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Abstract

In this paper we consider a model for determining the shape of a pipe laid by a barge. We investigate
how the solution of a resulting second order non-linear differential equation depends critically on the
(unknown) vertical bottom reaction force; by this we can explain some difficulties met when approximating
the solution numerically. An important part of the analysis is based on studying a pendulum analogy in

a time dependent gravity field, by which we obtain existence and uniqueness results.

1. Introduction

The transportation of gas or oil from offshore wells requires the installation of pipelines to connect
the well to some mainland station.Typically such pipes are 16-36 inch in diameter and may be up to
several hundreds of kilometers long. Usually these pipes are laid in relatively shallow (~ 50 m) and deep
{~ 300 m) water, although recently téchnalogy has been developed to handle very deep water (300-1000
m and more). Part of the technology is in the material of which the pipes are being made (high quality
steel), but very much depends on the laying technique too. The main problem to be dealt with is buckling
due to too high bending stresses during laying; pipe collapse due to a too high water pressure becomes

also important at greater depths, but we shall not consider that problem here.

At present the pipes are being laid using a so called laybarge where the pipe sections are welded
together, and then gradually released off the barge to the sea bed. If the welding ramp is horizontally
positioned, the pipe is released via a (circular) stinger. According to the shape of the suspended pipeline
this technique is called S-lay. If the welding ramp is in vertical position the technique is called J-lay.
Here we shall concentrate (although not in principle) on the S-lay technique, which is the usual one for

not very deep water. The analysis we give below is equally applicable for J-lay configurations though.

Usually, the pipes are relatively thin-walled and, without additional weight, would float on the water.
This weight is provided by application of a concrete coating, giving the pipes a net specific gravity of
about 1.05 to 1.30 times that of water. (The value depends on the product to be transported, and the

1



presence of sea currents.) This non-negligible own weight, especially in deep water, tends to give the
pipe during laying a shape with such a high curvature, that without precautions the pipe would buckle.
Therefore, the laybarge is equipped with tension machines to apply a certain horizontal tension, just

sufficient to stretch the S curve and reduce the bending stresses to a safe level.

The practical question now is: given a certain geometry, how much tension is needed and, further-
more, which is the optimal position of the stringer. On the one hand, repairing a buckled pipe is very
expensive, but on the other hand, so are the tension machines and other equipment, so rather accurate
calculations are required. Given the large number of parameters involved this problem has to be solved
again for each new case, and a mathematical model including a computer program is obviously required

(Ref. 1,2,3,4,5,6,7,8,9). This will be the subject of the present paper.

The problem as such arose from requests from offshore companies, who were interested in a routine
efficient and fast enough for a small computer, to be used on board in order to be able to respond
immediately to unforeseen variations in (e.g.) steel quality, concrete quality, or other problem parameters.
In trying to develop a program we hit severe numerical problems. In particular, since the problem is
nonlinear, we were often not able to make the Newton method involved converge. In search for the
phenomena behind this problem we encountered some interesting mathematical questions. An explanation
of the aforementioned problem was the presence of a ’close’ family of other solutions. We shall treat this
problem to some extent as we believe that it nicely demonstrates why numerical black boxes should be
treated with great care, also in industrial problems; another reason is that the fairly messy nonlinear
structure is elucidated substantially by invoking a mechanical analogy (§3). The existence of the desired
solution as a limiting case of the family of close solutions is treated in §4. Finally, in §5 we consider some

more mathematical questions, arsising as mere off shoots, in particular concerning the bending energy.

2. The model

In this section we shall derive a model for the problem outlined above and indicate some questions
related to this problem. In figure 1 we have sketched the configuration of a laybarge. The pipe is guided
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into the water by a stinger having a certain uniform (adjustable) radius of curvature R. Typically three
forces are exerted on the pipe: a) gravity, due to the not negligible net weight, b) a horizontal tension
H, applied by the tension machines mounted on the vessel which is supposedly anchored, and c) the

(unknown) vertical bottom reaction force V.

By denoting:

s = arclength

@ = effective pipe weight per unit length

@.1)

M = bending moment

EI = flexural rigidity

we have (Fig.2; cf. ref. 10,11)

(2.2a) M=EI % (Bernoulli — Euler law)
dM . e
(2.2b) s Hsiny — Vycosy  (equilibrium of moments)
dH . . .
(2.2¢) T 0 (horizontal tension remains constant)
dv,
(2.2d) e Q.
From (2.2) we derive the basic equation
(2.3) EI % = Hsiny — (Qs — V)cos e

where we note that

z(s):/o’comf)ds', y(s):/:sin:};ds’.

Besides ¢ and V, also the free length L (from bottom to stinger departure point) is unknown. This
requires four boundary conditions in total to be specified. The ones we will adopt here are not ex-
actly corresponding to the configuration as drawn in fig.1 (which would include a free boundary at the
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stinger, cf. ref.8), but somewhat simplified, however, without altering the characteristics of the problems
discussed.

We will consider in principle:

(2.4a) $(0) =0, é‘%?-)- =0 (free end supported by the bottom)

(2.4b) d—%(gl-;l = -—% (stinger curvature)

L
(2.4c¢) / sinty(s)ds = D (the total depth)
0

We now like to find the shape of the pipe, given a horizontal force H. This force is needed to give
the pipe a low enough curvature to prevent it from buckling. This buckling usually happens when the
combined stress due to bending, tension, and water pressure exceeds the yield stress, i.e., the maximal

stress that the steel can afford without plastic deformation.

We first reduce the problem parameters to a basic set. Introduce dimensionless quantities

(2.56) t=s8/Dy, l= LJ/Dy, d:D/Do

(2.5b) h=HD?}/EI, ¢q=QD3/EI, v=VDZ/EI

For convenience we introduced an unspecified length Dy, in order to prevent limiting cases as @ = 0,
H =0, L — 00, D — co to produce artificially singular, and therefore less interpretable problems. So
in general the number of dimensionless parameters may be reduced by one, and we may assume, for

example, h = 1 or ¢ = 1. So we obtain
(2.6a) ¥ = hsinv — (gt — v) cos
with boundary conditions

(2.7a) ¥(0) =0, $(0)=0
4



(2.75) P(1) < 0 given
1
(2.7¢) / siny dt = d
0
By augmenting (2.6a) with
(2.6b) =0
(2.6c) i=0

we have a fourth order ODE (2.6) with four BC (2.7). When this system is *fed’ into a BVP routine
on a computer, one needs to specify initial estimates for ¥, 4, v, and [, as one has to solve by iteration,
say using Newton’s method. For problems with values of I & d this turns out to be increasingly and,
eventually, prohibitively difficult. In order to produce a reliable program we therefore investigate what
phenomenon is possibly causing these troubles. First, we note that for longer pipes there will be a
considerable part with negligible bending stress where the pipe behaves like a catenary (z/) = 0; cf. ref.
8). Only at the ends, in boundary layers, the -term is of importance. If I is large enough, the pipe will
be, in the catenary part, nearly vertical (i.e. ¥ = #/2). Obviously, the entire solution can be built up
by singular perturbation techniques (e.g. ref. 8). Our interest here, however, concentrates on what may
happen in the first part where ¢ grows from 0 to #/2; in particular for which values of v this vertical

shape (for { large) is obtained. Therefore we derive the following subproblem:

Find in the family of solutions of (2.6a) with (2.7a) the
(2.8) ‘critical’ ¥(t,v) (with corresponding v) which satisfies
the condition ¢ — /2 for t — co.
(For short, we will here and below always imply ¢ := ¥(mod2x)).
For convenience later we have denoted the dependence on v explicitly. Since we have no dependence on

{ any more, we have a third order problem now.

For the subsequent analysis, it is advantageous to introduce the first integral of (2.6a), which amounts

to the elastic free energy density of the bent pipe (ref. 11)
. ]
2.9) u(t)=y?/2=h — hcosyp — (gt —v)siny + q/ sin ¢ dt’
0
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The total energy is then
00
(2.10) E= / u(t)dt
0

Intuitively we may expect the problem (2.8) not to have a unique solution (and, likewise, also (2.6),
(2.7)), as the pipe could possibly make several bends and loops. In fig. 3 we have given some indication
of the intrinsical behaviour of 4 (in cartesian coordinates) for various values of v. This observation is the
clue to the numerical difficulties mentioned earlier: we shall show that the most natural solution of (2.8)
(with a minimal energy E) is dense in a family of solutions which are, at least numerically, close to the
required one of (2.6) with (2.7) if d is large. This then explains why it is hard, sometimes impossible, to
single out the desired one. To do this we shall employ a useful analogy which is introduced in the next

section.

3. Pendulum analogy
The variety and character of the solutions of (2.6a) would be much easier predicted and classified if

we can find an analogous problem, described by the same equation, but easier interpretable.

If ¢ = 0 such an analogy exists indeed, and is actually a classic result due to Kirchhoff (cf. ref.10).
It consists of a mathematical pendulum in a gravity field (—h, v), where 1 now denotes the angle of the
pendulum with the positive y-axis, and ¢ is time; (fig. 4a). For given v, ¥ will oscillate between ¢ = 0
and its mirror in the line (—h,v): ¢ = 27 — 2 arctg(v/h). If v = 0 the pendulum will remain stationary

in its (unstable) initial position ¥ = 0, as the oscillation period tends to infinity for v — 0.

For ¢ # 0 it is possible to generalise the pendulum analogy if we use a more general (admittedly
more artificial) time dependent gravity field (—h,v — gt); (fig. 4b). Then, as long as v — ¢t > 0, the force
field is directed to the right half (i.e. z > 0), and ¢ will tend to return to the interval (0, ); however,
once v — gt has changed sign and increases with ¢ without bound in negative direction, the force field
points to the left, and, as time increases, forces ¥ to remain in a decreasing interval around ¢ = 37/2;
(fig. 5a). If v is large, this process takes some time, and ¥ starts to oscillate around ¢ = n/2; (fig. 5b).
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In a similar fashion, ¥ starts to oscillate between 0 and 2x if k is large; however, if ¢ is large, ¥ is almost

immediately forced to its final phase of oscillations around ¥ = 37/2.

This behaviour is reflected in fig. 6 where several (numerical) solutions of eq. (2.6a) are plotted (in
cartesian coordinates (x,y)). From these pictures it is immediately clear that the generalised pendulum
analogy, supported by some continuity arguments, provides very simply the evidence of the existence of

multiple solutions, particularly if v is large enough.

Another interesting result that can be derived from the analogy is the nature of the critical solutions,
with ¢ — 7/2 for t — co. If h = 0, ¥ = 7/2 is clearly a solution, but an increasingly unstable one if
v—gqt <0. If h#0, ¥ = /2 is not a solution any more, although if  — oo there may exist a (delicate)
path for 9 to approach 7/2 in such a way that the tangential component of the large force (—h, v — gt}
is never large enough to remove ¥ from 7 /2. (The existence of such a solution is not trivial and we will
return to this subject in the next section.) From the unstable nature of the solution ¢ — /2, with v = v,
say, it is clear that near v, there are infinitely many v with solutions that, after some time, will move
away from the neighbourhood of #/2, and will eventually approach 3x/2 (though in an oscillatory way).
Especially in a numerical contex this is important because it implies that for only very small variations

in v we may have several different solutions.

4. Existence of the ’critical’ solutions of (2.8)

We now investigate the existence of the solution (¢, v.), where v, is such that we have the intuitively
most likely solution of (2.8), as sketched in fig. 7. In the next section we shall show that this solution

has minimal bending energy.

Two particular properties of the sought solution are

solution
(4.1a) 0<¥(t,v.) < m/2 0<t<oo
(4.18) 0 < 9(t,v.) 0<t<oo



In the original problem setting, we considered v as a parameter to be determined along with the
solution from an ODE formulation (via o = 0). Here we shall look for such values of v that the ODE
(2.6a) with (2.7a) has a solution with the properties (4.1) by fine tuning v. lnspired by (4.1), let us define

two sets of v-values giving rise to two families of solutions 9 of (2.6a), (2.7a)

(4.2a) Vi = {v > 0](3t; < 00) ($(t1,v) = 0) A ($(t,v) < 7/2, 0 < t < £)}

(4.2b) Va = {v > 0|(3tz < 00) ($(tz,v) = 7/2) A (4(t,v) > 0, 0 < t < #2)}
The sets V; and V; are constructed such that either (4.1a) or (4.1b) does not hold.

Property 4.3. (i) inVa=0, (i)v.eRy\(1UVL)

Proof. (i) Suppose v € V; N V3, then we obviousiy have t; = t;. Hence ¢(t3,v) = 7/2, g@(tg,v) = 0.
From (2.6a) this implies that {E;(tz,v) = h. If h = 0 then all derivatives of ¢ vanish, so ¢ is constant,
which is a contradiction. If A > 0, ¢ must have a (local) minimum at ¢ = 5, implying gz:(t, v) < 0 for
t < t3. This, however, would only occur if v ¢ V5, so the result follows by contradiction. ¢

(ii) Let v > 0, v ¢ Vi U Vs, then
[Ve{(s # 0) v (3r < twith p(r) = 1/2)}] A V(¥ # 7/2) V (3r < t with §(r) = 0)}]

However, both for t3 < ¢ and ¢; < ¢, the requirements gb(tl) = 0 and ¥(t3) = 7/2 are mutually exclusive.
So (4.1) implies that 3 converges as t — oo to, say, a constant ¢ < 7/2. Then ¢ — —(gt — v) cosc # 0,
which give a contradiction. Hence ¢ — 7/2 for t — oo if v is element of the complement of ¥} UV,

(which, however, may be empty). o

We now finally arive at
Theorem 4.4. V1, V5, and the complement of ¥}, U V; are not empty; moreover sup(V;) = v, = inf(Vy).
Proof. (a) Let v be small (i.e. close to zero) and consider % for ¢ small. Then we may linearize (2.6a)

to obtain

¥ = htp— gt +v.



For this elementary equation it easily follows that for some small value of ¢, say ¢ = {1, we have z!;(t, v) =0.
By choosing v small enough, ¥ can be kept as small as we like along [0,1;]; in any case small enough for
the linearization, and smaller than x/2, which thus yields a nonempty V;.

(b) To prove that V; is nonempty, we look for large enough v. To start, we observe that for t — 0 such
that ¢ — 0 we have ¥ ~ Jvi?. So for v — oo we have ¢ = 2/v at t = 2/v. Furthermore, using (2.9), we
have along 0 < t < v/q (aslong as ¥ < 7) %q‘;? > 0,0 3 > 0, and 1 increases. Again using (2.9), we thus
obtain for 2/v < t < 3v/4q (and, of course, ¥ not close to =) %1,1)2 > (v—gt)sinyg > (v—qt)2/v > ;1;. So
P>1,¢= fol ¥dt > t, and therefore 1 can be made arbitrarily large (at least larger than 7/2) before
% vanishes. |

(c) From the foregoing and property 4.3 we conclude that sup(Vy) = v, = inf(V2) as follows. First,
we observe that if a v, exists, it is a single point: consider a solution ¥ = ¥ + ¢, v = v, + €, in the

neighbourhood of the critical solution (¢ and ¢ small). Then for large enough ¢, when ¥, — 7/2, we have

‘ig = (qt - "’«':)Q6

with exponentially growing solutions. So near v, there can be no other critical v’s.

Finally, only the existence of v, remains to be shown. For this, we consider a sequence of angles,
increasing to n/2. With each angle we select a corresponding solution ,, of which ¥, vanishes for the
first time at this angle (at time t = t; 5, say). So by definition, the corresponding sequence {v,} is a

subset of V;. Since 12;(121,,,) < 0 we have with (2.6a)
gty > v+ htgd(tin)

so t),» — 00, and we have thus constructed a sequence in V) converging tov,. ¢

5. Further investigations of the equation (2.8)

It is interesting to note that we should expect a sequence of critical v values, of which v, considered
in the previous section is just the first member. Intuitively this follows immediately from the pendulum
analogy as mentioned in §3. Here we like to look for a more precise (though qualitative) characterization.
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Before we do that we remark that the existence of another such ’critical v” will complicate the numerical
problem, as sketced in §2, even more; for if we might zoom in on that wrong value, during some iterative
procedure (say due to a completely off-value initial estimate for v), we not only encounter the troubles
associated with so many close solutions, but also the fact that our solution is completely wrong, if it

converges at all.

Let us recall the energy density relation (2.9). We can characterise a solution ¥(, v} by its energy

! i 1 . 1 '\b(lxv) .
(5.1) E(v) = / =i(r,v) dr = -/ P(r,v) dy
0 2 2/o
In our problemsetting we are interested more particularly in the case [ — oo and the question therefore
arises whether E,(v) exists. This question is addressed in the following two properties.
Property 5.2. E(v.) is finite.

Proof. If ¢ is sufficiently large, we have

P(t,v,) = 7/2 — arctg ~ /2~ h/qt

qt — v,
So 4(t,ve) = h/gt2 + O(t=3), i.e. [t ve)]? = O(t~*). Hence L f] §%(r, v.)dr converges as I — co. o
Property 5.3. If lim;_., ¥(t,v) # 7/2 then imy.oo ¥(t, v) = 37/2.

Moreover limy_.o; Ei(v) does not exist.
Proof. As we have seen in §3, 37/2 is the only alternative attractor. So let ¥(t) = [37/2+¢(t)] mod (2),
then

¢ = —qtsing = —qte.

The latter equation is therefore approximately equal to the Airy equation (cf. ref.12) with appropriate

scalitig of variable. So we can write
#(t) = aAi(—t/q¥) + BBi(—t/¢}),

for some o, € IR. Hence qé(t) = adi+ BBi ~ t%sin(t%), so that {:,;S(t)]z = ts'sinz(t%). Since (with

T 2 4
/ 13 sinz(ta)dtzjg. sin’(r) dr,

T
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we see that for T — oo this integral and thus Ep(v) (see 5.1)) diverges. o

Theorem 5.4. Considered as a function of v, E(v) has a local minimum at v = v..
Proof. (a) Denote by (v) the first time that ) = 0 (to become negative). Since 1, starts positive and
finally becomes negative, it follows that 7' = limy ., i}(v) < 00, and Hmy..y, t/)(fh v) < 7/2. Hence there
is a subset V, C V with
d(E) =0 A w(h) < n/2 forv € Va.
Let v € f”g. Then by definition there is a time i; where ¢ = x/2. Here, 1,& = h > 0, so there is another
time 4 with §) < &5 < t,, where % = 0 to become positive. Now denote by ¢(¢,w) the moment (or
‘speed’) 9 as a function of the angle, and consider along [0, 7/2] four sectors:
L [0, (T, v.)] (1;’;(T, v.) = 0, force becomes negative after t = T for v = v,)
1L [@(T)ve), (t, v)]

L [%(1,v), ¥(E2,v)] (4 becomes positive after t = i,)
1v: {gﬁ(fg,v),wﬂ]

In I the ’force’ 1/) is larger for the choice v than for v.. Hence with v the point %(7,v.) is reached

earlier and with a higher speed. In Il this effect is reinforced as for the case v, the motion is slowed down

in contrast to the case v. In III we have
qt(v) < qt(v.),

so for any angle a €llI, hsin o — (qt(v) — v) cos > hsina — (gt(v.) — v.) cos o. Hence, despite the 'force’
being negative, it is less negative for v than for v,.

Finally, in IV the motion for v is accelerated again, in contrast to v.. Summarising we thus have

found: for any ¢ € (0,7/2) is $(¥,v) > ¢(t, vc). From (5.1) we deduce
1 x[2
(*) Ewo(ve) < 5 /0 $(¥,v) dy < lim Ey(v).

(b) Let v € V) (see (4.1a)) be very close to v,. At the backward swing the pendulum passes the point
¥ = 0 again, at time ¢ = 3, say. We have there 9(ts, v) = —(gts — v) (which is of course < 0). Now let
the maximal *force’ ¥ at 1})(1&, v.) on [0,%(T, v.)] be m. Then it is possible by choosing ¢3 large enough to
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make the force’ ¢v at ¥(¢,v) on [0, —¥(T,v.)] larger in absolute value than m (by choosing v sufficiently
close to v.); on [—¥(T, v.), —7/2] the force for ¢ is definite negative. We conclude from this that for such

a choice of v the ’speed’ ¢ on [0, —x/2] is larger in modulus than ¢(¥,v.) on [0, 7/2], whence
1 —-X}‘? .

(%) Eoolve) < = / $(,v) dp < lim Ey(v).
2 0 o0

From (*) and (**) we deduce that E(v.) is a local minimum. ¢

Remark. The proof for the case v < v, (part (b)) of the preceding theorem can also be based on
employing the fact that for v sufficiently close to v, limy_oo ¥(¢,v) — —%/2 and using this fact in

combination with Properties 5.2 and 5.3,

The question remains which of the solutions converging to m/2 is the best. Apart from the solution
¥(t,v.) characterised by (4.1) we may expect e.g. another solution ¥(t,vc2) say with vea > ve =: vey,
having a terminal value limy— oo ¥(¢,v:2) = 57/2; i.e. this solution is still monotonic, passes 7/2 to
come at rest only after completing another cycle. Similarly there are v, to be expected such that
iMoo %(¢,vei) = 7/2+ (i — 1)2r, () > 0. Existence will not be considered here, but basically we
anticipate it to be similar as for the case of v,;. Also, for v < v,; we may conjecture a sequence of *v-
values’, such that after an initial interval ¢ > 0, there is a point #(v) where $(t(v)) = 0, 0 < $(t(v),v) <
7/2, and % < 0fort> Hv), limy, o ¥(t,v) — —7/2 — 2kx. It is interesting to realise, however, that
whatever other critical value of v may exist, v, = v, is optimal in the sense of minimal energy, as is

shown in

Theorem 5.5. E(v,) is the global minimum.
Proof. vy should apparently be larger than v.1, as follows from the construction of the set Va. If vy € Ve
then it follows from part (a) of the proof of Theorem 5.4 that [ /2 $(1,ve2) dip < Eoo(ve).

If v.p € Vo \ V3 then it is simple to see that (il(l/), vea) > ¢{1,v.y) like in the aforementioned proof and

thus that again %f;/z q;(‘th, ve2) dY < Eofve1). ¢
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Conclusion

In this paper we have considered how the theoretical shape of a pipe depended on the value of the
bottom reaction force V. The ’natural shape’ for some critical value of v = v, for a long pipe was shown
to have minimal bending energy. However, there are values of v arbitrarily close to v., where this shape
is completely different. This then explains (at least partially) why the nonlinear boundary value problem
resulting from the pipe laying model is hard to solve without special techniques. A possible way out for
this last problem is to use appropriate continuation techniques (e.g. in the length). Further investigations

are currently under way,
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Figure 7a. (First) critical solution in cartesian

coordinates (v=6.837, h=1, ¢=15)

/21

Figure 7b. (First) critical solution in (3,t) coordinates

(v=6.837, h=1, ¢=15).



