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ABSTRACT

Design of underwater acoustic sensing and communication systems
is a very challenging task due to several channel effects like multi-
path propagation and Doppler spread. In order to cope with these
effects, beamforming techniques have been applied to the design
of such systems. The broadband nature of acoustic systems moti-
vates the use of beamformers with frequency-invariant beampattern.
Moreover, in some cases, these systems are limited by their physical
dimensions. Differential microphone arrays (DMAs) beamformers,
which have been used extensively in recent years for broadband au-
dio signals, may comply with these requirements. DMAs are small-
size arrays which can provide almost frequency-invariant beampat-
terns and high directivity. In this paper, we present a pool experi-
ment which shows the compatibility of DMAs for the underwater
acoustic channel. Additionally, we show how to compensate for the
array mismatch errors leading to much better performance level and
robust beamformers.

Index Terms— Underwater acoustic channel, differential mi-
crophones, broadband beamforming, array mismatch errors.

1. INTRODUCTION

In the last several decades, underwater acoustic communication and
acoustic sensing became essential for several real-world applica-
tions, both commercial and military [1]. To name a few, oil drilling,
laying cable and gas pipeline on the seabed, are some of the impor-
tant commercial applications. In military applications, we can indi-
cate the underwater warfare via submarines, commando operations,
and many more. Numerous devices were developed throughout the
years to fill the needs of these applications like Sound Navigation
and Ranging (SONAR), Remotely Operated Vehicle (ROV), Under-
water communication systems, and others.

Design of underwater acoustic devices for the underwater envi-
ronment is very challenging due to the underwater acoustic channel
which is characterized as a time-varing spatially uncorrelated fad-
ing channel. It introduces several effects like frequency-dependent
acoustic attenuation, Doppler effect, ambient noise, and directional
noise like machinery and propeller cavitation noise of nearby ves-
sels. Typically, the underwater acoustic signals are broadband in
nature [2] as a result of attenuation that increases with the fre-
quency. Therefore, when designing beamformers for underwater
acoustic systems, it is desirable to design them with frequency-
invariant beampatterns. Additionally, since in some of the systems
the beamformers are integrated into small payloads, the apertures
of the arrays should be compact.
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One of a well-known family of frequency-invariant beamform-
ers is the differential microphone arrays (DMAs), originally applied
to speech signals [3–9]. DMAs refer to arrays that combine closely
spaced sensors to respond to the spatial derivatives of the acous-
tic pressure field. These small-size arrays yield nearly frequency-
invariant beampatterns, and include the superdirective beamformer
[10] as a particular case.

In this paper, we apply the DMAs concept to the underwa-
ter acoustic channel. We present a pool experiment which proves
the feasibility of DMAs for the underwater acoustic environment.
The array was constructed from omni-directional hydrophones and
therefore was uncalibrated. As a consequence, essential part of the
decoding process deals with estimation and compensation of array
mismatch errors like gain and phase errors. The results show that
DMAs can be utilized for the underwater acoustic environment and
may provide small-size frequency-invariant robust beamformers.

2. SIGNAL MODEL

We consider an underwater acoustic source signal,X(ω), that prop-
agates in an anechoic underwater acoustic channel at the speed of
sound, i.e., c ≈ 1500m/s, and impinges on a uniform linear array
of M sensors, where the distance between two successive sensors
is equal to δ. The direction of X(ω) to the array is denoted by
the azimuth angle θ. Assuming a far-field propagation, the time
delay between the mth microphone and the first microphone is
(m− 1) δ

c
cos θ. Therefore, the mth microphone signal is [7]

Ym(ω) = e−j(m−1)ω δ
c
cos θX(ω) + Vm(ω), (1)

where j =
√
−1, ω = 2πf is the angular frequency, f > 0 is

the temporal frequency and Vm(ω) is the additive noise at the mth
microphone. In a vector form, (1) becomes

y(ω) = [Y1(ω) · · · YM (ω)]T = d(ω, θ)X(ω) + v(ω), (2)

where T denotes the transpose operator, and

d(ω, θ) =
[
1 e−jω

δ
c
cos θ · · · e−j(M−1)ω δ

c
cos θ

]T
(3)

is the steering vector. The vector v(ω) is defined similarly to y(ω).
According to the DMA model, it is assumed that the desired signal
arrives from the direction θ = 0◦, and the acoustic wavelength λ =
c/f is much larger than the element spacing, δ, i.e., λ � δ, to
approximate the differential of the pressure signal.
In order to design the beamformer, the signal of each microphone
is multiplied by a complex gain Hm(ω),m = 1, 2, ...,M , and the
beamformer output signal is

Z(ω) =

M∑
m=1

H∗m(ω)Ym(ω) = hH(ω)y(ω), (4)
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where the superscript ∗ denotes the complex conjugate operator, H

denotes the Hermitian operator, and h(ω) is defined as

h(ω) = [H1(ω) H2(ω) · · · HM (ω)]T . (5)

The beampattern of a given beamformer h(ω) is defined as

B [h(ω), θ] = hH(ω)d(ω, θ). (6)

The theoretical frequency-invariant beampattern of an N th-order
DMA is given as [3]

BN (θ) =

N∑
n=0

aN,n cos
n(θ), (7)

where {aN,n}Nn=0 are real coefficients. An N th-order DMA can
be designed using at least M = N + 1 sensors, satisfying N
attenuation constraints and one distortionless constraint. Taking
M > N + 1 may lead to a more robust beamformer [8], but in
this work we will concentrate on the case of M = N +1. Figure. 1
presents examples of (7) for the case of N = 1, 2, 3.

Following the approach suggested at [7] for design of DMAs,
we can design a DMA beamformer with a desired beampattern by
solving the linear system:

D(ω,θ)h(ω) = β, (8)

where

θ = [0 θ1 · · · θM−1]
T (9)

β = [1 β1 · · · βM−1]
T , (10)

{θm}M−1
m=1 are set of angles according to the desired theoretical

beampattern, {βm}M−1
m=1 are the values of BN (θ) at the directions

specified by θ, and the matrix D(ω,θ) is a M ×M matrix given
by

D(ω,θ) =


dH(ω, 0)
dH(ω, θ1)

...
dH(ω, θM−1)

 . (11)

From (8) we can derive the beamformer vector

h(ω) = D−1(ω,θ)β. (12)

It can be shown that the beampattern achieved by this method is
approximately frequency-invariant. This fact may be exploited for
the underwater scenario.

3. EXPERIMENTAL SETUP & COURSE

In this section, we present a detailed description of an experiment
aimed to test the potential of DMAs for the underwater scenario.
The experiment took place in a measurement pool at RAFAEL Ltd,
Haifa. The measurements pool is 10 meters high, 20 meters long,
and 10 meters wide. We used one omni-directional hydroacous-
tic projector as the transmitting source. The transmitter model was
D11BB manufactured by NEPTUNE Ltd with roughly flat Transmit
Voltage Response (TVR) of 150dB re 1µPa/V@1m at the relevant
frequencies. The transmitter was deployed at 5 meters depth. Us-
ing this transmitter we broadcasted broadband signals with 2kHz
bandwidth around 10kHz central frequency.

(a) (b)

(c) (d)

Figure 1: Theoretical beampatterns produced by (7): (a) First-order
dipole with a single null at 900, (b) second-order cardioid with nulls
at 900 and 1800, (c) third-order hypercardioid with nulls at 550,
1000 and 1450, (d) third-order pattern with nulls at 900, 1200, and
1800.

To construct the microphone array, we used M = 4 similar hy-
drophones model TC4034 manufactured by Teledyne RESON Ltd,
with flat Open-Circuit Voltage (OCV) sensitivity in the relevant fre-
quencies of approximately −216dB re1V/µPa@1m. Addition-
ally, we self-manufactured a mounting base for the linear array by
drilling in a wood board four holes equally spaced and roughly
aligned with element spacing of δ ≈ 2 cm. After that, we placed
the hydrophones inside the holes to form a linear microphone array.
The cables were ground shielded to prevent signal leakage between
the sensors. The final product can be seen in Fig. 2.

We connected the array to a rod and deployed it 5 meters deep
into the water, and approximately 6 meters away from the source.
This distance ensures that we are in the far-field of the source, and
the incoming waves are approximately plane waves. The dry part
of the rod was placed in a protractor to record the array angle with
respect to the source. During the experiment we scanned the array
by rotating it from the endfire direction (i.e., θ = 0◦) in steps of 2
degrees, up to θ = 180◦, and recorded the received signals. The
other side (i.e., from θ = 180◦ to θ = 360◦) is symmetric and thus
was not recorded. Figure. 3 illustrates this structure.

In this setup, reflections from the water surface and the side
walls of the pool can also be received by the array. These echoes
impacting the beamformer in many directions, especially not in the
angle that we are aiming for, and thus they can distort the measured
beampattern. Therefore, we located this setup in the center of the
pool, and transmitted broadband pulses with short durations that
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Figure 2: The constructed microphone array of M = 4 sensors.

Figure 3: The setup of the experiment.

enabled time separation between the direct path and its reflections.
Throughout the experiment we sampled the received signals us-

ing 2 MHz NI USB-6366 sampler. The sampling was performed
simultaneously in all channels and not serially, to cancel additional
delays. Furthermore, analog equipment was used to filter and am-
plify the analog signals.

The underwater sound velocity is known to be strongly influ-
enced by the water temperature, salinity, depth and more [11]. We
measured the underwater sound velocity by using probe model SVP
70, manufactured by RESON Ltd. The recorded sound velocity was
c = 1489.13m/sec, and we used this value for the processing pro-
cedure.

4. DATA ANALYSIS

In this section, we present the decoding process of the recorded
data. An essential part of it was to estimate and compensate for
array mismatch errors which are the main reason for performance
degradation. In the following, we describe and address the model
mismatch errors.
The model of the incoming signal specified by (1) assumes a unity
gain for each sensor, relative delays due to different propagation
distances between different sensors, known and constant element
spacing, and a known value of the sound velocity in water. Prac-
tically, the signals that have been received by the array’s micro-
phone passed through analog equipment such as piezoelectric sen-
sors, analog filters and amplifiers. Each part of this analog chain has
a transfer function which can be both sensor and frequency depen-
dent. Moreover, we observed that the gain of the incoming signal

depends also on the direction θ. Signals arriving from the endfire
are more unevenly gained between the sensors than signals arriv-
ing from the broadside. This effect was caused by the geometry of
our setup, due to the large size of the receiving hydrophones with
respect to the wavelength. Thus, an extended model of (1) which
considers all these mismatch origins can be written as

Ym(ω, θ) = am(ω, θ)e−jω(τm+ δm
c

cos θ)X(ω) + Vm(ω), (13)

where c is the measured velocity, am(ω, θ) is the gain of the mth
sensor which depends both on frequency and θ, τm is the analog
delay introduced by the mth sensor, and δm is the distance between
the first sensor and the mth sensor. We assumed for simplicity that
the analog chain causes a linear delay between the signals.

Additionally, we neglected the dependency of the gain on the
frequency and assumed that am(ω, θ) ≈ am(θ). In the follow-
ing results we show that such an approximation leads to satisfying
results, yet, the consideration of the dependency of the gain on fre-
quency is indeed a topic for future research. Assuming high SNR
level, estimation of am(θ) can be done by taking the root-mean-
square (RMS) of the corresponding temporal signal ym(t, θ) for
each direction and sensor. Since we are interested in the gain differ-
ence between the sensors, and not in the amplitude of the received
signal, we normalized the RMS value of each sensor by the RMS
of the reference signal, i.e., m = 1. This can be written mathemat-
ically as

âm(θ) =
RMS{ym(t, θ)}
RMS{y1(t, θ)}

, (14)

where for a general signal v(t), theRMS{v(t)} is given by:

RMS{v(t)} =

√
1

T

∫ T

0

v2(t)dt. (15)

The phase mismatch is estimated from the sampled signals by a
two-step algorithm. In the first step we estimate the total time delay
between the mth sensor and sensor 1, denoted by Tm(θ), for each
angle θ in the time domain. Then, in the second step we estimate
the values of τm and δm based on information from the first step.
In the first step we used standard correlation method, that is:

T̂m(θ) = argmax
t

∫ ∞
−∞

y1(α+ t, θ)ym(α, θ)dα. (16)

In the second step we look at the following relation:

Tm(θ) = τm +
δm
c

cos θ, (17)

which is a linear relation between Tm(θ) and cos θ. Let {θl}Ll=1 be
the set of measured angels in our experiment. Thus, we haveL� 2
measurements of Tm(θ) for each sensor. Using the Least Squares
(LS) method we can estimate τm and δm. The LS estimation is
given by:

[τ̂m, δ̂m] = argmin
τ,δ

L∑
l=1

‖Tm(θl)− τ −
δ

c
cos θl‖2. (18)

Finally, in order to compensate the mismatch errors described
above, we rewrite (3) as below

d̂(ω, θ) =

[
â1(θ) â2(θ)e

−jω(τ̂1+
δ̂1
c

cos θ) · · ·

âM (θ)e−jω(τ̂M+
δ̂M
c

cos θ)

]T
,

(19)
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and thus the beamformer coefficients formula follows:

ĥ(ω) = D̂−1(ω,θ)β (20)

where D̂(ω,θ) is constructed similarly to D(ω,θ) from d̂(ω, θ).

5. RESULTS

After the calibration process described in the previous section, we
used ĥ(ω) to calculate the beamformer output. Then for each an-
gle we computed the beamformer output signal in the frequency
domain as presented in Section 2. Next we calculated the power
of the beamformer output signal for each angle. The power levels
were normalized so that the maximal power was 0dB. Figure 4
presents the normalized power vs. θ of the four examples presented
in Fig. 1. The black dashed line is for the case of using ĥ(ω), while
the blue circles line is obtained by ignoring the mismatch and using
h(ω) (12). One can see the resemblance of the black dashed line to
the original patterns presented in Fig. 1, and also the improvement
achieved by taking into account the mismatch errors.

Figure 5 presents the white noise gain (WNG) of the beam-
former which is given by

W [h(ω)] =
|hH (ω)d(ω,θs)|2

hH (ω)h(ω)
. (21)

Figure 6 presents the directivity factor (DF) which is given by

D [h(ω)] =
|hH (ω)d(ω,θs)|2

hH (ω)Γdn(ω)h(ω)
, (22)

where [Γdn (ω)]ij = sinc
[
ω
c
(δ̂j − δ̂i)

]
. In both figures, the red

solid line represents the theoretical value where no mismatch er-
rors exist, while the blue dashed line is obtained by using ĥ(ω). It
can be seen that the proposed beamformer provides near optimal
results. We also note that the relatively constant value of the DF
implies that the beamformer is approximately frequency invariant
as we expected. The above results of the WNG and DF are for the
case of a first-order dipole, yet, similar results were obtained also
for the other patterns in Fig. 1.

These results show the compatibility of DMA beamforming for
the underwater acoustic channel. The results are quite satisfying
and even expected to improve by considering more accurate models
for errors mismatch like frequency dependent gains. Moreover, er-
rors originating from the fact that sensors are not aligned and errors
due to the physical size of the sensors were not addressed at all.

6. CONCLUSION

We have applied the concept of DMA beamforming for the under-
water acoustic channel. To prove its feasibility, we conducted a pool
experiment and transmitted broadband signals via the underwater
medium which were received by a DMA of four sensors. This ar-
ray was built with off-the-shelf hydrophones and therefore several
mismatched errors were introduced. We presented a practical algo-
rithm which deals with these errors and provided better results. The
results prove the compatibility of DMAs for underwater devices in-
volving broadband signals.
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Figure 4: Normalized measured power of the four shapes presented
in Fig. 1: (a) First-order dipole with a single null at 900, (b) second-
order cardioid with nulls at 900 and 1800, (c) third-order hypercar-
dioid with nulls at 550, 1000 and 1450, (d) third-order pattern with
nulls at 900, 1200, and 1800. The black dashed line is the beampat-
tern achieved by using ĥ(ω) and the blue circles line is the beam-
pattern achieved by using h(ω) .

Figure 5: WNG vs. frequency for the first-order dipole. The red
solid line is the theoretical value, while the blue dashed line is the
proposed beamformer.

Figure 6: DF vs. frequency for the first-order dipole. The red solid
line is the theoretical value, while the blue dashed line is the pro-
posed beamformer.
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