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Abstract

This thesisdevelopsnew algorithmsto obtainthecalibrationparametersof a camera
usingonly informationcontainedin an imagesequence,with the objectiveof usingthe
cameracalibrationto computea Euclideanreconstruction.This problemis knownasself-
calibration.Themotivationfor thiswork is to allow theEuclideanreconstructionof ascene
usingonly apre-recordedimagesequencewherenoinformationis availableonthecamera
or theobjectsin thescene.

The approachusedis to utilise known motion constraints,which are commonfor
camerasmountedonmobilevehiclesor roboticarms,to simplify thealgebraiccomplexity
of theself-calibrationproblem.Thealgorithmsaredesignedto beeasilyextendibleto use
multipleimagesratherthantheminimumnumberof threerequiredfor self-calibration.The
uncertaintyof the parametersarealsocomputedto give a measureof confidencein the
cameracalibration.

Thefirst methodusesapurecameratranslationto allow theproblemto bestratifiedby
computingthe intermediatestepof an affine reconstruction.As a result the algorithmis
linearandcanbeeasilyextendedto multiple images.

Thesecondmethodis usedfor a cameramovingunderplanarmotion,a fixed rotation
axis andtranslationconfinedto the planeperpendicularto the axis, which is the motion
of a mobilevehicle. Themethodis basedon theuseof fixed entities,pointsandlines in
the imageandin the world, whosepositiondoesnot changewhile the cameramotion is
constrainedto beingplanar. It is shownhowthepositionof thesefixedentitiesdetermines
thecameracalibration. An erroranalysisis computedfor this methodof self-calibration,
andasa resultthealgorithmis adaptedto giveaccurateestimatesof theuncertaintyof the
differentparameters.

Finally a commonrigid object trackerRAPiD is extendedto give RoRAPiD, which
by utilising thecomplexityinherentin a rigid objectis robustto conditionsuchaspartial
occlusions. The trackeris designedto be ableto useseveralcameramodelsaswell as
differentrestrictedmotionmodels.

Extensiveresultsaregiven for real imagesequencestakenby camerasmountedon
severalplatforms,andtheseresultsareshownto bebothstableandaccurate.
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Chapter 1

Introduction

1.1 The Goal: Euclidean Reconstruction

Visionsystemsprovideaverycompactmethodof recordingorwatchingathree-dimensional

scene,but in their very nature,the projectionfrom threedimensionsto two losesa large

amountof information. As a result,thereverseprojectionfrom a two-dimensionalimage

sequenceto a full three-dimensionalstructureis a non-trivialproblem.

Thereasonsfor requiringathree-dimensionalreconstructionof asceneareinnumerable,

but typical problemstackledby thecomputervision communityincludepathplanningfor

robotnavigation[10], thegraspingof objectsby roboticarms[89], andtherecognitionof

three-dimensionalobjects[108]. However, theadventof virtual reality andvirtual worlds

will dramaticallyincreasetheneedfor scenereconstructionfromrecordedimagesequences.

Virtual worldsareoftencopiesof therealworld, andfor a significantnumberof accurate

virtual worlds to be constructed,somesimplemethodis requiredto reconstructa scene

from a pre-recordedimagesequence.Theimagesequencecaneitherbetakendeliberately

with thecameramotioneitherknownor constrained,or moreinterestinglyold film footage

couldbeused.With thelatter, thepre-recordedfilm is theonly informationavailablewhich

increasesthecomplexityof obtainingareconstruction.

Scenereconstructionor structurefrom motion is oneof theoldesttopicsof computer

vision [56]. Thereareseverallevelsof scenereconstruction,basedon projectivegeom-

etry, andthesearethe projective,affine, andEuclideanreconstructions(seesection2.2).
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Differentvision tasksrequiredifferentlevelsof reconstruction.So thatonly a projective

reconstructionmayberequiredfor objectrecognition[108], andonly anaffine reconstruc-

tion mayberequiredfor pathplanning[10], grasping[89], andfixationpoint tracking[80].

However, manytasks(especiallycreatingvirtualworlds)requireaEuclideanreconstruction

sothat,to ahumanobserver, thereconstructionappearsto bethesameastheoriginalscene.

To computea Euclideanreconstructionrequiresthe cameracalibrationto be known.

Thecalibrationconsistsof thecamerainternalparameterswhichdescribehow thecamera

is setup (i.e., thefocal lengthandpositionof theopticalcentre).Cameracalibrationwas

traditionally obtainedoff-line beforeany vision taskswerecommenced,anduseda 3D

calibrationobjectwith a known structure. This meantthat first the camerais calibrated,

thenthe imagesequenceis taken,andfinally the Euclideanreconstructionis computed.

However, for severalscenarios,thismethoddoesnotwork. Whenusingpre-recordedimage

sequencesthecalibrationof thecameracanbeunknown.Also, thecameracalibrationcould

changeduringnormaloperation,eitherbydesignoraccident,suchas:zoomingintoascene,

undergoingsignificantchangesin operatingconditions(i.e., the temperatureof a camera

on a satellite),or dueto a collision which canoccurin industrialapplications.However,

recentadvanceshaveshownthatis is possibleto constructaEuclideanreconstructionfrom

pre-recordedimagesequenceswherethecameracalibrationis unknown.

Faugeras,Luong,andMaybank[25] showedthat it is possibleto computethecamera

calibrationusingonly informationcontainedin the images,and this is the definition of

self-calibration. Sincethat initial work manydifferentmethodshavebeensuggestedfor

self-calibration,andthesearereviewedin section3.1.
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1.2 Approach and Themes

The approachusedfor the work presentedin this thesisis to understandthe underlying

situation(geometryand complexity) so that the problemcan be simplified and a con-

cisealgebraicsolutioncomputed.This approachproducesseveralthemeswhich appear

throughoutthethesis:� Stratification Oftenaproblemcanbestratifiedinto severalsmallersteps,for which

the solutionsaremuchsimpler than the solutionobtainedby solving the problem

directly.� Utilising Constraints Oftencomputervision algorithmstry to solvea problemfor

themostgeneralcase,but commonconstraints(suchasconstrainedmotion)canbe

usedto simplify thecomplexityof theproblem.

Theideal resultof applyingthesethemesis to geta concisesolutionto a problem,sothat

the solutioncanbe appliedto an arbitrary large amountof input data(i.e., imagesof a

scene)withoutsignificantlyincreasingthecomplexityof thecalculation,andincreasingthe

amountof inputdatashouldimprovetheaccuracyof acalculation.

1.3 Thesis Outline

Thefollowing two chaptersof this thesisintroducesomeof thebasicconceptsof computer

vision, aswell asreviewingthe relevantliterature. Chapter 2 examinesthegeneralidea

of reconstructinga scenefrom imagestakenby a standardcamera.Thedifferentcamera

modelsthatcanbeusedareexplained.Projectivegeometryis introducedandit is shown

how it is possibleto havedifferentlevelsof structurerepresentation.Theseareasarethen

linkedto showhowthelevelof reconstructionfor asceneisdependentonknowledgeabout

cameracalibration,thecameramotion,andtheobjectsin thescene.Chapter 3 examines
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the possiblemethodsof calibratinga camera. The ideaof self-calibrationis introduced

andthenthe theoryandresultsfor themanydifferentmethodsarereviewed.Finally, for

comparison,anoff-line traditionalcalibrationmethodis explainedandextensiveresultsare

given.

This thesispresentstwo novelmethodsfor self-calibration,whichutiliseknowledgeof

thetypeof motionthecamerais undergoing. Note,themethodsdonot requireknowledge

of theactualmotion,only thetypeof motion. Chapter 4 introducesthefirst novelmethod,

which is self-calibrationvia affine structure[4], andextendsandcombinesthe work of

otherauthors.Themethodrequiresthefirst cameramotionto bepuretranslationfollowed

by anynumberof generaldisplacements.Extensiveassessmentof themethodis made,and

resultsaregivenfor realimagesequences.Chapter 5 introducesthesecondnovelmethod,

which is self-calibrationvia fixed points[5]. Herethe restrictionsarethat the camerais

movingunderplanarmotion1 andat least3 viewsareavailable.Theideaof fixed entities

is introducedandit is shownhow thepositionof thesefixed entitiesin the imageandin

the world allow the camerato be calibrated. The actualmethodusedis explainedand

involvesusingthe fundamentalgeometricrelationshipsfor two andthreeviews, namely

thefundamentalmatrixandthetrifocal tensor. Resultsaregivenfor real imagesequences

usingcamerasmountedon severaldifferentplatforms,andtheseresultsareshownto be

both stableandaccurate.Chapter 6 examinesthe error analysisof the methodfor self-

calibrationfrom fixedpoints,andseveralideasemerge. A novelbatchparameterisationfor

thefundamentalmatricesgivessignificantlybetteraccuracythancombiningtheresultsof

theindividualfundamentalmatrices.It is alsoshownthaterrorestimationusingthetrifocal

tensoris a very difficult problem,andexplainswhy currentmethodsdo not give accurate

1Planarmotionis definedastranslationconfinedto a plane,andtherotationis arounda fixed axiswhich
is perpendicularto theplaneof translation.This typeof motion is commonfor camerasmountedon AGVs
or whenwatchingvehiclesin traffic sceneanalysis.
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results.

The work presentedin the precedingchaptersusesmultiple imagestakenfrom long

image sequences.One of the problemsassociatedwith long image sequencesis the

accuratetrackingof features,andseveralmethods[8, 67, 100,104] havebeensuggested

for achievingthis. Theself-calibrationresultsusethework of Beardsleyet al. [8] to match

andtrack features.However, anothermethodwould be to fixate actively on andtrack a

movingobject,whichcouldsupplydatafromarbitrarilylongimagesequences.To thisend,

Chapter 7 movesawayfromself-calibration,to theareaof objecttracking.Thewell known

rigid objecttrackerRAPiD [34] is extendedin manyareasto give themorerobusttracker

RoRAPiD[3], andthis trackercantakeadvantageof knownmotionor cameraconstraints.

Extensiveresultsaregivenfor sequencesrunningat framerateon standardhardware.In

the future, RoRAPiD could be usedasa testbedfor self-calibrationon extendedimage

sequences.Chapter 8 drawssomeconclusionsandidentifiestheareasfor futureresearch.

1.4 Notation

Whereverpossiblethestandardnotationdescribedbelowis usedin this thesis.Vectorsare

givenin bold (e.g.,� ) whichgenerallyindicatesacolumnvector, while matricesaregiven

in courier(e.g.,	 ). Thetensornotationfollows thestandardconventionof summationover

contravariantandcovariantindiceswhereapplicable,andtensorsareshownas 
���
� . Points

andlines in the imageareshownaslower casevectors,� and � , while pointsandlinesin

theworld areshownin uppercase,� and � . Correspondingpointsondifferentimagesare

shownas � , ��� , ����� , etc. Pointsandlinesaregenerallygivenin homogeneouscoordinates,

andfor anyhomogeneousquantitytheequalitysign= signifiesequalityup to a non-zero

scalefactor. Theexpression������� is thematrix form of thecrossproductsuchthat ��� �
and ����� � � areidentical.



Chapter 2

SceneReconstruction

Overview

This chapter introduces and reviews some of the basic ideas of computer vision in the area

of computing a 3D Euclidean reconstruction using images of a scene taken by a standard

camera. The pinhole camera model is explained, and its limitations and other related

models are discussed. The camera model attempts to mathematically model the imaging

process of a real camera from the 3D world to the 2D image plane. The idea of structure

representation is introduced, and by using projective geometry it is shown that there are

several different levels of representation for the same structure, each level having less

information than the Euclidean representation. The information required to move between

the different levels of representation is explained in terms of both projective geometry and

the pinhole camera.

Finally, these separate strands are brought together in the area of scene reconstruction

using images. It is shown how different amounts of knowledge about the camera results in

different levels of reconstruction. For each level of reconstruction, the theory and relevant

literature is reviewed in detail, and several reconstruction methods are described. The

conclusion of the chapter is that the camera calibration is required to achieve the goal of

a Euclidean reconstruction.
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2.1 Camera Models

In computervisionandotherrelatedsubjects,therearenumerousdifferentcameramodels

whichmodeltheimagingprocessby mappingpointsin theworld to positionsontheimage

plane.Thechoiceof which modelis appropriatedependson severalfactors: theaccuracy

requiredin themapping;theactualcameraused;andtherelationshipbetweenthecamera

andthescenebeingviewed.

Generallythis work usesthe ideal pinhole camera,which is describedbelow, and

is oneof the mostcommonlyusedcameramodelsin computervision [22, 36, 72]. In

section2.1.2the calibratedpinholecamerais explained,andthenthepossiblevariations

to weakperspectiveanduncalibratedcameramodelsarebriefly explainedin section2.1.3.

However, the theory of cameracalibrationand representationof structureis basedon

projectivegeometry, andsofirst thebasicideasof projectivegeometryareintroduced.

2.1.1 Projective Geometry I - Homogeneous Coordinates

Projectivegeometry[81] is the theoreticalframeworkfor cameracalibrationandthe rep-

resentationof structure. It is an extensionof Euclideangeometryin which points, lines

or planesat infinity are treatedno differently from thosein finite space. This resultsin

simplerformulae,andremovestheproblemof exceptionsresultingfrom infinity (i.e., two

linesalwaysintersectin projectivespace,evenif theyareparallelin Euclideanspace).The

following is basedon [64, 105].

In ! dimensionalprojectivespace"�# , a point may be representedby an !%$ 1 vec-

tor &(' 1 ) ' 2 )+*,*+*-) ' #+. 1 /�0 � For 3-space" 3, the homogeneousvector representinga point�21435&(' 1 ) ' 2 ) ' 3 ) ' 4 / 0 is relatedto the correspondingpoint in Euclidean3-space6 3,�47�38&(' ):9;)=<>/ 0 by '?3@' 1 A ' 4 ) 9 3B' 2 A ' 4 ) < 3�' 3 A ' 4 �
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�21 is only definedup to a non-zeroscaling,suchthat for a non-zeroC , then CD�21 defines

thesamepoint as � 1 , but conventionallyit is chosenthat ' 4 3 1. Pointsat infinity can

now betreatedin thesameway asfinite points,exceptthat ' 4 3 0. However, thepoints

at infinity still havesomesignificanceandthiswill beexplainedin section2.2.4.

2.1.2 Pinhole Camera Model

The ideal pinholecamerais a perspectiveprojectionfrom the world to the imageplane,

whichdoesnotmodelanynon-lineardistortionintroducedbythecamera(seesection2.1.3).

Themappingisaperspectiveprojectionfrom3D projectivespace" 3 to the2Dimageplane" 2 with thepositionof theworld andimagepointsexpressedin homogeneouscoordinates

(seesection2.1.1). The world point �FE is mappedto the imagepoint � � by the 3 � 4

projectionmatrix G � � 3HGI�FEJ� & 2 � 1 /
As homogeneouscoordinatesareonly definedup to a non-zeroscalefactor, theprojection

matrix G is alsoonly definedup to anon-zeroscalefactor, andhas11 independentdegrees

of freedom.Theprojectionmatrix ( G ) canbesplit up into threeparts

GK3MLONQPK3HL RST 1 0 0 0
0 1 0 0
0 0 1 0

U�VWYX 	 Z[ 0 1 \ 3]L^��	%_-Z+� ) & 2 � 2 /
where: P is the transformationfrom world coordinates�FE to camera-centredcoordi-

nates�4` (seefigure2.1) andcontainsthe external(orientation)parameters( 	 - rotation,Z - translation);N is theprojectionof " 3 into " 2; while L is thecameracalibration,which

mapsthecamera-centredcoordinates� ` to the imagepoints � � , andcontainstheinternal

(calibration)parameters.Internalandexternaldifferentiatethoseparameterswhichdepend

purelyon thecameracalibration(internal),andthosewhich dependpurelyon theposition

andorientationof thecamera(external).
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Thecalibrationparameterswhich modelthepinholecameraareencodedin L which is

anuppertriangularmatrixwith 5 degreesof freedom.Thematrix L is definedonly up to a

non-zeroscaling,which is removedby setting L 33 3 1,

L23 RSTba�c dba�c cot e f 0

0 a�g A sin e h 0
0 0 1

U VW ) & 2 � 3 /
wherethefive calibrationparametersarea�c ,a g The focal length( i in figure 2.1) of the camera,measuredin pixel units

alongthehorizontal( j � ) andvertical( k � ) directionsrespectively.&lf 0 ) h 0 / The principal point of the camera,which is the intersectionof the optical
axisandtheimageplane,andis measuredin pixels(seefigure2.1).e The anglebetweenthe horizontal( j � ) andvertical ( k � ) cameraaxes(see
figure2.1).

Generallythe imageaxesarenearlyperpendicularwith enm 90o , andso a�g A sin enm a�g .
With nearlyperpendicularimageaxestheimageskew( pq3 a c cot e ) is oftensetto zeroto

reducethenumberof internalparameters.Also, insteadof expressingthefocal lengthwith

two differentmeasurements( a c ,a�g ), the aspectratio is usedwith just onemeasurement

of the focal length. Theaspectratio is the ratio of thehorizontalandverticalpixel sizes

( r�3 a�g A a c ). Thisgivesanalternativeexpressionfor thecalibrationparametersand L
LK3 RSTba c p f 0

0 a g h 00 0 1

U�VW 3 RSTba c p f 0

0 r a�c h 0
0 0 1

U�VW � & 2 � 4 /
2.1.3 Other Camera Models

Weak Perspective Camera Model

The pinholecamerausesperspectiveprojection,but if the perspectiveeffectsaresmall,

the equationsassociatedwith the cameramodelcanbe numericallyill-conditioned[33].

Thereareseveralsituationswhich result in small perspectiveeffects,but are typically a



2.1 Camera Models 10

cZ

Yc

yi

x i

Xc

X

Z

Y

w

w

w

f

θ

Optical Axis

Optical
Centre

(u  ,v )0 0

Figure2.1: The pinhole camera model which maps from the world coordinates X E to the
image coordinates x � via the camera-centred coordinates X ` with a perspective projection.i is the focal length, &sf 0 ) h 0 / the principal point, and e the angle between the image axes.

combinationof thefollowing: a smallfield of view; thedepthof theobjectbeingviewed

beingsmallcomparedto thedistancefrom theobjectto thecamera;andalongfocallength.

Thesesituationsarecommonlyknownasaffine imagingconditions[72, 82].

Thecameramodelis derivedfrom equations(2.1)and(2.2)suchthat

GIEO1b3HLONQP�3HL RST 1 0 0 0
0 1 0 0
0 0 0 1

U VWtX 	 Z[ 0 <vu g 7 \ 3HL
RST>w 01 x�yw 02 x�z[ 0 <vu g 7

U VW ) & 2 � 5 /
where <{u g 7 is theaveragedepthof thepointsfrom thecamera,andthecameramodelcan

beexpressedin non-homogeneouscoordinates�|3 a c< u g 7 X w 01r w 02 \ �}$ a c< u g 7 X x yr x z \ $ X f 0h 0 \ 3�~ EI1 ��$YZ EI1 � & 2 � 6 /
Uncalibrated Camera Models

Whenthe cameracalibrationis unknown,an uncalibratedcameramodelhasto be used.

Theuncalibratedidealpinholecameramodel,termedtheprojective camera by Mundyand

Zisserman[72], is a generalisationof equation(2.2) andis not decomposedin the same
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a b

Figure2.2: (a) The radial distortion affect with a short focal length camera. Note that lines
straight in the scene are not necessarily straight in the image. (b) The same scene viewed
with a longer focal length lens.

way. Rather, it has11degreesof freedomin theformG23 RST�� 11 � 12 � 13 � 14� 21 � 22 � 23 � 24� 31 � 32 � 33 � 34

U VW ) & 2 � 7 /
but theworld-to-imagemappingis still expressedby equation(2.1). Similarly, theuncal-

ibratedweakperspectivecameramodel, termedthe affine camera, is a generalisationof

equation(2.5)andhas8 degreesof freedomG23 RST>� 11 � 12 � 13 � 14� 21 � 22 � 23 � 24

0 0 0 � 34

U�VW � & 2 � 8 /
Distortion

Thepinholecameramodelassumesthat the imagingprocessis a perfectperspectivepro-

jection from world to imagecoordinateframes( " 3 to " 2). However, real camerasare

not perfectperspectiveprojections(especiallywhenusedwith a short focal lengthlens)

andnon-lineardistortionsare introducedinto the imagingprocess.Figure2.2ashowsa

typical imagetakenby a camerawith a shortfocal length,wherelineswhich arestraight

in the world arenot necessarilystraightin the image. Thereareseveraldifferent forms

of non-lineardistortion,but usuallyonly radialdistortionis modelled,wheretheerror is

a radial displacementproportionalto an evenpowerof the distancefrom the centreof
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the image. Severalmethodshavebeensuggestedwhich estimateandcorrectfor radial

distortion[7, 30,84,94]. This thesishasnotconsidereddistortionproblems,andonly uses

cameraswherethenon-lineardistortioncanbeassumedto benegligible.

2.2 Reconstructing a Scene

Theaimof theworkpresentedhereistocomputeaEuclideanreconstructionof ascenebeing

viewedbyacamera.Scenereconstructionfromimagesisfirstdiscussed.Thentheideathat

thereareseverallevelsof representationfor astructureis introduced.Finally eachdifferent

level of structurerepresentationis explainedin detail, andmethodsof reconstructinga

sceneto thatlevel arereviewed.

2.2.1 Structure Representation

For any real scene,thereexistsa setof points representingthe structuresin that scene,

andthepositionsof thosepointscanbemeasuredin a Euclideanworld coordinateframe.

Any otherrepresentationis relatedto theoriginal setof pointsby a transformationof the

correspondinghomogeneouscoordinates�4� . Therearefour levelsof representation(or

frames): projective,affine, similarity, andEuclidean[24]. Similarity1 andEuclideanare

generallygroupedtogetherasmetric. Themetriclevel of representationis theaim of this

work. Thelevel of representationa setof pointsis in, dependsonly on thetransformation

requiredto map the points to �4� . An alternativeexplanationis that in any level, the

setof points is only definedup to an ambiguitydeterminedby that level (i.e., an affine

representationof a structureis only definedup to affine ambiguity, andtwo setsof points

describingthestructure,which arerelatedby anaffine transformation,areequivalentand

cannotbedifferentiated).

1A similarity transformationis a Euclideantransformationandanisotropicscaling.
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Representation InvariantMeasurements
Euclidean angles,distances
Similarity angles,relativedistances
Affine parallelism,centreof mass
Projective collinearity, crossratio

Table 2.1: The measurements that are invariant in each level of representation. The
invariant measurements for each level also include those of lower levels (i.e., the invariant
measurements lower in the table).

Affineandmetrictransformationsaresub-groupsof projectivetransformations(metric

transformationsaresub-groupsof affine transformations)[81]. Equivalently, affine and

metricgeometryarespecialisationsof projectivegeometryandsomoredetailsof projective

geometryaregivenin section2.2.4.Thenthedifferentlevelsof representationaredescribed,

includingwhatknowledgeis requiredfor each.

Foreachlevelof representation,differentpropertiesareinvariant(i.e.,invariantproperty

measurementsgivethesamevaluein theoriginalandin anytransformedframeat thesame

level),andtable2.1listsvariousinvariantpropertiesfor eachlevelof representation.Also,

figure2.3givesa graphicalideaof thetypesof representationfor asetof simpleobjects.

2.2.2 Scene Reconstruction

Whentwo or more imagesaretakenof the samescene,from differentpositionsand/or

differentcameras,it is possibleto reconstructthe3D structurebeingviewed2. Themost

commonlyusedapproachfor scenereconstructionis featurebased,wherethefeatures(or

dataprimitives)arepoints,lines,etc.in theimage,which correspondto featuresin the3D

structure.
2Two (or more)camerastakingimagesfrom differentpositionsat thesameinstant(binocular/trinocular)

is thesameastwo imagestakenby thesamecamera(monocular)from differentpositionsat differenttimes,
providedthescenehasnotchangedin theinterveningperiod.Also, a staticcameraviewingamovingobject
is thesameasmovingcameraviewingastaticobject,providedthatthemovingobjectis correctlysegmented
from thestaticbackground[91, 100].
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Figure2.3: Graphical representation of the possible structure representation: Top — a
metric representation of the actual structure; Middle — an affine representation of the same
structure (Note: parallel lines remain parallel); Bottom — a projective representation.
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O
O

X

xx

/

/

Figure2.4: Reconstructing in 3D space by back-projecting from 2 images taken by cameras
in different positions. Rays from the camera centres (O ) O � ) pass through the matched
points (x ) x � ), and intersect in 3-space to give the position of the world points X.

Features

Featuresareusedto reducethecomputationaldemandsof analysingimagesequences.One

second’s(25frames)worthof a512� 512,eightbit greylevelimagesequencecontains6MB

of data.However, following theobservation“not all informationis createdequal”[14], it

hasbeensuggestedthatusinga moresparserepresentationof animage(i.e., features)will

facilitate theanalysisof imagesequenceswithin a reasonable time scale.Thefeaturesin

theimagearecomputedastheoneor two-dimensionalloci of greylevelsin theimage,and

manymethodshavebeensuggestedfor computingtheirposition[15, 18,35,97].

Thepointandline featuresneedto bematchedacrossthedifferentimages[8, 46,103],

andthenby back-projection[23, 56], thecorrespondingpointsandlinesin 3-spacecanbe

found(seefigure2.4). A problemencounteredwhenback-projectingreal imagepoints,is

thatimagenoisemeansthatthepositionof theimagepointswill notbeexactandtheback-

projectedrayswill not necessarilyintersectin 3-space.Someform of errormeasurement

will berequired,sothattheintersection point canbecomputedastheminimumof theerror

measurement[43].
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Back-Projection

Severalauthors[23, 43] haveexaminedthe mathematicsof back-projectingpoints from

two or moreimagesto give thecorrespondingpoint in 3D. Herethemostgeneralcamera

model, the projectivecamera(seeequation(2.7)), is used,and rays are back-projected

from two images.Theanalysiscaneasilybeextendedto includemoreimages,or different

cameramodels.First,a linearmethodis givenwhichhasa closedform solution,andthen

a non-linearmethodis presentedwhich iterativelyminimisestheerrorin theimageplane.

Considera point � 3�&(' ):9�)�<�) 1 / 0 in 3-spacewhich is projectedonto two image

planes.The projectionmatricescanbe expressedas G�3�� ~{_ �|� and G � 3�� ~ � _�� � � . From

equation(2.1) two vectorequationsareobtained� 3 GO��3 � ~v_��|�I� ) (2.9)� � 3 GI����3 � ~ � _ � � � � � (2.10)

Eliminating the unknownscalefactor betweenthe threeequationsformedby the vector

equations(2.9)and(2.10)givesfour equationsin thethreeunknowns&�' )�9;)�<b/
0 3 'Y&s� 11 d � 31 j / $ 9 &l� 12 d � 32j / $ < &s� 13 d � 33 j / $�� 1 d � 3 j )
0 3 'Y&s� 21 d � 31 k / $ 9 &l� 22 d � 32k / $ < &l� 23 d � 33 k / $�� 2 d � 3 k )
0 3 'Y&s� �11 d � �31 j � / $ 9 &s� �12 d � �32j � / $ < &s� �13 d � �33j � / $�� �1 d � �3 j � )
0 3 'Y&s� �21 d � �31 k � / $ 9 &l� �22 d � �32 k � / $ < &l� �23 d � �33 k � / $�� �2 d � �3 k � �

This over-constrainedsystemwill not havean uniquesolutiondue to imagenoise(the

rayswill be skewandwill not intersect),so anotherconstraintor minimisationcriterion

is required. The constraintwhich can be usedto find the intersectiondependson the

level of 3D reconstructionbeingcomputed(seebelow). For metric reconstruction,the



2.2 Reconstructing a Scene 17

mid-pointof theshortestline betweenrayscanbeused3. However, for affineor projective

reconstructionstheshortestline is notdefined(i.e., therelativelengthof non-parallellines

is notanaffine invariant)andsocannotbeused.

Ratherthanusinga constraintto find theintersectionof theskewedlines,a non-linear

method[23] canbeusedto minimisetheimageplaneerror� 3H� � � &(� � d��� � / 2 ) & 2 � 11/
where� &l� )���/ is thedistancebetweentwo imagepointsgivenby thehomogeneousvectors� and � , � � is the actual imagepoint in view � , and �� � is the projectionof � by the

projectionmatrix G � (i.e., �� � 3�G � � ). This is a non-linearfunction of � , which canbe

solvedby standardtechniques[31], but hastheadvantagethat theerrorbeingminimised

hasaphysicalinterpretation.

However, rather than computea projectivereconstruction,Hartley and Sturm [43]

algebraicallysolvethe error function (2.11). For generalmotion, the methodreducesto

solving a single variablepolynomial of degreesix, and for degeneratemotionsfurther

simplificationsarepossible.This methodhastheadvantageof not requiringa non-linear

minimisation.

Accuracy

Theaccuracyof anyreconstructiondependsonseveralfactors:� Thedistancebetweenthecameracentres,knownasthebaseline.If thebaselineis

small,theanglebetweentheback-projectingrayswill besmall,andimagenoisecan

producea largeerrorin back-projection(seefigure2.5a).However, if thereis alarge

3Forthreeor moreintersectingrays,theintersectionpointis definedasthepointwhichminimisesthesum
of perpendiculardistanceto eachray.
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baseline,theback-projectingraysaregenerallywell-conditionedandtheimagenoise

hasasmallereffect (seefigure2.5b).� Theaccuracyof the informationknownaboutthecamera,themotioninvolved,and

theobjectsin thescene,including:

– The cameramotion. This is not necessarilythe actualdisplacementof the

camera,but the typeof motion thecamerais undergoing. If for example,the

camerais assumedto only translate,with no rotation, thenhow closeis the

actualmotionto this assumption?

– Assumingasetof pointslies ona planarsurfacein thescene.

– Thecameracalibration.� Thenumberof imagescontainingviewsof thesamepointsincreasesthenumberof

raysback-projectedwhenestimatingthepositionof a point. This shouldreducethe

effect of errorsintroducedby imagenoise. How to accuratelytrack featuresover

imagesequencesis a separateareaof computervision [8, 32,67,100].

2.2.3 Hierarchy of Scene Reconstruction

Whenreconstructingascenefrom images,thelevelof representationof the3D reconstruc-

tion dependson what is knownaboutthecamera,themotioninvolved,andtheobjectsin

the scene.At the lowest level, a projectivereconstructionrequiresno knowledgeof the

camera,motion,or scene,andseveralmethodsaredescribedfor thiscasein section2.2.5.

For the higher levels (affine or metric), two differentapproacheshavebeenusedto

computea reconstruction. The first usesknowledgeof the camera,motion, scene,or

imagingconditionsto allow direct reconstructionof the affine/metricstructureby back-

projectingthe imagepointsdirectly into an affine/metriccoordinateframe. The second
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a b

Figure2.5: The effect of baseline on scene reconstruction: (a) with a small baseline, any
errors in the image can produce a large error in the reconstruction; (b) with a large baseline,
errors in the image have a smaller affect. The cones show the possible back-projected rays
when image noise is taken into account, and the shaded area is the possible positions of the
world point.

methodis astratifiedapproach,sothataprojective(affine)reconstructionis computed,and

thenthestructureis upgradedto anaffine (metric)ambiguity. Section2.2.4describesthe

knowledgerequiredto upgradeto affine andmetricambiguity, andthepossiblemethods

for reconstructionarereviewedin sections2.2.6and2.2.7.

2.2.4 Projective Geometry II - The Role of Infinity

Section2.1.1 introducedthe idea that in projectivegeometrythe points at infinity are

treatedin the sameway asfinite points,exceptthat the final projectivecoordinateis set

to zero(i.e., pointsat infinity in " 3 have ' 4 3 0). However, thepointsat infinity retain

significancein thedifferentlevelsof representationof structure.Moreover, knowledgeof

two differentgeometricstructures,theplaneat infinity andtheabsoluteconic,control the

levelof structurerepresentation[81]. All thepointsatinfinity lie ontheplaneatinfinity ��� ,

andconventionallytheequationfor this planeis & 0 ) 0 ) 0 ) 1 /�0 . TheabsoluteconicΩ � lies
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on this plane( ��� ), hasa radiusof   d 1, andconsistsof complexpoints. Conventionally,

theconicis definedas ' 2
1 $Y' 2

2 $t' 2
3 3 0 )' 4 3 0 �

Alternatively, Ω � is the intersectionof theabsolutequadric ¡ � and � � , which givesthe

equationsdefiningΩ � as � 0 ¡¢�£� 3 0 )' 4 3 0 )¡ � 3 ¤ 4 �
Strictly speaking,to achieveanaffineor metricreconstructiononly requires��� andΩ � to

be identified in the projectivestructure,but not necessarilyplacedat the conventional

positionsdescribedabove.

2.2.5 Projective Reconstruction

Theprojectiverepresentationof astructureis themostgeneral,with thethesetof points�21
beingdefinedup to a realprojectivetransformationof theoriginal set � � . This projective

transformation(alsocalleda homography or collineation) is representedby theinvertible

4 � 4 matrix ¥ whichhasrealelements,�4��3B¥¦�q1£35X¨§ Z� 0 1 \ �21 ) & 2 � 12/
where§ isa3 � 3affinematrix,and� andZ arethree-vectors.Foraprojectiverepresentation��� is not identified,but &(� 0 ) 1 / 0 is identicalto �©� in theaffineandmetricframes.
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Direct Projective Reconstructions

It hasbeenshownthataprojectivereconstructionrequiresonlypoint(line)matchesbetween

two (three)viewsfrom uncalibratedcameras[22, 39,42]. Two differentmethodshavebeen

usedfor projectivereconstructionusingpoints:� Faugeras[22] andMohr et al. [68, 70] usetheminimumnumberof pointsto recover

the structureup to a projectiveambiguity. A basisof 5 points is chosenfrom all

thematchedpointsto form a projectivecoordinateframein which theotherpoints

arethenmeasured.A drawbackof this approachis that the accuracyof thewhole

reconstructiondegradesif thereis an error in the imagepositionof oneor moreof

the5 points.� Beardsleyet al. [10] andHartleyet al. [42] utilise all thepoint matchesto form the

projectiveframefor the reconstruction.This minimisesthe effect of inaccuracies

in thepositionof the pointsin the image. Themethodrequiresthat the projection

matricesarefoundfor eachview, thenthereconstructionis foundby back-projecting

the rays (seesection2.2.2). With real imagescontainingnoise,the rayswill not

intersectbutwill beskew. Dif ferentmethodstofindanintersectionpointin projective

spacewerereviewedin section2.2.2.However, Beardsleyet al. [10] work in aquasi-

Euclidean framein which, theyargue,themid-pointis usable.

For aprojectivereconstructionusinglines:� Hartley [39] computesa projectivereconstructionusing lines matchedover three

views. Theapproachis to computetheequationswhichtransferlinesfrom two views

to thethird, andtheseequationsgive constraintson thecameraprojectionmatrices.

With sufficient lines( ª 13) it is possibleto computethetransferequations,andfind

thecameraprojectionmatricescorrespondingto a projectivereconstruction.More
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recently, it hasbeenfoundthatthetransferequationscorrespondto thetrifocal tensor

which is describedin section5.4.1.

2.2.6 Affine Reconstruction

An affine representationrequiresthat the planeat infinity is known,so that finite points

cannotbemappedto or from ��� . Thisgivestheinvariantpropertyof affinerepresentation:

parallellinesremainparallel(seefigure2.3). Fromequation(2.12),� needsto beidentified

to transformfrom a projective to affine representation. Conventionally, �©� is set to& 0 ) 0 ) 0 ) 1 / 0 , andthisrequires�|3 [ . Therepresentationisdefineduptoanaffineambiguity�4��3B¥D� u 3�X«§ Z[ 0 1 \ � u � & 2 � 13/
Lemma 2.1 The position of the plane at infinity ( ���¬3­& 0 ) 0 ) 0 ) 1 / 0 ) is invariant under

affine transformations.

Proof: Undera point transformation¥ , suchthat � � 3�¥¦� , a plane( � ) transformsas�^�®3B¥�¯ 0 � . So ��� transformsas

� �� 3�¥ ¯ 0 RSSST 0
0
0
1

U VVVW 3 X § ¯ 1 [d Z 0 § ¯ 0 1 \ RSSST 0
0
0
1

U VVVW 3 RSSST 0
0
0
1

U VVVW 3H� � �°
Direct Affine Reconstructions

Normally, from uncalibratedcameras,structurecanonly be recoveredup to a projective

ambiguity. However, for somespecialmotions,or whensomeassumptionsaremadeabout

thestructureor imagingconditions,it is possibleto recoveranaffinereconstruction.� KoenderinkandvanDoorn[49], QuanandMohr [79], andTomasiandKanade[90]

assumethat thedepthof theobjectis smallcomparedto thedistanceto thecamera,
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andthat thereis a small field of view. This allows the affine cameramodelto be

used(seesection2.1.3). Using theaffine cameraallowsanaffine reconstructionto

beobtainedsimplyby back-projectingtherays.Again,eithertheminimumnumber

of pointscan be used[49], or all the pointsusedfrom severalimagesin a batch

method[90].� If the cameramotion is a pure translation,Moonset al. [71] showsthat an affine

reconstructioncanbecomputedfrom two or moreperspectiveviews. Theoriginal

methodusedtheminimumnumberof pointsfor thereconstruction.More detailsof

theextendedmethod,whichusesall thepoints,canbefoundin section4.1.1.

Upgrading Projective to Affine Structure

To upgradefrom a projectiveto anaffine reconstructionrequiresthepositionof �©� to be

known. Severalmethodsexist:� If threeor morepointsor lines in the imageareknown to be the imagesof points

or lines at infinity, back-projectingthesepoints into the reconstructionuniquely

identifies��� .� Pollefeyset al. [76] usethemodulus constraint. Fromtwocameraprojectionmatrices

for a projectivereconstruction,it is possibleto obtaina fourth-orderpolynomialin

the threeelementsof � . With four views it is possibleto solve the set of three

simultaneouspolynomial equationsusing non-linearmethods,and henceidentify��� . Thisresultwasindependentlyobserved[2] andis describedin section4.1.2,but

no resultswereobtained.
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Fromeachview of aprojectivereconstructionit is possibleto obtainasetof inequal-

ities constrainingthe positionof � . Using the differentviews availableandlinear

programmingwith thegoalof maximisingthemargin by which theinequalitiesare

satisfied,aconvexhull of possiblesolutionsin the3 parameterspaceof � is obtained.

This is notanexactsolutionfor � , butpointsinsidetheconvexhull areapproximate

solutionsfor � , whichgive aquasi-affine reconstruction.

Oncea plane &(� ) 1 / 0 in theprojectivereconstructionhasbeenidentifiedascorresponding

to theplaneat infinity, it canbetransformedto theconventionalposition & 0 ) 0 ) 0 ) 1 / 0 in the

affinereconstructionusingthepoint transformation� u 3­X ¤ [� 0 1 \ �21±� & 2 � 14/
2.2.7 Metric Reconstruction

A metricrepresentationnotonly requires��� tobeknown,butalsotheabsoluteconic(Ω � ).

This resultsin therepresentationbeingdefinedup to a metricambiguity,�4��3B¥¦�³²�3­X 	 Z[ 0 C \ �F²b� & 2 � 15/
In a similarity representationC is the unknownisotropicscaling,while in a Euclidean

representationCF3 1.

Lemma 2.2 The absolute conic (Ω � ) is invariant under metric transformations.

Proof: Undera point transformation¥ , suchthat � � 3�¥D� , a quadric( ¡ ) transformsas¡±�®3B¥©¯ 0 ¡±¥©¯ 1. Theabsolutequadric ¡¢� transformsas¡ � � 3´X 	 [d Z 0 	 A C 1 A C \ ¡¢�µX 	 0 d 	 0 Z A C[ 0 1A C \ 3­X ¤ d Z A Cd Z 0 A C 1 A C 2 \ �
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With ��� invariant(metricsareasub-groupof affinities),theintersectionof thetransformed

quadric( ¡ � � ) with � � (i.e.,set ' �4 3 0) gives' ¶ 21 $Y'·¶ 22 $t' ¶ 23 3 0 )' �4 3 0 )
whichdefinesΩ � .°
Direct Metric Reconstructions

Whenthecamerasarecalibrated,it is possibleto computea metricreconstruction[23, 56,

98]. Usingtheessentialmatrix [56] allowsthestructureto berecoveredup to a similarity

ambiguity. However, whenthecameramotionis knownthefull Euclideanstructurecanbe

recovered.Both methodsback-projectthepointsusingtheprojectionmatricesin theform

of equation(2.2),but differ in that thetranslationbetweenviewsis knownexactlyfor the

Euclideanreconstructionandonly up to scalefor thesimilarity reconstruction.

Upgrading Affine to Metric Structure

To upgradeto a metric reconstructionrequiresthat Ω � is known. However, aswill be

explainedin section3.1,knowingΩ � is equivalentto knowingthecameracalibration( L ).
Knowingthecameracalibrationallowsthemetricstructureto berecoveredfrom theaffine

structurewith thetransformation �F²B3�¥D� u �
Both the affine andmetric structuresareprojectedto the sameimagepointswith equa-

tion (2.1),andequations(2.13)and(2.15)describetheaffineandmetricambiguity. Simple
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algebraicmanipulationgivestheprojectionfor themetricandaffinestructuresas� 3 G ² � ² 3¸��L4_ [ �¹� ² )� 3 G u � u 3¸� § _-Z+�º� u-)
andthetransformation¥ is ¥ ¯ 1 3­X L [[ 0 1 \ )
giving theupgradedmetricstructureas�F²B3]L ¯ 1 � u � & 2 � 16/
Summary

This chapter introduced and reviewed several areas of computer vision concerned with the

3D Euclidean reconstruction of a scene using images taken by a camera. These were the

camera models, the connection between structure representation and projective geometry,

and the different levels of scene reconstruction. It concluded that to obtain a Euclidean

reconstruction of a scene using an image sequence, the camera calibration needs to be

known. The camera calibration can be obtain in several ways, and is the topic of the next

chapter.



Chapter 3

CameraCalibration

Overview

The previous chapter introduced the idea of computing a 3D reconstruction using only

images of the scene, and concluded that to obtain a Euclidean reconstruction requires that

the camera calibration is known. This chapter discusses methods for obtaining the camera

calibration.

Traditionally, the camera calibration was obtained off-line and used images of a special

calibration object. High accuracy is obtainable, but the method cannot cope when the

calibration of the camera changes during the normal operation (i.e., zooming in or out), or

when trying to reconstruct a scene from a pre-recorded image sequence where the camera

calibration cannot be known. Section 3.2 explains the theory and gives results for a standard

off-line calibration method.

Faugeras et al. [25, 58, 65] introduced the idea of self-calibration, where the cam-

era calibration can be obtained from the image sequences themselves, without requiring

knowledge of the scene. This has allowed the possibility of reconstructing a scene from

pre-recorded images sequences, or computing the camera calibration during the normal

vision tasks. A lot of work has been done in this area, and section 3.1 reviews the dif-

ferent methods which have been suggested. Also explained is the knowledge required to

self-calibrate a camera.
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3.1 Self-Calibration

Faugeras,Luong, and Maybank [25, 58, 65] introducedthe idea that a cameracould

be calibratedusing only point matchesbetweenimages,and termedthe methodself-

calibration. Thisavoidedtheuseof acalibrationobject(orknownscene),oranyknowledge

of thecameramotion.Sincethenseveralalgorithmshavebeensuggested,whichdiffer in the

permissiblecameramotions,andin theactualmethodsfor finding thecameracalibration.

Somemethodsself-calibratedirectly in onestep,while othersuseastratifiedapproachand

calibratevia a projectiveor affine reconstruction.Thedifferentapproachesarereviewed

belowandeachmethodis explainedin moredetailsin sections3.1.2–3.1.8.

Monocular Image Sequences Whenthecalibrationremainsfixed, therearetwo general

approachesfor self-calibrationfor a monocularcamera:eitheronly imagemeasurements

areused,or a reconstructionis computedsimultaneously.� Faugeraset al. [25], andHartley’smethodfor arotatingcamera[40] (seesections3.1.2

and3.1.4)find the image( » ) of theabsoluteconic (Ω � ). As is shownbelow, » is

determinedby, and determines,the cameracalibrationin the form of calibration

matrix L . Sofinding » is equivalentto findingthecameracalibration.Thesemethods

only usemeasurementsmadein theimage.� Hartley’smethodfor anunconstrainedcamera[38] (seesections3.1.3)usesadifferent

approach.An iterativesearchis usedto find asetof consistentprojectionmatricesin

theform of equation(2.2),which areconsistentfor thesetof matchedimagepoints

andthecorrespondingback-projectedworld points.

Stereo Head Whenself-calibratinga stereohead,thereareotherpossibleapproaches

in addition to the two mentionedabove. From two pairs of views from a stereohead,
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two separateprojectivereconstructionscanbe computed.The projectivetransformation

relatingtheseis thencomputedandthis canbe usedfor self-calibration. Therearetwo

differentmethodswhich aredescribedin moredetailin section3.1.5:� Zissermanet al. [9, 107] showthat is is possibleto obtainconstraintson �©� and» from theeigenvalue/vectordecompositionof theprojectivetransformation.� DevernayandFaugeras[20] useadifferentapproachwhichdoesnotdirectlyutilise L
or » . Theyshowthattheprojectivetransformationcanbedecomposedinto aspecial

form, whichallowstheprojectivereconstructionto beupgradedto metricambiguity.

3.1.1 The Image of Ω ¼ Determines Camera Calibration

In section2.2.7, it wasshownthat the absoluteconic (Ω � ) is invariant to rigid motion.

However, moreinterestinglyfor self-calibration,theimageof theabsoluteconic( » ) is also

invariantfor rigid motions,andis determinedby anddeterminesthe cameracalibration.

Also, it is possibleto find » andthencethecameracalibration.

Lemma 3.1 The image of the absolute conic ( » ) is invariant to rigid motions of the camera,

determines, and is determined by the internal parameters of the camera.

Proof: FollowingMaybank[64]: apoint � onΩ � canbeexpressedas��3½&(¾ ) 0 / 0 )
thenfrom equation(2.2),theimage� of this point is�|3]LO	D¾ )
andit follows ¾­3B	 0 L ¯ 1 ���
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Usingthematrixequationfor Ω � (seesection2.2.7)

0 3 � 0 ¡ � �3 ¾ 0 ¾3 � 0 L ¯ 0 	¦	 0 L ¯ 1 �3 � 0 L ¯ 0 L ¯ 1 �3 � 0©¿ ¯ 1 � )
gives the definition of a conic in the image plane, which is independentof the rigid

displacement( 	 ,Z ) andonly dependentonthecameracalibration( L ). Thisconic( ¿ ¯ 1) is » ,

theimageof theabsoluteconic,andthedual1 of theconic ¿ 38LDL 0 . Hence,» determines

andis determinedby thecameracalibration.°
Oncetheimageof theabsoluteconic ¿ ¯ 1 hasbeenfound,it is trivial to determinethe

cameracalibration( L ) by Choleskidecomposition[86] of ¿ . If thereis significantnoise

on theimage,it is possiblethat ¿ will not bepositivedefinite,which meansthatCholeski

decompositionwill givecomplexvaluesfor thecalibration.

3.1.2 Kruppa’s Equations

Theoriginal methodby Faugeraset al. [25] involvedthecomputationof thefundamental

matrix À , which encodesepipolargeometrybetweentwo images[22, 36, 60]. Eachfun-

damentalmatrix generatestwo quadraticconstraintsinvolving only thefive elementsof ¿
(andnot the 3D structureor cameramotion). From threeviews a systemof polynomial

equationsis constructedcalledKruppa’sequations[51]. Originally [25], homotopy contin-

uation wasusedto solvethesetof polynomialequations,butthemethodiscomputationally

1Thedualconicis definedastheadjointof theconicmatrix. Theadjointof § is §QÁ whichis givenby the
equation§®Á®§�Â detÃ §QÄ ¤ .
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expensiveandrequiresextremeaccuracyof computation.Additional views increasethe

complexity. Sincethen,Luong[58] hasusedaniterativesearchtechniqueto solvetheset

of polynomialequations,but resultswere limited by the choiceof initial valuesandthe

complexityof theequations.More recentlyZeller et al. [102] solvedtheequationsusing

energy minimisation.Theresultsobtainedaregenerallybetterthanthoseachievedby the

two previousmethods.

Kruppa’s equationsarebasedon the relationshipbetweenthe imageof the absolute

conic ( » ) andtheepipolartransformation.If anepipolarline ( � ) is tangentto » , thenthe

correspondingepipolarline ( �Å� ) is alsotangentto » (see[63] for proof). Kruppa’sequations

canbederivedby severaldifferentmethods,andthefollowing methodfollows Vieville and

Lingrand[95].

Lemma 3.2 From a pair of images it is possible to obtain a set of polynomial equations,

quadratic in elements of K, called Kruppa’s equations.

Proof: It is shownin lemma3.4thattheinfinite homography¥ � givesconstraintson ¿ in

theform of ¿ 3B¥®� ¿ ¥ 0� �
It hasbeenshown[60] thattherelationshipbetween¿ andthefundamentalmatrix À isÀ23Æ��ÇI���È¥®� )
whereÇ is theepipoleof À . Hencemultiplying ¿ left andright by ��ÇI��� gives��ÇO� � ¿ ��ÇI� � 3 ��ÇO� � ¥ � ¿ ¥ 0� ��ÇI� � (3.1)3 À ¿ À 0 )
andthefundamentalmatrix À givesconstraintson ¿ . However, À and ¿ areonly definedup

to a non-zeroscalingandcrossmultiplying to removetheunknownscalegivesquadratic

constraintson theelementsof ¿ . °
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Eachpairof viewsgivestwoquadraticequationscontainingtheelementsof ¿ ,and,given

threecameradisplacements(four independentpairsof views),theyform anoverdetermined

setof simultaneouspolynomialequations.Whenthereareonly two displacementsthere

areonly four equationsandfive unknowns,andanotherconstraintis requiredto solvefor¿ . Oftentheassumptionthat the imageaxesareperpendicularis used(seesection2.1.2),

which, from thedefinitionof ¿ , leadsto theadditionalquadraticconstraintofÉ
12
É

33 3 É 23
É

13 � & 3 � 2 /
Theproblemof thecalibrationbeingdefinedup to anone-parameterfamily, andrequiring

anotherconstraint,is a recurringthemethroughouttheareaof self-calibration.

3.1.3 Hartley’s Unconstrained Motion Method

Hartley [38] usesa setof matchedpoints from imagestakenwith the samecamerabut

from differentpositions.Thereis noconstrainton themotionallowedbetweenthecamera

positions.Eachsetof matchedimagepointshasa correspondingpoint in 3D. Themethod

involvesaniterativesearchto find asetof calibratedcameramatricesand3D world points

consistentwith theimagepoints.

The methodis that a set world points � � can be projectedonto � imageswith the

projectionmatricesG � (0 Ê�ËFÌB� ), whichcanbeexpressedin theform of equation(2.2)G � 3ML^��	 � _ Í � � )
thenin the Ë th image,� � projectsto thepoint �� � � ,�� � � 3HG � � � �
Usingtheactualpositionof theimagepoints�^�� , solvefor � � ) 	 � ) Z � ) L by aniterativesearch

for theminimumof thefunction � �ºÎ � ��Ï ˆ� � � ) � � �lÐ 2 )
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where � &l� ):��/ is the Euclideandistanceon the imageplanebetweenthe pointsdefined

by the homogeneousvectors � and � . The initial valuesareset to thosecomputedfor a

quasi-affine reconstructionachievedusingchiral inequalities(seesection2.2.6).

3.1.4 Rotating Camera

Hartley [40] introducedthe ideaof self-calibrationusinga rotatingcamera.Whenthere

is no translationof the camerabetweenviews, there is an image-to-imageprojective

mappingwhich can be calculatedusing point matches. This projectivemappinggives

linearconstraintson ¿ , thedualof » . Giventhreeor moreimages,theseconstraintsdefine¿ andhencecameracalibration.

The methodis: given a set of matchedpoints �^�� (samenotationas section3.1.3),

computethe2D projectivetransformation� � 3B¥ � � 0 �
Eachprojectivetransformationgivesa constrainton ¿ of theform¿ ¥ � ¯ 0 3@¥ � ¿ �
Two or moreprojectivetransformationsgivesufficientconstraintto solvefor ¿ , andhence

thecalibrationL .
3.1.5 Stereo Head

Forastereohead,aprojectivereconstructioncanbecomputedfromeachpairof images(see

section2.2.5).Theprojectivetransformationbetweentwo reconstructioncanbecomputed,

andis obviouslyrelatedto therigid displacementof thestereohead.

Zissermanet al. [107] showedthat the projectivetransformationis conjugateto the

rigid (Euclidean)transformation,sothattheeigenvaluesof thematricesareidentical,and
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that the eigenvalue/eigenvectordecompositionof the projectivetransformationidentifies� � , anddefinesΩ � , up to anone-parameterfamily. Anotherconstrainton thecalibration

is usedto identify Ω � in theone-parameterfamily.

DevernayandFaugeras[20] alsoutilise the fact that the projectivetransformationis

conjugateto a rigid displacement.However, ratherthanusethe eigenvalue/eigenvector

decompositionto identify � � andΩ � , theydecomposetheprojectivetransformationinto

rigid displacementand a reduced projective transformation. This can be thoughtof as

analogousto the QR decompositionof a matrix. This decompositionof the projective

transformationallows metric structureto be recovered. However, oneagainthe metric

reconstructionis only definedup to anone-parameterfamily, but asΩ � is not usedin the

algorithm,theextraconstraintson calibrationwhich arenormallyusedcannotbeapplied.

Rather, theysuggestusingaseconddisplacementwhichremovestheambiguity. However,

theseconddisplacementwill haveto havea differentrotationaxis,anda cameramounted

ona vehiclewill oftenhavea fixedrotationaxiswhichwill not removetheambiguity.

3.1.6 Affine Structure

Luong andVieville [61] showedthat from two generalviews of an affine structure,it is

possibleto calibratethecamera.First the infinite homography ( ¥Q� ) is computedfrom the

two projectionmatrices,andthen¥Q� givesconstraintson ¿ . Theinfinite homography maps

theimagepoints(correspondingto pointson ��� ) from thefirst to thesecondimage.

Lemma 3.3 The infinite homography (H � ) can be computed from two views of an affine

structure, whose projection matrices are P u 3Ñ� M _m � and P � u 3Ñ� M �Ò_m �Ó� respectively, as the

matrix H �¸3 M � M ¯ 1.
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Proof: Pointsontheplaneat infinity ( �Ô� ) canberepresentedby �Ô�¸3½&�' )�9;)�<Õ) 0 / 0 ) and

whenprojectedontothetwo imageplanesby G u and G � u give theimagepoints � and � �� 3 ~®�4� )� � 3 ~ � �4�Ö�
Thecorrespondingimagepointsarerelatedby a projectivemapping� � 3�~ � ~ ¯ 1 �|3@¥ � � ) & 3 � 3 /
where¥Q� is the infinite homography.°
Lemma 3.4 The infinite homography (H � ) between two views gives constraints on the

dual of the image of the absolute conic ( » ), in the form of K �^3 H � KH 0� , where K 3 CC 0
(K �®3 H � KH 0� ) is the dual of » in the first (second) image.

Proof: Theprojectionmatricescanbeexpressedin theform of equation(2.2)G 3 L � 	J_ Z � )G � 3 L � ��	 � _ Z � �^� (3.4)

andcomparingto thedefinitionof G u and GI�u , andequation(3.3)gives¥®�¨3HL � 	 � &lLI	 / ¯ 1 3HL � 	 � 	 ¯ 1 L ¯ 1 ) & 3 � 5 /
where	D��	©¯ 1 is therotationof thecamerabetweentheviews.

Substitutingequation(3.5) into ¥Q� ¿ ¥ 0� gives,¥Q� ¿ ¥ 0� 3 &lL � 	 � 	 ¯ 1 L ¯ 1 / &sL¦L 0 / &lL � 	 � 	 ¯ 1 L ¯ 1 / 03 L � 	 � 	 ¯ 1 L ¯ 1 LDL 0 L ¯ 0 	 ¯ 0 	 � 0 L � 03 L � L � 03 ¿ � � ° (3.6)
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Equation(3.6)is thetransformationof aconicunderthelineartransformation¥Q� . The

significanceof equation(3.6) is that it providesa linear methodfor obtaining ¿ . If the

camerainternalparametersarefixedbetweenviews(so ¿ 3 ¿ � )¿ 3B¥®� ¿ ¥ 0� � & 3 � 7 /
However, if againonly onepair of imagesis used,theconstraintsgivenby equation(3.7)

only define ¿ up to an one-parameterfamily, and anotherconstraintis requiredto find

it. If anotherview is used,and the rotationaxesaredifferent, then the two2 constraint

equations(3.7) fully define¿ . Moredetailscanbefoundin chapter4.

3.1.7 Varying Focal Length

Pollefeyset al. haveshownthat evenwhen the focal lengthchangesit is still possible

performself-calibration.Severaldifferentalgorithmshavebeensuggested,includingself-

calibrationof astereohead[75], andself-calibrationfrom amonocularimagesequence[76,

77].

The methodusesan adaptationof the self-calibrationfrom affine structure(seesec-

tion 3.1.6)which candealwith a varyingfocal length. However, theadaptationrequires

that thepositionof theprincipalpoint is known. Hence,thecalibrationis foundsequen-

tially, with theprincipalpointfoundfirst by zoomingwith astationarycamera,andthenthe

varyingfocal lengthis foundby zoomingwith arotatingcamera.Thesedeliberatemotions

canbeachievedeasilyby takinganimagesequencewith a videocamera.

2With threeviews therearethreeH × ’s but only two out of the threeare independent,asH × between
views1 and3 is theconcatenationof theH × ’s betweenviews1 and2, and2 and3. Hence,only two of the
threepossibleconstraintequations(3.7)areindependent.
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3.1.8 Deliberate Motion

An alternativemethod,whichhasbeenusedfor activevision,is calibratingacamerausing

deliberatemotions[66]. Herethe stereohead[74] is madeto performa certainrotation

aboutoneof thecameraaxes,andby trackingfeaturesor usingopticalflow it is possible

to calibratethecamera.Themethodis differentfrom otherself-calibratingalgorithmsasit

requirescontrolof theorientationof thecamera,andtherotationbetweenviews. It is also

differentfrom thedeliberatemotionsdescribedin section3.1.7,astherotationshaveto be

purerotationaroundoneof thecameraaxes,which generallycanonly beachievedusing

mechanicalcontrolof thecamera.

A moregeneralmethodis givenby Horaudet al. [45], wherethecamerais mountedon

a robotarm,andthearmexecutesgeneralbut knownrigid displacements.First thescene

is recoveredup to a projectiveambiguity, andthenit is shownhow thecameracalibration

canberecoveredusingtwo or moredisplacements.It is shownthatto recoverthecamera

calibrationusingthismethod,thatthedisplacementsmustincludeat leasttwo distinctaxes

of rotation,andat leastonemotionwherethetranslationis notperpendicularto theaxisof

rotation.

3.2 Traditional Calibration

Chapter2 introducedtheideaof reconstructingasceneusingtwo or moreimages,andthat

for ametricreconstructionthecameracalibrationneedsto beknown. Traditionallycamera

calibrationhasbeenperformedoff-line by takingoneor moreimagesof acalibrationobject

whose3Dstructureisknown.Thenthepositionof theobjectin theimageis found,allowing

accurateestimationof theworld-to-imageprojection. Finally, thecameracalibrationcan

thenbefoundby decomposingthisprojection.

Thecalibrationobjectsaredesignedsothatthe3D positionof pointson theobjectare
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a b

Figure3.1: Calibration Objects: (a) a typical 3D calibration object containing two orthog-
onal Tsai grids; (b) the planar calibration grid (Tsai grid).

knowna priori andtheimageof thesesamepointscanbeaccuratelyfound. Theaccuracy

of the calibrationis improvedby reducingthe possibleerror in measuredpositionof the

pointsin theworld andin theimage.

Thepointsusedarethecornerscreatedby textureonaplanarsurface.Figure3.1shows

a typical calibrationgrid (Tsaigrid) madeup of darksquareson a whitebackground,with

the cornersof the dark squaresbeingusedfor calibration. Cannyedgedetection[15] is

appliedto theimage,andorthogonalregressionusedto fit linesto theeighthorizontaland

vertical lines on eachplane. The intersectionof theselines generate64 vertices(i.e., the

cornersof the darksquares)which areusedasthepointsto computetheworld-to-image

projection.

Calibrationusinga singleimageof anobjectrequiresthattheobjectis 3D ratherthan

planar(seefigure3.1). However, Tsai[94] usesaplanarcalibrationobject(seefigure3.1b),

andby takingtwo or moreimageswith a knowncameradisplacementthecameracanbe

calibrated.
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3.2.1 Theory of Traditional Camera Calibration

Themethodusedhereto calibratethecameraoff-line is split into two stages[23]:

1. Theprojectionmatrix ( G ) from equation(2.1) is estimatedusingthepositionsof the

corresponding3D world pointsand2D imagepoints.

2. Thematrix G is decomposedinto theform of equation(2.2),whichgivestheinternal

parameters( L ) andexternalparameters( 	 ,Z ).
Estimating the Projection Matrix

Theprojectionmatrix G is estimatedusingasetof ! world points� � andthecorresponding

imagepoints � � , by minimisingthe image error. The image error is thedistancebetween

theactualimagepointandtheprojectionof theworld pointontotheimageplaneusing G .
Theprojectionof theworld point onto theimageis obtainedusingequation(2.1),but

thisonlygivesthehomogeneouspositionof theimagepoint(i.e.,theraythroughthecamera

centreon which thepoint lies). Thepositionwherethis ray intersectstheimageplanehas

to befoundsothatthe imageerrorcanbecalculated.Theintersectionof theray with the

imageplaneis foundby eliminatingtheunknownscalefactor, sothatapointon theimage

plane &lj ) k /�0 hasthehomogeneousvector &sj ) k ) 1/�0 .
Threeequationscanbeobtainedfrom equation(2.1),buteliminatingtheunknownscale

factorgivestwo equationsfor the12unknownsin Gj 3 G 11'�$�G 129 $�G 13 < $�G 14G 31'�$�G 329 $�G 33 < $�G 34
)k 3 G 21'�$�G 229 $�G 23 < $�G 24G 31'�$�G 329 $�G 33 < $�G 34
� (3.8)

Theerror to minimiseis the geometricdistancebetweenthe actualimagepointsandthe
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projectedimagepointsfrom equations(3.8),giving thetotal imageplaneerror��Ø 3 1! #� �ÚÙ 1 Û{Ü j � d G 11' � $�G 129 � $�G 13 < � $�G 14G 31' � $�G 329 � $�G 33 < � $�G 34 Ý 2 $
Ü k � d G 21' � $�G 229 � $�G 23 < � $�G 24G 31' � $�G 329 � $�G 33 < � $�G 34 Ý 2 Þ � (3.9)

The error function (3.9) is non-linearandcanbe minimisedby numericalmethods.But

beforeanyiterativeminimisationcanberun,aninitial estimateof thesolutionfor G hasto

be found. Equations(3.8) canberearranged,so that insteadof minimisingthegeometric

distance(
�ÕØ

), analgebraicdistanceis minimised,giving a totalalgebraicerror� u 3 1! #��ÚÙ 1
Ï-ß j � &lG 31'�$�G 329 $�G 33< $�G 34 / d &sG 11'�$�G 129 $�G 13 < $�G 14 /là 2 $ß k � &sG 31'�$�G 329 $�G 33 < $�G 34 / d &lG 21'�$�G 229 $�G 23 < $�G 24 / à 2 Ð � (3.10)

Theerror function(3.10)hastheadvantagethatit is linearin theunknownelementsof G ,
sothataclosedform solutioncanbefound.

Initial Estimate of P

Theerrorfunction(3.10)canberearrangedinto theform

miná âÕã¦ä�â 2 ) & 3 � 11/
subjectto â�ä�â 2 3 1, whereä is a columnvectorcontainingtheelementsof G and

ãK3
RSSSSSSST
� 01 [ 0 d j 1 � 01[ 0 � 01 d k 1 � 01� 02 [ 0 d j 2 � 02

...[ 0 � 0# d k # � 0#
U VVVVVVVW �

The solutionto equation(3.11) is the null eigenvectorof ã , andthis canbe found from

SingularValueDecomposition(SVD) [78] of ã . The trivial solution ä½3 [ is avoided

becauseä is aneigenvectorwhichhasunit norm.
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Iterative Minimisation

Oncetheinitial estimateof G hasbeenfound,aniterativemethodcanbeusedto refinethe

solution. Themethodusedhereis Levenberg-Marquardtminimisation[78], andtheerror

function(3.9) is minimised.

WhenusingLevenberg-Marquardtminimisation,thescalefactorneedsto betakeninto

accountto producea minimum parameterisation.Either oneof theelementsof G canbe

fixed, or G canbescaledbetweentheiterations[38] so âbG|â+3 1. Here,oneelementof G
is fixed( G 34 3 1), andtheother11 parametersareallowedto change.This couldproduce

inaccuraciesif, in thesolution, G 34 is much largeror smallerthantheotherelementsin G ,
but this hasnotbeennoticedin practice.If thisdoesthenit is verysimpleto scaleanother

parameterto 1.

Decomposing the Projection Matrix

Oncethe solutionfor G hasbeenfound, it hasto be decomposedinto the form of equa-

tion (2.2). The3 � 3 submatrixof G canbeexpressedasRST G 11 G 12 G 13G 21 G 22 G 23G 31 G 32 G 33

U VW 3HLI	 )
whereL is uppertriangularand 	 is orthonormal.ThisallowsQRdecomposition[31] to be

usedto find L and 	 . Faugerasandothers[23, 29] decomposedG usinganequivalentseries

of equationscontainingall theparameters,but the implementationof QR decomposition

providesa moresystematicapproach.
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� Accuratelyfind the imagepositionsof the cornersof the Tsai grid by
intersectinglinesalreadyfitted to thegrid by orthogonalregression.� Estimatetheprojectionmatrixusingequation(3.11)for theinitial estimate,
andtheniterativenon-linearminimisationof theerrorfunction(3.9).� Decomposethe projectionmatrix using QR decompositionto give the
cameracalibration

Algorithm 3.1: Off-line camera calibration.

3.2.2 Results for Traditional Camera Calibration

This sectionanalysesthe stability andaccuracyof cameracalibrationwhenusinga cali-

brationobject. A setof 24 imageswith the calibrationgrid in variouspositionsrelative

to the camerais used(seefigure3.3). Thecalibrationis computedfor eachimageusing

algorithm3.1. Theaccuracyandstabilityof thecalibrationcanbeshownin two ways:� Theaccuracyof G canbeexaminedby measuringthedifferencebetweentheactual

cornersin theimageandtheprojectionof thecorresponding3D pointsusing G (see

equation(3.9)).� Thestabilityof thecalibrationparameterscanbeexaminedby comparingthevalues

calculatedwhentherelativepositionbetweenthegridandcameraisvaried(generally

thegrid is centredin theimageandis viewedaslargeaspossible).

Thecalibrationobjectusedis shownin figure3.1a. It consistsof two orthogonalTsai

grids. Thepointsusedarethecornersof the16 squareson eachgrid. The3D pointshave

beenaccuratelymeasured,andthe positionsof the cornersin the imagecanbe found to

sub-pixelaccuraciesusingtheintersectionsof thelineson thegrid3.

3Thesoftwareto automaticallyfind thecornersby straightline intersectionwaswrittenby PaulBeardsley.
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Errors in the Image Plane

Table3.1showstheaverageerrorin theimageplanefor theprojectedpoints.Theaverage

is calculated,for the128pointsonthecalibratedgrid,overthe24imagesused.Resultsare

givenfor two estimatesof G .
1. Theinitial (linear)solutionfor G from equation(3.11).

2. Thefinal (non-linear)solutionfor G afterLevenberg-Marquardtminimisation.

Theinitial estimatehasawidevariationof errors,but thefinal estimatetypically haserrorsÌ 0.2pixels.

Variation of the Internal Parameters

The internalparametersarecalculatedfor the setof 24 images. The averagevalueand

standarddeviationfor theinternalparametersaregivenin table3.2.

Theresultsshowthat a c , a�g , and r arestable,varyingby lessthan0.5%. In contrast

theprincipalpoint &sf 0,h 0 / variesovera 40 � 40 pixel regionin a 512 � 512pixel image.

This variationcommonlyoccursin calibration[94] but themagnitudeis exaggeratedhere

by havingtheimageof thegrid in differentpartsof theimage.

Figure3.2showsthecalculatedpositionof theprincipalpointswhentheimageof the

grid is in thefour cornersof theimage,aswell ascentredin theimage(seefigure3.3). The

positionof theprincipalpoint is definitelyrelatedto therelativepositioningof thegrid and

camera,andis probablyrelatedto thesmallamountof radialdistortionin thecamera.
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Error (pixels)
Estimate average max. min.
Linear 0.625 2.075 0.256
Non-Linear 0.158 0.283 0.107

Table3.1: The reprojection error for the image point, for 128 points over 24 images, with
linear and non-linear estimates of P.

Summary

This chapter has reviewed the different methods of camera calibration. Section 3.2 ex-

plained the theory and gave results for a traditional method for the off-line calibration of

a camera.

Section 3.1 introduced the idea of self-calibration, where the camera calibration can

be computed using only information contained in the images themselves, and explained the

actual knowledge required for self-calibration. It reviewed the many methods that have

been suggested for self-calibration, and derived many of the basic results. A problem for

many of the methods is the algebraic and numerical complexity of self-calibration, and

that the methods are slow and require extreme accuracy of computation. Also, increasing

the number of views used greatly increases the complexity of the computation. This is not

advantageous as increasing the number of images used in the computation should improve

the accuracy obtainable.

In the next chapter, two ideas from chapters 2 and 3 are combined in a novel self-

calibration method, which by stratifying the problem, it reduces the numerical complexity.

The method also allows the extension to the simultaneous use of an arbitrary number of

images.
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a c a�g r f 0 h 0 p
(pixels) (pixels) (-) (pixels) (pixels) (pixels)

Average 648.7 972.7 1.4993 251.8 256.3 2.0
Std.Dev. 2.8 4.7 0.0019 20.1 20.5 0.5
Ratio 0.4% 0.5% 0.1% 8.0% 8.0% —
Max. 657.8 984.7 1.50383 294.0 306.1 3.8
Min. 643.5 965.1 1.49678 214.9 211.6 1.1

Table3.2: The distribution of the internal parameters calculated from 24 images of the
calibration grid. The camera focal length is approximately 8.5mm. Ratio is the ratio of the
standard deviation to the average value.
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Figure3.2: The variation of the principal point with position of the grid in the image (+
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Figure3.3: The placement of the calibration grid in different position in the image. (a) the
normal centred position, (b) and (c) the typical off-centre placements.



Chapter 4

Self-Calibrationvia Affine
Structure

Overview

The previous chapter reviewed the different methods that have been suggested for self-

calibration. A common problem encountered was the algebraic and numerical complexity

of the algorithms. In this chapter, a novel method for self-calibration is presented [4],

which stratifies the problem and thereby reduces the numerical complexity. The method

extends and combines two ideas (by different authors) from chapters 2 and 3.

First, affine structure is recovered using a translating camera, extending the work by

Moons et al. [71]. Then self-calibration can be performed using the affine structure work

of Luong and Vieville [61]. Unlike other methods, the algorithm does not require a large

non-linear minimisation, and can be applied to an arbitrary number of images without

increasing the complexity.

The extension of recovering affine structure from a translating camera is explained

in section 4.1.1. It is also shown in section 4.1.2 that affine structure can be recovered

using four views from a camera moving with general motion. The theory of self-calibration

from affine structure is described in detail in section 4.1.3. An extensive assessment of the

accuracy of the algorithm is performed using real images in section 4.2.1. Finally, two

applications are described and results given in section 4.2.2.
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4.1 Theory of Self-Calibration via Affine Structure

Thissectionintroducesanewmethodfor self-calibration[4] whichusesastratifiedapproach

to the problem. The methodcombinesand extendsthe work of Moons et al. [71] for

computingaffine structurewith a translatingcamera(seesection2.2.6),with thework of

LuongandVieville [61] for self-calibrationusingaffine structure(seesection3.1.6). Full

implementationdetailsaregivenaswell asthealgorithmsummaries4.1and4.2.

4.1.1 Affine Structure from a Translating Camera

Whenthereis only translationof thecamerasbetweentwo viewsof thescene,Moonset

al. [71] showedthataffinestructurecanberecovered.Theoriginalmethodusedaminimum

numberof pointsto form anaffinecoordinateframe.Herethemethodis extendedto used

all the points,andinvolvesestimatingthe projectionmatrices,andthenback-projecting

the raysto intersectin 3-space.With a translatingcamerathe projectionmatriceshavea

specialform whichgivesanaffinereconstruction.

Lemma 4.1 When a camera is undergoing pure translation, a special form can be used for

the projection matrices of the projective camera, which allows the structure to be recovered

up to an affine ambiguity. The projection matrices for two views are P u 3 � I _ 0 � and

P � u 3ç� I _ e � , where e is the epipole.

Proof: Without lossof generality[23, 38], the projectionmatrix for the first view of the

affinestructurecanbesetto G u 3��è¤©_ [ ���
Thepuretranslationbetweenthefirst andsecondviewsallowsaspecialform to bechosen

for the secondprojectionmatrix ( GI�u ). When the camerasarecalibrated,the projection
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Figure 4.1: The two translated image planes with optical centres O and O � , the same
epipole e, and related by the translation (t � d t).

matrices( G ² ) G �² ) canbeexpressedin theform of equation(2.2)GI² 3 Lé�ê	J_ Z+� )G �² 3 Lé�ê	 � _ Z � � )
but for puretranslation,	Y3�	D� . The affine andmetric structurearerelatedby an affine

transformation¥ (seeequation(2.13))suchthat�F²B3�¥D� u-)
andbothprojectto thesameimagepoints,�|3]G u � u 3MGO²{�³²M3MGO²ë&(¥D� u�/ �
Hence, ¥F3´X &sLO	 / ¯ 1 d 	 ¯ 1 Z �[ 0 1 \ )
andfrom GI�u 3MGO�² ¥ G � u 3Æ�ì¤�_�L�&(Z � d Z / �s� & 4 � 1 /
Thetranslation&(Z+� d Z / andcalibration L areunknown,but L©&�Z+� d Z / is theepipole( Ç ) of

theimages.Theepipoleis theintersectionof thelinesjoining thecameracentreswith the
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Figure4.2: The imageplanecorrectionused to find the 3D point by back-projection. (a)
and (b) are the two translated views, and have the same epipole (e) and correction line.

imageplanes(seefigure4.1),andcanbeexpressedastheprojectionontotheimageplane,

usingthecalibrationmatrix L , of thedirectionof translation&�Z � d Z / . Soequation(4.1)can

nowbewrittenas G � u 3��ì¤�_�ÇI�l� & 4 � 2 /
The3-spacestructurecannowberecoveredby back-projectingtheimagepointsusingthe

projectionmatricesG u and GO�u . Theprojectivetransformation¥ from themetric structure�F² to theactualrecoveredstructure� u is in thesameform asequation(2.13),andsothe

recoveredstructureis definedup to anaffineambiguity.°
Finding the Epipole Theepipoleis foundusingthefundamentalmatrixandsolvingthe

equationÀQÇK3 [ . For a translatingcamerawith fixed internalparameters,thefundamental

matrix is skewsymmetric[23] with threehomogeneousparameters,which improvesthe

numericalcalculationof À . Moredetailscanbefoundin appendixA.
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� The fundamentalmatrix À is computedusingthepoint matchesbetween
theimages.À is skewsymmetricwith 2 degreesof freedom.� The epipoleis found, and is usedto form the projectionmatrix (equa-
tion (4.2)).� Correctedimagepointsarefoundbyprojectingthepointsontoacorrection
line. The correction line, radiating from the epipole, is positionedto
minimisestheperpendiculardistancefrom thematchedpointsto theline.� Thecorrectedimagepointsareback-projectedto intersectin 3-space,to
give thepointsfor theaffinereconstruction.

Algorithm 4.1: Recovering affine structure using a translating camera.

Back-Projection from the Image Plane

Thedifferentmethodsfor back-projectingimagepointswerereviewedin section2.2.2,but

as the structureis only recoveredup to an affine ambiguity, the problemof intersecting

skewedraysstill remains. Hartley and Sturm’s method[43] can be used,andwith the

degeneratemotionandfundamentalmatrix, thepolynomialequationreducesfrom degree

six to aquadraticwith two solutions.

Thefollowing constraintgivesthesameresultasHartleyandSturm’smethod,but has

just one solution rather than the two, and was derivedindependently[4]. The method

corrects thecorrespondingpointsin theimagessothattheback-projectedraysdointersect.

With theepipolesin thesamepositionon both images,the imagescanbesuperimposed,

andthe image error for both imagescanbeminimisedsimultaneously. A correction line

is definedastheline passingthroughtheepipolethatminimisestheperpendiculardistance

from the line to the points � and � � (seefigure 4.2). The pointsarethenprojectedonto

this line generatingcorrectedpoints ˆ� and ˆ��� . Thecorrectedback-projectedraysintersect,

giving apoint in 3-space.
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4.1.2 Affine Structure from Four Views

This sectionshowsthatwith four viewsit is possibleto recoveraffine structurewhenthe

camerais rotatingaswell astranslating.The methodis not usedfor the work presented

here,but is givento showa moregeneralapproachto obtainingaffinestructure.

Section2.2.5showedthat to transformfrom a projectiveto an affine reconstruction

requiresthat theplaneat infinity ��� is identified. Equation(2.12)showedthat themetric

andprojectivereconstruction,�F² and �21 respectively, arerelatedby a transformation¥
suchthat � ² 3B¥D� 1 3 X¨§ Z� 0 1 \ � 1 )
where &�� 0 ) 1 / 0 is the position of ��� in the projectivereconstruction. The projection

matricesfor two viewsof themetricstructurecanbesetto1

GO² 3 L � ¤�_ [ � )G �² 3 LO	q�Ú¤©_ d Z+� )
while thecorrespondingprojectionmatricesfor theprojectivestructureareGÈ1 3 � ¤�_ [ � )G �1 3 � ~v_��í���
Theprojectiveandmetricstructuresprojectto thesameimagepoints,suchthatfor thefirst

view ��3MG¢1��21>3HGI²��F²�3HGI²�¥¦�q1 )
andhence GÈ1>3HGI²{¥F3­X § Z� 0 1 \ 3¨CQLé� § _ Z+� )

1The secondprojectionmatrix for the metric structurehasa slightly differentform from that in equa-
tion (2.2),but theonly differenceis thatthetranslationis measuredin a differentcoordinateframe.
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where C is theunknownscalingin theprojectionmatrices,andthisgives

§ 3 1C L ¯ 1 )Z 3 [ �
Theprojectioninto thesecondview is� � 3HG �1 � 1 3HG �² � ² 3HG �² ¥D� 1 )
which following thesameanalysisgivesG �1 3 C � LI	4î�L ¯ 1 A C d Z+� 0 _ d Z+ï )Z 3 d 1C � &lLI	 / ¯ 1 � )
andsubstitutingfor Z gives ~ d �%� 0 3 C �C LI	®L ¯ 1 � & 4 � 3 /
Thematrix LI	®L¦¯ 1 is aconjugaterotationmatrixwhichhasthesameeigenvaluesas	 , which

are1 and ð,ñ �Úò . Hence,the matrix ~ d �%� 0 hasthe eigenvalues&�C � A C / and &óC � A C / ð,ñ �Úò .
Thesum( i 1), sumof pairs( i 2), andproduct( i 3) of the eigenvaluesof ~ d �%� 0 canbe

expressedasi 1 3 d ß C � A C à Ï 1 $�ð . �èò $@ð ¯ �Úò Ð 3 d ß C � A C à (1 $ 2cose ) ) (4.4)i 2 3 ß C � A C à 2 Ï ð . �Úò $�ð ¯ �Úò $�ð . �èò ð ¯ �Úò Ð 3 ß C � A C à 2 (1 $ 2cose ) ) (4.5)i 3 3 d ß C � A C à 3 Ï ð . �Úò ð ¯ �èò Ð 3 d ß C � A C à 3 � (4.6)

Thesum,sumof pairs,andproductof theeigenvaluesof ~ d �%� 0 canalsobeexpressed

aslinearfunctionsof �i 1 3 tr &Å~ / d � 0 �i 2 3 1 A 2 Ï tr &Å~ / 2 d tr &Ò~ 2 / Ð $ ß ~ô� d tr &Ò~ / � à 0 �i 3 3 det&Å~ / d det&Ò~ / &Å~ ¯ 1 � / 0 �
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Eliminating C , C¦� and e from equations(4.4),(4.5)and(4.6)givesa quarticequationin �i 3 i 3
1 3Bi 3

2 � & 4 � 7 /
Eachpair of imageswill give a constraintin the form of equation(4.7),andfour images

will give threeindependentconstraintsfor thethreeelementsof � . Once � hasbefound,

affinestructurecanberecoveredusingequation(2.14).

Independently, Pollefeyset al. [76] derivedthe sameresult and termedit the mod-

ulus constraint. They solvedthe threesimultaneousquarticequationsusingnon-linear

minimisation.

4.1.3 Self-Calibration from Affine Structure

LuongandVieville [61] showedthata cameracanbecalibratedusingtwo or morerotated

viewsof anaffinestructure(reviewedin section3.1.6).Fromeachview aprojectionmatrix

canbecomputedusingthemethodsdescribedin section3.2. Eachpair of viewscanthen

beusedto computean infinite homography usingequation(3.3),¥Q�¨3�~ � ~ ¯ 1 )
andeachinfinite homographygivestheconstraintson ¿ in form of equation(3.7)¿ 3B¥®� ¿ ¥ 0� �
Themethodrequiresthat the internalparametersremainfixed, andif thereis no rotation,

equation(3.7)reducesto ¿ 3 ¿ , andthereis noconstrainton ¿ .
Solving the Constraint Equations

Theconstraintequation(3.7)canberearrangedinto theform ã �öõ 3 [ , where õ is thesix

distinctelementsof thesymmetricmatrix ¿ writtenasavectorõ 3½& É 11 ) É 12 ) É 13 ) É 22 ) É 23 ) É 33 / 0 )
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� Computetheaffineprojectionmatricesby anyappropriatemethod.� Computetheinfinite homographies ( ¥Q� ) betweenthedifferentviewsusing
equation(3.3).� Solvetheconstraintequation(3.7)for ¿ usingequation(4.8)andpossibly
equation(4.9) if ã is Rankdeficient.� UseCholeskidecompositionto find L from ¿ .� Useequation(2.16)to upgradefrom affine to metricstructure.

Algorithm 4.2: Self-calibration and metric structure recovery using affine structure.

and ã � is a 6 � 6 matrix anda functionof the infinite homography. A different ã � canbe

obtainedfrom eachpair of views, andthesecanbe compoundedinto a 6!Y� 6 matrix ã
whichgivestheequationfor ! pairsof viewsasã õ 3 [ � & 4 � 8 /
The solutionto this equationis null spaceof ã , which for real datacanbe found using

SingularValueDecomposition(SVD) to solve min÷ âøã õ â 2 subjectto â õ â 2 3 1.

However, whenusinga singlepair of viewsor whentherotationbetweenall viewsis

aboutthesameaxis,thenã isRank4 [61] andthereisaone-parameterfamily of solutionsto

equation(4.8). Thisis thesameasthesituationdescribedin section3.1.2,andtheconstraint

of noimageskewcanbeusedto identify thecorrectsolution.Now therangeof solutionsto

equation(4.8)is spannedby thetwo eigenvectors� and � associatedwith thetwo smallest

eigenvalues(foundusingSVD) to give õ 3��^$HCQ� , where C is thefreeparameter. The

valueof C correspondingto thecorrectsolutioncanbefoundby rearrangingequation(3.2)

to give thequadraticequationC 2 &l� 2 � 6 d � 3 � 5 / $�Cé&óù 2 � 6 $�ù 6 � 2 d ù 3 � 5 d ù 5 � 3 / $]&óù 2 ù 6 d ù 3 ù 5 / 3 0 ) & 4 � 9 /
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which hastwo possiblesolutions,giving two possiblesolutionsfor ¿ . Often,oneof the

solutionsfor ¿ is not positivedefiniteandso Choleskidecompositionwill not give real

valuesfor the internalparameters,hencecanbe eliminated. Once L hasbeenfound, the

metricstructurecanberecoveredusingequation(2.16).

Degeneracies

If camerarotationis aboutoneof the cameraaxes,thensomeof the internalparameters

areunconstrainedby equation(3.7),andcannotbedetermined.Fromequation(3.5),whenLK3ML � , and 	 is therotationbetweenthecamerapositions,then¥Q�¸3MLO	QL ¯ 1 � & 4 � 10/
Thedegeneraciescanbeanalysedby examiningtheinfinite homography( ¥ � ) andexpand-

ing equation(4.10). Whentheimageskewis assumedto bezero( p43 0), a rotationof e
aboutthecamera' axisgives¥Q��&�	^&se /ú/ 3 RST 1 f 0 sin e A a�g f 0 & cose d 1 / d f 0 h 0 sin e A a�g0 cose£$�h 0 sin e A a�g h 0 & cose d 1/ d h 2

0 sin e A a�gÕd�a�g sin e
0 sin e A a�g cose d h 0 sin e A a�g

U VW �
Thereareno a c termsin ¥Q� andconsequentlynopossibleconstrainton a c in equation(3.7)

(thecoefficientof a�c is zero).Consequently, a�c is unconstrained.Similarly, with arotation

aboutthe 9 axis, a�g is unconstrained.Forarotationof û aboutthe < axis(theopticalaxis)

with p23 0¥®��&(	é&óû /ü/ 3 RST cosû d & 1 A r / sin û d & 1 A r / h 0 sin ûÖ$�f 0 & 1 d cosû /r sin û cosû d rIf 0 sin ûÖ$�h 0 & 1 d cosû /
0 0 1

U VW )
in which casea c and a�g only appearin ¥Q� asthe aspectratio ( r ), so their independent

valuescannotbedetermined.

Near-degeneratesituationscan occur if the magnitudeof rotation aboutone axis is

small. In this casetheassociatedinternalparameteris poorlyconstrained.
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4.2 Results for Self-Calibration via Affine Structure

In this section,themethodof self-calibrationdescribedin section4.1 is implemented,and

resultsobtainedusingrealimages.Assessmentof themethodis madefor differentnumber

of imagesandsizeof rotationbetweenimages,andtwo possibleapplicationsaredescribed

with results.

4.2.1 Assessment of Method

Theobjectusedfor theassessmentis thecalibrationobjectin figure3.1a. Theknown3D

structureof theobjectis not usedto calibrate(unlikesection3.2)but is usedto assessthe

accuracyof thecalibrationandstructurereconstruction.Theaccuracyof thecalibrationis

assessedin two ways:� The internalparametersdeterminedusingself-calibrationcan be comparedto the

veridicalvalues.Theveridicalvaluesareobtainedby usingthecalibrationobjectfor

conventionalcalibration. Thecalibrationparametersareobtainedfrom eachimage

usingthemethodgivenin section3.2,andtheveridicalvaluesaresetto theaverage

overall theimages.� Comparingthe recovered3D metric structurewith that of the known calibration

object.Thecomparisonis donewith severalmetricinvariants,measuredonboththe

actualobjectandthereconstruction.

In thefollowing, anumberof differenttypesof sequencesarecompared,whichdiffer in the

numberof viewsandtherotationbetweenviews. In all cases,affinestructureis recovered

from the first two views of the imagesequence,which arerelatedby a translation,using

algorithm4.1. Theimagepointsusedarethecornersof thesquareson thecalibrationgrid

whicharefoundby line intersection(seesection3.2).
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3 Images Thereis a puretranslationbetweenthefirst two images,anda translationand

rotationfor thethird. Thetranslationbetweenthesecondandthird imagesis usedto fixate

on theobjectwhich allows the longersequencesusedbelow. ¥®� is determinedbetween

viewstwo andthree(it is identicalto thatobtainedfrom viewsoneandthree).As described

in section4.1.3, the additionalconstraintthat p�3 0 is requiredin this caseof a single

rotatedview. Two setsof resultsaregiven. For thefirst (5o ), therotationmagnitudeis 5o
aboutboththecamera' and 9 axes.Forthesecond(10o ), at leastoneof therotationshas

magnitudelargerthan5o . Therotationis limited to 15o sothatbothsidesof thecalibration

gridarestill in view in theimage.Thelargerrotationsgivemorestablevalues,asdiscussed

in section4.1.3.

4 Images A secondrotatedview is addedto the sequence,and the two ¥Q� matrices,

found from the mappingfrom the secondto the third, andsecondto the fourth images,

areusedsimultaneouslyto find ¿ . This second¥Q� generallychangesthe rank of ã (see

equation(4.8))from four to five, sotheconstraintpq3 0 is notrequired,andthecalculated

value for p given. Note, ¥Q� betweenthe third and fourth imagesaddsno additional

information. Theseimagesare selectedfrom the (5o ) and (10o ) setsabove,suchthat

rotationsaboutcorrespondingcameraaxes(e.g.,the ' axis)in thethird andfourth views

differ in magnitude.

6 Images Fourrotatedviewsareusedto givea24 � 6 matrix ã of rankfive, with the ¥Q�
mappingfrom thesecondimageto eachof the four rotatedimages.Thesegive themost

stableresults,with internalparametersapproachingtheveridicalvalues.

Degenerate A three-imagesequenceis used,but therotationis herelimited to eitherthe

camera' or 9 axis. Asshownin section4.1.3,thisresultsin a c or a�g beingunconstrained.
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Method ý-þ ý-ÿ � c 0 g 0 
(no. of seqs.) (pixels) (pixels) (pixels) (pixels) (pixels)
Known3D Grid 646� 0 � 3 � 5 � 968� 7 � 4 � 7 � 1 � 4996� 0 � 0016� 246� 5 � 9 � 2 � 244� 3 � 11� 4 � 1 � 5 � 0 � 4 �
3 Images-5� (9) 625� 2 � 41� 1 � 954� 5 � 35� 5� 1 � 53 � 0 � 11� 242� 8 � 20 � 1� 225� 6 � 29� 4 � 0
3 Images-10� (6) 684� 4 � 26� 7 � 1034� 0 � 24� 9 � 1 � 513� 0 � 081� 261� 0 � 4 � 0 � 234� 2 � 32� 0 � 0
4 Images(13) 661� 0 � 17� 0 � 1018� 0 � 22� 2 � 1 � 522� 0 � 028� 258� 0 � 7 � 7 � 239� 7 � 11� 6 � 1 � 2 � 36 � 6�
6 Images(35) 645� 6 � 13� 1 � 1001� 8 � 16� 9 � 1 � 552� 0 � 021� 260� 0 � 4 � 6 � 236� 9 � 6 � 6 � 21� 8 � 14� 4 �
Degenerate-X(6) – 1064� 0 � 32� 5 � – 245� 0 � 4 � 2 � 208� 0 � 3 � 0 � 0
Degenerate-Y(2) 687� 2 � 34� 9 � – – 260� 2 � 27 � 2� 33� 8 � 13� 7 � 0

Table4.1: Mean (standard deviation) of the internal parameters determined from a varying
number of views and rotations. – indicates that no value was obtained, and 0 indicates the
skew is set to zero. See text for details.

Internal Parameters

The resultsfor the internalparameters,calculatedfrom thevariousimagesequences,are

given in table4.1. The stability of the internalparametersincreaseswith the numberof

viewsandthesizeof therotations.Thesix imagesequencegivesthemoststableresultswith

internalparametersapproachingtheveridicalvalues.Theparametersa c , a�g , and r havean

errorof between2%and6%. Again &sf 0 ) h 0 / variesoveraregionin thecentreof theimage,

thesizeof theregionvaryingfrom 20 � 30 to 5 � 5, decreasingwith increasingnumberof

viewsandthemagnitudeof rotation.In thesix-imagecase,theskewparameter( pÖ3 21� 8)

is significantly larger than the veridical value ( pB3 1 � 5 � 0 � 4), but this correspondsto

only 2o off perpendicular. Theresultsfor thedegeneratesequencesconfirmthe theoryof

section4.1.3with a c or a�g beingunconstrained.

Metric Reconstruction

Metric structureis recoveredfrom theaffine structureandcameracalibrationusingequa-

tion (2.16). Theaccuracyof thereconstructionindicateshow errorsin cameracalibration

propagatethroughto errorsin structure.For example,an error in a�c could havea more

detrimentaleffect thanonein f 0. The accuracyof the metric reconstructionis assessed
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a b

Figure4.3: (a) Affine reconstruction from two perspective images of the calibration object
with pure translation (note the in plane skew). (b) Metric structure obtained from three
perspective images, after determining internal parameters. The planes are now orthogonal
to high accuracy (see table 4.2).

by comparingsimilarity invariants(angles,distanceratios)with thosecalculatedfrom the

knownstructureof thecalibrationobject.Resultsaregivenin table4.2andfigure4.3,and

the sameimagesetsgivenaboveareused. Threesimilarity invariantsaremeasured,the

first two measurelocalstructure,andthethird global.

1. Distance error Thedistanceerror is the ratio of thestandarddeviationto meanof

196measurementof thedistancebetweenadjacentpointson thegrid.

2. Pattern error Thepatternerroris thestandarddeviationof anglescomputedfor all

cornersof thesquareson thegrid.

3. Plane angle. Theplaneangleis theanglebetweenthetwo planesof thecalibration

object,determinedby orthogonalregressionto pointson eachgrid.

In all casestherecoveredmetricstructureis clearlyreasonablyaccurate.Resultsimprove

for largerrotationanglesandgreaternumberof images.
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Method DistanceError PatternError PlaneAngle
3 Images-5o 4.5% 2 � 51o 91� 03o�& 3 � 80o /
3 Images-10o 3.9% 1 � 66o 91� 52o�& 4 � 20o /
4 Images 3.9% 1 � 12o 89� 33o�& 2 � 21o /
6 Images 3.7% 1 � 00o 90� 35o & 1 � 07o /

Table4.2: Similarity invariants measured on recovered metric structure: the actual mea-
surements are explained in the text, but for ideal data the distance and pattern error would
be zero, and the plane angle 90 o . The standard deviation for the plane angle is given in
brackets.

4.2.2 Applications

Active Vision

For a cameramountedon a robot armor AGV, it is usuallynot difficult to performpure

translationalmotion2. Consequently, the methodin section4.1.1 for generatingaffine

structure,is particularlyappropriateto activevision tasks. The following resultsarefor

animplementedsystem[8], with automaticcornerdetection,matchingandeliminationof

outliers.See[91] for detailsof theoutlier rejectionmethod.During themotionthecamera

is calibratedon the fly andmetricstructurerecovered.Note,cornersaredetectedhereusing

a cornerdetector, thuslocalisationis lessaccuratethanthe line intersectionmethodused

for thecalibrationgrid.

Figure4.4 showstwo imagesfrom a sequenceof 20 takenby a cameramountedon

an Adept robot arm wherethe camerarotatesby 20o overall about its X and Y axes.

Thecalculatedinternalparametersare & a c 3 673� 1 ) a�g 3 1005� 4 ) rn3 1 � 494) &lf 0 ) h 0 / 3& 249� 3 ) 282� 9 /ü/ , comparedwith valuesin table4.1wherethesamecamerawasused.The

recoveredstructureis shown in figure 4.5, and three views of the reconstructionwith

texturemappingof the imageareshownin figure4.6. Theanglesbetweentheroof, front

2The accuracyof the translationalmotion which can be achievedusing an AGV or robot arm varies
considerably.
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andsideof thehousewerecalculated,by orthogonalregressionto pointson eachplane,to

be53� 9o ) 94� 7o ) 87� 5o comparedto measuredvaluesof 51� 4o ) 90� 0o ) 90� 0o .
Repeated Structure

Structuresthatrepeatin asingleimageof asceneareequivalenttomultipleviewsof asingle

instanceof thestructure[55]. Thus,for example,aview of two identicalobjectsrelatedby

a translationis equivalentto astereopairof imagesof oneobject,with thecamerasrelated

by a puretranslation.If in a singleimagetherearethreeidenticalobjects,of which two

arerelatedby a simpletranslation,thenthecameracanbecalibratedandmetricstructure

recovered.Figure4.7showssuchan imageandfigure4.8 showsthereconstruction.The

anglesbetweenthe planarsidesof the reconstruction,found by orthogonalregressionto

pointson eachplane,are84o ) 81o ) 81o , comparedto theactualvalueof 90o .
Summary

This chapter has introduced a new method for self-calibration which reduces the numerical

complexity of the problem by using stratification. It involved extending the method of

obtaining affine structure from a translating camera, and then combining this result with

the theory of self-calibration from affine structure. Results were given using real images,

and two different applications were explained and results given.
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Figure4.4: Two images from the sequence of twenty used for self-calibration and metric
reconstruction. The images were taken by a camera mounted on an Adept robot arm.

Figure4.5: The reconstructed house projected from a different viewpoint, with lines added
for clarity. The reconstruction is for 100 points matched between the first two images, of
which 30 (bold) were tracked through all 20 images and used to compute calibration.

Figure4.6: Three views of the reconstructed house with the image texture mapped onto the
reconstruction.
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Figure4.7: A single image containing repeated structure which is used for self-calibration.

Figure4.8: Two views of the recovered metric structure from an image containing repeated
structure.



Chapter 5

Self-Calibrationvia FixedPoints

Overview

This chapter presents a novel method for self-calibrating a camera when the camera is

undergoing planar motion and at least three rotated views are available [5]. The method

is based on the idea that there are points and lines in the image and in the scene which

remain fixed during planar motion. The positions of these points are determined by the

camera calibration, and hence finding their positions enables the camera calibration to be

computed.

The idea of fixed entities is introduced in section 5.1.1, and the fixed entities for general

and planar motion are described in sections 5.1.2 and 5.1.4. How the fixed points determine

camera calibration is discussed in section 5.2, where it is shown how affine and metric

structure can be recovered. To recover full metric structure requires that one assumption

is made about the camera calibration. If this is not possible, only planar metric structure

is achievable. Section 5.2.3 shows that one of the most common assumptions used in self-

calibration (zero image skew constraint) can give poor, unstable results, when used with a

camera moving under planar motion.

Section 5.4 shows that the position of fixed entities in the image can be found using

three images and the trifocal tensor, but that for normal planar motion the solution is a

non-trivial algebraic problem. The complexity of the problem can be reduced by stratifying

the problem into simpler steps. Section 5.3 shows that the position of some of the fixed
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image entities can be found with much less difficulty using the fundamental matrices. These

fixed entities can then be used to compute a projective transformation of the images. This

transformation reduces the problem of finding the remaining fixed entities, using the trifocal

tensor, to solving a cubic in one variable.

The algorithms used are described in detail in section 5.5, then results are given for

several real image sequences in section 5.6. The results are shown to be both stable over

the image sequences, and accurate when comparing the reconstructions to known ground

truths.

5.1 Fixed Points of Planar Motion

5.1.1 Fixed Entities

Fixed entities are geometricobjectsin spacewhoseposition remainsinvariant during

a transformationof the space. Somefixed entitieshavealreadybeenintroduced(see

section2.2.4),not leasttheplaneat infinity ( ��� ) whosepositionremainsinvariantto affine

transformations.Moreimportanttoself-calibrationandmetricreconstructionistheabsolute

conic(Ω � ), whichremainsinvariantduringEuclideantransformations(rigid motion).

The other fixed entitieswhich can occurdependon the type of transformation,and

thenumberof transformationsconsidered.Herethefixed entitiesarisingfrom Euclidean

transformation(rigid motion) of 3-spaceareconsidered.The fixed entitiesfor a single

generalEuclideandisplacementare explainedin section5.1.2. Then planarmotion is

defined(section5.1.3),andthefixedentitiesfor planarmotionaredescribedin section5.1.4.

Therearetwo differenttypesof fixed entities: thosewhich arefixed point-wise,and

thosewhicharefixedmerelyasaset.ForexampleΩ � ( �©� ) isafixedconic(plane),butthe

pointsin theconic(plane)arenotfixedpoint-wise(i.e., theconic(plane)is fixedasa set).

During a Euclidean(affine) transformationthepointsin theconic(plane)canbemapped
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to otherpositionsin theconic(plane).Point-wisefixedentitiesaremadeupof fixedpoints

whosepositiondonotchangeduringthetransformation(e.g.,a line of fixedpoints).

The intersectionof set-wisefixed entitiesresultsin the creation of additionalfixed

entitiesof a lower order (i.e., if two fixedlines(not linesof fixedpoints)intersect,thenthe

intersectionpoint is a fixedpoint).

5.1.2 Fixed Entities of General Motion

Thetheoryof kinematicsstatethatanygeneralrigid displacement(Euclideantransformation

containingbothrotationandtranslation)canbeconsideredasarotationabouta screw axis

anda translationalongthescrew axis [13].

For a singlegeneraldisplacementthereareadditionalfixed entitiesin additionto the

normal fixed entitiesof ��� andΩ � . Theplanesperpendicularto therotationaxisdo not

changeorientation— they arerotatedabout,andtranslatedalongthe axis — andso the

axisof thepencilof planesis a fixed line on �©� (i.e., theline of intersectionof theparallel

planesremainsfixed). Thescrewaxis is a fixed line, asthemotioncanbe consideredas

a rotationaboutandtranslationalongit, andsopointson theline arefixed set-wise.This

resultsin four extrafixedentitiesfor a singlegeneraldisplacement[107] (seefigure5.1):

1. A fixed line ( � ) on � � , theaxisof thepencilof planesperpendicularto therotation

(screw)axis.

2. A fixed line ( � ) of 3-space,thescrewaxis.

3. A fixed point ( � ) on ��� , theintersectionof �©� andthescrewaxis( � ).

4. Two fixed points ( � ,	 ) on Ω � , theintersectionof thefixed line ( � ) andΩ � , which

areknownasthecircularpoints[81].
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Figure 5.1: The fixed entities for general motion. Fixed lines: M the screw axis; and
L the axis of the pencil of planes perpendicular to the screw axes. Fixed points: V the
intersection of ��� and M; and the circular points I and J, the intersection of L and Ω � .
(Note: this is projective representation so that the parallel planes are not drawn as such.)

However, for two or more generaldisplacements,the screwaxeswill generallynot be

parallel(i.e.,differentrotationaxes),andsothefour extrafixedentitiesfor asinglegeneral

displacementwill notexistwhenconsideringmultiplegeneraldisplacements.

5.1.3 Planar Motion

Planarmotion occurswhen the rotation axis is fixed throughoutthe sequence,and the

translationis confinedto aplaneperpendicularto therotationaxis.

This typeof motion is typical for camerabasedon a movingvehicle(e.g.,a caror an

AutonomousGuidedVehicle).Theplaneof translationdoesnothaveto correspondto any

cameraaxes(unlike theGroundPlaneMotion work of Wiles [101]), andhencethecamera

canpoint in anydirectionrelativeto thetranslationplaneandrotationaxis.

Theseextraconstraintsonthemotionresultin extrafixedentitiesexistingfor anarbitrary

numberof displacementsof planarmotion.
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5.1.4 Fixed Entities of Planar Motion

As statedin section5.1.1,ageneraldisplacementcanbeconsideredasarotationaboutand

translationalalongthescrew axis. However, with planarmotion,thedisplacementcanbe

consideredpurelyasa rotationaboutthescrewaxis,with no translation,asthetranslation

is confinedto aplaneperpendicularto therotation(screw)axis.

Single Displacement With planarmotion, thereis no translationalongthe screwaxis,

which changesthefixed entities. Thescrewaxis is now a line of fixed pointsratherthan

justafixedline. Sotheintersectionof thescrewaxisand ��� is nolongeruniquelydefined

asall pointson thescrewaxisarefixed. Also thereis a fixed pencilof planesratherthan

just the fixed line correspondingto the axis of the pencil of planes(aseachplaneis just

rotatedaboutthe screwaxis andnot translated).However, � is still uniquelydefinedas��� andthepencilof planesarejustfixedpoint-wise,andhencetheintersectionline ( � ) is

a fixed line.

Multiple Displacements When consideringmultiple planardisplacements,the screw

axeswill all be parallel (samerotation axis), but generallythey will not be coincident

becauseof thedifferentplanartranslations.Sothereis no longera line of fixed pointsfor

thescrewaxis,but now theintersectionof theparallelscrewaxeswill bea fixed point on��� . This is thefixed point � which is nowuniquelyidentifiable(seefigure5.2a).

The pencil of planesremainsfixed over multiple displacements,and so the axis of

thepencil alsoremainsfixed ( � on ��� , seefigure5.2a). Thefixed line � still intersects

Ω � (seefigure5.2b),andso thecircularpoints( � and 	 ) alsoremainfixed overmultiple

displacements.Sofor planarmotionwith multiple displacements,thereare3 fixed points

andonefixed line:
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Figure5.2: The fixed entities for planar motion. (a) The fixed point V, the intersection on��� of the screw axes; the fixed line L the axis of the pencil of planes perpendicular to the
rotation axis. (b) The circular points I ) J, the intersection of L and Ω � on ��� . The points
V, I, and J are an orthogonal triad of directions, and L and V are pole and polar with
respect to Ω � .

1. The fixed line � on ��� , axisof thepencilof planesperpendicularto thescrewaxes.

2. The fixed point � on ��� , theintersectionof thescrewaxes.

3. The two circular points � ) 	 on ��� , theintersectionof � andΩ � .

Thefixedentities� and � arepoleandpolarwith respectto Ω � [81]. Poleandpolararea

pointandline associatedwith aconic,wherethetwo linespassingthroughthepole,which

aretangentialto theconic,arethetangentsto thepointsof intersectionof thepolarandthe

conic(seefigure5.2b).

The threefixed pointson ��� ( � , � , and 	 ) arean orthogonaltriad of directions,and

this becomesimportantin section5.2. Theorthogonalitycanbeshownby theexamining

therole of Ω � in determininganglesin 6 3, suchthat two linesareperpendicularif their

intersectionswith �©� areconjugate1 [81]. Thefixedpoint � is theintersectionof thescrew

axisand ��� , while � and 	 lie in theplaneperpendicularto thescrewaxis. Hence,both �
and 	 areconjugateto � , andtheline ��3
�b��	 is polarwith respectto thepole � .

1Two pointson � × areconjugateif theirrelationshipto Ω × is suchthatonepoint liesonthepolar, which
is definedby theotherpointaspole.
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5.1.5 Fixed Entities associated with the Camera

The fixed entitiesassociatedwith a cameraconsistof the entitiesin the imagethat are

unchangedundermotionof thecamera(or equivalently, amotionof space).Theseinclude

imagesof the fixed entitiesin 3-spacefor the given motion, but will also includeother

entitiesthatarespecificto thecamerabeingconsidered.Only cameraswith fixed internal

parameters(calibration)areconsidered.

In thefollowing, a geometricargumentis givenfor theexistenceandform of thefixed

entitiesassociatedwith thecamera.Moredetailscanbefoundin Maybank[63] andSemple

andKneebone[81] whichgive algebraicargumentsandproofs.

Two Views (Single Displacement)

General Motion Considera pair of views which areseparatedby a generalEuclidean

transformation.Correspondingpoints(i.e., thosewith thesameimagecoordinates)canbe

back-projectedto give raysin 3-space,but only someof thesepairsof rayswill intersect.

Thelocusof all suchintersectionsis knownasthehoropter [63]. In fact,usinga theorem

from [81] (chapter12,theorem14), it follows directly thatthehoropteris a twistedcubic2.

By definition this mustintersecttheopticalcentres( 
 and 
Ö� ) andthe threefixed points

( � , � , and 	 ).

Thehoropteris imagedasa conic in the two images(sincea twistedcubic is imaged

asa conic if theprojectioncentrelies on thecurve). Note,thehoroptercontainsthefixed

pointsof 3-spaceundertheEuclideanmotion(suchas � ), butotherpointson thehoropter

arenotfixedpoints(suchas 
 ).

2A twistedcubic is an algebraicspacecurve of the third order, which meetsa generalplanein three
points[81]. Algebraically, let Z Â Ã 1 ������� 2 ��� 3 Ä � , thenatwistedcubicis acurve� in � 3 with aparameterisationZ�� A Z whereA is a 4 � 4 matrix.
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Figure5.3: The fixed entities of a pair of images for a camera undergoing general motion.
The conic has the equation x 0 Fx 3 0, where F is the fundamental matrix. It is the image
of the horopter curve in 3-space. v is the apex, e and e � are the two epipoles, and i ) j are
the images of the circular points.

With fixed internal parameters,the points lying on the horopterproject to the same

imagecoordinates( � ). Thesepointsalsosatisfytheepipolarconstraint(seeequation(A.1))

whichgives � 0 ÀD��3 0 � & 5 � 1 /
where À is the fundamentalmatrix betweenthe two views. The fundamentalmatrix can

be split into two parts,the symmetricpart ( À���3­&�À2$BÀ 0 /üA 2), andthe asymmetricpart

( À u 3½&�À d À 0 /üA 2), suchthat ÀF3BÀ���$tÀ u �
Theasymmetricparthasnoaffectonequation(5.1)as� 0 À u ��3 0 �^� )
henceequation(5.1) is equivalentto � 0 À � � 3 0 � & 5 � 2 /
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Figure5.4: Horopter curve for planar motion. The curve consists of the screw axis (M),
which is a line of fixed points under the motion, and a conic in the plane of the motion ( �®² ).
The conic contains the circular points (I and J), and the optical centres of the camera (O
and O � ).

Equation(5.2) definesa conic (the samein both images)which is the imageof the

horopter, andit containsthe imageof the five distinguishedpointson the horopter: the

epipolesÇ , ÇI� (the imagesof theopticalcentres);thepoints � )�� , the imagesof thecircular

points � ) 	 ; and,theapex� which is theimageof � . Thesepointsareshownin figure5.3.

Althoughtheimagedcircularpointsandapexlie ontheconic,thereis, asyet,noalgorithm

for recoveringthesepointsgivenequation(5.2).

Planar motion Thescrewaxisis afixedline andmustbepartof thehoropter. Hence,for

planarmotionthehoropteris degenerateandconsistof anintersectingline andconic[63].

Theconiclies in �ô² (theplaneof themotion)andcontainstheopticalcentres,thecircular

points,andthe intersectionof thescrewaxiswith theplaneof motion. Thesefive points

definetheconic. Notethatunderplanarmotiontheline partof thehoropterisaline of fixed

points. Theconic,on theotherhandis not fixed by themotionat all, eitherpoint-wiseor
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Figure5.5: The imaged horopter curve for planar motion. The imaged screw axis (m) is
a line of fixed points in the image under the motion. The conic is imaged to a fixed line (l)
under the motion.

set-wise.Only its imagein thetwo camerasis fixed. Ontheconic,only thecircularpoints,

andtheintersectionwith thescrewaxisarefixedpointsof 3-space— theotherpointsmove

undertheplanarmotion(seefigure5.4).

The imagedhoropteris still given by the conic equation(5.2). However, now the

horopteris degenerate,consistingof a line anda conic, so the imagedhoropteris also

degenerateandconsistsof two distinct lines. Theopticalcentreslie in thesameplaneas

the conic part of the horopter(actuallythe optical centresarepart of the conic), andso

the imageof thehoropterconic is just a line. So theimagedhoropterconsistsof thetwo

distinctlines(seefigure5.5):

1. Theimageof thescrewaxis( � ). This is a line of fixedpointsin theimages(sinceit

is theimageof a line of fixedpointsin 3-space),andit contains� .

2. Thehorizon( � ), whichisafixedline(notalineof fixedpoints).Thisistheintersection

of � ² (containingthehoropterconic)andtheimageplanes.Theepipolesandimaged
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Figure5.6: Horopter curves for planar motion over three views. Only the horopter curves
between views 1 and 2, and 2 and 3 are shown (i.e., not that between views 1 and 3). The
screw axes are not coincident in general, but are parallel, and intersect on �©� . The conics
intersect in four points. Two of these points are the circular points, the other two are the
optical centre in common (here O � ) and a point X.

circularpointslie on this line.

The intersectionof thesetwo lines ( � ) is the imageof the intersectionof the screwaxis

andtheplane �ô² , andthis is thekernelof À�� (i.e., À�� ��3 0). Equation(5.2)now definesa

degenerateconicof two distinctlines,hence!"� is rank2 [63, 81].

To summarise,from equation(5.2)with two viewsunderplanarmotion,the imageof

thefixed points( � , � , and 	 ) arerestrictedto two lines. In orderto determinethesepoints

anadditionalview is required.

Three Views (Two Displacements)

Planar Motion Forthreeviewsunderplanarmotion,thehoroptersareshownin figure5.6.

Thesecondmovementgeneratesanotherconicin theplane�ô² , aswell asanewscrewaxis.

Thetwo screwaxesintersectat � , which is a fixed point of 3-spaceunderbothmotions.

Considerthe two conicsin the plane;the first conic (views 1 and2) passesthroughthe

circularpoints( � and 	 ), andthefirst andsecondopticalcentres( 
 and 
Ö� ). Thesecond
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Figure5.7: The fixed image entities for: (a) Two views — two fixed lines; (b) Three views
— four fixed points and four fixed lines; (c) Multiple views — three fixed points and three
fixed lines

one (views 2 and 3) passesthrough # , $ , and %'& and %(&)& , the secondand third optical

centres.This meansthat thetwo conicsintersectin # , $ and %(& . Clearly thereis a further

intersectionpoint,hereaftercalled * . Since* lies on thehoropterconic,it appearsat the

samepoint in images1 and2. Sinceit liesonthesecondconic,it appearsat thesamepoint

in images2 and3. In short,it appearsat thesamepoint in all threeimages.This means

alsothattheconicfor theviews1 and3 mustalsopassthrough * . It is thereforea point,

otherthanthetwo circularpoints,thatmustbea fixedpoint in theimageoverthreeviews.

However, it doesnot correspondto a fixedpointof 3-spaceunderthemotion.

Multiple Views

Whenmorethanthreeviews areconsidered,the point * is no longera fixed point. The

positionof * is peculiarto thethreeviewschosenfor thetriplet, anddiffersdependingon

thethreeviews. Thehoropterconicsonly intersectat two points,thecircularpoints # and$ , andtogetherwith + arethethreefixedpointsfor planarmotion.

Summary

Fora cameraundergoingplanarmotion,thetypeandnumberof fixedentitiesin theimage

dependonthenumberof viewsbeingconsidered.Thedifferenceassummarisedbelowand



5.2 Calibration from Fixed Points and Structure Recovery 76

illustratedin figure5.7:, Two Views Two fixedlines( - thehorizon,and . theimageof thescrewaxis). These

lines containthe threefixed points,but thesecannotbe determinedfrom only two

views., Three Views Fourfixedpoints( / theapex,0 and1 , theimageof thecircularpoints,

and2 ). Fourfixedlines,thefour linesjoiningthefixedpoints(thisbecomesimportant

in section5.4)., Multiple Views Threefixedpoints( / , 0 and1 ), andthreefixedlinesjoiningthepoints.

5.2 Calibration from Fixed Points and Structure Recovery

Theprevioussectionintroducedtheideaof fixedentities,andshowedthatfor planarmotion

therearethreefixed points3 (andthecorrespondingintersectingfixed lines). Thesepoints

arefixed both in the imageandin 3-space.If they canbe identified,andback-projected

into thestructure,thentheambiguityin thestructurecanbe upgradedfrom projectiveto

affineor metric.

5.2.1 Affine Structure

To reducestructureambiguity from projectiveto affine, 354 needsto be identified (see

section2.2.6). The threefixed points( + , # , and $ ) all lie on 3 4 , andarenot collinear,

andhenceuniquelyidentify 354 . Whenthe correspondingimagepoints( / , 0 , and 1 ) are

identified,they canbe back-projectedto identify 364 , andupgradethe structureto affine

ambiguityusingequation(2.14).

3Thefourthfixedpointsx providesnousefulinformationatpresent,andis only fixedfor animagetriplet,
notplanarmotionin general.
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Figure5.8: The fixed image points (v, i, and j) and corresponding fixed lines. The fixed
line l and point v are pole and polar with respect to 7 (image of Ω 4 ), and hence give some
constraints on 7 .

5.2.2 Metric Structure

To reducethe structureambiguity to metric, Ω 4 needsto be identified. Section3.1

introducedthe idea that it is sometimeseasierto find 7 , the imageof Ω 4 , ratherthan

Ω 4 itself. Section5.1.4statedthat thefixed line 8 andfixed point + arepoleandpolar

with respectto Ω 4 [81]. Comparingthefigures5.2and5.7c,thesamerelationshipholds

betweenthefixed imageline - , thefixed imagepoint / , and 7 (seefigure5.8). Hence,the

positionsof - and / givesomeconstraintson 7 . Thefour constraintsarethat 7 hasto pass

throughthecircularpoints 0 and1 , andat thesepoints,theconicmustbetangentto thelines

from / , /:9;0 and /<9=1 respectively(asshownin figure5.8).

Planar Metric

A conic has5 degreesof freedom,so, usingthe four constraintsgiven above,definesa

pencilof conics(one-parameterfamily) which contains7 . This is illustratedin figure5.9.

Withoutanyotherinformationthisallowsthestructureto beupgradedto planarmetric.
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Figure5.9: The pencil of conics defined by the fixed image points, which contains 7 .

Planarmetricstructureis whentheplanesperpendicularto therotationaxisaredefined

up to metricambiguity(i.e.,anglesin theseplanesarecorrect),while thereis anunknown

scalingin the directionof the rotationaxis (i.e., an affine skew). This is the ambiguity

introducedby thepencilof conics.

To obtainplanarmetric structure,a transformation> is appliedto theaffine structure

to give theplanarmetricstructure.Thetransformation> is computedusingthefollowing

constraints:, Keep 354 fixedat ? 0 @ 0 @ 0 @ 1 ACB ., Keepthefixedpoint + fixedat ? 0 @ 1 @ 0 @ 0A B ., Mapthecircularpoints # and $ to ?EDGFH@ 0 @ 1 @ 0 ACB .

Full Metric

However, it is commonto assumethat someinformation is known about the camera

calibration.This canbethat theimageaxesareperpendicular[61], thattheaspectratio is

known,that theprincipalpoint is known(or assumedto be thecentreof the image),or a
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combinationof all three[44]. Eachof thesegivestheextraconstraintrequiredto identify7 in thepencilof conics.

First, thepencilof conicsobtainedfrom thefixed point constraints,is describedalge-

braically, andthenit is explainedhowtheextraconstraintsareusedto identify 7 .

Pencil of Conics SempleandKneebone[81] give theequationfor thepencilof conics,

definedby two points/tangents,as I(JKI &MLON -P- B @ ? 5 Q 3 A
where

I & is anyconicsatisfyingtheconstraints,- is the line connectingthetwo pointson

theconic (here - J 0R9S1 ), and N is the freeparameterof thepencil. Theconic -P-TB is the

degenerateconicof two repeatedlinesthrough0 and1 . For
I & , thedegenerateconicformed

by the2 separatelines, -�U J /V9;0 and -XW J /V9(1 , is used,andthis is givenbyI & J -�UY- BW L -ZWE- BU Q ? 5 Q 4 A
Constraints on Calibration The imageof theabsoluteconic is given by the dualof [
( [ JK\]\ B ). Usingthedefinitionof

\
givenin equation(2.4)gives
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jlkkkm Q? 5 Q 6 A[ n 1 is in the pencil of conicsdefinedby
I
, andeachof the differentconstraintson the

cameracalibrationgivesa solutionfor N , hence[ n 1 ( 7 ).
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no imageskew, sothat f J
0. Substitutingthis into equation(5.6)gives[5n 1 J ^_` 1o p 2 0 q c

0o p 2

0 1ovs 2 q h 0ovs 2q c
0o p 2 q h 0ots 2

o p 2 ovs 2 u ovs 2
c

0
2 u o p 2 h 0

2o p 2 ovs 2

jlkm Q
It follows that theconstraintof no imageskewgives w 12

J
0, which in turn givesa

solutionfor N , N J q w &12 x ?Ey 1 y 2 AzQ ? 5 Q 7 A
Previousmethods[61] haveappliedtheconstraintof no imageskewto thedualof7 (i.e., [ ), which from equation(5.5) gives the quadraticconstraintof { 12{ 33

J{ 13 { 23, with two possiblesolutions. Here the constraintis applieddirectly to7 giving the linearconstraintof { n 1
12

J
0, which hasonly onesolution. Theseare

related,ascanbeseenby examiningthecofactorsof [ n 1 which for element{ n 1
12 is{ 12 { 33 q { 13 { 23. Their relationshipis examinedfurtherin section5.2.3.

However, as will alsobe explainedin section5.2.3, in somecircumstancescommonto

planarmotiontheconstraintof noimageskewis unstableandcangivepoorresults.Rather

thanassumethat the imageskewis zero,the assumptionis that the imageskewis small

( f(| a c ), thenotherconstraintscanbeutilisedwhichgivebetterresultsfor planarmotion., Aspect Ratio If theaspectratio ( } J aih x a c ) is known,thenfrom equation(5.6)w 11
J } 2 w 22 @

whichgives N J q ? I &11 q } 2 I &22 A x ? y 21 q } 2 y 22 AzQ ? 5 Q 8 A, Principal Point If theprincipalpoint( d 0 @ g 0) is known(orassumedto bein thecentre

of theimage)then

1 q d 0 w 13 q g 0 w 23
J w 33 @
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whichgives N J ? 1 q d 0 w &13 q g 0 w &23 q w &33 A x ? y 3 ? d 0 y 1 L g 0 y 2 L y 3 A�A~Q ? 5 Q 9 A
Whicheverconstraintis used,an estimateis found for [ which canbe decomposedinto\

via Choleskidecomposition.Metric structurecanthenbe recoveredfrom affine using

equation(2.16).

5.2.3 The Image Skew Constraint

Theassumptionthatthereis no imageskewis usedoftenin self-calibration,but theactual

affect of the constrainton 7 and its dual hasnot beenexaminedin detail. Examining

equation(5.6)showsthatforcing f J
0 constrains7 to beof theform

[6n 1 J ^_` 9 0 9
0 9 99 9 9

jlkm'@ ? 5 Q 10A
where 9 signifiesa possiblenon-zeroentry. A conicof this form hasits axesalignedwith

the coordinateframe4 which hereare the compleximageaxes. Using this constraintto

identify 7 in a pencilof conicsgivesa singlesolution(seeequation(5.7)). Alternatively,

theconstraintcanbeappliedto thedualof 7 whichgivesthequadraticequation{ 12{ 33
J { 13 { 23

whichhastwo solutions.Expandingthisequationwith theinternalparametersgivesd 0 g 0 L�f aih J d 0 g 0

whichshowsthatthetwo solutions,if distinct,correspondto f J
0 or aih J

0. Thesecond

solutiongivesa singularmatrix for [ , in which casethe conic 7 hasa degenerateform.

4Considera conic consistingof real pointsandhavingthe form of equation(5.10), then its major and
minor axesarealignedwith therealcoordinateaxes.
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Carefulexaminationof equation(5.6) andsetting aih J
0 givesthe following degenerate

form for 7 [ n 1 J ^_` 0 0 0
0 9 9
0 9 9

jlkm(Q ? 5 Q 11A
Applying theconstraintto 7 ratherthanits dualavoidsthesecondincorrectsolution.

The Unstable Image Skew Constraint

Whenthehorizonline isnearlyhorizontal,thezeroimageskewconstraintcangiveunstable

results. This situationis commonfor planarmotion,becauseoften the orientationof the

camerawith respectto theplaneof motionis just elevationwith no roll, which resultsin a

horizontalhorizonline.

The pencil of conicsdefinedby the threefixed pointsis shownin figure 5.9, but the

orientationof thepencildependsonthepositionof thefixedpoints.Figure5.10showstwo

possiblepencilsof conics,definedby thefixed points,which areat differentorientations

to theimageaxes.Figure5.10ashowsthesituationwith analmosthorizontalhorizonline,

while figure5.10bthehorizonline is inclinedsubstantially. A differencebetweenthetwo

pencilsis therangeof conicstherein,which arenearlyalignedwith the imageaxes.The

pencilwith thealmosthorizontalhorizonline hasthemuchlarger rangeof conics. In the

limit, with thehorizonline horizontal,all theconicsin thepencilwill bealignedwith the

imageaxesandthe constraintwill not give a solution. Whenthe horizonline is nearly

horizontal,a small changein the imageskewwill resultsin significantdifferencesin the

conicchosen.
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image image

a b

Figure5.10: The pencil of conics defined by two sets of fixed points. (a) with a nearly
horizontal horizon line, and (b) with the horizon line at an angle to the image.

Thecircularpointsarecomplexconjugatesandcanberepresentedas0 J ?�� LO� FH@~� L<� FH@ 1A B @1 J ?�� q � FH@~� q � F�@ 1 A B @
whichgives - and -P- B (seeequation(5.3))as- J ? 2� FH@ q 2 � FH@ 2 ? � � q � � A FEA B @

-T- B J ^_` 4� 2 4 �z� 4� ? � � q � � A
4�~� 4 � 2 4 � ? � � q � � A

4� ? � � q � � A 4 � ? � � q � � A 4 ? � � q � � A 2

jlkm'Q
Thematrix -P- B definesthevariationin thepencilof conics,andtheimageskewassumption

is concernedwith theelement�l-T- B�� 12 andits relationshipto theotherelements.

It is shownin section5.4 that the positionsof thecircularpointscanbeexpressedin

termsof thehorizonline ( - ), thevanishingpoint ( / ), anda complexnumber( � ), suchthat0 J ? q ?Ey 1 y 3 A L y 2 ?Ey 2 g 1 q y 1 g 2 A L y 2 ��@ q ? y 2 y 3 A q y 1 ?Ey 2 g 1 q y 1 g 2 A q y 1 ��@�y 21 L y 22 A B @1 J ? q ?Ey 1 y 3 A L y 2 ?Ey 2 g 1 q y 1 g 2 A L y 2 ¯��@ q ? y 2 y 3 A q y 1 ?Ey 2 g 1 q y 1 g 2 A q y 1 ¯��@�y 21 L y 22 A B Q
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However, only theimaginarypartsaresignificantfor -P- B , andtheseare� J y 2 � ��� � @� J y 1 � ��� � Q
For a horizontalhorizon line, y 2 � y 1, which gives a differencein order of magnitude

betweentheelementsof -P- B , ��-P- B�� 11 | �l-T- B�� 12 | �l-T- B�� 22 Q
As �l-T- B � 12 is usedfor theimageskewconstraint,anysmallchangein �l-T- B � 12 (i.e., theimage

skewis smallbutnot zero)will give a significantchangein ��-P-PB � 22 but a negligiblechange

in ��-P-TB � 11. Following this throughshowsthat theestimatefor aih is highly sensitiveto the

imageskewwhenthehorizonline is nearlyhorizontal.

All of theaboveanalysishasignoredtheeffectof
I & , thedegenerateconicof twodistinct

lines,onthepencilandtheimageskewconstraint.However, it canbeshownthatwhenthe

horizonline is nearlyhorizontaltheratioof theelementsof
I & and ��-P-TB � furtherexacerbates

theinstability, suchthat w�&11��-P- B � 11
� 1 @w &12��-P- B � 12 � 1 @w�&22��-P- B � 22
| 1 Q

Theresultof theseratiosis thatchangingN in equation(5.3) affectsthevaluesof
I

12 andI
22, buthasnegligibleeffecton

I
11.

Thenormalassumptionabouttheimageskewis that it is smallenoughto beapproxi-

matedby zero,butasshownhereasmalldifferencein theimageskewcangivesignificant

differencesin thecalibrationobtained.Othermethodsof self-calibrationavoidthisproblem
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eitherby havingtherotationbetweenviewsarounddifferentaxes(whichremovestheneed

for aconstraintaltogether),or justchoosingtherotationaxissothatthepencilof conicsis

notalignedwith theimageaxes.However, for planarmotionthehorizontalhorizonline is

a commonscenarioandsothezeroimageskewconstrainthasto beusedwith care.

5.3 Finding the Horizon Line and Vanishing Point

For reasonsthatwill beexplainedin section5.4, thefixed imagepointsfor planarmotion

arenot found simultaneously, rathersequentially, with the apex / andfixed line - being

foundfirst.

As statedin section5.1.5, for planarmotion the symmetricpart of the fundamental

matrix ��� is adegenerateconicof 2 lines,whichcorrespondto thefixedhorizonline ( - ) and

theimageof thescrewaxis( . ).

Decomposing F � Thematrix � � is a degenerateconicof two non-coincidentlines. If the

two linesare � 1 and � 2, then � � canbeexpressedin theform [81, 95]� � J � 1 � B2 L � 2 � B1 Q ? 5 Q 12A��� is alsoRank2, andso canbe expressedin termsof eigenvalues( � U ) andeigenvectors

( /iU ), ��� J��]��� B J�� / 1 / 2 / 3 � ^_` � 1 0 0
0 � 2 0
0 0 0

j km ^_` /�B1/�B2/ B3
j km Q ? 5 Q 13A

Comparingequations(5.12) and(5.13) givesan expressionfor the lines � 1 and � 2. The

eigenvaluesaresuchthat � 1 � 2 � 0, sothattherearetwo alternativeexpressions.

If � 1 � 0, � 1
J � � 1 / 1 L � q � 2 / 2 @� 2
J � � 1 / 1 q � q � 2 / 2 @ (5.14)
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or if � 1 � 0, � 1
J � � 2 / 2 L � q � 1 / 1 @� 2
J � � 2 / 2 q � q � 1 / 1 Q (5.15)

Which linescorrespondto - and . is determinedby thefact thattheepipoleslie on - (see

section5.1.5). Whenusinga non-linearminimisationto compute� the parameterisation

for planarmotiongivenin equation(A.5) uses� 1 and � 2 assomeof theparameters,which

avoidstheneedto decompose� � .
Finding the Fixed Line l

As is shown above,the fixed line - can be estimatedfrom the symmetricpart of the

fundamentalmatrix � � . However, for real imageswith noise, the estimatefor - from

different � � ’s will not necessarilybe the same. Somemethodis requiredto find a best

estimatefrom severaldifferentestimates.

Finding the Fixed Point v

Eachpair of images(via � � ) givesa line in the imagewhich is animageof theassociated

screwaxis. All theselinesintersectat thepoint / , henceit is termedtheapexor vanishing

point (seesection5.1.4).For realimagestheydo not intersect,anda least-squaresmethod

is used(seesection5.5) to givea bestestimate.If thecameramoveswith circular motion,

sothatit fixatesonapoint in thescene,thescrewaxeswill bethesameline andtheimages

of theaxiswill becoincidentandtheintersectionpointwill notbedefined.
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5.4 Finding the Circular Points

The circular points are found using the trifocal tensor, which allows points which are

fixed over threeimagesto be found. Generally, themethodis algebraicallycomplexand

involvessolvingthreesimultaneousfourth-orderpolynomialsof threevariables.However,

by stratifyingtheproblemandusingthefundamentalmatricesto find thepositionof oneof

thefixed pointsandthefixed line containingthethreeremainingfixed points,thealgebra

canbereducedto solvingasinglecubicin onevariable.

5.4.1 The Trifocal Tensor

Thetrifocal tensordescribesthefundamentalgeometricrelationshipbetweenthreeimages,

andcanbecalculatedwithoutknowledgeof thecameracalibrationor relativepositions.It is

theculminationof developmentsbyanumberof authors[26, 41,83,85,92,93, 96,99,106].

The tensormapsbothpointsandlines,andthepoints/linesaremappedfrom two images

to thecorrespondingpoint/linein thethird. This is differentfrom thefundamentalmatrix,

which describestheepipolargeometrybetweentwo views,andmapspointsin oneimage

to thecorrespondingepipolarlinesin thesecond.

Thetrifocal tensoris a Rank3 tensorcontaining27elementsandis givenby� W rU FH@��M@ f J
1 @ Q¡Q¡Q�@ 3 Q ? 5 Q 16A

The tensorhas18 degreesof freedom[92, 106], and the 27 homogeneousparameters

satisfy 8 algebraicconstraints. This is analogousto the fundamentalmatrix having 9

homogeneousparameterssatisfyingonealgebraicconstraint. The underlyinggeometry

andthemathematicsof thetransferof pointsandlinesis describedby Zisserman[106], and

involvesboth transferandincidencerelationships.The points/linesaretransferredfrom

the first imageto the third (second)imageusinga homography, andthe homographyis
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computedusingthetrifocal tensorandaline in thesecond(third) image.Whentransferring

points,theline in thesecond(third) imagehastopassthroughthecorrespondingpoint. The

tensoralsoencodestheincidencerelationshipof pointsand/orlinesoverthethreeimages.

However, thework hereusesthetrilinearity equations[41, 83] wherethecorresponding

pointsin threeviewsarerelatedby¢ &)&£ J ¢ &U ¢ r � W £r q ¢ &W ¢ r � U £r @ ? 5 Q 17A
andcorrespondinglinesarerelatedby y¤U J y &W y &)&r � W rU @ ? 5 Q 18A
where2 , 2 & , and 2 &)& ( - , - & , and - &)& ) arethepoints(lines)in thefirst, second,andthird views

respectively.

Thetensoris alsorelatedto thethreecameramatrices¥ , ¥M& , and ¥¦&)& whichmapthepoint* in 3-spaceto 2 , 2i& , and 2i&)& respectively. ¥ is setto thecanonicalform �¤§6¨ © � , and äi&U andä &)&U arethecolumnsof ¥ & and ¥ &)& , suchthat�bª)ªU J ä &)&U ä &4 B q ä &)&4 ä &U B ? 5 Q 19A
Thetensoris usefulfor findingfixedentitiesbecauseequations(5.17)and(5.18)canbe

usedtofindthepositionsfor fixedimagepointsandlines,suchthatsubstituting2 J 2i& J 2i&)&
into equation(5.17)gives ¢ £ J ¢ U ¢ r � W £r q ¢ W ¢ r � U £r Q ? 5 Q 20A
Substituting- J - & J - &)& into equation(5.18)givesy¤U J y«W~y r � W rU Q ? 5 Q 21A
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5.4.2 Fixed Points and Lines from the Trifocal Tensor

Section5.1.5showedthat for planarmotion therearefour fixed pointsfor any triplet of

images. It alsoexplainedthat the lines joining thesepointsarealsofixed over the three

views. Section5.2 showedthat knowingthe positionof thefixed pointsallowsaffine or

metricstructureto berecovered.

However, finding the positionsof the fixed lines is equivalentto finding the position

of the fixed points. So ratherthanuseequation(5.20) to find the positionof the fixed

points, it is easierto proceedwith equation(5.21) to find the positionof the fixed lines.

Equation(5.21)isonlyequivalentupto ascalefactor, soby takingthecrossproductof each

sideandequatingto azerovector, resultsin threesimultaneoushomogeneousequationsfor

thecomponentsof - .
Normally,solvingsimultaneouspolynomialequationsisadifficultnumericallyproblem.

However, it is shownbelowthatfor planarmotionit is possibleto reducethesolutionto a

singlecubicequationin onevariable.This is achievedby aplaneprojectivetransformation

of theimages.

Special Planar Motion

Initially, the caseof a calibratedcamerais considered,wherethe rotation is aboutthe

camera¬ (vertical)axis,andthetranslationis confinedto the ­¯® (horizontal)plane.The

cameracalibrationcanbesetto theidentity (
\(J § ), andit canbeassumedthatthecamera

is pointinghorizontally. Fromequation(2.2),thethreecameramatricesare¥ �Z°�± J �²§S¨³© � @¥ & �Z°�± J �µ´ & ¨¡¶ & � @¥ &)&�Z°�± J �µ´ &)& ¨v¶ &)& � @
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where ´]& and ´�&)& arerotationsaboutthe ¬ axis, and ¶¡& and ¶¡&)& aretranslationsin the ­·®
plane.It follows thatboth ¥ & �X°�± and ¥ &)&�X°�± areof theform^_` 9 0 9 9

0 9 0 09 0 9 9
jlkm'@ ? 5 Q 22A

where0 representsa zeroentryand 9 representsa non-zeroentry. This typeof motionis

calledspecial planar motion.

Now the format of the trifocal tensoris computedfrom equation(5.19). Using the

formatof theprojectionmatricesin equation(5.22),it is easyto showthat� ª)ªU J ^_` 9 0 9
0 0 09 0 9

jlkm for F J
1 @ 3

�bª)ª
2

J ^_` 0 9 09 0 9
0 9 0

jlkm'@ (5.23)

sothatthereducedtrifocal tensorhasonly 12non-zeroelements.

Usingthis reducedform of thetensor, equation(5.21)canbewritten in theform¸¹º y 1y 2y 3
»�¼½ J ¸¹º � 1 y 21 L�� 1 y 1 y 3 L � 1 y 23� 2 y 1 y 2 L�¾ 2 y 2 y 3� 3 y 21 L�� 3 y 1 y 3 L � 3 y 23

»�¼½ ? 5 Q 24A
whichhaseightparameters( � 1 @¡Q¡Q¡Q @~� 3), a linearcombinationof thenon-zeroselementsof

thereducedtensor, � 1
J � 11

1 @� 1
J � 13

1 L � 31
1 @� 1

J � 33
1 @� 2

J � 12
2 L � 21

2 @¾ 2
J � 23

2 L � 32
2 @� 3

J � 11
3 @
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� 3
J � 13

3 L � 31
3 @� 3

J � 33
3 Q

Thefixed linescanthenbefoundby solvingthissetof equations.

Oneof thefixed pointsin the imageis / , the imageof the intersectionof therotation

axisand 3 4 . Heretherotationaxisis ? 0 @ 1 @ 0 @ 1A B , so + J ? 0 @ 1 @ 0 @ 0 A B , andtheimagepoint

is / J ? 0 @ 1 @ 0 A B . Also, thehorizonline (seefigure5.7b)is theimageof theintersectionof

theplaneof motionand 354 . Heretheplaneof motion is the ­·® plane,andso thefixed

line on 354 is ? 0 @ 1 @ 0 @ 0 ACB , andimageof this (the horizonline) is ? 0 @ 1 @ 0 ACB . So only the

positionof thethreefixed linesthrough/ (seefigure5.7b)areunknown.All linespassing

through/ havetheform ?Ey 1 @ 0 @¿y 3 A , andsoit canbeassumedthat y 2 J
0, andequation(5.24)

reducesto theform À y 1y 3 Á J À � 1 y 21 L�� 1 y 1 y 3 L � 1 y 23� 3 y 21 L�� 3 y 1 y 3 L � 3 y 23 Á Q ? 5 Q 25A
Cross-multiplyingto removethescalefactor, reducesit to a singleequationy 3 ?�� 1 y 21 LO� 1 y 1 y 3 L � 1 y 23 A J y 1 ?�� 3 y 21 LO� 3 y 1 y 3 L � 3 y 23 AzQ ? 5 Q 26A
This is ahomogeneouscubic,andmaybesolvedeasilyfor theratio y 1 : y 3.

Thesolutionsto thiscubicarethethreelinespassingthroughtheapex/ , whichintersect

thehorizonline at 3 distinctpoints. Thesethreepointsaretheimagesof thetwo circular

points( 0 and1 ), andthethird fixed point ( 2 ). In theparticularcalibratedcaseconsidered

here, the circular points havecoordinates? DÂFH@ 0 @ 1 A B , and hencethe lines in question

joining thecircularpointsto theapexare ? 1 @ 0 @¿DGFEA . This givestwo complexsolutionsto

theequation(5.26). Theimageof thethird fixedpoint is a realpoint correspondingto the

third solutionof (5.26).
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General Planar Motion

Now, general planar motion is considered,wherethe calibrationandthe orientationare

not known (i.e., it cannotbe assumedthat the camerais pointinghorizontally). All that

canbeassumedis that therotationis aboutthe ¬ axis in theworld coordinateframe,the

translationis confinedto the ­·® plane,andthatthefirst camerais centredat theorigin of

theworld coordinateframe.Theprojectionmatricesarenowof theform¥ÄÃ °�± J >Å�²§(¨³© � @¥ &Ã °�± J >Å�µ´ & ¨v¶ & � @ (5.27)¥ &)&Ã °�± J >Å�µ´ &)& ¨¡¶ &)& � @
where > containstheunknown(constant)cameracalibration,andorientationwith respect

to theworld coordinateframe.

Whencomparingthe special planar motion andthe general planar motion, it canbe

shownthat the fixed lines undereachtype if motion are in one-to-onecorrespondence.

Considera line in spacethatmapsto thesameline - in all threeimagesundertheaction

of the cameraprojectionsmatrices¥ÄÃ °�± , ¥M&Ã °�± and ¥¦&)&Ã °�± given in equations(5.28). The

transformation> representsthesameprojectivetransformationfor eachof thethreeimages.

If a furtherprojectivetransformation,representedby > n 1, is appliedto eachof theimages,

theneteffect is thatof projectingvia cameratransformations¥ J > n 1 ¥ÆÃ °�± J �¤§S¨v© � @¥ & J > n 1 ¥ &Ã °�± J �)´ & ¨v¶ & � @¥ &)& J >5n 1 ¥ &)&Ã °�± J �)´ &)& ¨v¶ & � Q
However, theprojectivetransformation> n 1 mapstheline - to >�B�- . This showsthat - is a

fixed line for threeviewsundera generalplanarmotion, if andonly if - J > B - is a fixed
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line for threeviews underspecialplanarmotion. So the fixed points/linesundergeneral

planarmotionarein one-to-onecorrespondenceto thoseunderspecialplanarmotion.

Unfortunately, the projectivetransformationis not known a priori, and the trifocal

tensordoesnot havethe sameform asin equation(5.23). It is still possibleto solvefor

thefixedlinesusingthesamemethodasusedfor thespecialplanarmotion,but ratherthan

achievingthevectorequation(5.24),thefollowing is obtained¸¹º y 1y 2y 3
»�¼½ J ¸¹ºÈÇ5É 2 Ê ? y 1 @�y 2 @�y 3 AÇ & É 2 Ê ? y 1 @�y 2 @�y 3 AÇ &)& É 2 Ê ? y 1 @�y 2 @�y 3 A

»�¼½ @ ? 5 Q 28A
where Ç É 2 Ê @ Ç & É 2 Ê @ Ç &)& É 2 Ê arequadraticpolynomials.It alsocannotbeassumedthat y 2 J

0, so

settingthecrossproductto zeroleadsto threesimultaneouspolynomialequationsy 2 Ç &)& É 2 Ê ? y 1 @¿y 2 @¿y 3 A q y 3 Ç & É 2 Ê ?Ey 1 @¿y 2 @¿y 3 A J
0 @y 3 Ç É 2 Ê ?Ey 1 @¿y 2 @¿y 3 A q y 1 Ç &)& É 2 Ê ?Ey 1 @¿y 2 @¿y 3 A J
0 @ (5.29)y 1 Ç & É 2 Ê ? y 1 @¿y 2 @¿y 3 A q y 2 Ç É 2 Ê ?Ey 1 @¿y 2 @¿y 3 A J
0 Q

In principle, theseequationscanbe solvedto give the positionsof the four fixed lines.

However, thethreeequationsin (5.30)arenot linearly independent,andtherearejust two

linearlyindependentcubicequations.Sogivenatrifocal tensorcomputedfrom realimages

with noise, different solutionswill be obtaineddependingon the two cubicsequation

chosen. Also, the numberof solutionswill increase,with a worst casescenarioof 27

possiblesolutions.It will bevery difficult to choosethefour correctsolutions,especially

if thereareseveralsolutionscloseto thehorizonline.

However, asthereis a one-to-onecorrespondencebetweenthe fixed lines of general

planarmotion and thoseof specialplanarmotion, it is possibleto reducethe algebraic

complexityof thesolutionfor generalplanarmotion. This is explainedin thenextsection.
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Normalised Planar Motion

In specialplanarmotion, the horizon line ( - ) and vanishingpoint ( / ) are at ? 0 @ 1 @ 0 A B ,

while for generalplanarmotiontheirpositioncanbefoundusingthefundamentalmatrices

(seesection5.3). Thecanonical transformation is the image-to-imageprojectivity which

mapsthe horizonline andvanishingpoint to their canonical positionsat ? 0 @ 1 @ 0 ACB . The

concatenationof animage-to-imageprojectivityontotheprojectionmatricesis effectively

anewcameraprojectionfor thethreeviewsandcameramotion. Thisscenariois calledthe

normalised planar motion, wherethehorizonline andvanishingpointarein theircanonical

position.

Canonical Transformation The canonicaltransformationis requiredto mapboth the

line - to ? 0 @ 1 @ 0 A B , and the point / to ? 0 @ 1 @ 0 A B . A possibletransformation,closeto a

Euclideantransformation(seeappendixB.3) is

>�Ë J ^_` y 2 q y 1 y 1 g 2 q y 2 g 1y 1 y 2 y 3n £ 1ÌXÍ Î n £ 2ÌXÍ Î n £ 3ÌXÍ Î L 1

jlkm Q ? 5 Q 30A
Thenewprojectionmatrices,for thenormalisedplanarmotion,still differ from those

for the specialplanarmotion by a further planeprojectivity, but the projectivity hasa

specialsimpleform. Thevanishingpoint andhorizonline havethecoordinates? 0 @ 1 @ 0 A B
for both typesof planarmotion. This meansthat theplaneprojectivetransformation( > )

mustmapthepoint ? 0 @ 1 @ 0 ACB to ? 0 @ 1 @ 0 A B , andtheline ? 0 @ 1 @ 0 ACB to ? 0 @ 1 @ 0 A B , whichgives

theequations ? 0 @ 1 @ 0 A B J >�? 0 @ 1 @ 0 A B @? 0 @ 1 @ 0 A B J > B ? 0 @ 1 @ 0 A B @
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whichresultsin > havingtheform

> J ^_` 9 0 9
0 9 09 0 9

jlkm'Q ? 5 Q 31A
For specialplanar motion, the trifocal tensorhas the reducedform given in equa-

tion (5.23). The specialplanarmotion and normalisedplanarmotion are relatedby a

planeprojectivetransformationof form givenin equation(5.31).Theaffectof aprojective

transformationof theimageon thetrifocal tensoris describedin appendixB.2, andgiven

in equation(B.3). Using thereducedtrifocal tensor, andapplyingtheprojectivetransfor-

mationof theform of equation(5.31),showsthatthetrifocal tensorhasthesamereduced

form for thenormalisedplanarmotion. Thisresultallowsthemethodof findingthecircular

points,via the reducedtensoranda singlecubic equation,to be usedfor the normalised

planarmotion.

5.5 Algorithms for Self-Calibration from Fixed Points

In this section,the implementedalgorithmsusedfor self-calibrationfrom fixed points

andplanarmotionareexplained.Following thegeneraltheme,thealgorithmshavebeen

stratifiedsuchthat: first, thefixed imagepoints/linesarefound(seealgorithm5.1); then,

affinestructureis recovered;finally, eitherplanarmetricor full metricstructureis obtained

(seealgorithm5.2).

5.5.1 Algorithm for Finding the Fixed Points

Section5.1.5showedthat for an imagetriplet from a cameraundergoing planarmotion,

therearefour fixed pointsandfour fixed lines intersectingthefixed points. Section5.4.2

introduceda two-stagemethodfor finding the positionsof thesefixed points. First, the

fundamentalmatricesareusedto find a fixed line andfixedpoint. Thenthetrifocal tensor
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is usedto find thepositionsof thethreeremainingfixed points,with theoriginal line and

pointbeingusedto reducethenumericalcomplexityof thisstage.

The Fundamental Matrices Thecorrespondingpoint matchesarefoundautomatically,

with outlier detection,by themethodsof Beardsleyet al. [8]. Thefundamentalmatrix is

thencomputedfor all imagepairs,usingthematchedimagepoints,anddetailsaregiven

in appendixA.3. Theplanarmotionparameterisation[95] given in appendixA.2 is used

whencomputingthefundamentalmatrices,andthisensuresthat � � is Rank2.

The symmetricpart of the fundamentalmatrix is a degenerateconic of two lines,

correspondingto the horizon line and the imageof the screwaxis. Using two or more

matrices,thevanishingpoint, aswell asthehorizonline, canbe found. However, when

usingreal images,therewill not beanexactsolutionfor thehorizonline or thevanishing

point.

The Horizon Line At leasttwo methodsexistfor finding thepositionof thehorizonline

from severalestimates(oneestimatefrom eachimagepair):, Fitting to Epipoles All the epipolesareconstrainedto lie on the horizonline (see

section5.1.5), and so the fixed line can be estimatedas the best fit line, using

orthogonalregression,throughall theepipoles.Howeverthereareseveralscenarios

wherethis couldgiveerroneousresults:

– if thegeneralparameterisationis usedfor � , then(dueto imagenoise)� � may

not be Rank2, andthe epipoleswill not lie on - . However, usingthe planar

motionparameterisationfor thefundamentalmatrix removesthis problemand

it is no longeranissue.
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image

Figure5.11: The incorrect fitting of the horizon line. The actual horizon line is shown
dotted. The epipoles ( 9 ) and image lines (solid) from each fundamental matrix are also
shown. The estimate of the horizon line obtained by fitting a line to the epipoles is shown
short-dashed, and is obviously incorrect, while the estimate obtained by taking the mean
position of the individual estimates is shown long-dashed and is more accurate.

– if only a few imagepairsareusedandtherotationbetweenviewsis smallthen

theline throughtheepipolescouldgiveanerroneousresults(seefigure5.11)., Mean Position Ratherthanusetheepipoles,it is simplerto takethemeanposition

of thelineswhicharethedifferentestimatesfor thehorizonlinesfrom each� . Care

needsto be takenasoutlying resultscanproducesignificantchangesin the mean

position.Section6.2.1discussestheweightingof eachestimatewith its covariance,

whichreducestheeffectof outlyingestimates.

Two typicalsetsof estimates(from realdata)for thehorizonline areshownin figure5.12,

andfigure5.12bshowsa setof estimateswherefitting to theepipolesgivesanerroneous

resultcomparedto takingthemeanposition.
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Figure5.12: Finding the position of the horizon line with different methods. The solid
black line is the mean position of the different estimates shown in grey, while the dashed
black line is fitted to the epipoles ( 9 ). For some images (a), both methods produce similar
results, but the fitting to epipoles can produce an erroneous value (b), depending on the
position of the epipoles.

The Vanishing Point Eachpair of images(via ��� ) givesa line in the image,which is

the imageof theassociatedscrewaxis,andtheselinesshouldintersectat thepoint / (see

section5.1.4).With realimages,theywill notintersect,andthevanishingpointisestimated

asthepoint which minimisestheperpendiculardistancefrom eachline to thepoint. The

detailsaregivenin appendixC.2.

A Batch Method Ratherthancomputeeachfundamentalmatrixandthenusetheimage

lines to computethe position of the vanishingpoint and horizon line, it is possibleto

usea batchparameterisationfor severalfundamentalmatriceswherethehorizonline and

vanishingpoint areuseddirectly asparameters.As a result, the positionsof thesefixed

entitiesareobtainedwhencomputingthefundamentalmatriceswhichavoidshavingtofind

a bestestimate.More detailson thebatchparameterisationcanbe foundin section6.2.2.

Theremainderof this chapterusesthemethoddescribedaboveto computethepositionof

thevanishingpointandhorizonline.
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, Compute� for all imagepairs., Decomposeeach� � to give two imagelines., Computethepositionof thehorizonline ( - ) andvanishingpoint ( / ) using
thesetof imagelines., Formthecanonicaltransformation( >�Ë ), andapplyto all images., Computethereducedtrifocal tensorfor all imagetriplets., Foreachtensor, solvethecubicequation(5.32),andthecomplexsolutions
correspondto theimageof thecircularpoints., Usethe inversecanonicaltransformation,to give thepositionof circular
points( 0 and1 ) in therealimage.

Algorithm 5.1: Finding the fixed image points of planar motion.

The Canonical Transformation The canonicaltransformation( >�Ë ) is computedusing

thepositionof thehorizonline andvanishingpoint,usingequation(5.30).Theneachimage

is transformedwith this projectivetransformation,sothattheimagesequencecorresponds

to normalisedplanarmotion.

The Reduced Trifocal Tensor With normalisedplanarmotion, the trifocal tensorhas

only 12 non-zeroelements.This reducedtensoris computedusingpoint matcheswhich

havebeentrackedthroughtheimagetriplet. Detailsaregivenin appendixB.1.

The Fixed Points A singlecubicequationfor thepositionsof fixedlinespassingthrough/ is formedusingequation(5.26)� 33
1 � 3 L ? � 13

1 L � 31
1 q � 33

3 A � 2 L ? � 11
1 q � 13

3 q � 31
3 A � q � 11

3
J

0 Q ? 5 Q 32A
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A closedform solutionexists[1]. Therearethreesolutions(onerealandtwo imaginary).

Therealsolutioncorrespondsto thefourth fixed point 2 , peculiarto theimagetriplet (see

section5.1.5),andis discarded.Thecomplexsolutionsarethe fixed lines ? 1 @ 0 @~�]ACB and? 1 @ 0 @ ¯�¦ACB which intersectthe horizon line ? 0 @ 1 @ 0 A B at the imageof the circular points? q ��@ 0 @ 1 ACB and ? q ¯��@ 0 @ 1A B . Theinversecanonicaltransformationis appliedto theimage

of thecircularpoints,to give thepositionof 0 and1 in therealimage.0 J > n 1Ë ? q ��@ 0 @ 1 A B @1 J > n 1Ë ? q ¯�]@ 0 @ 1 A B Q (5.33)

5.5.2 Algorithm for Recovering Affine and Metric Structure

As mentionedpreviously, the threefixed imagepoints ( / , 0 , and 1 ) are imagesof three

non-collinearpointson theplaneat infinity, andif thesepointsareback-projectedinto a

projectivereconstruction,they uniquely identify 354 . This allows affine structureto be

recovered. The threepointsalsogive 4 constraintson the positionof the imageof the

absoluteconic,so givenonefurtherconstrainton cameracalibration,theconic 7 canbe

identified,andthencemetricstructurerecovered.

Theprojectivestructureis computedby back-projectingthematchedimagepointsfrom

eachimageof the triplet. This requirescomputingthe cameraprojectionmatrices. It is

essentialthat thesethreematricesareconsistent(i.e., that rays back-projectedfrom the

fixedpointsarenotskew).Thisis especiallyimportantherebecausethepointsbeingback-

projectingarecomplex,andhaveno metric for measuringprojectionerrorsfor complex

pointsin theimageplane.

Consistentcameraprojectionmatricescan be obtaineddirectly by decomposingthe

trifocal tensor. Hartley [41] showedthat the threeprojectionmatricescanbe computed

from the trifocal tensor, but that this is a difficult problemproneto instability. However,
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, Computethreeconsistentcameraprojectionmatricesfrom the reduced
trifocal tensorandtheinversecanonicaltransformation., Back-projecttheimagepointsto recovera projectivereconstruction., Back-projectthefixedpoints,andidentify 3 4 in theprojectivestructure., Upgradeto affinestructureusingequation(2.14)andthepositionof 354 ., Usethefixedpointsto computethepencilof conicscontaining7 ., Useanotherassumptionto identify 7 , andobtainthecameracalibration., Upgradeto metricstructureusingequation(2.16).

Algorithm 5.2: Affine and metric reconstruction using the fixed points.

for normalisedplanarmotion,thetensorhasareducedform with 12parameters,andit also

knownthat theprojectionmatriceshavea reducedform with only 12 degreesof freedom

in total (seesection5.4.2). An algorithmfor computingconsistentprojectionmatricesfor

normalisedplanarmotionis givenin appendixB.4.

The imagepointscannow be back-projectedto recovera projectivestructure. The

positionof the fixed points arealso back-projectedusing the sameprojectionmatrices,

and the plane at infinity is computedas the planepassingthrough thesefixed points.

Conventionalaffine structurecanbe recoveredusingequation(2.14). Using the method

in section5.2, andoneotherconstrainton cameracalibration,the imageof the absolute

coniccanbeidentifiedandhencethecalibration
\

canbe found. Metric structurecanbe

recoveredfrom theaffineby usingequation(2.16).

If noassumptioncanbemadeaboutthecameracalibration,thenthestructurecanonly

be recoveredup to planarmetric. The planarmetric structurecanbe recoveredby two

methods. The aspectratio canbe set to an arbitraryvalue,andthe methodproceedsas
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if recoveringfull metricstructurefrom theaffine reconstruction.Alternatively, theaffine

structurecanbetransformedsothatthe3-spacepositionof thecircularpoints# and$ mapto? 1 @ 0 D:FH@ 0 ACB , thevanishingpoint + is fixedat ? 0 @ 1 @ 0 @ 0 ACB , and 354 is fixedat ? 0 @ 0 @ 0 @ 1 A B .

5.6 Results for Self-Calibration via Fixed Points

Severalreal imagessequenceshavebeenusedto demonstratethe effectivenessof self-

calibrationandaffine/metricreconstructionusingfixed points. In somesequences,known

measurementsallow theaccuracyof thereconstructionto bemeasured.Thesequencesare:, Sequence I The camerais mountedon the Adept robot arm, and thereare eight

imagesin the sequence(seefigure 5.13). The planeof motion is parallel to the

desk,andtheaxisof rotationis vertical relativeto thedesk.Thecamerais elevated

at approximately25Ï to the camera¬ axis with no yaw or roll. 149 points are

automaticallymatchedandtrackedthroughtheeight images.TheTsai grids in the

sceneareusedto provideveridicalvaluesfor thestructure,whichallow theaccuracy

of thereconstructiontobemeasured(theyarenot usedtocalibrate).Theapproximate

calibrationis ( a c J
1000@z} J

1 Q 02@¡? d 0 @ g 0 A J ? 400@ 300A )., Sequences II Threesequencesaretakenwith a cameramountedon an AGV, and

only the elevationof the camerais changedbetweensequences.The approximate

calibrationis ( a c J
345@~} J

1 Q 1 @¡? d 0 @ g 0 A J ? 126@ 126A ). The differentsequences

are:

– Sequence IIa elevationangleof 10Ï .
– Sequence IIb elevationangleof 20Ï .
– Sequence IIc elevationangleof 30Ï .
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Pointsaretrackedoverat leastfour images(aquartet), andthefundamentalmatrices

andtrifocal tensorsarecomputedfor thepossiblecombinationsin eachimagequartet.

Thenumberof pointsmatchedfor thequartetsvariesbetween24and80points.The

low numberof matchedpointsoccurbecausefor somequartetsthereis significant

rotationbetweenviewsandthecamerais notfixatedon anyparticularobject.

5.6.1 Self-Calibration

Theresultsfor eachsequencearesplit into severalpartsandgivenin thefiguresandtables

onpages107–117.

Horizon Line and Vanishing Point

The fundamentalmatrix is computedfor all possibleimagepairs,andthendecomposed

to give the two imagelines and epipoles. For eachsequencetheseare displayedon a

figurewhich containseachestimatefor thehorizonline (dotted), theimageof eachscrew

axis (dashed), andtheepipoles( 9 ). The figurealsoshowsthe estimatedpositionof the

vanishingpoint ( Ð ), andtheestimateof thehorizonline (solid) computedusingthemean

positionof all estimates.

The resultsshowthat the estimatefor the horizon line andimageof the screwaxes

showsomevariationovertheimagesequence,but thatanaccurateestimateof thehorizon

line and the vanishingpoint can be madegiven enoughimagepairs. SequenceII (see

figure5.24)showthatthevanishingpoint isbetterconstrainedwith theincreasingelevation

angle,but thatthehorizonline is not.
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Circular Points

The trifocal tensoris computedfor all possibleimagetriplets andeachtensorgives an

estimatefor thepositionsof thecircularpoints. Thedistributionof thecircularpointsfor

eachsequenceis shownin theappropriatetable. Theresultsshowthat thecircularpoints

computedfrom differenttripletsarestable,andthatwith sequenceII thisstabilityincreases

with elevationangle.

Calibration

The cameracalibrationis computedusing eachestimateof the circular points with the

singleestimatefor thepositionof vanishingpoint. Resultsaregivenfor two assumptions

aboutthecameracalibration,thateithertheimageskewis zeroor theaspectratiois known.

Thedistributionof thecomputedcalibrationis shownin theappropriatetable.

Theresultsshowthatcomputedcalibrationisstableovertheimagesequenceandsimilar

to the approximatevalues. For eachsequence,the resultsobtainedwith the aspectratio

assumptionaremorestable(andaccurate)thanthoseobtainedwith thezeroimageskew

constraint.Thisobservationagreeswith thetheoryin section5.2.3.

Theresultsfor sequenceII showthatthepositionof g 0 changeswith theelevationangle,

andmovesfrom thenominallycorrectpositionof 110pixelsto 24pixels. Thecauseof this

drifting hasnot beenidentified,but asthenextsectionshows,theaccuracyof themetric

reconstructionis notaffected.Thischangein positioncouldbedueto thenormalvariation

of principalpointobservedin othercalibrationmethods.

5.6.2 Structure Recovery

For sequenceI, thestructurein thesceneis known,andso theaccuracyof theaffine and

metricstructurecanbemeasuredby comparingaffineandmetricinvariantsto theveridical
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values.

Theaffineinvariantusedis theratioof parallellines,andtenrandommeasurementsare

madeusingthepointsonthecalibrationgridandcomparedto theveridicalvalueof 1.0. The

tenmeasurementsaremadeon thereconstructionusingeachtriplet, andthedistributionof

theresultsareshownin table5.4.

The metric invariantsare the anglesbetweenthe planesof the calibrationgrid (see

figure 5.15). Planesarefitted, usingorthogonalregression,to 23 and18 pointson the

left andright faces,and15 pointson the top row. The anglebetweenthe planesis then

comparedto theveridicalvalueof 90Ï . Thedistributionof themeasuredanglesis shown

in table5.4.

Thevaluescomputedfor theaffineandmetricinvariantsshowthatthereconstructionis

stableandaccurate.Figures5.16and5.17showoneof theaffineandmetricreconstructions,

with the imagetexturemappedonto the reconstructionto aid visualisation. Figure5.16

containsaffineskewin thereconstructionwhichhasbeenremovedin figure5.17.

ForsequenceII, fewerinvariantscanbemeasuredin thereconstructions,butfigure5.25

showsthelinesjoining threepointswhosepositionsin theworld andin thereconstruction

areknown. This allowstheEuclideaninvariantsof anangleandtheratio of non-parallel

linesto bemeasuredin thereconstruction.Using thereconstructionfrom thefirst quartet

(four images)from sequencesIIb andIIc, theangleis measuredas89Ï (IIb) and84Ï (IIc)

comparedto theveridicalvalueof 90Ï , andtheratio of thelinesis measuredas0.61(IIb)

and0.59(IIc) comparedto theapproximateveridicalvalueof 0.65.
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Summary

This chapter has presented a novel method for self-calibrating a camera moving under

planar motion. The method is based on the idea that there are points and lines in the image,

with corresponding points and lines in the world, that remain fixed during planar motion,

and whose position is closely related to the camera calibration.

The theory of how these fixed entities arise and how their position determines the camera

calibration was explained in detail. The algorithm to find the position of these fixed entities

using three images was given, and it utilised the idea of stratification. First a fixed point

and line are found using the fundamental matrices. Then the positions of these are used

to reduce the algebraic complexity of finding the remaining fixed points using the trifocal

tensor. Extensive results were given for real image sequences and those results were shown

to be both stable and accurate.

The zero image skew constraint, a very common assumption used for calibration, was

shown to be unstable under certain circumstances, which are common for a camera moving

under planar motion.

The next chapter tries to estimate the covariance of the calibration parameters computed

using the algorithm presented in this chapter.
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Figure5.13: The eight images of sequence I.
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Figure5.14: Estimating the horizon line and vanishing point for sequence I. The epipoles?¡9"A , the horizon lines (grey solid), and the image of the screw axes (grey dashed) are shown
for all image pairs. The vanishing point ( Ð ) is at (558,1967), and the horizon line (black
solid) at ? q 2 Q 8 ¾ n 4 @ 3 Q 9 ¾ n 3 @ 1 A which passes through (0,-255).
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Circularpoint¢ Ñ
Mean 315 D 1223F q 278 Ò 88F
Median 321 D 1225F q 278 Ò 88F
Std.Dev. 38 D 38F 3 Ò 3F

Table5.1: The statistics for the position of the circular point in sequence I estimated using
all possible trifocal tensors and the values for v and l from figure 5.14.

a c a h } d 0 g 0 f
Mean 1020 1041 1.021 391 422 41
Median 1021 1044 1.021 396 429 38
Std.Dev. 18 18 0.001 23 46 18

Table 5.2: The statistics for the calibration in sequence I estimated using all possible
circular points from table 5.1 and the known aspect ratio of 1.02.

a c aih } d 0 g 0 f
Mean 1097 900 0.822 363 173 0
Median 1095 908 0.825 369 179 0
Std.Dev. 39 44 0.061 37 54 0

Table 5.3: The statistics for the calibration in sequence I estimated using all possible
circular points from table 5.1 and the zero image skew constraint.
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Figure5.15: The orthogonal triad of angles on the calibration object (highlighted) which
are measured in the metric reconstruction from sequence I, and compared to the veridical
values of 90Ï . The angles are measured between the planes of calibration grid, and the
planes are fitted by orthogonal regression to 23 and 18 points on the left and right grids,
and 15 points on the top row.

Affine Metric Invariants
Invariant Angle1 Angle2 Angle3

Mean 1.017 84.4 87.6 89.9
Median 1.012 84.0 88.4 91.0
Std.Dev. 0.061 3.0 5.2 5.8

Table5.4: The statisticss for the invariants measurements made in the affine and metric
reconstructions for sequence I. The affine invariant is the ratio of parallel lines measured
on the calibration grid, with 10 measurements made in each reconstruction, and with a
veridical value of 1.0. The metric invariants are the three orthogonal angles shown in
figure 5.15 with a veridical value of 90Ï .
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Figure5.16: Two views of the affine reconstruction from sequence I, with the image texture
mapped onto the reconstruction. Note, the affine skew in the grid and between the grid and
the desk.

Figure5.17: Two views of the metric reconstruction from sequence I, with the image texture
mapped onto the reconstruction. Note, all the affine skew has been removed with the grid
being orthogonal to the desk.
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Figure5.18: The seven images of sequence IIa.
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Figure5.19: Estimating the horizon line and vanishing point for sequence IIa. The epipoles?¡9"A , the horizon lines (grey solid), and the image of the screw axes (grey dashed) are shown
for all image pairs. The vanishing point ( Ð ) is at (455,1787), and the horizon line (black
solid) at ? q 4 Q 9 ¾ n 4 @ q 1 Q 9 ¾ n 2 @ 1 A which passes through (0,54).
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Circularpoint¢ Ñ
Mean 150 D 294F 50 Ò 8F
Median 128 D 289F 50 Ò 8F
Std.Dev. 57 D 19F 2 D 0F

Table5.5: The statistics for the position of the circular point in sequence IIa estimated
using all possible trifocal tensors.

a c a h } d 0 g 0 f
Mean 290 324 1.117 161 113 50
Median 285 319 1.119 140 111 54
Std.Dev. 18 20 0.007 55 9 12

Table5.6: The statistics for the calibration in sequence IIa estimated using all possible
circular points, assuming the aspect ratio is 1.1.

a c aih } d 0 g 0 f
Mean 294 116 0.393 152 58 0
Median 289 111 0.374 129 57 0
Std.Dev. 19 15 0.043 57 1 0

Table5.7: The statistics for the calibration in sequence IIa estimated using all possible
circular points, assuming the image skew is zero.
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Figure5.20: The seven images of sequence IIb.
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Figure5.21: Estimating the horizon line and vanishing point for sequence IIb. The epipoles?¡9"A , the horizon lines (grey solid), and the image of the screw axes (grey dashed) are shown
for all image pairs. The vanishing point ( Ð ) is at (139,1023), and the horizon line(black
solid) at ? 6 Q 7 ¾ n 5 @ 1 Q 5 ¾ n 1

Í
2 @ 1A which passes through (0,-84).
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Circularpoint¢ Ñ
Mean 104 D 362F q 86 Ò 2F
Median 125 D 344F q 86 Ò 2F
Std.Dev. 89 D 103F 1 D 1F

Table5.8: The statistics for the position of the circular point in sequence IIb estimated
using all possible trifocal tensors.

a c a h } d 0 g 0 f
Mean 330 363 1.100 123 50 5
Median 324 356 1.100 127 44 3
Std.Dev. 20 22 0.001 14 19 6

Table5.9: The statistics for the calibration in sequence IIb estimated using all possible
circular points, assuming the aspect ratio is 1.1.

a c aih } d 0 g 0 f
Mean 338 253 0.801 121 2 0
Median 337 225 0.672 126 -38 0
Std.Dev. 39 119 0.531 16 117 0

Table5.10: The statistics for the calibration in sequence IIb estimated using all possible
circular points, assuming the image skew is zero.
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Figure5.22: The seven images of sequence IIc.
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Figure5.23: Estimating the horizon line and vanishing point for sequence IIc. The epipoles?¡9"A , the horizon lines (grey solid), and the image of the screw axes (grey dashed) are shown
for all image pairs. The vanishing point ( Ð ) is at (241,743), and the horizon line (black
solid) at ? 4 Q 7 ¾ n 4 @ 6 Q 2 ¾ n 3 @ 1 A which passes through (0,-160).
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Circularpoint¢ Ñ
Mean 110 D 377F q 169 Ò 29F
Median 110 D 372F q 169 Ò 28F
Std.Dev. 17 D 20F 1 D 2F

Table5.11: The statistics for the position of the circular point in sequence IIc estimated
using all possible trifocal tensors.

a c a h } d 0 g 0 f
Mean 338 373 1.105 138 24 30
Median 335 370 1.105 137 20 31
Std.Dev. 12 13 0.002 15 19 7

Table5.12: The statistics for the calibration in sequence IIc estimated using all possible
circular points, assuming the aspect ratio is 1.1.

a c aÓh } d 0 g 0 f
Mean 361 265 0.733 122 -83 0
Median 359 259 0.726 121 -90 0
Std.Dev. 14 29 0.060 18 25 0

Table5.13: The statistics for the calibration in sequence IIc estimated using all possible
circular points, assuming there is no image skew.
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Figure5.24: The three results for sequences II juxtaposed, showing that the vanishing point
is better constrained with increasing elevation angle, but that the horizon line is not. The
full results for each sequence are shown in figures 5.19, 5.21, and 5.23 which also explain
the notation.

IIb IIc

Figure5.25: The Euclidean invariants measured in the reconstruction from sequences IIb
and IIc. The right angle is measured as 89Ï (IIb) and 84Ï (IIc) respectively. The ratio of the
non-parallel lengths is measured as 0.61 (IIb) and 0.59 (IIc) compared to the approximate
veridical value of 0.65.



Chapter 6

FixedPointsandImage
Sequences

Overview

The previous chapter introduced the idea of self-calibration using fixed points for cameras

undergoing planar motion, and results using real images were shown to be stable and

accurate. However, computer vision not only requires a numerical solution to a problem

but also a measure of confidence in the solution. This chapter examines how a measure

of confidence can be computed for self-calibration using fixed points. This is very closely

linked to the idea of how to combine the results for an image sequence rather than a single

image triplet. Is it better to treat the sequence as a series of image triplets, or use the

whole sequence simultaneously as a batch which might give better results but at greater

computational cost?

The chapter organisation follows the structure of the self-calibration algorithm. First,

the different methods for computing the confidence in the vanishing point and horizon line

are discussed. A novel batch parameterisation for the fundamental matrices of multiple

images is given, and it is shown that this batch parameterisation gives a more accurate

estimate for the covariance of the vanishing point and horizon line.

Then the next step of the algorithm, using the trifocal tensor to find the circular points,

is analysed. It is shown that the noise on the image points in the normalised planar motion

frame is neither isotropic, homogeneous, nor Gaussian, which greatly increases the problem
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of computing the covariance of the circular points. Various techniques are explained and

are shown to be unsatisfactory. Nevertheless, the final steps of the algorithm, computing

the camera calibration using the fixed points, is analysed and a method suggested for

computing the covariance of the internal parameters.

For all parts of the chapter, synthetic data with added noise is used with a Monte

Carlo simulation to show that the covariances (the measure of confidence) computed for

the different parameters are correct. Section 6.1 describes the synthetic sequence used, and

the different measurements used to assess the accuracy of the covariance matrices. Results

are also given for the real image sequences used in chapter 5.

6.1 Error Analysis

The objectiveof this chapteris to derivean analyticalsolutionfor the covarianceof the

cameracalibrationcomputedusing the fixed pointsof planarmotion. To showthat the

suggestedalgorithmsarecorrect,Monte Carlo simulations[78] areusedthroughoutthe

chapterto allow the comparisonof the actualdistribution of solutionsand the derived

analyticalsolutions.

All theMonteCarlosimulationsarebasedonthesyntheticsequenceSI,andfor eachrun

Gaussianimagenoiseis addedto thecorrectimagepoints. Thenumberof runs(samples)

andtheamountof noiseaddedis givenwith eachsetof results.Thenoiseis only addedto

theimagepointsandtheuncertaintyis thentransformedthrougheachstepof thealgorithm., Sequence SI Fifty pointsarearrangedasadoubleTsaigrid (seefigure3.1a)with the

sizeof thegrid 1 unit squared,andviewedby anidealpinholecameraat a distance

of 4 units. Thecameracalibrationis ( a c J
900@~} J

1 Q 0 @¡? d 0 @ g 0 A J ? 400@ 300A ). A

singleimagetriplet, consistingof threedistinctimagesof thestructure,is takenwith

thecamerarotating10Ï aroundafixedaxisbetweenviewsandthetranslationconfined
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to the planeperpendicularto the rotationaxis. To avoid degeneratesituationsthe

orientationof thecameraissuchthattherotationaxisisnotcloseto oneof thecamera

axesandthehorizonline is nothorizontal.

Theresultsareassessedwith two differentmeasures:

1. Thecovarianceof thedistributionof resultsobtainedwith theMonteCarlosimulation

(statistical covariance) is comparedto thepredicteddistribution(analytical covari-

ance). For eachrun of thesimulationa covarianceis computedusingtheequations

derivedbelow, andtheanalytical covariance shownin theresultsis themeanof the

computedcovariancefrom all theruns.

2. Using the Ô 2 distribution and the hyper-ellipsoid of uncertainty[17] (seebelow),

the distributionof resultscan be combinedwith either the statisticalor analytical

covariancesto showthat thedistributionof theresultsis Gaussian.This is doneby

comparingthenumberof sampleslying insidethehyper-ellipsoidof uncertaintyto

the total numberof samples.Resultsaregiven for different levelsof uncertainty,

which shouldgive theratio of samplesinsideto thetotal numberof samplesas0.6,

0.8,0.9,or 0.95.

The Hyper-Ellipsoid of Uncertainty

The hyper-ellipsoid of uncertaintycan be usedto comparea covariancematrix to the

actualdistributionof parametersit is attemptingto model,andteststhatthedistributionis

Gaussian.If apopulationÕ hasadistributionwith thecovarianceΛ Ö , thenahyper-ellipsoid

canbedefinedusingthemeanandcovarianceof Õ?TÕ q E �µÕ � A B Λ n 1Ö ?PÕ q E �µÕ � A J f 2 Q ? 6 Q 1 A
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×iØ
2 ? f @~ÙÄAÙ 0.6 0.8 0.9 0.95

2 1.833 3.219 4.605 5.991
6 6.211 8.558 10.64 12.59

Table6.1: The percentage points of the Ô 2-distribution. The value of f 2 required to give
the probability

× Ø
2 ? f @~ÙÄA (ratio) for the different values of Ù , taken from [53].

Thesizeof thehyper-ellipsoidisdependentonthevalueof f . Theprobabilitythatasample

from thepopulationÕ lies insidethis hyper-ellipsoidis givenby the Ô 2-distribution[53],×iØ
2 ? f @~ÙÄA , whereÙ is therankof Λ Ö . Formoredetailson thederivationsee[17, 104].

Thehyper-ellipsoidcannowbeusedto assesshowaccuratelythepredictedcovariance

matrixdescribestheactualdistribution.Usingtheresultsof theMonteCarlosimulations,

the ratio of the numberof sampleslying insidea hyper-ellipsoid to the total numberof

samplescanbe calculated.This calculatedratio is thencomparedto the theoreticalratio

given by
×ÓØ

2 ? f @zÙÆA . The calculationis repeatedfor severalhyper-ellipsoidwith different

valuesof f , hencedifferentratios,andthis givesa qualitativemeasureof how well the

covariancematrix modelsthe distribution. Resultsare given for the four ratiosof 0.6,

0.8, 0.9, and0.95,andtable6.1 givesthe correspondingvaluesof f for different Ù . For

two or three-dimensionalvariables,the hyper-ellipsoid can be usedto give a graphical

representationof thecovarianceaseithera conicor asanellipsoid.

6.2 Horizon Line and Vanishing Point

The algorithm usedto computethe position of the horizon line and vanishingpoint is

describedin detail in section5.3, but canbe summarisedas: computethe fundamental

matrixbetweenimagepairs,thendecomposethesymmetricpartof thematrix to give two

imagelines;finally usetheimagelinesfrom two or moreimagepairsto give thepositions
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of thehorizonline andvanishingpoint.

First, theimagepairsaretreatedseparatelysothatthecovarianceof eachfundamental

matrix andthe correspondingimagelines canbe computed.Thenthe covarianceof the

imagelinescanbetakeninto accountwhencomputingthepositionandcovarianceof the

horizonline andvanishingpoint.

An alternativebatch approachis explainedwherethefundamentalmatricesfor several

imagesarecomputedsimultaneously, so that the positionandcovarianceof the horizon

line andvanishingpointscanbecomputeddirectly. Thebatch approachcandealwith an

anarbitrarynumberof imagesbut theresultsgivenhereuseonly the threeimagesof the

imagetriplet in sequenceSI.

6.2.1 Image Pairs

Thefundamentalmatrix is computedusingtheplanarmotionparameterisationof Vieville

andLingrand[95]. Theadvantageof this,apartfrom beingtheminimumparameterisation,

is that the imagelines areusedaspartof theparameterisation.Eachplanarfundamental

matrix is parameterisedwith six elements�]U�ÚÛ��U J �M?�ÜÝU�@~-�UT@z.¯U�@~ÞÄUPA~@ ? 6 Q 2 A
which areexplainedin appendixA.2, but -�U and .¯U correspondto theimagelinesusedto

computethehorizonline andvanishingpoint.

The fundamentalmatrix is computedusingthe non-linearminimisationdescribedin

appendixA.3, andusingtheresultsof lemmaC.1 (covarianceof animplicit function)the

covarianceof thematrixcanbecomputed.Hence,thecovarianceof theimagelinesis also

computedastheyarepartof theparameterisationof thefundamentalmatrix. It follows that
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for the FPßXà imagepair thefollowing parametersandcovariancescanbecomputedá -�UP@~.¯U�â ã ��U @á
Λ Ì¤ä @ Λ å ä â ã Λæ ä @ (6.3)

where ��U is the six parameterrepresentationof �]U (seeequation(6.2)), and Λ ç is the

covarianceof theparameter2 .

Thevanishingpoint is foundasthepoint which minimisesthesquareddistanceto the

lines .¯U (theimagesof thescrewaxes),andthecovarianceof eachline Λ å ä is takeninto

account.Both the positionandcovarianceof thevanishingpoint arecomputedas / and

Λ Î . Moredetailsaregivenin appendixC.2and[16].

Thehorizonline - is computedastheweightedleast-squaresaverage[6] of thesetof

estimates-�U , suchthat - J èZé U Λ n 1Ì¤äëê n 1
À é U Λ n 1Ììä - U Á @ (6.4)

Λ Ì J è é U Λ n 1Ì¤ä ê n 1 Q (6.5)

Results

Csurkaet al. [17] gaveextensiveresultsto showthattheestimationof thecovarianceof the

fundamentalmatrix, usingthecovarianceof animplicit functionminimisation,is correct,

andso that work will not be repeatedhere. However, the planarparameterisationof the

fundamentalmatrix wasnot usedandso the distributionof the imagelines is analysed

andshownto becorrectlyestimatedby theanalyticalsolution. Thentheestimationof the

vanishingpointandhorizonline is discussed.

Image Lines The threefundamentalmatricesfor sequenceSI arecomputedfor 1000

runswherethe imagepointshaveeither0.1 or 0.3 pixels of noiseadded,and500 runs
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with 1.0pixel of noise.Thepositionandcovarianceof theimagelinesarea subsetof the

parametersandcovarianceof the fundamentalmatrices. The distributionof the lines is

shownin figures6.1and6.2,andtables6.2,6.3,and6.4giveanumericalcomparisonof the

statistical(actual)covarianceof theimagelineswith theanalytical(predicted)covariance.

Thecovariancesarelisted,andusingthe Ô 2 distributiongivesa numericalcomparisonof

thedifferentcovariances.All resultsshowthatthecovarianceof thelinespredictedusing

analyticalmethodsgive verysimilarvaluesto thetruecovariance.

Vanishing Point For eachrun of the Monte Carlo simulation,the threeimagesof the

screwaxes( . 1 í 2 í 3) areintersectedto give the Monte Carlo distributionof the vanishing

point. Thecovarianceof thevanishingpoint is alsocomputedfor eachrun, hencegiving

theanalyticalcovariance.Figures6.3,6.4,and6.5showtheresultsfor thethreesequences

describedabove.

Thethreelinesbeingintersectedarenearlyparallel,soasexpectedthedistributionof

theintersectionpointsis mainlyalongthemeandirectionof thelines. Thisis shownby the

majoraxisof the3î ellipsefor thestatistical covariance beingalignedwith theintersecting

lines (seefigures6.3, 6.4, and6.5). However, althoughthe 3î ellipsefor the analytical

covariance is alsoalignedwith the intersectinglines, it is significantlyoverestimatedin

thatdirection.Thenumericalresultsaregivenin tables6.5,6.6,and6.7andshowthatthe

analyticalcovariancesaresignificantlydifferentfrom thetruestatisticalcovariances.

Tables6.2, 6.3, and6.4 showthat the covarianceof one of the imagelines ( . 2) is

significantlysmallerthantheothers.As a resultof theweightingof theequationsusedto

find thevanishingpoint, this line dominatesthepositionandcovarianceof thevanishing

point. However, this is not the whole story, aswill be shownin section6.2.2. A large

partof theoverestimationof thecovarianceis dueto thefact thatthecorrelationbetween



6.2 Horizon Line and Vanishing Point 125

−1.5 −1 −0.5 0 0.5 1 1.5

x 104

−1.5

−1

−0.5

0

0.5

1

1.5
x 104

(pixels)

(p
ix

el
s)

−1.5 −1 −0.5 0 0.5 1 1.5

x 104

−1.5

−1

−0.5

0

0.5

1

1.5
x 104

(pixels)

(p
ix

el
s)

a b

Figure6.1: The distribution of the image lines computed from 1000 runs of sequence SI with
(a) 0.1 and (b) 0.3 pixels of Gaussian image noise added. The three fundamental matrices
from the image triplet are decomposed to give the four lines shown: the three images of
the screw axes m U (one from each fundamental matrix), and the horizon line l U (repeated in
each fundamental matrix). The true values are shown in black while the results from each
run of the Monte-Carlo simulation are shown in grey.

the threefundamentalmatricesis not utilised. Thereis correlationbetweenthe matrices

becausethey arecalculatedusingthe sameimagepointsandshouldhavesomeidentical

parameters.In section6.2.2thiscorrelationis takeninto accountandtheoverestimationof

thecovariancealongthedirectionof theintersectinglinesis removed.

Horizon Line Thehorizonline is computedfor eachrun usingequations(6.4)and(6.5)

andthe threeestimatesof the line from the threefundamentalmatrices. The resultsare

givenin tables6.5,6.6and6.7for thethreesequences,andshowthattheanalyticalresults

aresimilar to thetruedistributions.
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Figure6.2: The distribution of the image lines computed from 500 runs of sequence SI with
1.0 pixel of Gaussian image noise added. See figure 6.1 for explanation.

Covariance Ô 2 Testî 2ï î ï~ð î 2ð 0.60 0.80 0.90 0.95. 1 Statistical 4.753e-09 -6.551e-10 4.358e-10 0.621 0.815 0.899 0.941
Analytical 4.913e-09 -6.788e-10 4.506e-10 0.631 0.824 0.906 0.944. 2 Statistical 2.240e-12 2.890e-13 7.008e-13 0.621 0.809 0.901 0.950
Analytical 2.593e-12 3.098e-13 7.107e-13 0.635 0.834 0.916 0.955. 3 Statistical 3.526e-12 6.936e-13 7.868e-12 0.615 0.799 0.909 0.948
Analytical 3.875e-12 4.873e-13 7.736e-12 0.619 0.815 0.917 0.955- 1 Statistical 1.972e-13 2.213e-12 4.829e-11 0.591 0.788 0.891 0.955
Analytical 2.095e-13 2.433e-12 5.245e-11 0.606 0.802 0.901 0.960- 2 Statistical 1.157e-12 -3.889e-12 1.352e-11 0.605 0.791 0.905 0.957
Analytical 1.136e-12 -3.773e-12 1.300e-11 0.607 0.801 0.914 0.960- 3 Statistical 1.785e-11 -1.297e-11 9.789e-12 0.580 0.795 0.905 0.951
Analytical 1.867e-11 -1.354e-11 1.021e-11 0.601 0.814 0.917 0.967

Table6.2: Comparing the statistical and analytical distributions of the lines shown in fig-
ure 6.1a (0.1 pixels of noise). The line is scaled so that l

J ? ¢ @ Ñ @ 1 A B and the covariance has
the three elements î 2ï , î ï~ð , and î 2ð . The statistical covariance gives the actual distribution
of the 1000 lines, while the analytical covariance is the mean of the 1000 computed line
covariances. Also shown are the ratio of number samples lying inside the hyper-ellipsoid
of uncertainty (see section 6.1) to the total number of samples with four values given which
should be 0.6, 0.8, 0.9, and 0.95.
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Covariance Ô 2 Testî 2ï î ï~ð î 2ð 0.60 0.80 0.90 0.95. 1 Statistical 5.023e-08 -6.692e-09 4.342e-09 0.632 0.832 0.903 0.945
Analytical 5.361e-08 -7.353e-09 4.524e-09 0.653 0.837 0.912 0.950. 2 Statistical 2.643e-11 3.831e-12 6.265e-12 0.583 0.803 0.909 0.952
Analytical 1.958e-11 2.320e-12 6.183e-12 0.532 0.755 0.870 0.930. 3 Statistical 3.148e-11 2.294e-12 7.380e-11 0.596 0.804 0.906 0.942
Analytical 3.484e-11 4.362e-12 6.965e-11 0.599 0.807 0.908 0.943- 1 Statistical 1.788e-12 2.084e-11 4.590e-10 0.600 0.822 0.910 0.951
Analytical 1.927e-12 2.229e-11 4.796e-10 0.622 0.840 0.922 0.955- 2 Statistical 1.035e-11 -3.478e-11 1.209e-10 0.601 0.782 0.903 0.958
Analytical 9.284e-12 -3.076e-11 1.061e-10 0.583 0.770 0.892 0.949- 3 Statistical 1.592e-10 -1.164e-10 8.859e-11 0.594 0.811 0.907 0.948
Analytical 1.678e-10 -1.217e-10 9.174e-11 0.607 0.817 0.912 0.953

Table 6.3: Comparing the statistical and analytical distributions of the lines shown in
figure 6.1b (0.3 pixels of noise). See table 6.2 for explanation of terms.

Covariance Ô 2 Testî 2ï î ï~ð î 2ð 0.60 0.80 0.90 0.95. 1 Statistical 1.143e-06 -1.282e-07 6.814e-08 0.796 0.886 0.912 0.921
Analytical 5.015e-06 -6.119e-07 1.812e-07 0.906 0.952 0.967 0.980. 2 Statistical 2.741e-10 3.281e-11 7.129e-11 0.605 0.818 0.895 0.939
Analytical 1.568e-10 1.658e-11 6.500e-11 0.502 0.713 0.829 0.886. 3 Statistical 3.960e-10 4.688e-11 6.659e-10 0.605 0.816 0.895 0.936
Analytical 3.753e-10 4.946e-11 7.640e-10 0.618 0.825 0.906 0.947- 1 Statistical 2.405e-11 2.763e-10 5.656e-09 0.607 0.789 0.899 0.954
Analytical 2.161e-11 2.427e-10 5.212e-09 0.586 0.776 0.882 0.939- 2 Statistical 1.037e-10 -3.543e-10 1.258e-09 0.601 0.805 0.904 0.939
Analytical 8.803e-11 -2.895e-10 9.983e-10 0.594 0.770 0.882 0.921- 3 Statistical 1.886e-09 -1.378e-09 1.048e-09 0.612 0.800 0.904 0.956
Analytical 1.832e-09 -1.334e-09 1.010e-09 0.603 0.794 0.899 0.950

Table 6.4: Comparing the statistical and analytical distributions of the lines shown in
figure 6.2 (1.0 pixel of noise). See table 6.2 for explanation of terms.
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Figure6.3: The distribution of the vanishing points ( 9 ) computed from the lines shown in
figure 6.1a (0.1 pixels of noise). The same results are shown at two different scales. The
ellipses show the 3 î confidence limits for the statistical (solid) and analytical (dashed)
covariances. The true position of the three intersecting lines are shown (dotted) and the
true position of the intersection point is at (-572,-11876).

Covariance Ô 2 Testî 2ï î ï~ð î 2ð 0.60 0.80 0.90 0.95/ Statistical 6.427e+03 2.465e+04 1.040e+05 0.612 0.810 0.891 0.948
Analytical 1.546e+05 6.909e+05 3.096e+06 0.667 0.724 0.763 0.793- Statistical 7.370e-14 -1.317e-13 4.911e-13 0.591 0.799 0.902 0.960
Analytical 4.677e-14 -8.364e-14 3.572e-13 0.716 0.837 0.899 0.934

Table6.5: The statistics for the distribution of the vanishing points shown in figure 6.3 and
the corresponding horizon line. The vanishing point and horizon line are scaled so that
v

J ? ¢ @ Ñ @ 1 A B and l
J ? ¢ @ Ñ @ 1 ACB to give the three covariance values of î 2ï , î ï~ð and î 2ð . The

remaining terms are explained in table 6.2.
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Figure6.4: The distribution of the vanishing points ( 9 ) computed from the lines shown in
figure 6.1b (0.3 pixels of noise). The same results are shown at two different scales. The
ellipses show the 3 î confidence limits for the statistical (solid) and analytical (dashed)
covariances. The true position of the three intersecting lines are shown (dotted) and the
true position of the intersection point is at (-572,-11876).

Covariance Ô 2 Testî 2ï î ï~ð î 2ð 0.60 0.80 0.90 0.95/ Statistical 5.742e+04 2.200e+05 9.265e+05 0.623 0.811 0.904 0.947
Analytical 1.542e+06 6.776e+06 2.987e+07 0.592 0.599 0.607 0.618- Statistical 6.518e-13 -1.245e-12 4.822e-12 0.608 0.805 0.899 0.954
Analytical 4.258e-13 -7.575e-13 3.212e-12 0.702 0.832 0.900 0.943

Table6.6: The statistics for the distribution of the vanishing points shown in figure 6.4 and
the terms are explained in table 6.5.
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Figure6.5: The distribution of the vanishing points ( 9 ) computed from the lines shown
in figure 6.2 (1.0 pixel of noise). The same results are shown at two different scales. The
ellipses show the 3 î confidence limits for the statistical (solid) and analytical (dashed)
covariances. The true position of the three intersecting lines are shown (dotted) and the
true position of the intersection point is at (-572,-11876).

Covariance Ô 2 Testî 2ï î ï~ð î 2ð 0.60 0.80 0.90 0.95/ Statistical 4.546e+05 1.799e+06 7.897e+06 0.689 0.838 0.899 0.934
Analytical 3.129e+07 1.359e+08 5.957e+08 0.496 0.504 0.504 0.513- Statistical 7.476e-12 -1.440e-11 5.419e-11 0.586 0.796 0.906 0.952
Analytical 4.656e-12 -8.238e-12 3.496e-11 0.697 0.796 0.886 0.936

Table6.7: The statistics for the distribution of the vanishing points shown in figure 6.5 and
the terms are explained in table 6.5.
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6.2.2 Batch Parameterisation

Ratherthan treateachfundamentalmatrix separately, the fact that partsof the different

matricesarecorrelatedcanbeutilised. Thehorizonlines -�U shouldbe thesamefor every

matrix,while theotherimagelines .¯U shouldall intersectat thesamepoint / . This gives

a batch parameterisation for the fundamentalmatricesfor a setof images.All the image

lines -�U arerepresentedby thesingleimageline - , while theimagelines .¯U arerepresented

by passingthroughtheimagepoint / with orientationñ�U . Theotherparametersof ��U remain

unchanged.

For ò imageswith ó distinctfundamentalmatrices1 thebatchparameterisationisá �]U�âôÚõ� öH?P/÷@~- @~Ü 1 @¿ñ 1 @~Þ 1 @¡Q Q¡Q¡@~Ü ° @�ñ ° @~Þ ° Az@ ? 6 Q 6 A
where the FTßYà matrix is a function of ?P/÷@z-E@~Ü¡U�@�ñ�U�@zÞÄUTA , and this changesthe numberof

parametersfrom ? 6òiA to ? 4 L 3ó6A .
Usingthenon-linearmethodsdescribedin appendixA.3 andresultsof lemmaC.1,and

extendingtheepipolarerrorof equation(A.2) to ó imagepairs,øúù ° J °é U¤û 1

é Wýü � ?vþ2 &U�W @H��U�þ2iU�W�A 2 L<� ?vþ2iUlW¡@�� BU þ2 &U�W A 2 ÿ ? 6 Q 7 A
thenthefundamentalmatricesandassociatedcovariancescanbecomputedsimultaneously

for ò images.Now thepositionandcovarianceof / and - areavailabledirectlyasá /�@~- â ã � ö�@á
Λ Î @ Λ Ì â ã Λæ�� Q (6.8)

Results

ThreeMonte Carlo simulationswerecompletedwith 500 runswith imagenoiseof 0.1,

0.3, or 1.0 pixels added. The resultsareshowngraphicallyin figures6.6, 6.7, and6.8,
1For � imagesthereare�����	�2 ��
�� 2 
 ����� 2 distinctfundamentalmatrices.
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and numerically in tables6.8, 6.9, and 6.10. The resultsfor the vanishingpoints are

much closerto the true resultsthan thoseobtainedusing just imagepairs, with only a

slight overestimationof the covariancealong the dominantimageline. The analytical

covariancefor the horizon line are slightly underestimatedfor both setsof results,but

the actualcovarianceof the horizonline is very small comparedto the true valueof the

line. Comparetheline - J ? -2.0e-04@ -2.5e-03@ 1 Q 0 A B with thestatisticalcovariance,from

table6.9, ?�î 2£
1
@~î 2£

2
A J ? 4.5e-13@ 3.4e-12A ).

6.2.3 Comparison of Images Pairs and Batch Methods

To comparethe resultsof the imagepair and batchalgorithms,the samedata is used

to computethe distribution of solutionsobtainedfrom eachmethod. The resultsare

summarisedin tables6.11,6.12,and6.13for threesequenceswith 500runsandeither0.1,

0.3,or 1.0pixelsof addednoise.Theseresultsshowthatmoreaccurateresultsareobtained

usingthebatchmethodbutwith disadvantageof increasedcomputationalexpense.

6.2.4 Results for Real Image Sequences

SomeresultsusingsequenceI from section5.6 areshownin tables6.14and6.17. These

resultsshowthe computedvanishingpoint andhorizonline with associatedcovariances

for boththeimagepairsandbatchalgorithm.Thebatchalgorithmis usedwith bothimage

triplets(threeimages)andimagequartets(four images).Theactualvaluesfor thevanishing

pointaresimilarbut thecovariancesaremorerealisticfor thebatchalgorithm,andalsoare

smallerfor thequartetresultswhichis asexpected.Theresultsfor thehorizonline arevery

similar for bothalgorithms.

More resultsusingsequencesIIb andIIc aregivenin tables6.15–6.19.Theresultsare

givenfor tripletsandquartetsfrom thefirst four imagesof eachsequence.
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Figure 6.6: The distribution of the vanishing points ( 9 ) computed using 500 runs of
the batch algorithm with 0.1 pixels of added Gaussian noise. The ellipses show the 3 î
confidence limits for the statistical (solid) and analytical (dashed) covariances. The true
position of the three intersecting lines are shown (dotted).

Covariance Ô 2 Testî 2ï î ï~ð î 2ð 0.60 0.80 0.90 0.95/ Statistical 5.513e+03 2.099e+04 8.895e+04 0.627 0.794 0.898 0.956
Analytical 8.445e+03 3.268e+04 1.341e+05 0.665 0.830 0.900 0.954- Statistical 5.868e-14 -8.737e-14 3.739e-13 0.609 0.796 0.896 0.940
Analytical 3.686e-14 -5.923e-14 2.815e-13 0.493 0.661 0.790 0.866

Table6.8: The statistics of the distribution of vanishing points shown in figure 6.6 and
the corresponding horizon lines (0.1 pixels of noise and the batch parameterisation). See
table 6.5 for details of terms used.
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Figure 6.7: The distribution of the vanishing points ( 9 ) computed using 500 runs of
the batch algorithm with 0.3 pixels of added Gaussian noise. The ellipses show the 3 î
confidence limits for the statistical (solid) and analytical (dashed) covariances. The true
position of the three intersecting lines are shown (dotted).

Covariance Ô 2 Testî 2ï î ï~ð î 2ð 0.60 0.80 0.90 0.95/ Statistical 4.670e+04 1.778e+05 7.614e+05 0.626 0.804 0.900 0.947
Analytical 8.074e+04 3.132e+05 1.287e+06 0.677 0.832 0.904 0.953- Statistical 4.498e-13 -6.867e-13 3.362e-12 0.581 0.787 0.902 0.953
Analytical 3.437e-13 -5.573e-13 2.611e-12 0.502 0.681 0.819 0.894

Table6.9: The statistics of the distribution of vanishing points shown in figure 6.7 and
the corresponding horizon lines (0.3 pixels of noise and the batch parameterisation). See
table 6.5 for details of terms used.
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Figure6.8: The distribution of the vanishing points ( 9 ) computed using 500 runs of the
batch algorithm with 1.0 pixel of added Gaussian noise. The ellipses show the 3 î confidence
limits for the statistical (solid) and analytical (dashed) covariances. The true position of
the three intersecting lines are shown (dotted).

Covariance Ô 2 Testî 2ï î ï~ð î 2ð 0.60 0.80 0.90 0.95/ Statistical 5.869e+05 2.324e+06 1.023e+07 0.737 0.853 0.915 0.954
Analytical 1.264e+06 5.050e+06 2.124e+07 0.788 0.908 0.941 0.972- Statistical 5.844e-12 -1.009e-11 4.301e-11 0.600 0.801 0.904 0.952
Analytical 3.945e-12 -6.315e-12 2.964e-11 0.486 0.676 0.796 0.877

Table6.10: The statistics of the distribution of vanishing points shown in figure 6.8 and
the corresponding horizon lines (1.0 pixel of noise and the batch parameterisation). See
table 6.5 for details of terms used.
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True Pairs Batchg ï -5.718e+02 -5.702e+02 -5.741e+02g ð -1.188e+04 -1.187e+04 -1.189e+04î 2h � – 6.492e+03 5.513e+03î 2h � – 1.047e+05 8.895e+04î h � h � – 2.482e+04 2.099e+04y ï -2.003e-04 -2.003e-04 -2.003e-04y ð -2.510e-03 -2.510e-03 -2.510e-03î 2£ � – 7.576e-14 5.868e-14î 2£ � – 4.692e-13 3.739e-13î £ � £ � – -1.279e-13 -8.737e-14

Table6.11:Comparison of the distribution of the vanishing point and horizon line computed
using the image pair algorithm and the batch algorithm, with 500 samples with 0.1 pixels
noise added. The results for the batch algorithm have a smaller covariance than the image
pair algorithm, with both means having a similar accuracy.

True Pairs Batchg ï -5.718e+02 -5.535e+02 -5.824e+02g ð -1.188e+04 -1.181e+04 -1.194e+04î 2h � – 5.716e+04 4.670e+04î 2h � – 9.378e+05 7.614e+05î h � h � – 2.203e+05 1.778e+05y ï -2.003e-04 -2.004e-04 -2.003e-04y ð -2.510e-03 -2.510e-03 -2.510e-03î 2£ � – 5.628e-13 4.498e-13î 2£ � – 4.461e-12 3.362e-12î £ � £ � – -1.046e-12 -6.867e-13

Table6.12:Comparison of the distribution of the vanishing point and horizon line computed
using the image pair algorithm and the batch algorithm, with 500 samples with 0.3 pixels
noise added. The results for the batch algorithm have a smaller covariance and a mean
value closer to the true value.
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True Pairs Batchg ï -5.718e+02 -2.841e+02 -5.070e+02g ð -1.188e+04 -1.070e+04 -1.161e+04î 2h � – 4.546e+05 5.869e+05î 2h � – 7.897e+06 1.023e+07î h � h � – 1.799e+06 2.324e+06y ï -2.003e-04 -2.006e-04 -2.003e-04y ð -2.510e-03 -2.510e-03 -2.510e-03î 2£ � – 7.476e-12 5.844e-12î 2£ � – 5.419e-11 4.301e-11î £ � £ � – -1.440e-11 -1.009e-11

Table6.13:Comparison of the distribution of the vanishing point and horizon line computed
using the image pair algorithm and the batch algorithm, with 500 samples with 1.0 pixel
noise added. The results for the batch algorithm have a smaller covariance and a mean
value closer to the true value.
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Images Algorithm ? g ï @ g ð A î 2h � î h � h � î 2h �567 Pair (597,2534) 2.93e+04 -1.91e+05 1.26e+06
Batch (665,2293) 1.03e+03 -2.73e+03 4.36e+04

678 Pair (658,2382) 1.38e+03 5.59e+02 1.11e+05
Batch (541,2248) 3.74e+02 -1.10e+02 1.27e+04

5678 Pair (518,2376) 2.97e+03 -2.45e+04 2.10e+05
Batch (474,2526) 3.35e+02 -1.12e+03 1.93e+04

Table6.14: The vanishing point computed for various image triplets and image quartets
from sequence I using both the image pairs and batch algorithms. Both the vanishing point
v

J ? g ï @ g ð A B and its covariance are shown in the table.

Images Algorithm ? g ï @ g ð A î 2h � î h � h � î 2h �123 Pair (421,991) 2.57e+04 -2.13e+04 1.80e+04
Batch (430,994) 3.05e+03 -1.16e+03 7.73e+02

234 Pair (-28,945) 1.05e+04 1.77e+03 1.80e+03
Batch (-60,936) 4.63e+03 -1.45e+02 3.00e+02

1234 Pair (284,981) 2.73e+04 -2.01e+04 1.51e+04
Batch (248,1007) 2.15e+03 -1.12e+03 8.61e+02

Table6.15: The vanishing point computed for various image triplets and image quartets
from sequence IIb using both the image pairs and batch algorithms. Both the vanishing
point v

J ? g ï @ g ð A B and its covariance are shown in the table.

Images Algorithm ? g ï @ g ð A î 2h � î h � h � î 2h �123 Pair (270,759) 2.56e+05 -1.33e+05 6.86e+04
Batch (232,797) 8.95e+02 -3.56e+02 2.97e+02

234 Pair (137,731) 1.60e+04 2.46e+03 1.33e+03
Batch (146,743) 4.00e+03 7.35e+02 2.36e+02

1234 Pair (301,721) 1.12e+05 -4.27e+04 1.63e+04
Batch (252,748) 8.00e+02 -3.25e+02 2.08e+02

Table6.16: The vanishing point computed for various image triplets and image quartets
from sequence IIc using both the image pairs and batch algorithms. Both the vanishing
point v

J ? g ï @ g ð A B and its covariance are shown in the table.
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Images Algorithm ?Ey ï @�y ð A î 2£ � î £ � £ � î 2£ �
567 Pair (-4.21e-04,2.60e-03)2.32e-10 3.50e-10 3.06e-09

Batch (-3.90e-04,2.68e-03)1.15e-09 -1.58e-09 2.69e-09

678 Pair (-5.02e-04,2.74e-03)5.22e-10 4.54e-10 7.11e-09
Batch (-3.66e-04,3.31e-03)8.22e-10 -9.74e-10 3.66e-09

5678 Pair (-3.85e-04,3.03e-03)1.71e-10 2.46e-10 1.62e-09
Batch (-3.46e-04,3.18e-03)6.76e-10 -8.72e-10 2.20e-09

Table6.17: The horizon line computed for various image triplets and image quartets from
sequence I using both the image pairs and batch algorithms. The horizon line is scaled
such that l

J ?Ey ï @�y ð @ 1 A B and both the line and its covariance are shown in the table.

Images Algorithm ? y ï @¿y ð A î 2£ � î £ � £ � î 2£ �
123 Pair (3.48e-05,1.27e-02)6.03e-09 1.09e-08 3.07e-07

Batch (3.80e-05,1.29e-02)4.17e-08 6.73e-08 1.16e-07

234 Pair (3.48e-05,1.27e-02)6.03e-09 1.09e-08 3.07e-07
Batch (3.80e-05,1.29e-02)4.17e-08 6.73e-08 1.16e-07

1234 Pair (3.21e-04,1.12e-02)6.10e-09 1.77e-08 3.27e-07
Batch (3.25e-04,1.14e-02)2.35e-08 3.91e-08 6.83e-08

Table6.18: The horizon line computed for various image triplets and image quartets from
sequence IIb using both the image pairs and batch algorithms. The horizon line is scaled
such that l

J ?Ey ï @�y ð @ 1 A B and both the line and its covariance are shown in the table.

Images Algorithm ? y ï @¿y ð A î 2£ � î £ � £ � î 2£ �
123 Pair (2.00e-04,5.81e-03)1.50e-08 1.44e-08 8.22e-08

Batch (2.25e-04,5.82e-03)3.90e-08 2.64e-08 2.63e-08

234 Pair (2.00e-04,5.81e-03)1.50e-08 1.44e-08 8.22e-08
Batch (2.25e-04,5.82e-03)3.90e-08 2.64e-08 2.63e-08

1234 Pair (1.16e-04,4.47e-03)1.21e-08 2.44e-08 1.29e-07
Batch (1.12e-04,4.58e-03)1.84e-08 7.23e-09 9.46e-09

Table6.19: The horizon line computed for various image triplets and image quartets from
sequence IIc using both the image pairs and batch algorithms. The horizon line is scaled
such that l

J ?Ey ï @�y ð @ 1 A B and both the line and its covariance are shown in the table.
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6.3 Trifocal Tensor

In chapter5 thetrifocal tensorwascomputedby thealgorithmgivenin section5.5,where

theimagesaretransformedto thenormalisedplanarmotionframeandthereducedtrifocal

tensorcomputedusingthemethodgivenin appendixB.1. This is a linearsolutionwhich

usesSVDtofindtheeigenvectorcorrespondingtotheminimumeigenvalue.Thecovariance

of aneigenvectorcanbecomputed[82, 91,98],assumingtheimagenoiseis homogeneous,

isotropic, and Gaussian. However, section6.3.1 showsthat theseassumptionsdo not

hold for pointsin thenormalisedplanarmotionframe,andthereforethecovarianceof the

solutioncannotbe computedusing this method. The full tensorof 27 elementsand its

covariancecouldbecomputedusingthismethodin therealframe,butthetensoris severely

over-parameterisedin this form, andClarke[16] claimsthat the resultsobtainedby this

methodarenot accurate.Instead,non-linearmethodsaredescribedin section6.3.2,but

currentlimitationsarealsodescribedandtheselimitationsprecludetheuseof anon-linear

method.

6.3.1 The Canonical Frame is not Homogeneous

Thecanonicaltransformation(equation(5.30))is usedto transformtheimagepointsfrom

the real frame to the normalisedplanarmotion frame,and is a linear transformationof

the homogeneouscoordinates. However, the imagenoise is associatedwith the non-

homogeneouscoordinates,andwhenthecanonicaltransformationis expressedin termsof

non-homogeneouscoordinatesit becomesa non-linearfunction.

AppendixCdiscussesthepropagationof uncertaintyusingthefirstorderapproximation

to anon-linearfunction,andthiscanbeappliedto thenoiseontheimagepoints.However,

aswill beshownbelow, thenoiseontheimagepointsis neitherisotropicnorhomogeneous

in thenormalisedplanarmotionframe.Thefollowing derivesthecovarianceof a point in
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thenormalisedplanarmotionframeusingbothafirst andsecondorderapproximations.

Thetransformationof theimagepointsfrom therealframe( 2 ) to thenormalisedplanar

motionframe( þ2 ) is expressedin homogeneouscoordinatesasþ2 J > Ë 2
where >�Ë is a function of the vanishingpoint / J ? d @ g @ 1 A B and the horizon line - J?Ey ï @¿y ð @¿y��¿ACB . However, theline - is justusedto computea rigid transformationof theimage

(seeappendixB.3) andthis hasno affect on theassumptionsmadeabouttheimagenoise,

namelyit is homogeneous,isotropicandGaussian,andso theeffect of - doesnot needto

betakeninto accountin thefollowing analysis.Similarly, the d componentof / is usedto

translatethe imagehorizontallyso that d�� 0, andhencealsohasno affect on thenoise

assumptions.Sothetransformationof non-homogeneouspointscanbeexpressedas? ˆ¢ @ ˆÑ A B J �Æ?��6Az@ ? 6 Q 9 A
where � J ? ¢ @ Ñ @ g A B . The values ? ¢ @ Ñ @ g A aremeasuredin the transformedimageplane

where- � ? 0 @ 1 @ 0 A B and d�� 0,butto avoidtheproliferationtermstherealimagenotation

is used. So usingonly the projectivepart of the canonicaltransformation(part of > 2 in

appendixB.3) which involves g butneither- nor d , thenthefunction �Æ?��6A isÀ
ˆ¢
ˆÑ Á J À ¢ x ? 1 q Ñ x g AÑ x ? 1 q Ñ x g A Á @ ? 6 Q 10A

andthecovarianceof � canbeassumedto be

Λ � J ^_` î 2ï 0 0
0 î 2ð 0
0 0 î 2h

j km Q
Usingthefirst orderapproximationto theTaylorexpansionof �M?��5A aroundthemeanvalue

¯� (seeequation(C.3))gives�M?��6A J �M? ¯�5A L � �� � � � L�� ?! � �� 2 A~Q
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Themeanis transformedcorrectlyas

E[ þ2 ]
J �M? ¯��Az@ ? 6 Q 11A

while thecovarianceis givenby

Λ "ç J � �� � Λ � � �� � B Q ? 6 Q 12A
TheJacobian(

� � x � � ) isnotfixed,butisafunctionof thepositionof eachpoint. Expanding

equation(6.12)givesthefirst orderapproximationfor thecovarianceas

Λ "ç J è î 2
ˆï î ˆï ˆðî ˆï ˆð î 2

ˆð ê @
where î 2

ˆï J î 2ï 1? 1 q Ñ x g A 2
L î 2ð ? ¢ x g A 2? 1 q Ñ x g A 4

L î 2h ? ¢ x g A 2 ? Ñ x g A 2? 1 q Ñ x g A 4
@î 2

ˆð J î 2ð 1? 1 q Ñ x g A 4 L î 2h ? Ñ x g A 4? 1 q Ñ x g A 4
@î ˆï ˆð J î 2ð ? ¢ x g A? 1 q Ñ x g A 4 L î 2h ? ¢ x g A~? Ñ x g A 3? 1 q Ñ x g A 4
Q

Carefulexaminationof theaboveexpressionsshowthatin generalthe imagenoisein the

normalisedplanarmotionframeis nolongerhomogeneous,asthecovarianceof eachpoint

dependson theoriginal positionof thepoint ? ¢ @ Ñ A , nor is it isotropic,as î 2ï$#J î 2ð . Only

with thegrossassumptionthat thevanishingpoint is sufficiently distantin the Ñ -direction

doesthenoiserevertto beinghomogeneousandisotropic.

When gS� Ñ and g(� ¢ then î 2
ˆï � î 2ï @î 2
ˆð � î 2ð @î ˆï ˆð � 0 Q
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However, extendingthe analysisto includesecondorder termsof the Taylor expansion

showsthatthecanonicaltransformationcanintroducebias.Thesecondorderapproximation

is �M?��6A J �Æ? ¯�6A L � �� � � � L 1
2!

� 2 �� � 2

� � 2 L�� ?% � �& 3 AzQ ? 6 Q 13A
Thesecondordertermof theTaylorseriescanbecomputedonacomponent-by-component

basisas

1
2!

� 2 �� � 2

� � 2 J 1
2!

À
4é U¤û 1

∆ �¦U �� � U Á 2 �Æ?��6A '''''' � û ¯� Q
Themeanof thesecondorderapproximationis

E[ ˆ¢ ]
J ¢? 1 q Ñ x g A L î 2ð ¢? 1 q Ñ x g A 3 g 2

L î 2h ¢6Ñ? 1 q Ñ x g A 3 g 3
@

E[ ˆÑ ]
J Ñ? 1 q Ñ x g A L î 2ð 1? 1 q Ñ x g A 3 g L î 2h Ñ 2? 1 q Ñ x g A 3 g 3

@
wherethe first term in eachexpressionis the true value while the remainingtermsare

bias. However, theaffect will only becomenoticeablewhen Ñ � g and î 2h is large. The

covarianceof thesecondorderapproximationis givenby

E
�)( �M?��6A q �Æ? ¯�6A�* 2 � J

E

^ ` À � �� � � � L 1
2!

� 2 �� � 2

� � 2 Á 2
jmJ

E

^ ` À � �� � � � Á 2 L À
1
2!

� 2 �� � 2

� � 2 Á 2
jm @

which is theexpectedresultfor a secondorderapproximation.

6.3.2 Non-linear Solution for the Trifocal Tensor

Any non-linearminimisationhasthreeparts:thecostfunctionto minimise,theparameters

to minimisesover, andthedataused.Whentrying to derivea non-linearminimisationfor

thetrifocal tensoreachof thesepartsintroducesproblemsandlimitations.

Thecostfunctionshouldpreferablyminimiseanerrorwhich is measuredin theimage

frame,andusingthe trifocal tensorthis canbe associatedwith the transferof pointsand
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lines. Also, it is betterif the costfunction is unbiasedandtreatsthe measurementmade

in eachimageequally. This is not simpleto achieveusingthe tensor, asthe tensoruses

oneof thethreeimagesasthereference image,suchthatpointsaretransferredfrom image

oneto threevia two or from imageoneto two via three.This requirementfor anunbiased

costfunction is analogousto the fundamentalmatrix which is estimatedmoreaccurately

by minimisingtheepipolarerror in both imagesratherthanjust one(seeequation(A.2)).

Currentlyanunbiasedcostfunctionhasnot beenderived.

Thedatausedin anyminimisationis thepositionof thepointsmatchedovertheimage

triplets. However, thepositionscanbemeasuredin eithertherealframeor thenormalised

planarmotion frame. The covarianceof the solution is also required,but section6.3.1

showedthattheimagenoisein thenormalisedplanarmotionframeisneitherhomogeneous,

isotropic,nor Gaussian,andthis greatlyincreasestheproblemof computinga covariance

whenusingthenormalisedplanarmotionframe.Similarly, thetensorcanbeparameterised

in eitherframe,andit will beeitherbeover-parameterisedor thecovariancewill bedifficult

to compute.

The idealsolutionto theseproblemswill beto obtaina parameterisationof thetensor

which includesthe fixed points/linesaspartof the parameterisation.This will avoid the

useof thenormalisedplanarmotionframeandtheassociatedproblems.This is analogous

to using the fundamentalmatricesto find the horizon line and vanishingpoint, where

section6.2showedthatbetterresultsareobtainedusingthebatchparameterisationwhich

usesthehorizonline andvanishingpointasactualparameters.
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6.4 Circular Points and Camera Calibration

Whenthetrifocal tensoris computedwithoutexplicitly usingthecircularpointsasparam-

eters,the positionsof the circular pointsareobtainedby solving the cubic equation(see

equation(5.32)) � 3 L�� 2 � 2 LO� 1 � LO� 0
J

0 @
where + J ? � 2 @ � 1 @ � 0 ACB J �M?T¶ÄA , and �M?P¶ÄA is a non-linearfunction of the elementsof the

reducedtrifocal tensor. Thecovarianceof thesolutionof thecubicequationcanbecomputed

usinga first orderapproximationto propagatethe covarianceof the trifocal tensor. The

solutionrequiredfrom thecubicequationis thecomplexconjugatepair, which introduces

the problemof computingthe real andimaginarypartsseparatelyso that the covariance

betweenthemcanbe correctlycomputed.The complexconjugatesolutionof the cubic

equation[1] is � J q � 2

3 q ?�, 1 L , 2 A
2

D F.- 3 ?�, 1 q , 2 A
2

@
where , 1

J ?�Ù L ?�/ 3 L Ù 2 A 1
2 A 1

3 @, 2
J ?�Ù q ?�/ 3 L Ù 2 A 1

2 A 1
3 @Ù J ? � 1 � 2 q 3� 0 A x 6 q � 3

2 x 27@/ J � 1 x 3 q � 2
2 x 9 @

and ?�/ 3 L Ù 2 A � 0 for thecomplexconjugatesolutionto exist.

Expressingthecomplexconjugateas� J ?Xó D0/ÄF A givesthepositionof thecircularpoint

in thenormalisedplanarmotionframeas ? q óÂD1/ÄF�@ 0 @ 1 A B , andusingtheinversecanonical

transformation,thepositionof thecircularpointsin therealframeare
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0 J > n 1Ë ? q ó L /³FH@ 0 @ 1 A B @1 J > n 1Ë ? q ó q /ÄF�@ 0 @ 1 A B Q
Thecanonicaltransformationis functionof / and - , hencethepositionof thecircularpoints

in therealframecanbeexpressedas0 J �M?�2]A J �Æ?T¶ B @H/ B @~- B A~@
andthefirst orderapproximationof thecovarianceis

Λ 3 J � �� 2 Λ 4 � �� 2 B Q
Now thepositionandcovarianceof all threefixed pointsis known. Section5.2shows

howtheimageof theabsoluteconicis computedusingthefixedpoints,andit is relatively

simpleto obtainafirst orderapproximationsothatthecovarianceof theestimatefor 7 can

becomputed.Also,whenusingtheknownaspectratioastheextraconstraint,it is possible

to incorporateanyuncertaintyabouttheaspectratio.

6.4.1 Results for Camera Calibration

As section6.3did not produceanalgorithmto giveanaccurateestimateof thecovariance

of the trifocal tensor, it is not possibleto predict the covarianceof the calibrationby

propagatingtheimagenoisethroughthewholealgorithm. However, figures6.9 and6.10

showsthedistributionof thecalibrationparametersfor 1000runsof sequenceSI with 0.1

and0.3 pixelsof noise. The resultsshowa Gaussiandistributionandsuggestthat it will

bepossibleto obtainanaccuratepredictionof thecovarianceusingaconcatenationof first

orderapproximations.Theresultsarealsogivenin table6.20,which showstheempirical

relationshipbetweentheimagenoiseandthevarianceof thecalibration.
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Figure6.9: The distribution of the calibration parameters computed using 1000 runs of
sequence SI with 0.1 pixels of added noise. The extra constraint of known aspect ratio is
used, and (a) shows the distribution of the focal length a c , while (b) shows the distribution
of the principal point ? d 0 @ g 0 A .
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Figure6.10: The distribution of the calibration parameters computed using 1000 runs of
sequence SI with 0.3 pixels of added noise. The extra constraint of known aspect ratio is
used, and (a) shows the distribution of the focal length a c , while (b) shows the distribution
of the principal point ? d 0 @ g 0 A .
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StandardDeviation
Imagenoise a c d 0 g 0 f

0.1 1.5 3.2 1.7 4.5
0.3 4.4 9.0 5.2 12.5

Table6.20: The empirical relationship between the image noise (pixels) and the standard
deviation of the distribution of the calibration parameters shown in figures 6.9 and 6.10.

Summary

This chapter has attempted to estimate the covariance of the calibration parameters ob-

tained using the fixed points of planar motion. It was shown that the horizon line and

vanishing point can be obtained using either an image pair algorithm or a novel batch

parameterisation, and that the latter gave better results. The noise in the normalised

planar motion frame was shown to be anisotropic, non-homogeneous, and not Gaussian,

which greatly increases the problem of computing the covariance of the circular points.

The problems of computing the covariance of the trifocal tensor when using a non-linear

minimisation were discussed.

Finally, the distribution of the calibration parameters obtained using a Monte Carlo

simulation with a synthetic data were shown to be Gaussian. This suggests that it will

be possible to compute an estimate of the uncertainty of the calibration parameters by

propagating the image noise through the whole algorithm.



Chapter 7

RobustObjectTracking

Overview

The previous chapters have presented new algorithms for self-calibration from image

sequences, but these chapters did not address the problem of the accurate tracking of

objects over long sequences. This chapter increases the robustness and hence accuracy of

a rigid object tracker by applying the ideas of stratification and utilising motion constraints.

The goal is that in the future the tracking and self-calibration could be combined into a

single framework, and this has been partially achieved by using a camera model which

incorporates a changing focal length.

Many different approaches have been suggested for tracking moving objects, and these

differ in the type of object being tracked. However, most methods are not robust to a

number of ambient conditions, such as partial occlusions, which degrade performance.

This chapter increases the robustness of the RAPiD tracker [34] to give the Robust RAPiD

(RoRAPiD) [3].

The object being tracked is described at a number of levels, and at each level there

is a model/hypothesis for which redundant measurements are available; this redundancy

allows the hypothesis to be verified or refuted. Also included are several motion models

which can improve the performance when the motion is constrained, and several camera

models which are used to remove any possible error introduced by using the incorrect

camera model. Both the motion models and camera models are constructed so that the
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same general approach can be used throughout.

Section 7.2 is a review of RAPiD, then in section 7.3 the extended RoRAPiD is described

in detail. Finally in section 7.4 results are given for real image sequences running on

standard hardware at frame rate.

7.1 Object Tracking

Objecttrackingthroughimagesequencesis typically achievedby concentratingonly on

boundaries,suchas occludingcontours. This reducesthe computationaldemands,and

allowsframeratetrackingon non-specialisedhardware.A numberof suchmethodshave

beendemonstrated:Harris[34] andLowe[57] trackrigid objectswith aknown3D model;

snakes[11, 48] havebeenusedto track imagecontoursof deformableobjects; while

deformabletemplates[54] havebeenusedfor objectswith knownor constrainedgeometry.

However, theperformanceof manyof theapproachesareseverelydegradedbyanumber

of ambientconditionssuchas partial occlusions,photometricchanges(e.g., shadows),

cameramodellingerrors,andincorrectfeaturematching. The objectivehereis to make

trackingrobustto theseconditionsby extendingthemodelof theobjectandutilisingknown

constraintssuchasrestrictedmotionmodelsand/ordifferentcameramodels.

7.1.1 Stratifying Object Tracking

All themethodsof trackingmentionedaboverepresenttheobjectasa singlesetof points,

lines,or boundaries,whichareprocessedsimultaneously. Generally, noneof themdescribe

anobjectasa setof lower ordercomponentswhich still havesomecomplexity which can

be utilised. This is anotheruseof the idea of stratifying a probleminto smaller, more

solubleparts. Herethe objectis describedat a numberof levels,andat eachlevel there

is a model/hypothesisfor which redundantmeasurementsareavailable.Theseredundant
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measurementsallowthehypothesistobeverifiedorrefuted,andalsoallowtheidentification

andremovalof outliers. Outliers in this contextaregrosslyincorrectmeasurementsor

associations,whoseerrorshavea very largeadverseaffect on theaccuracyof subsequent

calculations[91].

Theobjectis describedby asetof relatedgeometric primitives (hereaftercalledprim-

itives). Primitiveshavea knowngeometry(e.g.,linesandconics)which is thecomplexity

mentionedabove.At a low level theprimitivesareassociatedwith a setof high contrast

edges,andareusedto rejectoutlying edgelsmeasuredin the image. At a high level, the

primitivesareassociatedwith theobjectpose,andareusedto rejectoutlyingmodel-image

associations.The robustmethodsareapplicableto severaldifferentmethodsof tracking,

butaredemonstratedhereby extendingtheRAPiD trackerof Harris[34].

7.2 RAPiD Tracker

The RAPiD trackerrepresentsa 3D objectas a set of control pointswhich lie on high

contrastedges.Thepose(positionandorientation)of theobjectis estimatedandtheobject

outlinetrackedat field rate(50Hz)on generalpurposehardware.Thecycleof theRAPiD

algorithmis givenin thealgorithmsummary7.1. Thealgorithmis split into two parts,the

first dealingwith makingmeasurementsin the image,andthesecondcalculatingthenew

poseof theobject.

7.2.1 The RAPiD Approach

Measurements

The control points are projectedonto the imageusing the predictedposeof the object

obtainedfrom theKalmanfilter [47]. For eachcontrolpoint,a 1D searchis thenexecuted

to find the strongestimagegradient(edgel) in the vicinity of the control point, which
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Figure7.1: Measurements made by RAPiD at a single control point. The control point (x)
lies on a projected model edge which is inclined at an angle a . A search is carried out
perpendicular to the projected edge to find the strongest image edgel, and the distance is
given by y . When a pose correction is added, the new position of the control point (x & ) is
now at a distance y & from the detected image edgel. See text for more details of the role of
x & , y & , and a .

is assumedto be the new position of the edge. The searchusedis a 1D Cannyedge

detection[15], andthesearchdirectionis perpendicularto theprojectedmodeloutline in

theimage1 (seefigures7.1and7.2).

Pose Update

Whencorrectingtheposeof theobject,it is assumedthattheposediffersonly by a small

translationanda small rotationfrom the predictedpositionin 3D. The projectionof the

objectontotheimageplaneis linearisedaboutthepredictedpose.Thesmallposecorrection

canthenbecalculateddirectly usingthepositionof thecontrolpointsandthedistanceto

thecorrespondingimageedgel.

Thepositionof thecontrolpointscanbemeasuredin threedifferentcoordinateframes:

1Toavoidinterpolatingbetweenimagepixels,thesearchdirectioniseithervertical,horizontal,ordiagonal,
andthe measureddistanceto theedgelis correctedfor the actualorientationof the modeloutline,see[34]
for moredetails.
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Figure7.2: Measurements made by RAPiD, for a set of control points on an object, to
correct object pose. Each distance y¤U partially constrains the value of the small pose
correction q, and used together allow q to be computed.

the modelframe( * ± J ?P­ ± @~¬ ± @¿® ± A B ), the camera-centredframe( * J ?T­ @~¬R@¿®bACB ),

andthenormalised2 imageframe( 2 J ? ¢ @ Ñ ACB ). Theposeof theobject( ´ and5 ) determines

thetransformationbetweenthemodelandcamera-centredframes* J ´]* ± L 5 @ ? 7 Q 1 A
while the transformationbetweenthecameraframeandthe normalisedimageframeis a

simpleprojection 2 J ? ¢ @ Ñ A B J ?T­ x ®"@~¬ x ®bA B Q ? 7 Q 2 A
The actualposeof the object is assumedto differ from the predictedposeby a small

rotationabouttheorigin of themodelframe( 6 J ? Θ ï @ Θ ð @ Θ �¿ACB ), anda smalltranslation

(
� 5 J ? ∆ � ï @ ∆ � ð @ ∆ � � A B ). This movestheposition(in thecameraframe)of thepoint *

to * & * & J ´�* ± L 5 L � 5 L 6�9�´]* ± Q ? 7 Q 3 A
To simplify the notation,in the following the rotatedmodelcoordinatesareused( þ* ± J´�* ± J ? ˆ­ ± @ ˆ¬ ± @ ˆ® ± A B ). Both * and * & areprojectedontothenormalisedimageplane

2Thenormalisedimageframeremovestheaffect of theknowncameracalibration,sopoint x 7 measured
in therealimageis transformedto thepoint x � � C 8 1x 7 in thenormalisedframe.
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by equation(7.2) to give thepoints 2 and 2i& respectively, andexpandingup to first order

termsgives¢ & J ¢ L ∆
� ï L Θ ð ˆ® ± q Θ � ˆ¬ ± q ¢ ? ∆ � � L Θ ï ˆ¬ ± q Θ ð ˆ­ ± A� � L ˆ® ± @ (7.4)Ñ & J Ñ L ∆
� ð L Θ � ˆ­ ± q Θ ï ˆ® ± q Ñ ? ∆ � � L Θ ï ˆ¬ ± q Θ ð ˆ­ ± A� � L ˆ® ± Q (7.5)

Expressingthesmallchangesasa six vector 9 J ?:6 B @ � 5 B A B , equations(7.4)and(7.5)

canbegivenin vectorform as 2 & J 2 L ?�9 B ��@;9 B + A B @ ? 7 Q 6 A
where � J ? q ¢ ˆ¬ ± @ ¢ ˆ­ ± L ˆ® ± @ q ˆ¬ ± @ 1 @ 0 @ q ¢ A B x ? � � L ˆ® ± A~@+ J ? q Ñ ˆ¬ ± q ˆ® ± @ Ñ ˆ­ ± @ ˆ­ ± @ 0 @ 1 @ q Ñ A B x ? � � L ˆ® ± AzQ (7.7)

Theperpendiculardistanceof thenewpositionof thecontrolpoint to theimageedgel(see

figure7.1) is y & J y L 9 B � sin a q 9 B + cosa J y L 9 B 2�@ ? 7 Q 8 A
where 2 J � sin a q + cosa . The sumof the squaredperpendiculardistancefrom each

control point to their respectiveimageedgelgives
ø

, a measureof the error for a given

posecorrection, ø J é U ?Ey¤U L 9 B 2ÄUTA 2 @ ? 7 Q 9 A
andtheposecorrectionwhichminimisesthis erroris thesolutiontoé U 2ÄU�2 BU 9 J q é U y¤U<2ÄU�@ ? 7 Q 10A
which canbe foundusingstandardlinearalgebratechniques[86]. Theposecorrection9
canthenbeusedto updatetheposeof theobject.
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, Predictthepositionof theobject., Foreachcontrolpoint,find thestrongestimageedgel,perpendicularto the
projectedmodeloutline., Calculateposecorrection9 usingequations(7.7)–(7.10)., Updatethepositionof theobjectusinga Kalmanfilter and 9 .

Algorithm 7.1: The cycle of the original RAPiD.

Tracking

Theposeof theobjectis trackedovertime usinga Kalmanfilter. Theposeconsistsof the

translation3-vector 5 (seeequation(7.1)) andthe rotationencoded3 asa 3-vector = . A

constantvelocitymodelis assumedfor theobject,sothatthereare12statevariables(6 for

poseand6 for posevelocity)giving thestatevector2 J ?�5S@>= @ Í5 @ Í= A B Q
Only theposeof theobjectis measuredateachtimestepgiving themeasurementvector? J ? ˆ5 @ ˆ= A B @
where ˆ5 and ˆ= arethemeasuredpose.Thevectors2 and ? havea covarianceof ¥ and

I
respectively.

The Kalmanfilter operatesasfollows. Given the poseof the objectat time @ q 1 as2 ß n 1, then 2 &ß is theestimatedposeat time @ ,2 &ß J �]2 ß n 1

3Therotationcanbeencodedby severaldifferentformulations(e.g.,Eulerangles,quaternions,etc.) but
heretheangle-axisform is used.
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where� is thestatetransitionmodel,which for theconstantvelocitymodelis� J è § §A § ê Q
Thecovarianceof thestatevectorincreasesdueto uncertaintyof evolutionas¥ &ß J ��¥ ß n 1 � B L�B ß
where B is theprocessnoisecovariance.

At time @ the poseof the object is measuredas ? ß andthe updatedstatevector 2 ß is

computedas 2 ß J 2 &ß L [�? ? ß q >�2 &ß Az@
where> J �²§ ¨ A � is theobservationmatrixand [ is theKalmangainmatrix,[ J ¥ &ß > B ?P>�¥ &ß > B L I ß A n 1 Q
Similarly, thestatecovarianceis updatedas¥ ß J ¥ &ß q []>�¥ &ß Q
Moredetailsof thevaluesfor theerrorcovariancesB and

I
canbefoundin [21, 34].

7.2.2 Limitations of RAPiD

RAPiD hasa numberof limitations:, At no point are incorrectedgelsidentifiedand eliminated. Incorrectedgelsarise

from shadows,errorsin posecausingalignmentwith erroneousedges,occlusions,or

textureon theobjectitself or in thebackground., Thestabilityof controlpoints(howoften/accuratelytheyarefound)is notutilisedin

anycalculation.



7.3 RoRAPiD: A Robust Tracker 157, Thecontrolpointsaretreatedindividually throughoutthealgorithm,without taking

into accountthatseveralcontrolpointsareoftenplacedon thesameedge,andhence

thereis anassociationbetweentheirpositionsin theimage., Only thecalibratedperspectivecameramodelis used., Only a generalmotionmodelis used.

Theseproblemsareaddressedin thefollowing section.

7.3 RoRAPiD: A Robust Tracker

This sectiondescribesa robustobjecttracker(RoRAPiD) [3], anextensionto theRAPiD

tracker, whichremovesthelimitationslistedabove.Thecycleof theRoRAPiDis givenin

thealgorithmsummary7.2.

7.3.1 Robust Detection

Theobjectmodel is consideredbothat low andhigh levels. The low levelscontainsthe

primitives, which consistsof the high contrastedgeswith known geometry(e.g.,line or

conic).At thehighlevel,theseprimitivesarerelatedto giveafull descriptionof theobject.

Thisgivesamodel/hypothesisat eachlevel:

Low Level Themodelis theknowngeometryof theprimitive, while thehypothesisis that

thesetof detectededgelsareconstrainedto havethis geometry.

High Level The model is the relative positionsof the primitives in the object and the

hypothesisis thatthedetectedprimitivesareconstrainedby this relativepositioning.

Using redundantmeasurementsat eachlevel allows verification of the modelsand the

eliminationof outlyingmeasurements.Therobustmethodsusedfor eachlevelaredescribed

below.
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Figure7.3: Detection of outlying edgels for a line primitive. The outlying edgel does not
support the chosen putative line, which is fitted through the 2 circled edgels.

Robust Low Level Detection

A mathematicalmodel is known for eachtype of primitive (line, conic, etc). Sufficient

control pointsareplacedon eachprimitive to ensureredundantmeasurements(e.g., � 2

controlpointson a line, � 5 controlpointson a conic). A RANSAC [27] methodologyis

usedtodetectoutliersamongtheedgelsdetectedbyeachcontrolpoint. After theelimination

of outliers,if thenumberof remainingedgelsfalls belowa thresholdtheprimitive is not

includedin theposeupdate.

RANSAC

TheRANSACalgorithmis theoppositeto conventionalleast-squarestechniqueswhereas

muchdataaspossibleis usedto obtainasolution.Instead,assmallasubsetasis feasibleis

usedto estimatetheparameters,andthesupportfor this solutionmeasured.For example,

in thecomputationof aline from severaledgels(seefigure7.3),putativelinesareestimated

usingrandomsamplesof 2 edgels. The distancefrom the putativeline to eachedgelis

thencalculated,andif it is belowa thresholdthatedgelis deemedto supporttheline. The
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processis repeatedasetnumberof times,andtheputativeline with themostsupportis the

onefinally adopted.Outliersareedgelsthatdo notsupporttheputativeline chosen.After

theeliminationof outliers,thepositionof theline is thenre-estimatedusinga least-squares

fit to theremaining(inlying) edgels.

Robust High Level Detection

Theposeupdateis robustlycalculatedusingtheremainingprimitives,andoutlyingprimi-

tivesaredetectedandeliminated.A typicaloutlyingprimitive is shownin figure7.4. Most

of the primitiveswill havebeenfoundcorrectly, so ratherthanusea RANSAC method-

ology, casedeletionis usedto detecttheoutlying primitives. Eachprimitive is deletedin

turn,andtheposecorrectionis calculatedfrom theremainingprimitivesto give a putative

correctedpose.A projectionerroris measuredfor eachputativecorrectedpose,andif the

largesterror is significant,theprimitive deletedin thecalculationof thatputativeposeis

consideredoutlyingandhenceeliminated.

Theprojectionerroristheimagedistancebetweentheprojectedandmeasuredprimitive.

It is measuredonly for theprimitive deletedin theposecomputation(similar to theCross-

Validationmethod). If a primitive hasbeenincorrectly identified in the image(i.e., an

incorrectimage-modelassociation)theprojectionerrorwill behigh.

Primitive Stability

Thestabilityof theprimitiveswill varyovertime,dueto thepositionof theobject,lighting

conditions,etc. Consequently, theconfidenceattachedto aparticularprimitive shouldalso

vary. This confidenceis computedas a decayingaverageof the frequencywith which

the primitive is correctlyfound. This confidenceis thenusedto weight the effect of the

primitive’s control points in the subsequentposecorrectioncalculation. The decaying
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Actual Primitive

Incorrectly Detected
Primitive

Figure7.4: Detection of an incorrect primitive. The lighting condition results in a strong
shadow near the predicted position of a line and causes the detection of an incorrect
primitive.

averageof thestability is calculatedusingthebinaryvalue CED d ò � ?)@~A , which is truewhen

the control point is foundat time @ , andusedto give the weight F U ?)@~A for the F ßYà control

pointat time @ as F÷U�?)@~A J ?�CGD d ò � ?�@ A L F÷U�?)@ q 1 AHA x 2 Q
Thisweightis thenusedin adaptingequations(7.9)and(7.10)to giveø J é U F÷U�?Ey¤U L 9 B 2ÄUTA 2 @ ? 7 Q 11A
and é U F÷UH2ÄU�2 BU 9 J q é U F÷U�y¤U�2ÄU�@ ? 7 Q 12A
7.3.2 Camera Models

TheoriginalRAPiDusedacalibratedperspectivecamerawhichisdescribedin section2.1.2.

However, in somecircumstancesothercameramodelsaremoreappropriate.Thegeneral

structureof thetrackeris independentof thecameramodelused,theonly differencesbeing

theposeparametersandtheobject-to-imageprojection.Thismeansthat 9 containsdifferent
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, Predictthepositionof theObject, For eachvisible Primitive
Calculatepositionof ControlPoints
For eachControlPointin Primitive

Find thestrongestedgelin image
Eliminateoutlyingedgelsin PrimitiveusingRANSAC
If number of edgels � number of edgels threshold: then

Primitive is found, CorrectposeusingsurvivingPrimitives/ControlPointsweighted
accordingto stabilityusingequation(7.12)., For eachsurvivingPrimitive
DeletePrimitive, recalculateposecorrection,andmeasure

projectionerror
If largestprojectionerroris significant:theneliminatePrimitive, UpdateKalmanFilter

Algorithm 7.2: The cycle of the Robust Object Tracker RoRAPiD. The values of the
thresholds used are given in section 7.4.

smallposecorrectionparameters,andthat I is computedusingadifferentexpressionwhich

is dependentontheobject-to-imageprojection.However, thesameequation(7.12)is used

to computetheposecorrectionwhichminimisesequation(7.11).

Weak Perspective Camera Model

Theweakperspectivecamera,describedin section2.1.3,is anusefulapproximationto the

perspectivecamera[72], whichstill has6 external(pose)parametersbut thefocal lengthis

combinedwith theaveragedepthof theobjectto give thescalefactor.

Fromequation(2.6), theprojectionof a point J)KMLON from themodelcoordinateframe
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to thenormalisedimageplane4 is givenbyPRQTSVUXWMY1WMY2 Z K L\[\] J 7 ^ 13N
where S is thescaling,andthe2-vector ] is thepositionof the imageof theorigin of the

modelcoordinateframe.Followingtheapproachof section7.2,theposecorrectioncanbe

encodedas _ Q J.` Yba!c ] Y a ∆ S N Y J 7 ^ 14N
where ` is thesmallrotation, c ] is thesmallchangein ] , and∆ S thesmallchangein the

scaling S . Incorporatingthesmallposechangegivesthenewposition Ped asP d Q J S [ ∆ S N U 1 0 0
0 1 0 Z J ˆK L\[ `gf ˆK L N [h]O[ c ] a

wherepointsin themodelcoordinateframearerotatedto correspondto theorientationof

camera-centredcoordinateframe iK L Qkj K L ^
The differentworld-to-imageprojectiongive the following expressionsfor l and m and

henceI (seeequations(7.8)–(7.10))l Q J 0 a S ˆn L apo S ˆq L a 1 a 0 a ˆr L N Y am Q J o S ˆn L a 0 a S ˆr L a 0 a 1 a ˆq L N Y aI Q l sin s o m cosst^ (7.15)

Affine Camera Model

The affine camerais the uncalibratedversionof the weakperspectivecamera,described

in section2.1.3, wherethe aspectratio is unknownand the projectionmatriceshave8

4Theuseof thenormalisedimageplanefor a weakperspectivecameraremovestheaspectratio ( u ) from
equation(2.6).
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degreesof freedom.Thecameramodeltransformsdirectly from themodelcoordinatesto

theimage,andfrom equation(2.8) P$Q�v K L [�w ^ J 7 ^ 16N
Thesmallposechangeis now thesmall changein theelementsof v and w , ∆v and c w
respectively, which gives_ Q J ∆ x 11 a ∆ x 12 a ^p^y^ a ∆ x 2 z 3 a ∆ { 1 a ∆ { 2 N Y ^
Thenewposition Ped is now P d Q J v [ ∆v N�K L [1w|[ c w ^
Thisgivesaverysimpleexpressionfor l and m , andhenceIl Q J r L a q L a n L a 0 a 0 a 0 a 1 a 0 N Y am Q J 0 a 0 a 0 a r L a q L a n L a 0 a 1 N Y aI Q l sin s o m coss}^ (7.17)

Whenusinganaffinecameraonly anaffinemodelof theobjectis required.

Perspective Camera with Zoom

If cameracalibrationchangesduring operation,it is usuallyconfinedto a changein the

focal length(i.e.,zoomingin or outof thescene).Whenusinga metricmodelof anobject

andtheperspectivecamera5, it is possibleto trackchangesin thefocallengthin additionto

thechangingposeof theobject. Theprojectionfrom camera-centredcoordinatesontothe

imageis an adaptationof equations(2.1) and(2.2). The imagepointsarenow measured

5Theweakperspectivecameramodelallowsa changingfocal lengthasit is incorporatedinto thescale
factor.
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in a quasi-normalised framewherethe effectsof the aspectratio andthe positionof the

principalpoint areremoved,but not theeffect of thefocal length. Thecameracalibration

matrix (2.4)canbedecomposedinto two parts~ Q���� s�� 0 � 0

0 ��s�� � 0

0 0 1

���� Q���� 1 0 � 0

0 � � 0

0 0 1

���� ��� se� 0 0
0 se� 0
0 0 1

���� a
which, combinedwith equation(7.2),give thenewcamera-to-imageframeprojectionfor

thequasi-normalised imageframe�R��R� Q � se� rM�!ns�� q��%n � ^ J 7 ^ 18N
Theposecorrection

_
now containssevenelements,whoseseventhelementis the small

changein thefocallength∆ ��� . Followingthesamestepsasbeforegivesthepositionof the

correctedimagepointas� d Q � [ ∆ � [ Θ � ˆn L o Θ � ˆq L o � J ∆ � [ Θ � ˆq L o Θ � ˆr L�N� � [ ˆn L [ ∆ ��� � a (7.19)� d Q � [ ∆ � [ Θ � ˆr L o Θ � ˆn L o � J ∆ � [ Θ � ˆq L o Θ � ˆr L�N� � [ ˆn L [ ∆ ��� � ^ (7.20)

Hence,l and m arenowsevenvectorscontainingl Q J o � ˆq L a � ˆr L [ ˆn L apo ˆq L a 1 a 0 ayo � a � J � � [ ˆn L N�N Y � J � � [ ˆn L N am Q J o � ˆq L o ˆn L a � ˆr L a ˆr L a 0 a 1 apo � a � J � � [ ˆn L N�N Y � J � � [ ˆn L N aI Q l sin s o m cosst^ (7.21)

So when trackinga metric modelany changesin the focal length will be detectedand

trackedovertime.

However, theperspective-camera-with-zoommodelcanbeunstable.Thisoccurswhen

theperspectiveeffectsaresmall. Examiningequation(7.21),thefinal two elementsof l
and m , correspondingto thesmallchangein depth∆

� � andthesmallchangein focallength
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∆ ��� respectively, havetheratio of J � � [ ˆn L N . In anargumentanalogousto thatusedfor

affine imagingconditions[82], if the depthof the object(the differencein the valuesof

ˆn L ) is small comparedto the depthof the object
� � the ratio of the final two elements

of I is fixed for all pointson the object. Hence,the matrix ���>�H� Y� in equation(7.12) is

singularandthevaluesof thesmallchangein depthandsmall changein focal lengthare

unconstrained,which introducesinstability.

7.3.3 Motion Models

TherobusttrackerandRAPiD assumea general3D motionmodelwith 6 dof’s. However,

in manysituationsa morerestrictedmotionoccurs.A numberof restrictedmotionmodels

havebeenimplemented,including(1) puretranslation,and(2) planarmotion. In all cases,

thechangein posehasfewerparametersthanthe6usedin general3D motion,whichresults

in improvedperformancefrom theKalmanfilter.

Pure Translation Thealgorithmusedfor thepuretranslationmotionmodelis a simple

adaptationof the generalmodel in which only the small translationis correctedfor, and

only thetranslationis tracked.Similarly apurerotationmodelcanbeusedbutthisscenario

is lesslikely to occurwhentrackingobjects— with theexceptionof securitycameras—

andhastheproblemof definingthecentreof rotation.

Planar Motion Planarmotionoccurswhenthetranslationis confinedto a planeandthe

rotationis arounda fixed axis which is perpendicularto the planeof translation. Planar

motionis averycommonwhentrackingobjectsfor traffic sceneanalysis,suchasvehicles

on roadsor at junctions[28, 50,88] or aeroplanesat anairport [87]. However, theplanar

motionmodelis not a simpleadaptationof thegeneralmotionmodelusedabove,andthe

requiredequationsarederivedbelow.
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Theplanarmotionmodelhasthreedegreesof freedom:theangleof rotationaboutthe

fixedaxis,andthetwodegreesof planartranslation.Thetransformationbetweenmodeland

camera-centredcoordinateframes,equation(7.1),is alteredsothattherotationis split into

two parts.First, therotationbetweenthemodelframeandcameraframe j¡  whichremains

fixed throughoutthemotion,andthentherotation j£¢ aroundafixedaxis l Q J�¤�� a ¤¥� a ¤��pN YK Q�j¡¢¦j¡  K L\[�§ ^ J 7 ^ 22N
The axis of rotation l is perpendicularto the plane,but measuredin the camera-centred

frame,andthesingledegreeof freedomfor therotationis theangleof rotationaboutthis

axis. Thefixedaxisrotationmatrix j¡¢ is parameterisedusingtheangle-axisform with axisl andanglëj¡¢ª© ��� « 2�­¬ 1 ® cos̄±°³² cos̄ « � « � ¬ 1 ® cos̄±°E® « � sin ¯ « � « � ¬ 1 ® cos̄±°E² « � sin ¯« � « � ¬ 1 ® cos̄±°G² « � sin ¯ « 2� ¬ 1 ® cos̄±°³² cos̄ « � « � ¬ 1 ® cos̄±°E® « � sin ¯« � « � ¬ 1 ® cos̄±°´® « � sin ¯ « � « � ¬ 1 ® cos̄�°µ² « � sin ¯ « 2� ¬ 1 ® cos̄±°³² cos̄

����·¶
which,when ¨ is small,simplifiestoj¡¢ª¸ ��� 1 o ¤��>¨ ¤¥�%¨¤��>¨ 1 o ¤��p¨o ¤��%¨ ¤���¨ 1

����¹^
The translationis confinedto a planeandhasonly two degreesof freedom,andso two

perpendiculardirectionsaredefinedin theplaneof translation( º 1 and º 2), measuredin

thecameraframe,andtheseform thecoordinateframefor thesmalltranslation.

The small posevariationis now givenasa singlesmall angle ¨ andthe small planar

translationJ�s a>» N , whichgivesthecorrectedposition,equation(7.3),asK d Q�j¡¢>j£  K L [1§¼[ s½º 1 [ » º 2 [ ¨	l¾f j£¢>j£  K L ^ J 7 ^ 23N
Following the stepsof section7.2.1givesthe correctedimagepositions,equations(7.4)

and(7.5),as� d Q � [ s½¿ 1À [ » ¿ 2À [ ¨ÁJ�¤�� ˆn L o ¤�� ˆq L�N o � J�s½¿ 1 Â [ » ¿ 2Â [ ¨ÃJ�¤¥� ˆq L o ¤�� ˆr L�N�N� � [ ˆn L a
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� d Q � [ sb¿ 1Ä [ » ¿ 2 Ä [ ¨ÃJ�¤ � ˆr L o ¤ � ˆn L N o � J�s½¿ 1 Â [ » ¿ 2Â [ ¨ÃJ�¤ � ˆq L o ¤ � ˆr L NÅN� � [ ˆn L a
where ˆK Qkj ¢ j   K . Theposecorrectionvectorhasthethreeelements

_ Q J�¨ a s a>» N Y , and

theremainingvectorsl and m aresimpleto deriveasl Q Æ ¤¥� ˆn L o ¤�� ˆq L o � J�¤�� ˆq L o ¤�� ˆr L N a ¿ 1À o � ¿ 1 Â a ¿ 2À o � ¿ 2 Â�Ç Y � J � � [ ˆn L N am Q Æ ¤ � ˆr L o ¤ � ˆn L o � J�¤ � ˆq L o ¤ � ˆr L N a ¿ 1Ä o � ¿ 1Â!a ¿ 2 Ä o � ¿ 2 Â�Ç Y � J � � [ ˆn L N aI Q l sin s o m coss a (7.24)

whichgivesthenewform of theposecorrectionequation(7.10).

Theaxisof rotationandplaneof translationneedto beknowna priori for theplanar

motionmodel.Thesevaluescanlearnedusingthegeneralmotionmodelto trackanobject

knownto bemovingunderplanarmotion,thenfitting a planeto thepathof translation.

7.3.4 Object Models

Model Acquisition

A modelisconstructedfromasetof primitives,whicharethehighcontrastedgesassociated

with surfacecreases,occludingcontours,orsurfacemarkings.Currentlytheprimitiveshave

to havea knowngeometry(e.g.,line, conic), to allow theplacingof controlpointsalong

their length,andthedetectionof outliers.Also definedin themodelarethefaces(opaque

surfaces)which control which primitives arevisible in the image,thusallowing hidden

primitive removal.Thefacesaredefinedasareasenclosedby oneor moreprimitives.

Currently, modelsare obtainedusing two views of the object, wherethe camerais

translating,to computean affine model (seesection4.1.1). Then the known camera

calibrationisusedtoupgradefromaffinetoametricmodelusingequation(2.16).Figure7.5

showstwo suchimages,with thelinesfoundin theimagehighlighted,andtheactualwire

framemodelconstructed.



7.4 Results for RoRAPiD 168

a b c

Figure7.5: Obtaining a model of an object: (a),(b) the two images used with the camera
translating between views, and (c) the wire frame model. Note the internal (texture)
primitives.

Hidden Primitive Removal

To detectwhichprimitivesarehidden(self-occluded)from aparticularview, theprimitives

andfacesareorderedaccordingtodistancefromthecamera.Theneachprimitiveischecked

toseeif any, or all, of it isoccludedby afacebetweenitselfandthecamera.Foracalibrated

camerathis canbedoneoff-line for all possibleview directions,andthevisibility of each

primitive storedin a table.

7.4 Results for RoRAPiD

Implementation In RoRAPiDthereareseveralvariableswhich arechosenheuristically

andthevaluesusedarelistedbelow. Six (10)controlpointsareplacedoneachline (conic)

primitive with four (7) beingthethresholdfor theeliminationof theprimitive (thenumber

of edgel threshold in algorithm 7.2). The thresholdfor an edgel to supporta putative

primitive is 2 pixels. Thesearchareafor theedgelat eachprimitive variesbetween8 and

24pixels,andincreaseswhentheedgelis not foundanddecreaseswhentheedgelfoundis

significantlycloserto theprojectedprimitive thanthesizeof searcharea.

Whenthe numberof controlpointsusedis lessthan50 (i.e., 10 line primitive with 5

controlpointsoneachline) RoRAPiDcanrunat50HzonaSUNIPX workstation[3] with
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anS2200imageboardusedpurelyfor theimageinput/output.However, theresultsbelow

wereobtainedwith thetrackerrunningat framerateoneitheraSUNULTRA1 workstation

or SGIworkstation.

Robustness Whentrackinganobjectin a simple,unclutteredenvironment,theoriginal

RAPiD generallyworks as well as our robusttracker. However, as soonas the object

becomespartly occluded(seefigure 7.6), the original RAPiD fails andstartsto track a

phantomobject. Figure7.7 showsthevariationof poseparametersfor both trackers,on

a sequencewherethe objectbecomespartially occluded. RAPiD fails, while the robust

trackercontinuesto trackcorrectlyuntil theobjectmovesoutof view of thecamera.

Figure7.8showsanothersequencewhentheobjectis rotating,andasaresulttheparts

of theobjectwhich areself-occludedchangesoverthesequence.Theperformanceof the

trackeris not degradedby thehandoccludingpartof theobject.

Camera Models Figure7.11showstwo imagesfrom a sequencewherethefocal length

of thecamerais setincorrectly. Usingtheperspective-camera-with-zoommodel,thefocal

lengthis correctedduringthesequence.Figure7.12showsthechangingfocal lengthover

thesequencefrom theinitial 400pixelsto thecorrect540pixels.

Whenthefocallengthischangingandtheperspectiveeffectsaresmall,theperspective-

camera-with-zoommodel canbe unstable(seesection7.3.2),and it is betterto usethe

weak perspectivecameramodel wherethe depthof the object and the focal lengthare

combinedinto thescalefactor. Figure7.13showssucha sequencewherethefocal length

is changedfrom 12mm(1500pixels) to 50mm(6000pixels)over thesequencewhile the

objectis movingawayfrom thecamera.Theresultingchangein thescalefactor is shown

in figure7.14.

The affine cameramodel is lessstablethanthe othermodels,becausethe two extra
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degreesof freedom,which removethe rigid motion constraint,meanthat quite often

the primitives found do not fully constrainthe posecorrection(i.e., excessiveskew is

produced).Thisproblemcouldbealleviatedby havemoreprimitivesdefinedontheobject,

whichshouldresultin enoughbeingfoundto constraintheposecorrection.

Motion Models Figure7.9showsimagesfrom thesequenceusedto comparethegeneral

motionmodelandtranslationmotionmodel. Theobjectin thesequenceis movingunder

puretranslationandwastrackedusingbothmotionmodels.Figure7.10showsthemotion

parametersbeingtrackedover thesequence,andalsothe95%confidencelimits for each

parameter. Theconfidencelimits arecomputedusingthecovariancefromtheKalmanfilter.

Therestrictedmotionmodeltrackstheparametersslightly betterthanthegeneralmodel.

Summary

This chapter described the extension of a rigid object tracker to make it more robust to

ambient conditions such as partial occlusions, photometric changes, etc. The object model

is described at two levels, both of which have redundant measurements thus allowing the

detection of outliers. Several different camera models were used to reduce the affect of

errors introduced by an incorrect camera model, and also extending the use of the tracker

to only partially calibrated cameras. Several different motion models were described as

better results can be obtained when using the restricted motion models rather than the

general full motion model. Results were given for several real images sequences with the

tracker running at frame rate on standard hardware.
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Figure 7.6: Images from a sequence when the object is partially occluded, but the ro-
bust tracker remains locked onto the object. Note, both internal (texture) and external
(occluding) boundaries are tracked. The cross marks a tracked ellipse.
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Figure7.7: Object Pose Parameters for different trackers using the same image sequence:
(1) RoRAPiD (solid), (2) RAPiD (dotted). The pose parameters are 3 for rotation of the
object (given in the angle/axis form), and 3 for the translation from the camera to object
coordinate frames. The object is partially occluded after 8 sec., causing RAPiD to fail,
while RoRAPiD continues to track correctly until, after 20s, the object moves out of view
of the camera.
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Figure7.8: Images from a sequence when the object is rotating and the parts of the object
which are self-occluded changes mid-sequence. Also, the hand occludes part of the object
during the sequence but the performance of the tracker is not affected.

Figure7.9: Images from the sequence where the object is only translating, and moving
towards the camera.
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Figure7.10: The comparison of the results for the full motion model and the pure trans-
lation model when the object being tracked is only translating (see figure 7.9). The three
translation parameters are shown for a sequence of 20 frames from the 200 frames the
object is tracked over. The different lines are: solid - translational model parameters,
dashed - translational model 95% confidence limits, dot/dashed - full model parameters,
and dotted - full model 95% confidence limits. The confidence limits for the translational
model are smaller than those of the full model.
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a b

Figure7.11: Perspective Camera with Zoom Model: The (a) first and (b) 75ÈÊÉ images from
a sequence where the incorrect initial focal length of 400 pixels changes to the correct value
of 550 pixels. The pose parameters and focal length are shown in the top left hand corner
of the images. Note how in image (b) the projected outline fits the object unlike image (a).
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Figure7.12: Perspective Camera with Zoom Model: Graph showing changing focal length
from the sequence shown in figure 7.11. The focal length (solid) converges from the initial
value of 400 pixels to 555 pixels after 350 frames, with the 1 Ë confidence limits shown
dashed.



7.4 Results for RoRAPiD 175

a b c
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Figure7.13: Weak Perspective Camera Model: Several images from a sequence where the
object is moving away from the camera and the focal length is increasing. Images (a), (b)
and (c) show the object moving away from the camera over frames 1–400 when the focal
length is fixed, then the object remains still while the camera zooms in until frame 580 (d),
then again the focal length is fixed and the object moves away until frame 700 (e), and
finally the camera zooms with the object still moving until frame 1100 (f).
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Figure7.14: Weak Perspective Camera Model: Graph showing changing scale factor for
the weak perspective camera from the sequence shown in figure 7.13. The 1 Ë confidence
limits are shown dashed. The spikes at frames 650, 740, and 1040 are where the lock on
the object is temporarily lost giving an obvious increase in the uncertainty. The motion
occurring is described in figure 7.13.



Chapter 8

Conclusions

8.1 Summary

This thesishaspresentedwork in two areasof computervision: two novel methodsfor

self-calibratinga pinholecameraweredescribed,anda commonrigid objecttrackerwas

extensivelymodifiedto increasesits robustness.Thegeneralthemesappliedto theseareas

includedstratificationof a problemandutilising knownconstraintsto simplify a problem,

with the aim of obtaininga concisealgorithmwhich canbe easilyextendedto multiple

imagesratherthantheminimumnumberrequired.

Thefirst self-calibrationalgorithm(chapter4), utilisedtheknownmotionconstraintof

an initial puretranslationto allow thestratificationof the self-calibrationproblem. As a

result,thecalibrationalgorithmis linearandcanbeeasilyextendedto anarbitrarynumber

of images.

The secondself-calibrationalgorithm(chapter5) demonstratedthe geometricimpor-

tanceof fixed entitiesastools for cameracalibration. Thefixed entitiesof planarmotion

weredescribed,andit wasshownhow the positionof thesedeterminethe cameracali-

bration. Thenchapter6 estimatedthecovarianceof thepositionof thefixed entities,and

showedhow this cangive a measureof uncertaintyfor the computedcalibration. How-

ever, thiswasonly partiallysuccessful,andthelimitationsandproblemsencounteredwere

described.

ThetrackerRAPiDwasextendedtogivetherobustobjecttrackerRoRAPiD(chapter7),
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which by utilising thecomplexityinherentin rigid objectsandrobustdetectionmethods,

improvedthe robustnessof the trackerto conditionssuchaspartial occlusion. Thecon-

straintsof thetypeof objectmotionor thedifferentcameramodelswereusedto extendthe

operationof thetracker.

Throughoutthethesis,extensiveresultsweregivenfor a numberof camerasmounted

onvariousplatforms,andtheseresultshavebeenshownto bebothaccurateandstable.

8.2 Future Work

Althoughthetheoryandalgorithmspresentedherehavebeenshowntoperformsuccessfully,

therearestill manyareaswhich requirefurtherwork. Someof themoregeneralareasof

interestaredescribedbelow.Ì Most cameracalibrationalgorithmsusestaticscenes,but thesearenot thenormfor

computervision,wherethesceneusuallycontainsindependentlymovingobjects.So

aninterestingavenueof work will beto examineif it is possibleto calibrateacamera

whentrackinga movingobject. This could involve combiningthework presented

hereon rigid objecttrackingandself-calibration,especiallywith theplanarmotion

constraint. This approachhasthe advantagethat if morethanoneobject is being

tracked,theneachobjectwill give independentconstraintson thecalibration.Ì Cameracalibrationis generallypresentedassingle independenttopic in computer

vision,but it shouldreallybeseenasasmallpartof a largervision task.As a result,

cancameracalibrationbeapproachedasa backgroundprocessto othervision tasks,

sothatit cantrackthecameracalibrationanddetectwhenthecalibrationchanges?Ì Uncertaintyanalysisis importantas it gives a measureof the confidencein the

computedparameters,but is not well understoodin theareaof self-calibrationand
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scenereconstruction. How doesthe uncertaintyin cameracalibrationaffect the

Euclideanreconstruction?How can the uncertaintyof the motion constraintsbe

propagated,e.g., what is the effect of a small rotation during an assumedpure

translation?Ì Thework presentedhereusesa largenumberof pointsmatchedovera few images.

How doesthiscompareto usingafew pointstrackedovera largenumberof images?



Appendix A

TheFundamentalMatrix

Overview

A large amount of work has been done on understanding and computing the fundamental

matrix. This appendix is only a brief review of the fundamental matrix containing the

theory of epipolar geometry which leads to the fundamental matrix, and the different

parameterisations for the matrix. A description of the implementation used to compute the

matrix is given. More details on the matrix and its computation can be found in [60, 91].

The Fundamental Matrix

Thefundamentalmatrix[22, 36] algebraicallyencodestheepipolargeometrybetweentwo

views. It is theextensionof theessentialmatrix[56] to uncalibratedcameras.Theepipolar

geometryconstraint,whichdefinesthefundamentalmatrix is statedwithoutproof.

Theorem A.1 Given an uncalibrated camera moving under the rigid displacement defined

by J R a t N such that t ÍQ 0, and a set of homogeneous image points Î x ��Ï in the first view

which are transformed to the images points Î x d� Ï in the second view, then there exists a 3 f 3

matrix F which satisfies the epipolar geometry constraint

x d Y� Fx � Q 0 Ð´Ñ�^ J A ^ 1 N
Proof: SeeFaugeras[22] or Hartley[36].Ò
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A.1 Epipolar Geometry

Equation(A.1) is theepipolarconstraintfor correspondingpointsin two views. Geomet-

rically, a point in the first image P is mappedby Ó to a line Ô d in the secondimage(the

epipolar line), where Ô dÕQ Ó P , andthecorrespondingpoint Ped lies on this line giving the

constraint P d Y Ô d QkP d Y Ó P$Q 0 ^
Conversely, thepoint P d is mappedto theepipolarline in thefirst image,Ô Q Ó Y P d , and P
lies on this line to give thesimplerearrangementof equation(A.1)P Y Ô QÖP Y Ó Y P d Q 0 ^

For real images,wherethe positionof the points is perturbedby noise,the epipolar

constraintis not alwayssatisfied.Sothatfor therealpoints P and P d , correspondingto the

exactpoints

iP and

iPed respectively, thenthepointsdonotnecessarilylie ontheepipolarline

and P d Y Ó P$Q�× a
where × is the algebraicerror of the epipolarconstraint. However, rather than usethe

algebraicerror × , a geometricerrormeasuredon theimageplaneis oftenused.This leads

to the definition of epipolardistance(error), which is the perpendiculardistancefrom a

point Ped to thecorrespondingepipolarline Ó P , andis givenby Ø£J Ped a Ó P N whereØ£J�l a Ô�N is the

perpendiculardistance1 from thepoint l to theline Ô .
Generally, theepipolardistanceis computedfor both imagesto avoidanybiasin any

computationusing the epipolardistance,and for a set of points the sumof the squared

1Theactualfunctionis Ù±Ú a Û l ÜÃÝ$ÚHÞ 1 ß 1 à Þ 2 ß 2 àMß 3 Ü)ápÚ�Þ 3 â ß 21 àãß 22 Ü .
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epipolardistanceis givenbyä�å�æ Qèç � Æ Ø£J P d� a Ó P � N 2 [ Ø£J P � a Ó Y P d� N 2 Ç ^ J A ^ 2 N
A.2 Parameterising the Fundamental Matrix

General Motion Parameterisation

For generalmotion, Ó hassevenindependentdegreesof freedom. The constraintequa-

tion (A.1) only requiresÓ to bedefinedup to anon-zeroscaling,and Ó alsohasto satisfies

theadditionalalgebraicconstraintof detJ�ÓµN Q 0. This leavessevenindependentdegreesof

freedom.

Severaldifferentparameterisationshavebeensuggestedfor Ó which encodetheabove

constraints[25, 59], but the simplestform is whereonerow (column) is computedasa

linearcombinationof theothertwo rows(columns)suchasÓ Q���� é 11 é 12 é 13é 21 é 22 é 23s é 11 [ » é 21 s é 12 [ » é 22 s é 13 [ » é 23

���� a J A ^ 3 N
andoneof theelements(or a row/column/matrixnorm) is fixed to beunity to removethe

non-zeroscaling.Possibleerrorscanbeintroducedwhenthefixedelementis significantly

smallerthantheotherelements,but this canbedetectedanda differentparameterisation

used.

However, for degeneratemotions(e.g.,pure translation)the fundamentalmatrix has

reducedforms,which areimportantif thedegeneratesituationsarenot to adverselyeffect

numericalcomputations[91]. Theparameterisationsfor puretranslationor planarmotion

aredescribedbelow. Severalotherdegenerateformsof Ó exist,but arenot utilisedfor the

work presentedhere,andmoredetailscanbefoundin [91, 95].
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Translational Motion Parameterisation

For a pure translatingcamera,the fundamentalmatrix Ó is skew symmetricwith two

independentdegreesof freedom[63], andhastheformÓ Qê��� 0 é 12 é 13o é 12 0 é 23o é 13 o é 23 0

���� ^ J A ^ 4 N
Planar Motion Parameterisation

Foracameraundergoingplanarmotion,Maybank[63] showedthatthefundamentalmatrix

satisfiesan additionalconstraint,that detJ)Ó [ Ó Y N Q 0 (i.e., the symmetricpart of Ó is

also Rank 2), which resultsin six independentdegreesof freedomfor Ó . Vieville and

Lingrand[95] introducedaminimalparameterisationfor thisdegeneratematrixof theformÓ Qìë sinJ�¨�N%íïî 0 ðòñ [ J 1 o cosJ�¨¥NÅN%íïî 1 î Y2 [ î 2 î Y1 ð<óea J A ^ 5 N
where ¨ is relatedto the rotationanglebetweenviews, and î 0 z 1 z 2 areunit vectorswhich

satisfytheadditionalconstraintof î Y0 î 1 Q 0. Section5.3showsthat this parameterisation

is verycloselyrelatedto thefixed imageentitiesfor planarmotion. Thetwo unit vectorsî 1
and î 2 correspondto theimagelines Ô and w .

Theconstraintof î Y0 î 1 Q 0 is explicitly encodedin theparameterisationby expressingî 0 asa functionof î 1 andanangle ô (i.e., î 0 Q îõJ)î 1 a ôÃN ). Theconstraintis such,that if the

vector î 1 is takento definea normalto a planein 3-space,then î 0 is constrainedto lie in

thatplane.A referencedirectionon theplaneis obtainedby projectingthe
r

axisontothe

plane.Then ô is theanglemeasuredbetweenthedirectionof î 0 andthereferencedirection,

henceî 0 is constrainedto lie in theplaneandtheconstraintî Y0 î 1 Q 0 is satisfied.

Sotheminimumparameterisationusedfor eachplanarmotionfundamentalmatrix isÓMö÷î�J�¨ a Ô a w a ôÃN
wheretheimagelinesareencodedusingsphericalcoordinatesto giveunit vectors.
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A.3 Computing the Fundamental Matrix

Severalmethodshavebeensuggestedfor computingthefundamentalmatrixusingmatched

points2 [8, 19, 36, 60,91]. All methodshavea similar approach:first, anestimateof Ó is

computedusinglinearmethodswhich minimisesthealgebraicerrorusingequation(A.1);

thena non-linearmethodis usedto minimisethe geometricerror, the epipolardistance

given in equation(A.2). Wherethe methodsdiffer, is in how the fundamentalmatrix is

parameterised(seeappendixA.2), if andhow outlying points(mismatches)aredetected,

andif thedegeneratesituationsaredetectedandutilised.

Themethodusedto computethefundamentalmatrixfor thiswork is givenbelow, with

a linear methodusedto obtainan initial estimateof the solution,and thena non-linear

minimisationwhich iterativelyrefinestheanswer.

Linear Method

Thelinearmethodis independentof thefinal parameterisationof Ó , anddoesnot enforce

theRank2 constraint.Equation(A.1) canberearrangedinto theform

é 11

�³� d [ é 12
� � d [ é 13

� d [ é 21

� � d [ é 22
�Ã� d [ é 23

� d [ é 31

� [ é 32
� [ é 33

Q 0 a
where PøQ J � a � a 1 N Y and Ped�Q J � d a � d a 1 N Y , andeachpair of pointsgive oneconstraintonÓ . Soeight3 or morepairsof pointscanbeusedto solvefor Ó with theequationù î Qèú a J A ^ 6 N
whereî Q J é 11 a é 12 a ^y^p^ a é 33 N Y andeachrow of Z is a functionof apairof pointsû � Q J � � � d� a � � � d� a � d� a � � � d� a � � � d� a � d� a � � a � � a 1 N>^

2Matchedpoints areobtainedusing softwaredevelopedby Paul Beardsley, and the approachusedis
describedin [8].

3F is only definedup to scaleandrequireseightconstraints.



A.3 Computing the Fundamental Matrix 184

Forrealpointsthereis generallynotanexactsolutionto equation(A.6), andsothesolution

is foundusingSVD [78] to solve

minüþý%ü
2 ÿ 1 � ù î � 2 ^ J A ^ 7 N

The solutionto equation(A.7) is the right singularvectorassociatedwith the minimum

singularvalueof
ù
. However,

ù
is a �Rf 9 matrix where � , thenumberof points,is often

��� 9, andsobetternumericalresultscanbefoundby decomposingthe9 f 9 matrix
ù Y ù

to give theeigenvectorsolution.Theextraconstraintof � î � 2
Q 1 is requiredto avoidthe

trivial solutionof î QTú . Thisconstraintis automaticallyachievedby usingtheeigenvector

solutionwhich hasunit normby definition. Following [36], numericallybetterresultsare

obtainby scalingthepointsto havethemeanpositionat theorigin,andameandistanceof�
2 from theorigin.

Whenthemotionis puretranslation,thereducedform for thematrix (A.4) canbeused.

Now thereareonly threeelementsto find andequation(A.1) canbe rearrangedinto the

form é 12 J � � d o � � d N [ é 13 J � d o � N [ é 23 J � d o � N Q 0 ^
Again the eachpair of points gives one constraint,and thesecan be rearrangedinto a

reducedform of equation(A.6) ù�� î � Qèú a J A ^ 8 N
whereî � Q J é 12 a é 13 a é 23 N Y andeachrow of

ù �
hastheformû �� Q J � � � d� o � � � d� a � d� o � � a � d� o � ��N a

and SVD is usedto find a solutioncorrespondingto the right singularvector of
ù � Y ù �

associatedwith theminimumsingularvalue.
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Non-Linear Method

Onceaninitial solutionhasbeenfoundusinglinearmethods,anon-lineariterativescheme

canbeused.Thishastheadvantageof minimisingthegeometric(epipolar)errorratherthan

analgebraicerror, andalsoallowsthecorrectminimumparameterisation,which satisfies

theapplicableconstraints,to beused.A Levenberg-Marquardt[78] minimisationscheme

is usedto minimisethesumof thesquaredepipolardistancesgivenin equation(A.2). Any

of thepossibleparameterisationsfor Ó canbeused,andthecovarianceof thefinal solution

canbeobtainedusingtheresultsof lemmaC.1.



Appendix B

TheTrifocal Tensor

Overview

The trifocal tensor was reviewed in section 5.4.1, and was used to compute the position of

the circular points. In this appendix, it is shown how the tensor was computed, and several

results associated with the tensor are derived.

B.1 Computing the Trifocal Tensor

Severalmethodshavebeensuggestedfor computingthetrifocal tensor[41, 52, 92], some

of which enforcethe minimum parameterisation.However, the methodhere follows

Hartley[41] by computingthe27 parameterswithoutenforcingtheadditionalconstraints.

Themethodusedis analogousto thelinearmethodsusedto computethefundamental

matrix (seeappendixA.3). Fromeachtriplet of matchedpointsandequation(5.17),nine

constraintson theelementsof thetensorareobtained,of whichonly four areindependent.

Similarly from a triplet of matchedlinesandequation(5.18),two independentconstraints

onthetensorareobtained.Sogiven � æ tripletsof matchedpointsand ��� tripletsof matched

lineswhich satisfy4� æ [ 2���
	 26, thenthetensorcanbecomputed.Theconstraintsare

arrangedinto theequation ù ] Qèú J B ^ 1N
where] Q J � 11

1 a � 12
1 a ^y^p^ a � 33

3 N Y and
ù

containstheconstraintsfrom thematchedpointsand
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lines. Thesolutionfor realimagesis foundusingSVD to solve

minü���ü
2 ÿ 1 � ù ] � 2 J B ^ 2N

with the methoddescribedin appendixA.3. Again to improve numericalaccuracythe

imagesaretransformedto havemeanpositionat the origin andan averagedistance
�

2

from theorigin [36].

Computing the Reduced Trifocal Tensor

The methodusedto computethe reducedtrifocal tensoris the sameas that for the full

tensor. However, asonly 12 elementsarebeingestimated,thecalculationshouldbebetter

conditionedthanwhenestimatingthefull tensor.

Thepointsandlinesaretransformedinto thenormalisedplanarmotionframe,andthe

correspondingtripletsareusedwith equations(5.17)and(5.18)to give constraintson the

12non-zeroelementsof thetensor. Now, only � æ tripletsof matchedpointsand ��� triplets

of matchedlineswhichsatisfy4� æ [ 2���
	 11arerequiredto find a solution.

B.2 Trifocal Tensor Transformation

Whenanimageis transformed,eitherto improvethenumericalcomputationof thetensor

(appendixB.1) or to transformto thecanonicalframe,a differenttensorwill becomputed.

Givenbelow is the transformationof the tensorgivenan image-to-imagetransformation.

Thesameimagetransformationhasto beappliedto all threeimages.

Lemma B.1 Given an image point transformation H, such that x̂ Q Hx, which is applied

to all three images, then the corresponding trifocal tensor transformation can be expressed

as ˆ��� æ� Q í���� 1 ð � � � ��� � æ�� � � �� .
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Proof: Thepoint andline transformationin tensornotationare ˆ

� � Q � � � � � and � � Q � � � ˆ� �
respectively. Thetrifocal tensortransferslinesbetween3 imageswith equation(5.18)

��� Q � d� � dïd� � � �� a
with thestandardnotationfor thecorrespondinglinesin threeimages.If all theimagesare

transformedwith thesamefunction � , thenthethreenewlinesare ��� Q � � � ˆ� � , � d� Q � ��� �̂ d� ,
and � dïd� Q � æ�� ˆ� dïdæ . Substitutingtheseinto equation(5.18)gives

� � � ˆ� � Q � ��� ˆ� d� � æ�� ˆ� dïdæ � � �� a
andsimplerearrangementof theindicesandcarefultreatmentof � � � gives

ˆ� � Q ˆ� d� ˆ� dïdæ í�� � 1 ð � � � ��� � æ�� � � �� ^
Comparisonwith ˆ� � Q ˆ� d� ˆ� dïdæ ˆ��� æ� showsthat

ˆ� � æ� Q í�� � 1 ð � � � ��� � æ�� � � �� ^ J B ^ 3NÒ
B.3 Canonical Transformation

Thecanonicaltransformation,introducedin section5.4.2,is animage-to-imageprojective

mappingwhich is requiredto mapthevanishingpoint � to J 0 a 1 a 0 N Y andthehorizonline Ô
to J 0 a 1 a 0 N Y .

Lemma B.2 The canonical transformation H � which maps the image point v to J 0 a 1 a 0 N Y
and the image line l to J 0 a 1 a 0 N Y is

H � Q���� � 2 o � 1 � 1 � 2 o � 2 � 1� 1 � 2 � 3� � 1
l  v � � 2

l  v � � 3
l  v [ 1

���� ^ J B ^ 4N
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Proof: First Ô is mappedto J 0 a 1 a 0 N Y with the transformation� 1 (i.e., Ô Q � Y1 J 0 a 1 a 0 N Y ),

whichcanbetherigid transformationof theplane

� 1
Q���� � 2 o � 1 0� 1 � 2 � 3

0 0 1

����¹^
This transforms� to

i� where i� Q !"
# � 2 � 1 o � 1 � 2� 1 � 1 [ � 2 � 2 [ � 3

1

$&%
' ^

Thentheprojectivetransformation� 2 is usedto map

i� to J 0 a 1 a 0 N Y whilst keepingthelineJ 0 a 1 a 0 N Y fixed,suchthat J 0 a 1 a 0 N Y Q � 2

i� aJ 0 a 1 a 0 N Y Q � Y2 J 0 a 1 a 0 N Y a
which to benon-singularhastheform

� 2
Q ��� 1 0 o ˆ� 1

0 1 0
0 o 1

�
ˆ� 2 1

� �� ^
Hence,thecanonicaltransformation� � Q � 2 � 1 hastheform

� � Q ��� � 2 o � 1 � 1 � 2 o � 2 � 1� 1 � 2 � 3� � 1(  ) � � 2(  ) � � 3(  ) [ 1

� �� ^ J B ^ 5NÒ
Theinverseof thecanonicaltransformationis

� � 1� Q ���� � 2 � 1 o � 1 � 3(  ) [ � 2 * � 2+ 1 � � 1 + 2 ,(  ) o � 1 � 3 [ � 2 J-� 2 � 1 o � 1 � 2 No � 1 � 2 o � 2 � 3(  ) o � 1 * � 2 + 1 � � 1 + 2 ,(  ) o � 2 � 3 o � 1 J-� 2 � 1 o � 1 � 2 N
0

� 2
2 . � 22(  ) � 22 [ � 22

� ��� ^
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B.4 Projection Matrices

Section5.5.2usesthereducedtrifocal tensorto obtainthreeconsistentprojectionmatrices,

whichcanthenbeusedto back-projecttheimagepointsto giveaprojectivereconstruction.

Hartley[41] first decomposedthetrifocal tensorto giveconsistentprojectionmatrices,and

wasderivedfrom equation(5.19),�0/1/� Q32 dïd� 2 d4 Y o 2 dïd
4
2 d� Y a

where4 , 4 d , and 4 dïd arethethreeprojectionmatrices,and 4 is setto thecanonicalform í6587 ú ð ,
and 2 d� and 2 dïd� arethecolumnsof 4 d , and 4 dïd . However, themethodis complexandproneto

instability. Fornormalisedplanarmotion,thetrifocal tensor( ˜� � �� ) hasareducedform with

only 12 non-zeroparameters(seeequation(5.23)),andthis allowsa simplermethodto be

usedto obtaintheprojectionmatrices.

Lemma B.3 The reduced trifocal tensor ˜� � �� can be simply decomposed into three consis-

tent projection matrices P̃, P̃ d , and P̃ dïd , which can then be transformed using H � from the

normalised planar motion frame into the real frame using the canonical transformation.

Proof: Section5.4.2showedthattheprojectionmatricesfor thenormalisedplanarmotion

frame, 94 , 94 d , and 94 dïd , havea specialform

94 Q ��� 1 0 0 0
0 1 0 0
0 0 1 0

���� a
94 d Q ��� ˜: d

11 0 ˜: d
12

˜: d
13

0 ˜: d
22 0 0

˜: d
31 0 ˜: d

33
˜: d
34

���� a
94 dïd Q ��� ˜: dïd

11 0 ˜: dïd
12

˜: dïd
13

0 ˜: dïd
22 0 0

˜: dïd
31 0 ˜: dïd

33
˜: dïd
34

����¹^
Usingequation(5.19)in thenormalisedplanarmotionframe

˜� � �� Q ˜: d� 4 ˜: dïd� � o ˜: d� � ˜: dïd�
4
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thefollowing equationsareobtained

˜� � �
1

Q ��� ˜: d
11

˜: dïd
14 o ˜: d

14
˜: dïd
11 0 ˜: d

11
˜: dïd
34 o ˜: d

14
˜: dïd
31

0 0 0
˜: d
31

˜: dïd
14 o ˜: d

31
˜: dïd
34 0 ˜: d

34
˜: dïd
11 o ˜: d

34
˜: dïd
31

���� a
˜� � �
2

Q ��� 0 o ˜: d
14

˜: dïd
22 0

˜: d
22

˜: dïd
14 0 ˜: d

22
˜: dïd
34

0 o ˜: d
34

˜: dïd
22 0

���� a
˜� � �
3

Q ��� ˜: d
13

˜: dïd
14 o ˜: d

14
˜: dïd
13 0 ˜: d

13
˜: dïd
34 o ˜: d

14
˜: dïd
33

0 0 0
˜: d
33

˜: dïd
14 o ˜: d

33
˜: dïd
34 0 ˜: d

34
˜: dïd
13 o ˜: d

34
˜: dïd
33

���� ^
Six parametersÎ ˜: d

22 a ˜: dïd
22 a ˜: d

14 a ˜: dïd
14 a ˜: d

34 a ˜: dïd
34 Ï canbefoundup to scalefrom ˜� � �

2 . Projection

matricesareonly definedupto scale,whichisfixedsuchthat � ˜: d� 4 � Q 1 ^ 0 and � ˜: dïd� 4 � Q 1 ^ 0.

From ˜� � �
1 and ˜� � �

3 , 8 linear equationsin the 8 remainingunknownparametersare

obtained. However, thereis a two-parameterfamily of solutions,andany solutionfrom

this family will give consistentprojectionmatrices. So ˜: dïd
31 and ˜: dïd

33 areset to unity, and

the remaining6 parameterscanbe found. The two-parameterfamily of solutionsexist

becauseof thearbitrarychoicefor theplaneat infinity. Normally, whenformingprojective

projectionmatricesthereis a four-parameterfamily [10], but theconstrainedform of the

projectionmatricesreducesthis ambiguityto just two-parameters.

Threeconsistentprojectionmatricesfor thereal imagescanbecomputedby usingthe

inversecanonicaltransformation4�� Q �8� 1� 94�� . This is from thesimpleobservationthat the

sameprojectivereconstructionprojectsto thetransformedimagepoints.Ò



Appendix C

FirstOrderErrorPropagation

Overview

This appendix gives a brief review of error propagation for non-linear functions, and shows

how using a first order approximation to a non-linear function it is possible to get a first

order estimate of the covariance of the output. Also stated, without proof, is a result showing

how to estimate the covariance of the solution of a non-linear minimisation. The theory of

first order error propagation is applied to the intersection of multiple lines.

C.1 Non-Linear Functions

Chapter6 examinedthemethodof self-calibrationusingfixedpoints,andtried to estimate

thecovarianceof thecomputedcalibration.Theinitial assumptionwasthattheimagepoints

areperturbedby Gaussiannoise,andthisuncertaintyis thentrackedthroughthealgorithm

usingerrorpropagation.However, manyof thestepsof thealgorithmarenon-linearandso

first orderapproximationshaveto beusedto propagatethecovariance.

Error Propagation Given somedata P with covarianceΛ ; , and a known function<RQ î�J P N , whatis thecovarianceof theoutputof thefunctionΛ = ?

If thefunction î is linearandisexpressedasamatrix v , thentheoutputanditscovariance

canbesimplystatedas

< Q v¡P a (C.1)
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Λ = Q v Λ ; v Y ^ (C.2)

Oncethe function î becomesnon-linear, a first orderapproximationhasto be used.

Expandingthefunctionusinga Taylorseriesandtruncatingto first ordertermsgiveî�J ¯P [ c P N Q î�J ¯P N [?> î> P c P [A@ J � c P � 2 N a J C ^ 3N
where¯P is theexpectedvalue,and c P modelsthecovariancesuchthat

E[ c P ] Q ú a
E ë J c P o E[ c P ] N 2 ó Q E ë c P c P Y óQ Λ ;E^

Thecovarianceof theoutputcannowbecalculatedas

Λ = Q E ë J)îõJ ¯P [ c P N o î�J ¯P N�N 2 ó (C.4)¸ E U J > î> P c P N 2 ZQ > î> P Λ ; > î> P Y ^
Covariance of an Implicit Function

Severalalgorithmsin this thesisusean unconstrainedminimisationof an implicit cost

function when iteratively solving a non-linearminimisation(seesection6.2.2 and ap-

pendixA.3). Usingtheimplicit functiontheorem[62] andthecasewherethecostfunction

is a sumof squaresit is possibleto computea first orderapproximationto thecovariance

of thesolutions.

Lemma C.1 Given an implicit function of the form

B J x � a z N Q �ç � ÿ 1

B 2� J x � a z N
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where x � are the measurements, z contains the C parameters being minimised over, and

z Q z0 at the minimum of the function
B J x � a z N . Then the covariance of the solution z0 is

given by

Λz0
Q 2

B L � �� o C H � Yba
where the Hessian H is approximated by

H ¸ ç � > B �> z
Y > B �> z a

and B L � � Qkç � B 2� J x � a z0 N>^
Proof: SeeCsurkaet al. [17] (or booksonclassicalanalysis[62]).Ò
C.2 Covariance of the Intersection of Lines

The following is takenfrom Clarke [16], anddealswith the problemof estimatingthe

position of the vanishingpoint by intersectingthe image lines (seesection5.5). The

problemcanbestatedgenerallyasthatgivena setof lineslying in a plane,find thepoint

which minimisesthe sumof theperpendiculardistancefrom that point to the lines. The

� linesaregivenashomogeneous3 vectors( Ô � Q J-� � 1 a � � 2 a � � 3 N Y ) which arescaledsuchthat

� 2� 1 [ � 2� 2 Q 1, andthe point is representedby 2 Q JDCÃ� a CÃ� a 1 N Y . Thesumof thedistances

squaredis B Q �ç � ÿ 1

Æ Ô Y� 2 Ç 2 ^
It canbeshown[16] thatthesolutionisU C �C � Z Q o 1E �>� E �.� o E

2�>� U E �:� o E �>�o E �>� E �>� Z U E �>�E �:� Z a J C ^ 5N
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where
E � + Q � �� ÿ 1 ��� �F��� + . Thecovarianceof thesolutionis givenby

Λ G Q3H î Λ ( H î Y a J C ^ 6N
whereΛ ( is ablockdiagonalmatrixwith the Ñ)ÈÊÉ blockcontainingΛ (JI , thecovarianceof theÑ)ÈÊÉ line. TheJacobianH î is estimatedusing

H î Q o �
> 2 B
> 2 2 � � 1 > 2 B

> 2 > Ô a
where

> 2 B
> 2 2

Q U E �>� E �>�E �>� E �:� Z a
and

> 2 B
> 2 > Ô Q U ^p^y^ 2��� �KCÃ� ��� ��CÃ� ��� � ^p^p^^p^y^ 2 ��� �-CÁ� ��� �-CÃ� ��� � ^p^p^ Z ^

If thelineshavedifferentcovariancematrices,thentheequationsareadjustedsuchthat

E � + Q �ç � ÿ 1

��� �F��� +L � a
and

> 2 B
> 2 > Ô Q �� ^p^y^ 2 � I À æ ÀM I � I À æ ÄM I � I ÀM I ^p^p^^p^y^ 2 � I Ä æ ÀM I � I Ä æ ÄM I � I ÄM I ^p^p^ �� a

whereL � is thetraceof the Ñ ÈÊÉ line covariancematrix.
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