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Abstract

We observe that a (1 — ¢)-approximation algorithm to Independent Set, that works for any
induced subgraph of the input graph, can be used, via a polynomial time reduction, in provide a
(1 + ¢)-approximation to Vertex Cover. This basic observation was made before, see [BHR11].

As a consequence, we get a PTAS for VC for unweighted pseudo-disks, QQPTAS for VC for
unweighted axis-aligned rectangles in the plane, and QPTAS for MWVC for weighted polygons in
the plane. To the best of our knowledge all these results are new.

1. Introduction

Background. Given a graph G = (V, E), a vertex cover (VC) is a set C' C V, that is adjacent to
all the edges of G. The problem of computing a minimum VC is a classical problem that is NP-Hard
[GJ90], and an easy 2-approximation algorithm is known (by computing greedily a maximal matching,
and using its vertices). Dinur and Safra [DS05] showed that no approximation better than 1.3606 is
possible, unless P = NP. If the unique-game conjecture is true, no approximate better than 2 is possible
in the general case [KKR0S].

For geometric intersection graph the problem is easier. Erlebach et al. [EJS05] gave a PTAS for the
intersection graph of weighted fat objects. Har-Peled and Quanrud [HQ17] provided a PTAS for VC for
the unweighted case for low-density graphs, or polynomial expansion graphs.

The observation. Given an instance of Vertex Cover, one can reduce it in polynomial time into a dense
instance, where the VC is at least half the vertices in the graph (or half the mass in the weighted case).

In such a graph a (1 — ¢)-approximation to the independent set, implies readily a (1 + ¢)-approximation
to VC.

Outline. For the sake of completeness, and to provide a relatively self contained description, we review
this reduction (into the dense subgraph), in excruciating detail, in Section 2. We emphasize, however,
that this reduction is well known — see [CC04, CCO08] and references therein. The unweighted case is
somewhat easier, and is described nicely in Cygan et al. [CFK+15, Chapter 2]. We describe the new
result and its applications in Section 3.
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2. Reduction of VC to the dense case

The material covered in this section can be found in [CFK+15, CFK+15, CC04, CC08] and references
therein.

Given a graph G = (V, E), and a weight function w : V' — (0, 00), the min weight vertex cover
(MWVC) is the problem of computing the subset S,y C V/, such that S,y is adjacent to all edges in G,
and ve*(G) = w(Sopt) = X, es,,, w(v) is the minimum among all such sets. The complement of a vertex
cover is an independent set, and in particular, we have vc*(G) = w(G) — is*(G), where is* is the weight
of the maximum weight independent set in G, and w(G) = > ., w(v).

A natural starting point for approximation algorithms for VC, is to solve the associated LP:

min Y o, w(v)z,
st xy+ax,>1 Yuv € E(G) (LPVC)
Ty, >0 Yv e V.

For an assignment z = (2, )vev, let v(z) = >, ., w(v)2, denote the value of z.

Lemma 2.1. There is an optimal solution for (LPVC) that is half-integral. That is, for any v € V, we
have x,, € {0,1/2,1}.

Proof: Consider an optimal solution x = (z,),ey for (LPVC), Let L = {v eV |z, € (0,1/2)} and
H={veV |z, € (1/2,1)}. If w(L) < w(H), then consider the assignment

T,—€c vEH
Yp =< Ty, +€ vVEL

Ty otherwise,

where ¢ = minyepyy |7, —1/2|. For an edge uv, with v € L and v € R, we have y,+y, = z,+e+x,—¢ =
T, + x, > 1. It is easy to verify, in a similar fashion, that y = (y,).ev is a feasible solution for (LPVC).
Furthermore, since w(L) < w(H), we have

viy) = Zw(v)xv —ew(H) +ew(L) =v(x) +e(w(L) —w(H)) < v(x),

which is impossible, by the optimality of x. A similar argument applies if w(L) > w(H). As such, it
must be that w(L) = w(H). But then, the solution y is also optimal, and it has one more variable
assigned a value of 1/2 then x. Repeating this argument now to y till both L and R are empty implies
the claim. |

Lemma 2.2. An optimal half-integral solution to the linear program (LPVC) can be computed in O(n?)
time, where n = |V|.

Proof: Let K be the bipartite graph over the bipartition Uy = {u; | u € V} and Uy = {us | u € V'}. Let
E(K) = {u1vy, ugvy | uv € E(G)}.

For any vertex v; € Uy U Uy, its weight is its original weight w(v).
There is an associated network flow instance — adding a source vertex s, and a sink vertex t. Here,
the source vertex s is connected to all the vertices in U;. An edge (s, uy), for uy € Uy, has capacity w(u).
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All the edges of K or oriented from U; to Us,, with infinite capacity, and an edge ust, for all uy € Us, has
capacity w(ug) = w(u). Let N denote the resulting instance of network flow. It is easy to verify that a
s-t min-cut in N corresponds to a minimum weight vertex cover in K, and vice versa. As such, compute
a max-flow in NV, and let f denote this flow. Given f, the corresponding s-t min-cut can be computed in
linear time from the residual network flow of f (i.e., min-cut max-flow theorem). This cut then can be
readily converted into the desired minimum vertex cover Sy, in K. Observe that w(Sep) = | f|, where
|f] is the value of the flow of f. The max-flow computation in this case can be done in O(n?) time using
known algorithms [CLRS01].

For a vertex v € V(K), let x(v) = 1 if v € Sop, and zero otherwise. We set z,, = (x(v1) + x(v2)) /2,
for all v € V. Let x = (z,)vev. We have

v(x) =Y wv)z, = w (1)

veV

Consider an edge uv € E(G). Observe that

Ty + Ty = V) () ; o) _ ; x(v2) + X (u2) ;X(Ul) >

DN | —

since Sypt is a vertex cover of K. So x = (x,).ey is a feasible assignment for (LPVC) (and it also
half-integral).

Consider an optimal half-integral assignment y = (y,),ev for LPVC, which exists by Lemma 2.1..
This induces a natural vertex cover for K. Indeed, if z, = 1/2 we add v; to a set T'. Similarly, if z, = 1,
we add v; and ve to 7. We claim that 7' is a vertex cover for K. Indeed, for any edge uv € E(G), we
have that z,+x, > 1. If z, = 1 then uy,us € T and these two vertices cover the edges u vy and usv;. A
similar argument applies if x, = 1. The remaining possibility is that x, = x, = 1/2, but then uy,v; € T.
Which implies that T covers the edges ujvs and usvy. As such, all the edges of K are covered by T

Observe that

2(y) = 23" w(w)ys = w(T) > w(Sop) = 20,
veV
by Eq. (1). Namely v(y) > v(x). We conclude that x is an optimal solution for (LPVC), and it is also
half-integral. [ ]

Given an optimal half-integral solution x = (z,),cy for (LPVC), one can partition the vertices into
three sets:
() Vo={veV |z =0}
(i) Vip={veV ]z, =1/2}.
(ili) i ={veV |z, =1}
A few observations about these sets. The set V{ is an independent set in G. Indeed, an edge uv € E
with an endpoint v € V4 and an endpoint in v € V5 U Vijp has z, + 2, < 0+ 1/2 = 1/2, which is
impossible. As such, for a vertex v € V), any adjacent edge vu € E, must have u € V;. Namely, there
is no edge between a vertex of Vj and a vertex V; /5. This is known as a crown decomposition, with
C' =V being the “crown”, R = V), being the “body”, and H = V; be the “head”.
We need the weighted version of the Nemhauser-Trotter theorem, which we prove next.

Theorem 2.3 (Nemhauser-Trotter). Let G be a graph with weights w : V. — (0,00). There is a
minimum weight vertex cover S of G, such that Vi € .S C V3 U V).



Proof: Let Sop be the optimal vertex cover, and let S = (Sopt \ Vo) U Vi. Clearly, S is a vertex cover, as
all the edges adjacent to Vj are covered by V;. Since VoUV),,UV) =V, we have S = V,US C VUV,
Assume, for the sake of contradiction, that w(S) > w(Sypt). We have

w(S) = w(Sopt) — w(VO N Sopt) + w(V1 \ Sopt) > w(Sopt)
< w(Vo N Sopt) — w(Vh \ Sopt) < 0.

Let € < 1/2 be some constant, and for any v € V|, let

1—¢ Ue‘/l\Sopt
Yp = § € Ue%msopt

Ty otherwise.

An easy case analysis shows that the y = (y,)vev is a feasible solution. Indeed, we need to consider only
edges uv with at least one endpoint (say w) in Vi \ Sopt, (as these are the only edges that lost value).
There are the following cases to consider:
(i) veVi: Wehavey, +y, > 1—ec+1—e > 1.
(ii) v € Vijo: Wehavey, +y, =1—ec+1/2> 1.
(iii) v e VyN Sepy: We have y, +y, =1—ec+e =1
(iv) v € Vo \ Sopt: Both endpoints of uv are outside Sopt, which is impossible.

Observe that v(y) = > oy Yo = V(X) +cw(Vo N Sopt) — ew(Vi \ Sopt) < v(x), which is a contradiction to
the optimality of x. m

Lemma 2.4. Let K = G[Vy)s] be the induced subgraph of G over Vi,,. Consider any minimum vertex
cover C' of G[Vio]. Then C'UV; is a minimum weight vertez cover of G.

Proof: Let H = G[V, U Vy5]. Consider any minimum vertex cover C' to the graph H and observe that
C'UV) is a vertex cover for G. Similarly, given a minimum vertex cover S, for G, consider the equally
priced vertex cover S = (Sept \ Vo) U Vi (see Theorem 2.3), and observe that S is a vertex cover of G
and S\ Vj is a vertex cover for H. We conclude that computing the minimum vertex cover for G, is
equivalent to computing the vertex cover for H. Since V; is an independent set in G, and it is connected
to only vertices of Vj, it follows that V{ is a set of isolated vertices in H. As such, it is sufficient to
compute a minimum vertex cover for G[V; s]. n

Observe that x induces a valid optimal fraction solution for the induced subgraph graph G[V} ).

Lemma 2.5. Consider any fractional optimal solutiony for the vertex cover of the graph G[Vy]. We
have that v(y) = v(x) —w(V}) = Zvevm w(v)/2 =w(Vi2)/2.

Proof: The assignment y, can be extended into a fractional solution for G, by setting y, = 1 if v € V,
and zero otherwise. Similarly, x when restricted to Vi, is a valid VC solution for G[V;5]. This readily
implies the claim, as x is the optimal solution for (LPVC). [



3. The result and some applications

For a weighted graph G, let vc*(G) denote the weight of the minimum weight vertex cover of G. Similarly,
let is*(G) the weight of the maximum weight independent set in G.

Theorem 3.1. Let G = (V,E) be a graph, with weights on the vertices, and assume that we are
given an algorithm algIS that can compute, in T(n) time, an independent set I C V, such that
w(l) > (1 —¢e)is*(G). Furthermore, assume that this algorithm works for any induced subgraph of G.
Then, one can compute, in O(n®+T(n)) time, a vertex cover C' of G, such that w(C) < (1 + ¢)ve*(G).

Proof: Using the algorithm of Lemma 2.4, compute a partition of the vertices of G into the three sets
Vo, Vij2, Vi. This reduces G into an induced subgraph K = G[V}/,], such that it is enough to solve
the problem on K. Importantly, for the graph K, we have the property that the optimal LP solution
(for the relaxation of the LP) assigns all vertices value 1/2. That is v¢* = ve*(K) > w/2, where

w = ZUGV(K) w(v).
In the following, let is* = is*(K). Compute an independent set I in K using algIS. We have that

w(l) > (1 —¢)is" = (1 —e)(w —vc").
The set C' = V(K) — I is a vertex cover, and we have

w(C)=w—-—w(l) <w-—(1-¢)(w—vc")=cw+ (1 —¢e)vc"
<2eve” + (1 —¢g)ve” = (14 e)ve’,

since ve* > w/2. We have that C' U V] is a vertex cover for the original graph. Furthermore, by
Lemma 2.4, we have

w(CUV) =w(C)+w(Vi) < (1+e)ve” +w(Vy) < (14¢e)(w(Vh) +ve*) = (1 4 e)ve*(G),

since ve*(G) = ve* + w(V;) by Lemma 2.4. n

3.1. Applications

For several cases, efficient (1 + ¢)-approximations algorithms are known:
(i) A PTAS for the unweighted pseudo-disks [CH12].
(ii)) A QQPTAS is for unweighted rectangles in the plane [CE16].
(iii) A QPTAS for weighted simple polygons in the plane [AHW19].
Plugging these results into Theorem 3.1, implies the following.

Theorem 3.2. We have the following:

(i) For the intersection graph of n unweighted pseudo-disk in the plane, a (1 + &)-approximation to
the minimum vertex cover can be computed in nOW/e) time.

(ii) For the intersection graph of n unweighted axis-aligned rectangles in the plane, a (14-¢)-approzimation
to the minimum vertex cover can be computed in nCPoyloglogn.1/e)) im e

117) For the intersection graph of n weighted simple polygons in the plane, a (1 + €)-approximation to
i) For the int ti h of ighted simple pol n the pl 1 mation t
the minimum weight vertez-cover can be computed in n@PyIogn1/2)) time.
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