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Shopping cartCustomerDatabase

( ),

( ),

( ),
Ground set 𝑉 Utility function 𝐹!∗(⋅; 𝑉) Optimal subset 𝑆∗

Data Generation Process:

𝑆∗ = argmax
"∈$(

𝐹%∗(𝑆; 𝑉)
∼ 𝕡 𝑆, 𝑉 =: 𝛿!"!∗|$
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𝑆∗ = argmax
"∈$(

𝐹%∗(𝑆; 𝑉)

𝐹!∗ 𝑆; 𝑉 = ∑#"∈% 𝕀 𝑠& 𝑖𝑠 𝑚𝑎𝑙𝑒 − 𝕀 𝑠& 𝑖𝑠 𝑓𝑒𝑚𝑎𝑖𝑙

Compound selectionSet anomaly detection
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𝑆∗ = argmax
"∈$(

𝐹%∗(𝑆; 𝑉)

Goal: Learn a surrogate 𝐹% to approximate the oracle utility function 𝐹%∗ .  
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𝑆∗ = argmax
"∈$(

𝐹%∗(𝑆; 𝑉)

Goal: Learn a surrogate 𝐹% to approximate the oracle utility function 𝐹%∗ .  

( ),

( ),𝐹!

≈

Matching via empirical risk minimization

Setting 1, FV oracle: 

𝜃∗ = m𝑖𝑛
!
,
#

𝐿(𝐹! 𝑆#; 𝑉 ; 𝐹!∗ 𝑆#; 𝑉 )
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𝑆∗ = argmax
"∈$(

𝐹%∗(𝑆; 𝑉)

Goal: Learn a surrogate 𝐹% to approximate the oracle utility function 𝐹%∗ .  

Setting 1, FV oracle: 

𝐹!∗(𝑆)

𝜃∗ = m𝑖𝑛
!
,
#

𝐿(𝐹! 𝑆#; 𝑉 ; 𝐹!∗ 𝑆#; 𝑉 )

𝑆

purchase



Set Function Learning Function Value (FV) Oracle
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𝑆∗ = argmax
"∈$(

𝐹%∗(𝑆; 𝑉)

Goal: Learn a surrogate 𝐹% to approximate the oracle utility function 𝐹%∗ .  

Setting 1, FV oracle: 

𝜃∗ = m𝑖𝑛
!
,
#

𝐿(𝐹! 𝑆#; 𝑉 ; 𝐹!∗ 𝑆#; 𝑉 )

Curse of amounts of supervision signals
⇒ Training data in form of {(𝑆# , 𝐹!∗ 𝑆#; 𝑉 )} for each 𝑉
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𝑆∗ = argmax
"∈$(

𝐹%∗(𝑆; 𝑉)

Goal: Learn a surrogate 𝐹% to approximate the oracle utility function 𝐹%∗ .  

Setting 2, OS oracle: 

Ground set 𝑉 Optimal subset 𝑆∗

⇒ Training data in form of {(S∗, V)}

Directly predict

( ),𝐹!
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argmax
%

𝔼ℙ "∗,: [log 𝑝% 𝑆∗ 𝑉 ]

𝑠. 𝑡. 𝑝% 𝑆 𝑉 ∝ 𝐹% 𝑆; 𝑉 , ∀𝑆 ∈ 2:

Empirical distribution

Monotonically grows with the utility function 
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How to construct a proper set mass function 𝒑𝜽(𝑺|𝑽)?

argmax
%

𝔼ℙ "∗,: [log 𝑝% 𝑆∗ 𝑉 ]

𝑠. 𝑡. 𝑝% 𝑆 𝑉 ∝ 𝐹% 𝑆; 𝑉 , ∀𝑆 ∈ 2:

Empirical distribution

Monotonically grows with the utility function 
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Desiderata:

Permutation invariance

( ),𝐹! ( ),𝐹!=

argmax
%

𝔼ℙ "∗,: [log 𝑝% 𝑆∗ 𝑉 ]

𝑠. 𝑡. 𝑝% 𝑆 𝑉 ∝ 𝐹% 𝑆; 𝑉 , ∀𝑆 ∈ 2:
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argmax
%

𝔼ℙ "∗,: [log 𝑝% 𝑆∗ 𝑉 ]

𝑠. 𝑡. 𝑝% 𝑆 𝑉 ∝ 𝐹% 𝑆; 𝑉 , ∀𝑆 ∈ 2:

Desiderata:

Permutation invariance

( ),𝐹! ( ),𝐹!=

Varying ground set

( )𝐹! ; ( )𝐹! ;
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argmax
%

𝔼ℙ "∗,: [log 𝑝% 𝑆∗ 𝑉 ]

𝑠. 𝑡. 𝑝% 𝑆 𝑉 ∝ 𝐹% 𝑆; 𝑉 , ∀𝑆 ∈ 2:

Desiderata:

Permutation invariance

( ),𝐹! ( ),𝐹!=

Varying ground set

Differentiability; Minimum prior & Scalability

( )𝐹! ; ( )𝐹! ;
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argmax
%

𝔼ℙ "∗,: [log 𝑝% 𝑆∗ 𝑉 ]

𝑠. 𝑡. 𝑝% 𝑆 𝑉 ∝ 𝐹% 𝑆; 𝑉 , ∀𝑆 ∈ 2:

Probabilistic greedy model (PGM):

𝑝% 𝜋 𝑉 = ∏;<=
|"|?@ ABC(D5(E678∪"6)/H)

∑9∈(\<6 ABC(D5(E∪"6)/H)

𝑝% S 𝑉 = ∑J∈K= 𝑝%(𝜋|𝑉)

Permutation 𝜋 = {𝑠', 𝑠(, … , 𝑠|%|}

The first 𝑗 chosen elements: S* = {𝑠', 𝑠(, … , 𝑠*}
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argmax
%

𝔼ℙ "∗,: [log 𝑝% 𝑆∗ 𝑉 ]

𝑠. 𝑡. 𝑝% 𝑆 𝑉 ∝ 𝐹% 𝑆; 𝑉 , ∀𝑆 ∈ 2:

Probabilistic greedy model (PGM):

𝑝% 𝜋 𝑉 = ∏;<=
|"|?@ ABC(D5(E678∪"6)/H)

∑9∈(\<6 ABC(D5(E∪"6)/H)

𝑝% S 𝑉 = ∑J∈K= 𝑝%(𝜋|𝑉)

Permutation 𝜋 = {𝑠', 𝑠(, … , 𝑠|%|}

The first 𝑗 chosen elements: S* = {𝑠', 𝑠(, … , 𝑠*}

𝜃∗ = argmax
%

∑(:,"∗) log∑J∈K=∗ 𝑝%(𝜋|𝑉)

Log-likelihood: approximate with sampling

Training:
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Permutation 
Invariance

Varying 
Ground Set Differentiability Minimum Prior Scalability FV/OS Oracle 

DSF ✓ ✘ ✓ - - FV

PGM ✓ ✘ ✓ ✘ ✘ OS

EquiVSet (Ours) ✓ ✓ ✓ ✓ ✓ OS

Bilmes et al. DSF: Deep submodular functions. NIPS 2016
Tschiatschek et al. PGM: Differentiable submodular maximization. IJCAI 2017.

𝑝% 𝜋 𝑉 = ∏&"'
|!|() *+,(.+(/,-.∪!,)/3)

∑/∈0\2, *+,(.+(/∪!,)/3)

𝑝% S 𝑉 = ∑J∈K= 𝑝%(𝜋|𝑉)
PGM:

DSF:
𝐹%(𝑆; 𝑉) = ∑L 𝜌L(∑E∈" 𝜅L(𝑠))

Concave function 𝜌&: ℝ3 → ℝ3

Transform 𝜅&: 𝑉 → ℝ3
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p% S V =
exp(F%(S; V))

𝑍 Partition function 𝑍 ≔ ∑%⊆5 exp(𝐹!(𝑆; 𝑉))
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p% S V =
exp(F%(S; V))

𝑍 Partition function 𝑍 ≔ ∑%⊆5 exp(𝐹!(𝑆; 𝑉))

Energy-based modeling has maximum entropy

EBMs for Minimum Prior:
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p% S V =
exp(F%(S; V))

𝑍 Partition function 𝑍 ≔ ∑%⊆5 exp(𝐹!(𝑆; 𝑉))

DeepSet for Permutation Invariance:

𝑠'
𝑠6

𝜅
𝜅(𝑠!)

𝜅(𝑠") 𝑍

𝜌 𝐹!(𝑆; 𝑉)

𝑠 ∈ ℝ5 ℝ5×7 ℝ7 ℝ

Input Output

Transform Aggregate Transform

Zaheer Kottur, Ravanbakhsh, Poczos, Salakhutdinov and Smola. Deep sets. NIPS 2017.
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p% S V =
exp(F%(S; V))

𝑍 Partition function 𝑍 ≔ ∑%⊆5 exp(𝐹!(𝑆; 𝑉))

Training Discrete EBMs:

Contrastive Divergence ⇒ Hard to converge
Score Matching ⇒ NonDifferentiable
Ratio Matching ⇒ Unstable

Separate training and inference procedure



Approximate MLE
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p% S V =
exp(F%(S; V))

𝑍 Partition function 𝑍 ≔ ∑%⊆5 exp(𝐹!(𝑆; 𝑉))

Marginal-based Loss:

Domke J. Learning graphical model parameters with approximate marginal inference. PAMI 2013.
.

Cohesive training and inference procedure

𝜓∗ = argmax
M

D(𝑞(𝑆; 𝜓)‖𝑝%(𝑆))

𝐿 𝜃; 𝜓∗ = ∑L<@N [−∑O∈"O∗ log𝜓O
∗ − ∑O∈:O\QO∗ log(1 − 𝜓O

∗)]

𝜓 ∈ 0,1 |5|: odds that 𝑠 ∈ 𝑉 shall be selected in the OS 𝑆∗



Approximate MLE
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p% S V =
exp(F%(S; V))

𝑍 Partition function 𝑍 ≔ ∑%⊆5 exp(𝐹!(𝑆; 𝑉))

Marginal-based Loss:

𝜓∗ = argmax
M

D(𝑞(𝑆; 𝜓)‖𝑝%(𝑆))

𝐿 𝜃; 𝜓∗ = ∑L<@N [−∑O∈"O∗ log𝜓O
∗ − ∑O∈:O\QO∗ log(1 − 𝜓O

∗)]

𝜓 ∈ 0,1 |5|: odds that 𝑠 ∈ 𝑉 shall be selected in the OS 𝑆∗

Require 𝜓∗ is differentiable w.r.t. 𝜃



Differentiable MFVI
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min
M
𝕂𝕃(𝑞(𝑆; 𝜓)‖𝑝%(𝑆))

⇔ max
M

𝑓RS
D5 𝜓 +ℍ 𝑞 𝑆;𝜓 =: ELBO

Variational distribution 𝑞 𝑆; 𝜓 = ∏&∈%𝜓&∏*∉%(1 − 𝜓*) , 𝜓 ∈ 0,1 |5|

multilinear extension 𝑓89
:# 𝜓 ≔ ∑%⊆5 𝐹!(𝑆)∏&∈%𝜓&∏*∉%(1 − 𝜓*)



Differentiable MFVI
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RNN-like fixed-point iteration:

𝜓(=) ← Initialize in 0,1 |:|

𝜓%
(T) ← 1 + exp −∇M UV8 𝑓RS

D5 𝜓 T?@
?@

𝜓%∗ ← 𝜓%
(U)

MFVI(𝜓(=), 𝑉, 𝐾)

min
M
𝕂𝕃(𝑞(𝑆; 𝜓)‖𝑝%(𝑆))

⇔ max
M

𝑓RS
D5 𝜓 +ℍ 𝑞 𝑆;𝜓 =: ELBO

Variational distribution 𝑞 𝑆; 𝜓 = ∏&∈%𝜓&∏*∉%(1 − 𝜓*) , 𝜓 ∈ 0,1 |5|

multilinear extension 𝑓89
:# 𝜓 ≔ ∑%⊆5 𝐹!(𝑆)∏&∈%𝜓&∏*∉%(1 − 𝜓*)

𝜓%
∗ = MFVI 𝜓(=), 𝑉, 𝐾 is differentiable w.r.t. 𝜃
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𝐿 𝜃; 𝜓∗ = ∑L<@N [−∑O∈"O∗ log𝜓O
∗ − ∑O∈:O\QO∗ log(1 − 𝜓O

∗)]

Algorithm DiffMF(𝑉, 𝑆∗):

Initialize variational parameter 𝜓

𝜓(") ← 0.5 ∗ 𝟏

Compute the variational marginals

𝜓∗ ← MFVI(𝜓 " , 𝑉, 𝐾)

Update parameter 𝜃

𝜃 ← 𝜃 − 𝜂∇%𝐿(𝜃; 𝜓∗)



Differentiable MFVI
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𝐿 𝜃; 𝜓∗ = ∑L<@N [−∑O∈"O∗ log𝜓O
∗ − ∑O∈:O\QO∗ log(1 − 𝜓O

∗)]

Training:
Initialize variational parameter 𝜓

𝜓(") ← 0.5 ∗ 𝟏

Compute the variational marginals

𝜓∗ ← MFVI(𝜓 " , 𝑉, 𝐾)

Update parameter 𝜃

𝜃 ← 𝜃 − 𝜂∇%𝐿(𝜃; 𝜓∗)

Inference:
𝑆 = topN(𝜓∗)

𝜓∗ = MFVI(𝜓 = , 𝑉, 𝐾)



Amortizing MFVI Open problems of DiffMF
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• Expensive computation complexity

• Discard interaction pattern

𝜓%
(T) ← 1 + exp −∇M UV8 𝑓RS

D5 𝜓 T?@
?@

expensive sampling loop per data point

𝑞 𝑆; 𝜓 = ∏L∈"𝜓L∏O∉"(1 − 𝜓O) , 𝜓 ∈ 0,1 |:|

Independent assumption



Amortizing MFVI Reduce computational complexity
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Approximate with neural networks:

𝜓%
(T) ← 1 + exp −∇M UV8 𝑓RS

D5 𝜓 T?@
?@

expensive sampling loop per data point

𝐿 = 𝕂𝕃(𝑞W(𝑆; 𝜓)‖𝑝%(𝑆))

= 𝑓RS
D5 𝜓 +ℍ 𝑞W 𝑆; 𝜓 + 𝑐𝑜𝑛𝑠𝑡

neural network 𝑞;: ℝ|5| → ℝ|5|

𝑞W(𝑆; 𝜓) should satisfy equivariant
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EquiNet(𝑉; 𝜙) with permutation equivariance

𝑠'
𝑠|5|

𝜅
𝜅(𝑠!)

𝜅(𝑠|$|)

Input Output
𝜓'
𝜓|5|𝜌

Zaheer Kottur, Ravanbakhsh, Poczos, Salakhutdinov and Smola. Deep sets. NIPS 2017.

𝜓%
(T) ← 1 + exp −∇M UV8 𝑓RS

D5 𝜓 T?@
?@

expensive sampling loop per data point
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Correlation-aware inference:

𝑞 𝑆; 𝜓 = ∏L∈"𝜓L∏O∉"(1 − 𝜓O) , 𝜓 ∈ 0,1 |:|

Independent assumption

𝑥)
𝑥8 ∼ 𝑁( 00 , 1 0.5

0.5 1 )
𝑦'
𝑦( ∼ 𝑐(𝑄' 𝑥' , 𝑄( 𝑥( )

𝑥'9<=># ∼ 𝐺𝑢𝑚𝑏𝑒𝑙
𝑥(9<=># ∼ 𝐵𝑒𝑡𝑎

Copula

𝑞 𝑠&, 𝑠', … , 𝑠|)| = c 𝑄& 𝑠& , 𝑄' 𝑠' , … , 𝑄|)| 𝑠|)| ∏*+&
|)| 𝑞*(𝑠*)

Copula density

Cumulative distribution function

Marginal distribution
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Induce Gaussian copula:

𝑞 𝑠@, 𝑠$, … , 𝑠|:| = c 𝑄@ 𝑠@ , 𝑄$ 𝑠$ , … , 𝑄|:| 𝑠|:| ∏L<@
|:| 𝑞L(𝑠L)

Apply Gaussian copula here

Sample an auxiliary noise

𝑔 ∼ 𝑁(0, Σ)

Apply element-wise Gaussian CDF

𝑢 = Φ,*-. / (𝑔)

Obtain binary sample

𝑠 = 𝕀(𝜓 ≤ 𝑢)

Covariance matrix ,
parameterized by neural network

Original logits of Bernoulli
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Algorithm EquiVSet(𝑉, 𝑆∗):

𝜃∗ = argmin
%

∑L<@N [−∑O∈"O∗ log𝜓O
∗ − ∑O∈:O\QO∗ log(1 − 𝜓O

∗)]

𝜙∗ = argmax
W

𝑓RS
D5 𝜓 +ℍ 𝑞W 𝑆; 𝜓 ≔ ELBO

𝜓∗ = MFVI(𝜓 ? , 𝑉, 𝐾)

Update parameter 𝜙
𝜙 ← 𝜙 + 𝜂∇0ELBO(𝜙)

Initialize variational parameter 
𝜓(") ← EquiNet(𝑉; 𝜙)

One step fixed point iteration
𝜓∗ ← MFVI(𝜓 " , 𝑉, 𝐾 = 1)

Update parameter 𝜃
𝜃 ← 𝜃 − 𝜂∇%𝐿(𝜃; 𝜓∗)

Optimize 𝜙

Optimize 𝜃

Mean-field
Iteration



Cooperative training
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EquiVSet is a cooperative training framework

𝜃∗ = argmin
%

∑L<@N [−∑O∈"O∗ log𝜓O
∗ − ∑O∈:O\QO∗ log(1 − 𝜓O

∗)]

0
1

1
0

1
0

1
0

0.4

0.6

0.6

0.4

0.7

0.3

0.5

0.5

0.2

0.8

0.9

0.1

0.8

0.2

0.7

0.3

EquiNet;(𝑉) MFVI!(𝜓 ? , 𝑉, 1)

Data 𝜓(%) 𝜓∗

𝑞' 𝑝! 𝕡

Initialization

Mean-field	Inference

Optimize 𝜙 Optimize 𝜃

Cross	Entropy



Application: Product Recommender 
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Ground set 𝑉 Optimal subset 𝑆∗

EquiVSet

Metric: MJC ≔ @
|𝒟y|

∑ :,"∗ ∈𝒟y
|"∗∩"|
|"∗∪"|



Application: Anomaly Detection 
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Application: Compound Selection 
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Compound 
database

Selected 
compounds

Compound 
database

Selected 
compounds

Lionta et al. Structure-based virtual screening for drug discovery: principles, applications and recent advances. Current Topics 
in Medicinal Chemistry, 2014.

EquiVSet



Application: Compound Selection 
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Compound 
database

Selected 
compounds



Thank you!


