ

dσ(ep→ P1 + P2B)

dQ2 dxB dt dϕ dcos θ
. (B.4)

In Bjorken kinematics one has c� b and can replace the Jacobian in (B.4) by 1/b (except

in the small region where sin θ ∼ c/b, which is not relevant for our purposes). Neglecting

∆T we get z = a + b cos θ with a and b evaluated at ∆T = 0, and integration over t and ϕ

gives

dσ(ep→ P1 + P2B)

dQ2 dxB dz
=

3

4b3

[

2(z−a)2 dσ(ep→ VLB)

dQ2 dxB
+(z−a+ b)(a+ b−z)dσ(ep → VTB)

dQ2 dxB

]

(B.5)

in terms of the cross sections for the production of longitudinally or transversely polarized

vector mesons. Using s-channel helicity conservation, which is experimentally seen to hold at

the few 10% level in ρ0 and φ production [73–76], these cross sections respectively correspond

to the production from longitudinally or transversely polarized virtual photons, and we finally

obtain (3.27). In our numerical applications we have used the exact expressions from (B.2)
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and (B.3) at ∆T = 0, and thus in particular neglected c. Since the integrated cross sections

are dominated by small ∆T , this should be a very good approximation for the values of Q2

and xB we focus on in the present study. The inclusion of finite ∆T effects in the kinematics

would considerably complicate any analysis.





C

Scattering kernels and properties of the

amplitude

In this appendix we want to give the formulas for the hard scattering kernels introduced in

(4.1) in Section 4.1 according to [122]. The original scattering kernels are functions of the

two momentum fractions x and z and they enter in the amplitude via the convolutions with

the meson DA and the GPDs. We further want to present our results for the convolution

of scattering kernel and DA, which can be performed analytically. In the second section we

briefly demonstrate how one can separate the real and imaginary part of the NLO amplitude

and we show our results for the subtraction terms which appear in the numerical treatment

of the convolution of the scattering kernels and the GPDs. Finally we present some useful

formulas for the expansion of polylogarithmic functions at large arguments which we used

in Sec. 4.4 to obtain the high energy limit of the amplitude.

C.1 Hard scattering kernels

We give the original expressions for the hard scattering kernels Tg(z, x), T(+)(z, x) and

Tq(z, x) for the amplitude of exclusive meson production (4.1) and the analytical results

for the convolution of the meson DA and the scattering kernels. We start with the scatter-

ing kernel for the gluon exchange diagrams Tg(z, x), which is given by

Tg(z, x) =
αs(µ

2
R)ξ

zz̄(x+ ξ − iε)(x − ξ + iε)

[

1 +
αs(µ

2
R)

4π
Ig

(

z,
ξ − x

2ξ
− iε

)]

, (C.1)
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where

Ig(z, y) = ln

(

Q2

µ2
F (GPD)

)[

2(c1 − c2)

(
ȳ

y
+
y

ȳ

)

[y ln(y) + ȳ ln(ȳ)] − c1
2

(
y

ȳ
ln(y) +

ȳ

y
ln(ȳ)

)]

+ ln

(

Q2

µ2
F (DA)

)

c1

(
3

2
+ z ln(z) + z̄ ln(z̄)

)

+
β0

2
ln

(

µ2
F (GPD)

µ2
R

)

− c1

[
zz̄

(z − y)3

{
[
(−yȳ + (z − y)2

]
H(z, y) − (z − y)R(z, y)

}

−1

2

1

z − y
[y(1 − 3ȳ) ln(yz) − ȳ(1 − 3y) ln(ȳz̄)]

]

− (c1 − c2)
y − ȳ

(z − y)2

{
[
(−yȳ + (z − y)2

]
H(z, y) − (z − y)R(z, y)

}

+
c1
2

[

−7 + z̄ ln2(z) + z ln2(z̄) − 1

2

(
y

ȳ
ln2(y) +

ȳ

y
ln2(ȳ)

)

+
3

2
ln(zz̄)

+ ln(yȳ)[z̄ ln(z) + z ln(z̄)] +

(
1

ȳ
+ 1 + 3y

)

ln(y) +

(
1

y
+ 1 + 3ȳ

)

ln(ȳ)

]

+ (c1 − c2)

[(
1

ȳ
− 2y

)

(ln(y) + ln(zz̄)) ln(y)

+

(
1

y
− 2ȳ

)

(ln(ȳ) + ln(zz̄)) ln(ȳ) − 2

(
2

ȳ
− 1

)

ln(y) − 2

(
2

y
− 1

)

ln(ȳ)

]

+ {z → z̄} , (C.2)

where we introduced the two functions

R(z, y) = z ln(y) + z̄ ln(ȳ) + z ln(z) + z̄ ln(z̄) , (C.3)

H(z, y) = Li2(ȳ) − Li2(y) + Li2(z) − Li2(z̄) + ln(y) ln(z̄) − ln(ȳ) ln(z) . (C.4)

The color factors c1 and c2 are given by

c1 = CF =
N2

c − 1

2Nc

, c2 = Cf −
CA

2
= − 1

2Nc

, (C.5)

and the β-function is defined as

β0 =
11

3
Nc −

2

3Nf
, (C.6)

where Nf is the effective number of quark flavors.

The plylogarithmic function Li2(z) appearing in (C.3) and (C.3) is defined through

Li2(z) = −
z∫

0

dt

t
ln(1 − t) , (C.7)
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Above and in the following we also use the shorthand notation

ȳ = 1 − y . (C.8)

The scattering kernel T(+)(z, x) for the pure singlet contribution of the amplitude is given

by

T(+)(z, x) =
α2

s(µ
2
R)CF

8π zz̄
Iq

(

z,
ξ − x

2ξ
− iε

)

, (C.9)

with

Iq(z, y) =
1

(z − y)2

[(
−yȳ + (z − y)2

)
H(z, y) − (z − y)R(z, y)

]
(C.10)

− ln

(

Q2

µ2
F (GPD)

)

(y − ȳ)

(
ln(y)

ȳ
+

ln(ȳ)

y

)

+ 2

(
y ln(y)

ȳ
− ȳ ln(ȳ)

y

)

− ln(zz̄)
y − ȳ

2

(
ln(y)

ȳ
+

ln(ȳ)

y

)

− y − ȳ

2

(
ln2(y)

ȳ
+

ln2(ȳ)

y

)

+ {z → z̄} .

For the quark scattering kernel Tq(z, x) the situation is different to the previous two kernels

because it is process dependent. We give the original definition of Tq(z, x) for the process of

a neutral vector meson. In that case Tq(z, x) is defined by

Tq(z, x) =

{

T

(

z,
x + ξ

2ξ
− iε

)

− T

(

z̄,
ξ − x

2ξ
− iε

)}

+ {z → z̄} , (C.11)

where

T (v, u) =
αS(µ2

R)CF

4vu

(

1 +
αS(µ2

R)

4π

[

c1

(

2

[
3

2
+ ln(v)

]

ln

(

Q2

µ2
F (DA)

)

+2

[
3

2
+ ln(u)

]

ln

(

Q2

µ2
F (GPD)

)

+ ln2(vu) + 6 ln(vu) − ln(v)

v̄
− ln(u)

ū
− 28

3

)

+ β0

(
5

3
− ln(vu) − ln

(
Q2

µ2
R

))

+ c2

(

2
(v̄v2 + ūu2)

(v − u)3
[Li2(ū) − Li2(v̄)

+Li2(v) − Li2(u) + ln(v̄) ln(u) − ln(ū) ln(v)] + 2
(v + u− 2vu) ln v̄ū

(v − u)2

+ 2 [Li2(ū) + Li2(v̄) − Li2(u) − Li2(v) + ln(v̄) ln(u) + ln(ū) ln(v)]

+4
vu ln(vu)

(v − u)2
− 4 ln(v̄) ln(ū) − 20

3

)])

. (C.12)

In contrast to the original definition of the scattering kernels in [122] we have split the

factorization scale dependence into one which belongs to the scale appearing in the GPD,

µF (GPD) and one which corresponds to the meson DA, µF (DA). This is due to the fact that
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the GPDs and the meson DA obey different kind of evolution equations. The calculation

which leads to this differentiation is shown in Appendix D. We also want to mention that

we changed the definition of y in comparison to the original work [99] in the way

y = −y [99] . (C.13)

We now want to present our analytical results for the convolution of the scattering kernels

with the meson distribution amplitude. For this calculation one needs to specify a model

for the meson distribution amplitude. Throughout this work we use the decomposition of

the DA into Gegenbauer polynomials. This kind of choice is based on the fact that the

evolution of the DA obeys the ERBL evolution equation. The solution of that equation can

be represented within the basis of orthonormal Gegenbauer polynomials. As mentioned in

Chapter 3 and Chapter 4 the model for the meson DA reads

φ(z, µF (DA)) = 6z(1 − z)
[

1 +

∞∑

n=1

an(µF (DA))C
3/2
n (2z − 1)

]

. (C.14)

As described before we truncate the series in C.14 at n = 4 because there exist no theoretical

estimates for the Gegenbauer coefficients with n > 4.

After the convolution

1∫

0

dz φ(z, µF (DA))







Tg(z, x)

T(+)(z, x)

Tq(z, x)







(C.15)

the gluon scattering kernel is given by

Tg(x) =
6αs(µ

2
R) ξ

(x+ ξ − iε)(x− ξ + iε)

[

(1 + a2 + a4) +
αs(µ

2
R)

2π

(

Ig,0

(
ξ − x

2ξ
− iε

)

+a2 Ig,2

(
ξ − x

2ξ
− iε

)

+ a4 Ig,4

(
ξ − x

2ξ
− iε

))]

, (C.16)

with

Ig,0(y) = ln

(

Q2

µ2
F (GPD)

)[

2(c1 − c2)
y2 + ȳ2

ȳ
ln(y) − c1

2

y

ȳ
ln(y)

]

+
β0

4
ln

(

µ2
R

µ2
F (GPD)

)

+
c1
2

[

−5

2
+

(
1

ȳ
+ 1 − 4y

)

ln(y) − 1

2

y

ȳ
ln2(y)

]

+ (c1 − c2)

[(

8y − 6

ȳ

)

ln(y) +

(
1

ȳ
− 2y

)

ln2(y) + 2(ȳ − y)Li2(ȳ)

]

− c1

[

(ȳ − y)Li2(ȳ) + 2yȳ

(

3Li3(ȳ) − ln(y)Li2(y) −
π2

6
ln(ȳ)

)]

+ {y → ȳ} , (C.17)
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Ig,2(y) = ln

(

Q2

µ2
F (GPD)

)[

2(c1 − c2)
y2 + ȳ2

ȳ
ln(y)

]

− c1
2

y

ȳ
ln(y) +

β0

4
ln

(

µ2
R

µ2
F (GPD)

)

− 25

24
c1 ln

(

Q2

µ2
F (DA)

)

+
c1
2

[
35

36
(5 − 54yȳ) − y

2ȳ
ln2(y)

−7(ȳ − y)(1 − 30yȳ)Li2(ȳ) − (3 + y(775− 14y(281− 45y(9− 4y))))
ln(y)

6ȳ

]

+ (c1 − c2)

[

−15

(
1

4
− yȳ

)

+

(

−5

6
− 23

3ȳ
+ 2y(29 − 15y(5− 4y))

)

ln(y)

+

(
1

ȳ
− 2y

)

ln2(y) + (ȳ − y)(7 − 60yȳ)Li2(ȳ)

]

− 6yȳ
(
5(ȳ − y)2c2 + (2 − 15yȳ)c1

)
(

3Li3(ȳ) − ln(y)Li2(y) −
π2

6
ln(y)

)

+ {y → ȳ} , (C.18)

Ig,4(y) = ln

(

Q2

µ2
F (GPD)

)[

2(c1 − c2)
y2 + ȳ2

ȳ
ln(y)

]

− c1
2

y

ȳ
ln(y) +

β0

4
ln

(

µ2
R

µ2
F (GPD)

)

− 91

60
c1 ln

(

Q2

µ2
F (DA)

)

+
c1
2

[
27287

1800
− 35yȳ(17 − 72yȳ) − y

2ȳ
ln2(y)

+

(

−5

2
+

1

ȳ
− 11596

15
y + 9660y2 − 24160y3 + 45360y4 − 20160y5

)

ln(y)

+16(ȳ − y)(1 − 105yȳ(1 − 6yȳ))Li2(ȳ)

]

+ (c1 − c2)

[

−35

16
(ȳ − y)2(5 − 72yȳ)

+

(

−77

60
− 257

30ȳ
+

1741

5
y − 2940y2 + 8960y3 − 11340y4 + 5040y2

)

ln(y)

+2(ȳ − y)(8− 315yȳ(ȳ − y)2)Li2(ȳ)

]

− 30yȳ
[
c1(1 + 42yȳ(ȳ − y)2)

+7c2(ȳ − y)2(1 − 6yȳ)
]
(

3Li3(ȳ) − ln(y)Li2(y) −
π2

6
ln(y)

)

+ {y → ȳ} . (C.19)

For the singlet scattering kernel T(+)(z, x) we obtain

T(+)(x) =
3α2

s(µ
2
R)CF

2π

[

Iq,0

(
ξ − x

2ξ
− iε

)

+ a2 Iq,2

(
ξ − x

2ξ
− iε

)

+a4 Iq,4

(
ξ − x

2ξ
− iε

)]

(C.20)
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where

Iq,0(y) = ln

(

Q2

µ2
F,(GPD)

)

(ȳ − y)

(
ln(y)

ȳ
+

ln(ȳ)

y

)

+ (y − ȳ)

(
ln(y)

ȳ
+

ln(ȳ)

y

)

− y − ȳ

2

(
ln2(y)

ȳ
+

ln2(ȳ)

y

)

+ 2

(
y ln(y)

ȳ
− ȳ ln(ȳ)

y

)

+ 2 [Li2(ȳ) − Li2(y) + ln(ȳ) − ln(y)] , (C.21)

Iq,2(y) = ln

(

Q2

µ2
F,(GPD)

)

(ȳ − y)

(
ln(y)

ȳ
+

ln(ȳ)

y

)

+
11

6
(y − ȳ)

(
ln(y)

ȳ
+

ln(ȳ)

y

)

− y − ȳ

2

(
ln2(y)

ȳ
+

ln2(ȳ)

y

)

+ 2

(
y ln(y)

ȳ
− ȳ ln(ȳ)

y

)

− 15

2
+ 15y

+ (7 − 60yȳ)(Li2(ȳ) − Li2(y)) + ln(ȳ)

(
107

6
− 15y(5− 4y)

)

+ ln(y)

(

−17

6
+ 15y(3− 4y)

)

+ 30yȳ(ȳ − y)

[

ln2(ȳ) ln(y) + 3Li3(ȳ)

+3Li3(y) + (ln(ȳ) − ln(y))Li2(y) −
π2

6
(2 ln(ȳ) + ln(y))

]

, (C.22)

Iq,4(y) = ln

(

Q2

µ2
F,(GPD)

)

(ȳ − y)

(
ln(y)

ȳ
+

ln(ȳ)

y

)

+
137

60
(y − ȳ)

(
ln(y)

ȳ
+

ln(ȳ)

y

)

− y − ȳ

2

(
ln2(y)

ȳ
+

ln2(ȳ)

y

)

+ 2

(
y ln(y)

ȳ
− ȳ ln(ȳ)

y

)

− 35

8
(ȳ − y)(5 − 72yȳ) + (16 − 630yȳ(ȳ − y)2)(Li2(ȳ) − Li2(y))

+ ln(ȳ)

(
3347

60
− 2135

2
y + 4165y2 − 5670y3 + 2520y4

)

+ ln(y)

(

−197

60
+

665

2
y − 2275y2 + 4410y3 − 2520y4

)

+ 210yȳ(ȳ − y)(1 − 6yȳ)

[

ln2(ȳ) ln(y) + 3Li3(ȳ) + 3Li3(y)

+(ln(ȳ) − ln(y))Li2(y) −
π2

6
(2 ln(ȳ) + ln(y))

]

. (C.23)

For the analytical integration of polylogarithmic functions very useful formulas can be found

in [134].

As it can be seen from the formulas (C.16) and (C.20) the integrated gluon and singlet

scattering kernel contain only contributions from the even Gegenbauer coefficients a2 and a4.

This is caused by the fact that the original kernels are symmetric under the transformation

z → z̄. The integrated gluon and singlet kernel also show a special symmetry under the
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exchange y → ȳ, which corresponds to the transformation x → −x. The gluon scattering

kernel is symmetric under this transformation and the singlet kernel antisymmetric. This

behavior reflects the symmetry of the corresponding GPDs.

For the quark scattering kernel the situation is somewhat different because the symmetry

properties and also the contribution from the higher Gegenbauer coefficients are process

dependent. For the most common mesons like the neutral or charged vector mesons or

pions the contribution from the odd Gegenbauer coefficient also vanishes. But in case of

pseudoscalar production of kaons one obtains terms proportional to a1 and a3 due to SU(3)

symmetry breaking effects. The symmetry property with respect to the replacement y → ȳ

is also process dependent. Because we are mainly interested in the production of neutral

vector mesons the quark scattering kernel has to reflect the symmetry of the corresponding

quark GPD which is in our case an odd function of x. But because of completeness we give

our results only for the convolution

1∫

0

dz φ(z)T (z, x) (C.24)

where T (z, x) is given in (C.12). From that result one can easily obtain the expressions for

the quark kernel which is symmetric or antisymmetric in y → ȳ. As result of the convolution

in (C.24) we obtain

Tq(x) =
3αs(µ

2
R)CF

4
(

ξ−x
2ξ

− iε
)

[

1 − a1 + a2 − a3 + a4 +
αs(µ

2
R)

4π

(

T(0)

(
ξ − x

2ξ
− iε

)

+ a1T(1)

(
ξ − x

2ξ
− iε

)

+ a2T(2)

(
ξ − x

2ξ
− iε

)

+a3T(3)

(
ξ − x

2ξ
− iε

)

+ a4T(4)

(
ξ − x

2ξ
− iε

))]

(C.25)

with

T(0)(y) =c1

[

ln

(

Q2

µ2
F,(GPD)

)(
3

2
+ ln(y)

)

− 17

12
+

1

2
ln2(y) − 1

2

ln(y)

ȳ
+

3

2
ln(y)

]

+ β0

[
19

12
− 1

2
ln(y) − 1

2
ln

(
Q2

µ2
R

)]

+ c2

{

−1

3
+ 4(3y − 2) ln(ȳ)

+ 2(1 − 6y) ln(y) + 4(1 − 3y)(Li2(y) − Li2(ȳ)) + 2(1 − 6yȳ)

[

Li3(ȳ)

+3Li3(y) − ln(y)Li2(y) − ln(ȳ)Li2(ȳ) −
π2

6
(ln(y) + ln(ȳ))

]}

, (C.26)
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T(1)(y) =c1

[

4

3
ln

(

Q2

µ2
F,(DA)

)

− ln

(

Q2

µ2
F,(GPD)

)(
3

2
+ ln(y)

)

+
269

36

−1

2
ln2(y) +

1

2

ln(y)

ȳ
− 1

6
ln(y)

]

+ β0

[

−9

4
+

1

2
ln(y) +

1

2
ln

(
Q2

µ2
R

)]

+ c2

{

−35

3
+ 33y + (39 − 3y(53 − 44y))) ln(ȳ)

+ (−9 + 3y(31− 44y)) ln(y) + 6 (3 − y(21 − 22y)) (Li2(ȳ) − Li2(y))

− 6 [1 − 2y(6 − y(16 − 11y))]

[

3(Li3(ȳ) + Li3(y)) − ln(y)Li2(y)

− ln(ȳ)Li2(ȳ) −
π2

6
(ln(y) + ln(ȳ))

]}

, (C.27)

T(2)(y) =c1

[

−25

12
ln

(

Q2

µ2
F,(DA)

)

+ ln

(

Q2

µ2
F,(GPD)

)(
3

2
+ ln(y)

)

− 1019

144
+

1

2
ln2(y)

−1

2

ln(y)

ȳ
− 7

12
ln(y)

]

+ β0

[
21

8
− 1

2
ln(y) − 1

2
ln

(
Q2

µ2
R

)]

+ c2

{
401

12
− 255y + 270y2 + ln(ȳ)

(

−299

3
+ 867y − 1830y2 + 1080y3

)

+ ln(y)

(
56

3
− 357y + 1290y2 − 1080y3

)

+ (Li2(ȳ) − Li2(y))
(
−44 + 582y − 1560y2 + 1080y3

)

+
[
12 − 252y + 1272y2 − 2100y3 + 1080y4

]
[

3(Li3(ȳ) + Li3(y))

− ln(y)Li2(y) − ln(ȳ)Li2(ȳ) −
π2

6
(ln(y) + ln(ȳ))

]}

, (C.28)

T(3)(y) =c1

[

157

60
ln

(

Q2

µ2
F,(DA)

)

− ln

(

Q2

µ2
F,(GPD)

)(
3

2
+ ln(y)

)

+
23071

3600
− 1

2
ln2(y)

+
1

2

ln(y)

ȳ
+

67

60
ln(y)

]

+ β0

[

−347

120
+

1

2
ln(ȳ) +

1

2
ln

(
Q2

µ2
R

)]

+ c2

{

−70 +
4045

4
y − 2730y2 + 1890y3

+ ln(ȳ)

(
3635

18
− 18335

6
y + 11920y2 − 16590y3 + 7560y4

)

+ ln(y)

(

−575

18
+

5885

6
y − 6460y2 + 12810y3 − 7560y4

)

+ (Li2(ȳ) − Li2(y))

[
250

3
− 1820y + 8980y2 − 14700y3 + 7560y4

]



C.2 Real and imaginary part of the amplitude 121

+ 10
[
−2 + 66y − 540y2 + 1570y3 − 1848y4 + 756y5

]
[

3(Li3(ȳ) + Li3(y))

− ln(y)Li2(y) − ln(ȳ)Li2(ȳ) −
π2

6
(ln(y) + ln(ȳ))

]}

, (C.29)

T(4)(y) =c1

[

−91

30
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(

Q2

µ2
F,(DA)

)

+ ln

(

Q2

µ2
F,(GPD)

)(
3

2
+ ln(y)

)

− 10213
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+

1

2
ln2(y)

−1

2

ln(y)

ȳ
− 23

15
ln(y)

]

+ β0

[
31

10
− 1

2
ln(ȳ) − 1

2
ln

(
Q2

µ2
R

)]

+ c2

{
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40
− 5775

2
y +

57085

4
y2 − 23310y3 + 11970y4

+ ln(ȳ)

(

−21109

60
+

41451

5
y − 103285

2
y2 + 125020y3 − 129150y4 + 47880y5

)

+ ln(y)

(
2899

60
− 11001

5
y +

45535

2
y2 − 78400y3 + 105210y4 − 47880y5

)

+ (Li2(y) − Li2(ȳ))
[
137 − 4506y + 35280y2 − 100380y3 + 117180y4 − 47880y5

]

+ 10
[
3 − 144y + 1740y2 − 7770y3 + 15498y4 − 14112y5 + 4788y6

]

×
[

3(Li3(ȳ) + Li3(y)) − ln(y)Li2(y) − ln(ȳ)Li2(ȳ) −
π2

6
(ln(y) + ln(ȳ))

]}

.

(C.30)

Let us mention that for the convolution
∫ 1

0
dz φ(z)T (z̄, x) one obtains the same results as

in (C.25) but the overall sign of the odd Gegenbauer coefficients changes. In the case of

neutral vector meson production, which picks up the C-even part of the scattering kernels,

one obtains the correct quark scattering kernel by the following rule

Tq,V = 2 (Tq(x) − Tq(−x)) . (C.31)

The factor two in front of the above equation appears due to the symmetry of the original

scattering kernel (C.11) in z.

C.2 Real and imaginary part of the amplitude

For the amplitude of exclusive meson production at NLO it is not as easy to determine the

real and imaginary part as in leading order where we have

1∫

−1

dx
F (x, ξ, t)

ξ − x− iε
= �

1∫

−1

dx
F (x, ξ, t)

ξ − x
+ iπF (ξ, ξ, t) . (C.32)

Within the factorized ansatz for the GPDs (2.46) and (3.14) which we used to model the

GPDs, we have developed a semi-analytical method (App. A) to calculate the real and
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imaginary part of the amplitude. The method based on the simplicity of the scattering

kernels at LO in αs. As explained in Sect. 4.3 it is not possible to develop such a method for

the NLO scattering kernels. Instead we will use the method of subtraction as explained in

Sect. 4.3 to remove the poles from the scattering kernels which make a numerical treatment

much more complicated.

In the following we want to show how we split the remaining convolution of scattering kernel

and the GPDs into its real and imaginary part using the gluon contribution of the amplitude

as an example. With our choice of y and using the symmetry properties of the gluon GPD

and the gluon scattering kernel the original integral transforms to

1∫

−1

dx Tg(x)F
g(x, ξ, t) → 4ξ

1
2∫

− 1−ξ
2ξ

dy Tg (y − iε)F g(ξ(1 − 2y), ξ, t) , (C.33)

where Tg(x) is given by (C.16). For the LO term of the scattering kernel it is easy to apply

the subtraction procedure of Sect. 4.3 and we obtain

4ξ

1
2∫

− 1−ξ
2ξ

dy Tg,LO(y − iε)F g(ξ(1 − 2y), ξ, t) =

= −αs6 (1 + a2 + a4)







−1/2∫

− 1−ξ
2ξ

dy
F g(ξ(1 − 2y), ξ, t)

ȳy

+

1/2∫

−1/2

dy
F g(ξ(1 − 2y), ξ, t)− F g(ξ, ξ, t)

ȳy
+ F g(ξ, ξ, t) (ln (3) + iπ)




 . (C.34)

For the pure NLO term of the scattering kernel we use the same method but now the structure

of the integrals is more complicated. To obtain separate results for the real and imaginary

part we use the following relations for the imaginary part of logarithmic and polylogarithmic

functions. For the single logarithm the imaginary part is just given by

Im {ln(y − iε)} = −iπT (−y) , (C.35)

where T (y) = 0 if y < 0 and T (y) = 1 if y > 0. For the polylogarithmic functions appearing

in the scattering kernel we have

Im {Li2(y − iε)} = −iπT (y − 1) ln(−y) ,

Im {Li3(y − iε)} = −iπT (y − 1)
ln2(−y)

2
. (C.36)
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Using this relations we obtain for the real part of the pure NLO gluon contribution

Re







4ξ

1
2∫

− 1−ξ
2ξ

dy Tg,NLO(y − iε)F g(ξ(1 − 2y), ξ, t)







=

= −3α2
s

π







−1/2∫

− 1−ξ
2ξ

dy
F g(ξ(1 − 2y), ξ, t)

yȳ
Fg

Re(y)+

1/2∫

−1/2

du
F g(ξ(1 − 2y), ξ, t)− F g(ξ, ξ, t)

yȳ
Fg

Re(y)

− π2







−1/2∫

− 1−ξ
2ξ

dy
F g(ξ(1 − 2y), ξ, t)

yȳ
Gg

Re(y) +

0∫

−1/2

dy
F g(ξ(1 − 2y), ξ, t)− F g(ξ, ξ, t)

yȳ
Gg

Re(y)







+F g(ξ, ξ, t) Cg
Re







. (C.37)

The functions F g
Re(y) and Gg

Re(y) are given by

Fg
Re(y) = ln

(

Q2

µ2
F (GPD)

)[

−c1
2

(
y

ȳ
ln |y| + ȳ

y
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+
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y
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−1
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ȳ
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ȳ ln2(ȳ)
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8y − 6

ȳ
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+ ln(ȳ)

(

8ȳ − 6
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+ ln2 |y|
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1

ȳ
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)

+ ln2(ȳ)

(
1

y
− 2ȳ

)

+ 2(ȳ − y) [Re(Li2(ȳ)) − Li2(y)]

]

− c1

[

(ȳ − y) (Re(Li2(ȳ)) − Li2(y)) + 2yȳ

(

3(Re(Li3(ȳ)) + Li3(y))

− ln |y|Li2(y) − ln(ȳ)Re(Li2(ȳ))) −
π2

6
(ln |y|+ ln(ȳ))

]

, (C.38)

and

Gg
Re(y) = −c1

4

y

ȳ
+ (c1 − c2)

(
1

ȳ
− 2y

)

. (C.39)

We showed only the result for the asymptotic form of the scattering kernel. For the scattering

kernels containing the the higher Gegenbauer coefficients a2 and a4 which are given in (C.18)

and (C.19) on finds similar but even longer expressions. The subtraction term Cg
Re of (C.37)

is not the same for the asymptotic form of the scattering kernel and the parts with the
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Table C.1. Subtraction constants Cg
Re and Cg

Im for real and imaginary part of the gluon convolution.

Cg
Re

LO 1.09861

NLO asy. 21.8017 ln

(

Q2

µ2
F (GPD)

)

− 4.9438 ln
(

Q2

µ2
R

)

− 57.5748

NLO a2 21.8017 ln

(

Q2

µ2
F (GPD)

)

− 4.9438 ln
(

Q2

µ2
R

)

− 3.0517 ln

(

Q2

µ2
F (DA)

)

− 81.4733

NLO a4 21.8017 ln

(

Q2

µ2
F (GPD)

)

− 4.9438 ln
(

Q2

µ2
R

)

− 4.4433 ln

(

Q2

µ2
F (DA)

)

− 92.4704

Cg
Im

LO 1

NLO asy. 0.5258 ln

(

Q2

µ2
F (GPD)

)

− 4.5 ln
(

Q2

µ2
R

)

+ 7.4319

NLO a2 0.5258 ln

(

Q2

µ2
F (GPD)

)

− 4.5 ln
(

Q2

µ2
R

)

− 2.7777 ln

(

Q2

µ2
F (DA)

)

+ 18.6315

NLO a4 0.5258 ln

(

Q2

µ2
F (GPD)

)

− 4.5 ln
(

Q2

µ2
R

)

− 4.0444 ln

(

Q2

µ2
F (DA)

)

+ 25.9552

higher Gegenbauer coefficients. In principle one could find an analytical expression for the

subtraction terms but the results are very lengthy and not very intuitive. Therefore we give

their numerical values for the asymptotic form and the higher Gegenbauer coefficients in

Table C.1. In that table we also listed the subtraction terms for the imaginary part which

in the case of the NLO terms are no longer given by such a simple term as in the LO case.

For the NLO term of the scattering kernel the imaginary part is given by

1

π
Im







4ξ

1
2∫

− 1−ξ
2ξ

dy Tg,NLO(y − iε)F g(ξ(1 − 2y), ξ, t)







=

= −3α2
s

π







−1/2∫

− 1−ξ
2ξ

dy
F g(ξ(1 − 2y), ξ, t)

yȳ
Fg

Im(y)

+

0∫

−1/2

dy
F g(ξ(1 − 2y), ξ, t)− F g(ξ, ξ, t)

yȳ
Fg

Im(y) + F g(ξ, ξ, t) Cg
Im







. (C.40)

It is worth to mention that in contrast to the real part the integration interval is now

y ∈
[

−1−ξ
2ξ
, 0
]

which corresponds to the DGLAP region. The function F g
Im(y) is not as
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Table C.2. Subtraction constants C(+)
Re and C(+)

Im for real and imaginary part of the singlet convolu-

tion.

C(+)
Re C(+)

Im

NLO asy. −2.5343 ln

(

Q2

µ2
F (GPD)

)

+ 9.6099 −0.5945 ln

(

Q2

µ2
F (GPD)

)

+ 2.9636

NLO a2 −2.5343 ln

(

Q2

µ2
F (GPD)

)

+ 13.7495 −0.5945 ln

(

Q2

µ2
F (GPD)

)

+ 3.9400

NLO a4 −2.5343 ln

(

Q2

µ2
F (GPD)

)

+ 16.0150 −0.5945 ln

(

Q2

µ2
F (GPD)

)

+ 5.0977

complicated as for the real part and is given by

Fg
Im(y) = ln

(

Q2

µ2
F (GPD)

)[
c1
2

y

ȳ
− 2(c1 − c2)

y2 + ȳ2

ȳ

]

− c1
2

[

1 − 4y +
1

ȳ
− y

ȳ
ln |y|

]

(C.41)

− (c1 − c2)

[

8y − 6

ȳ
− 2(1 − 2y) ln(ȳ) + 2 ln |y|

(
1

ȳ
− 2y

)]

− c1

[

(1 − 2y) ln(ȳ) + 2yȳ

(
1

2
ln2(ȳ) + Li2(y) +

π2

6

)]

.

As mentioned above we show the numerical values for the subtraction term Cg
Im in Table C.1.

We can apply the above procedure also for the singlet and the quark terms of the ampli-

tude. We do not want repeat the previous steps for this contributions because the expressions

look similar and with help of the relations (C.35) and (C.36) for the correct imaginary part

of the logarithm and the polylogarithms it is very easy to obtain similar expressions as in

(C.37) and (C.40). But we want to give the numerical values of the subtraction terms for the

real and imaginary part of the singlet and quark scattering kernels. For the singlet scattering

kernel the results are shown in Table C.2. For the quark scattering kernel we have the two

possibilities: the first is to antisymmetrize the scattering kernel in the x through

Tq,asymm = Tq(x) − Tq(−x) . (C.42)

We need this combination for the exclusive production of neutral vector mesons as explained

in Sec. C.1. The subtraction terms for the real and imaginary parts are shown in Table C.3.

The second possibility is to symmetrize the quark scattering kernel in x by

Tq,asymm = Tq(x) + Tq(−x) . (C.43)

The symmetric version of the scattering kernel is necessary to describe the exclusive pro-

duction of charged mesons because in that case corresponding quark charges are not the

same as it can bee seen for example in Table. 3.1. For the symmetric quark scattering kernel

the subtraction terms are different to those of the antisymmetric kernel and we show their
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Table C.3. Subtraction constants Cq(asym)
Re and Cq(asym)

Im for real and imaginary part of the antisym-

metric quark convolution.

Cq(asym)
Re

LO -1.09861

NLO asy. 4.5932 ln

(

Q2

µ2
F (GPD)

)

+ 4.9438 ln
(

Q2

µ2
R

)

− 26.0154

NLO a2 4.5932 ln

(

Q2

µ2
F (GPD)

)

+ 4.9438 ln
(

Q2

µ2
R

)

+ 3.0517 ln

(

Q2

µ2
F (DA)

)

− 48.0109

NLO a4 4.5932 ln

(

Q2

µ2
F (GPD)

)

+ 4.9438 ln
(

Q2

µ2
R

)

+ 4.4432 ln

(

Q2

µ2
F (DA)

)

− 60.9711

Cq(asym)
Im

LO 1

NLO asy. 1.0758 ln

(

Q2

µ2
F (GPD)

)

− 4.5 ln
(

Q2

µ2
R

)

+ 6.1408

NLO a2 1.0758 ln

(

Q2

µ2
F (GPD)

)

− 4.5 ln
(

Q2

µ2
R

)

− 2.7777 ln

(

Q2

µ2
F (DA)

)

+ 16.0930

NLO a4 1.0758 ln

(

Q2

µ2
F (GPD)

)

− 4.5 ln
(

Q2

µ2
R

)

− 4.0444 ln

(

Q2

µ2
F (DA)

)

+ 22.9987

numerical values in Table C.4.

Let us also mention that we presented only the results of the subtraction terms for the

asymptotic form and the even Gegenbauer coefficients. This is due to the fact that the odd

Gegenbauer coefficients are only important for exclusive kaon production. We have discussed

this process at LO in detail in Sect. 3.2 where we also investigated the influence of the odd

Gegenbauer coefficient a1. For our NLO analysis in Chapter 4 we do not need the odd

coefficients because we concentrate on the production of neutral vector mesons.

C.3 High energy expansion

For the high energy behavior of the amplitude discussed in Sect. 4.4 it is necessary to

know the expansion of real and imaginary parts of the polylogarithmic functions Li2(1− y)

and Li3(1 − y) for large negative arguments in powers of 1/y. Because we found no proper

description of this limites in the literature we did the expansion by our own. In this appendix

we give our results for the expansions we used to describe the high energy limit of the

amplitude in a simple way.

We want to start with the well known expression of the simple logarithmic function for which
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Table C.4. Subtraction constants Cq(sym)
Re and Cq(sym)

Im for real and imaginary part of the symmetric

quark convolution.

Cq,sym
Re

LO 1.09861

NLO asy. 8.5662 ln

(

Q2

µ2
F (GPD)

)

− 4.9438 ln
(

Q2

µ2
R

)

− 7.9031

NLO a2 8.5662 ln

(

Q2

µ2
F (GPD)

)

− 4.9438 ln
(

Q2

µ2
R

)

− 3.0517 ln

(

Q2

µ2
F (DA)

)

− 13.9378

NLO a4 8.5662 ln

(

Q2

µ2
F (GPD)

)

− 4.9438 ln
(

Q2

µ2
R

)

− 4.4432 ln

(

Q2

µ2
F (DA)

)

− 17.7761

Cq,sym
Im

LO 1

NLO asy. 1.0758 ln

(

Q2

µ2
F (GPD)

)

− 4.5 ln
(

Q2

µ2
R

)

+ 6.2980

NLO a2 1.0758 ln

(

Q2

µ2
F (GPD)

)

− 4.5 ln
(

Q2

µ2
R

)

− 2.7777 ln

(

Q2

µ2
F (DA)

)

+ 15.8676

NLO a4 1.0758 ln

(

Q2

µ2
F (GPD)

)

− 4.5 ln
(

Q2

µ2
R

)

− 4.0444 ln

(

Q2

µ2
F (DA)

)

+ 22.6508

the expansion is given by

ln(1 − y) = ln(−y) −
∞∑

n=1

1

n yn
, (C.44)

for y → −∞. The situation is a little more difficult for the polylogarithmic functions. We

demonstrate how one can obtain the expansion on the example of the function Li2(y) for

y → −∞. One finds for the expansion

Li2(y) = −
y∫

0

dt
ln(1 − t)

t
= −

−y∫

0

dt
ln(1 + t)

t

= −
1∫

0

dt
ln(1 + t)

t
−

−y∫

1

dt
ln(1 + t)

t

= −π
2

12
−

−y∫

1

dt
ln(t)

t
−

−y∫

1

dt
1

t
ln

(

1 +
1

t

)

= −π
2

6
− 1

2
ln2(−y) +

∞∫

−y

dt
1

t
ln

(

1 +
1

t

)
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= −π
2

6
− 1

2
ln2(−y) +

∞∫

−y

dt
∞∑

n=1

(−1)n+1 t
−(n+1)

n

= −π
2

6
− 1

2
ln2(−y) −

∞∑

n=1

y−n

n2
. (C.45)

We also need the expansion of Li2(y) in the limit y → ∞ but in this region we are only

interested in the real part of the function, which is then given by

Re(Li2(y)) =
π2

3
− 1

2
ln2(y) −

∞∑

n=1

y−n

n2
.

The imaginary part of the function Li2(y) for large positive arguments is just given by the

logarithmic expression (C.36) and has therefore no explicit expansion in powers of 1/y. For

the function Li3(y) and the same two limits as for Li2(y) we find the expansion

Li3(y) = −π
2

6
ln(−y) − 1

6
ln3(−y) +

∞∑

n=1

1

n3 y3
(C.46)

for y → −∞ and

Re(Li3(y)) =
π2

3
ln(y) − 1

6
ln3(y) +

∞∑

n=1

1

n3 yn
(C.47)

for y → ∞. The imaginary part is again just given by (C.36) with no explicit expansion.



D

Evolutions kernels for GPDs

As explained in Section 2.3 the GPDs show a different evolution behavior than the ordinary

PDFs. In this appendix we want to give the evolution kernels for the GPDs. We also want to

demonstrate how the evolution of the amplitude with respect to the factorization scale can

help to check the correctness of parts of the hard scattering kernels and how this procedure

helps to distinguish between the factorization scales of the GPDs and the meson distribution

amplitude.

D.1 Evolution kernels for generalized parton distribu-

tions

We give now a set of evolution kernels for the GPDs which fulfills the correct energy mo-

mentum relation and reproduce in the limit ξ → 0 the well known DGLAP evolution kernels

for the usual PDFs.

We want start with reminding the evolution equation for the unpolarized GPDs explained

in some detail in Sect. 2.3. For the non-singlet GPD combination it is given by

µ2 d

dµ2
F q(−)(x, ξ, t) =

1∫

−1

dx′
1

|ξ|VNS

(
x

ξ
,
x′

ξ

)

F q(−)(x′, ξ, t) , (D.1)
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and for the singlet combination it is

µ2 d

dµ2




F (+)(x, ξ, t)

F g(x, ξ, t)



 =

1∫

−1

dx′

|ξ|






V qq
(

x
ξ
, x′

ξ

)
1
ξ
V qg

(
x
ξ
, x′

ξ

)

ξV gq
(

x
ξ
, x′

ξ

)

V gg
(

x
ξ
, x′

ξ

)









F (+)(x′, ξ, t)

F g(x′, ξ, t)



 .

(D.2)

The evolution kernels in (D.1) and (D.2) are now given by

VNS(x, y) = V qq(x, y)

=
αsCF

4π

[

ρ(x, y)
1 + x

1 + y

(

1 +
2

y − x

)

+ {x→ −x, y → −y}
]

+

, (D.3)

V qg(x, y) = −αs CF

4π
TfNf

[

ρ(x, y)
2(1 + x)

(1 + y)2
(1 − 2x+ y(1 − x))

−{x→ −x, y → −y}
]

, (D.4)

V gq(x, y) =
αs

4π
2CF

[

ρ(x, y)

(
1

2
(2 − x)(1 + x)2 − (1 + x)2

2(1 + y)

)

−{x→ −x, y → −y}
]

, (D.5)

V gg(x, y) =
αs

4π

[

CA

{

ρ(x, y)
(1 + x)2

(1 + y)2
(1 + 2(y − x) − xy)+

[

ρ(x, y)
(1 + x)2

(1 + y)2

(

2 +
2

y − x

)]

+

+ {x→ −x, y → −y}
}

+δ

(
x− y

2

)(
β0

2
− 7

3
CA

)]

. (D.6)

The “+”- prescription used in (D.3) and (D.6) is defined by

[f(x, y)]+ = f(x, y) − δ(x− y)

∫

dz f(z, y) . (D.7)

The function ρ(x, y) appearing in the evolution kernels (D.3)-(D.6) is responsible for the

support region of the evolution kernels in the (x, y)-plane and is given by

ρ(x, y) = θ

(
1 + x

1 + y

)

θ

(

1 − 1 + x

1 + y

)

sgn

(
1 + y

2

)

, (D.8)
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with the usual step function θ(x).

Performing the limit ξ → 0 in the following way

lim
ξ→0

1

|ξ|






V qq 1
ξ
V qg

ξV gq V gg






(
z

ξ
,
1

ξ

)

, (D.9)

one obtains the usual DGLAP evolution kernels.

A second consistency check for the evolution kernels is the energy momentum relation. The

kernels have to obey the relation

d

dµ2

1∫

−1

dx
[
xF (+)(x, ξ, t) + F g(xξ, t)

]
= 0 , (D.10)

which can be easily checked for our set of evolution kernels.

We also want to give the evolution kernels for the polarized GPDs for completeness.

The polarized GPDs F̃ (x, ξ, t) have similar evolution equations for their singlet and non-

singlet combinations as the unpolarized ones. For completeness we also want to give the

evolution equation and kernels for the polarized GPDs. The evolution equation is given for

the non-singlet GPD by

µ2 d

dµ2
F̃ q(−)(x, ξ, t) =

1∫

−1

dx′
1

|ξ|∆VNS

(
x

ξ
,
x′

ξ

)

F̃ q(−)(x′, ξ, t) , (D.11)

where

F̃ q(−)(x, ξ, t) = F̃ q(x, ξ, t) − F̃ q(−x, ξ, t) . (D.12)

For the singlet combination

F̃ (+)(x, ξ, t) =
∑

q

(

F̃ q(x, ξ, t) − F̃ q(−x, ξ, t)
)

, (D.13)

the evolution equation is given by

µ2 d

dµ2




F̃ (+)(x, ξ, t)

F̃ g(x, ξ, t)



 =

1∫

−1

dx′
1

|ξ|






∆V qq
(

x
ξ
, x′

ξ

)
1
ξ
∆V qg

(
x
ξ
, x′

ξ

)

ξ∆V gq
(

x
ξ
, x′

ξ

)

∆V gg
(

x
ξ
, x′

ξ

)









F̃ (+)(x′, ξ, t)

F̃ g(x′, ξ, t)



 .

(D.14)

Now the evolution kernels are defined by

∆VNS(x, y) = ∆V qq(x, y) = V qq(x, y) , (D.15)

∆V qg(x, y) = −αsCF

4π
TfNf

[

ρ(x, y)
2(1 + x)

(1 + y)2
− {x→ −x, y → −y}

]

, (D.16)
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∆V gq(x, y) =
αs

4π
2CF

[

ρ(x, y)
(1 + x)2

2(1 + y)
− {x→ −x, y → −y}

]

, (D.17)

∆V gg(x, y) =
αs

4π

[

CA

{[

ρ(x, y)
(1 + x)2

(1 + y)2

(

2 +
2

y − x

)]

+

+ {x→ −x, y → −y}
}

+δ

(
x− y

2

)(
β0

2
− 7

3
CA

)]

. (D.18)

For the polarized GPDs there is no check of the evolution kernels as the relation (D.10)

but taking the limit ξ → 0 as described in (D.9) one obtains again the well known DGLAP

kernels for the polarized forward PDFs.

D.2 Evolution of the NLO vector meson amplitude

In this section we want to demonstrate how one can use the evolution equations to check the

correctness of the scattering kernels. A nice additional feature is that within the following

procedure one can distinguish between the factorization scale of the GPDs and the meson

DA which was not done in the original calculation of the scattering kernel at NLO [99].

Before we can proceed we need in addition to the evolution equation of the GPDs,

specified in the previous section, the evolution equation of the meson DA. It is governed by

the ERBL equation which is given by

µ2 d

dµ2
φ(u, µ) =

1∫

−1

du′ VV (u, u′)φ(u′, µ) , (D.19)

with the evolution kernel

VV (u, u′) =
αs CF

4π

[
1 + u

1 + u′

(

1 +
2

u′ − u

)

ρ(u, u′) + {u→ −u, u′ → −u′}
]

+

. (D.20)

In the above definition of the kernel we used the same definition of the ’+’-prescription as

in (D.7). We also want to mention that we changed the variable of the meson DA in the

following way

z → 1 + u

2
(D.21)

because now the variable has the same support region as the variable x of the GPDs.

To take now the derivative of the amplitude with respect to the factorization scale it is easier

to go back to go the original definition of the amplitude given in [99]

Mγ?
L

N→VLN =
π
√

4παfV

Nc Q ξ

1∫

−1

du φV (u)

1∫

−1

dx
[∑

q

eV
q Tq(u, x)F

q(+)(x, ξ, t)

+QV

(
Tg(u, x)F

g(x, ξ, t) + T(+)(u, x)F
(+)(x, ξ, t)

) ]

. (D.22)



D.2 Evolution of the NLO vector meson amplitude 133

Taking now the derivative with respect to µF and keep only terms up to the order α2
s we

obtain

d

d ln(µ2
F )

≡ d

dL
M = (D.23)

π
√

4παfV

NcQξ

1∫

−1

du

1∫

−1

dx







QV T
(0)
g (u, x)F g(x, ξ)

1∫

−1

du′VV (u, u′)φV (u′)

︸ ︷︷ ︸

A

+
∑

q

eV
q T

(0)
q (u, x)F q(+)(x, ξ)

1∫

−1

du′VV (u, u′)φV (u′)

︸ ︷︷ ︸

B

+QV F
g(x, ξ)φv(u)

d

dL
T (1)

g (u, x)
︸ ︷︷ ︸

C

+QV F
(+)(x, ξ)φV (u)

d

dL
T (+)(u, x)

︸ ︷︷ ︸

D

+
∑

q

eV
q F

q(+)(x, ξ)φV (u)
d

dL
T (1)

q (u, x)
︸ ︷︷ ︸

E

+QV T
(0)
g (x, ξ, t)φV (u)

1∫

−1

dx′
1

|ξ|

[

ξV gq

(
x

ξ
,
x′

ξ

)

F (+)(x′, ξ) + V gg

(
x

ξ
,
x′

ξ

)

F g(x′, ξ)

]

︸ ︷︷ ︸

F

+
∑

q

eV
q T

(0)
q (x, u)φV (u)

1∫

−1

dx′
1

|ξ|

[

V qq

(
x

ξ
,
x′

ξ

)

F q(+)(x′, ξ) +
1

Nfξ
V qg

(
x

ξ
,
x′

ξ

)

F g(x′, ξ)

]

︸ ︷︷ ︸

G







!
= 0 ,

where T
(0)
g (u, x) and T

(0)
q (x, u) denote the pure LO gluon and quark scattering kernel and

T
(1)
g (u, x) and T

(1)
q (u, x) the pure NLO gluon and quark scattering kernel which are given

in (C.1) and (C.11). We have suppressed the t dependence of the GPDs for simplicity in

the above equation. With the help of the above expression we can make the distinction

of the two different types of factorization scales µF (DA) and µF (GPD). We do not want to

repeat the complete calculation but only want to say in which terms of (D.23) the different

contributions appear. It is clear that the responsible terms can only be found in the NLO

parts of the gluon and quark scattering kernel because they are the only terms which depend

on µF . The singlet scattering kernel T (+)(u, x) also depends on µF but if one looks carefully

at the calculation it is clear that for that scattering kernel we cannot expect to be dependent

on µF (DA) and µF (GPD) because a dependence on µF (DA) would be of order α3
s which we will

not consider here. In order to find the µF (DA) dependence of the gluon and quark scattering

kernel one has to evaluate the term A and C for the gluon and B and E for the quark

scattering kernel. Summing up these terms we immediately find the terms which cancel each
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other. These terms then correspond to the µF (DA) dependent parts of the scattering kernel,

and some remaining terms corresponding to the µF (FPD) dependent parts of the scattering

kernels.
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