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ABSTRACT

A brief summary of the theory and experiments on electron-
cyclotron heating and current drive is presented. The general
relativistic formulation of wave propagation and linear absorption is
considered' in some detail. The 0-mode and the X-mode for normal
and oblique propagation are investigated and illustrated by several
examples. The experimental verification of the theory in T-10 and D-
III-D is briefly discused. Quasilinear evolution of the momentum
distribution and related applications as, for instance, non linear wave
damping and current drive, are also considered for special cases of
wave frequencies, polarization and propagation. In the concluding
section we present the general formulation of the wave damping and
current drive in the absence of electrón trapping for arbitrary valúes
of the wave frequency.

I. GENERALITIES

Electron-cyclotron resonance occurs when the following
conditions are fulfilled

Y { y)

where co is the wave frequency, k|| is the parallel wave momentum,
Y=(l+p2/m2c2)l/2 j s the relativistic factor, v= p/mc, and coc = eB0 /mc.
High harmonics resonance can also occur for o) = no)c/y, n=l, 2, 3,...
Letting Nn=(c/co)k||, the resonance relation reads

(1)



We only consider the case of IN||I<1. From equation (1) we obtain
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Since finite absorption oceurs for pj_>0, we obtain that for the
resonant electrón p.<pn<p+, where

N neo.
co

2 2

n coc

Nl/2

1-N (2)

Real valúes of p+ are obtained for n2coc2/co2_i+!s[||2 > 0; thus nonzero
electron-eyelotron absorption can only oceur for

Cú

which implies that the absorption spectrum is always asymmetric
around co=coc. This result is independent of the electrón temperature
and, in fact, is independent of the electrón distribution. This
relativistic asymmetry disappears in the so called non-relativistic
approximation, obtained by letting y=l. For Nn=0 and n=l, coc>co.
Furthermore

co

This relation shows that resonance absorption can oceur even when
coc=co outside the plasma región.

II. WAVE PROPAGATION

An electromagnetic wave can propágate in the vacuum, where
k=(co/c)N , INI=1. The effect of a plasma is due to the induced current

J=GE



In first approximation oy is obtained from the fluid equation
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The solutions of equation (4) can be written as

X Y A - Y ( I + N 2 )
N 2 = l - N 2 , - X + r

0 ' 2 1-X-Y2 (5)
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where
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For Nn=0
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For N||s¿0, in general Ex*0, Ey^O and EZ5¿0 for both modes. Equations
(5) and (6) are valid as long as

a n d a n d

For instance, for Nn=0, No=0 for cúp=co (O-mode cut-off) and Nx=0 for
cúp2/co2=l± CÚC/CO (X-mode cut-off) , and Nx-»°° for co2= cop

2 + coc
2

(Upper-hybjid resonance). In the región where No=0 and Nx=0, the
wave is reflected back [1]. In the región where Nx-4°°, the X-mode is
strongly absorbed (collisional absorption). In general, in an
inhomogeneous plasma, a ray launched from outside propagates into
the plasma following a trajectory determined by the condition of
stationary phase. Letting [2]:

E (r,t) °= exp - codt = exp

i.e. k = VvP and co=-3vF/3t. Thus the dispersión relation (4) is a first-
order partial differential equation for *¥ and can be solved by the
method of characteristics and we obtain

3t

Now co=Q(k,r,t), thus

Letting Vg=(8í2/9k)r= group velocity, we obtain
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F u r t h e r m o r e

f 9ü ̂  fdQ^\fdD^\__ + _ _ =0

and

3k i 3D Y 3D I d r [ 90 Y 9D |
3t l̂ arJ^acOy dt i^aky^acoy

Equations (7) are the ray-tracing equations.

III. WAVE DAMPING

In addition to to refractive effects, the plasma absorbs the
wave energy. In order to compute wave damping J must be deuced
from Boltzman equation

J=-eneídp v f

9f - 9f e~ - 9f (- v- ~\ 9f,
+ B d E + B —4

)

9f - 9f e~ 9f ( v
—+v-— vxB0 —= dE+-XB 4
ot dr c op y c ) op /o\

where fM is the relativistic maxwellian

* ^ ,—. * T W í 1 1 ^ / 1 • I I —

w = -, 7 r e x p l - H Y ) ; \1 = —
- 47tfiac)3K2(|l) V ^'' ^ T

Equation (8) is the linearized Boltzman equation, i.e. we neglect for
the moment non-linear effects. The solution of equation (8) yields [3]

oo2
0 ^ r - j - . P l n i 5 n j s L ^ CÜ2 r . - P u f 9 P , 9

— 2 J d p + — 5 8 Jdp t \ í
i 5n j sL^ CÜ r.-Puf 9 P , 9 ,

+—5,38,3 Jdp -t\- í- — f

co m co (9)
where



and

m Cm CÚ

The dispersión relation can be written as

where

D = det Oi3

Dlj=(N1Nj-N28ij)

(10)

- í j

Note that equations (8), (9) and (10) are valid for arbitrary
distribution fo.

At the lowest order in Ipl for n=l, equation (10) becomes [4]

And equations (9)

(11)

core°zz = l — \ , %xz
co
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where
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dp±

We split the component of the dielectric tensor into two parts



'.,= Hermitian part=—

1£". =anti-Hermitian part=—fe, —e!

For a maxwellian distribution we obtain (x,y,z=l,2,3)
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and Ei(x) is the exponential integral.
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where
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From equations (12) and (13) we obtain the O-mode damping for
Nn=0

= N
0 0 f Í- ?

c 15 co2

5/2

co exp
(14)

where ko"=Im(ko). In figure 1 we present the qualitative feature of
equation (14). For propagation in the equatorial tokamak plañe

B0(x) = -
B0(0)
+ x/R0

and the energy flux through the resonance CÚ=CÚC is given by

SW = S0exp(-t0)

,mc

Rr cor co^

co2

27CC

co

In general TO> : >1
 a n d the wave energy is deposited near co«coc.



Electron heating using the O-mode for outside launch has been
investigated in several devices and, in particular, in T-10 and DIII-D
tokamaks. In the T-10 (a=40 cm, Ro=15O cm) at Bo=3O kG and f=84
GHz up to 1 Mw has been coupled to a modérate density (ne=3 x 1013

cm-3) plasma [5]. A final electrón temperature of Te(0)=4 keV is
attained from the initial ohmic heating Te(0)=1.2 keV. At lower
densities (ne=1.5 x 1013 cm"3) and W=2Mw, Te(0)=8-9 keV. In the
DIII-D [6] (a=52 cm, b/a=1.7, Ro=168 cm) at Bo=21.4 kG and f=60 GHz
the O-mode is coupled at ne=1.2 x 1013 crrr3 . For W=lMw a peak
temperature of Te(0)=4 keV is recorded (see figure 2).

For Nn?¿0, the O-mode damping is obtained numerically [4]. In
figure 3(a,b), we present k"j_0 and

( x ^
ri(x) = l-exp -2jdx'k¡0(x)

V o
for Te(x)=Te(0)(l-x2/a2)2) ne(x)=ne(0)(l-x2/a2), a=40 cm, Ro=130 cm,
Te(0)=4 keV, ne(0)=0.5 x 1014 cnr3, Bo(0)=40 kG, CÜ=CÚC(X=-1O cm) at
an angle with respect to the magnetic field 9=65°. The dashed curves
are the obtained from the relativistic formulation given by eqs. (12)
and (13). For comparison we also present the corresponding results
in the non-relativistic approximation (full curves). It appears that
the two results are significantly different in the región of absorption
(x>-10 cm). For instance, at x~0, the non-relativistic formulation gives
near 50 % absorption to be compared with the correct result zero per
cent absorption.

It is straightforward to include high Larmor radius effects and
high harmonics. We obtain [7]

£ £ + 2 £ £ 1 3 E 2 3 +N B^£13 — £23

Now E'ÍJ is still approximately given by eqs. (12). For E"ÍJ we
obtain



"22 = a11+NÍ(3b11+q1)+Nl(37dll/5+2?1+g11),
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where the symbol bij(a)c
:=>2coc) means that coc must be replaced by

2CÚC in bij. The various quantities in these expresions are

(cop/co)2
me 2

K2(n) is the McDonald ñmetion, q=R/(l-N||2), C=^N||R/(1-N||2),
R=[(coc/co)2-l+N||2]l/2, S is a step function, i. e., S=l for R2>0 and S=0
for R2<0, F(ps)=exp[-¡i(Ys-l)], Ys=(l+Ps2)1^2> and ps is a solution of

(l + ps)
1/2-C0c/CÚ = N, |Ps » Ps=[Nn(c0c/CD)+sR]/(l-N2)

Note that eqs. (17) at the lowest order in Nj. coincide with eq
(13). The damping of the X-mode for Nn=cos9 (6 = 60°) , and
propagation in the tokamak equatorial plañe from the low magnetic
field side is shown [8] in fig. 4 for the following parameters:
a=120 cm, Ro=500 cm, B(0)=55 kG, f=l 15 GHz, Te(0)=5 keV,
ne(0)=1014crn-3 and ne(x)=ne(0)(l-x2/a2), Te(x)=Te(0)(l-x2/a2)3/2-

Note that fc(0)=154 GHz and therefore nowhere within the
plasma región CO=CÚC.

Wave damping for n>2 can also be investigated using eqs. (15),
(16) and (17). For Nn=0, for non-overlapping harmonios, we obtain
for the absorption coefficient a=2k"

2n

Tn+5/2L , i\^ 2n
/ \ , \ 2 n , „ •£• i n + i i n

a ( / ) ( 2 ) ( / ) ( / ) ^ n V '
/ s/ NV2/ \2, \ 2 n , „ •£• i n + i i n ,, N

n=(co/cN0)(27c) (cop/co)(N0/Yn) ^ n , V ' z"+3/2exP(-z)

(18)

1 1



where

co

cúp and coc are the plasma and electron-cyclotron frequencies
respectively, c is the speed of light, m the rest mass,

and No(X) is the cold plasma refractive index for the ordinary
(extraordinary) mode. The absorption coefficients are máxima at
Z=n+l/2 and Z=n+3/2 for the X and O modes, respectively.

For propagation in the tokamak equatorial plañe, it is easy to
obtain from eqs. (18) the expresión of tx,o f° r n>2. Letting

axn = < exp(-z) ; aon =a°Onz^+"exp(-z)

we obtain

IV. QUASILINEAR EVOLUTION OF THE WAVE DAMPING.

So far we have assumed that during wave absorption the
background distribution remains Maxwellian. In the low density
regime (<ne> a few 1013 cm ~3 ) and high wave power W>2-3 Mw, a
deformation of the momentum distribution function may occur. The
quasilinear evolution of the electrón distribution is mainly a
diffusion in the p±- direction. Here we present the case of the O-
mode at Nn=0 in some detail and show the result for the X-mode at
oblique propagation. Diffusion in the pj_- direction is described by the
equation

12



(19)

where

is the Boltzman colusión operator and

cy 2At

For the O-mode at Nn»O [9]

and therefore

co "me

Equation (19) is in general solved numerically using appropriate
codes. The solution is used in equation (11) to obtain the self-
consistent wave damping. For the O-mode, near perpendicular to Bo,
we in general have

me (20)

For fo=fM> eq. (20) becomes eq. (14). This is the initial valué of k"o. In
figure 5, we present lq at steady state for Po=l Mw and ne=3 x 1013

cm-3, Te =1 keV, Bo=30 kG, f=84 GHz, a=40 cm and Ro=150 cm. The
incident wave-packet has a half-width of a few degrees. It appears
from fig. 5 that k"o decreases for increasing wave power.

similar way
The case of oblique propagation can be treated in a
. For Nn*0, we have [10]

13



where x=vet, ve=27te4neA/m1/2Te
3/2, -e is the electrón charge, ne is

the electrón density, m is the electrón rest mass, Te is the body
temperature, A is the Coulomb logarithm, u=p/(mTe)1/2 , coc=eB/mc, c
is the speed of light, and

/ u ,

The wave diffusion coefficient is given for a Gaussian wave
packet, i. e.,

— \2

K) 2

y

exp -J2k"dr
V r j

where D is the appropriate diffusion coefficient for a given
polarization and valué of N||. The relativistic colusión term is given in
the case in which the velocity of the resonant electrons is greater
than the thermal speed

d , r,dí 2 d fldf,
sirfí ~ H I

a 2 U a (22)

where Z is the effective ion charge, u and 6 are polar coordinates, and
equal electrón and ion temperatures are assumed. Using a convenient
variable time step At and a 192x64 grid in the (u,9) space, f is
computed as a function of x in the range 0< u <13. We keep the body
temperature constant in time. This plasma model is legitímate if an
unspecified thermal loss maintains the body temperature constant
during the time interval in which the electrón tail attains the steady-
state. In figure 6 it is shown

' £ J 1

Tlx(x) = l-exp -2Jdx'k"x
V o

versus x for the X-mode at an angle of 0=50°, BO=39 kG, f=83 GHz,
ne(x)=ne(0)(l-x2/a2), Te(x)=Te(0)(l-x2/a2)2 ,Te(0)=2.5 keV, ne(0)=5 x
1013 cm-3, Z=2, a=40 cm, Ro=150 cm and W=l Mw.

V. ELECTRON-CYCLOTRON CURRENT DRTVE.

For finite valúes of Nn, wave absorption in a maxwellian
plasma is selective, i.e.

14



v,,=
co-coc/y

This results in an asymmetric alteration of the distribution
function [11] (see fig. 7) carrying an electrón current in the parallel
direction given by

AJ=-eneJdpv1Af

At steady-state, this current is sustained by the wave power

AP=nJdpmc2(Y-l(||l
V /cy

where

/ c y

At steady-state

dt
/(p)Af

/ c y

thus

AJ_

AP "

Jdpz Pi

m2c2

where

V Y =

3/2

mV

(23)

for Z=l.

Use of eq. (23) for the WENDELSTEIN VII-AS conditions predicts a
valué of the position of the máximum efficiency in good agreement
with the experiment [12] (Fig. 8).

15



VI. GENERAL THEORY OF WAVE ABSORPTION AND CURRENT DRIVE.

A compact and general formulation of wave absorption (and
emission) for arbitrary harmonios can be derived as follows.

The global results of emission and absorption are the
cumulative contributions of electrons in a given velocity range, thus,

¿ J n ( )
n=l (24 )

where p is the electrón momentum. For cyclotron resonance
processes

a n (p)~5(Y-Y n -N | | P | /mc) ; with f =l+P
2 /(mc )2 ,Yn =ncoc

Nn is the parallel refractive index and m is the the electrón rest mass.
Using the 8-function, we obtain the one-particle resonance relation

Y = Yn+N! |P| |/mc

from which

= (Yn+N | lPl,/mc)2-l

Since pi2>0, we obtain p.< pn < p+, and

n=l

where

and we consider for simplicity the case of most interest, i. e., IN||I<1.
Wn(pn) is proportional to the power absorption per unit interval in
momentum space. Now, from Poynting theorem a(co)=W/S, where W
is the power absorption per unit volume and S is the magnitude of
the Poynting vector, and

16



= ne ídpmc 2 Y —
\dt)(

where ne is the electrón density,

w
C J ' • i 3+- i

(25)

X JdN l l-^LnDn8(Y-Yn-N lP l l/mc)Lnf

YLn=Yn

3 N !Jpx 3 p
—+^-iv-- ;

ĵ  me o p n

E-I

E is the wave electric field, r i i n = n J n ( p ) / p , r i 2 n = - i J n ' ( p ) >
n3n=(pll/pi)Jn(p), p=kxpi/mco c , -e is the electrón charge, and k is the
wave vector. Using eqs. (24) and (23), for a narrow wave-packet we
obtain

n=l

w
u y 11/ \ / y | • q " I

(26)
v = p/mc, (vi.R)2 = yn

2-Yn2, Yn=Yn+N||vn, yn=(l+vn 2 ) 1 /2 a n d ap \s the
plasma frequency. The emission coefficient [3(co) is obtained from the
absorption coefficient a(co) using the transformation

co2

henee,

n =1

where

(27)

Equations (26) and (27) determine the momentum spectra of the
absorption and emission coefficients. Wn(Gn) describes the relative
role of the electrons in a given velocity range on the global
absorption (emission). In particular, the valué of vn for which

17



W n ( G n ) is máximum characterizes the group of electrons which
yields the predominant contribution to wave absorption (emission).
In the case of a sharp máximum it is possible to define the resonant
velocity for a system of electrons. Note that, for a maxwellian
distribution, Gn(vii)=B0Wn(v|i), B0=co2Te/87i3c2, and we obtain that the
electrons giving the predominant contribution to emission and
absorption lie in the same range of velocities. For non-maxwellian
momentum distributions, Gn(vn) is not in general proportional to
Wn(vn) and emission and absorption depend on electrons in different
regions of the momentum space.

The current drive efficiency is expressed in terms of Wn(vn).
Using the impulse-response method, the incremental efficiency is
given by [13]

8Pcy me bv(y)T

where

n = l

Combining the two equations we obtain

(28)

where

and for the ion charge Z=l

V(Y )=
4ne n A

18
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i Hn csic trabajo se présenla un sumario de la teoría y los experimentos de calentamiento e
1 inducción de corrientes mediante la resonancia ciclotrónica electrónica. Se considera en detalle la

i formulación relativista general para la propagación de las ondas y la absorción en el régimen lineal.

! He lian investigado los modos O y X para propagación perpendicular y oblicua y se ilustran niedianle
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i 10 y D-lll-IX También se considera la evolución cuasi-lineal de la distribución de momentos y sus
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