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Abstract This work extends the general form of the Multiscale Hybrid-Mixed (MHM)
method for the second-order Laplace (Darcy) equation to general non-conforming polyg-
onal meshes. The main properties of the MHM method, i.e., stability, optimal convergence,
and local conservation, are proven independently of the geometry of the elements used for
the first level mesh. More precisely, it is proven that piecewise polynomials of degree k and
k+1, k > 0, for the Lagrange multipliers (flux), along with continuous piecewise polyno-
mial interpolations of degree k+ 1 posed on second-level sub-meshes are stable if the latter
is fine enough with respect to the mesh for the Lagrange multiplier. We provide an explicit
sufficient condition for this restriction. Also, we prove that the error converges with order
k+1 and k +2 in the broken H' and L? norms, respectively, under usual regularity as-
sumptions, and that such estimates also hold for non-convex; or even non-simply connected
elements. Numerical results confirm the theoretical findings and illustrate the gain that the
use of multiscale functions provides.

1 Introduction

Multiscale finite element methods have undergone an intense development in the last decades,
both in theoretical and practical aspects, for their capacity to be accurate on coarse meshes
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assuming neither scale separation nor periodicity of the exact solution, and to be prompt
to leverage the new generation of massively parallel computers. Such properties have made
multiscale numerical methods attractive to deal with real industrial applications compared
to, for instance, more classical homogenization strategies, although its basics remain an im-
portant and challenging subject in the applied mathematics field. Starting with the original
work [5] for the one-dimensional Laplace problem, the MsFEM was extended and analyzed
for multi-dimensional problems in [29,17]. Since, a large variety of approaches has been
proposed leading to the VMS [30] and RFB [35, 12] methods, the HMM [16], and the LOD
method [32], just to cite a few.

Recently, hybridisation has been used as a platform to develop multiscale methods. The
Multiscale Hybrid-Mixed (MHM for short) method appears as a result of a hybrid formula-
tion that starts at the continuous level posed on a coarse partition. Then, a decomposition of
the exact solution is obtained in terms of a variable defined in the skeleton (the flux) and a
constant per element of the coarse partition. The global problem needs for its construction
the solution of local problems that fulfill the role of upscaling the under-mesh structures.
Introduced and analysed in [26,2,33] for the Laplace (Darcy) equation, the MHM method
has been further extended to other elliptic problems in [27,25] as well as to mixed and hy-
perbolic models in [3] and [31], respectively. See also [28] for an abstract setting for the
MHM method. This method shares similarities, but also fundamental differences, with re-
lated approaches such as the Multiscale Mortar method [4], the DEM [20], and the HDG
method [11]. Also, in its fully discrete version, and accordingly to the choices made for the
interpolation spaces, the underlying algebraic system associated to MHM method may be
identified as being part of the family of FETI domain decomposition methods [21].

Except for [4], all the methods mentioned above are defined on conforming meshes,
either simplicial, quadrilateral, or prismatic. The need for conformity of the meshes just
mentioned makes some situations like non-matching interfaces resulting from, for exam-
ple, moving domains, multi-physics mesh gluing, or front tracking, far from trivial. Due to
this, among other reasons, in the last few years there has been an explosive development
of numerical methods defined on general polyhedral meshes. Just to name a few, the Vir-
tual Finite Element (VEM) [7,6] uses virtual basis functions while keeping the conformity
of the approach, and the discontinuous Galerkin methods uses unmapped polynomials on
polygonal meshes [9,8]. Also, the HHO method [19] appears after a hybridisation process,
and as such, it has been recently linked to the HDG method in [10]. Motivated by the need
to glue non-conforming meshes in a domain decomposition setting, the work [23] proposes
a discretisation for the mixed form of the Poisson equation posed on a general partition of
the domain. Still in the same context, the works [1,22] propose a discretisation posed in
polygonal elements, where the coupling is done by means of a Robin interface condition.

The main purpose of this work is to use the flexibility given by the MHM approach to
extend its use to polygonal meshes. In fact, the first step in the derivation of the method is
a new weak formulation having as unknowns the fluxes on the edges of the coarse partition
and the mean value of the solution in each element. This formulation can be derived inde-
pendently of the geometry of the elements. Thus, besides stating this fact rigorously, the
bulk of the work is devoted to the proposal of a stable finite element method for this new
weak problem. For this, we need two main ingredients, namely, a finite element space to
approximate the fluxes over the edges (i.e., the Lagrange multipliers) and a finite element
method to approximate the solution of the local problems. For the former we propose to
use discontinuous polynomials of degree k or k+ 1 (k > 0) in a sub-partition of the skeleton,
while we use continuous Lagrangian polynomials of degree k+ 1 on a conforming sub-mesh
for the latter. It is important to mention that the meshes used in each element don’t need to
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match at the interfaces. We focus in a diffusion equation in two space dimensions, but the
results can be extended, without major complications, to three space dimensions and more
complicated operators.

Other than the extension of the MHM framework to polygonal meshes, we now highlight
the main contributions of this work:

— the method, and its analysis, has been extended to allowing discontinuous spaces for
approximating the fluxes. This is new even for the MHM method proposed on simplicial
meshes;

— the possibility of using equal order approximations for both the flux and the primal
variable is also new, even in the case of conforming simplicial meshes. It is important
to mention that this possibility does not require any extra stabilisation term to be added
to the formulation. This comes at the price of supposing that the subelement-meshes are
finer than the sub-partitions of the skeleton, but an explicit sufficient condition is given
for this;

— error estimates, qualitatively similar (super-convergence) to the ones given in the last six
rows of the summary given in [10, Table 1] are proven without post-processing proce-
dures;

— convergence has been proven without the need for the coarse partition to be refined. It is
enough that the sub-partitions to approximate the Lagrange multiplier and the sub-mesh
used to solve the local problems get refined.

This work is outlined as follows. We end this section by presenting the model, nota-
tions and some preliminary results. Section 2 is dedicated to the presentation of the MHM
method and important considerations on the second-level sub-meshes. Well-posedness and
error analysis are the subjects of Section 3 and Section 4, respectively. Section 5 assesses
theoretical results through two numerical tests, followed by conclusions in Section 6. Two
technical lemmas instrumental to the proof of the existence of a Fortin operator are left to
the appendix.

1.1 Notations and the model problem

Let Q C R? be an open, bounded, polygonal domain with a Lipschitz boundary 0.Q. Given

fel?(Q)andge H 2 (0Q), this work aims at approximating the following boundary value
problem: Find u € H'(Q) such that u|yo = g and

/AVu-Vvdx:/fvdx for all v € Hj (). ()
Ja Q

Here, A € L°"(Q)2X2 is a symmetric matrix and may involve multiscale features. It is sup-
posed to be uniformly elliptic in . More precisely, we will assume that there exist positive
constants Ami, and Apax such that

AminlE]? < ETA(X)E < Amax|E]> forallé e R andx € Q, 2)

where |- | stands for the Euclidean norm in R?. We shall also make use of the following

value A
o=, 3)
Amin
and note that if the entries of A are constant functions, then @ is simply the condition number
of A. Above, and hereafter, we adopt standard notation for Sobolev and Lebesgue spaces

aligned with, e.g., [18].
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1.2 Partitions, triangulations, and spaces

We start by introducing &2, a collection of closed, bounded, connected and disjoint poly-
gons, denoted K, such that Q = Ugc 5 K. The shape of the polygons K is, a priori, arbitrary,
but we will suppose they satisfy a minimal angle condition (see Assumption 1 below for a
more precise statement). The diameter of K is #% and we denote .77 = maxgc o #x. We
will not suppose necessarily that .7# tends to zero, but it may do so in many cases of pratical
interest. For each K € 2, nX denotes the unit outward normal to dK. We also introduce
d 2, the set of boundaries dK, with K € &2, and & the set of the edges of &2, that is

& ={E=KNK orKNdQ : K,K' € &, and it is not reduced to a single point}. (4)

Associated to the partition &, for m > 0 (where H 0—-1712 as usual) we define the function
spaces

H"(2):={v:v|g e H"(K) forallK € 2}, %)
X&) :={q:qlp €L*(E) forallE € &}, (6)

with norms

1 1

2 2
[Vl 2 :={ )y IVIIi,K} and |lgllo.¢ = { )y IIqI%VE} : o
Eeé&

Ke=

In addition, the following spaces will be useful in what follows

1

2
V:=H'(%) withnorm |V|V:_{ Y IVI%,K} ) ®)
Kez
Voi={veL}(Q): v €Po(K) forall K € 2}, ©)
A= {t-nf|yk : T€ H(div,Q) forallK € 2}, (10)

and the space A is endowed with the norm

= inf T\aiv.o - 11
o= _jnt el an

tnK= on 0K, Ke P

It is worth noticing that for every E € & one element of A has, strictly speaking, two values
on E, but the only difference lies on its sign, which is due to the difference on the normal
vectors from each one of the elements sharing E. Nevertheless, this does not double the
dimension of a finite dimensional subspace of A, since once an element of A is fixed from
one of the elements, its value from the neighbouring element is also fixed. We also denote
by (-,+)p the L?(D)-inner product (we don’t make a distinction between vector-valued and
scalar-valued functions). We define the product on & as follows

(v =Y, (nw, (12)

Kez

and the broken product on d &7 as

U)oz =Y (U,V)sg, (13)
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where the product on dK is the duality pairing between H -3 (dK) and H 3 (9K). Following
closely the arguments given in [2] we can prove that

ﬂ W,V)o»
—llulla < sup {¥)op
2 veV HVHV

< lulla (14)
and above and hereafter we lighten the notation and understand the supremum to be taken
over sets excluding the zero function, even though this is not specifically indicated.

In addition, we need to impose the following technical Assumption on the partition .
Assumption (A0): The elements K € & will be supposed to satisfy the following conditions:

1. either the element K is convex, or there exists a constant C > 0 such that /¢ < C|K]|
forall K € &2,

2. there exists a natural number N, such that, for every K € &2 there exists a collection
of points x|,...,xy € K and a collection M,...,M,, of closed (possibly overlapping)
subsets of K such that M, is star-shaped with respect to x; and K = UY | M,.

The importance of Assumption (A0) lies in the following Poincaré-Wirtinger inequality,
which proof can be found in [37, Theorem 3.2]: there exists C > 0, independent of K and N,
such that

[llox <C(N+1)#k||Vv]lgx forallve H'(K)NLj(K). (15)

From now on, we will suppose that N is uniformly bounded for all partitions, and its value
will be included in the constant appearing every time we use (15).

Remark 1 1. The first point in (AQ) allows the elements K to have arbitrary aspect ratio,
as long as they are convex. In fact, for K convex (15) holds with a constant equal to %
(in lieu of C(N + 1)). If some polygons K are not convex, then (A0O) imposes a shape
regularity on them.

2. The shape regularity required for non-convex domains on (AOQ) is reminiscent of [14],
where such property was used in order to prove interpolation properties on polygonal
meshes.

3. Itis worth noticing that some Poincaré-Wirtinger inequalities for finite element stars can
also be found in [36].

In Section 2.1 a characterisation of the weak solution of (1) will be derived using the
partition & described above. That characterisation will be the starting point of the finite el-
ement method analysed in this work, which will need some further notations and partitions.
More precisely, we introduce two partitions which do not coincide, but are not independent.
We start describing the discretisation of the set of edges & . For this we introduce &, a parti-
tion of & for which each E € & is split into segments F of length Hy < H := maxprcg, Hp.
We will not assume the segments are of equal length, but we will require that neighbour-
ing edges are not too dissimilar. More precisely, we impose the following assumption on &

Assumption (Al): The mesh & is such that in every K € & a shape regular simplicial
triangulation = (K) of K can be built in such a way that its trace on dK coincides with &.

The triangulation =, (K) will be useful in the definition of the method, but not explicitely
used. More precisely, we make the following definitions:
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- for each F € &, we denote by kX (or simply ki, when it is clear from the context to
which element it does belong) the only element in =, (K) such that F = kK N JK. Just to
simplify the presentation, we will suppose that, for two different F, F’ € &, K}( # K{f,;

- the triangulation & 1= Ugc 2 E, (K) will be referred to as virtual triangulation. This
(conforming) partition will be very useful in the proofs below, but not used explicitly in
the implementation of the method;

- foreach K € &2, we introduce a shape regular family of simplicial triangulations {7,1’( Yiso
built in the following way:

1. first, on each K € 2, the triangulation Z (K) is refined once using a red refinement,
where by red refinement we mean that every triangle of Z;(K) is divided into 4
triangles by connecting the mid-points of its edges. The resulting triangulation is
called minimal triangulation;

2. then, for each K, the family {.7,X} >0 18 formed by regular refinements of the mini-
mal triangulation.

The diameter of ¥ € ZlK is denoted by &, and i := maxge g Maxe, K he, denote J), :=
Uke @%K , and, define the broken space

H(div,9,) ={t:t|x € H(div,X) , V1€ F,}.

It is important to remark that, if E = KNK’ € &, then the traces of the two neighbouring
. . 4 . .
triangulations ﬂhK and ZLK do not need to coincide.

Fig. 1 A domain partitioned with non-conforming polygonal elements K. Observe the sub-meshes discretis-
ing two different elements K with different granularity. The red dots represent the degrees of freedom associ-
ated with the sub-meshes and the gray dots with the mesh skeleton.

Associated to & and ﬁhK , for k > 0, we introduce the following finite element spaces:

Vh = H Vh(K) where Vh(K) = {Vh S CO(K) . vh‘i S Pk+1(‘f)7VT S 47}1](},
Ke>

Vyi= [] Va(K) where V,(K):=Vy(K)NL§(K), (16)
Kez
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where L3(K) stands for space of functions in L2(K) with zero mean value in K. We also
introduce a projection onto A,. We start by defining, for every F € & the projection I7, fi :
L*(F) = P,(F)as

(Mp(1),q)r = (1,q)p  forallg € Py(F), (17)

and then we define the global projection IT' : L?(&) — A, by IT! ()|, = ITf(u) for every
p € L*(&). In addition, we introduce %), : H' () — V,,, a variant of the Clément interpo-
lation operator defined locally. That is, for every v € V we define €, (v)|x = € (v), where
&K . H'(K) — V,(K) is the usual Clément interpolation operator. This mapping satisfies
the following (see [18]): there exists C > 0, depending only on the shape of the elements
T € K such that, for all v € H!(K) and all T € K,

1€ W)l = < €IVl o » (18)
v =€ Wlloz < ChlVl1a s (19)

where 07 :={T € 7K : TNT #£0}.

Finally, in what follows C will denote a positive constant whose value does not depend
on any mesh size, or the shape of K € &2. The constant C is only allowed to depend on the
shape of the elements of .7}, and its value may change whenever it is written in two different
locations.

Remark 2 Assumption (A1) implies a restriction on the shape of K, and/or how refined the
partition & is. More precisely, if the diameter of the polygons K € & tends to zero, and their
smallest angle is not bounded below, then the triangulation &, (K ) can not be built, as the
smallest angle in =, (K) would degenerate as well. On the other hand, even if the smallest
angle of & is uniformly bounded below, if the polygons K € & are very anisotropic, or
irregular, then &}, needs to be fine enough so =, (K) can be built. ad

Remark 3 The restriction of & and .7, to be simplicial is made only for simplicity. The
results presented in this work can be extended without major complications to the case in
which those meshes are built using quadrilaterals. In addition, the way the triangulations
ZlK are built has been done mostly to make the presentation of the method (and the proofs)
clearer. All the results presented below follow, with minor modifications, if we suppose
that & and 7,1’( are independent, but linked by the following assumption: For every E =
KNK' € & and every F € &, F C E, there exist two pairs of triangles TX,TX € 7K and

T{{,,‘If € ﬂhK/ such that they share one node and
(as{fuasg) NECF and (asf’ uazf) NECF.

This restriction requires the triangulations Z;X to be fine enough such that for every E € Ay,
there are at least two triangles in ,ZlK whose edges lying on dK are totally included in E.
With this assumption the proofs of stability and convergence done in the subsequent sections
follow almost exactly in the same way. a



8 Gabriel R. Barrenechea et al.

2 The MHM method
2.1 A characterisation of the exact solution

A fundamental point of the MHM method is a characterisation of u, weak solution of (1), as a
function of a pair (A, ), solution of a mixed hybrid problem. To derive this characterisation
we define the mappings T € Z(A,V) and T € Z(L*(R),V) as follows:

- forall u € A, Tu € H'(K) N L3(K) is the unique solution of
/[;AVTM~Vvdx:—(u7v>aK forallve H'(K)NL3(K), VKe€ 2; (20)
- forall ¢ € L*(Q), Tqg € H'(K)NL3(K) is the unique solution of
/KAVTq~Vvdx:/vadx forallve H'(K)NIZ(K), YKeZ. (1)

Following very closely the derivation from [2] the solution of (1) can be written as
follows
u=uy+TA+Tf, (22)

where (A,u,) € A x V|, solves the following mixed problem: Find (A ,u,) € A XV, such that
a(d, ) +b(p,ug) = = (W, T )+ (1,8) 50 forallpeA,

b(A,vo) = (f,vy) 5 forallvyeV,, =
and the continuous bilinear forms a(-,-) and b(-,-) are given by
a:AxA—=R a(A,p) = (U, TA)y 5, (24)
b:AxVy—=R  b(u,vy):=(1,Vvo)y0- (25)
The well-posedness of (23) is stated next.
Theorem 1 Let ./ be the space defined by
N ={eA:b(u,v)=0 forallvyeWy}, (26)
then there exist positive constants o (depending on A ;) and B such that
a(,u) > al|ul|i forallpe.n, 27)
sup blp, vo) > Blvolly forallvy € V. (28)
wea N1l

Consequently, (23) has a unique solution (A,uy) € A x V. Moreover, u given in (22) satisfies
(1) and AVu-n* |y = —A for all K € 2.

Proof Regarding (27), the proof follows exactly as in [2]. As for (28), we omit the details
since it is very similar to the one of Theorem 2 below. O

We finish this section by two quick remarks on the solution (4,u,) of (23). First, the
dual variable ¢ := AVu belongs to H(div,Q) since the flux A = —c - nK |y € A for all
K € 2. So, the relaxation of the continuity of u does not affect the continuity of the fluxes.
In addition, since TA and 7 f have zero mean value in every K € & the following holds

1
Uglg = — [ udx.
O‘K |K|/K
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2.2 The method

We start by defining the discrete equivalents of the operators defined in (20)-(21). Using the
finite element spaces defined in (16) we introduce the following approximate mappings:

- forallu e A, Tu e Vh is the unique solution of
/KAVThu Vv, dx=—(,v,)ox forallv, e V,(K), VKe P; (29)
— forall g € L*(Q), T, q € V,, is the unique solution of
/K AVT,q- Vv, dx = /K qvydx forall v, € V,(K), VK€ 2. (30)

Using the mappings (29)-(30) and the following approximate bilinear form
a,:AxA =R where a,(A,u)=(UTA),0, 31
the MHM method associated to (23) reads: Find (A, ufl) € Ay x V, such that

ap (A, i) + bt 1ug) = — (W T f) g o + (i, 8) 9 forall y € Ay,

(32)
b(Ag,vy) = (f,vg)g forallvyeV,.
The approximate solution u,, is given by
wy =+ T Ay + T, f . (33)

Remark 4 The fact that the exact flux A is locally conservative is inherited by its discrete
counterpart A, in each K € 2. In fact, from the second equation in (32) we get

/ lHds:/fdx forallK € &.
Jok K

On the other hand, unless a mixed finite element method is used as a second order solver
(see [15] for an example) in the second level mesh, this is not guaranteed. More precisely,
for ¥ € %K we, in general, have

fAV»Ghdxaé/gfdm

where 6, := AV, . Finally, it is worth mentioning that the choice of numerical method to
define T}, and 7}, is virtually unlimited. In this paper we have restricted the presentation to
a Galerkin method, but other choices, such as stabilised, enriched, or DG-related methods,
just to name a few, are also possible, leading to similar theoretical results. O

Remark 5 1t is interesting to remark that w, := T, u + fh fe Vh(K ) is the unique solution of
the problem

/AV(T/M"'Thf)'VVhde—<I~L7Vh>a1<+/ f"hde/AV(TIJ'i‘Tf)'VVth,
K K K

for all v, € V, (K). Thus, using Cea’s Lemma, the following estimate follows

ITp+Tf—wyllix <Ck eiIJf )||Tﬂ+Tf—VhH1,K7 (34
Vh€n

where Cy depends on ratio  given in (3) for each K, but is independent of 4, H, or 5. This

fact will be of paramount importance in the proof of optimal convergence of the method,

even in the case the polygons K € & are not convex. O
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Lemma 1 There exist constants C, independent of h, H, 7€, and A, such that

I Tully <CAlla  and (| Tully <CAL 4 (35
L flly < CALL oo I flly < CApi Il flloq -
1T flly < CA IfIl and ||ITflly <CA,|If]l (36)

Proof Let u € A. Using (15), (29) and (14) there exists a constant C, independent of .77
and A, such that

CAmin || Tt |[ < Y /AVTh'u'VTh‘udx:_ L (1Tt ok
Keop /K Ke>z

<ﬂth>ay

< sup
VhEVh ||Vh||V

< wllallTpllv

I Tmllv

and the result involving T follows using an analogous argument which proves (35). Next,
let f € L*>(). From (30) and using the Cauchy-Schwarz’s inequality, we get

CAmin”Thf”% < Z /AVThf’andx: Z (f7 Thf)K
Kep 'K KeP

< Y W llox 1 Tufillox
Ke>»
1 1

2 2
< ( Yy |f||(2).1<) < )y |Thf|(2),l(>
Ke> Ke2?

< fllo.e ITnfllv,

and the result involving 7 follows using an analogous argument which gives (36). O

Remark 6 Observe that the right-hand side of (32) may be rewritten using the following
equivalence

(. Tif)ox = [ AVT-VEyfdx= [ Tyusar, (37)
forallu € A and K € £. Also, if f € Py(K) then Tof |x = 0 and the right-hand side of (32)
simplifies. ]
3 Well-posedness
We address the well-posedness of the MHM method given in (32). The main ingredient is

the construction of a Fortin operator. This will be detailed for the choice ¢ = k, and sketched
for the choice / =k + 1.
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3.1 The P (F) x Pry1 (%) element

We start considering the case ¢ = k. The following result ensures the existence of a Fortin
operator acting on V with image in V},, and using the space Ag. This result will be key to the
well-posedness of (32).

Lemma 2 Let us assume Assumption (Al). Then, there exists a mapping II, : V — Vj, such
that, forallveV:

/Hh(v)/.ins = / vUyds forall uy € Ay and F € &y, (38)
F F

L)y <Clvlly (39)
where C > 0 does not depend on h,H, or the shape of K € 2.

Proof We will prove the result for the case in which the mesh ﬂhK is the minimal mesh
allowed. That is, th is obtained by performing only one red refinement of the mesh Zj, (K).
Since the discrete spaces V), (K) associated to further refinements of this mesh include the
one associated to the minimal mesh, the stability proved below will also apply to those
choices.

Let K € &, and let us define the mapping pX : H'(K) — V, (K) as follows. For every
F € &; NJK, there are exactly two neighbouring triangles T,,%, € Z,K with at least one
edge contained in F. Let e; and e, be these edges, so that ' = e; Ue,. Let us denote by
Xp,---5X, the position of k+ 1 degrees of freedom of V,(K) in F° (the interior of F),
and let @,..., ¢, € V,(K) be the basis functions of V, (K) associated to these degrees of
freedom. In addition, we fix a basis {f1,..., 4, } of P, (0, 1) satisfying |{;(£)| < 1in (0,1)
fori=1,...,k+ 1. Then, we map (0,1) onto F to build a basis {g,,..., 4} of P, (F),
and then we have that |y, (x)| < 1forallx € F.

Next, let (of ..., ¢, )T be the solution of the linear system
k+1
y /Fu,.(sypj(s)dsaf - /Fv(s)u,.(s)ds i= 1, k41 (40)
j=1
This system can be written in matrix form as
k+1
Ao = [ / v(s)u,-(s)ds} : (41)
F i=1
where af = (af ,...,0f )7, and
A=(a;)ijm1, pr1 » W= /F”i(s)(/)j(s)d‘y’ (42)
We notice that, changing variables A = HFA, where A = (c‘tl-j)i_j:1 g and
1
= || B(5)0;(6)ds, 43)
where {@;,..., ¢} is the corresponding basis in (0,1). We notice that we can always
choose the position of x;,...,x,,; in such a way that this basis in (0, 1) remains unchanged,

so A is independent of F'. Due to Lemma 4 (see the Appendix) A is invertible, which also
shows the invertibility of A.
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With these ingredients we define

kt1
pir(v):= ), PE(v) where pr(v)=Y o ¢, (44)
FeénaK i=1
and, for each F, of i =1,...,k+ 1, solve (40).
We now analyse the stability of pX. First,
k+1 . k+1
Ao = [/ v(s),u,-(s)ds} — aof =H'A™! {/ v(s),ui(s)ds] . (45)
F i=1 F i=1

Thus, using (45) and since A does not depend on F, and using Cauchy-Schwarz’s inequality
and |y;| <1on F C &y we arrive at

k+1 k+1 2
Fy\2 -2
izzl(ai )- <CHp i:El </Fv(s)ui(s)ds)

291012 2
<CHg |‘V||O,Fi:11na)]§+1”ui”0f

< CHy*Hr |v|[§ ¢
< CHZ ' vl » (46)

where C > 0 depends only on A, but not on h,H, or the shape or size of K, but may depend
on the degree k.

Hence, recalling that k. is the unique triangle in E, (K) that has F as one of its edges,
using (46) and a local trace inequality in kK we arrive at

2 2
ek Mllox =Y HP}((V)Ho,‘zlufz
Fe&ynNdK
kel 2
= Z / Zai i
Fe,nak? F19% \i=1
o
<C Y ITuD|) (o)
Feé naK i=1
12
<C Y [T USH MGk
FeéynoK
2 22
<C ¥ {I ik i 47)
FeéyndkK

where we have used the relation between H and % and the regularity of th in the last step.
Analogously, an inverse inequality and (47) gives

PEORk= X pF0fcus, <€ ¥ (2B + ). @9
Fe&yndK FeéyndkK

We now define the Fortin operator as follows:

0,0 = Er ) +p5 (v =% (v)). (49)
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The proof of (38) follows by noting that, thanks to (40), for each F € &5 N dK and any
Uy € Ay, the following holds

[ s = [ 6 ds+ [ pf v GF () unds
— [ G Omnds+ [ (=G 0)pds
= / vlUgds.
F
To prove (39) we use (47), (48), (18) and (19) and obtain
1,01 & < C(IEE W) &+ ok = 5K )4 )

<c(Mix+ ¥ m2Iv-%E 0B, + =G0 )

FeéynokK
<Clvlix,
and the proof is finished adding over K € Z. a

We are ready to prove the well-posedness of the MHM method. This is stated in the next
result.

Theorem 2 Let us suppose that Assumption (Al) is satisfied. Then,
a) There exists B, > 0 such that, for all vy € V,:

b )
sup ZHavo) _ g Mooz gy (50)

wpery MBalla wpen,  iglla
b) There exists 0y > 0 such that
an (Mg ) = 0 ||y |3 for all py € Ay, (5D
where A}, is the discrete kernel of b(-, -), that is,
Ny ={ly € Ay : b(Uy,vy) =0 forallvy € Vy}. (52)
Thus, (32) is well-posed.
Proof We start proving (50). Over the partition X, we consider the space
Xy :={ty €H(div,Q) : ty|. € RTy(x) forallk € Ey}. (53)

o

That is, the global Raviart-Thomas space of the lowest order defined in Z;;. Let now v, € V.
Then, there exists 7;; € Xy such that V- = v in Q and B)||Z4 [l s 0 < IVollo.o = Vo]
where ﬁo does not depend on 5%, H, or h. Thus '

Ve

~ = = K
Bolltulanalbolly < [ V-Zvods= X (Br-n.v0) o (54)
Q KeZ
where we have also used the fact that v, is continuous in every K € & and the normal
component of % is continuous across every internal edge of E. Thus, defining fiy|p =
Ty -nK | r onevery F € &, and using the definition of the norm in A, we arrive at

Boll el 4 [Ivolly < Z <%H'”K7V0>3K: Z (g, vo) o = by, vp) (55
KeZ KeZ?
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which proves (50).
To prove the ellipticity (51), let ty € 4% Then, for all v, € V, (not necessarily having
zero mean value in K) the following equality holds

/KAVThIlH Vvdx = = (U, vy) ok - (56)

Next, (14) and Lemma 2 imply the existence of a constant C > 0, independent of i, H, 77,
and the shape of the elements in &2, such that

<.UH7V>,992
vlly
<NHaHhV>ay

V2
N g ll4 < sup
veVv

< Csup
vev ([ TTwvlly
<C sup M
ey, vl
— Csup —Ykew [xAVT, gy - Vv, dx
v,V i lly
1
2
<C { )y AﬁaXIIVThuHI%,K} , (57)
Kez

where we also used (56). Hence, using the definition of a,(-,-) we arrive at

ay (Mg ) = (Mg Tyl ) 9 50 = Z /KAVTh”H’VTh:quxZAminHVTh”HH(%,@zca)_IH”HHEU

KeZ
(58)
which proves (51) with oy = C®, and @ given in (3). This last result implies the stability
and well-posedness of the discrete problem (32). O

3.2 The Py (F) x Py (%) element

Method (32) can also be implemented when the space of Lagrange multipliers Ay is built
using polynomials of degree ¢ = k+ 1,k > 0. The main difference for this case resides on
the minimal mesh. More precisely, we need to consider the following cases:

— For k=0, 1: The mesh sz needs to be the result of at least two red refinements of the
mesh E (K).

— For k > 2: The mesh ,ZlK needs to be the result of at least one red refinement of the mesh
Ey(K).

We notice that for k > 2 the same situation as for the one treated in the last section is
assumed, while for the lowest order case some extra mesh refinement is required to allow
for the proof of stability. Then, with these considerations on the meshes used, for k > 0, we
consider here the following finite element spaces

V=[] Va(K) where V,(K):={v, €C*(K):vlx €P,(T), VT € F*}, (59)
Kez

Ay i={ly €A piglp €Py(F), VF € &y} (60)
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A close inspection of the results proven in the last section shows that the only difference
lies in the proof of existence of a Fortin operator, that is, Lemma 2. Its proof shows that the
only difference that appears when considering ¢ = k+ 1 lies on the invertibility of the matrix
A built in (42), which follows in this case from Lemma 5 (see the appendix for the proof),
taking into consideration the minimal mesh requirement needed when k = 0, 1. Then, the
stability of the discrete scheme can be proved using Lemma 2.

4 Convergence

The results in this section treat, in a unified manner, both cases / = k and ¢/ = k+ 1. We
start by presenting an interpolation estimate for the space Ay . This estimate, in addition to
extending [34, Lemma 9] to polygonal meshes, gives an error estimate depending on the
parameter H, i.e. the discretisation parameter associated to the mesh &, and not depending
on .77, associated to the mesh 2.

Lemma 3 Suppose w € H™2(2) NH} (Q), AVw € HF (), with £ > 0, and AVw €
H(div,Q). Let . € A be defined by | := (AVw| -nX) |g for each E € &. Then, there
exists a positive constant C, independent of h, H, 7€ and A, such that

inf || —pyl, <CH™! IAVW]o 1 2 (61)
My €Al

where Ay is given in (16).

Proof Let w € H*?(2) and E € &. Let K € 2 be such that F C dK. We define x :=
AVw.ng € HtH! (£2) where ng must be understood as the trivial extension of the normal
vector nK |, to E to a constant function in the whole of K, with |ng| = 1. Observe that
W= xp|p € L*(F)foreach F CE € &.

Now, let us recall that k. denotes the unique element in &, (K) such that x NdK = F.
Let ¥ be the standard reference element with vertices (0,0),(1,0) and (0,1), and let .7 :
% — K, be the invertible affine transformation such that .%, (F)) = F, where ¥ = [0, 1]. First,
we observe that

ﬁé\u =1 (62)
So
[ (w=TEpyvds = Hy [ (0~ w)vds
:HF/ﬁ(ﬂ—Hﬁﬂ)ﬁdsA. 63)

In addition, a scaling argument (see, e.g., [18]) and the mesh regularity of =, (K) give
A A A
216 SCHE 2oy, and 9], & SClv (64)

forall z € H”l(KF) and v € H! (k). Now, using [13, Lemma 3] and (64), we get, for all
vev,

=) 9ds < Clel,, 219, £
C

‘
Hi | Xeles 1, V] (65)
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where C is a positive constant that only depends on the shape of k.
Next, we define fi;; := ITf i, and in each F C dK and K € . A change of variables,
(65), (64), the regularity of &, (K), and the fact that the elements kj do not overlap give

—~

W—By)os = ¥, [ u—fw)vas= ¥ Hp [[(a~Fy)ods

FCOK FCOK ¥
‘
<C Z HF+1|XE‘Z+1,KF |V|1,KF
FCoK
1 1
2 2
¢ 2 2
<CH H{ Z |XE[+]7K'F} { Z |V|1,KF}
FCOK FCoK

<CH"™ AW,k ik

for al? vev, w}.lere we used |XE‘Z+1,K'F = |A.VW"1E|Z+1J<F < |AVW\H1’,.(F.
Finally, adding over K € &, and collecting the above results, we arrive at

y Iy L 4
bt = fiy,v) = (= iy v)ar < CHT AV 5 ]y 5o S CHTHAVW] 5o V]
which immediately leads to

b o~
sup (N .uH7 V)

<CH"'AVW]1 1.9,
vev  vIly

and (61) follows from (14). O

We are ready to present the main convergence result for the present method. From now
on, we will assume that the solution u of (1) is such that all the norms on the right-hand side
of the estimates are finite.

Theorem 3 There exists C > 0, independent of h,H, and ¢, such that
lutg =l + 1A = Aglla < € (Kl o+ H AV ) (66)
In addition, if we denote u,, := ug + T, Ay + Th [, then the following error estimate holds
lJu—ully <C (th ul2,00 +H! |Avu|z+lﬂ) : (67)

Proof Let Af; C Ay be defined by

A;I::{/JHEAH:/ [,LH:/f fOI‘allKE@},
oK K

and let ;€ A be arbitrary. Observing that Ay — uy € A%, we get from Theorem 2-(b),
(23) and (32) that

0 | A — ball3 < an(Ayy — g, Ay — )
= ap(Ag Ay — M) —a(A, Ay — ) +an(A — g, Ay — Py
+a(A, Ay — py) —an(A, Ay — Myy)
<C (1A —tylla+ 1T =T)A+ (T =T)flv) 1A — gl
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where we used the stability of 7, given in (35). Using that u = uy,+ TA +Tf € H**2()
and (34) we get
ITA+Tf = (TA+ T f) v < CH Ml 5, (68)

which gives
1Ay = tplla < € (|2 = plla+ (T =T)A+(T = Ty)fly)
< C (1A = glla +H il ) - (69)

Next, we observe that the second equation of (23) gives
/ 'Avodx =Y / Avodx= Y / Avods = / fvodx forallvg € Vy, (70)
9K Fcok’F Fcok’F K

and then IT‘A € Aj;. Thus, setting p;; = IT'A and using Lemma 3 we get
12 = taglla < € (W il o+ H AV ).
Finally, the triangle inequality and Lemma 3 lead to
12 =gl < € (1 [l o+ H AV 5 ). )
From Theorem 2 item (a), there exists &y € Ay, with ||Ey||, = 1, such that

Bo llut — uolly < b(ug —uo, &)
= —an(Au, &) +a(A, &) + (& (i = T) f) o
= —ap(An — A &y) +a(A, &) —an(A,&y) + (& (T —T) f)o
<C (| =Ala + (T = T2+ (T =T)fly) (72)

where we used (35), (23) and (32) once more. From (71) and (68), the following estimate
holds

i =g lly < € (1 Il oo +H AVl 29 (73)
and adding (71) and (73) the result (66) follows. To prove (67), we see that
lu—wylly < lluo—uglly +|TA+Tf = (TAy +T0) v
< luo —uplly + 1T, (A = Ag)lly + ITA+Tf = (LA + T,y
and the proof is finished applying (35), (66) and (68). O

Remark 7 The first line in (69) and estimate (72) guarantee that the MHM method converges
as H and h tend to zero to the exact solution (u,A) regardless of its regularity. Indeed, they
imply that the method converges as long as Ay approaches A as H — 0, and T,A — T4 and
Thf — T'f as h — 0, which are both valid even in the case A only is expected to belong to
A. Besides, the convergence result just proved (and the ones we will prove in what follows)
suppose the regularity of u and AVu only inside the elements K € &2. These mild regularity
conditions also hold for the MHM method on simplicial elements and in most of the methods
based in discontinuous approximations, such as the ones from the dG family. It avoids the
usual global regularity requirement from a conforming method and can be of advantage if
a priori knowledge is available about the regions wherein u, and AVu are less regular (e.g.,
areas of jumps in the coefficient A).
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4.1 An error estimate for |0 — Gthivﬂ

In addition to the convergence result just proved, the following result states that the MHM
method also produces an accurate discrete solution of the dual variable ¢ := AVu in the
following H (div, ) norm

ITlZz = Y. X lellgns forall zsuch that 7|z € H(div,T). (74)
KeZgec gk

In the proof of the result below we will use, for every K € &7, the following space
W (K) = {1), € H(div, Q) : T)|5 € RT,(T), VT € '}, (75)
where RT, (%) stands for the local Raviart-Thomas space of order & in T

Theorem 4 Let us assume that f € H**1(7,), that the families of partitions { 7X} s are
quasi-uniform, and that, for all K € & and all F € &,;NJK,

H < Chyp :=min{hs : T € 7X K € 2},

for some C > 0. Denoting o, := AV(T, Ay + Thf), there exists C > 0, independent of any
mesh size, and the shape of K, such that

16 = Gallan7, < C ((H + 1) Nl 0 + B 1l 7)) - (76)

Proof Since |6 — 0,||, o has been bounded in Theorem 3, we only bound the difference
V.6 -V.0,.Let 6, | := %y (0), where #y stands for the Raviart-Thomas interpolation
operator with values in W, (K). Using well-known properties of Zy (see, e.g., [18]) we get,

for every T € th and every K € 2, that
— k1
o =Gullox < Chg |0l jrx» a7
— k k
V-6 =V -Gyllox <CH V-0l x =ChE [ flisrz

Thus, using the triangle inequality, (77), an inverse inequality in each ¥, and Theorem 3, we
arrive at

IVio-V-olis <2 Y ¥ (IV:o-V-5,l3s+IV-5,~V-0,lis)
KeZgec gk

sCc) X (hzfz](+2\f|%+1,¢+h§2”6h—GhH%fz)
Ke@rzgyhlf

]( — J—
<cr2f, 5+ (loy—olia+lo-B,lia)
2Ut2) 412 “2 ([p2kt2 242 2 Ut2) 2
< Ch™* \flis1.9, +Chmin([h Plulyyg o +H*P|AVUT 5| + R |G|k+1,92)
2A42| 412 2% 2 2 2% 12
SC(h * Iflisr,g, +h" |ulia 2 +HT|AVU[7 ) 5 +h \O'\k+1,9)v (78)
which finishes the proof. O

Remark 8 1f the second level problems are written in mixed form, then they can alternatively
be solved using a mixed inf-sup stable method. As a result, V-0, — V-G, = 0 in every
T e Z,K , and then the following improved error estimate can be obtained

6= Gullaina < € (H 1 lr.oo+ HE 40 ullis,0) (19)

requiring only the mesh regularity. In addition, it is worth mentioning that in the above case,
0, € H(div, Q). This idea was explored for simplicial elements in [15]. O
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4.2 Error estimates for [u —u, |y o-

In order to prove a higher order of convergence in the L?(£) norm for u, we first make the
following remark: if every K € &2 is convex and A € W= (K )2X2, then the solution of

—~V-(AV$) =g inK, AVY-n* =0 ondk, (80)
with [, gdx = 0, belongs to H*(K) and satisfies

9126 <Cligllox (81)

where C depends only on A, and [|Al]; ., x (see [24]). In particular, this implies that there
exists C > 0, independent of the shape and size of K, such that

17qll2x < Cllgllox (82)

for all g € L?(2?). As a consequence, arguing as in Remark 5, the application of Aubin-
Nitsche’s Lemma gives

(T =T+ (T = T)gllox < ChIV(T =T+ (T —T,)q) llox - (83)

for all (1,q) € A x L*(2), where C > 0 is independent of h,H, 7, and the shape of K.
With these ingredients we now present a first error estimate in the LZ(.Q) norm for which
we impose the hypothesis of convexity of both 2 and K € £.

Theorem 5 Let us assume that Q, and every K € &2, are convex. Then, there exists C > 0,
independent of h,H, and ¢, such that

lu=,lo.0 < € (K2 +H) lull 5 - (84)

Proof First, we observe that (37) also holds if one replaces 7}, and 7, by T and T, respec-
tively. Next, define e = u — u;, and let w satisfy the following elliptic problem

—V-(AVw)=e inQ, and w=0 ondQ. (85)
Problem (85) is well-posed, w belongs to H} (2) N H?(£2) and satisfies the following bound
Iwll2.22 < Cllello.c - (86)

As it was done in Section 2.1, w = wo + Ty + Te, where (7,wq) € A x Vj satisfies

a()/,,u)—i-b(,u,wo):/ Tupedx forallpeA,

Q

(87)

b(y,vo):/ evodx forallvyeVy.
Q

Now, let ()/H,wg) € Ag x Vp be the following discrete approximation of (87), i.e.,

ay, (Ve ) + b, wi) :/QTh,uHedx for all uy € Ag,

b(Yy,vo) :/Qevodx for all vg € V.
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Using Theorem 3 and (86) we obtain the following error estimate
7= %lla +lIwo —willy < C(h+H) Wl < C(h+H)|elloq- (88)

From the definitions of the second-level local solvers T and Ty, the following Galerkin or-
thogonality property holds

/AV TA)-V(Tigy)dx = — (A, Tyyy) aK—/AV TA)-V(Tipy)dx,  (89)

similarly, from the local solvers T and Th, we get
J AV VW) = (7 T = [ AVED -V Tig)dx. ©0)

Then, using (87) we arrive at

llellg.0 = (u—un,e)
(o —ug+TA —Thdu,e) o+ (Tf—Tif,e)
b(Yy,u0 —ulb) + (TA —TAu,e) 5+ (Thy — Tyduy +Tf — T fe) »
b(Yygyuo —ug) +a(A — A, Y) +b(A — Ay, wo) + (TAy — Ty + T f — T fe)
b(Yigsuo —ug) +a(A = A, V) + (T = Tidu +Tf =T f ) »
) (1)

(
(

where we used b(A — Ag,wp) = 0. Let us estimate (I). Since ¥y € Ag, from (23) and (32),
and Cauchy-Schwarz’s inequality it holds

b(Yygouo —ug) +a(A — Ay, y) = —a(¥y, A) + an(Yg Au) — Y. Tf = T f o +a(A — An,7)
=a(y— Yy, A — M) +an(y, M) — a(Vig, M) — (Y, Tf =T f) o o
<Clly=vullalld = Al + (V(T = T) Ay + V(T = Tp)) fLAVT yy) 2 ,

(1) (12)

where we used (20)-(21) and symmetry of a(-,-) and ay(+,-) in the last inequality. The first
term (/1) is bounded using (88) and Theorem 3 as follows

1Y =YullallX =2Aula <C(h+H)lelloellA —Aula <C (hk+2+Hm> [ullis2,2 llello.q -
oD
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Next, using (89)-(90), Cauchy-Schwarz inequality and the stability of 7" and 7, in (35),
term (I2) reads

(V(T =T + V(T =) fLAVT V) 2
SAV(T =T)A+AV(T = T1) f.V(T ~T)Yy) 2 + (AV(T = T) (A — 1), V(T = T;)) Yyy)
SC(HV(T*Th)l+V(f*fh)fHo,gz+I\V(T*Th)(/ly Moo ) V(T = Ti) .
C(IN(T = T2+ V(= Ti) fllo.o + 114 = AlLa ) IV(T = Tyl
C (IV(T = T)A+ V(T = Ti) fllo,o + 125 = 2l1a ) (IV(T = T3) s = Pllo.00 + IV (T = )7l )
)
)

(
(I =7l +19(T = T)¥ll0.)
(

/—\/—\/-\/—\

C IV =T+ V(T ~Ti)fllo.co + 1Az = Al
<C(IV(T=T)A+V(T ~ 1) I =Yla + IV (T = T)y+ V(T = Ti)ello.n
+V(F = Tello. ).

Now, (34) and (86) give
IV((T~ Ty + (T = T)e) .50 < Chlwly o < Chllelln.o ©2)
In addition, standard Galerkin error estimates over each K € & and (82) lead to
V(T —T})ello,»» < Ch|Te|r » < Chle|o.q- 93)
Thus, thanks to (34), Theorem 3, (88), (92), and (93) we get the following bound for (/2)
(VT = T)a + V(T = Ti) f.AVT 1) o < C (K +H Yl 0,00 ((h+ H) el + B elo.0 )
< C (W21 H ) ullgy,0 lelloo
We next bound (/7). Using (83) and the stability of T and 7}, given in (35), we get
(T = T1) (A = A)llo.@ < CRIV((T = Ti) (At = 2)) llo, 0 < ChllAg = Alla, (94
and similarly using (83) we get the bound

(T =T)A+ (T =T) fllog < CRIVUT = T)A + (T =5))llo. 93)
< CH2TA+T fllks2,2
< CH ™ |uljjyn. 2 -

So, (94), (95), and Theorem 3 give

(TAu — Ty +Tf = Tof€) 5 < I TAu = Thdu +Tf =T fllo.cllello.e
< (1T =) = Vlo@ + (T = T)A+ (= F)flloe ) lello.o
< Ch(12n = Al + B o, ) lellog
<Ch(((H*1 1) Jullesn, o+ B ullsn, ) lello.o

<C (H‘“r2 +hk+2) luller2,2 llello.q -
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Finally, the desired result (84) follows gathering all previous estimates and adding up (/)
and (I1). O

In all the results proven so far, the diameter of the elements K € & does not need to
tend to zero to obtain optimal order error estimates. On the other hand, in the proof of the
last result the convexity of the elements K was necessary. If the hypothesis of convexity is
relaxed a similar result can be proven, now under the assumption that the elements K do
shrink in size, and the boundness of the Poincaré constant holds in the sense of [36]. This is
stated in the next result.

Theorem 6 Assume that Q is convex. Then, there exists C > 0, independent of h, H and 7,
such that

= willog < € (W1 HE) lull, - (%)

Proof First, observe that the convexity of K € & is employed in the proof of Theorem 5 to
obtain the estimates (93), (94) and (95). Thereby, we can avoid such an assumption and still
derive a similar estimate by using Assumption (AO) that gives (15).

To obtain an analogue of (93), we use that Te |k € Lé(K ) and (21), and we get the
following bound

IVTe||§ 5 < CllA2VTe|§ 5
=C(AVTe,VTe)»
= C(e7 Te)@

<C Y llelloxllTellox
KeZ?

<C Y HillelokVTellox
Kez
<CH |lelloo ||VTe|

0,225
where we used the generalised Poincaré inequality (15), and then
IVTello,r < CH |lello.2 -
Following analogous steps, we get
[VTiello,o < CH |lello, »
and, thus, from the triangle inequality it holds
IV(T ~Th)ello.2» < CH |le]lo, - o7

Proceeding in a very similar manner, we derive the following estimates mimicking (94)

and (95)

(T =T0) (A = A)llo.0 < CH || A = Alla (98)

and
(T = T)A + (T = Ti) fllo.o < CHA R |ulleso, - (99)
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Thus, following otherwise the same steps as in the proof of the last theorem, we arrive that

(VT =T + V(=T [ AVT 1) <C (W 4 Bl 0,00 (ot H o+ ) |l

0,2

< (B + B ) ulln, 0 el

and
(T =Tk + Tf = Tif€) 5 < CH (K 4 H™ ) s, el

Thus, reproducing the exact same steps of the proof of Theorem 5, we get
lelf @ < ot (! + 1) ullaz 5 llelloe

and the proof is finished dividing by ||e]jo.o. O

Remark 9 We finish this section by summarizing in Table 1 the approximation error for the
primal () and dual (o) variables in the L*(Q), V, and H(div, 7,) norms, when convex and
non-convex elements are used.

Convex K Non-Convex K
k>0 llewllo,o lleully lesllan, 7, lleullo.c llewlly leslan, z,
Py (F) X Pry 1 (T) HK2 HH HF AHM HHT
IPIH»I (F) % Pk+l (T) hk+2 +Hk+3 hk+l +Hk+2 hk +Hk+l jf(hk+l +Hk+2) hk+l +Hk+2 hk +Hk+l

Table 1 Error estimates for e, := u — u,, in the L?(€2) and V norms, and e, := ¢ — &, in H(div, 7,) norm
for a partition 7 built up on convex and non-convex elements K € &.

In view of Table 1, special attention on sub-mesh refinement must be made in the
Prs1 (F) x Pri1 (%) case so as not to “pollute” first-level convergences. Also, observe that
rates are similar to the ones reported in [10, Table 1]. Interestingly, in the present approach
there is no need to post-process the variables, nor to add additional stabilising terms to the
formulation in order to prove these orders of convergence. a

5 Numerical validation

In this section, we present three sets of numerical experiments illustrating the performance
of the MHM method proposed in this work. The goal of the first one is to check the results
given by the error analysis using a smooth analytical solution, while the second deals with
the robustness of the MHM method when physical coefficients embed high contrast and
oscillatory behavior. The exact solution is not available in the third case, which aims at
verifying the accuracy of the method when applied to a problem with a highly contrasting
coefficient.

Since for most of the results the diameter of the elements K € & does not need to de-
crease in order to have a converging method, we shall distinguish two kinds of convergences,
namely,

—  — 0: the mesh-based convergence;
— H — 0 with 77 fixed: the space-based convergence.

Second-level meshes are made of triangles that respect the requirement for the well-
posedness of the MHM method. Their diameter % tends to zero in both mesh-based and
space-based convergence validations.
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5.1 An analytical smooth solution

We take Q to be the unit square and set the coefficient A as the identity matrix. We prescribe
homogeneous Dirichlet boundary conditions and the right-hand side in such a way that the
exact solution of (1) is given by

u(x,y) = sin(27mx) sin(2xy) .

We validate the error estimates using two distinct meshes, namely, conforming quadri-
lateral meshes and meshes where the elements are L-shaped. We first study the performance
of the pair Py (F) X Pr41 (%) with k € {0,1,2,3}. For the mesh-based convergence we use
H = J¢, this is, we consider F = E and do not divide the edges of the partitions any further
(the sub-element meshes are the minimal triangulations allowed by the stability results pre-
sented in Section 3). The results for quadrilateral elements and k = 0 and k = 3 are depicted
in Figure 2, where we can observe that all the errors tend to zero as predicted by the results
in Section 4.

error

10-8 F

|[u-tpllo —+—

[[u-tpllo —+—
10 [lu-uplly == 4 09| [lu-plly == |
|‘U‘0h|£div ||U‘(7h|£div
105 0(H?) ] 0 O(H)
O(HY) 07 O(HY)
O(H) —— o) ——
10—5 1 1 1011 1
102 101 10
H H

Fig. 2 The mesh-based convergence history on quadrilateral elements for k = 0 (left) and k = 3 (right).

The same test, still using quadrilateral meshes, is repeated for k = 1 and k = 2 in Fig-
ure 3. In that figure we also report the results obtained for the space-based strategy. For
this we fix the coarse mesh to have 16 squares and then the edges get refined in a struc-
tured way, with the implied refinement in the subelement-meshes th . Interestingly, Figure
3 shows an (unexpected) extra O(H 1/ 2 in the convergence rate when the space-based ap-
proach is adopted. In fact, we observe a gain of one order of magnitude in accuracy between
the space-based and mesh-based strategies. Other numerical experiments show the same
behaviour, but the proof of this fact is lacking. We next perform the same study with non-
convex L-shaped element meshes using k = 2.
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10°

10»1 L

109 !

mesh-based ||u-up|lg —+—
mesh-based ||u-up|ly == ]
space-based ||u-up|lo —¥—
space-based ||u-up|ly —E—
0(H) 1

10?
H

error

10-2 L

10-4 L

106

108 |

10-10

mesh-based ||u-up|lo —+—

mesh-based ||u-up|ly —¥—

space-based [|u-up|lp —¥—

space-based ||u-up|ly —E—
O(H3)

102
H

Fig. 3 Comparison between mesh-based and space-based convergences on quadrilateral elements for k = 1
(left) and k = 2 (right) in the L? and V norms.

Figure 4 shows the isolines of the primal and dual variables for the L-shaped case. As
predicted by the theory, all the errors tend to zero with optimal rates for the mesh-based
strategy. The errors for the space-based strategy tend to zero with a H 3 extra rate (see
Figure 5, left), which is especially noticeable when the results are depicted with respect
to the degrees of freedom, as done in the right-hand side of Figure 5.

Fig. 4 Sequence of two refined L-shaped meshes and isolines of u, (left) and |0 | (right).
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error
error

108 mesh-based ||u-up|[g —+—
mesh-based [[u-up|ly —%—
109 space-based |[u-uy||o 4 109+ ]
space-based ||u-up|ly
10110 0(H3) 1 1010 - mesh-based ||u-up|[o —+— 4
oH?Y) —— mesh-based ||u-up|ly —¥—
101+ OHY — 1 101 F space-based |[u-up|[o 1
oHZ) —— space-based ||u-up|ly
1012 | L 1012 L L !
102 101 10° 10¢ 10°
H Dof

Fig. 5 Comparison between mesh-based and space-based convergences on L-shaped elements for k = 2 in
the L2 and V norms with respect to H (left) and the DoF (right).

101 . 102 :

error
error

10° Mesh-based ||u-up|l —+— 7 5 mesh-based ||u-up|lo —+—
mesh-based [[u-up|ly —%— 10 mesh-based [Ju-up|ly —%— 3
space-based |[u-up||o ] space-based |[u-up||o

106

space-based ||u-up|ly 108 space-based ||u-up||y B
o) o
107 OH) —— 4 93 OH) —— ]
oY) — 1 o) —
O(H?) 0(Ho?)
10°% L 1010 |
101 101
H H

Fig. 6 Comparison between mesh-based and space-based convergences on quadrangular (left) and L-shaped
elements (right) using the Py 1 (F) x Pty (%) element with k = 1 in the L?(Q) and H' (£?) norms.

Now, we address the case Py 1(F) x Py 1 (%) with k = 1, again using both quadrilateral
and L-shaped meshes. The results are depicted in Figure 6 where, again, we can observe that
the errors tend to zero with rates according to the results in Section 4. In particular, the error
for u,;, in the H'(%?)-norm tends to zero as H> while the error in the L*(£2)-norm shows an
H* convergence rate. Also, once again, the space-based approach shows a faster convergence
rate than the mesh-based one. More precisely, the errors [lu—u,[; 4 and [lu—uw,|, o tend

. . 7 9 . . .
to zero with rates given by H2 and H2, respectively. According to the theory presented in
the last section, the convergence order is related to HHL 4 B S0, in order to obtain the
convergence orders reported in the present results, /# needs to be small enough with respect
to H.
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5.2 A high-contrast oscillatory coefficient case

This test case highlights the robustness of the MHM method when physical coefficients
embed high contrast and oscillatory behaviour. It is well-known that the standard Galerkin
method relying on piecewise polynomial confirming spaces lacks accuracy if the number of
degrees of freedom per wavelength is not sufficient to account for fine scales, a phenomenon
known as pollution. We verify numerically that pollution drastically diminishes by using the
MHM method.

We take 2 = (0,1)? and set the following high-contrast oscillatory problem

~V-(AVu) =0 inQ,
u(0,y)=1 and u(l,y)=0, (100)
AVu(x,0)-n=0 and AVu(x,1)-n=0,

where A = K, (x)k, () I, where I stands for the identity matrix, and
-1
k() = (o = By (r =) sin(r0))
5 -1
50) = (o —Bily—2?)cos(my)) -
The exact solution of (100) is given by
u(x,y) =
where
_ B , B, 2
G(x) = oyx+ = (2x— 1) sin(yx) + 5 (2~ ylz(x —x) ) cos(y;x).
h n

We set a; = 0.25, B; =0.999, ¥, = 5.2 7, and study low and high frequency cases. This
is, we set ¥, = 11.2 7 and y; = 89.6 7, respectively. We illustrate the numerical solutions in
such regimes in Figure 7.

Fig. 7 Elevation of fine MHM’s solutions under low-frequency (left) and high-frequency (right) regimes.
Here E = F and we use the P;(F) x P(%) element in a first-level mesh with 256 quadrilateral elements,
wherein each coarse element is partitioned into 12,600 triangular elements.
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We consider the P} (F) x P;(T) element on first-level quadrilateral meshes. First, we
address the low-frequency case and verify that the high-contrast ratio of the diffusion co-
efficient does not impact the theoretical convergence of the MHM method. Indeed, Figure
8 shows that the method achieves the same super-convergence behaviors like the ones seen
in the previous case. Also, the space-based approach still presents the (unexpected) extra
1/2 rate of convergence in the L?(€2)- and V-norms, showing the robustness of the MHM
method in terms of the high contrast of the coefficients.

mesh-based ||u-uy|lp —+—
mesh-based ||u-uy|ly —%— ]
space-based ||u-uy||o
space-based ||u-uy|ly 7
2 10 mesh-based [|u-uylo —+—

0ok 01H§’2) —_— of mesh-based ||u-uylly —¥—
0(H7)Z — 3 10 space-based |u-uy|o 1

| OH"?) —— 109 | | space-based [lu-unlly
107 101 102 103 10 10°

H DoF

Fig. 8 Comparison between mesh-based and space-based convergences on quadrilateral elements using
PPy (F) x P,(%) element for the low-frequency case. Errors are measured in L?(£2)- and V-norms with re-
spect to H (left) and DoF (right).

As for the high-frequency case, we compare the solution of the MHM method with the
one obtained from the standard Galerkin method using the bi-quadratic interpolation space.
The numerical pollution observed from the Galerkin’s solution is almost entirely eliminated
by the MHM method using the mesh-based strategy and fully overcome using the space-
based approach (see Figure 9 for the error in the L?(£)-norm and Figure 10 in the V-norm).
Again, the space-based approach outperforms the mesh-based one. In fact, the total number
of (global) degrees of freedom needed to achieve a given error threshold is around one
hundred times less in the space-based case.
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101 L

il / —"
103 /
é 1041 g 104
o o
105 E 105
Galerkin [|u-uyllp —+—
10 mesh-based ||u-uyllp =% 106 £ 4
space-based ||u-uy||o Galerkin [|u-uyllp —+—
O(H?) mesh-based [[u-ugllg —¥—
0k | O(H?) i 107k | | space-based |[u-uyly
102 10t 10° 102 103 10 10°
H DoF

Fig. 9 Comparison between Galerkin and MHM’s solution using the space-based approach on quadrilateral
with the P; (F) x P,(%) element for the high-frequency case. The errors are measured in the L?(£2)-norm
with respect to H (left) and DoF (right).

100 p 100k
+ + ] L + +
// — —
/ E 107 £
o o
102+
Galerkin ||u-uy|ly —+—
103% mesh-based [|u-ugly =% | 103k ]
space-based ||u-uy|lv Galerkin ||u-uy|ly —+—
! mesh-based |[u-ug|ly —¥—
) ) O(H2) ) | space-based [lu-uyly
102 10t 10° 102 103 10 10°
H DoF

Fig. 10 Comparison between Galerkin and MHM’s solution using the space-based approach on quadrilateral
with the Py (F) x P,(%) element for the high-frequency case. The errors are measured in the V-norm with
respect to H (left) and DoF (right).

5.3 Heterogeneous media cases

The domain corresponds to a unit square with 3 X 3 or 9 x 9 square inclusions in which
the diffusion has different values. In Figure 11 we depict the case with 3 inclusions in each
direction. The diffusion matrix is given by A = kI with k = 1 in the blue region and k = 10°
in the green one, where [ stands for the identity matrix. Homogeneous Dirichlet conditions
are prescribed in the whole boundary, and f = 1 in Q2.

Since the analytical solution is not known, we have computed a reference solution on a
highly refined grid containing 524,288 triangular elements, and the approximate solution is
computed using quadratic elements (the global linear system has approximately one million
degrees of freedom). For the MHM method we have partitioned the domain using a mesh of
32 L-shaped elements and have used the P, (F) x P, (%) element. The linear system solved
by the MHM method has 624 unknowns, while each basis function has been computed
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e 1

Fig. 11 Sketch of the heterogeneous diffusive media with 3 x 3 inclusions. Here r,, = %, Fox = %, L=
and the diffusive coefficient is k& = 1 (blue) and x = 10° (green).

W=

solving an off-line local problem on a sub-element mesh of approximately 3,000 triangular
elements. In Figure 12 we depict a basis function resulting from this process, where we can
observe the influence of the physical coefficient on the shape of the function. It is interesting
to notice that the elements do not follow the jump in the diffusion coefficient.

Fig. 12 A multiscale basis function associated with a degree of freedom (black dot) on a L-shaped mesh with
the P, (F) x IP,(%) element. We observe the influence of the high-contrast coefficients on the basis function.

For further comparison, we also compare the MHM solution to the solution of the
Galerkin method in a mesh containing 512 quadratic elements (3,283 degrees of freedom).
In the case in which there are 3 inclusions in each direction, we see in Figure 13 that
the MHM'’s solution reproduces the reference solution very accurately while the Galerkin
method fails to do so. This is especially noticeable in the cross-sections shown in Figure 13.
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Fig. 13 The 3 x 3 inclusion test case: Comparison between the reference solution (top left) and the Galerkin’s
solution on a conforming triangular mesh with DoF = 3,283 (top right) and the MHM’s solution (bottom left)
on a non-conforming L-shaped mesh with DoF = 624. Cross sections at x = 0.25 and x = 0.5 (bottom right)
are shown illustrating the lack of accuracy of the Galerkin method compared to the MHM solution.

Fig. 14 The 9 x 9 inclusions test case. Elevation of the reference solution (left) and the MHM’s solution
obtained on a 32 L-shaped element mesh (right) with DoF = 624.
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Fig. 15 The 9 x 9 inclusion test case: Comparison between the reference solution (top left) and the Galerkin
solution on a conform triangular mesh with DoF = 3,283 (top right), and the MHM solution (bottom left)
on a non-conforming L-shaped mesh with DoF = 624. Cross sections at x = 0.25 and x = 0.5 (bottom right)
show that the MHM method improves the accuracy when compared to the Galerkin method with polynomial
basis functions.

We next address the case in which there are 9 inclusions in each direction. In Figure 14
we depict elevations of the reference and MHM solutions. We can observe that the use of
the multiscale functions makes it possible to give an accurate approximation of the reference
solution using a small number of degrees of freedom on the online phase. A finer comparison
is shown in Figure 15 where isolines of the solution (along with the computation mesh for
the Galerkin and MHM methods), and cross sections are depicted. We can observe, once
again, the gain obtained when using multiscale functions, when compared to the standard
Galerkin method.

6 Conclusion

In this work we have extended the MHM method to general polygonal meshes. Stability and
optimal convergence has been proven even when the polynomial degree used to approximate
the fluxes is the same as the one used to approximate the primal variable, and when the
discrete space for the Lagrange multiplier is formed by discontinuous polynomials. Two
converging scenarios appear. In the mesh-based approach, the polygonal mesh gets refined
while keeping the same sub-partitions of the skeleton, and of the elements. Meanwhile, in
the space-based approach the coarse mesh is fixed at the beginning of the calculation while
the sub-partitions of the skeleton and the sub-element meshes get refined. Our numerical
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experiments show that the latter approach leads to a faster convergence than the former. A
formal proof of this fact is lacking, but this helps to understand the reasons why the method,
supplied with an edge refinement strategy, has given satisfactory results in the past (see, e.g.,
[27D).

The numerical results show a very robust behaviour of the method, even in a case with
high contrast. On the other hand, a more refined error analysis of this situation is needed,
along with the full error analysis for the three-dimensional case. Also, more intensive, three-
dimensional numerical validation is needed, including the possibility of using elements that
are not simply connected (possibility allowed by the theory, but that we have not tested so
far). This last case would be very attractive to treat cases such as PDEs posed on perforated,
non-periodic, domains. These issues will be the subject of future research.

Appendix
Lemma 4 Let k > 0, and let us define the following space

X = {q € H(0,1): q|(0ﬁ0_5) €P;,,(0,0.5) and q‘(045,1) €l (0.5, 1)} .

Then, if U satisfies
1
ueP(0,1)and / U(x)gx)dx=0 forallqe 2, (101)
0
then p=0in [0,1].
Proof The case k = 0 will be treated first. For k = 0 let

(x) = X ifx<0.5
I = V1 -xifx>05 "

Then, g € Z. Thus, if u € R\ {0}, then

1 1
| nawx=p [ qax=% 2o,

which contradicts the hypothesis.
Now, let k > 1, and let u € P, (0, 1) satisfying (101). Let ¢,,¢, € 2" be defined by

_ [x(0.5-x)ifx<0.5 f0 ifx<0.5
‘“(’C)_{o ifx>05 ‘h(")_{(x—o.s)(l—x)ifx>0.5' (102)

1 05
/ u(x)q (x)dx = / L(x)x(0.5—x)dx=0, (103)
0 0

and ¢, (x) > 0in (0,0.5), then pu changes sign in (0,0.5), which implies that u has at least
one root x; € (0,0.5). Analogously, since

1 o1
/,u(x)qz(x)dx:/ 1(x)(x—0.5)(1—x)dx =0, (104)
0 0.5
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then u has also a root x, € (0.5,1). So, if k = 1, then u € P, (0,1) has two roots in (0,1),
and thus it needs to be identically zero. If £ > 2, we define the following functions in 2"

g3(x) =q(x)(x—x;) and  g4(x) =g (x)(x —x,). (105)

If 1 does not have any other root in (0,0.5), then, since u and g5 change signs at the exact
same points in (0,0.5), then

1 0.5
/0 U(x)gz(x)dx = A 1(x)gz(x)dx #0, (106)

which contradicts (101). In an analogous way, using the function g,, we deduce the existence
of a fourth root x, € (0.5,1). If k = 3, then u is a quadratic polynomial with four distinct
roots in (0, 1), and then it needs to be identically zero.

For k£ > 3, following completely analogous steps to the ones just described, we deduce
that 1 needs to vanish at, at least, 2(k + 1) — 2 different points in (0, 1), which, for a poly-
nomial u € P, (0, 1), is impossible unless y = 0. This finishes the proof. O

The following result extends the previous result to the P, (F) x P, (%) case.

Lemma S Let k > 0. Then, if U satisfies
1
ueP,(0,1)and / u(x)g(x)dx=0 forallqe 2, (107)
Jo
then u =0 in [0, 1], where the space X is defined as:
- Fork=0:
2 ={q € Hy(0,1) : the restriction of qto (0,1/4),(1/4,1/2),(1/2,3/4),and (3/4,1) belongs to P, } .
- Fork=1:
Z={qe HZ(0,1) : the restriction of qto (0,1/3),(1/3,2/3),and (2/3,1) belongs to Py} .

- Fork >2:

2 ={g e H}(0.1) :4l(p05) € Pt (0,0.5) and g5y € Py (05,1) )

Proof We split the proof in the three cases described above:
k=0:Let u € P,(0,1) satisfying (101), and let £,,¢, € 2" be defined as follows:

x ifx <0.25 0 ifx<0.5
0(x)={ 025-xif025<x<05 , f(x)={ x—0.5if0.5<x<0.75 . (108)
0 if0.5<x 1—x if0.75<x

Since u satisfies (101) then
1 0.5
| a@a@ar= [ u@ewdx=o. (109)
0 0

which implies that p has a root in (0,0.5) since ¢, is positive in that interval. Analogously,
since

1 1
//.L(x)fz(x)dx:/ ()l (x)dx =0, (110)
0 0.5
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and /, is positive in (0.5, 1), we deduce that p has a root also in (0.5,1). Since u € P, (0, 1)
and has two different roots in (0, 1), then it is identically zero.
k=1:Let u € P,(0,1) satisfying (101), and let 5,¢,,¢5 € 2 be defined as follows:

_ fx(1/3-x)ifx<1/3 [ (x=1/3)(2/3-x)if1/3<x<2/3
53(")_{0 if1/3<x 54(")_{0 else

0 ifx<2/3
ls(x) = { (x—2/3)(1—x)if2/3<x "

Since u satisfies (101) then

1 1/3
/ u(x)€3(x)dx:/ (x)x(1/3—x)dx =0, (111)
0 0

which, due to the positivity of ¢5 implies the existence of x; € (0,1/3) such that p(x,) = 0.
In a completely analogous way, we deduce there exist x, € (1/3,2/3) and x; € (2/3,1) such
that p1(x,) = i (x;) = 0. Thus, p must necessarily vanish.

k > 2 : From the proof of Lemma 4, any function u that satisfies (107) has at least 2k differ-
ent roots in (0, 1). Now, for k > 2, 2k > k+ 2, and thus, if u € Py (0,1) satisfies (107) it
will vanish at at least k4 2 different points in (0, 1), which implies that u is identically zero.
This finishes the proof. O
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