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» If a ¢ L then Player 1 wins
°

Given finite play prefixes, winning strategies guide players:
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Dot-depth hierarchy

Regular languages below SF
o DDg := wX™*, L *w, and their Boolean combinations

@ DD1 = wpX*wi1X* ... X*w,, and their Boolean combinations

For ne N,1 <j <n,K; € DD;,
DDjt1 = K1 - K> -...- Kj, and their Boolean combinations

Strict hierarchy:

e DD; C DDj44

° U DD; = SF (star-free languages)
ieN
vs. w-L in Regular Infinite Games

7/17



vvvvvv



Regular languages w-languages

Regular games

Languages vs. w-Languages in Regular Infinite Games 8/17



Regular languages to infinite games

For K C x*:

vs. w-L in Regular Infinite Games 9/17



Regular languages to infinite games
For K C >*:
oext(K)::{aezwla:/—u\e‘K o }=K- X

vs. w-L in Regular Infinite Games 9/17



Regular languages to infinite games
For K C >*:
oext(K)::{aezwla:/—u\e‘K o }=K- X

u € K
o lim(K) :={aex¥| HwiGN,a:m_.}

R,

vs. w-L in Regular Infinite Games 9/17




Regular languages to infinite games
For K C >*:
oext(K)::{aezwla:/—u\e‘K o }=K- X

u € K
o lim(K) :={aex¥| HwiGN,a:m_.}

For KK C 2%":
o ext(K) ={LCY¥|L=ext(K),K € K}
o Im(K)={LCX¥|L=Ilm(K),K € K}

R,

vs. w-L in Regular Infinite Games 9/17




Regular languages to infinite games
For K C >*:

oext(K)::{aezwla:/—u\e‘K o }=K- X

u € K
o lim(K) :={aex¥| HwiGN,a:m_.}

For KK C 2%":
o ext(K) ={LC x| L=ext(K),K € £}
o Iim(K)={LCX¥|L=Ilim(K),K € K}
e BC(ext(K)) = {Boolean combinations over ext(K)} (Weak games)
e BC(lim(K)) := {Boolean combinations over lim(K)} (Strong games)

vs. w-L in R

gular Infinite Games 9/17



Regular languages to infinite games
For K C >*:

oext(K)::{aezwla:/—u\e‘K o }=K- X

u € K
o lim(K) :={aex¥| HwiGN,a:m_.}

For KK C 2%":
o ext(K) ={LC x| L=ext(K),K € £}
o Iim(K)={LCX¥|L=Ilim(K),K € K}
e BC(ext(K)) = {Boolean combinations over ext(K)} (Weak games)
e BC(lim(K)) := {Boolean combinations over lim(K)} (Strong games)

Note: w-REG = BC(lim(REG)) )

vs. w-L inR

gular Infinite Games 9/17



The simple game: formally

L = Only finitely many (g) A (Infinitely many (g) < Infinitely many (11’))

R,

vs. w-L in Regular Infinite Games 10/17




The simple game: formally

L = Only finitely many (g) A (Infinitely many (g) < Infinitely many (11’))

L € BC(lim(DDy)):

R,

vs. w-L in Regular Infinite Games 10/17




The simple game: formally

L = Only finitely many (g) A (Infinitely many (g) < Infinitely many (11’))

L € BC(lim(DDy)):
o T%(9), (1), (o). Z*(3) € DDy

R,

vs. w-L in Regular Infinite Games 10/17




The simple game: formally

L = Only finitely many (g) A (Infinitely many (g) < Infinitely many (11’))

L € BC(lim(DDy)):
o T*(9),=*(}),=*(§), " () € DDy
o L=1lim(Z*(2))N [lim(X*(2)) Ulim(Z* ()] N [lim(Z* () Ulim(Z* ()]

Languages vs. w-Languages in Regular Infinite Games 10/17



The simple game: formally

L = Only finitely many (g) A (Infinitely many (g) < Infinitely many (11’))

L € BC(lim(DDy)):
o T*(9),=*(}),=*(§), " () € DDy
o L=1lim(Z* ()N lim(X*(2)) Ulim(Z* ()] N [lim(Z* (2)) Ulim(Z* ()]

SR

lar Infinite Games 10/17



The simple game: formally

L = Only finitely many (g) A (Infinitely many (8) = Infinitely many (tl’))

L € BC(lim(DDy)):
o T%(9), (1), (o). Z*(3) € DDy
o L=1im(T*(§))N [lim(=*(3)) Ulim(=* (5))] N [lim(X*(7)) Ulim(Z*(g))]

vs. w-L in Regular Infinite Games 10/17



The simple game: formally

L = Only finitely many (g) A (Infinitely many (8) < Infinitely many (tl’))

L € BC(lim(DDy)):
o T*(9),=*(}),=*(§), " () € DDy
o L=1lim(Z*(2))N [lim(X*(2)) Ulim(Z* ()] N [lim(Z* (2)) Ulim(Z* ()]

vs. w-L in Regular Infinite Games 10/17



The simple game: formally

L = Only finitely many (g) A (Infinitely many (g) < Infinitely many (11’))

L € BC(lim(DDy)):
o T*(9),=*(}),=*(§), " () € DDy
o L=1lim(Z*(2))N [lim(X*(2)) Ulim(Z* ()] N [lim(Z* () Ulim(Z* ()]

Languages vs. w-Languages in Regular Infinite Games 10/17



Regular languages w-languages

Regular games

Languages vs. w-Languages in Regular Infinite Games 11/17



Regular languages w-languages

Winning strategies Regular games

Languages vs. w-Languages in Regular Infinite Games 11/17



Games to regular languages

For a game L € ¥¥, and a class of languages K C 2% ":

vs. w-L in Regular Infinite Games 12/17



Games to regular languages

For a game L € ¥¥, and a class of languages K C 2% ":
o If Player 1 wins:
» Define K, = {w e X* | \1(w) = a}

R,

vs. w-L in Regular Infinite Games 12/17




Games to regular languages

For a game L € ¥¥, and a class of languages K C 2>
o If Player 1 wins:
> Define K, = {w € X* | \i(w) = a}
» If K, € K for all a € ¥4, then strategy is in IC

R,

vs. w-L in Regular Infinite Games 12 /17




Games to regular languages

For a game L € ¥¥, and a class of languages K C 2>
o If Player 1 wins:
» Define K, = {w e X* | \1(w) = a}
» If K, € K for all a € ¥4, then strategy is in IC
o If Player 2 wins:
> Define Kr = {w € &* | Xa(w) = f}

R,

vs. w-L in Regular Infinite Games 12 /17




Games to regular languages

For a game L € ¥¥, and a class of languages K C 2>
o If Player 1 wins:
» Define K, = {w e X* | \1(w) = a}
» If K, € K for all a € ¥4, then strategy is in IC
o If Player 2 wins:
> Define Kr = {w € &* | Xa(w) = f}
» If Kr € K for all f € F(X; — X3), then strategy is in K

R,

vs. w-L in Regular Infinite Games 12/17




Games to regular languages

For a game L € ¥¥, and a class of languages K C 2>
o If Player 1 wins:
» Define K, = {w e X* | \1(w) = a}
» If K, € K for all a € ¥4, then strategy is in IC
o If Player 2 wins:
> Define Kr = {w € &* | Xa(w) = f}
» If Kr € K for all f € F(X; — X3), then strategy is in K

Theorem (Biichi-Landweber)
Games in BC(lim(REG)) are determined with winning strategies in REG J

R,

vs. w-L in Regular Infinite Games 12/17




Games to regular languages

For a game L € ¥¥, and a class of languages K C 2>
o If Player 1 wins:
» Define K, = {w e X* | \1(w) = a}
» If K, € K for all a € ¥4, then strategy is in IC
o If Player 2 wins:
> Define Kr = {w € &* | Xa(w) = f}
» If Kr € K for all f € F(X; — X3), then strategy is in K

Theorem (Biichi-Landweber)
Games in BC(lim(REG)) are determined with winning strategies in REG

v

Theorem (Selivanov, Rabinovich-T.)

Games in BC(lim(SF)) are determined with winning strategies in SF

vs. w-L in Regular Infinite Games 12/17



The simple game: solution

L = Only finitely many (g) A (Infinitely many (g) < Infinitely many (11’))

R,

vs. w-L in Regular Infinite Games 13/17




The simple game: solution

L = Only finitely many (g) A (Infinitely many (g) < Infinitely many (11’))

Player 2's winning strategy:

R,

vs. w-L in Regular Infinite Games 13/17




The simple game: solution

L = Only finitely many (g) A (Infinitely many (g) < Infinitely many (11’))

Player 2's winning strategy:
o (X)) ={ar> 1, b1}
o (X)) ={a1, b0}

R,

vs. w-L in Regular Infinite Games 13/17




The simple game: solution

L = Only finitely many (g) A (Infinitely many (g) < Infinitely many (11’))

Player 2's winning strategy:
o (X)) ={ar> 1, b1}
o (X)) ={a1, b0}
o (X)) ={a—1, b7}

R,

vs. w-L in Regular Infinite Games 13 /17




The simple game: solution

L = Only finitely many (g) A (Infinitely many (8) < Infinitely many (11’))

Player 2's winning strategy:
o (X)) ={a> 1, b1}
o n(Z*(®))={a1, b0}
e (K)={a—1, b—1-1i}

R,

vs. w-L in Regular Infinite Games

13/17



The simple game: solution

L = Only finitely many (g) A (Infinitely many (8) < Infinitely many (11’))

Player 2's winning strategy:
o (X)) ={a> 1, b1}
o n(Z*(®))={a1, b0}
e (K)={a—1, b—1-1i}
- Ko=1"()

R,

vs. w-L in Regular Infinite Games

13/17



The simple game: solution

L = Only finitely many (g) A (Infinitely many (8) < Infinitely many (11’))

Player 2's winning strategy:
o (X)) ={a> 1, b1}
o n(Z*(®))={a1, b0}
e (K)={a—1, b—1-1i}
P Ko=) - T OE U (T

R,

vs. w-L in Regular Infinite Games

13/17



The simple game: solution

L = Only finitely many (g) A (Infinitely many (8) < Infinitely many (11’))

Player 2's winning strategy:
o (X)) ={a> 1, b1}
o n(Z*(®))={a1, b0}
e (K)={a—1, b—1-1i}
> Ko=) - T QT U - ()

R,

vs. w-L in Regular Infinite Games

13/17



The simple game: solution

L = Only finitely many (g) A (Infinitely many (8) < Infinitely many (11’))

Player 2's winning strategy:
o (X)) ={a> 1, b1}
o n(Z*(®))={a1, b0}
e (K)={a—1, b—1-1i}
> Ko=3"(g) - (T U ()T - ()
> Ki=37()

Languages vs. w-Languages in Regular Infinite Games

13/17



The simple game: solution

L = Only finitely many (g) A (Infinitely many (8) < Infinitely many (11’))

Player 2's winning strategy:
o (X)) ={a> 1, b1}
o n(Z*(®))={a1, b0}
e (K)={a—1, b—1-1i}
Ko=) - T EE T (T - ()
s k=) TOT T (T

Languages vs. w-Languages in Regular Infinite Games

13/17



The simple game: solution

L = Only finitely many (g) A (Infinitely many (8) < Infinitely many (11’))

Player 2's winning strategy:
o (X)) ={a> 1, b1}
o n(Z*(®))={a1, b0}
e (K)={a—1, b—1-1i}
> Ko=3"(g) - T (T U ()T - ()
S Ki=30() QT U ()T - ()

Languages vs. w-Languages in Regular Infinite Games

13/17



The simple game: solution

L = Only finitely many (g) A (Infinitely many (8) < Infinitely many (11’))

Player 2's winning strategy:
o (X)) ={ar>1, b1}
o n(Z*(®))={a1, b0}
e (K)={a—1, b—1-1i}
> Ko=3"(g) - T (T U ()T - ()
S Ki=30() QT U ()T - ()

Game L € BC(lim(DDy)). Strategy Ko, K1 € DD, \ DD ]
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Proof.

e K; € DD; is accepted by DFA A, = (Q, X, 6, qo, F), s.t. for g € Q
[W]; ={w e X" | q — q;}
[w]; € DD;

o Ay=(Q,X%,d,qo0,FF) is a S-W automaton accepting ext(Ky)

o A=T]JAsis aS-W automaton accepting L, s.t. for gj € Q4
[w]; € DD;

o A2 Ap, a parity automaton accepting L, s.t. for g; € Q4,
[W]j S DD,'+1

vs. w-L in Regular Infinite Games 15 /17



Theorem (Weak games) J

Games in BC(ext(DD;)) are determined with winning strategies in DD 1.

vs. w-L in Regular Infinite Games 16 /17



Theorem (Weak games)

Games in BC(ext(DD;)) are determined with winning strategies in DD 1.

Theorem (Strong games)

Games in BC(lim(DD;)) are determined with winning strategies in DD 5.

vs. w-L in Regular Infinite Games 16 /17



Theorem (Weak games)

Games in BC(ext(DD;)) are determined with winning strategies in DD 1.

Theorem (Strong games)

Games in BC(lim(DD;)) are determined with winning strategies in DD 5.

Theorem
There are games in BC(ext(DDy)) that do not admit DD; strategies.

vs. w-L in Regular Infinite Games 16 /17



Theorem (Weak games)

Games in BC(ext(DD;)) are determined with winning strategies in DD 1.

Theorem (Strong games)

Games in BC(lim(DD;)) are determined with winning strategies in DD 5.

Theorem
There are games in BC(ext(DDy)) that do not admit DD; strategies.

e ¥y ={a,b,c,d} and X, ={0,1}

vs. w-L in Regular Infinite Games 16 /17



Theorem (Weak games)

Games in BC(ext(DD;)) are determined with winning strategies in DD 1.

Theorem (Strong games)

Games in BC(lim(DD;)) are determined with winning strategies in DD 5.

Theorem
There are games in BC(ext(DDy)) that do not admit DD; strategies.

e ¥y ={ab,c,d}and Xy ={0,1}
e if Pl. 1 plays x € {a, b, c} then PIl. 2 must play 0

vs. w-L in Regular Infinite Games 16 /17



Theorem (Weak games)

Games in BC(ext(DD;)) are determined with winning strategies in DD 1.

Theorem (Strong games)

Games in BC(lim(DD;)) are determined with winning strategies in DD 5.

Theorem
There are games in BC(ext(DDy)) that do not admit DD; strategies.

e ¥y ={a,b,c,d} and X, ={0,1}
o if Pl. 1 plays x € {a, b, c} then Pl. 2 must play 0 ~ —ext(X*(7)X*)

vs. w-L in Regular Infinite Games 16 /17



Theorem (Weak games)

Games in BC(ext(DD;)) are determined with winning strategies in DD 1.

Theorem (Strong games)

Games in BC(lim(DD;)) are determined with winning strategies in DD 5.

Theorem
There are games in BC(ext(DDy)) that do not admit DD; strategies.

e ¥y ={a,b,c,d} and X, ={0,1}
o if Pl. 1 plays x € {a, b, c} then Pl. 2 must play 0 ~ —ext(X*(7)X*)
o Pl. 1 must play d

vs. w-L in Regular Infinite Games 16 /17



Theorem (Weak games)

Games in BC(ext(DD;)) are determined with winning strategies in DD 1.

Theorem (Strong games)

Games in BC(lim(DD;)) are determined with winning strategies in DD 5.

Theorem
There are games in BC(ext(DDy)) that do not admit DD; strategies.

e Y; ={ab,c,d} and X, ={0,1}
o if Pl. 1 plays x € {a, b, c} then Pl. 2 must play 0 ~ —ext(X*(7)X*)
@ PI. 1 must play d ~ ext(™Z* (S)Z* uxr ((11)2*)

vs. w-L in Regular Infinite Games 16 /17



Theorem (Weak games)

Games in BC(ext(DD;)) are determined with winning strategies in DD 1.

Theorem (Strong games)

Games in BC(lim(DD;)) are determined with winning strategies in DD 5.

Theorem
There are games in BC(ext(DDy)) that do not admit DD; strategies.

e ¥y ={ab,c,d}and Xy ={0,1}
o if Pl. 1 plays x € {a, b, c} then Pl. 2 must play 0 ~ —ext(X*(7)X*)
o Pl. 1 must play d ~ ext(Z*({)=* U X*()*)
o when Pl. 1 plays d then Pl. 2 must decide between 0 and 1
> if the play starts with (S)*(é’) then answer 1
> if the play starts with (3)"(5) then answer 0

R,

vs. w-L in Regular Infinite Games 16 /17



Theorem (Weak games)

Games in BC(ext(DD;)) are determined with winning strategies in DD 1.

Theorem (Strong games)

Games in BC(lim(DD;)) are determined with winning strategies in DD 5.

Theorem
There are games in BC(ext(DDy)) that do not admit DD; strategies.

e ¥y ={ab,c,d}and Xy ={0,1}
o if Pl. 1 plays x € {a, b, c} then Pl. 2 must play 0 ~ —ext(X*(7)X*)
o Pl. 1 must play d ~ ext(Z*({)=* U X*()*)
o when Pl. 1 plays d then Pl. 2 must decide between 0 and 1
> if the play starts with (S)*(é’) then answer 1
> if the play starts with (3)"(5) then answer 0
> ext((é)*(g)) & ext(X* (‘{)Z*)

R,

vs. w-L in Regular Infinite Games 16 /17



Theorem (Weak games)

Games in BC(ext(DD;)) are determined with winning strategies in DD 1.

Theorem (Strong games)

Games in BC(lim(DD;)) are determined with winning strategies in DD 5.

Theorem

There are games in BC(ext(DDy)) that do not admit DD; strategies.

Yy ={a,b,c,d} and X, ={0,1}
if PI. 1 plays x € {a, b, c} then Pl. 2 must play 0 ~» —ext(X*(])X")
Pl. 1 must play d ~ ext(X*(3)x* UL ({)T*)
when PI. 1 plays d then PIl. 2 must decide between 0 and 1
> if the play starts with (S)*(é’) then answer 1
> if the play starts with (3)"(5) then answer 0
> o~ ext((é)*(g)) & ext(X* (‘{)Z*)
Player 2 has a winning strategy, K € DD, \ DD

R,
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Conclusion

Class K Strategies for BC(ext(K)) Strategies for BC(lim(K))

DD; DDj11 DDij42

DD DD, but not DDq DDj3 but not DDq
PT DD5 but not DD, PT

DD1/2 DD; DDj3 but not DDq

@ Regular/SF w-languages have regular/SF strategies
@ No longer straightforward for dot-depth languages

@ Open: Do there exist games in BC(lim(DD;)) that do not admit any

DDj41 strategies?

@ Open: How many states are needed for winning strategies?
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