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1. Introduction

In tracer studies, it is of interest to use two or more radionuclides
in the same experiment in order to obtain different functions of a
system at the same time.

The main difficulties we find in these types of measurements are
the continuous nature of the beta-ray spectra, the low resolution of
the liquid scintillaton spectrometer and the variation of the
counting efficiency due to the presence of chemical quenching.

At present four procedures are generally applied to obtain the
activity of each radionuclide in a double or triple labelled sample.
These procedures are the following: double or triple window
counting [1], counting rate at different times {2], application of
different counting techniques [3] and different decay modes [4].

The method of using a double or triple window is the most general
and the most frequently applied. Nevertheless, it has important
limitations. As a consequence of the low spectral resolution of the
scintillator system, the: measurement of radionuclides with close
energies is not possible, and in the case of very different energies
the determination of the activity has large uncertainties when the
quench is high. The other procedures referred to, are applied only
in very special cases and their use is quite limited.

All the above procedures are based on counting portions of the
pulse height spectra by pulse height discrimination. Because of the
difficulties and limitations of the available methods, it is of interest
to explore new methods based on the shape of the pulse height
spectrum.

The aim of this paper is to develop a general method based on the
spectral shape fitting in order to obtain the activity of each of the
radionuclides in a mixture.

We will consider logarithmic spectra obtained for a constant gain
and endowed with an external standard gamma-ray source for the
determination of the quench parameter in scintillation samples.



2. Statement of the problem

The large difference in shape between the calculated beta-ray
spectra and the observed pulse height spectra has limited  liquid
scintillation spectrometry. These differences are due to the low
energy resolution of the liquid scintillation spectrometers, the
existence of a finite probability for non-detection and the effect of
chemical quench in the scintillation sample.

The chemical quench produces a deformation of the spectrum and
a reduction in the counting rate. In general, when the quench
value is reduced the pulse height decreases and therefore the
spectrum shifts to lower height pulses. Fig.l] shows three spectra of
the same nuclide with different value of the quench parameter. It
is not possible to obtain the spectrum with a fixed quench value
using ordinary interpolation methods. It may be possible to make a
channel by channel interpolation only in channels Dbetween zero
and the channel that corresponds to the maximum in the most
quenched spectrum. The interpolation for values beyond the
maximum will be inaccurate if not impossible.

A new procedure based on a dilatation, an interpolation and a
contraction  solves this interpolation problem. This, followed by the
application of a least squares fitting method provides the activity of
each one of the componenis of the sample.

Let us consider a mixture of n radionuclides: A,B,C... Our final
objetive is to find out the activity of each one of the components.
For this, the following experimental data are required:

i) The spectrum of the mixture of radionuclides and the quench
value Qp, obtained by one of the external standard procedures:

channel ratio, #H number, spectral index (SIE), spectral quench
parameter (SQP(E)) or transformed spectral index (tSIE).

ii) A set of spectra for each of the radionuclides of the sample.
This set of spectra is obtained from a group of samples where the
activity and quench value are well known. The quench parameter
is denoted by 1 Q1,1 Q2.0 Qi, ..} Qn where 1 Q1>1 Q2>..51 Q1> Qp>!
Qi...>1 Qp and where 1=1,2,...,n are each one of the nuclides of the
sample. The counts in a channel are denoted by lyij, where j is the
channel number and i is the spectrum number in the I-nuclide set
of spectra.

3. Smoothing

The spectra obtained from a liquid scintillator spectrometer
present statistical fluctuations because of the decay processes, light



detection height pulse analysis and gain variation of the
photomultiplier and electronics.

It is wuseful to decrease these statistical fluctuations. The
advantages of smoothing the spectra will be seen in the following
section. The spectra shown in fig.1 do not have strong statistical
fluctuations, thus they can be smoothed simply by using the
expression:

1 1 1
Yij = gYij1t o Yij T Y
¢y

This equation is based on averaging over adjacent channels with a
binomial distribution spanning three channels.

It is well known that this smoothing conserves the area of the
spectrum. This area conservation is not important however for the
method to be developed. We will centre our attention on the shape
of the spectra.

The histograms obtained by application of this kind of smoothing
to the experimental spectra of fig.1, are plotted in fig.2.

4. Spectral function

The experimental spectra are pulse height distributions and
have the inconvenience of being defined for discrete values of the
channel spectra. The main difficulty for this kind of distribution is
their mathematical manipulation. As we will see below, it is
essential to have continuous mathematical functions defining the
spectra to carry through the spectral interpolation. We call these
functions spectral functions.

A simple way to obtain spectral functions is by fitting Fourier
series to the experimental spectra. The spectral function f(w) is
then obtained from:

n k
a+bw+ ¥ cg sinjt—(% 0<0<o"
m_.

f(w) = k=1

@)



where m is the number of experimental points and n is the number
of Fourier harmonics. We have only considered the sine terms of
the Fourier series due to the shape of the experimental spectra. The
term a+bw has been added in order to avoid possible negative fitted
values near o=0.

The first and last values of the spectra are w=0 and w=0%=m.

The constants a,b and ck can be obtained from the following
equations:

a=yo
(3)
b — y{l“‘l —1y0
m-—i
. 4
m-1 TEkCDj
Cx =—— Zyj sin
m-1 -9 m-1
J
(5)
where yj is the number of counts in channel j, and
yj=yj—(a+bw;)
(6)

The number of Fourier harmonics to be taken is not evident.
When the number of terms 1is the same as the number of
experimental data, the spectral function f(w) follows all the
experimental points of the spectrum and consequently the
statistical fluctuations are included. Thus, it seems advantageous 1o
take a smaller number of terms in order to smooth the shape of the
spectrum as much as possible. However, the spectral function f(w)
can lose essential structures of the experimental spectrum if we
take a very low number of harmonics. In our case the harmonic
number is 1/3 of the experimental points. The results are shown in
fig.3.



5. Spectral interpolation

The pulse spectra of the standard sample set for each
radionuclide allows one to compute the corresponding spectral

functions 1fi(m), where i denotes the spectrum and 1 the
radionuclide.

The aim is to obtain the spectral functions 1fp(oo) which represent
the computed spectra for the different radionuclides in the mixture
when the quench parameter is Q=Qp .

The idea is to shift all the funcions lfi((x)), for i=2,3,...,n, in order to

superimpose them on the function If{(w). The problem is to define
the required mathematical transformations to obtain this
superposition.

Three characteristic points are considered for the first spectral
funciion 1fl((u), which corresponds to the least quenched sample.
These points are: the zero channel of the spectrum, the channel of
the maximum and the endpoint of the spectrum. The inflexion at
the final region of the spectrum can be used instead of the endpoint
of the spectrum.

The mathematical transformations oblige the other spectral
functions to pass through these three points.

Let lwjg be the channel number that corresponds to the
maximum,lmig the channel of the endpoint, and lmiy the inflexion
after the maximum of the spectral functions lfi(co).

It is useful to divide the functions 1fi(u)) into two regions:

Iy 0 < o<l o
lfi ((D):{ gi (@) WS Wig

h (@) log < wslmiB
(N

and discuss each one of these regions separately since the
mathematical transformations to be applied are different.

A simple dilatation transformation for the first region of the
spectrum is given by:

"=amw+b
(3)

where a and b are parameters to be determined from the
characteristic points of the spectra. The zero point of the spectra
make b=0. The coincidence of the maxima gives:



€)
Consequently, the transformation is
1
@
W =7 la
Wie
(10

Whenever this transformation is applied to each of the functions
lgi(m), they will connect zero and lwig, furthermore they will be
defined in the interval (0, lmia ).

. The same dilatation transformation can be applied to the second
spectral region. The coincidence conditions between lwjo and lo1q,
and between lojp and lwip define the equation:

l 1 1 1 1 1
Wi~ W Wi W~ D1 Di
@ = o+

1 1 1
Wi~ (DiB Wiy~ (DiB
1

Whenever this transformation 1is applied to each one of the
functions 1hi(m), they will pass through lo 1o and 10)15 ,
furthermore they will be defined in the interval (lo1g.l01p).

It is possible to take the inflexion points instead of the points that
represent the endpoint of the spectra. Then, it will be required that

all the points 10)1Y coincide with 1m1y and the maximum points
coincide as well.

The transformation expression will be the same as eq. (11) where
lojg have been replaced by lwjy. The spectral functions in fig.3
have been transformed by eq. (10) and (11) into the dilated
functions showed in fig.4. In this case the points considered are
lwjg and lmiy.

Let lf*j (0) be the dilated spectral  functions. A set of
points  { 1Qi,lhi(m)} can be obtained for each channel and for each
nuclide. These points can be fitted by least squares fitting in order
to determine the number Iy*ij that corresponds to the quench
value 1Qp. Repeating this process channel by channel the dilated
spectrum for a quench value IQp is obtained.



The next step is to calculate the spectral function from the
interpolated spectrum. Then a Fourier series will be fitted to the
points again.

The new spectral function lf*p(u)) ( see fig.5) can be separated in
to two regions:

fp (@) =11 "« L < el
hp (w) Wpg S WS Wy

12)

It is interesting to point out the importance of calculating the
spectral function. It is essential whenever a dilatation is applied to
have a function since the channel scale has changed. It is also
essential to know the values of the maximum and inflexion for the
contracted spectrum with quench value Q= Qp . These values can be
obtained from the curves showed in fig.6. Let lope, lopp and lopy
be these  values, the contraction transformation required for the
spectral fucnction 1g*p(co) is:

®
= LI
W1
(13)
In the same way for the spectral function 1h*p(a)) we obtain
W =aw+b
(14)
where
1 1
= pa” Opp
- 1
Q1 D18
(135)
)] I(D —I(D 10)
b = la %pp 18 “pa
1
, Wig™ 98
(16)

The functions 1,,gp(m) and lhp(w) form the function lfp(m) and
consequently the required spectrum. In fig.7 the spectral function
Ifp(m) is compared with the experimental data with excellent
results. The absolute differences are shown below.



6. Characteristic spectral parameters that depend on
quench

It is possible to find many spectral parameters that depend on
quench. Some of them depend on the whole distribution while
others depend on a small portion of the spectrum. The first ones are
called global parameters and the second local parameters.

Statistical parameters such as the spectral standard deviation or
the average are global parameters while the position of the
maximum, inflexion or end of the spectrum are local.

Whenever a dilatation or compression is performed the useful
parameters are local.

An accurate determination of these characteristic points show
statistical fluctuations and can be problematic.

The endpoint of the spectrum is not a well defined point. It is not
easy to know the channel above which the information comes
from the background or the  spectrum. A reasonable criterion to
define the end of the spectrum is to take the channel after which
no channel has more than a fixed number of counts.

When one tries to define the maximum by one point we can also
have difficulties. Due to statistical fluctuations the channel that
corresponds to the maximum does not usually coincide with the
channel that has the biggest count number. The channel of the
maximum can be determined more precisely after smoothing and
Fourier fitting. Therefore, it can be obtained with much more
accuracy from the spectral function.

The inflexion point can be obtained by calculating the channel
that corresponds to the half height of the maximum.

In fig. 7 the characteristic curves of the l-nuclide which give the
position of the maximum, the inflexion and the end of the spectrum
as a function of quench are shown. The value of these parameters,
for a given quench value, can be obtained with higher accuracy
from these curves.

7. Spectral fitting

When the spectral functions corresponding to the quench
parameter of the experimental mixture have been computed, the



way to obtain the activity of each one of the components is a
problem of least squares fitting.

Let yj be the amount of counts in channel j for the mixture

sample and lyj the amount of counts in channel j for the nuclide L
Denoting by p] the proportion of nuclide 1. We have:

l -
PIYj=Y]
1

Mo

yj =
g 1

(a7

where n is the number of spectral components and yj is the
number of counts in channel j in the calculated spectra.

The counting rate for each one of the nuclides can be obtained
from the condition of minimum for the quantity:

m _ 2
j=
(18)

where ®jis the weight for channel j and m is the number of
channels in the mixture spectrum.

The necessary and sufficient condition for the minimum of G is
that the following equations hold.

3G 3G G
dp; 9Py 9pp
(19)
These are equivalent to the system of equations
1
pIZ(DJ( yJ) Frreorenens +pn2a)j(nyj>( yj)=20)1yj( y1>
............................................................................................. 20)
plza)J( yJ) (nyJ)+ ............. +pn20)j(“yj) —Zcojyj("yj)
which can be written in matrix form:
P Q=Y 21

where:

av]
il

(P1:+--Pn)
(22)
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Toi'y; )2 e zaillyi)(;)
Q= -
soi("i)"y;) - Sy )

Y =(Zoyily) . 2oy

the p; values are obtained from the equation:

p=yQ-1 (23)

8. Spectral shift

Sometimes the calculated spectrum has a small shift when it is
compared with the experimental spectrum. This shift is generally
small and it has a value of a f{raction of a channel.

This spectral shift is due to a non-accurate determination of the
quench parameter for the samples. Then, the calculated spectrum
does not correspond to the given quench value.

When the counting rates of each nuclide are more or less the
same, the discrepancy due to a small shift is not very important.
However, if the counting rate of one of the component nuclides is
considerably greater than the others, a small spectral shift can
produce large errors when the nuclides with less intensity are
determined.

Once again we will make use of spectral functions to solve the
problem. Let 1f(w) be the set of functions that represent the n
radionuclides of the sample. Each one of these functions is
translated until a minimum for D is reached, where D is;:

m —
D=% ly;—yjl
J=1

(24)
This criterion is similar to the FOM given in ref [5,6].
When the required shift is greater than one channel, it means

that the quench values of the samples have not been well
determined. It is possible to do a new translation, but this time the



results will not be as good as before, since there will be also a large
difference in shape.

9. Activity determination

The results of applying the least squares fitting, (see 8) are the
quantities p; . These values give the proportion of each one of the
nuclides in the mixture. Let us denote by Nj the total number of
counts for the | nuclide and by t the counting time in seconds for
the mixture. The activity of each one of the nuclides is:

Al = PN
tg;
(25)

where €] is the global counting efficiency for the quench value Qp
in nuclide L

The efficiency €; can be obtained from the counting efficiency
curves using interpolation methods. If the samples used to obtain
the spectra were standardized, the curve €1 v.s. Q is
straightforward. In case of using non standardized samples, it is just
required to have the counting efficiency curve for 3H and apply
the CIEMAT/NIST procedure to calculate the counting efficiency
curve for every one of the radionuclides [7,8,9,10].
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Fig. 1 Three pulse spectra of beta-ray emitter samples with
different quench values.
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Fig. 3 Spectral functions obtained from Fourier series.
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procedure.
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"Spectral Interpolation and Unfolding to
Measure Multi-labelled Samples by Ligquid Scinti-
llation".

GRAU CARLES, A.; GRAU MALONDA, A. ({1991) 17 pp.,7 figs.,10 refs.

A new procedure to determine the activity of each radionuclide in a
mixture is described. The information contained in the liquid scintillation
pulse height spectra is used. The dilatation, interpolation and contraction
steps are essential to obtain a good experimental and computed spectral
fitting. The procedure can be applied to mixtures of radionuclides decaying
by P_,ﬁ— - . B* p* -, EC, EC - ¥ and isomeric transitions.
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