arXiv:1509.00033v2 [hep-th] 10 Jan 2016

PREPARED FOR SUBMISSION TO JHEP

Stress-tensor OPE in A/ = 2 Superconformal Theories

Pedro Liendo,” Israel Ramirez,*’ Jihye Seo.°
8IMIP, Humboldt-Universitat zu Berlin, IRIS Adlershof,
Zum Grofien Windkanal 6, 12489 Berlin, Germany

b Departamento de Fisica, Universidad Técnica Federico Santa Maria,

Casilla 110-V, Valparaiso, Chile
CDESY Hamburg, Theory Group,

Notkestrasse 85, D22607 Hamburg, Germany

E-mail: pliendo@physik.hu-berlin.de, israel.ramirez.12@sansano.usm.cl,
jihye.seo@desy.de

ABSTRACT: We carry out a detailed superspace analysis of the OPE of two A/ = 2 stress-
tensor multiplets. Knowledge of the multiplets appearing in the expansion, together with the
two-dimensional chiral algebra description of AV =2 SCFTs, imply an analytic bound on the
central charge c¢. This bound is valid for any N’ = 2 SCFT regardless of its matter content
and flavor symmetries, and is saturated by the simplest Argyres-Douglas fixed point. We
also present a partial conformal block analysis for the scalar superconformal primary of the
multiplet.

ARrRX1v EPRINT: 1509.00033


http://arxiv.org/abs/1509.00033v2
mailto:pliendo@physik.hu-berlin.de
mailto:israel.ramirez.12@sansano.usm.cl
mailto:jihye.seo@desy.de
http://arxiv.org/abs/1509.00033

Contents

1 Introduction 1
2 Preliminaries 3
3 Three-point functions 6
3.1 Solutions 9
3.2 Extra solutions 12

4 2d chiral algebra and central charge bound 13
4.1 Enhanced Virasoro symmetry 14

5 Superconformal block analysis 16
5.1 Quick review of conformal blocks 17
5.2 Toward the superconformal block 17
5.2.1 N =1 decomposition 19

6 Conclusions 20
A N = 2 superconformal algebra 21
B Superspace identities 22

1 Introduction

Four-dimensional superconformal field theories (SCFTs) with A/ = 2 supersymmetry play a
prominent role in theoretical physics. Originally studied using standard field theoretic tools,
by building Lagrangians out of fundamental fields with appropriately chosen matter content,
the list of theories has grown considerable in recent years [1, 2], and now there seems to be
an extensive library of N' = 2 systems, related by an intricate web of dualities. Having found
such an ample catalog, there has been a shift in perspective, instead of analyzing specific
models one by one, it seems more natural to ask whether a classification program is possible.
Efforts in this direction include a classification of Lagrangian models [3], a procedure for
classifying class S theories [4], and a systematic analysis of Coulomb branch geometries [5, 6].

Among the most important tools for constraining the space of CFTs is the conformal
bootstrap approach [7-9]. Originally very successful in two dimensions, where the conformal
algebra is enhanced to the infinite dimensional Virasoro algebra, it has seen renewed interest
in light of the work of [10] where, starting from basic principles like crossing symmetry



and unitarity, numerical techniques were developed that allow to obtain rigorous bounds on
several CFT quantities. Influenced by this revival of the bootstrap philosophy, the N' = 2
superconformal bootstrap program was initiated in [11, 12|, with the goal of serving as an
organizing principle, relying only on the operator algebra of a theory, as defined by the OPE.

The N = 2 superconformal bootstrap program can be thought of as a two-step process.
First, it was observed in [11] that any N' = 2 SCFT contains a protected subsector of ob-
servables described by a two-dimensional chiral algebra. In order to bootstrap a full-fledged
SCFT, one must first have an understanding of the operators described by the chiral algebra.
Once this is achieved, the second step entails tackling the harder task of bootstrapping the
full theory, in particular, unprotected operators with unconstrained conformal dimensions.
This second step was explored in [12] using the numerical techniques of [10], and bounds were
obtained by looking at four-point correlators of several superconformal multiplets. Though
a comprehensive effort toward bootstrapping the landscape of A/ = 2 theories, there was an
important omission, the multiplet in which the stress-tensor sits was absent from the analysis.
The universal nature of the stress-tensor makes it a natural target for bootstrap studies, and
the reason it was not included in [12] was technical: the requisite crossing symmetry equation
is not known.

Let us be a bit more specific. The conserved stress-tensor of an N’ = 2 theory sits in a
multiplet that can be represented by a superfield J with a schematic #-expansion,

j(x767é)’ = J(‘T)v j(x767é)’0§ = JLJ(‘%% j(x767é)‘62§2 = TMV(‘T) . (1’1)

J is a scalar superconformal primary of dimension two, Jfbj is the conserved SU(2)r x U(1),
R-symmetry current, and 7}, is the stress-tensor. Correlators of this multiplet also contain
information about two fundamental quantities present in any four-dimensional CFT, the a
and ¢ anomaly coefficients. These can be defined as the anomalous trace of the stress-tensor
when the theory is considered in a curved background.

Our first goal will be to obtain the supersymmetric selection rules

TIXT ~..., (1.2)

namely, the A/ = 2 multiplets that are allowed to appear in the super OPE of two stress-
tensor multiplets. This result will be relevant for both the two-dimensional chiral algebra
description and the numerical bounds program.

On the chiral algebra side, as observed in [11], the two-dimensional stress-tensor can
be associated to the four-dimensional SU(2)g current. In particular, correlators of the four-
dimensional current have a solvable truncation described by correlators of the two-dimensional
holomorphic stress-tensor. The holomorphic correlator only depends on the central charge ¢
and, as we will see in this work, unitarity of the four-dimensional theory implies an analytic
bound on ¢. The a anomaly coefficient plays no role in the chiral algebra construction.

On the numerical side, the super OPE selection rules are the first step toward writing the
crossing symmetry equation for the stress-tensor multiplet. To have a better understanding



of how this can be accomplished, let us recall how the numerical bootstrap is implemented.
The starting point is the four-point function of a real scalar operator ¢. This correlator
can be expanded using a conformal block expansion, where each conformal block captures the
contribution of a specific conformal family appearing in the ¢ x ¢ OPE. Explicit expressions for
scalar conformal blocks were obtained in [13, 14]. Having obtained such an expansion, using
the restrictions imposed by crossing symmetry and unitarity, it is possible to obtain numerical
bounds on scaling dimensions and three-point couplings. In A/ = 2 theories, the highest weight
of the stress-tensor multiplet is a scalar of dimension A; = 2, and is therefore well suited
for the numerical bootstrap program. Because of supersymmetry, several conformal families
are related by the action of supercharges, and this implies that a finite number of conformal
blocks appearing in a correlator can be grouped together in a superconformal block, which
encodes the contribution of the corresponding superconformal family. We can now state more
precisely why the stress-tensor correlator was not included in [12]: the superconformal block
expansion of the (JJJJ) correlator has not been worked out. To fill this gap in the N' = 2
literature was one of the motivations for this work.

Conformal and superconformal block expansions are a common obstacle in any attempt
to write bootstrap equations. In the bosonic case, things get very complicated when one
considers operators in non-trivial Lorentz representations. With supersymmetry, many com-
plications arise for correlators of generic multiplets. There is no unifying framework and a
wide variety of approaches have been tried with varying degrees of success [15-28]. The full
superconformal block expression for the J correlator is still elusive, and it is not clear which of
all the methods available in the literature is the most efficient. Nevertheless, our calculation
encodes the allowed N’ = 2 multiplets that contribute to the expansion, which is the first step
toward writing the crossing symmetry equation.

The outline of the paper is as follows. In section 2 we review the conformal algebra and
its shortening conditions. Section 3 presents a detailed superspace analysis that allows us
to write the super OPE selection rules for two stress-tensor multiplets. In section 4 we use
our selection rules together with the two-dimensional chiral algebra construction to obtain
an analytic bound on ¢. This bound is valid for any N' = 2 superconformal theory regardless
of its matter content and flavor symmetries. In section 5 we present a partial analysis of the
superconformal block expansion of the J correlator.

2 Preliminaries

The N = 2 superconformal algebra is the algebra of the supergroup SU(2,2|2). It contains the
conformal algebra SU(2,2) ~ SO(4,2) with generators {Paq, £, M, M‘j‘B, D}, where
a = £ and & = £ are Lorentz indices, and an SU(2) g x U (1), R-symmetry algebra with gener-
ators {Rij, r}, where i = 1,2 are SU(2) g indices. In addition to the bosonic generators there
are fermionic supercharges, the Poincaré and conformal supercharges, {Q},, Q;4,S%, S"*}.
A general supermultiplet of SU(2,2|2) contains a highest weight or superconformal pri-
mary with quantum number (A, j,7, R,7), where (A, ,7) are the Dynkin labels of the con-



Shortening | Quantum Number Relations Multiplet

B! A=2R+r ji=0 Br,r0.5)
B A=2R—r 7=0 Br,(.0)
B'n B’ A=r R=0 Er0.7)
BinNBs A=—r R=0 gr-(j,o)
B' N B A =2R j=7=r=0| Br

ct A=2+2j+2R+r Cr,r(,7)
C A=2+27+2R—r Cr.r(ip)
ctne? A=24+2j+7r R=0 Co,r(i.7)
CiNCs A=2+27—7 R=0 Co,r(3,)
c'neCs A=2+4+2R+j+7] r=7—3j Cr(j.p)
B'NC, A=1+7+2R r=7+1 Dr(o,)
Banct A=1+j+2R —r=j+1 Dr(j,0)
B'NnBNC: | A=r=1+7] R=0 Do(o,)
C'NBiNB: A=—-r=14+j R=0 ﬁo(j,o)

Table 1. Shortening conditions for the unitary irreducible representations of the A/ = 2 superconfor-
mal algebra.

formal group and (R,r) the Dynkin labels of the R-symmetry. The highest weight is, by
definition, annihilated by the supercharges S and S and the multiplet is then constructed
by successive action of the Poincaré supercharges. Generic supermultiplets are called long
multiplets and we will denote them by .A%’T( i) following the conventions of [29]. Unitarity
imposes restrictions on the conformal dimension of A known as unitarity bounds. For generic
long multiplets the bounds read,

A>24+2j+2R+7r,2+2]+2R—r. (2.1)

If the highest weight is annihilated by some combination of the supercharges Q and Q the
multiplet shortens. There are several types of shortening conditions depending on the Lorentz
and SU(2)r quantum numbers of the charges that kill the highest weight, we denote them
B-type and C-type shortening conditions.

B': QLW =0, (2.2)
B : Qig¥ =0, (2.3)
: ePQiWz =0, j#0
B S ’ 2.4
¢ {eaﬁga%w:o, j=0 24
. QU5 =0, J#0
g, ¢ Quvs=0 77 (2.5)
EaﬁQiaQ,-B\I’ =0, 7=0

B-type conditions are sometimes called short while C-type are sometimes called semi-short.
In table 1 we present all possible shortening conditions for the N' = 2 superconformal algebra
following the notation of [29]. Among the most important short multiplets are the so-called
chiral multiplets &, which obey two B-type shortening conditions and are associated with the



physics of the Coulomb branch of ' = 2 theories. Also prominent are 1/2 BPS multiplets,
denoted by B r, which obey two B-type shortening conditions but of different chirality, these
multiplets are associated with Higgs branch physics.

We will be mostly interested in the multiplet 50(070). Multiplets of the type C R(j,j) obey
semi-shortening conditions and the anti-commutation relation of the supercharges combine
to give a generalized conservation equation. The special case 60(070) contains a spin two
conserved current and we therefore identify it as the stress-tensor multiplet. In this work we
will not consider theories that can be factorized as the product of two local theories, we will
therefore assume a unique éo(o,o) multiplet. The multiplet also contains a conserved spin one
operator which corresponds to the SU(2)r x U(1), R-symmetry current.

Our goal is to study the super OPE of CAO(O,O) X 50(070). In order to accomplish this we will
carry out a detailed superspace analysis of three-point functions. Using A/ = 2 superspace
language the stress-tensor multiplet can be represented by a superfield J that satisfies the
conservation equation,

D¥DiJ =0, DiD%J =0, (2.6)
where Dfl and Dy ; are N' = 2 covariant derivatives and,

J(2,0,0) = J(x) + Jis 00074+ ... . (2.7)

]

Both the scalar J(z) and current Jég)(a;) will be of particular importance to us.

2d chiral algebra and analytic bound on c. As we will see below, the super OPE
expansion of CAO(Qo) will allow us to obtain an analytic bound on the central charge c. Of
prime importance in this analysis will be the existence of a protected subsector of observables
present in any N' = 2 SCFT, whose correlation functions are described by a 2d chiral algebra.
We will review this construction with some detail in section 3, for now let us just give a short
outline of the calculation. Four-dimensional operators described by the chiral algebra sit in
multiplets of the type,

~ —

Brg, Dr(o,j) » Dr;,0) 5 éO(j,j) . (2.8)

The 2d operator associated with the CA’O(O,O) multiplet is the 2d holomorphic stress-tensor, and
it can be built using the SU(2)r current J(i.j)(a:),

T (z) = T(z). (2.9)

The 2d stress-tensor correlator constitutes a solvable truncation of the full four-point function

of four currents J'7 )(x), and can be completely fixed by symmetry. This correlator can be

[e70%
expanded in conformal blocks associated with the multiplets listed in (2.8), and unitarity of
the four-dimensional theory implies an analytic bound on ¢ valid for any interacting N = 2

SCFT.



Crossing symmetry and numerical bounds on a/c. The supersymmetric selection
rules are also relevant for the crossing symmetry equation of the superconformal primary
J(z). This is a more challenging calculation and we will only present some partial results.
The motivation for this is that using numerical bootstrap techniques we would then have
access to the a-anomaly coefficient. This coefficient plays no role in the 2d chiral algebra,
and cannot be bounded analytically, at least not with the techniques used in this paper.
To obtain bounds on a one has to resort to numerics. In order to write crossing symmetry
a fundamental ingredient is the conformal block expansion of the (J(xy)J(x2)J(x3)J(z4))
correlator. An attractive challenge for the N' = 2 bootstrap program would be to recover or
even improve on the bounds found in [30] whose supersymmetric version reads,

1 a 5
Z<lc<c 2.10
27 ¢ 4 ( )
In section 5 the super OPE selection rules will help us understand how the different N' = 2
multiplets contribute to the J correlator, a necessary first step before a crossing symmetry

equation can be written.

3 Three-point functions

We will now study all possible three point functions (7.7 Q) between two stress-tensor multi-
plets and a third arbitrary operator. The correlator for three stress-tensor multiplets (7 .7.7)
was studied by Kuzenko and Theisen in [31]. We will use their notation and borrow some of
their results. The starting point is the general expression for three-point functions in N' = 2
superspace [32, 33|

1
(213)*(231)%(723)? (v32)?

where Z = (o, &, R, ) is a collective index that labels the irreducible representation to which

(T (21)T (22) 0% (23)) = H*(Zs), (3.1)

O belongs. The (anti-)chiral combinations of coordinates are,

2y = —agf =i — a5} — 405,077, (32)
o =010z,  O1a=101—0s, (3.3)

with 2% = 29 F 219;’5“. The argument of H is given by three superconformally covariant
coordinates Zs = (X3, 03, 03),

56 BB
L31 ap¥12 Y2384 S 1 L33ap%21 Y1384
X3 =, X3 . :X = 5,5 > (34)
o (731)?(w93)? o sad (732)?(713)?
. X T5 e T e _ X xTs . Ta .
%’,a =i ( 232aa 9??;21 _ 132aa Hﬁz) , Os4; =1 (6??22' 322aa o 9??611' 312aa> ) (35)
L33 13 L39 T3
An important relation which will play a key role in our computations is
X306 = X3aa — 4105,034i . (3.6)



In addition, the function H satisfies the scaling condition,
H"(AXX3,103,A03) = N*X**H” (X3,03,03) , (3.7)

with a —2a =2 —qand a — 2a = 2 — ¢, where A = ¢+ ¢ and r = ¢ — q. Extra restrictions
are obtained by imposing the conservation equations of 7, these imply,

82

S oo ®) 757,56, 1) (33
DD HE (Z3) =0, DD} HY(Z3) = 0, (3.9)
where 9 P P
Dyi = ——— 4.@6‘{2‘ ) ,[)di = aA - 462 o : 3.10
gogi ~ MPsigxaa ST LY:> o (3.10)

In order to see how these restrictions are imposed, let us work out an example in detail. For
an operator O which is a scalar under Lorentz and SU(2)r x U(1), equations (3.8) imply that
H can be at most quadratic in ©3 and ©3. Thus, we will consider the following ansatz:

H(Z3) = f(X3) + gaa(X3)0505 + h, 4:5(X3)057057 | (3.11)

where i )
of —ogolisy, 67— 040l @1

This is the most general expression consistent with SU(2)r x U(1), invariance quadratic in
the Os. Next, we impose the scaling condition (3.7),

H(MX3,A03,103) = \™17A2)"1=22 (X3, 03,03) . (3.13)
Hence, the functions f, g, and h are known up to an overall constant:

1 05X3 0605 07X 306Xy 550

H(Z3) =a a a
) =g T T T gt T il

(3.14)

Our correlator (3.1) should also be invariant under the exchange z; < 29 which implies
(X3,03,03) = (—X3,—03,—03), as can be checked from (3.5). We will call this symmetry
Zs for short. Then,

H(X3,03,03) = H(—X3,-03,-03). (3.15)

This condition turns out to be very restrictive. In particular, if a function satisfies (3.8)
and the Zs condition, it also satisfies equations (3.9). Fixing the correlator is now a standard
exercise in Grassmann algebra, we Taylor expand (3.15) in powers of the Grassmann variables
and equate coefficients in both sides in order to fix (aj,as,as). Details of our calculations
along with some superspace identities are presented in appendix B.

For arbitrary A there is a unique solution given by

(a1,a2,a3) = cg7o(1, (A = 4), —5(A = 4)(A - 6)). (3.16)



This solution is our generalization of the (JJJ) correlator for the case in which the third
operator is a long multiplet A€0(0 0) with unrestricted conformal dimension A.
For the special case A = 2 the long multiplet hits its unitarity bound and splits according
to,
AS 00.0) = Co0,0) + P1(0,0) + D100y + Bz - (3.17)

The results of this section imply that D and B multiplets are not allowed.! Then, for A = 2
the only surviving term in (3.17) is 50(070), and we just recover the (77 J) correlator solution:

(a1,a2,a3) = ¢, (1, -21,0) + ¢, (0,0, 1). (3.18)
That is, there are two independent structures. These two structures can be associated to the

a and ¢ anomaly coefficients, the exact relations were worked out in [31],

m _ 3 @ _ 1
cjjj—w(éla—c), cjjj—%(4a—5c). (3.19)

The presence of two parameters is due to the fact that the last term in (3.14) is automatically
symmetric under z; <> zp when A = 2.2
O XoiX ;0% 07X 0iX ;6%
(X2)? (X2)?

(3.20)

Another way to phrase this, is that there is a “nilpotent invariant”, namely, a purely fermionic
term that satisfies all the symmetry requirements. It implies that we can not reconstruct the
full superspace three-point function starting from the three-point function of the superconfor-
mal primaries [32]. This is a generic property of superconformal field theories, unlike the pure
conformal case in which three-point functions of descendants can always be obtained from
that of primaries by taking derivatives. Although nilpotent invariants are to be expected, for
some special cases it is impossible to build three-point invariants that satisfy all the symme-
tries of the correlator. Well known cases are 1/2 BPS operators in N’ = 2 and N = 4 theories
[34-37] and (anti)chiral operators in A/ = 2 and N/ = 1 theories [21, 38]. As we will see below,
nilpotent invariants will also be present when we consider operators with spin.

N =1 check: As a check on our result, let us reduce it to N/ = 1 superspace language and
compared it the known solutions of [22, 39, 40]. Using the coefficients (3.16) in (3.11) and
rewriting in denominators in terms of X - X. Setting the i = 2 components to zero we obtain,

Gaizl — @aa @ai:2 — 07 (321)
where O, is the analogous N' =1 coordinate. Our solution reduces to,

)

1 1
H(Z):m (1_Z(A_4)(A_6)

(3.22)

"We refer the reader to (4.1) where we have collected in a single equation the super OPE selections rules
obtained in this section.
2From now on we will ignore the subindex 3 in (X3, O3, (:)3).



in perfect agreement with the N' = 1 result of [22, 39, 40].

The procedure is now clear:

e Write the most general ansatz consistent with (3.8).

e Fix the X-dependence using the scaling condition (3.7)

e Fix the arbitrary coefficients by imposing the Zy symmetry (3.15).

We now apply this strategy to all possible combinations of Lorentz and SU(2)g x U(1),
quantum numbers in order to find the N/ = 2 selection rules for the OPE of two stress-tensor
multiplets.

3.1 Solutions
A
Aot

The most general ansatz for arbitrary ¢ consistent with the conditions discussed above is

H(Z) _ Xa1d1 . Xazde o ta @aiXadéid a @aﬁXadXﬁBédﬁ
= (X2)2_¥ 1 2 X2 3 (X2)2
+ Xazds - - Xayay O 0, .+ @d1BXBB®Bal (3.23)
O G X2
Xasds - - - Xayé
2
where it is understood that the indices (aq,...,ay) and (&1, ...,dy) are symmetrized with

weight one. Imposing the Zs symmetry we find, for the odd case,

d=cggo <0’ Q(Al— 0y i(f(; S)@’ A —14 v i(zA(; i;)g) ’ (Ai(: f)e)> CES)
For ¢ =1 the last structure in (3.23) can not contribute.
For the ¢ even case we find two different solutions
i=c70 <0, 0, %(A —6—10),(3A +£—6),0, (3(A(_A2124__2§)_ 62)>
+c20 <12—1£ _a _242 —9) , NG 22);(?;;1 E__E)G()A —0- E), (3.25)
1,0, (B (_32)65__26; £)>



The two-parameter solution is due to the existence of three-point “nilpotent invariant” that
can only be constructed when the spin is even. Indeed, the object

%(A By ‘4‘_X°W 07X X ;56% + (3A + 0 — )02z - fim I
(X2) 2 (X2)
(3(A - 2)2 - 2€ - E ) a3y ¢ Xala( 0
(A —4 — g) (X2)2__ ®a1a2@a1a2 ) (326)

satisfies all the constraints imposed by N' = 2 superconformal symmetry. As a consequence,
the superconformal block will have an undetermined parameter. In [22] superconformal blocks
for general scalar operators were obtained where the same happens, the block has a number
of free parameters, in that case things can be improved if one imposes conservation or chi-
rality conditions. Our result implies that in N/ = 2 theories, even imposing the conservation
condition is not enough, and there will be an unfixed parameter in the superconformal block
expression. It would be interesting to understand whether this parameter has some physical
meaning, like in the A = 2, ¢ = 0 case, where they are identified with anomaly coefficients.

At the unitarity bound we have the splitting,
)—l-éé(%’zq)—i-él(z& -1y - (3.27)

The multiplets C1 1ty and C1 ¢ -1 ) are not allowed by the selection rules (see (4.1)). The

2 212772

Co( L1y multlplets contaln higher spin currents and are not expected to appear in interacting
272
theories, with the exception of £ = 0.

AA
0,0(42,%)

We also found solutions for complex long multiplets,

Xajar - - - Xaya oY% e
H(Z) = a;lz 3— A_jml (—)Za[+1 aps2a©OF + a2 €0, a Xy, s é‘%
p
X (3.28)
Xog, --- X Be
a a1d 3_&1 Q1 @az a(+1XaZ+2 deaﬁ@dgﬁ .

(X?)

For ¢ even we have (a1, a2,a3) = c770 (0, (A — 6 — £),2(A — 2)), while for £ odd (a1, as,a3) =
cr70 (2,i(A —6 — ¢),—2if). For £ = 0 there is no solution.
At the unitarity bound we have,

Ag—gf[+2 g) - CO,O(HTz, ) +C (%’ ) (329)

Nl
[SIEN

(NI

1
PR

The multiplet C1 1ottt
272

£
2 02

) is not allowed by the selection rules (see (4.1)).

— 10 —



AA
0,0(42,%)

Finally, there is another long multiplet

CgIo Y
H(Z) == (}(2)47_%)(0‘1&1 PPN XaleXal+1anl+28@al+3al+4@ 6 s (330)
with c¢770 # 0 only for ¢ even.
At the unitarity bound we have,
4+0 _

The multiplet C1 123 ¢ is not allowed by the selection rules (see (4.1)).
2

£
2

N

1

2 b

Co—a(42.4)

We also found solutions that fix the conformal dimension A,
CTTO

H(Z) = anldl D SC

3_A—¢

(x2)3 5

(3.32)

Qp10p42 9

has nonzero a for A =5+ ¢, and £ > 0 even. This is precisely the unitarity bound for this
quantum numbers and corresponds to a semi-short multiplet of the C-type.

We can also have multiplets that transform non-trivially under SU(2)g representations,

Can . X . XB8 _ .
OA(ZfelaZ 1 (alXaleGfol + as- Oée;(‘—z ®ae+16@lﬁ'+a3@azaz+1®f§ce) .

(3.33)

H is nonvanishing only for A = %—M which is the unitarity bound for these quantum numbers.
The solution is (a1, a2, a3) = cy70 (1,0,if) for £ odd and (ai,az2,a3) = c770(0,1,0) for ¢
even.

Cies.)

For SU(2)g triplets we find the following family,

)

7 CJJO_—Xalal e Xazf1dzf1@ggéél (3.34)
This structure is nonvanishing only for A = 4 + ¢, which is again the unitarity bound. Now,
the flavor current sits in B multiplet which is a triplet under SU(2)g and has £ = 0. Tts
superspace field was denoted by L% in [31] and it was found that (J JL¥) = 0. Our solution
is consistent with their result.

For SU(2)r representations higher than R = 1 no solutions exist due to the condition

that the correlator be at most quadratic in © and ©.

— 11 —



3.2 Extra solutions

In addition to the multiplets described above we found extra solutions.

1 _3 ¢ é—l) solution

Non-unitary (R,7,7,7) = (5, —5, 5, 5

The following structure is also allowed,

Xy Xadp, X 530700

H = X2

X . ...X . .
aom et a1 X oy Xacy,, 0% + az

(XQ)T_T
(3.35)

+ CLSXade @aoce éid[+1)
H is nonvanishing only for A = % — L for (ay,a2,a3) = c770(1,21,0) for £ =0, (ay,as,as) =
c770(0,0+2,¢) for £ odd, and (aj,as,a3) = cy70(1,i(¢ + 2),i¥) for £ even. This solution
is below the unitarity bound and therefore of no interest to us. Similar non-unitary solutions
were found in [39].

Non-unitary (R,7,j,7) = (%, —%, é, T) solution

We also found

EX o X i, , 0705, - (3.36)
H is nonvanishing only for A = % — ¢ and only for £ > 1 odd. As the case above, this is below
the unitarity bound and has no relevance for this work.

Lo
‘Af _3(£t3 £)

27 2 2 72
Finally, we found a strange solution that corresponds to a long multiplet with fixed conformal
dimension:

H(Z) = %del T Xazdexazﬂd@auzausédi : (3'37)
(X2) 4 2

The only restriction for this long multiplet is that the conformal dimension be above the
N = 2 unitarity bound A = % + ¢, it is then puzzling that our solution fixes its dimension to
A= % +{. Because it sits above the unitarity bound we can not interpret it as a contribution
from a short multiplet. One possible explanation is that this multiplet corresponds to a theory
that has enhanced N' = 4 symmetry. AN/ = 2 long multiplets with fixed conformal dimension
appear if one decomposes N = 4 multiplets. The OPE of two N = 4 stress-tensors is well
known [35, 36],

Bio,2,00 X Bo,2,00 ~ Bio,2,00 + Blo,a,0] T Bpi,o1) + Bz + B,

(3.38)
+ Cio,0,01,¢ + Cr,011,6 + Co2,01,e + - -+
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where the ... stand for long multiplets with unrestricted conformal dimension. In the de-
composition of the N/ = 4 stress-tensor multiplet we find, among other things, the N' = 2
stress-tensor multiplet,

8[0’270} =...+ 60(070) +.... (3.39)

Our curious multiplet could appear in the decomposition of one of the multiplets in the RHS
of (3.38). The Bjy, o decompositions were worked out in [29] and our multiplet does not
appear there, our guess is that is hiding somewhere in the C multiplets. In principle one
could use the character techniques of [41] to confirm this suspicion, although straightforward,
this type of calculation can still become quite involved. In the remainder, we will ignore this
solution considering it an accident with no relevance to N' = 2 dynamics.

4 2d chiral algebra and central charge bound

The superspace analysis of the previous section allows us to write the super OPE selection
rules for the N/ = 2 stress-tensor multiplet,?

Co(0,0) % Co,0) ~ I + éo(

) 7T
TCoag.52) FCooz ) T ooyt (41)
AB AB AB
T A0 L) T Aoz g) T Mo L)

We will now use this information to obtain an analytic bound on the central charge ¢ valid
for any N/ = 2 superconformal field theory. To accomplish this, we will rely on the ob-
servation that any N' = 2 SCFTs contains a closed subsector of operators isomorphic to
a two-dimensional chiral algebra. Let us then start reviewing how chiral algebras appear in
N =2 SCFTs, for more details we refer the reader to the original paper [11] (see also [42-45]).

It is possible to define a map that associates to any N' = 2 SCFTs a two-dimensional
chiral algebra:

4d SCFT — 2d Chiral Algebra

whose correlation functions describe a protected subsector of the original four-dimensional
theory. The construction of the two dimensional chiral algebra is obtained by going to the
cohomology of a certain nilpotent supercharge

Q=0 +8%, (4.2)

where Q¢ and S*“ are the standard supercharges of the N' = 2 superconformal algebra. Fixing
a plane R? € R* and defining complex coordinates (z,z) on it, the conformal symmetry
restricted to the plane acts as SL(2) x SL(2). The supercharge Q can be used to define
holomorphic translations that are QQ-closed and anti-holomorphic translations that are Q-

exact:

—

[Q,SL(2)] =0, {Q, something} = SL(2), (4.3)

3To avoid cluttering we do not write the conjugate multiplets.
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where SL(2) = diag (SL(2) X SL(2)R> and SL(2)g is the complexification of the compact
SU(2)r R-symmetry. Operato%at belong to the cohomology of QQ transform in chiral
representations of the SL(2) x SL(2) subalgebra. This implies that they have meromorphic
OPEs (module Q-exact terms) and their correlation functions are meromorphic functions of
their positions when restricted to the plane.

In order to identify the cohomology of @Q we will consider operators at the origin, and

then we will translate them across the plane using the SL(2) x SL(2) generators. As shown
in [11], a necessary and sufficient condition for an operator to be in the cohomology of Q is,

SA-(G+D)-R=0, r+(i-)=0. (4.4)

We call this operators Schur operators, because they contribute to the Schur limit of the
superconformal index [46]. It can be shown that Schur operators occupy the highest weight
of their respective SU(2)r and Lorentz representations,

Oyt 100 (4.5)

—

Having identified the operator at the origin, we proceed to translate it using the SL(2)x SL(2)
generators. Equation (4.3) implies that the anti-holomorphic dependence gets entangled with
the SU(2)g structure due to the twisted nature of the S/L(?) generators. The coordinate
dependence after translation is,

O(2,2) = uiy (2) .. ugy ()00 (2 2)  where  w(2) = (1,2). (4.6)

By construction, these operators define cohomology classes with meromorphic correlators.
For each cohomology class we define,

O(z) =[0(2,2)]o - (4.7)

That is, to any 4d Schur operator there is an associated 2d dimensional holomorphic operator.
Schur operators have protected conformal dimension and therefore sit in shortened multiplets
of the superconformal algebra. In table 2 we present the list of multiplets that contain a Schur
operator and the holomorphic dimension h of the corresponding two-dimensional operator.

4.1 Enhanced Virasoro symmetry

Among the list of multiplets in table 2 is the stress-tensor multiplet CA’O(O,O) and its Schur
operator is the SU(2)r conserved current JJlr1+ Its corresponding holomorphic operator is
defined as T'(z) = [J; (%, Z)]g, and the four-dimensional J__; (z)J,;(0) OPE implies,

6 caq T(0) oT(0)
T(2)T(0) ~ — o +2 2 + ; + (4.8)
We can therefore identify T'(z) as the 2d stress-tensor. The 2d central charge is,
Coqd = —12 CaAd - (49)
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Multiplet | Oschur h r

Br plt1 R 0
Droy | QI R+j+1 | j+}
Dryj0) ol wit-d R+j+1 —j—1
Cripy | QLQLUIl IR+ j+7+2 |5

Table 2. Four-dimensional superconformal multiplets that contain Schur operators, we denote the
superconformal by W. The second column indicates where in the multiplet the Schur operator sits.

The third and fourth column give the two-dimensional quantum numbers in terms of (R, j,7)

Unitarity of the four-dimensional theory implies that the two-dimensional theory is non-
unitary. The holomorphic correlator of the stress-tensor can be completely fixed in terms of
the central charge, and its relation to the parent theory in four dimensions will allow us to
obtain an analytic bound on ¢. The holomorphic correlator of the stress-tensor is,

4

5 J U PP Ay (S N (4.10)
&= (1—2)% ¢y (1-2)2 1-2/" )

and admits the following expansion in SL(2) blocks,

9(z) = Zaz 2o (0,4,20, 2) { even, (4.11)
=0

where 9 F] is the standard hypergeometric function. Thanks to the 4d/2d correspondence we
can interpret the SL(2) blocks as contributions from four-dimensional multiplets containing
Schur operators. Looking at the super OPE selection rules in (4.1) there are only two possible
choices,

Nles

The éo( Lty multiplets contain higher spin currents and we do not expect them in an inter-
272

acting theory [47, 48]. The only candidate then is Cl( ¢

2 b

a between the OPE coefficients A% and the SL(2)

Cle e
Hz.3)
out, but we will not need it. The explicit expansion of (4.10) in terms of SL(2) blocks was
worked out in [49], in particular,

A2 ):a<2 1 > (4.13)

) the exact proportionality constant

Q wis

oefficients ay can be carefully worked
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Unitarity of the four dimensional theory implies )\% > 0 then,?
13:3)
11

Cia > 55 - (4.14)

Let us note that in order to obtain this bound we only assumed N = 2 superconformal
symmetry, existence of a stress-tensor, and absence of higher spin currents. Bounds of this
type were obtained in [11] using the By four-point function, in that case however, it is necessary
to assume the existence of flavor symmetries whose conserved currents sit in B, multiplets. In
the present case, our assumptions are weaker. A similar bound was also obtained for ' = 4
theories in [50], where absence of higher spin currents imply ¢ > %.

Going through the N' = 2 literature one can check that the simplest rank one Argyres-
Douglas fixed point (sometimes denoted as Hy due to its construction in F-theory) has central
charge ¢ = % [51-54], which precisely saturates our bound. The analytic bounds of [11]
turned out to have interesting consequences for four-dimensional physics: the saturation of a
bound was identified as a relation in the Higgs branch chiral ring due to the decoupling of the
associated multiplet. It would be interesting to explore whether the absence of the C1(272)
multiplet is associated with some intrinsic structure that characterizes the Hy theory.

From the two-dimensional point of view, the 2d chiral algebra that describes the Hy
theory has been conjectured to be the Yang-Lee minimal model [55]. Indeed, the 2d value of
the central charge is coq = —%. Saturation of the bound implies the absence of the él( 11y
multiplet, from table 2 the associated 2d operator has holomorphic dimension 4. Hence,
absence of C 11,1 translate to the existence of a null state of dimension 4. Remarkably, one
of the hallmarks of the Yang-Lee minimal a model is a level 4 null descendant of the identity,
(L2, — 5 L_4) |0). Our results are then consistent with the conjectured correspondence. The
Schur index of Argyres-Douglas fixed points and its relation to 2d chiral algebras was recently
studied in [56, 57].

The vanishing of certain OPE coefficients has also been instrumental in characterizing
the 3d critical Ising model using numerical bootstrap techniques [58-60]. One can then label
the rank one Hy theory as the “Ising model” of A/ = 2 superconformal theories, in the sense
that it shares two of its most prominent features: minimum value of the central charge, and
vanishing of certain OPE coefficients. Both features indicate that this superconformal fixed
point sits in a very special place in the parameter space of N' = 2 theories and a numerical
treatment seems feasible [61].

5 Superconformal block analysis

The super selection rules are a necessary first step toward writing the conformal block expan-
sion of the J correlator. The results of section 3 give a clearer picture of how this expansion

“Because we have not calculated the exact proportionality constant, one could complain that an overall
minus sign will invalidate our bound. However, common sense dictates that the sign should be positive,
otherwise we will rule out every known interacting ' = 2 SCFT.
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works in the case of N' = 2 theories. Superconformal block expansions for 1/2 BPS and
chiral operators for several combinations of supersymmetry and spacetime dimension have
been worked out [21, 35-38, 62]. There has been more success studying chiral and 1/2 BPS
operators because one can construct superspaces in which they are naturally defined, and the
analysis simplifies. Semi-short and long multiplets in general are harder to study, the work
of [22] and [27] attempts to tackle the more general cases.

5.1 Quick review of conformal blocks

Given the four-point function of a scalar J one can use the OPE in order to write the four-
point correlator as a sum of conformal blocks (also called conformal partial waves),

J(@)J(0) = Y AsoCaz, P)Oa(0). (5.1)
OeJxJ

Plugging the OPE into the four-function,

(T T @) T @) T @) = —— 3 Mjogaru ), (5.2
T12%34 07y g

where u = 22—?4 and v = %. The function ¢ is a known function of A and ¢. The
dynamical mflormatlon of the theory being studied is encoded in the As and the three-point
couplings A. The collection of {A, ¢} is called the CFT data. The conformal blocks in four
dimensions can be written explicitly in terms of hypergeometric functions [13, 14],

Z_gg(kAM(Z)kA—e_z(E) — 2 7), (5.3)

gne(z,2) =

where u = 2z, v = (1 — 2)(1 — 2), and kop(2) = 2°2F1(B,5,28,2). In the superconformal
case a finite number of conformal families are related by supersymmetry transformations
with known coefficients. This allows a rewriting of (5.2) in terms of a “superconformal block
expansion”,

( (1) (22) ] (23) (24)) = > Ao Gaduv). (5.4)

x12x34 ocIxJ

where the function G(u,v) is a superconformal block capturing the contributions of the su-
perconformal multiplets appearing in (4.1), and it can be written as a finite sum of conformal
blocks with coefficients fixed by supersymmetry

5.2 Toward the superconformal block

The contributions to the scalar four-point function (JJJJ) are quite limited, the operators
have to be SU(2)r x U(1), singlets and have even spin ¢. We will now study the conse-
quences of our selection rules (4.1). By scanning through the operator content of the different
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multiplets we can read which operators contribute to the expansion (5.4). Below we list our
findings (the ranges for ¢ are given in section 3).

ono(g,g) o gart+bigatoere +bagator+b3gato—2 +bigatae £ even

«4070(5,5) Cgatier Hbigati -1 Fbagats et + b3 gatae—1 ¢ odd

«4070(%,%) : ga+2,0 + b1 gataer2 {  even

Aoo(t2.8) + 9a+Lert b1 gata e ¢ odd

: 14

A070(Z+T4,§) JA+2,0+2 even

Co-3(5,%) -

Ci_sesyy 96+6,0 ¢ even
27 2 2 72

Ci_sea oy Greest ¢ odd
27 2 2 2

Cl(g,g) : G540,0—1+ 01 950041 + b2 970041 ¢ odd

From this list we see that not all multiplets have a an associated superconformal block.
Some of them contain several conformal families that contribute to the J correlator, others
have one single family and the associated block is just bosonic, while one multiplet does not
contribute at all. For the ones that do have superconformal blocks, the b; coefficients need to
be calculated.

One way to proceed would be a brute force calculation where the b; couplings are extracted
from our three-point functions. This procedure has been used for N' = 1 theories and its
implementation for the N/ = 2 case is just a straightforward generalization. However, due to

the higher number of supercharges the calculation can become very cumbersome. Let us give
A

0,0(3,3)
refer the reader to [38]. The starting point is the superspace expansion,

an schematic outline of how the calculation goes for the A block, for more details we

Oal"'audlmdz = Aa1~~'ae7d1"'de + Bijaalmag,ddl---dg 9?9_0”
gl jaipnBaBk
+C 0269000k 4 .

ik aBan o, Bén by I

(5.5)

where a7 -+ - ay and &g - - - &y are symmetrized as usual. There are also terms proportional to
(66)3 and (#9)* that contribute to this correlator but we will ignore them to avoid cluttering.
Using the superconformal algebra (see appendix A) we can write:

‘ 1 .
J — _=J . .
Bioaal---ae,ddlmdg - 5‘—‘2'(1&’40‘1"'@(7(11“'0%7 (56)
J! = LS8 PP, A 5.7
ik aBan-op,éfdn -y E“iad“kﬁg QoG iy T Z i Yk Taal gatan o,y ( : )
(5.8)
where Egaa =19, Qial-
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The next step is to build the conformal primaries associated to B, C, ... in order to obtain
the three-point couplings that relate the different conformal families inside a multiplet. Once
this is accomplished we can write,

(JJO) ~ (JTA) + AsyB,m (T T Bprim)00 + X1y i (T T Corim) (00)% + ... (5.9)
and the coefficients b; can be calculated from,
A2 , A2
JJBprlm ’ JJCprlm ’ o (510)
Bprim Ncprim

where Ny = (X|X) is the norm of X. Although straightforward, the process becomes
increasingly complicated the deeper one goes into the multiplet, i.e. the ()3 and (60)*
terms.

5.2.1 N =1 decomposition

Another way to organize the calculation is by splitting the N' = 2 long multiplet in several
N = 1 multiplets.® The idea is to organize the calculation in several N' = 1 contributions
and make full use of the A/ = 1 results already present in the literature. Let us start by
decomposing an N’ = 2 multiplet in terms of A/ = 1 multiplets. The most efficient way to do
this kind of decomposition is using superconformal characters [41, 63]. The expansion works

as follows,
A ~ AA A+1 A+1
Aoty ~ Anzot, by A Dot sy AL Do o, .11)
A+1 A+1 A+2 :
A o g T AL o 5 T AL 0 )

where r = %(r +2RY) is the N' = 1 r-charge after the decomposition. We have only
written the A/ = 1 multiplets that have zero rq-charge. Non-zero ri-charge multiplets can not
contribute to this correlator. From this expansion we conclude that only six N' = 1 multiplets
contribute to the OPE. Moreover, the highest dimension primary has A + 2, which means
that the remaining (60)% and (60)* terms in (5.5) are N’ = 1 descendants, and therefore their
contributions will be encoded in the N = 1 results.

The superconformal blocks for N' = 1 conserved currents were worked out in [22, 39, 40].
Their results read,

(A—2)2(A+0)(A—€—2)

+

GAp=9a0+ 16A2(A—|—€+1)(A—€—1)9A+2’Z7 (5.12)
_ (U422 (A+0+1)(A—0-2)

GA,Z = 9A+1,0-1 + eQ(A — 0 — 1)(A + e) JA+1,0—-1 > (513)

SWe are indebted to Andy Stergiou for this idea.
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where +(—) stands for £ even(odd). These results and the character identities imply that the
N = 2 superconformal block can be written as,

Gre=GAp+te1Gayy g +e2Gayy g +3GR 0+ cagnsor, (5.14)

Gne=GapteaGap gt eaGayy T e3Gagy- (5.15)

The extra term in the even block represents the contributions of the Af*’é( [y and
1=007" 5
f*’é R multiplets, which can not contribute to the ¢ odd block due to the scalar
=005

J x J selection rules. This decomposition simplifies significantly the analysis: the number of
coefficients remains the same, but now we need to find primaries with dimensions up to A+ 2
instead of A + 4.

The procedure sketched above is the same, but now we have to organize the calculation in
superconformal primaries annihilated by the supercharges Slﬁ and S'# instead of conformal
primaries annihilated by K?8. Once this is accomplished we can write

(JJO) ~ (JTAY + AsyB.pim (T I Bsprim )00 + Ay sy rim (1T Coprim) (00)° (5.16)
and the coeflicients ¢; can be calculated from,
A2 , A2 ,
L]JBsprlm 7 JJCsprlm . (5 17)
Bsprim Ncsprim

This is certainly a vast simplification of the problem, but still quite involved. Also, the N =1
decomposition (5.11) works nicely for the A,_ r=0(%, ) multiplet but is not so efficient for
b 2 b 2

the others. For example, it is significantly more complicated for the él( ¢ty multiplet.
272

6 Conclusions

We have presented a detailed superspace analysis of all possible three-point functions of two
stress-tensor multiplets and a third arbitrary operator. From this calculation one can read
the super OPE selection rules, a necessary first step for bootstrap applications which were
the main motivation behind this work.

The selection rules along with the 2d chiral algebra description of certain observables in
N = 2 theories were sufficient to obtain an analytic bound on c¢. This bound is valid for any
N = 2 theory and is saturated by the simplest Argyres-Douglas fixed point, denoted by Hy in
this paper. Saturation of the bound also implies the presence of a null state at level 4 in the
associated chiral algebra, this result is consistent with the conjecture between the H theory
and the Yang-Lee minimal model.

We also presented a partial superconformal block analysis for the highest weight operator
of the stress-tensor multiplet, a scalar J of dimension A; = 2. Our selection rules tell us how
each conformal block organizes in a superconformal multiplet, but the precise coefficients need
to be calculated. It is not clear to us what is the most efficient way to proceed. A promising
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direction is the supershadow approach developed in [22]. However, their analysis was mostly
relevant for A/ = 1 theories in which a real operator is being exchanged. Our selection rules
include N/ = 2 complex operators which need a generalization of their procedure. Another
strategy is to perform a brute force computation, maybe the techniques used in [64] can be
generalized to the problem at hand.

Once the superblock is obtained, the bootstrap machinery can be applied. Of great
interest is the anomaly coefficient a, which has been absent so far from bootstrap studies. The
reason is that the a coefficient only participates in stress-tensor correlators, whose intricate
Lorentz structure makes it a hard target for the bootstrap [19, 25]. One can circumvent that
complication in N = 2 theories where the highest weight in the multiplet is a scalar. However,
as we have seen, complications of a different nature arise when one tries to calculate the
superconformal blocks. In any case, we know from the results of section 5 that what remains
is just a handful of coefficients, and they should be calculable either by elegant methods
or brute force. Hopefully, the “N' = 2 stress-tensor bootstrap”, which has been a glaring
omission in the current numerical literature, will be a reality in the not so distant future.
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A N =2 superconformal algebra

In this appendix we collect our conventions for the SU(2,2|2) algebra, we only list the non-
vanishing commutators.
The conformal generators are {Pag, K¢, Maﬁ , M@ 5 D}. Lorentz indices transform
canonically according to
IM.P, X, = 268X, + 05X, IMJP, X7 =260 XP — 68 X7, (A1)
M5, X5] = 265 X5 — 05 X, (M, X7] = —25}){6’“ +a5X7. (A.2)
The remaining SO(4,2) commutators are,

(D, Pus) = Pas, [D, K] = —K (A.3)

and
[, Pgsl = 205 M" — 205 M 5 — 46505 D. (A.4)
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The SU(2)g x U(1), R-symmetry generators are denoted by {R?;, r}. SU(2)g indices trans-
form according to,

) ) 1. . 1 L
Ry, Xi] = 01X, + 5<5;-X,€, R, X" = 5;?XZ — 55;)(’*6. (A.5)

The fermionic generators are the Poincaré and conformal supercharges are {Q!,, Q; 4, S, S'*}
and their anticommutators are,

{9, Qja} = —2i0)Pas, {S'% 87} = 2i0iK% (A.6)
{QL. S} = =200 M. + 28165 (D —r) — 465 R, (A7)
{8%,Q; 5} = =20, M%; — 26785 (D + 1) — 485 R, . (A.8)

Finally, the commutators between bosonic and fermion generators,

K% Q1] = —2i68578 [KP8, Q4] = 2i62 5P | (A.9)
[Pog: S5 = —2165Q, 5, [Pgg, S 1= 216595, (A.10)

and
[D, Q] = %wa D, 8] = —%3{1, [D, Qia) = %Qid, [D,S5'%] = —%S’M, (A.11)
n Q=50 S =58 Q= 50, S9=380 (A1)

B Superspace identities

Here we collect some superspace identities necessary for the three-point functions calculations
of Section 3. Let us start proving that if equations (3.8) and the Z symmetry condition are
satisfied, then equations (3.9) are also satisfied. In general the function H will always be
expressible as sum of the form

H(Z3) =Y fa(X3)9a(Os3,03), (B.1)

where the functions g, satisfy the conditions,

o ) o
(@50 =0, O
507 oot 993 93) 06506

ga(®3,@3) = 0, (B.Q)
3ajg

and g,(—03,—03) = (—1)Fg,(03,03) where (—1)¥ counts the number of ©s and ©s. From
(3.10) it follows,

Dyi X306 =0, D X306 =0, (B.3)
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and,
DDy H(X3,03,03) = DaiDS > fa(X3) ga(Os, O3)
= Z fa(_X3)DaiD? ga(_@3a _63)

82
o Aol Ja
00i 0057

(B.4)

=Y fu(-Xs)(-1)F (©3,03)

=0

as promised. Thanks to this property imposing the conservation constraint is now an algebraic
exercise, Taylor expanding both sides of the Zs equation and equating coefficients solves the
problem. For the expansion of the denominators we use the following identity,

1 1 (09X, 08 O% X, O%)2 (099X 1 X , ,0%9)
S2\A 2A_41A(27A+1)—8A(A—1)( 2A+2) —_8A 2Af—§
(X2)5 ~ (X2 =7 = o
2, (0 XuiB)" 32 (01,402
* §1A(A2 B 1)W 3 A*(A? ~ 1)W ; (B.5)

which for the special case A = 1 becomes eq. (3.27) in [31]. After Taylor expanding what
remains is to write all terms in our equation using the same basis of Grassmann objects. As
usual with fermions, high powers of Grassmann variables are not all independent, for example,

(04X 06 0)* = (07X 05X 5,6%%) (077X 40]) . (B.6)

Several identities of this type were needed for the calculations of section 3, we implemented
them in Mathematica using the grassmannOps.m package by J. Michelson and M. Headrick.
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