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Abstract. A simple analytical equation for the snow albedo
as the function of snow grain size, soot concentration, and
soot mass absorption coefficient is presented. This simple
equation can be used in climate models to assess the influ-
ence of snow pollution on snow albedo. It is shown that the
squared logarithm of the albedo (in the visible) is directly
proportional to the soot concentration. A new method of the
determination of the soot mass absorption coefficient in snow
is proposed. The equations derived are applied to a dusty
snow layer as well.

1 Introduction

Snow cover and its spectral albedo are important factors in-
fluencing climate (Hansen and Nazarenko, 2004). Therefore,
it is of importance to understand in what way various snow
pollutants (e.g., soot, dust, algae) influence snow albedo
and, therefore, duration of snow cover. Corresponding stud-
ies have been performed by Warren and Wiscombe (1980),
Painter et al. (2001), Dozier and Painter (2004), Takeuchi
et al. (2006), Aoki et al. (2007), Hadley and Kirchstet-
ter (2012), and Warren (2013) among others. It was found
that pollutants considerably modify snow spectral reflectance
in the visible and near infrared (up to approximately the
wavelengthλ = 1µm). This is due to the fact that pure snow
belongs to the class of weakly absorbing and strongly multi-
ply light scattering turbid media in the visible and near IR.
Therefore, even small amounts of pollutants have a dras-
tic influence on spectral reflectance (especially in the vis-
ible). This is due to the enhancement of light absorption
by pollutants in response to their placement in a multi-
ple light scattering environment. For instance, Hadley and

Kirchstetter (2012) found 20 % decrease in snow albedo (at
λ = 0.412µm) for the soot concentrationc = 1.68µgg−1 at
the effective radius of snow grains of 55 µm and nadir illu-
mination of the snow layer; 10 % reduction in albedo was
observed atc = 0.45µgg−1 and 5 % atc = 0.11µgg−1. Pure
snow spectral albedo is close to unity and almost spectrally
neutral in the visible. With addition of soot, the albedo be-
comes less spectrally neutral (as compared to pristine snow)
with slight decrease in amount of reflected light towards
400 nm. The most pronounced decrease towards UV is ob-
served, if dust is added to the snow layer. Painter et al. (2007)
discovered that the reflectance of snow at 412 nm is reduced
by 50 % when dust withc = 0.37mgg−1 was deposited on
a snow layer. This is due to the fact that the imaginary part
of the dust refractive indexχ increases towards UV, which
is not the case for soot. The reflectance is also reduced due
to the presence of algae (e.g., light absorption at 0.4–0.6 µm
due to carotenoids and chlorophylls of snow algae). Takeuchi
et al. (2006) reported 25 % decrease in snow reflectance at
412 nm due to the presence of red snow algae (Chlamy-
domonascf. nivalis).

The task of this paper is to present and validate a new
model of dirty snow reflectance. It is based on the asymp-
totic radiative transfer theory valid for weakly absorbing op-
tically thick media. Multiple light scattering effects in dirty
snow are fully taken into account. In particular, the approx-
imate analytical equations for the global (e.g., albedo) and
local (e.g., extinction and absorption coefficients) snow op-
tical properties are presented. This enables the derivation of
direct analytical relationships between the snow reflectance
characteristics and snow microstructure parameters such as
the snow grain size and concentration of various pollutants
(soot, dust, algae). The case of a semi-infinite snow layer is
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1326 A. Kokhanovsky: Spectral reflectance of solar light from dirty snow

considered in detail. However, the model can be easily ex-
tended to the case of a finite snow layer as well as for the
cases when the solar light transmittance through a snowpack
is measured (Kokhanovsky, 2006). The model is presented in
Sect. 2. Section 3 is aimed at the validation of the model us-
ing the experimental measurements of Painter et al. (2007),
Brandt et al. (2011), and Hadley and Kirchstetter (2012).

2 Exponential approximation

The snow albedoA can be represented as series with re-
spect to the single scattering albedoω0 = 1− β, where
β = kabs/kext (kabs(ext) is snow absorption (extinction)
coefficient). Namely, it follows:

A =

∞∑
m=1

am (1− β)m (1)

with the normalization condition

∞∑
m=1

am = 1 (2)

due to the energy conservation law (A = 1 in the absence of
absorption processes). Herem can be interpreted as a scat-
tering event number. The expansion coefficientsam repre-
sent the strength of the contribution of them-order scattering
event to the snow albedo. Let us use the following expansion:

(1− β)m =

m∑
j=0

(−1)jDmjβ
j , (3)

whereDmj = m!/j !(m − j)!. The substitution of Eq. (3) in
Eq. (1) gives

A = 1− β〈m〉 +
β2

〈
m2

〉
2

−
β3

〈
m3

〉
6

≈ 〈exp(−βm)〉 , (4)

where〈
mk

〉
=

∞∑
m=1

ammk, (5)

〈exp(−βm)〉 =

∞∑
m=1

am exp(−βm) (6)

and we assumed thatm(m − 1) ≈ m2, m(m − 1)(m − 2) ≈

m3, . . . in the derivation of Eq. (4), which is a valid assump-
tion due to a large number of scattering eventsm in weakly
absorbing snow. The summation in Eq. (6) can be performed
analytically transferring to the continuous basis with respect
to the parameterm and using the results of the random walk
theory (Chandrasekhar, 1943):

a(m) =
√

p/πm−3/2exp(−p/m), (7)

where the parameterp depends on the process under study.
The integral

A =

∞∫
0

a(m)exp(−βm)dm (8)

can be evaluated analytically (Kokhanovsky, 2002):

A = exp(−2
√

pβ). (9)

The value ofp is found by taking into account that it follows
from the radiative transfer theory asβ → 0 (Kokhanovsky,
2006):

A = 1− 4

√
β

3(1− g)
, (10)

whereg is the average cosine of light scattering angle inside
the snow layer. Therefore, it follows:

p =
4

3(1− g)
(11)

and

A = exp(−α), (12)

where

α = 4

√
β

3(1− g)
. (13)

Equation (12) can be also used to find the plane albedo
r
(
µ0

)
and reflection functionR

(
µ0,µ,φ

)
(Kokhanovsky,

2006):

r
(
µ0

)
= AK(µ0) , (14)

R
(
µ0,µ,φ

)
= R0

(
µ,µ0,φ

)
Aν, (15)

whereK
(
µ0

)
=

3
7

(
1+ 2µ0

)
, ν = K

(
µ0

)
K (µ)R−1

0

(
µ0,µ,φ

)
µ0 is the cosine of the solar zenith angle,µ is the cosine of the
observation zenith angle, andφ is the relative azimuthal an-
gle. Simple parameterization for the functionR0

(
µ,µ0,φ

)
≡

R
(
µ,µ0,φ,ω0 = 1

)
was presented by Kokhanovsky (2006).

This function depends on the viewing geometry and the
shape of grains. Its dependence on the size of ice grains
can be ignored. The snow bidirectional reflection distribu-
tion function (BRDF) is proportional to the reflection func-
tion R

(
µ0,µ,φ

)
: BRDF= R

(
µ0,µ,φ

)
/π .

The next step in our derivation is to relate the parame-
ter α (or β,g, see Eq.13) with the size of snow grains and
parameters of impurities (concentration, size, etc.). We will
assume that snow consists of ice grains and other scatter-
ers (e.g., soot, dust, algae, etc.) suspended in air. The dense
media effects are ignored. Then the snow extinction coeffi-
cient kext, absorption coefficientkabs, scattering coefficient
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A. Kokhanovsky: Spectral reflectance of solar light from dirty snow 1327

ksca= kext− kabs, phase functionp(θ), and average cosine
of scattering angleg can be presented as

kext = kice
ext +

M∑
j=1

kext,j (16)

kabs= kice
abs+

M∑
j=1

kabs,j , (17)

ksca= kice
sca+

M∑
j=1

ksca,j , (18)

p(θ) =
kice

scap
ice(θ) +

∑M
j=1ksca,jpj (θ)

kice
sca+

∑M
j=1ksca,j

, (19)

g =
kice

scag
ice

+
∑M

j=1ksca,jgj

kice
sca+

∑M
j=1ksca,j

,

where “ice” means that the parameter corresponds to the
pure snow (no impurities, only ice phase) and the account
for M impurities is given in the second terms of corre-
sponding expressions. The probability of photon absorption
is calculated asβ = kabs/kext and the asymmetry parameter
g =

1
2

∫ π

0 p(θ)sinθ cosθdθ . All local optical characteristics
given above can be computed using the Mie theory for spher-
ical particles (Mie, 1908) or geometrical optics approaches
(van de Hulst, 1981; Liou, 2002; Kokhanovsky, 2006) for
particles of different shapes; also approximations, look-up-
tables, and parameterizations of results of exact calculations
are possible. The selected approximations are discussed be-
low.

The extinction and absorption coefficients of the pure ice
can be presented as

kice
ext = NCext, kice

abs= NCabs. (20)

HereCext andCabs are average extinction and absorption
cross sections of snow grains andN = ci/V is the number
concentration of snow grains (ci is their volumetric concen-
tration andV is the average volume of grains). It follows in
the framework of the geometrical optics approximation that
(Kokhanovsky, 2006)

Cext = 26, Cabs= ξγV (21)

for large (as compared to the wavelength) randomly oriented
ice grains of the arbitrary shape. The expression forCabspre-
sented here is valid in the case of weakly absorbing large
particles such as ice grains in the visible and near IR regions
of the electromagnetic spectrum (Kokhanovsky and Zege,
2004). Here6 is the average projection area of the particles
(6 = S/4 for convex particles, whereS is the average surface
area of the particles) andγ =

4πχi(λ)
λ

, χi is the imaginary part
of the ice refractive index at the wavelengthλ. The parameter
ξ depends on the shape of particles (being close to 1.28 for

ice spheres, Kokhanovsky and Zege, 2004) and the real part
of the ice refractive indexn. This parameter characterizes the
efficiency of absorption (EA) by a particle of a given shape
and refractive index and equals the ratioCabs/γV , which ap-
proaches 1 asn → 1 independently on the shape of scatterers
(van de Hulst, 1981). The dependence of EA on the size of
particles can be ignored in the visible and near IR regions of
the electromagnetic spectrum.

Let us introduce the effective grain size (EGS) as

aef =
3V

46
. (22)

The value ofaef coincides with the radius of particles in
the case of monodispersed spheres. One can then easily de-
rive for the probability of photon absorption

β = σγ aef, (23)

whereσ = 2ξ/3 (≈ 0.85 for spheres).
One derives for the parameterα (see Eq. 13) in the case of

the pure (no pollutants) snow:

α =
√

γ aefP, (24)

whereP = 4
√

σ/3(1− g). The parameterα and, therefore,
the grain sizeaef can be derived from the snow reflectance
measurements. However, for this the assumption on the value
of P must be made. The geometrical optics calculations for
the spherical particles giveP = 6.3. The true value ofP de-
pends on the type of snow (the shape of ice grains). It is dif-
ficult to calculate this quantity from the first principles due
to the irregular shape of snow grains. Therefore, it is impor-
tant to report both valuesP andaef in outputs of correspond-
ing retrieval algorithms. One can also introduce the optically
characteristic lengthaopt = P 2aef. This parameter can be di-
rectly derived from the reflectance measurements and less
influenced by the assumptions on the shape of particles. The
value ofaopt can be also used to find the spectral snow albedo
using the following simple approximation:

A(λ) = exp
{
−

√
γ (λ)aopt

}
. (25)

Let us consider the polluted snow now. We select soot as
a single pollutant. Then we may assume that light scattering
and extinction (but not absorption) in snow is dominated by
ice grains. The equation for the parameterβ must be modi-
fied as

β = βice+ βsoot. (26)

It follows (see Eq.23):

βice = σγ aef. (27)

Let us introduce the soot mass absorption coefficientε:

ksoot
abs = ερscs, (28)

www.the-cryosphere.net/7/1325/2013/ The Cryosphere, 7, 1325–1331, 2013



1328 A. Kokhanovsky: Spectral reflectance of solar light from dirty snow

whereρs is the soot density andcs is the volumetric con-
centration of soot. Taking into account thatkext = 1.5ci/aef
(Kokhanovsky, 2006), one derives

βs =
2cs

3ci
ερsaef. (29)

We will assume thatε ∼ λ−1 (as for Rayleigh scatterers) and,
therefore,ε (λ) = ε (λ0)λ0/λ. Taking into account the for-
mulae given below, we arrive at the following equation:

α (λ) =
√

(Biχi(λ) + Bsc)xef, (30)

where

Bi =
64ξ

9(1− g)
, Bs =

16ρiε (λ0)λ0

9π(1− g)
, c =

ρscs

ρici
, xef =

2πaef

λ
, (31)

andρi = 0.9167gcm−3 is the ice density. The functionα (λ)

given in Eq. (30) can be used to find the spectral snow spher-
ical albedoA(λ) = exp(−α (λ)), the plane albedor (λ) =

A(λ)K(µ0) and also the snow BRDF as discussed above. The
snow spectral absorptance5 (for the diffuse illumination
conditions) is calculated as

5 = 1− exp
[
−

√
(Biχi (λ) + Bsc)xef

]
. (32)

All these characteristics are determined by just five main
parameters: the size of particlesaef, the efficiency of light
absorption by nonspherical ice grainsξ , the average cosine
of scattering angleg, and the mass absorption coefficient and
the concentration of a pollutant.

3 Validation

The comparison of calculations according to Eqs. (14) and
(30) with experimental results for the plane albedo as pre-
sented by Hadley and Kirchstetter (2012) is given in Fig. 1.
The excellent agreement of theory with the experiment is
found assuming thatBi = 77.02 andBs = 22.15. These pa-
rameters were derived using the minimization procedure at
the largest concentration of pollutants ataef = 55µm (see
lower curve in Fig. 1a). Theoretical calculations for spher-
ical particles such as those created in the experiment by
Hadley and Kirchstetter (2012) result in (see Eq.31 at
ξ = 1.28, g = 0.884, Kokhanovsky and Zege, 2004)Bi =

78.47. It follows that theoretical and experimental values
of Bi are in a good agreement. The theoretical value ofBs
cannot be derived because the value ofε (λ0) for soot in
snow was not determined experimentally. The experimen-
tal value ofBs = 22.15 is consistent with the assumption
thatε (0.435µm) = 9.27gcm−2 (see Eq.31), which is plau-
sible for the laboratory experiment performed by Hadley and
Kirchstetter (2012). Summing up, we conclude that simple
equations presented here can indeed be used to simulate in-
fluence of snow pollution on albedo. Small deviations of ex-
perimental and theoretical results present in Fig. 1 could be
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Fig. 1. The spectral dependence of snow plane albedo at the nadir
illumination at various levels of snow pollution and effective radii
– (a) 55, (b) 65, and(c) 110 µm. The results of calculations at
Bi = 77.02 andBs = 22.15 are given by lines. The dependence of
χi(λ) was taken from Warren and Brandt (2008). Symbols repre-
sent laboratory measurements performed by Hadley and Kirchstet-
ter (2012) at concentrations 0, 0.1, 0.45, 0.86, and 1.68 µg g−1 (from
top to bottom, respectively).
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Figure 3. 

Fig. 2. The spectral dependence of snow spherical albedo atc =

2.5µgg−1 and aef = 55µm. The results of calculations are given
by broken lines. Solid lines represent experimental measurements
for artificial snow composed of nearly spherical ice crystals (Brandt
et al., 2011).

due to the variation of effective snow grain size for different
levels of pollution.

The results of comparisons of calculations and measure-
ments for yet another experiment with an artificial snow per-
formed by Brandt et al. (2011) are presented in Fig. 2 for the
case of spherical albedo. The exponential approximation for
the spherical albedo

A = exp
[
−

√
(Biχi (λ) + Bsc)xef

]
(33)

was used in calculations (withBi = 78.47,Bs = 14.76). The
value ofBi for large spherical ice grains was calculated as
described above. The dependence ofχi(λ) was taken from
Warren and Brandt (2008). The value ofBs was derived
from Eq. (31) assuming thatg = 0.884 (as for large spher-
ical ice grains) andε (0.55µm) = 6m2g−1 as measured by
Brand et al. (2011). It was assumed thatc = 0.25µgg−1 and
aef = 55µm (as in the experiment). Therefore, no fitting pro-
cedure was applied. It follows that Eq. (33) can indeed be
used to model both pure snow and dirty snow albedos. The
small deviations of theoretical curve for pure snow from
the measurements are due to the fact that (as mentioned by
Brandt et al., 2011) the value ofaef was somewhat larger in
case of pure snow. The disagreement of theory with the ex-
periment around 0.4 µm is most probably due to presence of
the small amount of brown absorber in the water supply used
to produce artificial snow (Brandt et al., 2011).

It should be emphasized that the value ofg in case of
irregularly shaped ice grains is close to 0.75 andξ = 1.84
(Kokhanovsky and Zege, 2004). Therefore, it is expected that
the value ofBs is somewhat smaller for snow composed of ir-
regular snow grains as compared to the case of spherical scat-
terers (even for the same soot mass absorption coefficients).
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Fig. 3. The spectral dependence of clean and dusty snow spherical
albedo atc = 0.22mgg−1 andaef = 400µm (for clean snow),aef =

450µm (for dusty snow). The results of calculations are given by
lines. Symbols represent experimental measurements (Painter et al.,
2007).

This will produce a smaller influence of soot on snow albedo
as compared to that reported in this work and also in the ex-
periments of Brandt et al. (2011) and Hadley and Kirchstetter
(2012). Clearly, the albedo reduction is not solely the func-
tion of c but also the size and shape of snow grains play a role
(see Fig. 1).

Due to its high accuracy, Eq. (33) can be used for the de-
termination of the soot mass absorption coefficient from the
measurement of snow albedo at a given concentration of soot
particlesc. Namely, it follows from Eqs. (33) and (31):

ε (λ0) =
9π(1− g)

16ρiλ0c

{
ln2A

xef
− Biχi

}
. (34)

The derivations reported above have been performed for
a specific case of soot as a single pollutant. However, the
extension to other pollutants is easy. In particular, if light
scattering occurs predominantly on ice grains (and not on
snow impurities), Eq. (30) remains valid for other impuri-
ties (e.g., dust) except the value ofBs must be multiplied by
the spectral functionf (λ), which accounts for the actual de-
pendence of the impurity absorption coefficient on the wave-
length. This function is equal to unity, ifε ∼ λ−1 as discussed
above. For impurities, which both scatter and absorb light,
Eqs. (16)–(19) must be used. We show the application of
Eq. (33) to the interpretation of light reflectance from dusty
snow in Fig. 3. Equation (33) can be re-written as

A = exp
[
−

√
(Biχi(λ) + Bdf c)xef

]
, (35)

where we introduced the spectral factor

f = bexp(−λ/λ0). (36)

www.the-cryosphere.net/7/1325/2013/ The Cryosphere, 7, 1325–1331, 2013
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The constantsb = 31.16 andλ0 = 0.18µm were obtained
using Eq. (36) for fitting the spectral dependence of the ra-
tio of the imaginary part of dust refractive index taken from
D’Almeida et al. (1991) (their Table 4.3) to its value at
0.7 µm. The value off was assumed to be equal 1.0 at the
wavelengths larger than 0.6 µm. It was assumed that the ef-
fective radius of particles equal to 400 µm for the clean snow
and 450 µm for the polluted snow. The value ofBd was set
equal to 0.11, which corresponds to the dust mass absorp-
tion coefficient (MAC) 0.046 m2g−1 (Yasunari et al., 2011),
if other settings are the same as for Fig. 2. The good fit can
be obtained with the value ofc = 0.22mgg−1 (see Fig. 3).
The value ofc depends on the assumption on the dust MAC,
which was not measured for the experiment shown in Fig. 3.
For multiple impurities in snow, Eq. (35) remains valid but
the value ofBdf c must be substituted by

∑M
j=1Bjfj cj ,

whereM is the number of impurities.

4 Conclusions

We have derived a simple exponential approximation, which
can be used to relate the snow spherical and plane albedo
(and also BRDF) to the soot and dust concentrations in snow.
The derived analytical equations are very simple and can be
used at snow field work, when the comprehensive radiative
transfer codes are not available. The comparison of Fig. 1 of
this work with corresponding figures given by Hadley and
Kirchstetter (2012) and also Fig. 2 of this paper with Fig. 5
of Brandt et al. (2011) shows that the spectral albedo derived
using Eq. (33) is very similar to that obtained using the exact
solution of integro-differential radiative transfer equation in
the framework of discrete-ordinates method (Stamnes et al.,
1988). Eq. (33) was derived assuming the external mixture
of soot and ice grains. In many cases soot in snow is better
represented as a combination of external and internal (soot
inside of ice grains) mixtures. To treat this case in a correct
way, Eq. (31) for the value ofBs must be modified. In par-
ticular, this coefficient must be presented as a weighted sum
of the value ofBs for the case of externally and internally
mixed soot particles with the values ofBs being larger for the
case of internally mixed soot particles (Kokhanovsky, 1989).
We did not make an attempt to model the dirty snow as a
combination of internally and externally mixed soot particles
in snow grains for the experiments presented in this work
because the concentration of internally mixed soot was not
provided in corresponding papers. Therefore, the value ofBs
given in Eq. (32) must be understood as an effective param-
eter, containing contributions both from internally and exter-
nally soot particles. The correctness of such an approach is
confirmed by the accuracy of the resulted approximation as
shown in Figs. 1–3. The proposed equations can be also used
in global climate circulation models and to assess the impact
of soot and other pollutants on the surface temperature, the
duration of snow cover, the snowmelt, and the turbulent heat

exchange between the surface and the lowest layer of atmo-
sphere.
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