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 This paper shows that if a social choice rule can be implemented in dominant strategies by
 an indirect mechanism, but there does not exist a direct mechanism that implements it in dominant
 strategies, then it must be the case that the original indirect mechanism does not implement the
 social choice rule in Nash strategies (under complete information) or in Bayesian strategies (udder
 imcomplete information).

 1. INTRODUCTION

 A social choice rule is a correspondence that selects a set of optimal social states for
 each possible configuration of agents' characteristics. When these characteristics are not

 publicly known, it is assumed that the planner devises a mechanism, that is, a rule which
 specifies a social state for each vector of strategies chosen by the agents. A mechanism
 is said to implement a social choice rule in dominant strategies if (i) for every agent and

 every characteristic that he may have there exists at least one strategy which is dominant,

 and (ii) the social states that obtain when agents play these dominant strategies belong

 to the corresponding social choice set.

 A special kind of mechanisms are those in which the strategy set for each agent

 coincides with the set of his possible characteristics. For these mechanisms, which are

 called direct, one may define an alternative notion of implementation: a direct mechanism

 truthfully implements a social choice rule in dominant strategies if (i) for every agent
 and every characteristic that he may have truth-telling is a dominant strategy, and (ii)

 the social state that obtains when agents truthfully report their characteristics belongs to
 the corresponding social choice set.

 An important result in the literature on implementation, known as the revelation

 principle, establishes that for any mechanism that implements a social choice rule in

 dominant strategies there exists a direct mechanism which truthfully implements it in

 dominant strategies. This result, however, does not imply that when we consider
 implementation in dominant strategies there is no loss of generality in restricting attention

 to direct mechanisms, since there is nothing that guarantees that agents will always choose
 the truth-telling dominant strategies where alternative dominant strategies exist.
 Moreover, these alternative dominant strategies need not correspond to dominant
 strategies in the original mechanism, which suggests that the direct mechanism given by
 the revelation principle may not implement the given social choice rule in dominant

 strategies. The purpose of this paper is to investigate the reason why this may happen.
 Traditionally, the analysis of implementation in dominant strategies has been

 developed without reference to the information that agents are assumed to have about
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 each other's characteristics. This is not entirely satisfactory, because given a mechanism

 that implements a social choice rule in dominant strategies, there may be alternative Nash
 equilibria (under complete information) or Bayesian equilibria (under incomplete infor-
 mation) which cannot be ruled out a priori, and which may yield outcomes outside the

 social choice set. In this paper we show that this problem is responsible for the possible
 failure of the direct mechanism given by the revelation principle to implement the social

 choice rule in dominant strategies.
 The paper is organized as follows. Section 2 presents an example to motivate the

 main results of the paper. Section 3 sets out the notation and basic definitions. Section
 4 shows that if a social choice rule can be implemented in dominant strategies by a

 mechanism, but the direct mechanism given by the revelation principles does not imple-
 ment it in dominant strategies, then it must be the case that the original mechanism does
 not implement the social choice rule in Nash strategies (under complete information) or
 in Bayesian strategies (under incomplete information). Finally, Section 5 contains a

 summary of the paper and some conclusions.

 2. AN EXAMPLE

 Suppose that the set of social states is given by X = {a, b, c, d}, and that there are two

 agents indexed by i = 1, 2. Each agent i has a characteristic Oi which determines his
 preferences over the states in X. These preferences are in turn described by a von

 Neumann-Morgenstern utility function ui(. 10i) over the set X. Let 0i be the set of all
 possible characteristics for agent i, and suppose that 01 = {01, 0'} and 2 {02, 02'}, where
 the corresponding utility functions are given by

 a b c d

 ui( 101) =(2 4 2 4)
 ul( 10) =(I 0 2 4)
 U2(.102)=(2 2 4 4)
 u2(I00) = ( 2 0 4)

 Consider the social choice rule f defined by

 02 02

 fQ } {d }}01
 The social choice rule f can be implemented in dominant strategies by the mechanism

 S2 S2 S2

 la b bi s,
 g= c d c s'.

 c b a sl'I

 In the mechanism g agent 1 chooses rows as strategies, and agent 2 columns. Agent 1's
 dominant strategies are s1 if his characteristic is 01 and sj if 0'. Agent 2's dominant
 strategies are s2 if his characteristic is 02 and s5 if 02. It follows then that the mechanism
 g implements the social choice rule f in dominant strategies.

 Consider now the direct mechanism h obtained from g by associating strategies s5
 and s' with 01 and 0', respectively, and strategies 52 and s5 with 02 and 02, respectively,
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 that is

 02 02

 a b 01
 h=

 c d 01

 By the revelation principle (see Theorem 1 below) the mechanism h truthfully implements
 the social choice rule f in dominant strategies. However, h does not implement f in
 dominant strategies, because 6' and Of are also dominant for agent 1 with characteristic
 01 and agent 2 with characteristic 02, respectively, and yet state d does not belong to the

 social choice set f(6,, 02).
 In what follows we show that the failure of the direct mechanism h to implement

 the social choice rule f in dominant strategies can be traced back to a problem in the
 implementation of f by the mechanism g which only becomes apparent when the

 underlying informational assumptions are explicitly stated.
 Consider first the case of complete information, that is, when every agent knows the

 characteristic of the other agent. It is easy to check that when agents' characteristics are

 (01, 02) the pair (s', s5) is a Nash equilibrium whose outcome is state d. Thus, the
 mechanism g does not implement the social choice rule f in Nash strategies. Moreover,
 since

 ul(dI01) =4> 2 = ul(aIol)

 u2(d162) =4>2= u2(a162)

 it follows that the Nash equilibrium (s', s5) Pareto dominates the dominant strategy Nash

 equilibrium (sI, S2)-
 Next we consider the case of incomplete information, that is, when every agent only

 knows his own characteristic but has some beliefs about the characteristic of the other

 agent. For example, suppose that agent 1 (agent 2) assigns probability 1/2 that agent 2's
 characteristic is 02 (agent l's characteristic is 01). Then it is easy to check that apart from
 the dominant strategy Bayesian equilibrium

 61 f1 02 02

 ar1 = (S1 s5) r2= (S2 's)

 there is another Bayesian equilibrium, namely

 61 of1 02 02

 I" (Si Si) ?2 =(52 52)

 in which state d is obtained when agents' characteristics are (01, 02). Thus, the mechanism
 g does not implement the social choice rule f in Bayesian strategies. Moreover, since

 ul(d O1) = 4> 3 = 1/2u,(al0l) + 1/2uj(b1O6)

 uj(dI6O) =4> 3 = 1/2uj(cIO6)+ 1/2uj(dlOe)
 u2(d162)= 4> 3 = 1/2u2(a102) +1/2u2(c102)

 u2(d I6) = 4 > 3 = 1/2u2(bIO') + 1/2u2(d I6)

 it follows that the Bayesian equilibrium (o', o') Pareto dominates the dominant strategy
 Bayesian equilibrium (O1, OU2)-
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 3. NOTATION AND DEFINITIONS

 Let X denote the set of social states and let I = {1, . . ., n} be the set of agents. Each

 agent i has a characteristic Oi which determines a von Neumann-Morgenstern utility
 function ui( - Ii) over the set X. Let 0i be the set of all possible characteristics for agent
 i, and let 0 fIlic=, Oi.

 A social choice rule (SCR) is a correspondencef: 0:X which specifies a non-empty
 choice set f(6) c X for each vector of characteristics 0 E 0.

 A mechanism is a function g: S -> X which specifies a social state g(s) E X for each

 vector of strategies sES=i=SiS, where Si denotes agent i's strategy set. A direct
 mechanism is one for which Si = Oi for all i E I.

 Given a mechanism g we say that a strategy si, Si is dominant for agent i with

 characteristic Oi if for all s' E Si and s-i E S-i = Hj i Sj we have

 Ui[g(Sig s_i)1OiP_ Ui[g(sl,9 S-Mi)lO]

 Let Di(g, Oi) c Si denote the set of dominant strategies for agent i with characteristic Oi
 in the mechanism g, and for each vector of characteristics 0 E 0 let D(g, 0) = HI. Di(g, 6i).

 The mechanism g is said to implement the SCRf in dominant strategies if for all 0 E 0:
 (i) D(g, 0) ? 0, and

 (ii) g(D(g, 0))cf(6)
 It should be noticed that the concept of implementation in dominant strategies is

 defined without reference to the information that agents are assumed to have about one

 another. Once this is introduced we may consider two different informational assumptions,
 namely, complete and incomplete information. These assumptions will in turn lead to

 the concepts of implementation in Nash and Bayesian strategies, respectively.
 Under complete information it is assumed that each agent i not only knows his own

 characteristic Oi, but also the characteristics 0-i = (01, . . ., Oi-, IOi+I . . ., On) of the other
 agents. A mechanism g together with a vector of characteristics 0 E 0 then defines a game
 with complete information. A Nash equilibrium for this game is a vector of strategies
 sG S such that for all i E I and s'c= Si we have

 Ui[g(Sig s_i)1OiP_ ui[g(s,ig S-Mi)lO]

 Let N(g, 0) c S denote the set of Nash equilibria for the game (g, 0).
 The mechanism g is said to implement the SCRf in Nash strategies if for all 0 E 0:
 (i) N(g, 0) ? 0, and

 (ii) g(N(g, 0))cf(6).
 It is easy to see that the fact that the mechanism g implements the SCR f in Nash

 strategies does not imply that g implements f in dominant strategies, since D(g, 0) may
 be empty for some 0 E 0. Also the fact that g implements f in dominant strategies does
 not imply that g implements f in Nash strategies, since g(N(g, 0)) may not be contained
 inf(6) for some 6G0.

 Under incomplete information it is assumed that each agent i knows his characteristic

 Oi, but he does not know the characteristics 0-i of the other agents. Instead he has some
 beliefs about these characteristics. These beliefs are described by a probability measure

 gi( - IOi) on the set 0-i = Hj,i Oj. Thus, in this framework agents' characteristics determine
 both preferences and beliefs. Finally, it is assumed that the array ( i, wi( i ) ) ( I
 is common knowledge in the sense of Aumann (1976).

 A mechanism g together with the array (0 , ui( I*), w ( 1 ))i(- defines a game with
 incomplete information in the sense of Harsanyi (1967-1968). A strategy rule for agent
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 i in this game is a function oj:0j -*Si which specifies a strategy choice o-(0j)C=Si for
 each characteristic Oi E 0i. Let Xi(g) be the set of all strategy rules for agent i in the game
 defined by the mechanism g, and let E(g) = Hi. li(g).

 A Bayesian equilibrium for this game is a vector of strategy rules a E l(g) such that

 for all iGI, OiOi, and si Si we have

 ui[g(oi(1i), U i( -i))Io] dp.i (6 il0i) ? ui[g(si f i( Oi))10i]d dpi (O-il6i).

 Let B(g) c l(g) denote the set of Bayesian equilibria for the game defined by the
 mechanism g, and for each vector of characteristics 0 E 0 let B(g, 0) = {s E Ss = o-() for
 some a E B(g)}.

 The mechanism g is said to implement the SCRf in Bayesian strategies if for all 0 E 0:

 (i) B(g, 0) ? 0, and
 (ii) g(B(g, 0)) cf(6)
 As in the case of implementation in Nash strategies, it is easy to see that the fact

 that the mechanism g implements the SCR f in Bayesian strategies does not imply that
 g implements f in dominant strategies, since D(g, 0) may be empty for some 0 E 0. Also,
 the fact that g implements f in dominant strategies does not imply that g implements f
 in Bayesian strategies, since g(B(g, 0)) may not be contained in f(6) for some 0 E 0.

 4. RESULTS

 In this section we first introduce an alternative notion of implementation which is available

 for direct mechanisms, namely, truthful implementation in dominant strategies. We then
 state a well-known result which guarantees that for any mechanism that implements a
 social choice rule in dominant strategies there exists a direct mechanism which truthfully
 implements it in dominant strategies. Finally, we show that if the direct mechanism in

 question does not implement the social choice rule in dominant strategies, then it must
 be the case that the original mechanism does not implement it in Nash strategies (under
 complete information) or in Bayesian strategies (under incomplete information).

 The direct mechanism h truthfully implements the SCR f in dominant strategies if
 for all 0 E 0:

 (i) 0 E D(h, 0), and

 (ii) h(0) Gf(6)
 It should be noticed that implementation and truthful implementation are quite

 different concepts. Indeed, the fact that the direct mechanism h truthfully implements

 the SCR f in dominant strategies does not imply that h implements f in dominant
 strategies, since h(D(h, 0)) may not be contained in f(6) for some 6 C 0. Also, the fact
 that the direct mechanism h implements the SCRf in dominant strategies does not imply
 that h truthfully implements f in dominant strategies, since there may be some 0 E 0
 which does not belong to D(h, 0).

 Theorem 1 (revelation principle). If g is a mechanism that implements the SCR f
 in dominant strategies, and we define the direct mechanism h by h() =g(o-(0)), where
 a(0) c D(g, 0) for all 0 c 0, then h truthfully implements f in dominant strategies.

 Theorem 1 is proved in Dasgupta, Hammond and Maskin (1979, p. 194).
 As noted by Dasgupta, Hammond and Maskin, it is important to realize that the

 only thing that the revelation principle says is that the direct mechanism h truthfully
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 implements the SCR f in dominant strategies. In particular, as the example in Section
 2 illustrates, h need not implement f in dominant strategies.

 The following results establish that the failure of the direct mechanism h to implement

 the SCR f in dominant strategies always reveals a problem in the implementation of f
 by the mechanism g which only becomes apparent when the underlying informational
 assumptions are explicitly stated.

 Consider first the case of complete information, that is, when every agent i knows

 the characteristics 0-i of the other agents.

 Theorem 2. If g is a mechanism that implements the SCR f in dominant strategies,
 and we define the direct mechanism h as in Theorem 1, then h(N(h, 0)) c g(N(g, 0)) for
 all 0 E 0.

 Proof For any 0 E 0 let W' N(h, 0). Then for all i E I we have

 uj[h(0%, 0' j)j0j]R_ uj[h(0i, O' j)10j],

 so by the definition of h we get

 Ui[g(ai(W1), C i(' O))Ai]- ulg(ai(0i), C -i(o' 0))li]

 ' u.[g(si, or-i(6' i))li]

 for all si E Si (recall that o,(0j) E Di(g, 6k)). Hence u(0') E N(g, 0) and so h(6') =
 g(c(6')) E g(N(g, 0)). 11

 Since D(h, 0) c N(h, 0) for all 0 E 0, Theorem 2 implies that for any vector of
 dominant strategies 6'cz D(h, 0) we can always find a Nash equilibrium s'c N(g, 0) such
 that h(0') = g(s'). Thus if h(0') if(6) we conclude that the mechanism g does not
 implement the SCR f in Nash strategies.

 Next we consider the case of incomplete information, that is, when every agent i

 only knows his own characteristic Oi but has some beliefs p,i * | 6,) about the characteristics
 of the other agents.

 Theorem 3. If g is a mechanism that implements the SCR f in dominant strategies,
 and we define the direct mechanism h as in Theorem 1, then for any set of beliefs we have
 h(B(h, 0)) c g(B(g, 0)) for all 0 E 0.

 Proof Let o* E B(h). Then for all i E I and Oi E ,i we have

 ui[h(or(O,), o*j(06j))j0j] dp, (0-6 .i): f uj[h(. u*j(06j))j0i] dp, (06iloi),

 so by the definition of h we get

 { Ui[g(oi(a (0i)), oi(u*i(06i)))1i] dpj(0-ii0i)

 _ ui[g(si(), a i(a*j(0-ji))j0ji] dAi (0-il0i)
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 for all sicSi (recall that o,(0j)e=Dj(g,Oj)). Hence aoo*c=B(g) and so h(a*(O))=
 g(u(o*(0))) E g(B(g, 0)) for all 0 EO . 11

 Since D(h, 0) c B(h, 0) for all 0 e 0, Theorem 3 implies that for any vector of

 dominant strategies 0'W D(h, 0) we can always find a Bayesian equilibrium cr' z B(g)

 such that h(0') = g(a'(0)). Thus if h(0') Z f(O) we conclude that the mechanism g does

 not implement the SCR f in Bayesian strategies.

 5. SUMMARY AND CONCLUSIONS

 This paper can be summarized as follows. First we have stated a well-known result in

 the literature on implementation, known as the revelation principle, which guarantees

 that for any mechanism g that implements a social choice rule f in dominant strategies

 there exists a direct mechanism h which truthfully implements f in dominant strategies.

 We have then noted that the mechanism h need not implement f in dominant strategies.
 Finally, we have shown that if this is so then it must be the case that the mechanism g
 does not implement f in Nash strategies (under complete information) or in Bayesian

 strategies (under incomplete information). Thus, we conclude that the failure of the
 direct mechanism h to implement the social choice rule f in dominant strategies can
 always be explained in terms of a more general problem concerning implementation in

 dominant strategies, namely, the possible existence of alternative Nash or Bayesian
 equilibria which yield outcomes outside the social choice set.

 This problem is an important one because one cannot simply assume that agents

 will play a vector of dominant strategies when alternative Nash or Bayesian equilibria
 exist. For example, if for some reason agents choose to play a vector of non-truthful

 dominant strategies in the mechanism h which yields an outcome outside the choice set,
 then the same reason may lead them to play the corresponding Nash or Bayesian
 equilibrium in the mechanism g. But then one should not claim that the problem of

 implementing the social choice rule f is solved by the mechanism g, even though g does
 implement f in dominant strategies.

 These observations point out the need to introduce explicitly the information that

 agents are assumed to have about one another. And in the absence of a theory about

 how agents select an equilibrium in the game with complete or incomplete information
 defined by a mechanism, one should require that the set of Nash or Bayesian equilibrium
 outcomes for each vector of characteristics be contained in the corresponding social
 choice set. In other words, one should require implementation in Nash or Bayesian
 strategies. Thus, the only role of dominant strategies would be that of ensuring the
 existence of direct mechanisms that implement the social choice rules under consideration
 in Nash or Bayesian strategies.

 First version received June 1983; final version accepted June 1984 (Eds.).
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