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Abstract

Starting at 3-loop order, the massive Wilson coefficients for deep-inelastic scattering and
the massive operator matrix elements describing the variable flavor number scheme receive
contributions of Feynman diagrams carrying quark lines with two different masses. In the
case of the charm and bottom quarks, the usual decoupling of one heavy mass at a time
no longer holds, since the ratio of the respective masses, n = m?2/ m% ~ 1/10, is not small
enough. Therefore, the usual variable flavor number scheme (VENS) has to be generalized.
The renormalization procedure in the two—mass case is different from the single mass case
derived in [1]. We present the moments N = 2,4 and 6 for all contributing operator matrix
elements, expanding in the ratio . We calculate the analytic results for general values of the
Mellin variable N in the flavor non-singlet case, as well as for transversity and the matrix
element Agz). We also calculate the two-mass scalar integrals of all topologies contributing
to the gluonic operator matrix element Agq. As it turns out, the expansion in 7 is usually
inapplicable for general values of N. We therefore derive the result for general values of
the mass ratio. From the single pole terms we derive, now in a two-mass calculation,
the corresponding contributions to the 3-loop anomalous dimensions. We introduce a new
general class of iterated integrals and study their relations and present special values. The
corresponding functions are implemented in computer-algebraic form.

!Present address: Institut fiir Theoretische Teilchenphysik Campus Siid, Karlsruher Institut fiir Technologie
(KIT), D-76128 Karlsruhe, Germany.



1 Introduction

The heavy flavor corrections to deep-inelastic scattering for pure photon exchange are known
to leading [2] and next-to-leading order (NLO) [3P] The present accuracy of the deep-inelastic
world data requires next-to-next-to leading order (NNLO) QCD analyses in order to determine
the strong coupling constant a, (M%) [5-7] to ~ 1% accuracy at NNLO, to obtain highly accurate
values for the charm and bottom quark masses m. and m,;, and to make precise determinations of
the parton distribution functions. All of this is in turn needed to describe precision measurements
at the LHC [8] and at facilities planned for the future [9,10].

In the region of large scales Q? > m?, analytic expressions for the heavy flavor Wilson
coefficients have been obtained at NLO [11[]12]. A factorization relation valid in this asymptotic
region was given in Refs. [11,/13]. For the structure function Fy(x, @?), the asymptotic corrections
are sufficient at scales Q?/m? 210, cf. [11]. The massless corrections at NNLO to the deep-
inelastic structure functions are available [14H16], while for the corresponding massive corrections
in the asymptotic limit, a series of moments has been calculated in the single heavy mass case
[1] for all contributing terms in neutral current deep-inelastic scattering. The calculation of
the general expressions for the Wilson coefficients is still underway. The asymptotic Wilson
coefficients for the structure function Fy(x,Q*) have been completed [17,/18]. Here the first
genuine two-mass contributions emerge at fourth order in the coupling constant. In the case
of the structure function Fy(z,@?), all corrections to the color factors O(NgT2C 4 r) have been
obtained in [19,[20], which provides the complete results for two out of five contributing Wilson
coeflicients, cf. also [18]. The flavor non-singlet corrections have been calculated in Ref. [21]
and the flavor pure singlet terms in Ref. [22]. The massive operator matrix elements (OMEs)
calculated in [18}[19}21[22] are also needed to describe the variable flavor number scheme (VENS)
in the case of a single heavy quark transition [13], for which also the gluonic contributions A, ¢
and Ay, are required and have been calculated at 3-loop order in [23] and in |20, 24} 25],
respectivelyﬁ Technical aspects of these calculations have been described in [27-29]. Heavy
quark corrections to charged current deep-inelastic processes have been dealt with in Refs. [30].

In the calculations mentioned above, besides internal massless fermion lines, only a single
heavy mass is attached to massive fermion lines. However, starting at 3-loop order, there are
also diagrams with two different masses attached to the massive lines. In the present paper,
we consider corrections of this type. As before in the single heavy mass case |1, a series of
finite moments for all massive OMEs and the Wilson coefficients in the asymptotic region Q2 >
m?, is calculated. In some cases, we also compute the results at general values of the Mellin
variable NV and the momentum fraction z. Furthermore, we present the scalar two-mass integrals
contributing to the OME Ay, both in 2- and N-space, in extension to the single mass case in
Ref. [24]. In the present paper, we concentrate on the calculation of the two-mass effects in the
case of massive OMEs, playing a central role in the variable flavor number scheme, and leave
phenomenological studies of the contributions to various deep-inelastic structure functions for a
separate publication.

The paper is organized as follows. In Section 2, the general formalism is outlined, describing
the Wilson coefficients in the asymptotic region in the case of two massive quarks and the
representation of the deep-inelastic structure functions. We also present the transition relations
between a representation of three and five massless quarks to 3-loop order, which is governed
by the massive OMEs and describes the matching conditions in the VFNS. In Section 3, the
renormalization of the massive OMEs is described in the case of two massive flavors. Here we

2For a precise implementation of the Wilson coefficients in Mellin space see [4].
3For a recent survey on these calculations see [26].



also derive the structure of the massive OMEs, which now receives logarithmic contributions
depending on two masses. The fixed moments for N = 2,4 and 6 are calculated for all massive
OMEs in Section 4, for which we also present numerical illustrations. We have reported on a
few results already briefly in [31-33]. In the flavor non-singlet and gg-cases, we have calculated
the massive OMEs for general values of the Mellin variable N. These are presented in Section 5
and are numerically illustrated. In Section 6, we turn to the more involved case of the genuine
two-mass contributions to the massive OME A;?Q, and outline the calculation strategy, which is
significantly different from those of the easier cases being dealt with in Section 5. In the present
paper we limit the consideration to the calculation of all scalalﬂ 3-loop diagrams contributing
to A 90,0+ Poth in N- and z-space, leading to new functional structures. Unlike the case for the
moments, cf. Section 4, where we can expand in the mass ratio of the heavy quarks, this is in
general not possible in the case of the diagrams contributing to A 9.0 for general values of N.
Therefore, as in Section 5, we derive the analytic solution for general values of the mass ratio.
Section 7 contains the conclusions. The z-space results of a series of OMEs are given in the
Appendix [A] and a collection of new root-valued iterated integrals is presented in Appendix [B]

2 Massive OMEs and Wilson Coefficients with two
masses

Starting at 3-loop order, Feynman diagrams carrying internal fermion lines of different mass
contribute to the OMEs. The relevant masses are those of the charm and bottom quark, m, and
myp. In the following, we will work in the on-shell scheme. Here the masses are given by [341|35]

m., = 1.59 GeV
my = 4.78 GeV .

The ratio

2
My

=2 2.3
n= (2.3)

with mg = m., m; = my, amounts to n ~ 1/10. Later we will also use the symbol 7, = V-
The two masses do not form a strong hierarchy and charm cannot be assumed to be massless at
p? = mi. The asymptotic decoupling thus rather proceeds under the condition

Q°, i > mZ,mi (2.4)

with ? the virtuality of the exchanged gauge boson in the deep-inelastic process and p? the
factorization scale, which we will set equal to the renormalization scale in the following. The
transition relation to the MS-scheme for the mass renormalization will be given in Section
We refer to the on-shell scheme in the following for computational reasons, rather than giving
preference to this scheme. In any data analysis, the mass effects shall be expressed in the
MS-scheme, which provides perturbative stability.

In view of this, the associated variable flavor number scheme (VEFNS) differs from the one in
which only a single heavy quark is decoupled at the time [1},/13], which also works up to 2-loop
order since there no diagrams containing fermion lines of different mass contribute.

4 That is, not including in the numerator any term other than the one coming from the operator insertion.



In the following, we will mainly work in Mellin space to take advantage of the simplicity of
the emerging convolution formulae, which are given by ordinary products. The Mellin transform
of a function f(x) is defined by

MIf (2)](N) = / dae " f(z) (2.5)

The convolution formula of two functions reads

f®g](z / dxl/ dxed(z — x129) f(21)g(2). (2.6)
Its Mellin transform factors into the Mellin transforms of both functions

M[f(2) @ g(2)|(N) = M[f(2)|(N) - M[g(2)](N). (2.7)

In what follows, we will use the Mellin transform to map between the z- and the Mellin N-spaces.

Let us now derive the massive Wilson coefficients for deep-inelastic scattering in the kinematic
range of large virtualities @2, cf. . We generalize the considerations in the case of a single
heavy quark mass in Refs. [1/{13] and obtain the following factorization relation in the non—singlet
case:

Q*? NS Q° mi m3
Cq(QL <N7 NF:F) +Lq’(27L)(Na NF+27F7FaF>

2
NS my
ANS (N, Np+2,25

= )CN (N Ne +2, 32)
(2.8)

Here Np denotes the number of massless flavors (with Ny = 3 in QCD). C’ij and Ay, are the
massless Wilson coefficients, cf. [14,36,137] and massive operator matrix elements (OMEs), re-
spectively.
For the pure singlet and singlet contributions the corresponding relations read
C;?Z,L)UVF) + LS,?Q,L)(NF +2) = AgquQ(NF +2) + A;;SQ(NF +2) + ACPQZ(NF +2)
XNFO (2, L)(NF + 2)
Aqu(NF+2)CN (NF+2)
+qu,Q(NF + 2)NFCg7(27L)<NF +2),
(2.9)
Co2.)(Nr) + Lg ) (Np +2) = Aggo(Nr +2)NrCy .0y (Nr +2)
+Aqg,Q(NF + 2)01'1\5(52,L)(NF + 2)

[ Agg (N +2) + Agy(Nr +2)| NpGPS, 1) (Nr +2)
(2.10)
9%, (Np +2) = ANy +2)[ON, | (Ne+2) + CF5, ) (Ne +2)
+ | Al (Ne +2) + Aff(Nr +2)] C%,1) (Ne +2)
+A40.0(Nr +2)Cy 2.1y (NF +2) (2.11)
Hyony(Np+2) = Agyo(Ne+2)Cy 00 (Nr+2)
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+A0(Np + 2)C’ 1)(NF +2)
+AQ9(NF+2) C (NF+2)+Oq(2L(NF+2)
(2.12)

Due to the heavy quark charge, Egs. (2.11)) and (2.12)) are still generic and its specification is
given later in Eqgs. and (2.24). In the following, the mass-, @?-, and p*-dependence of the
Wilson coefficients and operator matrix elements have been suppressed for brevity. Here Wilson
coefficients are denoted by L if the exchanged gauge boson couples to a massless quark line

and by H if it couples to a massive quark line. Only in the case of Ly,?z Ly }N[;a 1) and H, o1
genuine two-mass terms contribute at 3-loop order. For the other Wilson coefficients [18]/19]
contributions of this type emerge with 4-loop order for the first time.

Above and in what follows we use the notation

fy = 19 (2.13)
fe) = flat2) - @) (2.14)

The double tilde in ]:[;?27 L and ﬁg7(27 1) should not be interpreted as applying Eq. (2.13)) twice.

Instead, it is used to differentiate these Wilson coefficients from those of the single mass case,

indicating now the required sum over charges as made explicit later in Eqgs. (2.23) and (2.24]).
The massive operator matrix elements are the expectation values

Ay = Glod),  i=ag (2.15)

of the local twist 7 = 2 operators O;, obtained in the light cone expansion [38] of the products
of electromagnetic currents,

N-larT A
OqN7S"§M17~~-nU«N = " 'Sy Dy - - D#Ngw] — trace terms , (2.16)
OSM’ un = TSy Dy, .. Dy ] — trace terms | (2.17)
O sy = 20V72SSpP[FY Dy, ... Dy F%] — trace terms . (2.18)

The partonic states |i(p)), with ¢ = ¢ (quark) or i = g (gluon), are on-shell with p> = 0. In
Egs. (2.16H2.18) Sp is the color-trace, and S denotes the symmetrization operato|

1
Sf,ul,...,p,M - Mz.fwa (219)

of the Lorentz indices p1,...,uny. D, is the covariant derivative, 1 and ¢ are the quark and
anti-quark fields, and Fj, the gluonic field strength tensor, with a the color index in the adjoint
representation. Furthermore, A, is the flavor matrix of SU(Ng). The labels ¢, g on the left-hand

side of Eqgs. (2.162.18)) distinguish quarkonic and gluonic operators.
For convenience we will express the strong coupling constant by a, = a,/(47) = ¢2/(47)? in

the following. Expanding the expressions (2.812.12)) up to O (a?) we obtain:

Lt';l,%Z,L)<NF + 2) = a2 [Aqq Q (NF + 2) 02 + C (2 L (NF)

5 The sum in Eq. (2.19)) is over the words w given by the different orderings of the Lorentz indices. For example,
_ : _1
for M = 3 one obtains, Sy, jus.us = 5 (Furuas + Surpspe + Fuzns + Fuopsin + Fusr e + Fuspap):

5



ol [qu>Q (Np +2) 8+ ADN(Np + 2) O (Np + 2)

+CES (R (2.20)
L%ny(Ne+2) = a2 ADES(Ni +2) 6 + Al (Np + 2)NpCLY, 1) (Np +2)

+NRCEFE (NF)} , (2.21)
LS,(Q,L)(NF +2) = SAgg o(Nrp + 2)NFC (o) (NF+2)

+ a3[ AD (Np +2) 6, + Agg o(Ne +2)NeC?, | (Np +2)
+AggQ(NF + 2)NFC (2,L) (NF + 2)
+ AW (Np 4+ 2)NRCESS (N +2) + NpC, (N )] . (2.22)

M-

B, (Ne+2) = eéiai[ AP (Np +2,m2) 8+ OO (Np + 2)} (2.23)

9,(2,L)

i=1

_ 2
+ ag[ ADPS(Np+2) 63+ > ed, [ CHPS (Np +2)

+AD (Np+2) CV (N +2)
NS
+Ag)"* (Nr +2) C(l()z (N + 2>H ’

~ 2
00 (Ne+2) = S [a] AQ(Ne +2) 6+ C, 1) (Ne +2)]

9(

+ ag[ AD(Np +2) 6y + A (N +2) C;I()Z"\'LS)(NF +2)

_l’_
Di

W (Np+2) C (>2L)(NF+2)+ o, (N +2)]]

+ al| AG)(Np+2) &+ Z b, | AG (Ni 4+ 2) CLS (N +2)
+ Agg Q(NF +2) Cé ()2 L)(NF +2)
+ A (Np + 2 NS (N +2) +
- Agg Q(NF +2) C! ()Q,L)(NF +2) +

Here the symbol §, takes the values

|1 for F,
52_{ 0 for Fy. (2.25)

Because of the coupling of the exchanged gauge boson to the heavy quark line in the case of the

Wilson Coefﬁments denoted by H, we have still to present the detailed structure of the 3-loop
OMEs A in thls case. They consist of the two equal mass terms AEq ®) and the unequal mass

Eo
term An 4

A?fq'7(3) (M1, ma) = f_l?fq”(?’) (m1, me) + fl?qu"(g)(mQ, my) (2.26)
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which is symmetric in my and my. The representation given in Eq. (2.26)) is only relevant in the
case of Aé? , and A PS. Here fl?qu"(g) (mq, my) denotes the part for which the current couples
to the fermion- loop of the heavy quark of mass m;. This line is carrying the respective local
operator. In general, the following representation holds

AD = ABO) (1) 4 ABO) (1) 4 ATESO) (1) ) (2.27)

[

The charge-weighted OME is thus given by

AB) — eélAZ.q"(?’) (my) + eégAqu"( (ma) + teAnEq (3) (my,mg) + eQQAnEq (3)(m2, my) . (2.28)

v

In the case of the structure function Fy(z,Q?), the asymptotic massive 3-loop corrections are
obtained by the massive OMEs up to 2-loop order only and therefore do not contain genuine
two-mass contributions, cf. [17,|18].

The inclusive deep inelastic structure functions Fj(x, Q?), i = 2, L can be represented in the
fixed flavor number scheme in terms of their purely massless contributions and the remaining
terms consisting of the real and virtual heavy quark contributions,

E([E, QQ) _ };vimassless(x’ QQ) + Eheavy(x, QQ) . (2'29)

Since the parton distribution functions are related to massless partons only, F8ssess(z ()2) is
obtained in a completely massless calculation. One finds
_Fmassless( QQ) _ Z 2 L E( 2) ® CS Q_2 + G( 2) ®C, Q_2
T % Z, — - €q NF T, 1,Q Z, ,UQ T, ig | T ”2
Q2
+A(z, 1) @ CNF (a: F) . i=2L, (2.30)

with ¥ and Ay the flavor singlet and non-singlet distributions given by

1

Np

S St ) 2.31)
k=1

Ap = fk+fk—Nin, (2.32)

and G denoting the gluon density. The heavy quark part is given by

1
_Fheavy(vaF + 27Q27m%’mg) =
T

(2.L)
ok 2 my My
3% i (o5 2. 228, 8) & [t 6t )
k=1
1 Q* m? m2
+ 5 Lo <xN +2, 7—1—)®2x N
N, Ltz Ftoe e (z, u*, NF)

1 2 m? m?2
+N_FL27(2,L) <LU,NF + 2722 ) ,uzl /’L;) ®G<x7/vb27NF)}

~ 2 02 2
= P2

") @ Do Ne)



- 2 .2
o Q7 mi m;

+Hgs,(2,L) (x’NF+2,?’F7F) ®G(ZL’,,LL2,NF) . (233)

The presence of diagrams with ¢- and b-quarks at 3—loop order also yields power corrections
in 7 to the massive operator matrix elementsﬂ One obtains the following transition relations
decoupling both the charm and bottom contributions at high scales i :

fe(Np 42, N, i, m3,m3) + fo(Np + 2, N, u*, m},m3) =
2 2
Ara (N Ntz 7:21 7322> [ fe(Np, N, %) + fr(Np, N, i?)]
PS m; 2
N Aqu<NNF+2 M?)Z(NF’N’M)
P
2

1

m
7, A (N Ne+ 2.

F) -G(Ng, N, 1%, (2.34)

fQ(NF +27N7 M27m%amg> +fa(NF + 2aN7M27m?7mg) =

m2
my
2

Ju
m2
my
2

m2? m?3
AE??Z (N’NF_‘_Q’,U_;,,U_;’) E(NF7Na:u2)
m2 m2
+Aq, (N Ng + 2, /ﬂl u_;) -G(Np, N, 1i%) . (2.35)

The flavor singlet, non-singlet and gluon densities for (Ng + 2) flavors are given by

E(]VF + 27N7 u27m%am%) =

2 2 9
NS 1 my PS mi My
Aqu(N NF+2 M M2>+AquQ <N7NF+2,F,§)

2
ml my

m2 m2 m2 m2

+ {Aqg,Q (Na Np+2,— N M2) +AQ9 (N’NF_'_ZN_;’M_;)} 'G(NF:NaMZ) )
(2.36)

Ak‘(NF—i_??Nmuzvm?ﬂmg) - fk‘<NF+27Nnu27m%7m§> +fE<NF+27N7N27m%7m§)
—NF+22(NF+2,N,M2,mf,m§) , (2.37)

mi m3
G(NF+27Na MQamgamg) = AQ‘LQ (Na NF+27F7F) ’ E(]Vij\/vallLQ)
m? m?2

+A99»Q (N’ NF+27 H_21’ N_ZQ) : G(NF>N7 ILLQ) . (238)

Here fi) (Nr),X(Np) and G(Nr) denote the massless quarkonic parton densities. Note that
the above process independent leading twist OMEs A; ; for fixed moments N contain besides
logarithmic corrections in 77 also power corrections. For general values of N the n-dependence is
more involved and requests at least generalized harmonic sums [39,40] and binomially weighted
generalized harmonic sums [41] as will be shown below.ﬂ We would like to mention, that although
Ay is the genuine flavor non-singlet distribution, sometimes the combination fj + f; may be
considered to take its role, [11}21].

5They may emerge as non-logarithmic contributions in terms of higher transcendental functions.
"For recent surveys on these function spaces see Refs. [42,/43].
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The presence of 2-mass terms in Eqgs. only allows to define the new parton densities
at (Np+2) out of those at Ny at sufficiently high decoupling scales p? > m?,m3 at 3-loop order,
while up to 2-loop order, flavors can technically be decoupled one by one, if m3 > m? (which
is not the case, however for b- and c-quarks). The picture of an individual charm and bottom
quark density does therfore not hold from 3-loop order onwards. The quantities f + f7, 3, Ax
and G are not affected, as they depend on all heavy quark masses in a symmetric way. The
two-mass generalization of the single mass case [1,/13], is a formal relation as it stands. It
can be rewritten expressing the charm and bottom quark densities in the variable flavor scheme,
still requesting

Q% > m? and Q* > m; (2.39)
by
fC(NF + 27 N7 M27m%7m§) + fE(NF + 27 N7 M27m%7m2) =
FPSe) mi m3 2
Qq N7NF+2aF7E7 E(NF7NHM)
2 2
=c(b miy m
fo(Np +2, N, pi?,mi,m3) + fz(Np + 2, N, pi*,mi, m3) =
zPs,b(c) m% m% 2
Qq N7NF+2’F7F7 E(NF7NMU)
2 2
1b(c my m
+AQ(9) (N7NF+2’,U_217,U_22) : G(NF7N7M2) ) (241)
where

ALY = AT D (my) + AFT) (mg,my), (2.42)

)

and /:1?3(-0) is obtained by ¢ <+ b. Eq. (2.35)) is the sum of Eqs. (2.40) and (2.41)).
We turn now to the calculation of the massive two-mass OMEs and discuss first their renor-
malization in the case of two heavy quark masses.

3 Renormalization of the Massive Operator Matrix Ele-
ments

The Feynman integrals contributing to the various operator matrix elements contain mass, cou-
pling, ultraviolet operator singularities, and collinear divergences, due to massless sub-graphs.
They are regularized by applying dimensional regularization [44] in D = 4 4 & dimensions. The
singularities appear as poles in the Laurent series in €, with the highest pole corresponding to
the loop order. At one and two loop order the two-mass massive operator matrix elements A;;
are given in terms of the known single mass contributions since they do not contain more than
one internal massive fermion line |[11H13}/17}/18,45-47].

The first single particle irreducible diagrams with two masses emerge at O(a?). In the follow-
ing, we consider the renormalization of the two mass contributions in individual terms together
with the genuine two-mass contributions. The latter terms will then be obtained subtracting the



former ones, cf. Ref. [1]. The unrenormalized OMEs are given by

R 2 .2 2\ U/2¢ 2\ 2] . 2 2 .2
A(;)(m;’ m;) _ (m;) N <m22> Altme) | Ag)(m;’ m22)’ (3.1)
B K K B op

where AE;)’Sing are the single-mass OMEs [1] and flg.) are the new two-mass contributions. The
last term in Eq. (3.1)) for [ = 3 contains a factor (mimy/u?)%?9). Furthermore, a change in
the renormalization scheme as in Eqgs. generally introduces a mixing between the
different components of Eq. (3.1).

In the main steps we follow the renormalization procedure outlined in Ref. [1], incorporating
the necessary modifications for the two-mass case. We consider the case of Nz massless and two
massive quark flavors as this covers the physical case of contributions e.g. due to the charm and
bottom quarks.

We first consider mass and coupling constant renormalization, followed by the renormaliza-
tion of the ultraviolet singularity of the local operators, and the factorization of the collinear
singularities.

3.1 Mass Renormalization

The schemes most frequently used for the mass renormalization are the MS— and the on-mass
shell scheme (OMS). In the following, we renormalize the mass in the OMS and provide the
finite renormalization to switch to the MS-mass at a later stage, cf. Eq. . We perform the
mass renormalization first, i.e. the respective expressions are still containing the bare coupling
as = g§/<4ﬂ-)2ﬁ

The bare masses m;, i € {1,2} are expressed by the renormalized on—shell masses m; via

m2 /2 m2 €
1y = Zn (i, ma) my =m; [1 + &s(—;) Sy + ai( ;) S, (ml,mg)} L0@), (32)
1Y ©
and
6m2,i (mh m2) — (5m(2) + Smgi(mh mg) . (33)

Here dm3 is the single mass-contribution, whereas dmy' denotes the additional contribution
emerging in the case of two massive flavors. Note that from order O(a?) onward the Z-factor
renormalizing m; depends on msy and vice versa. For the massive operator matrix elements this
can be observed at 3-loop order for the first time. The coefficients dm; and dmo have been
derived in [52,53] up to O(g) and O(e7!), respectively. The constant part of dmy was given
in [48,/54,55] and the O(e)-term of dm, in [1]. One obtains

5 (=1)
™y 5m§0) +6miVe | (3.5)

0 _ J—

1 1 45 91
(18OF — 2204 + 8TF(NF + 1)) + g <—7CF + ECA

8Note that our notation therefore agrees with [48], but e.g. differs form the notation in [49H51], where also
the charge renormalization has been carried out.
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199 5 605

—14Tr(Np + 1)) + CF (? — 71@ +481n(2)¢, — 12§3) +Cy (—?

+g§2 —24In(2)¢ + 6@,) +Tr {NF (455 + 10@) + % — 14@]] (3.6)

5mg’(_2) N §mg’(_1)

= +6mS© (3.7)

L 8 14
(5m2’(m1, m2) = CFTF{? — ? -+ 87‘ng(7”1> — 8(7} -+ 1)2 (7“12 —7r; + 1) H,L()(TZ')

3
+803_J)2@§+77+1)HLdm)+8ﬁThUﬂ—%§(8@—%1@

+2Pﬁ—qm§—1m,+ﬂ@} (3.8)

FraD D
L ML N RO (3.9)

=2
cf. [48], with Cr = (N? —1)/(2N,),C4 = N.,Tr = 1/2, N. = 3 in the case of QCD, i € {1,2}
and

1
ry = \/ﬁ and 19 = % (310)
Here ¢, = > 2, (1/1¥),k € N, k > 2 denotes the Riemann’s (-function at integer argumentﬂ. The

superscript ¢ for the coefficients gmé_m and Smg_Q) has been dropped as they are independent of
the renormalized mass m;. Furthermore, Hz({) are the harmonic polylogarithms (HPLs) [56]

Ho(¢) = In(C) (3.11)
Hop(Q) = Lia(—)+In(0) (1 +¢) (3.12)
Hip(¢) = Libx(1-() -G (3.13)

Eq. (3.9) states the complete analytic form of the contribution of the respective other massive
flavor to the renormalization of the bare masses. In the present analysis we will focus on mq, mo
being the masses of the bottom and charm quarks, respectively. Due to the size of the ratio

n~0.1, (3.14)

it is enough to do the expansion up to O (n*In(n)), as we will do in general for the fixed Mellin
moments of the OMEs. The mixed-mass terms are given by

45

omo" O (my,my) = CpTr 5 +10Cs — 240" + 24n — 246n%°

26 151
+ <21n2(7)) Y In(n) + 8¢ + —) n?

9
16 152
+<—m@%- >ﬁ

15 == ) 1’|+ 0 (n'In(n) , (3.15)

9In Feynman graph calculations at higher orders also multiple zeta values contribute, cf. [57].
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omy> O (my,my) = Cplr

26 103
—2ln2(7]) + 3 111(77) + 2C2 + K

- —Eln()—}-@ + —gln()+—1389 2
15 NV T g ) 35 VT 900 )

32 7976
(s T

_ 94 4
ap 903295 + O (n*In(n)) . (3.16)

Applying Eq. (3.2) we obtain the mass renormalized operator matrix elements by

~
~

j

A

2 .2
mp my

Faﬁu )

5N>

2 2

?7?7 ?7?7 )

~ 2 ~ 2
= oy +a, A (T5 522 N) +a§{A§§>(m1 “Z,e,N)

2

ma\ /2 d ™ma\ /2 d 7 5y /ms m
imil () i () g |40 (a2 )
+omy 2 mldml + e Mo dmy) i\ 2 2 €

R 2 .2

~3) 23 /M1 My
tazq A <—2,—2,€,N>

[

m2\ /2 d m2\e/2 d | 2 /m? m2
o () g+ (28" (22 )
+omy { 2 m1alm1 + 2 m2dm2 u\ 2 e €
m2\¢ d 2y /m? m2
+dmoq(mi,m (—1) m —AiA)<—17—27 7N)
2,1( 1 2) Iug 1dm1 J Iu2 /~L2
2 . 2 2
+5m2’2(m1’m2)<ﬁ) m2d—mQAZj <F7F> ,N)
PO (Y (Y o ] (257 )
2 G dmy G dmo™] 7 \p2 p?

2\¢/2 ym2\ /2 d d 2qy/m? m
() (GF) mgmmag - AY (D505 e ) ¢
+(dmyq) I e mldmlmzdmg by . £

which generalizes Eq. (3.10) of Ref. [1]. The OMEs are symmetric under the interchange of the
masses m; and ms.

3.2 Renormalization of the Coupling

When renormalizing the coupling constant, it is important to note that the factorization relation
(2.842.12) strictly requires the external massless partonic legs of the operator matrix elements

to be on—shell, i.e.

p*=0, (3.18)

with p the external momentum of the OME. This condition would be violated by naively applying
massive loop corrections to the gluon propagator. We follow [1] and absorb these corrections
uniquely into the coupling constant by using the background field method [58-60] to maintain
the Slavnov—Taylor identities of QCD. In this way, one first obtains the coupling constant in a
MOM-scheme. A finite renormalization to transform to the MS-scheme is applied subsequently.

12



The light flavor contributions to the unrenormalized coupling constant in terms of the renor-
malized coupling constant in the MS—scheme read

Gy = 2 (=, Np)al ()
= aS(?) [1+ e (NE)alS(u2) + 6l (Np)al™ ()] + OISy . (319)

Here the coefficients 5a 5(Np) are given by
M 2
bag7(Np) = gﬁo(NF) ) (3.20)
Vi 4 1
da5 (Np) = 8—258(NF) + Eﬁl(NF), (3.21)

with B;(Npg) the expansion coefficients of the QCD S-function [61-66]

11 4
Bo(Np) = ECA - gTFNF : (3.22)
34, 5

We split the renormalized gluon self-energy II into the purely light and the heavy flavor
contributions, 11, and Ilg,

IT (p*, mi,m3) =11, (p°) + Iy (p°, m3, m3) . (3.24)

The heavy quarks are required to decouple from the running coupling constant and the renor-
malized OMEs for * < m? m3 which implies [11]

;(0,m},m3) =0 . (3.25)

We apply the background field method, which has the advantage of producing gauge-invariant
results also for off-shell Green’s functions, to compute the heavy flavor contributions to the
unrenormalized gluon polarization function [58,67]. Applying the respective Feynman rules [68]
one obtains

I e (P 3, m3, 1% 6,05) = i(—p*g™ + p'D")0u e (p®, mi, m3, 1, 2, 45) , (3.26)

. X 2 mANe/2  ymi\e/2 (e
HH,BF(Ovm%’m;#Q?g’as) = O B;Q |:<,U_21> + <_2> :|exp<zz:;%<§>>

112

O] [Hpne- i)

2
~o | (M
I [(F)

32
_GTFC’A + 15TxCr

86 31 5
+€<——TFCA — —T%Cp — §C2TFCA — CzTFCF>

27 4
2 (Pe) ()" (1) P (2324(3))]
+0(a?) , (3.27)



where the masses m; and my have been renormalized in the on-—shell scheme (3.2). In order to
write (3.27)) in a more compact form we use the notation

fle) = {(%)Eﬂ + <ZL—§>E/2] exp [g; %(g)l] , (3.28)

and keep this factor unexpanded in the dimensional regularization parameter ¢ for the moment.
Furthermore, we denote the contributions to the QCD S-function coefficients by Bl% [111,61-66]

bog = —gTF ; (3.29)
o = —4 (gCA + CF) Tr , (3.30)
By = _%TFCA +15TpC (3.31)
55229 = —2—2TFCA — %TFCF — (2 (gTFCA + TFCF> : (3.32)

Eq. (3.27)) differs from the sum of the two individual single-mass contributions [1] by the last
term only, which is due to additional reducible Feynman diagrams in the cases of two heavy
quark flavors of different mass.

The background field is renormalized using the Z-factor Z 4 which is split into light and heavy
quark contributions, Z4; and Z4 y. It is related to the Z-factor renormalizing the coupling
constant g via
Z,= 27" ! (3.33)

= = ) 3.33

! 4 (Zar + ZA,H)1/2

Concerning the light flavors, we require the renormalization to correspond to the MS-scheme
with Np light flavors

—=1/2
Zay(Np) = 2057 (3.34)

The heavy flavor contributions are fixed by condition (|3.25) which implies

HH,BF(())MQ? Qg, mim%) + ZA,H =0. (335)

The Z-factor in the MOM-scheme is read off by combining Egs. (3.33)), (3.25)), (3.27) and (3.35)

1
ZMOM (o Np + 2, u,m?,m?) = .
g ( F L, 1y 2) (ZA,1+ZA,H)1/2

(3.36)

Up to O(aQ"OMS) one obtains the renormalization constant

ZMOM (o Np + 2, i, m2,m3) = 1+ aMoM(u?) E(BO(NF) * ﬂo@f(g))}

vatton ) [Py L (Ne) + s (e)?

1 (/mi\e  [m3\e 1) | 2,02
P2 ((52) + (22)) (o + eatly + 512)]
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+O(aMoM?y (3.37)

We define the coefficients of the MOM-scheme Z-factor, da®™ and dal'P™, analogously to
those of the MS—coefficients in (3.19)

sapom — 20 O(ENF) L2 &f”Q fe), (3.38)
sauom _ BNE) L (25(Nr) |, 2o f(g))z
9 £ 9
1 2 e 2 ¢
E(GR)+ GRY) (o oty sy) w0
(3.39)

Finally, we express our results in the MS-scheme. For this transition we assume the decoupling
of the heavy quark flavors.
The transformation to the MS scheme is then implied by

72 PR
25" (e, Ni + 2)a™ (1) = 21" (2, Nio 4 2, 1, m3, m3) oM (122) . (3.40)

Solving ([3.40) perturbatively one obtains

2 2 2 2 2
MOM _  MS my My MS 2 my my
" = 4" =g (ln(ﬁ*ln(ﬁ))“ foq (ln(ﬁ)“n(ﬁ))

—Bro (1 (TZ—E) + 1n(u2>> — 28 Q] st 4 0 (aQTSA‘) , (3.41)

or,
aETS = VoM 4 aZAOMQ (5@2/"10'\" — 6a2’7'715(NF + 2)) + aMOM ((5@2/"20'\/' — 5a'5\/7'725(NF +2)
—26aMS(Np + 2) [&LMOM B 2)}) + O(aMoMYy (3.42)

Note that, unlike in Eq. (3.19), in Eq and - MS = gMS (Ny 4 2). Applying the
coupling renormalization (3.37]) to we obtaln the OME after mass and coupling renormal-
ization

Aij = 5@']' + CLZ/IOM AZ(JI) + CL';/IOM2 A + oa MOMA(I)

m3\e/2 d m2\ /2 d A
+omy < /LQ mip——- dm1 + ,U,Q meo de ij

3
ta MOM

AD) 4 5aMOMAD | 95aMOM

m3\e/2 d m3\e/2 d A
om () migm + () Ay
+omy < /,LQ my dm1 + ,u2 mo de ij




m2\¢/2 d m2\e/2 d
o ((28) g+ (22) ") i
+ m1< 2 my dm + 2 mgdm2 ij

2 2

mi\¢€ d mi\ e d 2
+ <5m271(m1,m2) (M_21> mld_TrLl —|—5m2,2(m1,m2) (M_22> m2_> Az(gl)

(0m)* (((miNe o d mi\e 5 d® O\ A
+ 5 <E> my L — + <M2> dem22 A

2\e/2 ym3\e/2 d d
() (G) g A
+< ml) ,u2 #2 ma dm1m2dm2

::I>>>

(3.43)

where we have suppressed the dependence on the masses, ¢ and N in the arguments of the
OMEs.
3.3 Operator Renormalization

Next we remove the ultraviolet divergence of the different local operators defined in Eqgs. (2.16)
2.18)) by introducing the respective Z-factors

NS NS NS
O e = 20N (3.44)
Olsllly HSHN = ( )O]Sul, GUN D ZIC],Q . (345)

In the singlet case, the operator renormalization introduces a mixing between the different op-
erators as they carry the same quantum numbers. Analogously to the OMEs, here the Z-factors
are split into the flavor pure singlet (PS) and non-singlet (NS) contributions

Zyh = Z P+ Z 0N (3.46)

Each Z-factor is associated with an anomalous dimension -;; via

d I

VNS (aMS, Np, N) = u@angff(aQ"s,NF,g,N) : (3.47)
d I

v (@M Np, N) = u@Zij(a'g/'s,Np,e,N). (3.48)

Here both the anomalous dimensions and the operator Z-factors obey perturbative series expan-
sions in the coupling constant

I el

75 75 NS (S N, N) = Z VS gy S P (N, ) (3.49)
Zy = 6”+Zas w (3.50)
Zigl — 5lj+za5 y (351)

In order to renormalize the respective operators, we first consider operator matrix elements with
off-shell external legs as a sum of massive and massless contributions:

_n2
Ay (P mimzaNﬂMOM Np +2) = Ay (_p ag/lsaNF>



—l—fl (p m3,m2, pu?, aMM, NF—I—Q) . (3.52)

Here the massless contribution depends on a¥® since the MOM-scheme, cf. Section , has been

constructed in such a way that it corresponds to the MS-scheme concerning the renormalization

of the light quark flavor and gluon contributions. A% denotes any massive OME we consider.

The term 6;;, which appears in the expansion of the OMEs (see Egs. (3.17)) and ([3.43 - does not
2

have any mass-dependence and is considered a part of the light ﬂavor part A” < u’; RO p>

We first consider the renormalization of the purely massless contribution in the MS-scheme

[69]
ANS <i’a2/|75’ NF,N) — Z 1, NS( MS NF78 N A qs <_p MS NF,5 N) (353)
[1/

Aij<_p7a2A757NF7N> = Zzl ( Ms NF78 N)Alj M_p E/T NFvg N) ) 27J7ZZQ7g

(3.54)
Solving (3.47H3.48]) yields the Z-factors in the singlet case
s wy . ws?f1(1 o0 o o), L m
Zijlag>, Np) = 6i; + ag — 1o g(g’m Y+ Bovij ) + 5%
ws3) 1 /1
+al® { (6%(1)%(k)7k] +50’Yzz ’Yzj + ﬁg 1(]0))
vl wo Lom 2, 0 25 0 +%(12) (3.55)
-2 6%’1 V15 3%1 V15 3 075 3 1745 3 [ .

In the non-singlet and pure singlet cases one has

(0),N

— 5 2| 1 /1 2 1
ZNS(aMS Np) = 1+a¥S ""5 +a2"5 { (275(1 ) >+2—87§?"\'5

we3 | 1 /1 3
Jrag/ls{ (6%§q)NS +ﬁ7qq ),NS2 I 527(12)'\'5)

1/1 2 2 1
+= (57 ™+ 55075?"\'5 + 551752)’”5) T3 =T NS} (3.56)

_ _ 1 <3| 1 /1
PS/ MS o MS 0 1),PS MS 0 0 0
Z4g (@7 Np) = ag % Q’Ytgg)%(zq) + 2_5%5(1) } +ag {?(gﬁq)ﬁg)ﬁq)
0,00 4 50,0 1 L (Lo
’ng ’Ygg ﬁqu + Fng ’ygq + 3’7‘19 f)/gq
(2),pP

S
1 ps , 2 1),pPS Yaq
+5% Va5 Ve + 3P0 ) s (3.57)

L1
6
1

matrix elements AZ (p m?2, m2, u?, aMM N + 2) are obtained by inverting | } and

respectively. The Z-factors describing the ultraviolet renormalization of the comilete oi erator
replacing Np — Np + 2. Finally, the transformation (3.42) is applied. The resulting operator
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Z-factors read:

(0)
- Yii 2|1 1
Zijl(ag/lOM> Nt 2’ ,U) - (5ij GEAOM SJ * a'SVIOM [8 ( 27m —da MOM%(J )>

1/1 0
+— (2%(1)%3 +Bw( )) 3

301 1
+aMOM L( % 5aMOM%(J)

1 /4 1
5GMOM%(J)> t32 (-50%( + 25GMOM507(0) + 551%'(?)

MoM_(0) @ , L @ _© 1 ©o_m 4 5 ()
+5asl il fylj + 3fyzl fylj + 671l f)/l] >+ é‘_g(_gﬁgfym

©_1_©_0 <o>>

_50%1 V15 6%1 Yik” Vij ) (3.58)

(0),NS
—1,NS/ MOM _ MOM Vg mom2 |1/ 1 ¢ MOM,, (0) s
Zyg lag " Np+2) = 1—ag TJras [5(27‘5‘7) —dagy ’qu) )
1 0Ns |, L _(0)Ns2 mom3 |1/ 1 MOM., (1).NS
+;2<ﬁ0'7¢§q) + *’Vtgq) ) +as g(_§7§q) —dag] ’qu)
1
_5a|v|0|v|,yéq) NS) ( Bo 7(1 NS+25aMOMBO,y(O) Ns+§517152),|\|s
L (0),Ns_(1),NS MOM _ (0),NS 2_(0),NS 0),NS2
+2%gq) Vtgq) +dag) 'Ytgq) ) ( 350 tgq) ﬁo%gq)
1 Ns3
—gYe" )] : (3.59)
ZIPS(GMOM N, 9y qMOM? 1( 17( )PS)+ 1( ~(0)(0 )) } qMom3 1( },Y(z),Ps
qq s o iYF s e\ 9 lag 9 lag Tgq c\ 3lag
1 /1 1
MOM . (1).PS 0)(1 0 1),PS
—0agy %gq) ) + 7(6759)'7§q) + 375(1)%59) + %gq)%gq)
1 1
),PS MOM 0 0) (0
T3 B(qu +dag] 7(59)7§q)> T3 ( 3759)75(7q)%5q) 67§q)7tgg)7§g)

—BoY %52)) (3.60)

Here and in the Egs. (3.55H3.57) we have dropped the Np-dependence of the anomalous dimen-
sions 7;; and f3; for brevity. The inverse Z-factors for the purely light-parton case correspond to
3.58H3.60)) after substituting Np + 2 — Np and da}'o™ — 5aMS.

We are only interested in performing the ultraviolet renormalization for the massive contri-
butions to the operator matrix element in and thus subtract the contributions stemming
from purely light parts again

A2 mdmi g2, a"M N +2) = ZM (@M, Ny + 2, ) A%, m?, m3, 12, aM, Ny + 2)

7

+Zzl ( EAOM N +2 /’L)Al_y(_’u_p;7a2/ls7NF>

- 2
_Zﬁl(aySaNFaM)Aij(u—];,CLEAS>NF> : (3.61)
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Finally, the limit p? — 0 is performed. Since scale-less diagrams vanish if computed in dimen-
sional regularization, only the Born piece of the massless OME contributes

Aij <07 O[g/TS7 NF) - 5ij . (362)
One obtains the UV-renormalization prescription

2 2 2
AQ< my MOMN _|_2) _ GIS\AOM<A(1 <m1 732>—|—Z ()(NF+2,M)—ZUL(1)(NF)>

AT s ij 2
~ m2 m2 _
+MOM? (Ag)"’?( M;, /f) + 2" (Np + 2, 1) — 2" (Np)

_ A m2 m2
p2
2

2
+aloM? (A(»?-’)’Q<m %) +Z; O (Np +2,p)

ij 2
2 2
—1,(3 —1,0 c@).0 (M5 m
—Z;; ( )(NF> + Zy, ( )(NF + 27M>Al(cj)Q<M_217 M_;)
Z; MO (N + 2, ) A2 mi mj 3.63
+ ( F+ /’L) /112’ ,U2 ° ( ° )

Here Z-factors at Np+2 flavors describe the massive case (3.58H3.60|) while those with argument
Npr denote the Z-factors for the massless case.

3.4 Collinear Factorization

At this point only collinear singularities remain. They arise from massless subgraphs only and
are therefore independent of the additional heavy quark flavor considered in these analyses. We
thus follow [1] directly and remove the collinear singularities via mass factorization

mi My oMOM _oF(Mmy My oMOM 1
A’”(m’m’ s NE +2) - Ail(/ﬂ’/ﬂ’ ’ NF+2)FU ' (3:64)

Note that in a fully massless scenario the transition functions I';; would be related to the light
flavor renormalization constant via

Ly (Np) = Z;;' (Nr) (3.65)

cf. [11]. However, in the presence of one or more heavy quark flavors the transition functions
stem from the corresponding massless subgraphs only. Due to this and the subtraction of the

0;;—term in the OMEs after ultraviolet renormalization flg the transition functions contribute
up to O(a?) only.
The renormalized OME is then obtained by
m? m?2
Aij (8, 2, alOM, N +2)
B
2

2
2l

)
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g2
—1,(1) [.Q(mi M3 [.Q(mi M3
+ Zy, " (NF + 2) Ay, (W’F) + |:Ail </~027M_) +Z (NF+2)
~1,(1 —1,1
— z; )(NF)] T, )(NF)>
2 2
+al;AOM3 AE?)’Q(ml mQ) + Z 1,(3 )(NF + 2) Z 1, (3)<NF)
g2’
1) [@2.Q (M M3 1.(2) q.Q(mi mj
+ Z MO (N 4 2) AR (u2 , u_> + 2 (Np 4 2) AL <F ?)

2
+[ < i >+Z_1(1) Np42) — Z—l(l)(NF)}F—1(2)<NF)

-I—[ 2)Q<m1 >—|—Z_1(2) Np+2)— Z_I(Q)(Np)

1) i0.Q(ME ™3 ) MOM4
+ 2" (N 4 2) A (?, FHF“ (NF)> +0 (aomt). (3.66)
Eq. differs from the corresponding renormalization and factorization prescription for one
heavy quark flavor 1] only by the definition of the renormalization constants Z;; k)(N + 2).
Now the term ;; is added back to the massive OME. In a final step, the couphng constant is
transformed to that in the MS-scheme via Eq. .

3.5 Omne—particle reducible contributions

We will perform the renormalization of the massive operator matrix elements starting from the
set of Feynman diagrams which also include the one-particle reducible contributions. These terms
contribute from O(a?) onward and are obtained by quark and gluon self-energy contributions to
the external legs of lower order one-particle irreducible diagrams. From 3-loop order onward the
reducible contributions to the OMEs Ag, and Ay, o may contain three different heavy flavors,
while this is not the case for the irreducible contributions. Note that the inclusion of the top
quark in a loop of the irreducible terms for AS-’) would demand to consider the energy range
Q* > m?. At a scale p?> ~ m?, both charm and bottom can be dealt with as effectively
massless. The emergence of massive top loops in the reducible contributions is accounted for by
renormalization. In the following we will strictly consider the case of two heavy flavors only.

3.5.1 Self-energy contributions

The scalar self-energies are obtained by projecting out the Lorentz—structure

H“b(p mi e, it as) = 0 [—g“yp2+pupl,] ﬂ(pz,ﬁﬁ,mg,pﬂ,ds), (3.67)
o0

H(p?, i, w3, p% a,) = atlI®(p? mi,m3, 1?) (3.68)
k=1

Sy (%, i, g, 1, a5) = 6y PR, T, w3, i, dy) (3.69)



S(p?, M2, ma, 12, as) Zd’;E (p?, Wi, m3, pu?) . (3.70)
k=2

We decompose the irreducible two—mass self-energies into contributions which depend on one
mass only and an additional part stemming from diagrams containing both heavy quark flavors

I® (p?,m?,m3, p?) = IW <p2 2 >+H('“)(p » >+H(k) (p*, i, w3, p®) . (3.71)

R . . m2 . m2 2, L
80 (p?, 2, g, w?) = zm(ﬁ,ﬂ—;)+2<ﬂ>(p2,ﬂ—;)+2@ (7 i, 3, u%) . (3.72)

Up to two—loop order no diagrams with two heavy flavors contribute

(2, 2, s, i?) = 0 for ke {1,2}, (873)
SO (p?, i, ms,p?) = 0. (3.74)

The single-mass contributions for the gluon are known from [1}70L|71]

10055) - ()" | Lea(S46))| @
90,25 = 1p(25) {__CA+ 51200+ (- 6) - e,
e {CA ( fé ) Cr (i’g + 3@)] } +O(2) (3.76)

1 (o i 3e/2 164
e (0, 7> - TF(M—) {— [——TFCA (2Np + 1) + —CA}
1 [80 8 781
; |:27(CA - 6CF)NFTF + 27(350,4 — 48CF)TF — 2—7031
712 1[4
+70ACF] 4= {—(CA(—101 —18G) — 620F)NFTF
3181
> 2 (Co(37 + 18C) + 80CF) Tr + 5 (126 42 gg +22)
1570\ 272
+0aCr (106 - ) + 57 }
5 3203 1942
+NpTF [OA(_<3 —C2 - m) — < Co + )}
295 6361 918
+T15 |:CA <——C3 —CQ 186 ) Cr <7C3 + Cz + gﬂ
1969 781 42799
c2 (4B, — 27 _ il
i A( PTGt 2 3888)

2l T+

1957 10633
+CACF( 8B4 + 36(; — )
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+C% <%§3 + %) } +0(e) , (3.77)

and for the quark self-energy,

i 72 we2 5 (89 ¢
2<2>< m_) — T (ﬁ) o2 (% 2y _
O’u2 rCr e €+6+ >t )¢ + O(e%) (3.78)
~ 2 n2\3/2| 8 1132 40 8
50(0,25) = TeCp(T5) { 5Ca+ 5 |5 Tr(Np +2) = 5-Ca = =C
2 PP\ 3.3 A+€29F( F+2) g A gbr
1140 454
= | S Tr(Ne +2) + Ca (G + o= ) = 26C
+2 {27 F(Np+2)+Cal G+ 7 F‘|
4 674 8 604 17 ) 1879
s (B 22 453 20 (B -S4 B
HNeTe(3G + 57 ) + Tr(56 + 57 ) + GG — 56+ Tg;)
335
—CF <8C3 + CQ + 1_8>} + 0(6) . (379)
Similarly to other massive processes [1}/72] the constant
, 2, 13 /1
By = —4GI’(2)+:In (2)—7§4+16L14<§) ~ —1.76280003... (3.80)

emerges in Eq. (3.77). At O(a?) irreducible diagrams with two different masses contribute for
the first time. For the gluonic case, we compute the respective diagrams up to O(n?) using the
codes Q2E/Exp [73,[74],

2 256 1(320 64 m2 64 ma
(3) A2 A2 2 _ 2 e Bt il el il 2
5 (0 s 1) = TFCF{ 9e? 5[27 * 31n(u2>+ 31n<;ﬂ>}

0 32, 128, , 3 il
(22 2 ()2 — 320 (2 ) (2
< 3 357 T35 ) n(n) " (m e

(6L, 64 10208 o 30616 5\ 160, 2
9 1577 3675 1 T 99225 )M T g 12

1504 32 416 1987136 , 7026016 4

e I _ 4
s 39219257 3gsars T 31558757 T O >}

64 1560 16 (m2\ 16 (12
T2000 — = ¢ |20 D (M) D2, (2
+FA{ 953+52[27 3“(;&) 3n(u2
1] 148 8 72 W2\ 140 [
o2 % a2 (T g (2 2y (T
€ 27 3 12 12 9 2
140 . (102 4, L [ L (2
2
1

1
65 2 16, 50 S\, ., . 70 (i
A L B P (M)
+(9 157 21" 189”)n(n)+3n(u2>n

(ST g 92 6392, 2038 N
97~ 27T 995 1 9905 T 59535 ) V!
74 M2\ 1139 70 56 34144
=414 In(=L)— _ e —
<9+ <2>n<u2> 213 T T 9% T e
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1292594 , 4231264 \
N 3 .
231525 "~ Tsmassas T OV )} +O(e) (3.81)

The quarkonic self-energy contributions have been computed analytically in 7,

A 3
= 3 ~ 9 ~ 2 2 - 2 m1m2 56 128 ].60 4 2 ]_6
E()(O,ml,mQ,u ) = TFCF<7> {@4‘%4‘51“ (77)+€C2
1208
to 0(5)} : (3.82)

3.5.2 The reducible operator matrix elements

As in Egs. (3.71H3.72) we define the two—mass OMEs at one-loop order and the irreducible
OMEs at O(a?) by

~ A2 A2 N ~ 2 ~ 2
A (M Mo\ ) (T (1) (112
W) - GE) - () )
ﬁ(2),irr m% m% ﬁ(?),irr m% j(?),irr m%
ij <u2’ u2> - A )t e ) (359

where the A;;’s with one argument denote the usual single-mass OMEs. Using the definitions
(3.71H3.72) and ([3.83}3.84)) we compose the reducible massive operator matrix elements at O(a?)

a m2 12 A G (T M3\ & Lo .

AP (i) = AR (G 2) 20 k. i) (3.85)
2(2) mi 13 2(2),irr mi m; A1) mi (1) L2 A2 2
AQg(E,F> = AD (M—,§>—AQ9(E,F)H (0,2, w2, 1?) ,  (3.86)
A A2 a2 ~ A2 A2
A@) (M Ma o a@u (T TN\ q@) (0 52 52,2
A99<M2’ M2> - Agg <,U ’lu2 I (O’mbm?’“)

2 ey .
A (g JAO (0. k) (3.87)
and at O(a?) by
j(s),NS<m_% m_§> _ j<3>,Ns,irr(m_% m_%>_g(3> (0,12, 12, 112) (3.88)
q9q 27 2 qq 27 ) ’ ’ ’
12 p (27 p
e mi omy\ A@®in mi mj i@ mi mj O (072 52, 12
(i) = AT (G ) -6 (G 2 )0 (0ot i)
N A2 A2
—AG) (B2, 220 (0,52, 3, 12) (3.89)
(2

~ A2 A2 ~ ~2 A2 A A2 42

i@ (M M @i (1 M2 2@ (M M2\ F) (0 5,2 52 112

Agg <M2’ ,LL2> Agg (MQ’ ,LL2 Agg MQ’ :u2 (O’ml’mZ"u)

CAD (LY ) (02 i ) — T (0,1, i, i) . (3.90)
g9 IU/Q’ /,62 ) 1 27:“ 9 1> 27# . .

We can subtract the single-mass contributions to these equations using Eq. (3.1]), keeping only
the genuine two—mass contributions. At three loops we obtain
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N A2 a2 2 52 52
A@)Ns (M M\ Z@)Nsie (T Mo\ &(3) £2 A2 2
AG <u2’ /ﬂ) — A <u2’ )5 (0. i, ) (3.91)
;1<3><m_? @) _ j(S)Jrr(”ﬁ m_3>
Qo\ 27 2 Qo \ 27 2
A m2 . m2 . m2 . m2
AW (_1) {211(1) (O _1) e (0 _2)] w (0 _2)
Qg 9 9 2 Y 2 ) 2
[ I 1 [
2y [ . m3 8 mi\]| » i
rAg) (22 [at (0. 2) + 110 0. 2) | 10 (0.2
u f 1T u
_A® (m?> i o m§> _ AP (m%) i1 (o m%>
Qg 112 " 2 Qg 2 2
A 52 52 N2 n?
A ()15 A ()05 e
fu fu fu fu
oy (1031003 (@i (M0 M3\ By (g oo o o
AR Tm) = A ()T g i)

I I p? Iz
N 52 mQ R mQ R mQ
iy () [0 040) v 10 D] 100
p " p
N -2 -2 -2
+AD (m;) [QH(” (0, @> + 110 (0, m;)} H(1)<0, ﬁ) (3.93)
p " " p

3.6 The General Structure of the Massive Operator Matrix Elements

In the following, we present the structure of the different unrenormalized and renormalized OMEs
for the genuine two-mass contributions.

In the case of only one heavy quark flavor with mass m [1], the mass dependence of the
unrenormalized massive operator matrix element at order o is given by

le

~ ~ 2 ~2\ 2 A
A (1T _ m A0
Al <F’€’ N) - (?) AD (e, N) (3.94)

Here the OME AE? (5, N ) does not depend on the mass explicitely anymore. It exhibits poles

in the dimensional parameter € up to ¢~

oo (L,k)
ANy = > el (3.95)
k=0
We adopt the notation of Ref. [1] and denote
otV = qV | oD = g0, (3.96)
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The unrenormalized operator matrix elements with two massive fermion flavors with masses
1 # my are split into the respective single-mass contributions (3.94] [3.95) and a part

A(l (ml, m; ,E, N) depending on both masses

~ A2 a2
4 (—27—27671\7) =
n2 g

AD(o V) + 4D (Z T N L (3om)
2 MQ #2

() m% m2

NQ ) MZ )
a factorization relation as (3.94]) and the mass dependence is pulled into the coefficients of the
Laurent expansion

The two-flavor contributions A;; e, N >, my # mg, to the massive OMEs do not obey

= ol (5,52
~(l) m2 . Z] “ Y u
AU <F, ILL_ 9 N) = T . (398)

b
Il
o

Analogously to (3.96]) we define

A2 A9 52
&(l,l)<m_2l’ ﬁ;) — 40 (ﬁ;, m_22> (3.99)
12 W2

In the following, a*), o, @® without argument will denote the single mass—quantities corre-

sponding to the definitions in (3.95] [3.96)), while at ( e T:—;) refers to the two-mass contribu-
tion. From Eq. (3.66]) it is obvious that the renormalization of the 3-loop OMEs requires the
knowledge of the one-loop OMEs Ag) (my, ms) up to O(e?) and the two-loop OMEs Ag) (mq, ma)
up to O(g). Up to O(a?), these two mass quantities can be traced back to the corresponding

single-mass quantities by Eqgs. (3.8313.84) and (]3.85{3.87)).

It is technically advantageous to perform the renormalization on the complete two—flavor

OMEs A M <m21 , Zé e, N > For brevity we will present the renormalization formulas for the two-

l"2 9 MQ )
single-mass contributions [1},75].
The analytic expressions for the respective single mass contributions and renormalization
constants to two-loop order, which appear in subsequent relations, have been given in Refs. [1]
12/|15}16},46] and references therein.

2
mass contribution Al(; (ml i e, N > only, which is obtained after subtracting the respective

3.6.1 ANS

q9q9,Q

The lowest non—trivial flavor non-singlet (NS) contribution is of O(a?),
_ 2 4(2) 3 41(3),NS 4
Aqu = l+4+a AqQ +a Aqu + O(ay) . (3.100)
Starting from O(a?) it exhibits a non-trivial two—mass contribution
ANy = 1+ a3Aqu +0(al) . (3.101)

The renormalized two-mass OME in the MOM-scheme is obtained from the bare quantities
combining Eqs. (3.43] [3.66]). It is given by

A((]?;?,CIQ\IS,MOM (Np+2) — Aqq q|2\|s MOM Zq_qL(g),NS(NF + Ny — Zq—q1,(3),NS(NF)
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+Z

q—ql,(l),NS(NF T NH)A(Q),NS,MOM 4 [A(Q),NS,MOM

q9,Q q9,Q
+Z

qq

LOINS (N 4 Nyg) — 202 NS(NF)]F;;’(”(NF). (3.102)

After a finite renormalization to the MS-scheme and the subtraction of the single-mass contri-
butions one obtains the pole-structure of the two—flavor piece by

2(3),N8 16 11 8. .
A((JQ?Q = _@%52)53,@ + =2 —550 Q%I]\;S 1) 47(52)63@ (L1 + Lo)

1 .
—2B0,0 W (Ly + Ly) — 29982 (L3 + Lo Ly + L3)

(3),NS

2. ~
_8an¢187(2)60,@+ Vég)NS T 400 (m%,mg,,ug) ’ (3.103)

3

m2 m2
Li=1In (u;) , Ly=1In (u;) : (3.104)

The renormalized expression in the MS-scheme is given by

with

()T, 2, 2., 1 1
ADMENS  — 5052 (gLi + L3+ 5L+ 5L§L2> + Bogime @ (L3 + L3)

1 —_—
+{4anqS’(2)607Q + §B§7Q7¢§2)C2} (L1 + L») + 8anqS’(2)/30,Q

+a\ V0 (m2,m3, 12 (3.105)
For N = 1 the OME vanishes due to fermion number conservation; this applies both for the
anomalous dimensions %(,lq) and the expansion coefficients of the OMEs aI;qS’(Q), anS ) and ~(::’])g S

PS
3.6.2 A

Depending on whether the operator couples to a heavy or a light fermion, there are two pure—
singlet contributions |1]

AZ;Q - 3Aqu T O( ) (8107)

Up to O(a ) only the OME Ag, contains a generic two-mass contribution, since APSQ emerges
only at O(a?) and contains one internal massless fermion line. One has

e 1(3),PS
AR = AP 1 O(al) . (3.108)
The combined renormalization relation at third order is given by

4O,

(3),
Qq qu Qq qu

= 2, P (Np) 4 2,V (Np + Nip) Agy MM 4 2, MO (N + Nip) Ay

qq

+ [Aé?; MOM Z 1)(NF + Ny) — Z(;gl,(l)(NF)] F;ql’@)(NF) + AS;,PS,MOM

PSMOM , 4(3)PSMOM _ 1(3)PSMOM | 1(3).PS, M0M+Zq_q1,(3),Ps(NF+NH)
)
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+ 7, L@PS(N 4+ Nyy) — Z 1(2) PS(NF)]Fq_q1,(1)(NF)+ Ag;’MOM+Z;gL(2)(NF+NH)

. Z—l,(?)(NF) +Z—1,(1)(NF _’_NH)A(l),MOM + Z-L(l)(NF ‘I— NH>A(1),MOM F_L(l)(NF) '
qq Qg q9 99,Q 9q

a9

(3.109)
This yields the generic pole structure for the PS two—mass contribution
§).Ps 16 _0)40 1 2 a1 APS,(
AQq ~ 33 2.3 79q ’ng Poq + 4'ng 'qu 50 QL1+ Lo) + 3%19 Vgq 50 Q’qu
1 R
= | 290048 o (L + LnLa + L3) + {5752)7!5}1) — 2800355 <1>} (Ly + L)
2. PS PS
F300T = 8y hoq + 230l | +agy™ (mdmi, %) (3.110)

In the MS-scheme one obtains the renormalized expression by

1(3):MS 1 1 2 2
3),MS,PS N
A, = —740 Y9 P <§L§L1 + §L%L2 + gLi’ - §L§)

1 2 2
R e Y

+{4a22; Psﬂ - ég) gq - —ﬁo QCﬂgq ’Yég)} (L1 + Ly)
+83G; o = 214580 gy (mmd ) (3111)
3.6.3 Ag,
Like in the PS case, there are two different contributions to the OME Ag,
Agy = asASQ +a2A2) + a2 A8 + O(al) . (3.112)
Ao = aiAl),+0(al) . (3.113)

Of these OMEs only Ag, contains two—flavor contributions starting from O(a?)
i @3
Agy = a?AY) +a2A%) + O(al) . (3.114)

In Eq. (3.114) the O(a?) contribution consists of one-particle reducible diagrams only, see
Eq. -) As a consequence the flavor dependence factorizes in the O(a?) terms.

The renormalized MOM-scheme two—loop contribution is obtained by
AGMOM = ABIMOM 4 7L (N + Niy) — Z @ (Np) + Z 2D (N + Ny ) AL 31O
+Z,, 1(1)(NF+N )A( JMoM Aé?;’MOM—l-Z;(]L(I)(NF"‘NH)

—Z, "W (Np) T, D (Np) . (3.115)

a9

The unrenormalized terms are given by

2 4 m? m?
2 ~ ~(2
AD = —6—25()@752)——/30627 (Ly + Ly) + g;(ul M;)
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2 2
=(2) [T My
+€CLQ9 (?, F) . (3116)

The coefficients ag; <—§, H—é) and 58; (ZL—E, m—;) are read off from Eq. (3.86

In

(1
) = -ma{y e nra). o117
gy = YD G Y VG Y B 3.118
Aoy = ﬁﬁvQng _E( 1+ 2) —§C2( 1+ 2)—§C3 . ( )

The renormalized expression at 2 loops then reads

~ ’75 ]_ R . ~
A = Shaily) (L + 13) + Ghoadly) +ag, (3.119)

The renormalized 3—loop OMEs in the MOM-scheme are obtained from the charge— and mass—
renormalized OMEs by

CHMOM 1 ADMOM 1 7= 1) (Npp + Ny ) — Z’l’(3)(NF)
‘g‘lq ),MOM + qul (1)<NF + NH)AEJ?’,CSAOM + Z (N + N )A(QI;,MOM
+ Zg O (N + N AGMOM 4 | AGMOM 4 210 (N 4 Noy)

Qg q9,Q

A(3),MOM+A(3 )MOM _ 4
—l—Z (N + Ny)
)A

— Z MO (Np) [T O(Np) 4+ [AGMM 4 Z MO (Np + Nyr) = 2, (N)

+ Z MO (Np + N AGMM 4+ 22 2 O(Np + N )Agﬁgw] D, bW (Ng)

+ [AGIPoNOM 4 2, MOFS(NE 4 Nig) = 2, P (Np) | T O (N)

a9

+ [AQNSMON 4 Z LENS(Np 4 Nig) = Z NS (Ng) | T MO (N (3.120)

The structure of the unrenormalized OME is more complex than in the NS— or PS case. It is
given by

Z(g 1|28 8 1
A((a?; - 3 ?BDﬁO Q’qu 3’ng quq BOQ + 50 QVég)Vgg + 24ﬂ0 0) - 5752) (732))
1 L 0y /200012 2 (0 ~(0 ~(0) - (0 7 ~(0) (0
+5 {;néq) (4) ™ + 18860749 + THoBocisy = 27ag Vag Poa + 5500745 Vg

L 02 1 10, . 2, 2.
X (L1 + L) + 575,2)75; Wy 37(0)7“‘3 W Bo,cﬂé? + 3%52)7},9) —75,2)61@
1| f1, 15 1, )
+1039 30, gdmi™" | + = { 40 Yo+ 4y o oomi™V + i aa ) = 50 23

1 1. 13 R 13 R 15 A
+2%(,g)7§;) %52)51,62} (L1 + Lo) + {Zﬁoﬁo,cﬂég) + gﬁomq(f,)vé? + 7502,(09%52)

3
+167s(72) (7159)) 7{52)%(1 Bo Q} (L% + Lg) + { 'ng /qu 60 @ 1+ 46oPo qug + 1260 Q7q9
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24
3

1 0) (2) (O)F (1)
(7qg) nygq "’2”7(59) Qgg,Q 27(59)5”12

’ng _SﬁOQan 8

+2BO ’ng ’Ygg }L1L2 +

1. 0 .
+97qg GBTo+ 50 QCﬂég)Vgg) + 5%52)@50@50 + 80m) )Bomé‘;)]
~(3
+ag) (m3,m3, u?) . (3.121)

For the renormalized operator matrix element in the MS scheme we finally obtain,

70

F3MS 900 4
AQg - {_ZB&Q%(J{/ 967911 "

. 1
<7‘§9)) + 37(]9 732)50 Q 60 Q/qu ’Ygg /BOﬂO Q’qu }

1. N
x (LY + L3) + {1%52)752)50@ ~ Boboil) — 5Poail9 - 353@%52)}

1 1. 9 R 1
X (L2Ly + L2Ly) + { 7600 Yo = 150 e+ gPoeiey — 740 Vs

_ A ) . 3.
-9 Bo.gom{™ + »y;g ﬂlQ}( + L3) — 4L, LAY By gdm! )+{ 5% 0§

1 ~(0) (2)

1, 0 .
+32 (ng ) Cg’ygq S)CQ/BO QV(O) - 65m§ )BOQ%SS) ~ Yag Y990 50 QCQng 798)

27 9 N
——732)5250 0~ —%g)ﬁéﬁo QBo + 4o Qan} (L1 + Lo) + 8GQ950 Q— ng A

1 ) 1 1 1
i G + 7 () C 28y — 3950 B QC3 + kg oG — 8m o o3l

1 . R R ~
+ 0GB — 2 a0 —vqg Bofo.qGs — —ﬁo,chvqg 90+ 30 (3O

+dmg>( > — —ng)@ﬂo Q5m Dy a(Q; (mf,m%,/f) . (3.122)

364 A

99,Q

The matrix element A,, ¢ contains contributions starting at O(a?),
4
Ao = @A +a2A% 1+ 0(al) . (3.123)
Diagrams with two different masses, however, contribute only from O(a?)
A = aA5,+0(al) . (3.124)
The renormalization in the MOM-scheme is performed using

AT = AR 2 ) 2

+<A§;{$”°M + 22 O(Np + Ny) — Z,1 (1)(NF)>F;Q1’(1) , (3.125)
AN = AN 1 Z VO (Np + Nig) = Zgg D (Ni) + Zy MO (N + Nig) AL 3O
O N AN+ AT 2500 (e
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Np)} D, E@(Np) + [Ag{g”o“" + Z, Y (Np + Ny)

1(2 NF)}F;;’(I)(NF) + [A;QQ{,CS/IOM +Z;’(2)(NF+NH)

NE) + Z O (Np + Ny ) AL SO

M
(
@
1>(NF + Nyp) Al ;MOM] MO (Np) (3.126)
Applying Eq. yields the unrenormalized expression

ASZI)Q = T3 ’75(,2)50 ot [ 1298988 ¢ (Lo + Ly) — 4ﬁ0,Q’AY§<11)}

6")/9 ﬂOQ(LZ—i_L L2+L ) _BﬁOQngq (L2+L )

2.
+3750 — 1205 Bog +as) o (md,m3, p?) (3.127)

and the renormalized operator matrix element reads

£(3)75 3 3
ADMS = O (2L3 +2L3 + L3y + 2L2L2) + 5Bty (L3 + L)

3 _ ~(3
+{6CL§?50,Q + 575(72)53,Q<2} (Lg + Ll) + 120@?50,@ + a;q)’Q (TTL%, m%, ,u2) .

(3.128)
3.6.5 Ago
Finally, the matrix element A, o obeys the expansion
Aga = 1+aAl)+a2A%  + 24 + 0l (3.129)
with two-mass contributions starting at O(a?),
Ao = A%, +a?AP 1+ 0(al) . (3.130)
The renormalization formulae in the MOM-scheme read
2),MOM 7(2),MOM _
Aga ™™ = ARG+ 2O (NE + Ny) = 2,1 (N)
+ 25D (Np + N) ALY + 2, o /(Np + Nyg) A MO
[Aéé o+ Z 0 (e + N 2 O(V,) r*17<1><NF> , (3.131)

ADMOM - JBINOM 4 7= LB (N + Niy) — Z,, 1<3>(N ) + Zo O (N + Nyg) ALY
+ 25O (Np + Ng) ADNOM 4 71O (N + NH)A“> MOM
17, ”(N + Ni)Ag) MO 4 AN + 2,2 (N + N
O(Np) | Dt @ (V) + [ AL + 2,3 (Np + Nig)
&

NF)"‘Z 1(1)(N +N )A(l) ,MOM
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+ 2,20 (Np + Ni) ALy O T -0 ()
[Aéz)glowl + Z; 2O (Np + Ny) - Zg_ql’@)(NF)}F;gl’(l)(Np) ‘ (3.132)

After subtracting all single-mass contributions we obtain the unrenormalized two—flavor con-
tribution at 2 loops

8 45 _ =
A2y = S T (1, 4 L) b (mdmd ) + g (3 i?)(3.133)

and the renormalized expression
1(2):MS 2 2 (MG 2 (M} 2 ~ 2 2 2
Ao = oo (In ? +In ? — 205,0C2 + Qgg,q (mh may, p ) . (3.134)

The O(a?) contribution consists of one particle reducible contributions only and the coefficients

follow from Eq. (3.87)

aé2g),Q = ﬁg,Q (L2 + L1>2 + 25(2),QC2 ; (3.135)
- 1 2
Qg = TP (Lt o)’ + B3 G (La+ L) + 563G (3.136)

The unrenormalized 3-loop contribution from two masses reads

A 1 10 516) 28
3 _ 0 0 2 2 (0 3 2 _(0)
AQQ,Q — 8_3 [_?Vég)/ﬁo Q/y( ) - ?/BO/BO’Q - Eﬁo,Q,}/‘ég) - 48/60,@ + _2 {_7/80,62799
5 A<0) (0) 3 1 o )
_14/60/80Q - 5 qg9 5 Q’y - 36/807Q (Ll + L2> + g’ng ng 6 Q’y‘gg
4 (-1) 52 DRSO (1)
+§/81,Q/BO,Q - 206m1 /BO,Q - 4lng ’qu - 155m1 /BO Q _50 Q’ygg
11 13 13
+51,Q50,Q} (L1 + Lo) + {—15537 - —%52)/30 Q’V(O) - ?ﬁoﬂaQ - Zﬁ&m},ﬁ’}

X (L% _I_ Lg) + {_4537Q7§g 24/BOQ 8/805062 7qg /BO Q’)/gq }L1L2 - _50 QC2,Ygg

2. 1 0
T35~ 126004 — 1863 0C + JhoaCariy A — Fubi ole — 166m” B

+a? (m7,m3, 1*) . (3.137)

+450,Q5mg_1) 99,0

The renormalized result in the MS-scheme is given by
~(3).MS 25 25 9 23 1.
3),M5
Aég),Q = {ﬂﬁgmé‘;) + Eﬂoﬁg,Q + 553,@ + ’qu ' Bo Q’qu } (L7 + L) + { 2)5 Q”Y(O)
1 13 .
+502,Q’Y§2) + 2505(2),@ + 633,@} (L%LQ + Lng) + {—Zﬁl,Qﬂo,Q + gﬁo,cﬂé?

31



3.7 Mass

29 1(

) 9
+Zém§ Uﬁg,Q 16%9 94 } (L2 + L2) + 8L2L15m1 )BS’Q + {Zﬁog&@g

+ 50 0% — 300 Q5m2 + Cz@o Q’Ygg + 12(5m1 ﬁo 0 + 50 QCz’Yéq)’Yég

1
‘*’650,@@;29)@} (La+ L) — 20608 + 50 QA + ﬂoﬁo QG+ 12080 Qaf,f,)g

oo

1 . .
603 oG + 160miV 62 o + _53,62(3’7;2) —2B0q (5m21’(0) + 6m22’(0)>

9 _ 1 1 B
+§5m§ 1)B§,Q<2 - ECSﬁo,Q’Yég)”Yég - 5@50,@51,@ + CLS;)’Q (mi,m3, 1) . (3.138)

renormalization schemes

The heavy quark masses in the MS and on-shell renormalization schemes are related by

= ZMm = Z,m, (3.139)

where 7 denotes the mass in the MS scheme and m in the OMS scheme. The ratio of these two
masses for a quark of mass my in the presence of a second heavy quark of mass m; is given by

with [4851]]

- o0 s\ ¥
m (e
m=—=1+) (= (k) 3.140

k=1 d
3
—Cp 1—1Lu] (3.141)
143 72 13 1 71 72 13 1
CpTr | — — — L,+-L? CrNpT — L, L?
rirlgg ~ g Tagtutgtul T FFF96+12+24 tghu
1 w2 2 2
CrT, A S R v L 4, 2
HCrTr| gt 13 ~ 27 T 3% — 7% T 7t (@)
1 3 1 4 2 1 3 4
_5(1+$+x +x)H_10( )+2x Ho(x)+§[1—x—x +x}]—]170(x)
13 1 7 52 1 21 9 3
L, C? -+ -7l iy SR . R
o1 +8“ +Cr | og 1 T M@+ g lut+ 5L 443]
1111 72 1 185 11
CiCp|—— + — — Z7%In(2) — —L 3.142
+CaCr |~ T 15— 3™ @) — g5 lu — g5l + g “al. (3.142)

with L, = In(y*/m?) and « = my/my.
In data analyses one usually fits the MS-mass m, which is free of infrared renormalon am-
biguities, unlike the on-shell mass, which grows significantly order-by-order in perturbation the-

ory [51].

10We thank P.

Marquard for providing this relation.
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4 Fixed Moments of the Massive Operator Matrix Ele-
ments

In Ref. [1] a series of fixed Mellin moments of all massive operator matrix elements at 3-loop
order have been calculated in the single mass case by projecting the corresponding integrals
onto massive tadpoles and evaluating them using the code MATAD [76]. These moments serve
as important reference points for the general N solution. In the following, we will calculate
the Mellin moments N = 2,4, 6 in the case of unequal masses. The number of moments is less
than in the equal mass case, where values of N = 10...14 could be reached, which is due to the
presence of the second variable 7 and the performance of the codes Q2e/Exp [73l|74], which we
are going to use. The full calculation took about one CPU year. We still obtain very useful
reference points by this.

The Feynman diagrams are generated using the code QGRAF [77]. In order to take into account
the local operator insertions, we introduce new additional propagators which either carry an
operator insertion or which generate an operator on an attached vertex. In the case of operator
insertions on a gauge boson line, this method leads to a double counting of some vertex diagrams
which has to be removed. For the calculation of the color algebra of the expressions we used the
code Color [7§].

After inserting the Feynman rules, cf. Section 8.1 [1], and the projection operators, the
momentum integrals take the form

0) _ [ 4%k A"k . .
IV (p,mi,mg,ny...n5) = 2P (QW)D(A'%) o (Ag)V f(k . Ky p,ma, mg)
(4.1)

Here p denotes the external momentum, p?> = 0, A is an arbitrary light-like vector A? = 0
and ¢; are linear combinations of the loop momenta k; and the external momentum p. The
exponents n; are integer-valued and obey > n; = N, while the function f(k; ...k, p, mi, ms)
contains the remaining numerator structure and denominators. In Eq. (4.1), we have omitted
possible summations over indices on which the exponents n; might depend.

We may represent ([4.1)) as

N

IV (p,m1,ma,ny...10;) = HA"UZSRMM (p,m1,ma,ny...10;5) . (4.2)
j=1

Since vazl AHMi constitutes a completely symmetric tensor only the purely symmetric part of
]ﬁll),,,,,w contributes. We thus symmetrize by shuffling the indices, [79], and normalize it by
dividing by the number of terms. For the general integral (4.1)) the symmetrized tensor is given
by

I;(fl)r_’uM (p,my,ma,ny...m5) = S [/(lll)a--wMM (p,my,ma,my ..My ) , (4.3)
where S is the symmetrization operator given in Eq. (2.19). The result of the original integral
(4.1) may then be obtained again by applying the projection operator [1]

[N/2]+1 [N/2]—i+1 N

o = FOV) Y 0Ny | [T 22 T 2=]. @

2 2
1=1 p k=2[N/2]—2i+3 p
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The pre-factors F'(IN) and the combinatorial factors C(i, N) for odd values of N are given by

Mot e 22 NPRD(N + 1)D(D/2 + N/2 + k — 3/2)

Coh, N) = (1) T'(N/2 — k+3/2)T(2k)[(D/2+ N/2 —1/2) ° (45)
. 23/2-N21(D /2 +1/2)
FUN) = DR N2 D2 1) (46)
and read
C«even(k7 N) _ (_1)N/2+k+1 22k7N/272F(N + 1)F(D/2 + N/2 -2+ k:) (47)

I(N/2—k+2)T(2k— 1)I'(D/2+ N/2—1)

ven B 21=N2T(D/2 +1/2)
PN = (D—-1I(N/2+D/2—-1/2)" (48)

for even values of N. The pre-factors F°%(N), Fe**"(N) are chosen such that the projector (4.4)
is normalized

I, P p"y =1 (4.9)

The integrals with a local operator insertion for fixed values of IV are thus represented in terms of
tadpole diagrams with a modified numerator structure. The projection operators become
sizeable for large values of N, which leads to an exponential increase in the computation time.

In the calculation, the projected Feynman integrals are first expanded in the mass ratio n by
an expansion in subgraphs [80-83] using the codes Q2e/Exp [73|,74], which also rely on MATAD to
evaluate the single-mass tadpole diagrams, using Form and TForm [84].

The pole structure of the unrenormalized OMEs corresponds to the one which was deduced
from the renormalization prescription given in Section [3] As a by-product of the present calcu-
lation, also the terms in these 3—loop anomalous dimensions for the moments N = 2,4,6, « Tg
are obtained, cf. [85], here in a two—mass calculation.

The moments of the OMEs calculated in the following depend on the logarithms

2

m m2 m2
Li=1In (—1> , Ly =1In (—2) ,L,=In(n) =In (—2) <1 (4.10)
112 12 K m3

We expand up to remaining terms of
O(|n*Ly]) ~ 0.15%. (4.11)

The pole terms in the dimensional parameter ¢ do not contain any power corrections in 7.

In the following, we present the moments N = 2,4 and 6 for the two—flavor contributions to
the constant parts of the various operator matrix elements as defined in Eq. E

The flavor non-singlet contribution two-mass contribution is obtained by

1024 190500608 747008
7 N=2) = CpT2{ | -——212— — L, |n
G4 ( ) F F{( 8505 7 843908625 2679075 ")”

+< TIT6352 64, 33856 )772 . (_12032 512, )n

1157625 1057 11025 " 675 45 "

'We have presented a few of these results before in [31}32].
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1024 128( e 153856 512C 14080, 2048
81 9 279187 81t 43 Tt 81

1024 256 012 1024 640 128
T el Gl S (B L) — Gl = L%}
4713
+O('L3) | (4.12)

O 10048L2 1869287216 7330016L 3
r 425251 4210543125 13395375 " )"

70417954 628 332212 118064 5024

5788125 5257 55125 3375 225

53084 1256 ( e 388370299 +_5024 3509323

2025 45 V2 27 79733750 | 405 > 30375
520841 53084 2512 5024 53084

. . —_L 2_ L3_ L2

10125 2 2025 M 135 M2 405 2 2025 (5 + L)
1256 1256

- —I’L O (n*L? 4.13
81 17 135 2}'+ (n'L) (4.13)

oor2d [ 90752 72 16883116384 66203584 3
e 297675 7 29536801875 93767625 "

636004196 5672 , 3000488 9 1066336 45376
L L, — n |

40516875 3675 7 385875 23625 1575

| 3424952 11344 ( e __202733427313_+ 45376
2 2 71093955625 2835 >

99225 315
520819486 700881658 3424952 22688
_ _ Ly — LoLy — =22, L2
3472875 1 10418625 2 99225 PP g45 !

J— — J— 3_
2835 2 99225 (L5 + L) 567 & 945
+0 (n'L}). (4.14)

4 424952 11344 , 11344
5376 4 3424052, o, 3 3 L%L2}

The constant two-mass contribution to the OME ACP;]’B) is given by

~PS,(3)
aQq

(N =2)

381001216 1494016 2048 14352704
e LQ)H<__

843908625 2679075 7 8505 " 1157625
— 2 05
+0 (174L737) , (4.15)
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_PS,(3)

aQq

(N =

(3)

1123242379875 | 324168075 " 93555 " 31255875
76 , 89252 ) 5008 32 2236 968
350 99225L">” * <_ 945 ?L”>"+ <_2025 - ﬁ(LQ

8 968 3872 2406319 297941
+L1)) Go — Lo+ (3 —

1902921 21 1472 1844302
CFT§{< 00292193776 8509216 7 L2> , (_78 30

L — L
405 Li - 675 2025 151875 1 50625 °

2236 1936 o 195482623 3872 5 2236

— Lol — —— I L2 — — — L2+ 17
2025 27t 675 M2 13668750 2025 2 2025( 2t 1)}

+0 (n4Lf]) , (4.16)

o | [19353315711436064 112677158848 385408 ,
CrT + Ly+ — I
86371722800488125 ' 1917454163625 " ' 42567525 "

5015464079432 45616 72 432844912 IR 2455328
4368164810625 363825 7 1260653625 1157625

0 o 2L, + L i il Py §
13237 | T 99995 2205( 2+ 11))G 30691 6615 1

+15488 | 52387796 172633556 15184 T4
19845 7 8103375 ' 72930375 2 99225 27t 6615

7810108418 15488 . 15184
- — L3 — L+ O (n*L3). 4.17
531537875 1084512~ ogmag (L2 T )} +0 (n'Ly) (4.17)

1984 ) ( 15184 3872 3872L3 3872

L L3

For ELQ , one obtains

~(3)
Qg

(N =

2)

843908625 2679075 " 8505 " 1725 T 106125

8 9256304 7184 8 74 140
—I? L, — —I? ——t — (Ly+ L
45 "> +<10125 T T 3 ">"+( git g (L2t 1)>@
5 772 848 9355 280 35 104
L2~

Op, s Moy 049 =0
shet grhi—gretoghts; 81 57

152 22
) 2 s 296 296 /5 78229
81 81 2187

. TQ{ ( 56086736 _ 164464 2552 L2> ; (6008 1565036
A

(L34 L}) + —=LiL,

826805084 5893184~ 23872 1028192
CrT} Ly+—=L |n’ L
oE F{<843908625 9679075 8505 77)” +< 99225 "

169892864 | 4768 , ,  ( 758044 22076, 448 ,
10418625 = 945 " 30375 2025 " 135 "

320 64 6752 704 1792 128 128
o= Ly— — I3+ 2o+ =220, — 221,12
<27 9( )>C2 32T T g G + g1 1 o7 2
968 128 944 448 64
“(L3+L}) + ——L3Lo+ ——LyL; — —Lj 43 4.1
+81(2+ 1)+ o7 ket grlebn — ol o +0(n'Ly) , (4.18)
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+1786067629 615164 , 223696 ¢ 24797875607 111848 .,
408410100 2 138915 ' " 19845 ** T 2042050500 ' 46305 12
3232799 111848 11119228 55924
cavatyy L2 L2 Iiinhding 2 Iiiainh g L3
9724050( s+ L) + 16305 12 T 862025 7 T Tosas 2
3161811182177
— O (n*L3) . 4.20
142943535000 }+ (n'Ly) (4.20)
Finally, the gluonic contributions to the OMEs A(3) and A are given by
q,Q 9,Q
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In Table 1 We 1llustrate the ratio of the constant parts of the unrenormalized 3-loop two-
mass OMEs aQq (Q9.99) [y Q3) for the fixed moments N = 2,4,6 as a function of the virtuality

1?2 = 20,100,500 and 1000 GeV? referring to n = 2/mb and the values in Eqgs. . for the

heavy quark masses. In Section |5 we calculate a SQ(? and a agq for general values of N Therefore,
these ratios can be used as a first estimate for these OMEs in case the two-mass contribution is
only known for some moments.

The ratio aQq ®) /a Ayq. Q‘s is widely constant over the range 12 = 20...1000 GeV? and becomes

smaller for larger moments. In the case of a an (69,0) / Ayq Q ) at low scales 1?2 ~ 20 GeV? larger

ratios are obtained. They flatten out with values of ;> = 100 GeV? and larger Again, the ratios
become smaller for larger values of N. This also apphes to the ratio a g?; 0 /a Ayq. 653), starting from

12 =100 GeV?, with somewhat larger values at > = 20 GeV?,

In order to obtain the results shown above, we have expanded the constant parts of the
3-loop unrenormalized OMEs for fixed even integer values of N. This is a valid representation
for some but not for all of the OMEs also at general values of N, as is shown in Sections
and [0 In case the expansion in 7 exists, one might try to reconstruct the n-expanded solution
from the moments using guessing methods [86], which have been successfully applied in other
cases [28.[87]. However, many more moments are needed in this case. They cannot be provided
using Q2e/Exp [73,[74], and usually require at least the analytic solution of part of the integrals
and possibly generating function methods [28, 88].|E

12Recently, a method has been found [89] to generate large number of Mellin moments turning the integration-
by-parts relations for the corresponding problem into difference equations. In this way it is possible to obtain
O(8000) moments in a massive 3-loop problem. The corresponding file amounts to more than 1 Gbyte.
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~Ps (3) / r;qs 653 /~2|qu3)
p?/GeV? || N=2 | N=4| N=6 p?/GeV? || N=2 | N=4 | N=6
20 || 2.195 | 0.197 | 0.066 20 || -48.563 | -5.835 | -3.126
100 || 2.110 | 0.178 | 0.058 100 || -2.351 | -1.395 | -0.935
500 || 2.075| 0.170 | 0.055 500 || -2.254 | -1.427 | -0.967
1000 || 2.066 | 0.168 | 0.055 1000 || -2.225 | -1.433 | -0.974
Ayg, Q/~qu 3 qu/ qu
p?/GeV? | N=2 | N=4 | N=6 p?/GeV? || N=2 | N=4 | N=6
20 || 58.777 | 29.890 | 19.795 20 || -3.195 | -0.526 | -0.254
100 || 1.989 | 2.299 | 2.276 100 || -3.110 | -0.479 | -0.223
500 || 2.005 | 2.467 | 2.433 500 || -3.075 | -0.460 | -0.211
1000 || 2.012 | 2.505 | 2.467 1000 || -3.066 | -0.456 | -0.208

Table 1: Ratios of the fixed moments for ELQ

3)

g’

~(3

_NS(3)

5.0 and a Q to a,, " as a function of Q? and N.

5 The Non—Singlet and gg-Contributions at general Val-

ues of IV

All non-singlet diagrams at 3—loop order contain two massive fermion bubbles. One of these may
be rendered effectively massless by using the Mellin—Barnes representation [90-94], see Figure
This yields similar integrals as in the case with one massive and one massless fermionic line [19].

One may now introduce a Feynman parameter representation, integrate the momenta and
perform the Feynman parameter integrals in terms of Euler Beta—functions

-

1
B(a,b) = / dea® (1 —z)7! = =~~~
0

+zoo 2\ 7
() et

= aTp— (47r)‘5/2 (kuky — K2g,)

o —e/2)T2(2 — o +2/2)0(—

(5.1)

o)

I'4—20+¢)

Figure 1: One of the massive fermion loop insertion is effectively rendered massless via a Mellin—

Barnes representation.
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The remaining contour integral is then of the general form

I ocT fl(gaN)a"':fi(gaN):|/+ioo [91(5)+f,92(5)+f>93(5>+5,94(5)_5795(5)—§ ¢

¢ r ,
frale, N, file M) i 96(2) + € 97(2) — € !
(5.2)
where the f; and the g; are linear functions. Furthermore, the notation
ar,...,a; F(al)F(a,)
r = == 5.3
{bl,...,b]} L'(by)---T'(by) (53)

is applied. After closing the contour in (5.2)) and collecting the residues a linear combination of
generalized hypergeometric 4, F3—functions [95] is obtained

a1(g), as(e), as(e), as(e)
bi(e),ba(e), bs(e)

For the flavor non-singlet (NS) contributions, and for Aé?,}), the arguments of the hypergeometric
plFo-function are completely independent of the Mellin variable N, and each term factorizes into
contributions that describe the operator insertions and the generalized hypergeometric functions
covering the mass structure of the diagrams. Due to the fact that the parameters of the hyper-
geometric functions depend on the dimensional regularization parameter ¢ only, their respective
expansion may be performed with the code HypExp 2 [96]. The results of these expansions are
then given in terms of the following (poly)logarithmic functions [43},97-99),

bmm,m(ilm),meg,mgm,Lgmg}. (5.5)

T

I=> Cj(e,N)4F; (5.4)

The pre-factor C; (¢, N) may contain a sum stemming from the operator insertion on the vertex,
see Section 8.1 [1]. This sum is easily evaluated in terms of single harmonic sums using the sum-
mation package Sigma [100,101] Applying these methods we calculate the two-mass contributions
in the flavor non-singlet cases and for the OME AE,?;).

In the following, we denote by C:Lij the remainder constant part of the genuine two-mass term
of the unrenormalized matrix element, omitting the terms coming from the expansion of the
factor (mimsy/u?)%/? in the OMEs for brevity, cf. (3.1)), i.e. the terms o L1, Ly, which are given
in the remainder part of the OMEs flij instead together with other the terms of this kind. The
expressions for c:uj depend on 7 and are symmetric under the interchange

1
N> —. 5.6
; (5.6)

Also the OMEs flij are symmetric in interchanging m; <> msy. One may furthermore check,

calculating a;;(N) for N = 2,4,6 and expanding in = mim2 < 1 up to O(r®) that the values

for the fixed moments in the corresponding parts of @;;(/N) are obtained. The latter ones do not
obey the symmetry interchanging the masses anymore, since we have chosen to expand for n < 1.
To obtain the representations in Section || L, is given by —In(n) expanding the expressions in
the remainder part of this section or the z-space expressions given in Appendix [A]l Since the
present expressions obey the symmetry a choice has to be made.

For the single mass contributions the different OMEs receive a 3-loop correction changing
from the on shell mass m to the MS mass expandmg the OME in aMS. For the two-mass

contributions at 3-loop order this is not the case for Aqq g S, Aflz)g 5,TR AQq )'PS and Aqg o- Terms

of this kind appear in case of the genuine two-mass contributions to AQQ and AggQ (see also
Egs. (3.117, [3.118 [3.135] [3.136)). They are not dealt with in the present paper.
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5.1 The flavor non-singlet contribution

The general pole structure for the unrenormalized two-mass contribution to the OME quS:Q is
given in Eq. (3.103)). The only contribution which is not determined by the renormalization
prescription is the constant part, for which we obtain

_ 4 3N? +3N +2
Q. = CFT}%{ <§Sl - )

ON(N +1) —24(L3 + L3 + (LaLy + 26 + 5) (L1 + Ly) )

+1 1 1+ . .
L G+ 22 49) (i (15 ) 420G Lia (1) ~ i 01
- N
+1)° . . 64
+(";n3 /2) (=109*% + 50% + 420 — 10m; +5) [Li3 () — In(n)Li> (n) | + 56

Si

8 21 16 (4057* — 3238n + 405
—0—5 In®(n) — 161n*(n) In(1 — 1) + 10! ln(n)] + (405 1+ 405)

7297

(e g Lo )
+§ (130N4 + 84;}7\:3(—]\[611\712)3— 16N + 24 _ %51 n 8_;52 _ 1653) (Ly + L)
* {_ 18N2(]]3f1+ 1) e gn% 2 1t %S 2} (i) - 729N4?J]\%f2+ 1)4y
i - B0 P )
Here Sz = Sz(NN) denote the (nested) harmonic sums [102]
Spa(N) = ZN: (:Sigil%))k%(k), So=1, b,a; € Z\{0} . (5.8)

The polynomials R; read

Ry = 150°N* + 78)N* + 15N* 4+ 300> N? + 1560 N> + 30N® + 259> N? + 18nN? + 25N?
+10n*N + 49N + 10N + 327 , (5.9)

Ry, = 1215n*N® — 1596nN® + 1215N® 4 4860n* N — 6384nNT + 4860N" + 81007*N°®
—25844nN°® + 8100N° 4 7290n* N° — 393480 N> + 7290N° + 3645n*N* — 20304nN*
+3645N* + 810n2N?3 — 140nN> + 810N + 432nN? + 288nN + 8647 . (5.10)

The two-mass part of the renormalized OME Aé‘?’c’; > s given by

= AR SR 16(3N? + 3N +2)
A(S),NS — T2 . 3 . 4 .
D CrTy 243N4(N +1)* - 8IN3(N +1)3 N 3N(N +1)
64 3584 640 128 640 128
- - - L L g, - ==
+381)C2+ TR 933}(1+ 2)+[2751 5 O

16 (3N* + 6N3 + 47TN? 4+ 20N — 12)
27TN2(N + 1)2

Mﬁ+@+@

43



16(3N? +3N +2) 64 4 4 4
— — S| (LY + LiLy + L3Ly + =L + =
9N(N—|—1) +9 1:| (3 1+ 1 2 1 2 1"‘3 2+3<3

20092 3584 G40, 128 } TR

243 51— 81 52 + 753__54 Uaq.Q - (5.11)

with

R; = 1551N® 4+ 6204N7 + 15338 N® + 17868 N + 8319N* + 944 N3
+528N? — 144N — 432 , (5.12)

Ry = 219N°® 4+ 657N° + 1193N* + 763N? — 40N? — 48N + 72 . (5.13)

Both the constant part of the unrenormalized two-mass OME and the OME (j5.11)) vanish
for N =1 due to fermion number conservation for any value of the heavy quark masses. In the
Appendix we present the the corresponding z-space expressions for Eqs. and - The
analytic continuation of the N-space result may also be obtained by expressmg the contributing
sums in the asymptotic region | N| — oo and using their recurrence relations, cf. [103]. One may
derive semi-numeric representations, cf. [104]. The inversion to z-space is then done by a contour
integral around the singularities of the problem.
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Figure 2: The ratio of the genuine 2-mass contributions to qu)gs to the complete TF part of massive

3-loop OME A(3)’ as a function of = and Q?, for m. = 1.59 GeV, my = 4.78 GeV in the on-shell scheme.

Dash-dotted I|ne 12 = 30 GeV?; Dotted line: p? = 50 GeV?; Dashed line: p? = 100 GeV?; Full line:
p? = 1000 GeV?. The single mass contributions are given in Ref. [21].

In Figure 2| we show the ratio of the genuine 3-loop 2-mass contributions to A 5 to the
complete T2-contribution for both masses for a range in x at typical values of Q2. The impact
of the 2-mass contribution grows with Q?. At lower values of Q? it takes negative values in
the large = region and at higher values of Q? it behaves almost flat. Here we illustrate the

contribution to the OMEs only. The contributions to the deep-inelastic structure functions will
be given elsewhere.
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5.2 The transversity contribution

The pole structure of the unrenormalized transversity OME corresponds to the one in Eq. (3.103])

after substituting the anomalous dimensions YN NS.trans - The constant contribution is given

s
g0 7 Vag
by !!

e 8 58
aéé),gs,m - CFT;%{(451 —3) {—5 (Li’ + L3+ <L1L2 + 2¢, + 3) (L, + Lg))
(m + 1)2
18n3/2
+77—+1 (5n* +22n + 5) lln2(77) In Lo + 21In(n)Lis (m)
/2 1 L+ s

8 16 21
—4Li, (771)> + 57 1n3(77) -y 1n2(77) In(1 —n)+ 1077

32 3 64 16 128 29
+§ (382 — 55 + é) (L1 + L2)2 — §C3 + ECQ + (Cz + 5) So

(5n° — 100> + 425 — 10m; + 5) [Liz(n) — In(n)Liz(n)]

o)

9
13N+ 13N -8 80, 16

— — Sy — =S| (L1 + L
S4+8{ IN(N + 1) +2752 953](1+ 2)

1280 . 256
g1 72" o7
16 < 40512 — 32381 + 405

27 271

(n+5)5n+1) 2(5n*+2n+5)
+|— +
6n In

- AR;
243N2(N + 1)2y

+16¢3 — 40@2) Si

Sy + %52} ln2(n)} : (5.14)

with
Rs = 4050°N* —532nN* 4+ 405N* + 810> N? — 1064n N> 4 810N? + 405> N2N (5.15)
—1012nN? + 405N% + 960N + 2887 . (5.16)

The two-mass part of the renormalized OME Aégq?’g >R reads

. 4R SR 3584 640
AGINSTR 72) _ 7 _ 6 _ -
) CrTi\ siveN 11 T | IN( D) s ar
128 64 20992 3584 640
128 16 64 4 4 4
g ot [—5 + 381] <§L§’ + il + Lyl + oLy + 54‘3)
16 640 128 N
y {—5 ot 752} (L3 + 15 + <2>} Fagn (5.17)
with
Re = T3N?+T73N +24, (5.18)
R; = B17TN* +1034N? 4+ 757N? — 48N — 144 . (5.19)

The corresponding expressions for (5.75.11} [5.14] [5.17) in z-space are given in Appendix [A]
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As before in the equal mass case [21] and for the O(NzT3) contributions [19], we obtain the
O(T2C 4 r) terms of the 3-loop flavor non-singlet contributions to the anomalous dimensions in
the vector and transversity case from the single pole terms of the unrenormalized non-singlet
OMEsS, confirming once again the result in [15], see also [105].
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Figure 3: The ratio of the genuine 2-mass contributions to A(3)gs TR 46 the complete T}%—part of the

massive 3-loop corrections to Ag )gs TR 25 a function of 2 and Q?, for m. = 1.59 GeV,my = 4.78 GeV
in the on-shell scheme. Dash-dotted line: p? = 30 GeV?; Dotted line: p? = 50 GeV?; Dashed line:

p? =100 GeV?; Full line: 2 = 1000 GeVZ2. The single mass contributions are given in Ref. [21].

In Figure |3| we show the ratio of the genuine 2-mass contributions to the complete T3 3-loop
term for transversity as a function of x and Q2. The spikes are due to a zero in the denominator
of this ratio. Except for a small region of x around these spikes, the ratio takes values between
1.5 and -0.6. For Q% not too low, mostly values between 0 and 0.6 are obtained.

5.3 The gqg-contribution
The genume two-mass contributions to the OME A .o can be calculated in a similar way to

ANS

w0 - One obtains the constant part of the unrenormahzed OME

26
Qg = CFTﬁ{pgq [16 (L3 + L5+ (L1L2 +20 + ?) (Ly + Lg))

3773/2 (v +1)"RsLis(—m) = (v — 1) RoLis(m) ) - ?mi”(n)

+(MR8L12<—771> 2= ) — % (v 1)) In(y)

3773/2 3773/2
2 2
(vii+1) (vVi—1) 16\ . ,
+( 6773/2 Rg 111(1 + 771) - WRQ ln(l — 7]1) — ?Sl In (77)
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64 1 128 RipIn*(n)
_U* @3 o o 10
273 27 et (@ * 352) g‘”’} 3n(N —1)N(N +1)2

+16 {—ﬁ + 0 (— - 51)} ( (L + L) = (L + Lg)sl)
5)

32 64(8N + 64R115;
(8, — 2 Li+L
+{3pgq(2 1) - O(N + 1)3 }(“L 2) = NNV 1)
64(8N3 4+ 13N? + 27N + 16 SR
( ) (S7+ 82 +3C) — 2 ,
27(N —1)N(N + 1)2 243n(N — 1)N(N + 1)*
(5.20)
with
2+ N + N?
(0) — 21
Pos = (N DNV +1) (5:21)
and the polynomials
Rs = —100*% 450 + 42y — 10,/ + 5, (5.22)
Ry = 100?450 4 42 +10,/7 + 5, (5.23)
Riy = 5n*N? 4+ 10n°N? + 150°N + 10n* — 14nN® — 12nN? — 58)N — 28n + 5N*
+10N? + 15N + 10, (5.24)
Ry = 39N* 4+ 101N? 4 201N? + 205N + 78, (5.25)

Riy = 4050>N° 4 1620n>N* 4 32407>N? + 4050n>N? + 2835n*N + 810n* — 5326nN°
—18496nN* — 40952nN® — 55636nN? — 39370nN — 106521 + 405N° + 1620N*
+3240N? 4+ 4050N? + 2835N + 810 . (5.26)

The two-mass contribution to the OME is then given by

. 64R 64R
AB® — o120 — 13 12 4 12) — 15
94 FEEY T 9(N = 1)N(N + 1)?2 (L1 +L3) 81(N —1)N(N + 1)
B 32Ry; ) 32Ry; G4 64Ry, S
9N —1)N(N +1)2"1 9N —1)N(N +1)272 " 27(N = )N(N +1)3""
64R14 64R13
Ly 4 Ly) | —
it L) = N T NN T 1 T 9N S NN 1) 1]
128 32 32 32
+pl% —5 (L} + L3) - 5 (L3Ly + L3L1) + (L1 + Ly) —3512 - S5 32@]
o4 32 64 32 64 128
3 (L2 -+ L2) Sl + 352 -+ §C2 Sl —+ ?Si& 9 Sg — TC;),]
6413 _(3)
_ 27
9N —D)N(N +12° } g0 (5:27)
where
Rz = SN® 4+ 13N? +27N +16 (5.28)
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Riy = 43N* 4 105N® + 224N? + 230N + 86 (5.29)
Ris = 248N° +863N* 4 1927N? + 2582N? + 1820N + 496 . (5.30)

The corresponding z-space expressions are given in Appendix A. Also in this case we obtain as
before in Ref. [23] the corresponding contributions to the 3-loop anomalous dimension [16].
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Figure 4: The ratio of the genuine 2-mass contributions to Ag«?Q to the complete T%—part of the massive

3-loop OME A;?;)’Q as a function of z and Q?, for m. = 1.59 GeV,m; = 4.78 GeV in the on-shell scheme.

Dash-dotted line: p? = 30 GeV?; Dotted line: ;> = 50 GeV?; Dashed line: x> = 100 GeV?; Full line:
p? = 1000 GeV2. The single mass contributions are given in Ref. [23].

In Figure I we show the ratio of the genuine 2-mass contribution to the complete T2 3-loop

result for A( o for typical values of Q? and z. The ratio varies between 0 and 0.5. At higher
values of Q2 an almost flat behaviour is observed.

6 Scalar A,, o diagrams with m; # ma

The factorization into parts depending purely on the Mellin variable N and contributions de-
pending only on the mass ratio 1, which has been observed for the non-singlet diagrams, consti-
tutes a very special case. Normally both variables appear in a more intertwined form and more
advanced methods are required to perform the calculation. Since the complexity of the math-
ematical structures contributing to a Feynman diagram depends on the denominator functions
and on the form of the operator insertion, we will first study the scalar topologies contributing
to the OME Ay, o in this paper. Due to the nesting between the Mellin variable and the mass
ratio, novel n-dependent sums and integrals will emerge. In particular, it turns out that the
expansion in 7 is not possible in general, unlike the case for fixed integer moments. Therefore,
the integrals have to be calculated for general values of 7.
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6.1 The Calculation Strategy

As we expect new functions to appear in the results and since the construction of the inverse
Mellin transforms for these functions turns out to be a non-trivial task, we opt for an approach
where we derive the z-space representation of the respective diagrams first. The N-space repre-
sentationﬂ is then obtained in a final step by using the generating function method, constructing
a difference equation and solving it using the package Sigma [100}101]. These representations can
be then evaluated at fixed integer moments in N, be expanded in the parameter 1 and compared
to the fixed moments having been calculated using the code Q2e/Exp [73L[74].

First we introduce Feynman parameters and perform the momentum integration for one of
the closed fermion lines. This leads to an effective propagator, the mass of which we can detach
using the Mellin-Barnes representation [90-94]

1 1 1 +100 Bg
(A+B) F(A)Q_m'/m A€ P+ OI(=E) - (6.1)

Then we perform the remaining momentum integrals, which leads to an expression where the
Feynman parameter integrals are now of the generalized hypergeometric type [95] and the ap-
propriate application of techniques used earlier in Refs. [12//19.46] allow to integrate all Feynman
parameter integrals as Beta-functions, of which only one depends on both the Mellin variable N
and the Mellin-Barnes variable ¢ and is kept in unintegrated form. We obtain a representation
of the general form
1 +i00 1
C(N,my, ma,e)=— / d¢ / dX pft XETNTesth (] — x)=ehetd
21 ) i 0
ay +b1€+01§,...,ai+bi€+0if
L (62)
di +eie+ fi€, ..., dj + eje + [

where ay, di, 8 and 0 are integers, by, e, a and 7 are integers or half-integers, ¢, € {—1,1}
and fr € {—2,-1,1,2}, with >, _,cx = >.7_, fr- The dependence on N of the function
C(N, mq,mg,€) arises from gamma functions that depend on N (and possibly on ¢) but not
on &.
Mellin-Barnes integrals of the form
1 +1i 00

— ¢ Z¢T
2me 3 [

CL1+618+61€,...,6Li+bi€+@£

6.3
di +eie+ fL&, ..., dj +eje + f;§ (6:3)

are usually solved by closing the contour either to the left or to the right and by applying
Cauchy’s theorem
7{ f(z)dz = 2mi Zreszif : (6.4)
c i
If we close the integration contour in (6.3 to the left(right) the residue sum only converges for
Z >1(Z < 1), respectively. In (6.2) we have
nX

Z =1 .
1 (6.5)

BThe steps to compute these Mellin transforms are included in the computer algebra package HarmonicSums
[40,/106,107).
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which covers both ranges for possible values of n < 1 and n > 1. In the calculations we applied
the code MB [108]. We follow the method applied in the equal mass case in Ref. [24,|109], split
the integration range and remap the individual parts to the domain [0, 1]:

[ o flaxneon () = [ Ta( [T [, ax) e (25)

_ —+1i 00 1 L < —) "
B /_m d /0 T (n+T)2f §n+T g
7 1 ”
+(1+nT)2f<§’1+nT)T ] ' (6.6)

A further advantage of this procedure is that the contour integration decouples the n-dependence
which now only enters through the T-integration.

We follow the well known procedure of deforming the contour integral in order to separate
the ascending from the descending poles [} applying Cauchy’s theorem. At this point we are left
with only one integral and no overlapping singularities anymore. If necessary, we map 7' — 1 —T
in order to have singularities regulated by € only at T' = 0. They appear as e-poles after applying
the following integration-by-parts relation:

1 1

[ ar s = o] -

1—a

/ 1 dT T~ f(T). (6.7)

0

We may then perform the Laurent series expansion around ¢ = 0.
In the next step we rewrite the sums obtained using the package Sigma [100, 101]@ The
sums are then expressed in terms of generalized harmonic sums [39,40] at infinity,

Sy ik_ (d k), c,d; € R\{0}; b, a; € N\{0}, (6.8)

which have to be rewritten in terms of generalized harmonic polylogarithms (GHPLs) [40] at
argument x = 1 using HarmonicSums [40,/106,/107]. These functions are iterated integrals over

the following alphabet :
dr dr dr
2L . 6.9
{T’T—i—T’l—l—TTz} (6.9)

In order to process them, we want the remaining integration variable T" to only appear in the
argument of the HPLs. Because of the emergence of letters with non-linear denominators, we
cannot apply the methods used in Ref. [28|88] directly, although extensions of it, as it is described
below, should suffice to transform these HPLs. However, due to the relatively simple structure
of the letters in Eq. (6.9), there is a way based on applying the shuffle relations, cf. [79], and
rescaling the internal integration variables, to rewrite the corresponding iterated integrals in the
desired form.

Instead of computing the remaining integrals, we rather aim at transforming them into a
Mellin transform from which one can then read off the z-space representation. Next, we ab-
sorb rational N-dependent factors into the integral, which appear both in the numerator and

14Tn some cases an additional regularization parameter was introduced in order to separate overlapping poles.
5Due to the integral transformation these infinite sums are independent of the mass ratio 77, which renders
them much easier to solve.
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denominator. These factors stem from the integration of the Feynman parameters, and are now
pulled into the T-integration by performing a partial fraction decomposition and then applying
the following partial integration identities repeatedly,

. / L (g(a)) o) o

0

e Jy e 1) = gt ([
—/01 da:g(:c)““—ld‘;—? (/jdy%) . (6.11)

Relation (6.10) has to be especially handled with care, as its application may introduce new
divergences in each term. This issue is solved by regularizing the remaining integral in (6.10)) by
a +-type distribution which cancels these additional singularities, as e.g.

g'(x)

v [ deglo)se) ~ gy L)
1 1

1

1 N
U o
N/o dx xHy (x) (77 n x2> = }:gr(l) Hy (x)

2
+/€1das (77 -2:””2 +2H, (:@) (n IxZ)N]

=&

1 1 N
= lim|lH (x) + [ dxx 1—|—H (x) !
—o| 2 e T L 2 ‘ N+ x?
1 N
1 1 U U
T e = 1|+ Iy
+2/E I’x (77+33‘2) + 5 0(1‘) e

- fe(tmn) )

n [t 1 n \"
- dx — — 11 . 6.12
Jr2/0 * T (77+x2) ] ( )

We now rewrite the remaining integral as the following Mellin transform:

= /O dz [g(z, )]~ f(z,n)

g(1)
E[> dX f(g~"(X,n),m) X~
g(0
—9(0)
(_1)N f de(_g_l(X>n)an)XN

—g(1)

dg—*(X,n)
dX

, forg(z,n)>0,0<z<1, n>0

dg—(X,n)
ax

, forg(x,n) <0, 0<z<1 n<0.

(6.13)

Note that the function ¢ is monotonous (cf. Eq. ) and thus the inverse function ¢! exists.
The class of harmonic polylogarithms is not sufficient to perform this step and generalizations
are required to allow for quadratic forms in the denominator. One such generalization is given
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by the cyclotomic harmonic polylogarithms [106]. We use the label {4, ¢} to denote the following
letter

T dr
Dy(7)’

where ®,(7) = 72 + 1 is the fourth cyclotomic polynomial, and dr indicates that the iteration
proceeds over 7. For example, Hy 141} () represents the iterated integral

Ydry (™ dry T
Ho {41y (2) Z/ —1/ =2 (6.15)
0 0

T 2+1°

(4,1} — i€{0,1} (6.14)

More generally, we write

T dr

{{a,b,c},i} —

In the calculation of some of the diagrams shown in the next subsection, we thus performed
simplifications such as

N
/1 d.],’ xH{{17077)}71}7{{1’0177}70}70 ('I) < 7]1‘2 )
; (1+77x2)2 1+ na?

1 [0/ NG N
:% ; dx H{{1,o,n},1},{{1,0,77},0},0 \/1———$\/ﬁ x

1 n/(1+n) NG 1 Nz
= de |H —~—_ ) — —Hy(n)H N 6.17
215/ /o £ { {4,1},{4,0},0 (m) 9 o(mHa,1},14,04 (m)l x ( )

where in the last step we removed the n-dependence of the argument by again applying a rescaling
of the inner integration variables. At this point, it is desirable to remove the square roots in
the arguments of the HPLs and to obtain iterated integrals with the argument = only. In order
to obtain this representation, we once again exploit the property that taking the derivative
reduces the transcendental weight of a hyperlogarithm and use a method similar to the one
given in [28,88]. For example,

Do (L );M
dx {4,110 2

11— Ho(z) + Hi ()] (6.18)

me(Jgg):HmM@+mﬂm. (6.19)

However, not all the occurring HPLs can be expressed in terms of generalized HPLs of the
previous kind and new, root-valued letters have to be introduced. To perform this in a systematic
way, we introduce a more general class of iterated integrals as follows:

G{fi(r), o), ful)} 5 2) = /Ozdﬁ Hm)G {fa(7), - fulT)} ) 5 (6.20)

with the special cases

G({}2) =1, (6.21)



and

G({%%%}% _ %Ho(z)nz%mn(z). (6.22)

—_———

n times

Here f;(7) are real functions, with 7 € [0,1]. At the moment we do not discuss matters like
algebraic or structural independence of these quantities, cf. [40,79,/106], but rather consider
(6.20) as a placeholder. Algebraic and other relations are applied later in the concrete cases
appearing. These functions are given in explicit form in Appendix [B]

Using these generalized iterated integrals we rewrite the HPLs with root-valued functions in
the argument. For example one has

N 2 (3 — 62 + 3nz + 3%z + Ta? — 2na? — 5n2a? — 323 + 3n%?)
H{‘LO},{{?’],O,I},O} \/1—_—$ =

3(n—1)n
—2(1+”)mﬁ<_1+2$)G({\/ﬁ\/?},x)
1
(n—1)>V1 —aya(-1+2z) V1I—T1T
B 21 G({—U—TH?T}’JC)

+@G({\/1—T\/;=\/1_“/F}’I)
2 ({rmrgr AL )

n n n—r

“ane () ) .

In the present computation, similar HPLs up to weight w = 3 had to be transformed. Due to the
size of the expressions and the necessity to cancel spurious terms, all relations obeyed by these
quantities have to be used. These are

e shuffle relations

e integration by parts relations, such that only factors with exponents € {1/2,—1} con-
tribute to the different letters

e shuffling of single square root terms to the end and performing the integrals e.g.:

1 2 3/2 1 VT
G({\/F,T+1},a:> -2 { G({V7h.a) +a G({1+T},x) +a({1+T )]
(6.24)

These identities have now been implemented in HarmonicSums [40}/106,107] and allow a significant
simplification of expressions with iterated integrals of this type. Finally, the integrals are merged.

After the mapping of the integration variables (6.13]) we are left with integrals of the form fof ™) G
or [ fl(n) dz due to the splitting of the X-integration in Eq. 1@) We therefore substitute

/f i G(x) = /0 i G(z) — /O " G(z) . (6.25)

(n)
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As it would have been expected, the integrals fof ™ G G(z) completely cancel up to trivial
integrals of the form

/f(n) dr 22N = ;x]\”ro‘“ " (6.26)
0 a+N+1 o '
We now use HarmonicSums [404/106},107] to perform the inverse Mellin transform for terms that do
not contain any x-integration. They usually stem from integration-by-parts applied in steps ,
or . We are left with a z-space representation for our diagram. This representation
usually also includes a part proportional to a J-distribution and one term proportional to a
+-distribution.

As a last step, we want to generate a N-space representation for our result, for which the last
remaining integration has to be performed. This is done with the help of a generating function
representation mapping the integral into generalized HPLs and then generating a recurrence
relation for the Nth coefficient of this result. This procedure is automated within the package
HarmonicSums [40,106(107]. The resulting recurrences were solved using the package Sigma [100,
101]. The result contains many generalized HPLs at argument x = 1, which stem from the
upper integration limit. In case their letters are free of the mass ratio 7, they can be evaluated
in terms of special constants like 7, 1In(2), the Catalan number C, ¢, and (3 by using standard
integration methods or applying the internal integration algorithms of computer algebra packages
like Mathematica or Maple. In case these generalized HPLs are not entirely free of n, it is desirable
to rewrite them as iterated integrals with argument 7 in order to obtain algebraic independence
and an easier access to series representations. Rewriting these generalized HPLs cannot be done
by rescaling integration variables or by just applying the methods of [28,88], since due to the
root valued letters the derivative with respect to an inner variable in general does not lead to
a weight reduction in this case. There is, however, an extension to the ideas in [28,88]: Taking
the derivative with respect to inner variables we observe, that only GHPLs of a lower weight,
GHPLs independent of this variable and the original GHPL itself contribute, as e.g.:

d <{\/-\/1T \/_\/—} 1):(1+n)(1—8n+n2)

dn T 12— 1)

- (77—7]1)4G({—77—17+m}’1>

2
RCET G{VTV1—-71,V/TV1-7} 1)
143
“a (TS )
2(n—1)n —T+nT
(6.27)
Therefore, the linear first order differential operator
d 14 3n
— 7 6.28
dn —2(n—1)n (628)

does lead to a weight reduced expression when applied to the GHPL

o(fer= B )

—-N—T+NT

The weight reduced expression can be rewritten with the same method and we have to undo the
effect of the differential operator by using the general solution for the linear first order differential
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equation

4 f@) 1 p(@) (@) = g(2) (6.30)

dz
— f(z) = exp (— /m:p(t)dt) {f(m0)+/x:q(t) exp (/x:p(u)du) dt] . (6.31)

Applying this method to the GHPL considered above we obtain

({f\/ﬁ \/‘\/—} 1)_1+4n—2n2_3(1—4\/ﬁ+n)@

T+ nT 6(n—1)3 16 (n — 1)2
Vi vT o1 (n=3)n*
+8(?7—1)2G<{1—T’T}’n) AT (7726'32)

For all the GHPLs considered in this section, it is always possible to construct a linear first
order differential operator E which does yield a weight reduced expression when applied to the
corresponding generalized HPL, and all the GHPLs could thus be rewritten in terms of GHPLs
with argument 7. See Appendix B for a list of relations for the GHPLs.

6.2 The results for individual diagrams

In the following, we present the results for all scalar two-mass topologies contributing to Ay, ¢
both in z- and in N-space. Up to a global pre-factor, all results are expressed as functions of the
mass ratio 7. We consider only the cases where the operator insertion is located on a line, and
not on a vertex, since the latter case can be easily derived from the former. The powers of the
propagators are taken to be the highest ones appearing in the corresponding physical diagrams
(this means that in all of the diagrams the sum of powers of propagators equals 9).

We define the following functions which appear often in the z-space expressions of the dia-
grams,

aoz) = yaene ({vimrvr ) e) so ({vimrvnt) )]
vl () ) o (222

1—74+n7 l—74+n7t' 7T

o)

l—7+n7'1—71

+<1—n+%(1+nln > (VI=v7).2) . (6.33)
1

faln,z) = —5(1+n){G<{ 1—7 iT},z>+G({m\/_,l},zﬂ
+é<l_n)2{ln<n)g({@},z) ({Ff 1})

nT—n—rT nT—n—1T

16First order linear differential operators could be used instead of pure differentiation in order to extend the
parametric integration method. However, remapping parameters might be a more suitable method to integrate
Feynman parameter integrals which are not a priori reducible. Both methods become inapplicable when non-
iterative integrals appear, as e.g. genuine elliptic integrals and others.
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f3(777 Z)

f4(77’ Z)

f5(77’ 2)

fﬁ(n’ Z)

({5 )

—i—(l—n—l—%(l—l—nln )G({\/l—r\/_} 2) (6.34)

%(1 +1) [G ({\/ﬁ\/? \/ﬁ\/_,;} ,Z)

(4 n )

+<1—n+;(1+n1n ) {VI—7vm,V1I-1V7},2)
R G =b

8 T4+t T

i)

T4+nr 1

(e =0

T+nT

(6.35)

senfe ({yr=rvmvi=rm il )

|
(o))
- (1 S0 ) 6 (VIZ TR V= 7T} )
Ao (e 05

Rt
—In(n)G ({\/ﬁf \/ﬁ\/_} )} (6.36)

nT—n-—rT

T Jre({limmis) )
Fin(n)G ({1 _Tl+ m} z) , (6.37)
=i

()G ({#} ,z> | (6.38)

For diagram 1, each term in z-space factors completely into z- and n-dependent contributions.
No iterated integrals involving both, n and z, contribute. The z-space result can be completely
expressed by harmonic polylogarithms

Di(2)

c/2 s | 14+n® 1|74 —245np — 2450% + 740> P
1 _ Ty
(mi)™" (m3)” { 10522 | = 44100 21010 ()
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210 1185408000

G o 74— 245n — 245n% + T4n?

52 (1 _ H
g0 (L+7) 88200 1(2)

—55125 + 37975n + 247451 + 36181n3 3
+Ho () 922579200 + 250t (2)
525 — 2450 — 24502 + 15497 1 ,
— (1 H

* 430080 0o(n) + 155 (147°) Hip (2)

(1 —n)*(5+ 61+ 59°)

- 2048, /7] [H-100 (v) + Hioo (1) }} : (6.39)

1+ 7 (Z)] | 5520349 — 7928445 — 7928445n” + 55203491
1

Figure 5: Diagram 1. Here both mass assignments m, = my, my = mo and m, = ma, My = My
yield identical results.

Due to the structure in z-space, only harmonic sums contribute in Mellin N-space.

Dy(N) = <m%)”2<m3)8—3(1+<—1>N> 1 {1+n3+ !

—(1+n*)S1(N)

2 N + 1] 105¢2 ~ 210e
5 (14 n)(2n*(37TN — 68) — n(319N + 109) + 74N — 136)
—n”In(n) +
210(N +1)

(57% + 614 5) (1 —n)? (1+7°)¢
- 2048, /7 [Horo0 (Vi) + Higo (V)] + =057
P 3 1+ -,
() [22579200(]\7 T 4?77051 <N)} * ;1(:] [SEN) + 5 (V)]

(1540 = 25 — 250 +5%5 (1+7)P
860160 T 1185408000(N + 1)2
1+ 1) (272(37N — 68) — (319N + 109) + 74N — 136
(L) (20 ) —( ) )Sl(N)  (6.40)
88200(N + 1)

with the polynomials P;(n, N)

P, = 36181n°N + 89941n> + 247450*N + 247450 + 37975nN + 379757
—55125N — 55125 | (6.41)
P, = 5520349n*N? 4 100461381> N + 7348189n* — 13448794nN*>
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—22610228nN — 119838347 + 5520349N? + 10046138 N + 7348189 . (6.42)

Here the factor 1(1 + (—1)") comes from the operator insertion Feynman rule. This factor is
removed from the z-space results in all diagrams, due to the analytic continuation from the even
moments.

Ma
Figure 6: Topology 2. Dy, represents the mass assignment m, = ms, m, = mq and Dy, (mq <> my).

Although topologically very similar to diagram D;, diagrams Ds, and Dy, exhibit a much
more involved mathematical structure. As we restrict ourselves to a representation within the
class of iterated integrals of argument z, additional root-valued integration kernels had to be
introduced. Furthermore, iterated integrals depending on both variables 1 and z contribute.

In z-space diagram Ds, consists of contribution Dstg , which, other than a term proportional

to §(1 — 2), is regular as z — 1 and a contribution D,

Dau(2) = DEE(2)+ Di,(2) . (6.43)

The latter term contains distributions like oc 1/(1 — z) or o< 1/(1 — 2)*?2, understood as +-
distributions.
For a distribution f*)(x) of the general form

FH ) = Z (M) () (6.44)

k=0 Gk ()

we define the Mellin transform by

m

M [/9] (N) = / dr 3D oW g e (6.45)

0 0 qr(z)

Note that in this section we use a different convention for the Mellin transform (6.45), if compared

with (2.5).
This regularization is also required for the Mellin transform of the diagrams Ds,, Doy, Dg,
and Dg, below. For D, the +-part is given by

I B oNE/2 ;9\ —3+e 7 1 37 1 1
Déa)(z) = (mi)"" (m3) ' [210(1 ) (g + 210 §H1(2) - §ln(n))
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U
1536(1 —

. >] , (6.46)

and the regular contribution to Diagram 2a is

B s[1 1/37 1 523
DReg _ 2\&/2 2\ —3+¢€ 1— n - | -
2 (%) (m) ™ (m3) 00=2) 11z 2 a0 2™ ) ~ 2050

37 1 33— 6z+(3+7n + 6n3) 22
2l “H
o Q2 Q4
H 1 In
1289600022 64512077,2[ 1(2) + In(n)] - si512072 )
Q3
: 6.47
153677\/ 225/2 fimn;2) (6.47)

with the polynomials

Q1 = 11025(z — 1)°2 +18375n° 2" 4 n*2* (—9472 + 257252 — 624752)
+497°2* (—1091 — 900z + 13502%) — n(z — 1)* (—8704 — 22050z + 2572527)

—245n%z (133 — 253z 4 902% + 302°) | (6.48)
Q> = 315(z —1)® — 5250°2° — 105n(z — 1)*(6 + z) + 7z (11 + 180z + 90z?)

+3n*z (512 — 5952 + 2452%) — 1059* (—1 + 9z — 182% 4+ 102%) | (6.49)
Qs = 3+ (=9+4n)z+ (9—8n—6n%) 2* + (n — 1)*(3+ 5n)2* , (6.50)
Qs = 105(n—1)* (179" + 22+ 9) 2° — 3 (357> + 302 — 105) z + (1715

+945n” — 387n — 945) 2> + 105(n — 1)*(n + 1)(5n + 3)z* + 7681 . (6.51)

Performing the Mellin transformation by using the regularization (6.45)) yields

Dy (N) = (mf)g/2 (m%)—sﬂ (1 - (2_1) ) {1(;7552 T : [_;TOSI ()

€

o n() + 2N (37N? — 105N + 68)n® — 245(N — 1)Nn? — 21()]
210 44100(N — 1)N(N + 1)
(1—n)"N"'P, 1.,
T61442N —3)2N DN + 1) {5 o (") ()i (1 =n. N)
—S% (1 —=n,N)+S51(1—n,1,N } % [ST(N) 4 S2(N) + 3¢,]
2—2N—12 (215)11% 2

NI DEN = 3N = 1) | g e (Vi) + Hioo (V)

n*(y) 1 ~2EA -1 .
+2(77 —1) 17 ; (2;) (1 I 22.) <§ln () +In(n)S1(1 —n, )

3

FSua(l = 1,0) = Sa(1 =) ) | + 22 [mSi(v) + 1)

Py

1185408000V — 1)2N2(N + 12(2N — 3)(2N — 1)
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Ps
T 52579200(N + 1)(2N — 3)(2N — 1)

[S1 (N) + In(n)] } , (6.52)

with the polynomials

Py = 143638961°N® — 41*(6247133n + 7928445) N7

—107 (17883057 — 108312547 + 519645) N°

+ (188408897° — 1081839151 4 18290475n + 24675735) N°

+ (661465877 + 43783951 — 177759751 + 1881705) N*

— (785243571 — 411136951 + 84120751 + 86929815) N°

+3 (7348189n* — 4635645n” + 7657475 + 15366365) N

—40320(245n — 424)N — 8467200 , (6.53)
Py = 5p° (8N® —12N? — 2N +3) 4+ n* (—28N? 4+ 64N — 9) — 3n(2N + 17) + 45, (6.54)
Py = n*(71224N° + 217316N? — 666110N + 269823) + 247457° (AN? — 8N + 3)

—3675n(14N — 31) — 165375 , (6.55)
Ps = bn* (16N* —40N?+9) — 12n* (8N® — 12N? — 2N + 3) — 61° (AN* — 8N + 3)
+12n(2N —3) + 45 . (6.56)

Diagram 2b exhibits a very similar structure and is related to diagram 2a by the interchange
my <> ma, n — 1/n. Its z-space contributions consists of a part which requires regularization
via the +-distribution,

2\ —3+¢e [ 2\¢/2 1 1 37 1 1
+1536nf(\1/2— 2)3/2f2(”’z>] ! (6.57)

and a remainder contribution
aye ., gep 61—z 1 1737 1 523
DReg _ 2 3+ 2 /2 ST - o0 _1 o Par
2 (%) (mi) = (m3) 1057 |22 " z\210 "2 n(m) | = 55050
3 (z — 1) + 622 + Tn2?
1260nm322%¢

Qs
m [Hl () — 1n(77)}

1, . 3
+@ In(n) + 3 In"(n) + ng

Q7 Qs
1
12896007122 T 61207722 M) F

Qs (n, z)} : (6.58)

+
1536m4y/T — 225/ f2
with

Qs = 315n°(z —1)* — 105" (2 — 1)*(z 4+ 6) — 1051 (102° — 182% + 9z — 1)

+71%2(902% + 180z + 11) + 3nz(2452° — 5952 + 512) — 5252° | (6.59)
Qs = 3151°(z — 1)z — 3n* (2 — 1)*(352” + 2102z + 256) — 10572 (102> — 182°
+9z — 1) + 351°2 (1827 + 362 — 49) + 105n2%(72 — 17) — 5252* (6.60)
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Q: = 11025n°(z — 1)°z — n*(z — 1)*(257252° — 22050z — 8704) — 24572 (302"
+90z% — 253z + 133) + 497°2% (135027 — 900z — 1091) + nz*( — 624752
+257252 — 9472) + 183752* (6.61)
Qs = 3z =12 —4n*(z — 1%z — 6n%(z — 1)2* — 52> + 12127 . (6.62)

In Mellin N-space one obtains

1+ (=)

€/2 —3+e 1 1 [
Du(V) = ()" ) () ){10577352*21077% 51 (N) +In(n)

210m* 4+ 245(N — 1)Nn — 2N (37N? — 105N + 68)
210(N — 1)N(N +1)

(n—1)"N"1pN-2Py 1, n—1
6144(2N — 3)(2N — 1)(2N +1) {5 In”(n) —In(n)5 (— N)

n—1 n—1 1
— Sy (TJV) + Si1 (7717]\7)] + S1017 [ST(N) 4+ S2(N) + 3¢,)

2—2N—12 (2]<[V) Pg

_|_

2

TIPN TN —3)2N -1 | Vi [H-100 (v/1) + Hio0 (V)]
() 1 2% — 1)y L2 n—1.
i e 2o ()

450, (”T_l 1,2') s, ("T_lz)u + 42(1)”3 E m2(n) —1n(n)sl(N)]

Py
+1185408000n3(N —1)2N%(N + 1)2(2N — 3)(2N — 1)
Py
22579200m3(N + 1)(2N — 3)(2N — 1) [ln(n) =51 (N)} } )

+

(6.63)

with the polynomials

P; = 1653751 4 36750 (14N — 31) — 247457 (4N? — 8N + 3) — 71224N°?

—217316N* 4 666110N — 269823 , (6.64)
Py = 457° —3n*(2N +17) + 1 (—28N? + 64N — 9) + 5 (8N? — 12N? — 2N + 3) ,(6.65)
Py = 450" +12°(2N — 3) — 6n° (4N? — 8N +3) — 125 (8N® — 12N* — 2N + 3)

+5 (16N* — 40N> +9) | (6.66)
Py = 1057° (235007N° + 17921 N* — 827903N? + 439039N* + 162816 N — 80640)

—25725n°(N — 1)>N (202N® — 307N? — 125N + 384)

—5145n(N — 1) N? (6164N° — 8724N? — 2585N + 2703)

+(N — 1)>N?(14363896N* 4 3739260N* — 24768426 N>

—34435223N + 22044567) . (6.67)
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Figure 7: Diagram 3. Due to the symmetry of the diagram both mass assignments m, = mq,
my = my and m, = Mo, my = my yield identical results.

Diagram 3 displays a particularly simple structure and does only depend on the logarithms
Hy(n) =In(n) and Hy(2) = In(z) in z-space,

2\€/2 ane—31—2 3 7 1
Dye) = (md) (md) [(1+n (34 o+ 3m)

L)~ gt (n)] . (6.68)

In N-space this corresponds to an expression in terms of rational functions and In(n) only. It is
given by

_ nye/2 o aye-s L+ (=DY
Dy(N) = (mi)"" (m3) (420N(N+ 1))

with the polynomial

1+773+ (14n)Pu 7’

- = ln(n)] ,(6.69)

e | 420N(N+1) 2

Py = n? (TAN? — 346N — 210) + n (—319N? + 101N + 210) + 74N? — 346N — 210 .
(6.70)

mp

Ma

Figure 8: Topology 4. Dy, is given by assigning m, = mqy,my, = my and Dy, by assigning m, = my,
my = my respectively.
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The z-space expressions for Diagrams Dy, and Dy, are completely regular as z — 1. For Dy,(2)

one obtains

€ 6022 10

D) = o o[£ (G o)

QNG n (1- Z)QmH Q13

+576007722 60 19201z 1(2)+ 28800122
(1—2)32Qu N+ 3n)(7—5n)
AN —— — |

(L=n)(7T+2n—17%

8n
Q12 772 2

S 2 4 -2 ) Ty )+ () Ini)
120 19201z 60 60

o o 2 3
(2,52

512,/n 1—7'7'71

In (2)

e _ 82

f3(77> Z)

+

, (6.71)

with the polynomials

Qo =

Qo =

Qll =
Q12 =

QIS =

—1507°2% (10 + 412 — 6227 + 242°) + 75n*2* (12 — 222 + 432% — 382° + 1227)
—20m°z (82 — 57z + 652% + 1352° — 2402* + 902°)

—152 (24 — 152z + 6622” + 512° — 8302" + 4202°)

+2n (104 4 696z — 25682% 4 77982" + 31952* — 118502° + 54002°) , (6.72)
—6+ 67z — 8127 — 852 +1052* + 5 (2 — 1)%2(32 — 1)

—10m%(z — 1)%2(1 + 32) + n° (2 — 50z + 202 + 1602° — 1202")

+2n (=6 + 99z + 72* — 452° + 1527) | (6.73)
34+ (=13+5n)z —15(=3+2n+n*) 2+ 15 (7 —5n —3n* +n°) 2° (6.74)
—6 + 382 — 1482% — 42° + 1902* — 1052° — 5n'z (3 — 62 + 122 — 102° + 32%)
+10n°z (34 62° — 82° + 32") — 21 (6 — 30z + 922° + 522° — 602" + 152°)

+n° (2 — 172 + 702% 4 1402° — 2802" 4 1202°) | (6.75)
150n°2* (6 — 82z + 32%) — 76n*2® (=6 + 122 — 102> 4 32°) — 152 (6 — 38z

+1482% + 42° — 1902 + 1052°) + 109z (3 — 203z + 10527 + 210z° — 420z*
+180z") — 61 (40 — 210z — 862 + 4602° + 260z* — 3002° + 752°) . (6.76)

Performing the Mellin transform yields

o\E/2 [ o\ —3+e 1+ (=D 1
Di(N) = (mi)"" (m3) <2(N+ 1)2(N + 2)> {_B(N —1)Ne

(AN? —4N —3)n* + (AN — 6)n — 35 {1

512(2N — 3) )

+(1=n)"p 5

+1n(n)51(1 - naN) + Sl,l<1 -, 17N) - S2<1 -, N):|

3(AN? —4AN —3)n* + 12(2N — 3)n — 35

763(2N — 3) [In(n) + 5:(N)]

-0
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22N A

2 (L, 50

i? i i
N . .
2%(1 — )i | |
+g Z ( 21‘—277) (_ In(n)S1(1 —n,i) — Si.1(1 —n,1,1)

P12
- 28800(N — 1)2N2(N + 1)(2N — 3)} , (6.77)

with the polynomials

900n*N" — 900n*(2n — 1)N°® — 251 (27n* 4+ 90n + 163) N° + (24751
+450n* + 88751 + 7296) N* + (—225n" 4 2250n° — 7251 + 6336) N*
— (6751 + 13500 + 8875n + 33216) N* + 192(25n + 27)N + 8640 , (6.78)
n® (8N — 12N? — 2N + 3) + 3n° (AN® — 8N + 3) + (45 — 30N) — 105 . (6.79)

Interchanging the masses m; <+ my one obtains

Dulz) = (m%)73+€ (mg)s/z [1 (_ (z — 1)(222 + 52 — 1) N iHO (z))

€ 6022 10
o 0p T () + g ()
) T O
R
M) + g n(n) + g [ (2) ~ () ()
+ _55?2277;/377 G ({ 1\5 2 %} ")] | (6.80)

n*(1052* — 852° — 812% + 67z — 6) + 2n° (152" — 452" 4 72* 4 99z

—6) +n°( — 1202* 4+ 1602° + 202° — 50z + 2) — 10n(z — 1)*2(3z + 1)

+5(z — 1)%2(32 — 1), (6.81)

n*(1052° — 1902* + 42° + 1482° — 143z + 6) + 21° (152° — 602"

+522° + 922° — 452 + 6) — n*(1202° — 2802" + 1402° 4 7027

—137z 4 2) — 10n2° (32* — 82 4 6) + 52°(32° — 102% + 122 — 6) , (6.82)

—157"2(1052° — 190z* + 42° 4 1482% — 382 + 6) — 61°(752° — 3002°

+2602* + 4602* — 862% — 210z + 40) + 101*2(1802° — 4202* + 2102°

+1052% — 203z + 3) 4 150nz*(32° — 82 + 6) — 752°(32° — 102> 4+ 122 — 6),
(6.83)
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Qir = —15n"2(4202° — 8302 + 512% + 66227 — 5722 + 24) + 21> (54002°

—11850z" + 31952* + 77982" — 79682* 4+ 6962z + 104) — 20m°2(902°

—240z" + 1352° + 652" — 147z 4 82) — 150n2° (242" — 622° + 412 + 102

—24) 4+ 752 (122° — 382% + 43z — 22) | (6.84)
Qs = 152° —1592°(3z + 1) — 5°2(152% + 62 — 1) + 1> (1052° + 452° — 132 + 3) .

(6.85)
In Mellin space Dy, takes the form
D (N) _ (m2>—3+a (m2)5/2 1+ (—1)N _1;
Y ' 2 2(N +1)2(N +2) e5(N —1)N
35n% 4+ (6 — AN)n — 4N? + 4N + 3 Ny
512n3(2N — 3) n—1 9
+1n(?7)81 (L7N) S2 (—7N) _5171 n—alyN):|
3577 + (36 — 24N)n — 12N% + 12N + 9
S1(N) —1
76817 (2N — 3) [$1(NV) = In(n)]
+ P15
288003 (N — 1)2N?(N 4+ 1)(2N —3)
9—2N— 7(2N 2)P14
+ 773N(2N 3) \/ﬁ[H—l,O,O(\/ﬁ) + HLO,O(\/ﬁ)}
202 () 4 () + 2 + ii 2% (1 () 5@
T 8 (o) \é i
N .
1 2 —1 z |: 77 . 1 .
tor ~In(n)$, ( )
8 zzl i— 1) n
i (1) = 8 () + 3 ) (6.86)
1,1 n ) 7 2 1 > 5 n , )

with the polynomials

Py = 1059° + 159°(2N — 3) — 3 (4N* — 8N +3) —8N® + 12N* + 2N — 3, (6.87)
Pi5 = 192° (38N* + 33N° — 173N? 4 27N + 45) — 25p°(N — 1)>N (163N

—29N —192) + 450n(N — 1)>N? (2N? — N — 3)

+225(N — 1)°N? (4N® — 7N - 3) . (6.88)

Diagram Ds, is given in z-space by

Defe) = (md)™ (m3) " F (e )

€ 4522 15

1—
Q. ingz | Z)onHl (2) + Q21 In(z)
201600772’2 105 6720mz 100800722
(1— 2)3/2Q22 n’z
_Wfl( )4‘@[}101( z) + Hop(n)]
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Figure 9: This diagram depicts D5, with m, = msy, my = my and Ds, with m, = my, mp = ms

respectively.

Fol12) + G In()

=05+ 20+ ) TET2 120) 4+ 2 Iny) ne)

4 fs(n:2) + =7 105

5-3n—n—n3 v 11 n 2N 1.2
G Sl o 5432)1
T 56y T 1) Tags B3 @)

L (175 + 35n + 1602z — 161°2)
1680

with the polynomials

Q19 =

Q20 =

Q21 -

Q22 =

Q2 =

30n°2* (216 — 1462 — 1052% + 70z%) + 525n*2 (12 — 222 + 432°
—382° + 122%) + 752 (24 — 152z 4 6622” + 512° — 830z* + 4202°)
+2017°2(290 — 2372 + 53527 + 7562° — 15542" 4 6302°) — 2n(672
+2248z — 119842” 4 372342° 4 153452 — 555902° + 252002°)
350*(z — 1)%2(32 — 1) 4+ 212 (3 4 352 — 1752 + 1052°) + 5(6
—67z + 812% + 852° — 1052*) — 21 (—30 + 509z + 172* — 2512°
+1052") +2n° (=5 + 472 — 282" — 2942° + 2102*) |

52502 (=6 + 12z — 102% + 32%) 4 30127 (—108 — 32z + 2102
—2802° + 1052") — 752 (6 — 382 + 1482% + 42° — 190z* + 1052°)
+10m%z(15 — 751z + 2252 4 7982" — 15122 + 6302°) — 217(560
—2910z — 85427 + 73802° + 40202 — 53402° + 15752°) |

—15 + (65 — 21n)z + (—225 4 1261 + 357%) 2% + 105 (=5 + 37

+rt ) 2

35n*z (3 — 6z + 122* — 102° + 32*) + 21°2 (=3 — 32z + 2102”
—2802% + 1052*) — 21 (30 — 1542 + 4922 + 2682° — 356z* + 1052°)
—5(6 — 38z + 1482” + 42° — 190z* + 1052°) + n* (10 — 69z + 1502
+5322% — 1008z 4 4202°) .

In Mellin-space one obtains

D5a<N>

o 2\€/2 2\ —3+¢ 1+ (_1) 4
= (m7)"" (m3) (2(N+ 1)(N+2)) {_15(N— L)N(N + 1)

_— (AN? —8N +3)n> —4(N + 1)n+ 25 {1

1 128(2N — 3)(2N — 1) 5 )

—(1—
(1—-1n 5
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(6.90)
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+ln(n)51<1 - N) + Sl,l(l -, 17N> - 52(1 -, N)

3(AN2 — 4N — 3)12 + 25
WAV T @y —3) o (V) + )]
272N (Y) Pr 1
(N+1)(2N = 3)(2N — 1) [_ﬁ [H-100(v/n) + Hio0(v/1)]

0 2%(1 — ) L B z'
+2(1 — ; (2z) (ln(n)51(1 n,4) + S11(1 —n,1,4)

+n

_I_

2

In*(n)
4(1—n)

—Sa(1 —mn,4) + %1112(77)) + —In(n) + 2

Pig
_ 6.95
14400(N — 1)2N2(N + 1)?(2N — 3)} ’ (6.95)
where the polynomials read

Pig = 900p°NT —900n*(2n + 1)N°® — 255 (277" — 90n — 89) N° + (24751’

—450n — 46250 — 5504) N* — (225> + 2250n° — 175n + 3264) N°

+(—6757° + 1350n* + 46257 + 22784) N* — 96(25n + 46)N — 5760 , (6.96)
P; = n*(8N® —12N? — 2N +3) 4+ ° (—4N* + 8N — 3) + (2N — 3) + 75 . (6.97)

The mass-reversed diagram Dy, obeys the z-space representation

Dyylz) = (m%)—S—i—e (mg)E/Q {1 [_ (z—1) (222 + 52 — 1) N EHO )

4522 15

B Qa7 B 1 _ 1 B 5n I Ho o (1)
201600n322 16 384n 128 10573 0.0 7
(1 — 2)*2Qqs 1 z

—ng(n, Z) + E 7 + ﬁ HO,O(Z)

35m% + 175n3 — 16z + 1602 (22
- 3 f6(777 "7’) - 3
1680n 1057

1—n)(5n%+2 1
UESTEAR: ST PRI M

4n3
(1 —2)Qa4 53 — 3> —n—1 VT 11
A ZE e -2

oo T T asgen -7

Q26 z

+1()080077%2 In(z) + 1057 [Ho,i(2) — In(n) In(2)] } ; (6.98)

where

Q214 = 5n*(1052* — 852° — 812" + 672 — 6) + 21> (1052* — 2512° + 172

+5092 — 30) + n?( — 4202" + 5882% + 562> — 942 + 10) — 21z (1052

—1752" + 352+ 3) — 35(z — 1)?2(3z — 1) , (6.99)
Q25 = 51*(1052° — 1902* + 42° + 1482 — 1432 + 6) + 1°(2102° — 7122*
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QQG

Q27

Q28

+5362° + 9842 — 518z + 60) — 1 (4202° — 10082" + 5322° + 15027
—4892 4 10) + 2nz( — 1052 4 2802° — 2102 + 32z + 108)
—352°(32° —102° + 122 — 6) |

—751"2(1052° — 190z* + 42° 4 1482% — 382 + 6) — 2*(15752°
—53402° + 40202" 4 73802% — 8542 — 2910z + 560) + 10n°2(630z°
—15122" 4 7982" 4 2252% — 7512 + 15) + 30nz°(1052" — 2802°
+2102% — 32z — 108) + 5252°(32° — 102* + 122 — 6) ,

75n'2(4202° — 8302* 4 512° + 6622% — 572z + 24) — 21°(252002°
—555902" + 153452* + 372342° — 371842 + 2248z + 672)
+20n°2(6302° — 15542 + 7562° + 5352% — 867z + 290)
+30n2*(702° — 1052° — 1462 + 216)

+5252%(122° — 3827 + 432 — 22) |

—1052% — 35n2*(3z 4+ 1) — 21n*2 (152" + 62 — 1)

+51%(1052° + 452% — 132 + 3) .

In Mellin space one obtains

. 2\ —3+¢ N €e/2 1+ (_1)N 4
Dsp(N) = (md) (m3) (2(N+ 1)(N + 2)) {_15(N —1)N(N + 1)e

25772—4(N+1)77+4N2—8N+3( n )N{ 1
n—1

12805 — DiP (2N — 3)(2N — 1) —p ')

+In()Sy (”—”N) + Sy (”—“H\f) — S, (’7—_1 1,N)}
n n 1
25m? 4+ 12N2? — 12N — 9
3841m3(N + 1)(2N — 3)
Pyg
1440073(N — 1)2N2(N + 1)2(2N — 3)
227 () Py

1
TEN TN -3)2N - 1) [_ﬁ [H-100(v/n) + Hioo(v/1)]

[S1(N) —In(n)]

+

n 2(n—1)n 4 ) n

s () -5 (15 0) o] ]

2 [2+1In(n)] + ! iv: 2 Eil)_i"i {— In(n)S, (” — 1,2')

where we abbreviated the polynomials

Pig
Py

750" + 9° (2N — 3) + 1 (—4N? + 8N — 3) + 8N® — 12N? — 2N + 3,

64n° (86N* + 51N? — 356 N* + 69N + 90) — 257°(N — 1)>N (89N?
—7N —96) + 450n(N — 1)>’N? (2N? — N — 3)
—225(N — 1)°N? (4N° — 7N - 3) .

(6.100)

(6.101)

(6.102)

(6.103)

(6.104)

(6.105)

(6.106)



mp

Ma

Figure 10: Dg, with m, = my, my = mo and Dg, with m, = msy, my, = my respectively.

The diagrams Dg, , and Dg, 5, see Figures|10jand , respectively, consist of one fermionic triangle
and one fermion-bubble. For Dg,(z) one obtains

B 1 111 3 5 1 2
D a = 2 3+e 2 5/2 — —_— | — —— - a9
6a(2) (m1) (m3) 452 + 90 | 10 * 2n? - 4n - 222z

1

+H; (2) — Ho (Z)] ~ 130 [Hyi (2) +Hoo (2)] = (1_;0 - 11;1210(;??) G2
1

Q32
il H B L —
20160007 — 1)p2 [#Qsoth(2) + Qutlo(2)] + 18144000722

Vv 1 —2Q33
3360n325/2
751m% — 63n? — 35n — 105

- 8407]3 f4(7772>+

Q29 77—1 1 1 1
1 — |G
+40320(17—1)773z n(n)—|—420773 l—7'npr—n—7"1-—7 '

o <{1i7’m—177—7’%}’2) ~ nn)G ({1i7’77¢—177—7}’z)]

1
420m3

1
fa(n, 2) + 12017 [Hio(2)Ho(n) — Hi(2)Hoo(n)]
25m3 — 26n? — 23n — 8

3360(n — )12

f6(777 Z)

[Hio1 (2) + Higgo (2)]} , (6.107)

with

Qo = —157°(152° — 252" — 82 4 342° — 142 + 3) + 39" (632° — 552" — 962°

—102° + 342 — 15) + 1 (3302° — 8262* + 2942° + 9872° — 478z + 105)

+1°(1262° — 1542* + 2942° — 2732% + 1782 — 15) + nz( — 1052

+352% 4 2102° — 105z — 12) — 1052%(32° — 72° + 62 — 3) , (6.108)
Qs = 75n°(z — 1)*(152° + 52° — 132+ 3) + " ( — 9452° + 8252 + 14402°

+1502% — 1247z + 225) — 1> (16502° — 41302* + 14702° + 49352°

—2602z + 525) — 5n° (1262° — 1542" 4 2042° — 2732% 4 78z — 15)

+35mz (152" — 52° — 302° + 152 + 53) + 525(z — 1)%2(32* — 2+ 1) ,  (6.109)
Qs = Ton°z(152° — 252" — 82° + 342> — 142 + 3) + n*(— 9452° + 8252°
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+14402" + 1502° + 7222* — 20152 + 560) + n°( — 16502° + 41302°

—14702* — 49352° + 25582 + 1715z — 560) — 51z (1262° — 1542

+2942% — 27327 + 1222 — 15) + 512° (1052* — 352° — 21027 + 1052

—324) +5252°(32° — 722 + 62 — 3) , (6.110)
Q32 = 3375n'2(602° — 1102* — 272° + 1462* — 562 + 12) — 8*(465752°

—938252° — 4050z* + 1140752° — 513192% + 76052 + 3780)

+450m%2(1682° — 4342* + 772° + 5742 — 2322 + 290) — 36092z (5252

—8752% + 7002% — 175z — 853) + 236252° (122" — 262* + 192 — 10) ,  (6.111)
Q33 = 105(1 —22)2° +36n2"(— 22° + 2 + 1) — 21°2(62° — 32° — 4z + 1)

+57°(302* — 152° — 232% + 11z — 3) . (6.112)

Performing the Mellin transformation using HarmonicSums [40}/106}/107] one obtains

. 2\ —3+¢ 2N\ E/2 14 (_1)N 1 I{1
ut) = ) o) () {9
Py
18002(N — HN(N + 1)

75m? —3877—411 N

+ sareo )

Py, N+1 1,
268307 (N T 12N —3)2N — 1) (n — 1> {5 In"(n)

-1 -1 -1
—1n(77)51 (L,N) +51,1 (77_717]\7) - SQ (n—,N)}
n n U

P 0L - [ 12 (y) () — 2

10503(N + 1)(2N — 3)(2N — 1) [4(1 — 7)

T )z< S s (110) <5 (150)

—Si1 (07_1 1,i) — %lnz(n)} +/I[H 1 00(v/7) + Hl,mo(ﬁ)]]
g [ 50-5 ()5 (1520

-1 -1
—S12 (U_’L’N> + 512 (L’H_’N>
n o n—1 n—1 n

-1 -1
+S51.11 (77 , 1, d 7N> + 5111 (7]—7L717N)
n n n n—1

n—1

T50° — 6302 — 357 — 105
134407772 [H_1,00 (v/1) +Hio0 (v7) ]

1
4032003 (N + 1)(2N — 3) [

In(n) U 1 G
_84077351 (n—l’N> — %[Sf(N)JrsQ(N)] ~ T30

+1n(1)S) 1 (L ”7‘1 N) - 1n(?7)Sz(N)]

P2331 (N) + 5P22 111(77)]
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Py
_ ) 6.113
90720003 (N — 1)2N2(N + 1)2(2N — 3) } ( )
Here we abbreviated the polynomials

Py = 1°(196228N7 — 334662N° — 190856N° + 437484 N* 4+ 770788 N? — 1514022N>
+131040N + 302400) + n°( — 309600N" + 590400N° + 150075N° — 522675V
—29475N* — 67725N” + 189000N) + n( — 401580N" + 899370N° + 60660N°
—1056240N* + 340920N° + 156870N?) — 283500N " + 567000N° + 212625N°
—T779625N* + T0875N® + 212625N? | (6.114)

Py = (375n° — 138y — 13) N + 3 (125° — 38n + 41) — 4(6n + 169)N* + 420N* , (6.115)

Py = 4(225n° — 164n* — 117y — 315) N* — 2 (2251 — 164n° — 991 — 630) N

—3 (450n" — 203n* — 252n — 315) | (6.116)
Py = —28 (647" — 200” — 240n — 225) N* + 4 (1344n* — 700n° — 7950 — 1575) N

—9 (448n* 4+ 725n° + 1150n + 525) | (6.117)
Py = (—=8n*+25n4 30) N° + 20" N + (—12n* — 250 — 30) N + 401> , (6.118)
Py = 14 (27n* 4+ 20n — 15) N + 3 (3751" — 189° — 35n + 105) — 140(y + 9)N*

+840N? . (6.119)

Assigning the masses for this diagram the other way yields diagram Dg,. In z-space it reads

; e [ 1 1[10 — 402 + (22 + 251 + 3072) 2
D _ 2\ €e/2 2\ —3+ . L
w(z) = (mi) " (ma) B 'z 180022

Q35 IH(Z) + ZQ37H1 (Z) — 52@38 hl(?’])

+i[H1 (z) — ln(z)}} +

90 201600(n — 1)522
V1= zQ36f (n.2) n (25 — 26n — 23n* — 8773)f (n.2) - Co
3360nz5/2 71\ 3360(1 — n) Nl 120
75 — 63n — 35n% — 10573 Q34 7’
_ @t T g(»)H
8401 J3(2) + TeTa000n2 — 2a0 1 (3 Hoo ()

3 3

U n(n —1) 1 1 1
' H 1 JTAT )

10 1rol) () + 455 [G({1—771—7‘—|—777'71—T <

1 1 1 1 1
+G ({1—7”1—7—#777";}"2) +In(n)G ({1—7”1—7’+n7’}’z>]

3

_@[

Hi01(2) + Hipo(2) — GHi(2)] — % [Hi1(2) 4+ Hoo(z)] } ) (6.120)

where

Q31 = 23625n'2" (—10 + 192 — 262° + 122°) — 360n°2* (—853 — 175z
+7002% — 8752% + 5252%) + 33752 (12 — 562 + 1462% — 272° — 1102* + 602°)
+450n°z (290 — 232z + 5742 4 7T72° — 4342" + 1682") — 8n(3780 +
7605z — 513192% + 1140752° — 4050z* — 938252° + 465752°) | (6.121)
Qs = —5250°2° (=3 + 62 — 72" + 32%) — 5y*2” (=324 4 1052 — 2102” — 352° + 1052%)
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Q36

Q37

QSS

—752 (3 — 14z + 342% — 82° — 252" + 152°) + 5’2 (—15 + 1222 — 27327 + 2942°
—154z* + 1262°) + 1 (=560 + 2015z — 7222* — 1502° — 1440z* — 8252 + 9452°)
+n” (560 — 17152 — 255827 + 49352° + 14702 — 41302° + 16502°) | (6.122)

= 15+ (=55 + 21n)z + (115 — 84n — 35n*) 2° — (=75 + 63n + 357° + 105n°) 2°

+2 (=75 + 63 + 357% + 1057°) 2* | (6.123)

= —5250°(z — 1)%2 (1 — 2 + 32%) — 75(z — 1)* (3 — 132 + 52° + 152°)

—351"2 (53 + 152 — 302% — 52° + 152*) + 5n* (=15 + 78z — 2732° 4 2942°
—154z* + 1262°) + 1 (=225 + 1247z — 1502 — 1440z° — 8252 + 9452°)
+n” (525 — 2602z + 49352 + 1470z° — 41302* + 16502°) , (6.124)

= 1057°2* (32° — 72* 4+ 62 — 3) + n'2 (1052* — 352 — 2102 + 1052 + 12)

+n° (—1262° + 1542" — 2942° + 2732 — 1782 + 15) — 1*(3302° — 826"
+2942° + 9872* — 478z + 105) — 3n (632" — 552 — 962° — 102* + 34z — 15)
+15 (152° — 252* — 82% + 342" — 142+ 3) . (6.125)

In Mellin space this corresponds to

o) = (o)™ o)™ () {2 e v

Py 41n* +38n =75, , G
* In*(n) — —=
1800(N — 1)N(N +1) 53760 120
n(l—n)" NPy 1.,
“n2(n) — Sy (1 -1, N
+26880(N+1)(2N—3)(2N_1) 5 0" (n) = 52 (1 =7, N)

1

+S11 (1 —n,1,N) +In(n)Si (1 —n, N)}

2 () P

1
TT05(N T 1)(2N — 3)(2N — 1) [ﬁ [F100(v/) + Hioo(v/)]

N

n 221‘(1_77)—1’ B Z B _ Z
T (s

+=1In*(n) +In(n)S; (1 — 7, z)> + 41(1:] (—n)l) +1In(n) — 2]

In(n)Sa(N) — S5(N) — S, (ﬁ N) Sui(1—m,1,N)

1 1
+51,2 <—71—77;N) — 512 (1—77;—7]\7)
1—n 1—n

1 1
+S111 (1 —77,17—>N) + S (1 _na—a]-?N>
1—1n 1—n

1 1, 1
—In(n)S1, (myl —777N) - 5111 (m) S (myN)]

1057 + 35n% + 631 — 75
_ H_ H
3407 [H 100 (v7) +Higo (V1) ]
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APy — (N = 1)2N*(N + 1) (450P5s In(n) — 90PyS1(N)) (6.126)
36288000(N — 1)2N2(N + 1)2(2N — 3) ’ ’

(30n* + 251 — 8) N? — (30 4 25 + 12) N 4+ 20N” + 40 , (6.127)
—4 (708751 4 100395n* + 774000 — 49057) N7 + 6(94500n° 4 1498951

+98400n — 55777) N° + (2126257> + 60660n* + 1500757 — 190856) N°

—3 (2598750 + 3520801 4 174225n — 145828) N* + (708757 + 340920n°
—29475n + 770788) N* + 3 (708751 + 522901 — 22575y — 504674) N* +

2520(75n + 52) N + 302400 | (6.128)
—3157° (AN? — 4N — 3) +n* (—468N? + 198N + 756) + n(—656 N + 328N
+609) + 450 (2N* — N —3) , (6.129)
15750 (AN® — AN — 3) + 30 (224N — 106N — 345) + 251(224N> — 112N
—261) — 448(3 — 2N)* | (6.130)
1057 (8N? — 12N? — 2N + 3) — 357° (4N? — 8N + 3) + 189y(2N — 3)

+1125 , (6.131)

n* (420N® — 676N* — 13N + 123) — 61 (4N* + 23N + 19) + 375(N + 1) . (6.132)

Figure 11: Dy, both mass assignments m, = msy,m, = my and m, = my, my = Mo yield the same
result due to symmetry reasons.

The ladder-type diagram D, is symmetric under m; — msy and only one mass assignment
has to be considered. It evaluates to

D:(z) = (mZ)—3+3/25 {_n-l—l Q.0 N (P +1) (22— 1)

: 207 T 5540073 18012 [Hiy (2) + Hig (2)]
(B )
+% (27 +2(5n + 27)= + (279* — 109 — 81) 2°) fi(n, 2)
+% (1077(2 — 1)z — 272% + 27)? (322 — 2z — 1)) fa(n, 2)
—%Ho,o,o (n) — 20 I8é?72 — 81f3(77> z) + S —1i_81)?72 — 27f4(77’ ?)
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Qa1

7+ 1
2000 - 02 )~ e - oY)

Hi 0 (1)

90p*

+277722;83227/2+ e ({ 1\?7’ %’ %} ’77) - 77;’01;31 [Ho11 (2) + Hoo (2)]
ZZ;T—;; [Hio1 (2) + Higo(2)] — (77138;07713)Z [Ho,1 (2) + Hop (2)]

+T8—(;7§ [Hio (2) 4+ 2Ho: (2) | In(n) — 114;;;3 [QuH, (2) + QuaHo (2) ]
Z(118—0_777"373)HO(Z)ln(mJr11_7017 “ ({1i7’ 1 —Tl+m’ 1i7} ’Z)

1 1 1 1 1
+G ({1—771—T—|—777";}’Z> +In(n)G ({1—7’1—T+n7}’2)]

(r =1 =1) 1—7
B T A T

3

w41 (1—7) 1 | 1
T, —H
+180n3CQ[Z 1(2)] + 18073 G l—7'ngr—n—7"1-—7 -

o ({1i7’777—1n—7’%}’2) ~ )G ({1i7’n7—177—7}’2)]

+L In(n) +

a 1 1 1
— z
4320(n — 1)n3 Tl—7+nr’1—-7]"

o(fmmm i) s () )L

Qs = 27(n*+1)2(62° — 112> + 32+ 3) — 2 (n* + 1) n (222° — 662” — 152
+63) — 1 (3242" — 6822" 4 4262 + 30z — 84) — 1621 + 330

Quo = —27(n°+1) 2> (242° — 462* + 112 + 16) + 648n°z + 40812
+(n+ 1)n (6482° — 13702* + 8732% — 122” — 390z — 180) ,

Qu = MM'(1—22)z+40°2" +0°2(42+3) +4(z* = 1) = 8p(® + 2z — 1)
+n* (42> — 152 — 4) |

Qe = 91 +7")(z—1)%(Bz+2) +2n(5z" — 332° + 422> 4 142 — 43) |

Quiz = —42°+4nz(22 — 1) — n’2(42 4+ 3) + 1 ( — 42> + 152 + 4)
— 49 (z2 — 1) + 8774(2'2 +z— 1) ,

Qu = 91 +7")2(32" = 72* 4+ 32+ 3) + 2n(5z" — 332 + 422> + 142 + 11) .

1—n
9073

with

The Mellin space-expression for this diagram reads

i oyesesee (1 (DY n+1 (7° —1)In(n)
Dr(N) = (mi) " ( 2 ) {_2457]2(N+ 1) 1803 (N + 1)52(N)
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(6.135)

(6.136)
(6.137)

(6.138)
(6.139)



(n* +1)S3(N) 32+ 320 + 11n(1 + n)N (N* + 3N +2)

2
1803 (N + 1) 5760n3N T12(N 1 2) n(n)
P. N1 _
n 35 n l,N
5760 N(N + 1)2(N +2) \n — 7

—1 1
+511 (_n ,I,N) — Sy (" N) + = 1n’(y )]
n n 2

(1=n)""""Py
576013 N (N + 1)2(N + 2) [_ In(n)S1 (1 =n,N) + 52 (1—n,N)
L2 (7 — 1) In(n)
S (=018 = 500 + g

(n+1)272V7(%) |, (n— 1272721 Py,
e T a4 2)

9—2N-8(2N\ p N 92y _ 1)=ipi 1
n i (v) 233 3 (n _ )~'n {51,1 <7l_“)
45(n — D)m3(N + 1)2(N + 2) — (Z) n

—52 (n ; 172,) —In(n)51 (%z) + % 1n2(77)}
9—2N-8 (2]37) Psg N 22i(1 ) |
TR TRy S ) {— () (1 =n,7)

i=1 %
2P0 Py

45m3(N +1)%(N +2)

+

S1(N)

—3N

2
1 [/27n% +10n + 27 9—2N—6(2Ny p

+ 5/2 ! d - <2N) 22 |:H—1,0,0 (\/ﬁ)
o/ 1440(N + 1) 45(N + 1)2(N +2)

FHioo (VD] + 180773N(]7\7[ :_11)2(]\7 +2) [S2 (N) = 5i(V)]

Py, Si(N) — Py — —1
+2880n3(N+1)2(N+2)< g ¥ 1(N) 33 n(n))

1 1
— |5 1-p,——— N | -5 ——1-n N
+180(N+1)|: 1,2( 7771_777 > 1,2 (1_777 m, >
1 1
+Sl (—7N)5171(1—7],1,]\[)—51,1’1 (1_7]717—’]\])
1—n 1—mn
1 1
—51,1,1 (1 -, 17N) —|—ln(77)3171 (—, 1 —mn, N)]
1—n 1—n
1 n—-1 1 n n-1
— |5 — W N | -8 _ —— N
+18077“”’(J\7+1){1’2( n n—1 ) 1’2(77—1’ n
—1 —1
+51< 1 )511< 1N>—51,1,1(77 o 1 7 7N)
n—1 n n n—1
-1 -1
_Sl,l,l (77—7L71>N) - ln(n)Sl,l (L, TI_,N)]
n o n—1 n—1 n

+% [S <1i77 N) * %Sl (#’Nﬂ} : (6.140)
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This expression contains the polynomials

Py, = 27(147°) (2N?+4N +3) —10n(2N + 1) , (6.141)
P33 = 8lnp* — 10n(2N + 1) + 27 (4N? 4+ 8N + 3) | (6.142)
Py = 27(1+n%) (4N®+8N +3) + 2 (6N* 4 73N +115) | (6.143)
Py = 641> —64n°(N + 1) + 5N (N + 1) — N (54N* + 103N +17) , (6.144)
Py = 773 (54N? 4+ 103N + 17) — 5772N(N +1) +64n(N +1) — 64 , (6.145)

N
Py = 27(1—17°) (4N?+8N +3) + 1 (196N? + 586N + 449)
(164N2 + 494N +271) , (6.146)

Pyy = 27(1+n°) N (4N?+8N + 3) + 2n (2TN® + 76N> + 78N + 60) ,  (6.147)
Py = 27(4N*+8N +3)n* — 10(2N + 1)+ 81, (6.148)
Py = 27(14n°) (4N*+8N +3) + 2n (54N> + 98N —5) | (6.149)
= 27(1 (6.150)

+
+7°) (AN? + 8N +3) +n(1+n) (71 — 20N) .

Ma
Figure 12: Dg, with m, = mso, my = m; and Dg, with m, = my, my = mo, respectively.

Finally, we turn to the diagrams Dg, ;. In z-space they contain contributions which have to be
regularized as in (6.45)). For Dg, this contribution is given by

+ . €/2 2\ —3+¢ 1 1 1 1
DG (z) = (mi)™" (m3) [m <—g —5t §H1 (Z))

25 + (63 — 100)(1
3

3360n(1 — 2) T 2 vz fa(n, z)] : (6.151)

The regular contribution to Dg,(2) reads
Reg _ 2\¢&/2 2\ —3+e - 1 _ 1 7 _ & 1—
Di®(z) = (ma) ™ (m2) {( B2 25 20250 120) 01T
1 1[n 1 5\ 1 1
. S (82 ) S H (2) — ]
B2 Tz [72 T 150 ( z) oot -5 MZ)]

Qa6 n*(z—1) o
() (201600(n T a0 (77)> T 120
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V1—2Qu4s 3 (z—1)+ 72 Pz — 1)
_ 3 . Dy
3360m/= falm.2) 12602 () = g He ()
nQso n (25 — 61 + 1057?) 1
s 3 1y
33600 1)zf (7, 2) 6880 00 (1) = 755 Hoo (%)
Qa7 Q19 173
- 1 — - - _H 1
20160001 —nz )~ \ao320(1 =gy T 220t (8) ) In ()

Qus 7 1 1 1
B . N/ S S D el )
“I81a40000; 1200 " Tt —n—11-1J""

(bt o) oo ({f =) )|

75 — 631 — 3502 — 1051 NG Jr 11
+ 8407] f4(7772)+ 64G 1_7_77_77_ » 1

3

+47770 [Hi00 (1) +Hou1 (2) + Hoo (2) + Hoop (0)] } : (6.152)

with

Qis = 168752 (2 + 3z — 2627 + 122°) + 23625n"z (—12 + 14z + 2° — 222° + 122%)
—12600n" (=12 — 3z 4 252" + 5z° — 352" + 152°) + 450n% (280 + 302
+2382% — 3012° — 2382" + 1682°) — 8n (5040 — 10864z — 6752° + 60752°
—924752* + 465752°) (6.153)
Qi = 525n°(z —1)* (=1 + 2z + 32°) + n* (—1332 + 1845z + 270z + 24702° — 16502")
—175n* (13 = 92 — 1227 + 112° — 32*) — 5y® (4 + 3152 + 2102* — 3502° + 1262*)
+3n (619 — 500z — 6902% + 9852% — 3152%) + 375 (1 +22° — 72° + 32%) |, (6.154)
Qur = 3752 (2 — Tz +32%) +5250°2% (3 — 52° + 32°) + 5z (=96 + 3152 + 42027
—3852" 4+ 1052*) — 5’z (=376 + 315z + 2102° — 3502° 4 1262*) + n* (—1120
—728z + 18452° + 2702° + 2470z* — 16502°) —  (—1120 4 672z + 150027

+20702° — 29552 + 9452°) (6.155)
Qis = T5(1—22)z 4 63nz(—1+2z2) + 35n°2(—1 + 22) + 1057° (-1 — 2 + 22*) ,  (6.156)
Qi = —T752°(2— 72+ 32%) + 31z (100 + 1382 — 1972° + 632°) — 351" (=3 + 9z

+122% — 112° + 32*) — 1050° (=3 + 32 — 52° + 32) + 1> (=395 + 3152

+2102° — 3502° + 1262") + n* (=25 — 369z — 542* — 4942° + 330z*) | (6.157)
Qso = —8n*(z—1) =252+ 26mz + 8n* (=2 + 32) + n*(8 + 152) . (6.158)

In Mellin space one obtains

2\£&/2 2\ —3+¢ 1+ (—1>N N +2
Daa(N) = (m2)"* (m2) (m) {_ i

1|1 8N3 + (4 — 25m)N? — (251 + 24)N + 20
“|—(N +2)S; (N) —

o lgpV 2SI 1800N (N + 1)

B TN(N?+3N +2) =3 10P In(n) — 2P5S; (N)

2520N (N + 1) 1) 806400n(N + 1)
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TN(N? + 3N +2) + 3p? 2(n) —
CINQVEABN 42) b3t () — 2 ()i ()

2520N (N + 1) 840N (N + 1)

s g 1y e | S (T N ) S (TN

—1 1 P
_Sl,l <TIT7 17N> - _ln2<7]):| + =

2 9072000nN2(N + 1)2
G2 272N—8 (QZJVV) Py3
———(N +2 H_ H
120( _'_ ) + 1057](N + 1) \/ﬁ[ 1,0,0(\/ﬁ> + 17070<\/ﬁ):|
N

YT = (_>1 = (SQ <%> ~ B <UT_1 1)

=1 %

n(n)Ss (’7 - 1,@') _ %m?(n)) - 4(7777— f °n) — In(r) ~ 2] } (6.159)

with the polynomials

P = 64n* —64n°(N + 1) — 3> N(N + 1) 4 2N (88N? + 245N + 157)

—25N (4N? + 20N? + 31N +15) | (6.160)
Pz = 105n0° — 350°(2N 4+ 1) — 63n (AN? + 8N + 3) + 25(8N? + 36.N*

+46N +15) , (6.161)
Py = 1920° — *(538N + 547) — 61 (T6N? 4+ 52N — 93) + 75(8N® + 36N?

+46N + 15) (6.162)
Pys = 960n° + 5n*(22N + 13) + 1 (3176 N? — 2008 N + 5478)

+375 (SN? 4 36N? + 46N +15) | (6.163)

Py = 10800n°N (9N? + 16N + 7) + 225n°N (478N?® + 945N + 747N + 280)
—4n (58616 N° + 203774N* + 241285 N + 101167N* — 32760N — 12600)
+16875N* (8N* + 44N® 4 82N? + 61N + 15) . (6.164)

For diagram Dyg, the part that requires regularization reads
_ 1 1 1 1
D(+) _ 2\ —3+¢ 2\€/2 s 4 g

63(1 — 2) + 25n(4z — 3)
33601 (1 — )32

Vzfin, Z)} : (6.165)

and the regular contribution is given by

P . 1 1 7 G2
DRes _ 2\ —3+ 2\€/2 . . _ 52 1 —
s (%) (mi) " (m3) 152 2250 Toozs0 120 )01
1 171 1 5 1 1
_ Sl — (8= 2 ) —H, (2) = —1
R {7277 + o ( Z) + 5ot (2) 50 n(z)}

W52 -z (54
H 1 ___ w5t
T () <201600(77 1 T 1202 () ) + 12200007

V1-— ZQ55 Q53
- 3 fl (777 Z) + 3
3360m3/z 201600(n — 1)n3z

In (2)

78



8(n — 1)2 — (25n* — 261° — 1502 — 241 + 8) 2
L8 —1) (251 377 U )fs(n,Z)
3360(n — 1)n3z
75m3 — 13802 + 3n — 64
H
2688012 00 (1) +
Q51 1

H 1 ——c
* (40320(77 1 T o ! <Z)) n () + g
1 1
G2 L0

11 1
-~ H _ Gal!:=
00 (=) = 156 T G20 ({7’1—r+m’1—7}’z>

ol ) ({2

LT — 637 — 35 — 105 [fg(n,z)+ Vi, ({i 1 l},n)}

8407° 64 \\1-7'7'7

3—32—Tnz
—UHM(Z)
1—=z2

1260m32
Hio (2)

1

+W [HO,l,l (Z) + HO,I,O (Z) + Hl,O,O (77)} } s (6166)

with the polynomials

Q51 = —Ton° (32" — 72° + 227 + 3) + 35 (632" — 1972° + 13827 + 100z + 63)
+n°(3302* — 4942° — 542% — 369z + 305) + n*(1262* — 3502° + 2102
+3152 — 269) — 35nz(32° — 112° + 122 + 9) — 1052(32° — 52> +3) ,  (6.167)
Qs = =375 (32" — 72° + 22" + 1) + 3n*(3152" — 9852° + 6902° + 500z — 619)

+n°(1650z* — 24702° — 2702* — 1845z + 1332) + 51 (1262* — 3502°

+2102% + 3152 +4) — 1759 (32" — 112° + 122% + 9z — 13)

—525(z — 1)*(32 + 2 — 1) , (6.168)
Qss = —375n°2° (32" — T2+ 2) + % (9452° — 29552" + 20702° + 15002 + 6722

—1120) + 7 (16502° — 24702 — 270z° — 18452 + 728z + 1120)

+57°2(1262* — 3502° + 2102* + 3152 — 376) — 5nz (1052 — 3852° + 4202

+3152 — 96) — 52527 (32 — 52>+ 3) | (6.169)
Qs = 16875n"z(122" — 262° + 32 4 22 4 12) — 81*(465752° — 924752 + 60752°

—6752% 4 35711z + 5040) + 450n* (1682° — 2382 — 3012° + 2382

+1982 + 280) — 12600n (152> — 352" 4 52° + 252% + 122 — 12)

+236252° (122° — 222% + 2 4 14) | (6.170)
Qss = 105+ (= 75n° + 63n” + 35n + 105) 2 + 2(75n — 63n° — 359 — 105)2* . (6.171)

Finally, one obtains the N-space representation

34e c2 (14 (=1)N N +2
Do (N) = 2\ —3+ 2\€/2 .
go(IV) (ml) (mz) 2(N +1) 452
4n(2N® + N? — 6N +5) —25N(N + 1)
1800nN (N + 1)

_ 10P49 111(7]) + 2P5051 (N)
8064002 (N + 1)

111
+2 %(N +2)51 (N)

7PN (N?+ 3N +2) — 3SQ(N)
25203 N(N + 1) !
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_TPN(N? 43N +2) +3 In?(n) 4 21n(n)S1(N)

w1 T TGN )
(L—n) NPy
 IRROP NN 1 1y | S (1=, N) = 82 (1=, N)

1 Psy
Si1(1=n,1,N)+ = 1In’
TS =n LN + 3 n(")] 90720002 N?(N + 1)2
1

Go 2-2N-8 (2N
120 10572(N + 1) % [H-100(yv/n) +Hio0(y/n)]

Ui . 2% (1—m)~" _ i) — —ni
D

(N +2)+

+1In(n)S (1 —n,i) + %IHQ(T])) + 41(?7—% + In(n) — 2] } . (6.172)

Here the polynomials read

Py = 250*'N (4N? 4+ 20N? + 31N + 15) — 2p° N (88N? + 245N + 157)

+3°N(N 4+ 1) + 64n(N + 1) — 64 , (6.173)
Pig = 257° (8N® 4+ 36N? + 46N + 15) — 631 (4N* + 8N + 3) — 35n(2N + 1)

+105 , (6.174)
Py = 75n° (BN® 4+ 36N? + 46N + 15) — 61> (T6N? + 52N — 93) — (538N + 547)

+192 , (6.175)
Psy = 3751 (8N? 4+ 36N? + 46N +15) + n* (—3176N? — 2008N + 5478)

+57(22N +13) + 960 , (6.176)

Py = 168750 N? (8N* 4+ 44N® 4 82N? 4+ 61N + 15) — 45> (58616 N + 203774 N*
+241285N?% + 101167N? — 32760N — 12600) + 225nN (478N® + 945N
+747N + 280) + 10800N (9N? + 16N +7) . (6.177)

With the exception of D; and Ds, in z-space the scalar Ay, o diagrams cannot be expressed
within the class of the usual harmonic polylogarithms [56], but generalizations thereof occur.
These are given in terms of iterated integrals over the following letters

{ dr dT \/_dT —1—7\/_d7' dr V1—7Tdr dr \/ﬁ\/?dT} |

-7 7 1—71 T—7+1 nr—7+1 "ngr—m—7 nr—m—1

(6.178)

In Mellin-space all scalar Ay, o-diagrams can be expressed in terms of In(n), the harmonic
polylogarithms H_1 0(/7), Hi,00(/7), alternating harmonic sums, n-dependant generalized har-
monic sums and 7n-dependent finite binomial sums. For fixed values of the Mellin variable N,
these n-dependent sums turn into rational functions in 7. Thus for fixed Mellin moments, all
diagrams are given in terms of the In(n) and the combination H_;0(y/7) + Higo(y/7) with
rational coefficients in 7.

The summands of many of these sums diverge for n — 1 due to factors as (1 — )™/, where
J is a summation index which assumes positive integer values. Furthermore, also contributions
o (1 — 7)™ emerge. Physically the limit 7 — 1 represents the equal mass case m; = my [24]
and thus the diagrams are expected to be convergent in this limit. Due to the many individually
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divergent terms this is highly non-trivial to prove for general values of N. However, evaluating
a series of Mellin moments N = 2...30, yields convergent results for n = 1, which agree with
the results given in Ref. [24] previously. This indicates that these apparent divergences are just
a relic of this specific representation which has been applied. By induction one may prove that
the result is valid at general values of N. The diagrams (Ds,, Dap), (Do, D), (Dsa, Dsp),
(Dga, Dep) and (Dsq, Dsgp) have all been computed independently. One notes that as expected
the respective z- and Mellin-space results can be translated into each other by interchanging
the masses my <> mgy, n — 1/n. Furthermore, the results for the mass-symmetric diagrams Dy,
D3 and D7 turn out to be invariant under this interchange, which constitutes a further check of
these results.

For all scalar Aé?;{Q—topologies, series expansions up to O(n® In*(n)) for a series of fixed Mellin
moments (N = 2,4,6) have been computed using the code Q2e/Exp [73,/74]. All the general N
and general-n results agree with these expansions.

7 Conclusions

Genuine two-mass contributions to the Wilson coefficients and the transition matrix elements in
the VENS occur at 3-loop order in QCD. We derived the renormalization of these contributions,
which extends the single mass case considered earlier in Ref. [1]. Although the new contributions
manifest themselves as two-mass contributions in single diagrams carrying local operators, it is
possible to assign a diagram to either of the heavy flavor distributions in the VFNS by the
quark species carrying the operator. The diagrams arise from separating off the massless Wilson
coefficient in the light-cone expansion. Through this, one knows the charge assignment for the
corresponding diagram. In this way an asymmetric Separatlon of the otherwise symmetric OMEs
under my <> mgy occurs. This only applies to the OMEs AQq )P and A(?’) All other OMEs enter
the VFNS in a mass-symmetric way.

In a first step we have calculated a series of moments (N = 2,4,6) for all contributing
massive OMEs and presented the constant part of the unrenormalized genuine two-mass OME.
With current technologies [73](74], the 6th moment required one CPU year of computational
time. For a series of OMEs, the solution for general values of the mass ratio n, and at general
values of the Mellin varlable N could be derived along with its z-space representation. This
is the case for the OMEs A Q qus, g RG) and A s.0- The corresponding expressions depend
on harmonic sums, Welghted w1th a (poly)logarlthmlc dependence on the mass ratio. In these
cases we presented also numerical results studying their relative contribution to the complete
O(T?)-term of the OMEs AS’) in a wide range of x and @?, in order to illustrate the two mass
effects compared to the single mass contributions. In all cases these ratios vary between 0 and
~ 0.5 in part of the kinematic region, exhibiting scaling violations.

We have also calculated all the scalar topologies appearing in the more involved case of the
OME A Here, more advanced computation methods were required. The corresponding
mtegrals do not allow an expansion in the mass ratio at general values of N, so we calculated
these integrals exactly. In z-space the corresponding integrals could be represented in terms
of iterated two-variate and partly root-valued integrals, the G-functions, see also Appendix [B]
Associated to it, one obtains in Mellin-N space, sum representations containing functions of n
in denominators, with a formally divergent behaviour as  — 1. However, since N € N, one
obtains convergent representations for each individual integer N in this limit. Also because of
this behaviour, the inverse Mellin transform to z-space requires a series of special steps, which we
have outlined. It is expected that the corresponding representation in the case of the two-mass

81



contributions to the OME AS’; is even more involved, since already in the equal mass case elliptic
integrals and iteration of other letters over them contribute.

A Massive Operator Matrix Elements in z-Space

In the following, we present a series of genuine two-mass contributions in z-space. These are
distribution-valued and consist of the three parts A%, Af(z) and Aj*¥(z). The Mellin convolution

of the OMEs with a function f(z) is defined by, cf. e.g. [110],

a@e s = 45 [ [ (2) - s - s [ aaw

z

«f 1 Y1 (—) | (A1)

Y
In the flavor non-singlet case, the parts of the OME are given by

i 2068 584 16
A" = CFT%{‘H B {2—7 - 16@} (Ly + Lo) = - (L3 + L)

16 64 16 64 ~NS,(3),6
- (L3Ly + L2Ly) — n (L3 +L3) — 56 543} +apose, (A.2)

S,(3),+ CrT2 | [3584 640 64
81 27 9

64
e = SRR S + S + 6 (L 1)

640 128 64
+ {2—7 + 5 ln(z)] (L3 + L3) + n (LiLs + L3Ly)
256 3584 128 320 ,
+2—7 (L? + L;) + (8_1 + TCQ) hl(Z) + 2—7 In (Z)

64 3 640 256 20992 NS, (3),+
+—1In (Z) -+ WCQ + ng + —} ) ,

27 243 (A.3)

1NS,(3),Re . 2 64 64 64
A 5 = CFTF{%(?)?% —49) + l8—1(67z —11) + ﬁ(llz —1)In(2)

—i—%(z 1) (In%(:) + 3@)} (Li+ L) + [%(112 1)

64 32
+§(z +1) 1n(z)} (L3 + L3) + 3(2 +1) (LTLy + L3Ly)

128 64 64
—I—2—7(z +1) (L} + L) + {8—1(672 —11) + §<z + 1)@} In(2)

—l—g—i(llz — 1) (1[12(2’) + 2C2) + ;—i(z + 1) (ln3(z) + 4(3)} + dl;lqs’,c‘(;),Reg (A4)

The contributions to the constant two-mass term of the unrenormalized non-singlet OME are

> 4
ag;ga),a - CFTP%{E%(L? + L3+ (L1Ly + 2G + 5) (L1 + Ly)) + §(L1 + L,)?
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4 405\ 10(n* —1) 8 16¢,  64Cs
4 2— — |- ——Zn(n) — -1 =
243( 051 + 53 p ) 3 n(n) 5 (n) + 5 5

n+1, 1 1+m 2 . 4_ .
o+ 2249 g (1) = S haGLiatm) + gL

B m)Lis(n) — Lis(n)] — [(“5)(5”“) —Eln(l—n)] 1n2(n)},

+

Gry3/2 67 3

where
Ty = 50 4+ 27n* + 64n>/% 4 27 4 5, (A.6)

. CrT? 32 58 32
anqS,&L()Q)H = ZF_ f {—E {Lg + L3 (L1L2 +2¢y + 5) (L + Lg):| + 77 In? (n)

_ (@ n 332 In(z )) (Ly + Ly)? — % <1n2(z) + ? ln(z)> (L1 + Ly)

9
16(4051” —723925877 +405) 40(77;]— Y bt @@ 56C
—%[ln(n)hz(n) — Liz(n)] — (% %@) n(z) — %IHS(Z’)
5P+ 27;;;3;; 2T +5 {lnz () In G J_F Zi) — 8In(n)Lis(m) + 16L13(771)}
N {2(5772 _577277 + 5) B %1 (1—7n)— %2 ln(z)} In*(n) — i;ilohf(z)} . (A7)

~ e 16 2 2
anqS,g)’R | o= CFT2{ 3 —(z+1) [L? + L5+ (L1L2 + 3 In®(2) 4 2¢ + 5) (L + L2)]

T CRRUNE) AR LA
_¥(52z (222 — 2)In(2)) (Ly + Lo) + %( ) E () — éln?’(z)

+G| + T3 + 5o (Vi + P 4 1) [Lia) — o)Lt

z+1 2 1+ m .
e (5n° + 270" + 2T + 5) {m (n) In (1 — m) — 81n(n)Lis(m)
: T, 16 )
+16Li3(ny) | + o §<Z +1) [2In(1 —n) + In(2)]| In*(n)
64 64 1,
-3 —[9(z + 1)¢2 + 552 + 3] In(z) — 2—7(112 —1) [g In®(2) + @} } (A.8)
with

Ty = n(1658 — 81342) + 405(z + 1) + 4059*(2 + 1) , (A.9)
Ty = 5n° —10n%% 4+ 42n — 10/ + 5 , (A.10)
Ty = n(34—302)+5(z+1)+5%(2+ 1) . (A.11)
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For transversity one obtains

i 2068 584 16
Aa 7 = OFT%{‘H (5 +10e) @ 2o - T 22+ 1)

16 64 16 64 B
-3 (L2Ly + L3L,) — o (L3 + L3) — 56— Egg} +ann RBM (A12)

~ CrT2 | 20992 3584 640 64 64
A T = { e { +—1n<z>+—1n2(z>+§@] (Ly + L)

81 27 9
640 128 64 256
+| 5+ 2| @2+ 2 + 5 (20 + 131 + 22 (22 + 1)

3584 128 320 . 4 64 . 4 640
+ <W + 7@) ln(z) + 2—7 In (Z) + 2—7 In (Z) + 2—7<2

256 ~NS,TR,(3),
+763} * 00 ( )+’ (A.13)

NS, TR,(3),Reg , | 64 64 640 64 . ,
Aqq,Q & = CFTF{JS(ZIE)Z + 283) + |:§ (92 + 47) + 7 ln(z) + ? In (Z)

4 64 256
+5a) (t La)+ 5 (Bt 1300) + 50 (524 29

3
128 320 64
+ <—(9z +47) + ?@) In(z) + 57 In*(2) + — In®(z)

128 640 9 9 640 256 ~NS,TR,(3),Reg
+ |: 111(2> + 2—7:| (Ll + LQ) + 2—7<2 + 7@,} + ) , (A14)

with

4
&quS,’QTR’(?)M = CFT%{ES(L? + L3+ (L1Ly + 2 + 5)(Ly + Lo)) + §(L1 + Ly)?

4 405
— ( —405n + 532 — —
+243( n+ ; >+

+ {— URs 5)6(5" L ? In(1 — 77)} In’(n) + ?@ - %44“3

10(1—»%)

3 In(n) — §1n3(77)

9

+2(§7n3+/21) (517 + 220+ 5) [mg(m) — In(n)Lis ()
1.5 I+m (1 + \/ﬁ)2 . )
() o (ﬁﬂ + C T (o) Liatn) — Lis(n)] } (A1)

CpT2 | 32 32 32 58
_NS,TR,(3), F
%q,Q ot = F{_gL? - ng - §<L1L2+2C2+§) (L1 + Ly)

_ (@ L 32 1n(z)) (Li+ L2 — O (1n2(z) LW ln(z)) (Ly + Ly)

9 3 9 3
16(405n — 3238n +405)  40(1 —7?) 32 4
— 1 —1
7207 o n(n) + o In*(n)
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f[POTEIED) O gy Piage)| e
- <3712 128 ) In(2) 8(n +1)

TR 9732

(5n% + 220 + 5) [2L13(m)

: 1 1+ 640 256
- ln(ﬂ)Lh(ﬁl) + g 1H2(77) In (1 — Zi)] — 2_7€2 + 2_7C3

_2(19;—3/2\/7_])% [In(n)Lia(n) — Lig(n)] — 7 () — lng(z)}’ i

81 81

~NS,TR,(3),Re 32 32 32 20 2
U9q,Q R — CFTI%{_KL? - ?Lg 3 <L1L2 + 9 In(z) + 3 In’(z)

3 9 9 "3
, 16(405y* — 2878y — 3609z +405)  40(1—n), . 256
729 on g
128

128 640\ 128 . . 640
(2 ( 5 In(z) + 27) In”(z) a1 In“(z) a1 (32 +26) In(2)

2(5n* +2n+5) 64 32 2
+{ o -5 In(1 —n) — 0 ln(z)] In*(n)

—l—gz +2(, + @) (L1 + Ly) — <@ + 32 ln(z)) (L1 + Ly)?

32
27

rgtnm (1) | - 20 i) - Ligmﬂ} (A7)

8(n+1)

rap () = S o 4220 +.5) 2Liatn) — o)Lt

L—m On/2

Using the shorthand
(A.18)
the OME A is given by

512(3122 — 412 +41) 128 64
(312 24l —pO¢, — {— (432% — 562 + 56)

A = OpTE -
92.Q FoF 81z 9 27

99

128 32
+5 (42 =5z +5) In(1 — 2) + Ep<°> In*(1—2) + 32p§?}§2} (L + L)

128 64 32
— [9—2 (4,22 — 5z + 5) + pé%)g In(1 — z)} (L% + Lg) - Epé%) ln3(1 —2)

64 64 32
— (ﬁ (432" — 562 + 56) + §p§2>§2> In(1 —z) — Epg;) (LiLy + L3Ly)

128
9

A () 05 ) )20 i a0

with

20 2
Qg = CFTﬁ{lﬁpé? [Li’ + L3+ <L1L2 + 5 1 —2)+ T*(1 - 2)
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o8

126 + —) (Ly + Lz):| +16 {z +pl0) (

5 2 | n(1 - z))] (Ly + L)>

3
320 64 20(n? — 1
—i—z(— + —In(1 — z)) (L1 + L) — Lpgg}) In(n)

9 3 31
8Ty 64 (3922 — 58z + 58 © 128
— - In(l — 2) — —==¢.p®
23 3 ( 9% + Gapgg | In(1 = 2) = —=Capy
2
n+1 2 _ 1 4
+(\/;77) EI?J)T5 [g In(n)Liz(=m) + 6 In?(n) In(1 + ;) — §L13(—771)}
2
n—1 2 .
+(\/;73—/2)P§?1)T6 {—g In(n)Lig(m) — 1n2(77) In(1 —m) + —L13(771)1
64 . 16 16
+§p§?}) In*(1 - z) — [% - gpg;) In(1 - 2)} In*(n) — gpé?l) In®(n)
128 1
+5o (42* = 52 +5) {g In?(1 — z) + gg] } : (A.20)
z
and the polynomials
Ts = —100*% +50% +42n — 10/ +5 , (A.21)
Ts = 109*2 + 50> +42n+ 10y +5 , (A.22)
T, = 50?22 — 100z + 10n* — 14n2* — 4nz + 4n + 52* — 102 + 10, (A.23)
Ty = 4051°2* — 810n*z + 810n* — 5326m2* + 6476mz — 64760
+4052% — 8102 + 810 . (A.24)

B Formulae

In the following, we list a series of useful relations between the iterated G-integrals and some of

their special values. In the case where the letters in the alphabet are restricted to %, ﬁ, 1%1?
the G-integrals correspond, of course, to the standard harmonic polylogarithms.
a?+a;—1
G({Wal,...,Wak},Z) EHal ..... ak(Z), Wq, = ﬁ, a; € {0,17—1} . (B].)
For G-functions of weight one, we have the following identities:
1
G ({\/x(l — x)} ,z) = 1 [— 2(1—2)(1 —22)+ arcsin(ﬁ)} ) (B.2)
z(l—x) 1 [ :
G S b 2] = ———|(1+n)arcsin(v/2) — (1 —n)y/2(1 — 2
({1_35(1_77)} ) | (L anesin(VE) = (1= )1 =9
—2,/narctan ( 1772 )] , (B.3)
-z
G ({ 1\12} z) = —2vz+H_(V2)+Hi(Vz7), (B.4)
1 H
off—L 1) - (B.5)
1—a(l—n) 1—n
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g

on fW ght two W h eJ

ICEDRE

FVi|-Hi(n) + G Gfx}n)” |

—4yz [-1+H, (Vz)] , |

4(z+1)_ _2(2_1) e
\/E 6<2 \/E HO()
N

{1—:v a:} Z) 7

In®(n)

(T—n)?

i -6 (%M]} |

T {1(37] +1) = (n+1)In(2)

E {(n +1)In(2) ~ 577

Lip(1 — )
n—1 "

(n = 3)nHo(n) Ve <{£ %} ’n>

A(n —1)* 8(n—1)*

277 477 1 3( 4\/_+)
6(n — 16(n —1)?

({n_ﬂ})

_n_[g +Hio (n) + Hoo (0)]

_1[g o+ Hio(n)]

%1 (G2 + Hio (n) + Hoo (n)] .
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(B.10)

ﬂ[@ +—5— +In(n)Ha(n) — Ho, (77)] (B.11)

" [ Hal)

(B.12)
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—m[z(l +n)In(2) +n—1

—4y/min (1 +/n)] , (B.20)
( nE [2(1+n)1n() n+1
+2v/1 (In(n In(1+ 1) . (B.21)

) —
omn(2 (
_Ho’l( 2—_77))

<

ol

9

(B.22)
Hou (%)
= (B.23)
(m=3)n"In(n) 2n° —4n—1
4(n—1) 6(n—1)
vic ({152} ) s+
N LS R (B.24)
o (B.25)
—1g(1—4In(2) . (B.26)
S(1—4n(2) (B.27)
. (—% + ln(2)) | (B.23)

g [—3 +2v2—2In (1 + \/§> + 31n(2)] , (B.29)
x {— In(2) +1In (1+v2) = V2 + ;} . (B.30)
—V2Liy (3 - 2v2) + VaLi (—3+2v2)

w2 (3
2+ 5—\/5 —2In(2) , (B.31)
1 2
g(4+7r) : (B.32)
2 2
- Z_ — B.
3 T+ g (B.33)
11 72
= —— — — B.34
- - (B.34)



(Ve ) e B
({\\%xﬁzlf}l) _ é(—4—|—7r)2, (B.36)
(i) - o
G({\/%,l},l) - g—wln(Z), (B.38)
G ({ﬁ 1} , 1) — 47 (—% +ln(2)) +41n(2) (B.39)
G({ﬁxil}o - 4+g(1+21n(2)), (B.40)
G {ﬁi}ﬂ = d+7 <—% +1n(2)) ~41n(2) (B.41)
G({ﬁxil}l) - —4+g(1+2ln(2)), (B.42)
G({\/I/:Lxxil}o - —g(1+21n(2)), (B.43)
G({\/?i}o = —Z1+2m(2) (B.44)
G({Twil}l) - g—wln(Q) (B.45)
The following identities hold for weight three functions:
6({15 00 ) ) = [vE- i (V) - o (VA)] Ho (v3)
+ [~4vZ + 2H_, (VZ) + 2H, (v2)] Ho (v2)°
+4Ho o1 (Vz) +4Hoo1 (V2) — 8z, (B.46)
6 ({31553 2) = Al-2vE 4 Hoo (V) + Hoa (VD) Ho (v3)
—8Ho -1 (vz) — 8Hooa (Vz) +16v/z , (B.47)

;Z) = —4H_ (\/E) —4H, (\/5) —2H 1,1 (\/E)

—2H 110 (Vz) + 2H1—10 (Vz) + 2H110 (V)
+AH_ (Vz) + 4 (V2) +8Vz2H, (V?2)
_16v/7 (B.48)

G ({ﬁx L 1} ,z) — [F8vE+ (4 4vE - 2H, (V) Hoa (v3)
—H_1(vV2)? +4 (1 — V2) Iy (Vz) + Hi(V2)?
+4H71,1(\/5)] Ho(v/2) 4+ 8Vz — 2Hp 1, -1(V/?)
—2(2+42vZ = Hy(VE) - Hi (V)| Ho 1 (V)

89



—2[2 - 2VZ + Hy(V2) + Hi(v2) [ Hoa (v3)
—2Ho —11(Vz) +2Ho1—1(V2) + 2Ho11(V2) . (B.49)

G<{1i$ %i}%) — Hioo(2) + Hooo (2) | (B.50)
G({l\i éi}%) ) 2<z—3§0,0<z)_4(z+\1/);0<z>
8(2\/;1) +G({1\£§x ii}a , (B.51)

o ({2 ) -6 ({2 )]

53 — 161 +35 51 — 3> +3n+3
144(n — 1)3 16(n — 1)

(77+1) 7_C3_3

o {vin=a 2 ) - m‘gmﬁﬂw<>+Hwﬁﬂ

T —n—z T 4(n—1)
8(77\/ﬁ1) [GCQHl( ) + 6¢2Ho(n)

ollez )51

skt

1799 — 1607 + 53
144(n 1)3

( )C
1)

n)+6
34

C2+2 <{ 77) <2
11773 217) +2Inp—3
T (B.53)
G({i’xn—ln—x’lix}’l) = nil[Cs—QCzﬂl(n)—2H1,1,0(77)
—Hi00 (1) = Hopo ()] , (B.54)
o2t} - i o
+Hi00 (1) + Ho1,0 (7)) + Hopo (0 )] ; (B.55)
Vel —z) In(2)¢,
<{ TR 11w} 1) - - b+ 2o
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(n —3)n* 3In(2)G(n +1)
WHLO (77) - 8<77 — 1)2
Vi JE
MECEE {4 =16 ({&}n)
+6 ({22 ) +6 ({2 % i}»”)]
1 13, 7 53\
+—(77 — 1)4 |:<E<2 - 3—2§3 - m) n
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7(3 7 7T2
~ 158 + ) + %[1 —41n(2)], (B.58)
LT T T w2 (B.59)

128 192 256

2
8

[1—2In(2)] — ggg , (B.60)

3
4
_ Z—ln@) +%2 [2v2~ 3+ 1n (24~ 16v3)]

—VaLi; (3 - 2v2) + VaLi, (-3 +2v2)

—%Lig (3 - 2\/5) + %Lig <—3 - 2\/5) , (B.61)

B 3(2 IH(Q) 3C2 7(3 3

ot Tty (B.62)
15C2 111(2) 3(2 9C2 5
— 1 — ln(2) — E + 7 T

~|—%Lig (-3+2v2) - %Lig (3-2v2)
/2L, (—3 n 2@) — VAL, (3 _ 2\/5)
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%gz In (24 - 16\/5) +3CIn (1 + \/5) .(B.63)
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