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A moment-based Hermite WENO scheme with unified
stencils for hyperbolic conservation laws!

Chuan Fan?, Jianxian Qiu®, and Zhuang Zhao*

Abstract

In this paper, a fifth-order moment-based Hermite weighted essentially non-oscillatory
scheme with unified stencils (termed as HWENO-U) is proposed for hyperbolic conservation
laws. The main idea of the HWENO-U scheme is to modify the first-order moment by a
HWENO limiter only in the time discretizations using the same information of spatial re-
constructions, in which the limiter not only overcomes spurious oscillations well, but also
ensures the stability of the fully-discrete scheme. For the HWENO reconstructions, a new
scale-invariant nonlinear weight is designed by incorporating only the integral average values
of the solution, which keeps all properties of the original one while is more robust for simu-
lating challenging problems with sharp scale variations. Compared with previous HWENO
schemes, the advantages of the HWENO-U scheme are: (1) a simpler implemented process
involving only a single HWENO reconstruction applied throughout the entire procedures
without any modifications for the governing equations; (2) increased efficiency by utilizing
the same candidate stencils, reconstructed polynomials, and linear and nonlinear weights in
both the HWENO limiter and spatial reconstructions; (3) reduced problem-specific depen-
dencies and improved rationality, as the nonlinear weights are identical for the function v and
its non-zero multiple (u. Besides, the proposed scheme retains the advantages of previous
HWENO schemes, including compact reconstructed stencils and the utilization of artificial
linear weights. Extensive benchmarks are carried out to validate the accuracy, efficiency,

resolution, and robustness of the proposed scheme.
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1 Introduction

In this paper, we construct a fifth-order Hermite weighted essentially non-oscillatory
scheme with unified candidate stencils (termed as HWENO-U) for hyperbolic conservation
laws, where both the zeroth- and first-order moments are evolved in time and used in spatial
reconstructions. Compared with other moment-based HWENO schemes [8, 24, 37, 44, 45, 46],
the HWENO-U scheme adds a high order modification for the first-order moments in time
discretizations by using the same information of spatial reconstructions, which is simpler and
more efficient for using the same reconstructed polynomials, smooth indicators, linear and
nonlinear weights in the entire procedures. HWENO schemes are constructed on the basis
of weighted essentially non-oscillatory (WENO) schemes, and WENO schemes have been
widely applied for hyperbolic conservation laws in the past three decades. The first WENO
scheme was proposed by Liu et al. [27] in 1994, where they combined all candidate stencils of
essentially non-oscillatory (ENO) schemes [14, 15, 16] to achieve a third-order accuracy in the
finite volume version. Next, Jiang and Shu developed a fifth-order finite difference WENO
scheme [19] in 1996, in which they gave a general definition for the smoothness indicators and
nonlinear weights, and the fifth-order finite volume WENO scheme was presented by Shu [34]
in 1998. After that, WENO schemes have been further developed in [1, 4,7, 17, 22, 42, 49, 54],
and a recent review can be found in [35].

The fundamental difference between WENO and HWENO schemes is spatial discretiza-
tions, where WENO schemes only use the information of solutions, but HWENO schemes
can use additional information in each cell, such as the derivatives or first-order moments of
solutions. Hence, HWENO schemes can use more compact stencils than WENO schemes on
the same order accuracy, resulting in more minor numerical errors in smooth cases and fewer
transition points near discontinuities based on the comparisons in [43]. However, HWENO
schemes are less robust than WENO schemes as the derivatives or first-order moments may
become quite large near discontinuities. For example, using the same thought of the first

one-dimensional HWENO scheme [31], the first two-dimensional HWENO scheme [32] gave



poor resolutions for the double Mach and forward step problems, though this drawback
was solved later in [48] by using more complicated techniques to reconstruct the derivative
terms. The common point of the HWENO schemes [31, 32, 48] is to use different stencils or
techniques in the discretization of the governing and derived equations by avoiding discon-
tinuities, which also has been used in the subsequent HWENO schemes [3, 23, 28, 37, 40].
However, reducing the use of derivatives or first-order moments alone is not sufficient to con-
trol oscillations effectively. For instance, additional techniques such as positive-preserving
limiters and a smaller time step are required in the first finite difference HWENO scheme
[28]. Furthermore, the selection of optimal stencils and approximated methods often heavily
relies on numerical experiences.

To enhance the robustness of HWENO schemes, Zhao et al. [44] proposed an alternative
approach to control the derivatives or first-order moments as limiters in the discontinuous
Galerkin (DG) method [6], which can effectively overcome oscillations even with a normal
time step. This moment-based HWENO scheme also can be viewed as a P; Py, method, as
defined by Dumbser et al. [8]. The key feature of the HWENO scheme [44] is the separation
of limiters and spatial reconstructions into two distinct parts, while the limiters in DG
methods [30, 47, 53] and the spatial reconstructions in WENO schemes [1, 4, 7, 49] have
been extensively studied over the past three decades. Consequently, constructing HWENO
schemes with the proposed framework [44] benefits from the wealth of mature references
in these two fields, reducing reliance on numerical experiences. Later, by modifying the
first-order moments in advance as [44], the modified HWENO scheme with artificial linear
weights [45], the positivity-preserving HWENO scheme [9], the Hermite TENO scheme [38],
the multi-resolution HWENO scheme [24], and the finite difference HWENO combined with
limiter scheme [43] have been developed to solve hyperbolic conservation laws. However, the
proposed framework [44] still utilizes two sets of stencils as the first HWENO scheme [31],
and using two sets of stencils means repetitive algorithms, and double or triple computational

costs. Recently, Zhao and Qiu [46] designed a sixth-order HWENO scheme by introducing



damping terms in the first-order moment equations as the oscillation-free DG methods [26,
29]. This approach allows for the use of unified stencils in spatial reconstructions, which
is easier to implement and have higher efficiency. However, the presence of damping terms
in [46] has significant impacts on the stability, particularly when simulating strong shocks
and extreme problems with highly stiff damping terms, which leads to a small time step
restriction and requires the (modified) exponential Runge-Kutta (RK) time discretization
[18].

In this paper, we mainly focus on developing a practical moment-based HWENO scheme
with unified candidate stencils. Based upon previous studies of the HWENO schemes [9, 24,
37, 44, 45, 46, it has been observed that the first-order moments tend to become large near
discontinuities, which potentially impacts the robustness of HWENO schemes. To address
this issue, various approaches have been introduced in the aforementioned HWENO schemes,
such as reducing the utilization of the first-order moments optimally, controlling the first-
order moments near discontinuities before spatial reconstructions, or introducing damping
terms in the first-order moment equations. These schemes share a common characteristic
where all first-order moments are utilized in the spatial reconstructions. The main reason
is that omitting the utilization of the first-order moment on the central cell will lead to
instabilities for HWENO schemes based on our mathematical analysis. More intuitively, we
take the one-dimensional case in the target cell I; as an example. If we directly use the
values of the zeroth-order moments {@;_1,%;, w;11} and the first-order moments {v;_1,7;41}
to discretize the space, the fully-discrete scheme will be unstable by using the forward Euler
or third-order SSP RK time discretization [34], proved in Theorem 2.1. Taking into account
the symmetry of the stencils and the formulation of the Lax-Friedrichs scheme [21]:
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this point, we also introduce a modification for the first-order moment in time discretizations
using the information provided by spatial discretizations, and the proposed scheme is proved
to be stable through analyses in Subsection 2.3 using the Fourier method. Besides, it is worth
noting that this modification step, which utilizes the same information as these for spatial
discretizations, plays a vital role in the adoption of unified stencils throughout the entire pro-
cedures. To overcome spurious oscillations near discontinuities, we use the HWENO method
in the modified HWENO (HWENO-M) scheme [45] to modify the first-order moments and
perform spatial discretizations, where the linear weights can be any positive numbers as long
as their sum is one. Differently, the modification and spatial discretizations are combined
into a single step for they use the same information, resulting in unified candidate stencils
in the HWENO-U scheme, which simplifies the implementation process of [45] and enhances
the computational efficiency. Furthermore, we also improve the nonlinear weights in the
HWENO-M scheme to make them scale-invariant. For the reasonability, the function v and
its non-zero multiple (u should have the same nonlinear weights on the same cells. Con-
versely, the nonlinear weights in the HWENO-M scheme lose this basic property. Although
this scale-dependent nonlinear weight has no obvious differences on the simulations of bench-
mark tests shown in the various subsquen WENO schemes [49, 50, 51, 52], the results may
generate oscillations in simulating large-scale problems [2, 5], and the similar phenomenon
also occurs in simulating extreme problems based on our numerical experiments. To inherit
the advantages of the nonlinear weights in [45, 49, 50, 51, 52] and make them scale-invariant,
we bring the integral average values of solutions into the original definition, which also can
be viewed as a normalization procedure for the nonlinear weights. This minor modification
has no impacts on the accuracy firstly, and it also can enhance resolutions and is more robust
for simulating challenging problems with sharp scale variations. In short, the HWENO-U
scheme uses unified stencils in the entire procedures, which avoids repetitive algorithms and
enhances computational efficiencies. Furthermore, the HWENO-U scheme has the capabil-

ity to simulate extreme problems by directly incorporating a positive-preserving technique



from [9, 41], which is simpler and more practical compared to the other HWENO scheme
with unified stencils [46], since the proposed scheme avoids the introduction of additional
parameters and stiff terms. Besides, the designed scale-invariant nonlinear weight is more
reasonable and robust in numerical simulations. These advantages will be demonstrated in
the next algorithm descriptions and numerical tests.

The paper is organized as follows: Section 2 presents the detailed implementation of the
HWENO-U scheme in one- and two-dimensional cases, and provides a stability analysis for
the linear scheme using the Fourier method. In Section 3, extensive benchmarks are con-
ducted to illustrate the numerical accuracy, high resolution, and robustness of the proposed

scheme. Finally, concluding remarks are given in Section 4.

2 Description of HWENO-U scheme

This section contains three subsection. In the first and second subsections, we present
the detailed procedures of the moment-based fifth-order HWENO-U scheme in the one-
and two-dimensional cases, respectively, in which the high order HWENO modification for
the first-order moments and the spatial reconstructions use the same information, such as
candidate stencils, reconstructed polynomials, smoothness indicators, linear and nonlinear
weights. Remarkably, incorporating the modification for the first-order moments in the time
discrete stage is essential to ensure the stability of the HWENO-U scheme, therefore, we give

a stability analysis in the last subsection to illustrate it.

2.1 One-dimensional case

Consider one-dimensional scalar hyperbolic conservation laws

up(z) = u(z,0).

For simplicity, we consider a uniform partition of a given domain [a,b], a = z 1<z <<

71—

Ty,+1 =b. Let [; = [xi_%,xl-%] denote a computational cell with its length Az = x; 1 —x;_1



and its center z; = 3(2,_1 + x;, ) By multiplying equation (2.1) with a test function

to

¢(x) € span { A (IAI“;’ }, integrating over interval I; and using integration by parts, we have
da(t) 1
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dx are the zeroth-order moment

where @;(t) = f[ (z,t)dx and v;(t) = f[ (x,1)
(cell-average) and first-order moment in the cell I;, respectively.

Let {25}2._, denote four Gauss-Lobatto points in a cell I; with the corresponding weights
{&c}é_, on the interval [—3,1]. The value of the flux function f(u(z Z+1,t)) is approxi-
mated by a high order Lax-Friedrichs numerical flux f i+ and the integral term [, f I, u)dx
is approximated by a 4-point Legendre Gauss-Lobatto quadrature formula. Consequently, a

conservative semi-discrete scheme is defined as

du,(t 1 A . o
d—i) = x5 (iry = finy) = Fl(w,0),
v 2.3)
dw;(t) _ 1 4 . 1 4 A » o o (
@~ g T ;wGﬂu(% 1) = Filu,v),

where F} (@, v) and F2(u,v) are the right-hand terms, and the numerical flux f, 11 is defined

as

A
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with o = max | f’(u)|. The superscribes “—" and “+" of uil represent the left-hand and

2

right-hand limits at the interface z;, +1 respectively. The Gauss-Lobatto points {#¢}4_, are

. 4
T, =x,_ 1, ;=2 45, T = V5, T =T 1
i i i i %7 i Y3 i i+
with ;. = x; + Az, the normalized weights w; = @, = ﬁ and Wy = Wy = 152.

The equations (2.3) also are the semi-discrete form of the P!(I;) DG finite element

method, but for moment-based HWENO schemes, a Hermite reconstruction is used to ap-

+

proximate the values Uy and u,, »s based on the zeroth- and first-order moments in the
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cells {I;_1,I;, I;11 }. In the following, we will outline the detailed steps of 1D HWENO-U

scheme, based on the set of values {@; 1, u;, Wit1, Vi1, Vit1}-

2

Step 1. Reconstruct a quartic polynomial py(x) and two linear polynomials {p,(x)}:,_;.

Firstly, we consider a large stencil Sy = {I;_1,I;, I;;1} and two small stencils S; =
{Li—1,L;}, So = {I;, I;+1}. A quartic polynomial py(x) is reconstructed by a Hermite recon-
struction on Sy, satisfying

1 T — T

1

Two linear polynomials {p,,(x)}? _, are obtained by a linear reconstruction based on S; and

S, respectively, having

1 1
s pl( Jdo = ug, k=1i—1,1; A—x/lkpg(x)dx:ﬂk, k=id,i+1. (2.6)

Then we rewrite po(z) as

po(z) =0 <lpo(l’) — Dy (a) - %m(x)) + 71p1(x) + Y2p2(x), Y0 # 0. (2.7)

To ensure the next WENO procedure stable, {v,,}2,_ are positive with 322 _ 5,, = 1.
Step 2. Compute smoothness indicators {3,, }2,_, to measure the level of smoothness for
the functions {p,,(x)}2,_, in the cell I;, which is defined as in the classical WENO scheme

[19], satisfying

Z/ Az d];’;l >)2d:c,m=0,1,2, (2.8)

where 7 is the degree of the polynomials py,(z). Let pm(z) = Y cpg(%2)!, the explicit
i=0

expressions of the smoothness indicators are

(st ren 4 B s 0B ey L 1421461,
== C —C o0 ¢ C
0 =(Co1 + 7Coa 3 €027 755€04 20 °% 2275 O (2.9)

ﬂm 207277,11’ m = 17 27
where the coefficients of the polynomials {p,,(z)}2,_, are listed in Appendix A.
Step 3. Compute nonlinear weights based on linear weights and smoothness indica-

tors. As in the WENO scheme of Zhu and Qiu (WENO-ZQ) [50], we also introduce a new

8



parameter 7 to measure the absolute difference between Sy, 51 and (5 as

- <|50 — b1l + 150 —52’)2
5 .

(2.10)

Differently, we add the integral average values of solutions into the original definition of the

nonlinear weights, that is 4., having

W, o T
W = —————, with @, = (1

= )y m=01,2, 2.11
Wo + W1 + W2 Bmuave‘i‘g) ( )

= (%)2, and ¢ is set as 10710 for avoiding zero denominator. It is

where Ugye
worth mentioning that the nonlinear weights (2.11) are scale-invariant, since the function u

and its non-zero multiple Cu have the same w,, on the same cells.

Remark 2.1 The original @,, is defined as ~,,(1 +

5.+) for the WENO and HWENO
schemes with artificial linear weights [45, 50], which is also a special case of the formula
(2.11) when uq, = 1. However, the original nonlinear weight in [45, 50] depends on the
scale of functions as its @y, is Y, (1 + %) for the function (u, and this scale-dependent
nonlinear weight has obvious impacts on the simulations of problems with different scales,
as demonstrated in Examples 3.5 and 3.12. Multiplying by ug. in (2.11) is actually a
normalization procedure for the nonlinear weights, and it will not destroy the properties
of original one, such as the accuracy and resolution, as w4, is of order O(1). Besides, the
formula (2.11) is still suitable when wu,,. = 0, that is 4, 1 = @; = ;41 = 0, where the
solution is smooth in the target cell and the nonlinear weights will degenerate to linear

weights simultaneously.

Finally, through replacing a part of linear weights in (2.7) by the nonlinear weights (2.11),
we obtain a nonlinear HWENO reconstructed polynomial u;(z) for u(z). Additionally, a high
order modification v; for the first-order moment v; is obtained using the same p,,(z), Vi,

and w,, simultaneously, which is only used in the next time discretization, having

ui(w) = wo (%pox(ij— 2pl@) = 2pale)) + (o) + wapala) (2.12)

no— L — 1 7 2
i = ay J; wi(z) 5rtde = wo (5-q0 — 2qn — %(h) + wigr + wWags,
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T—XT;

~+dzx. Then, the required Gauss-Lobatto point values are evalu-

where ¢, = ﬁ f]i pm(x)

ated by
uj_% :ui(xi_%), Uy v :uZ(xzi\l/—og)’ U1 —ul(xh%)

Step 4. Time discretizations for the semi-discrete scheme (2.3).
To construct a stable scheme, we modify the first-order moments in time discretizations
as the Lax-Friedrichs scheme [21] on the basis of the third-order SSP RK method [34], then,

the fully-discrete one-dimensional HWENO-U scheme for Eq. (2.3) is written as

( -7’51)- _ _7;),_ +At ‘F'Zl(aTL’@TL)_
dM T o) Frar,o") |’
a1 sar1 1 [a®] (FaW, o)
| = [i] + 35| + & [FaGa S =1
) _1f) 2 [ [,
R e G Pl Rl P CER D

where 07", @ZQ) and @Z-(Q) represent the high order modification of v}, EZO) and 179, respectively,
obtained by the formula (2.12). This modified time discretization has also been used in
the finite difference HWENO schemes [10, 43], but these two schemes are unable to utilize

unified stencils in both the spatial discretizations and the modification of v;.

2.2 Two-dimensional case

Consider two-dimensional scalar hyperbolic conservation laws

{w+f@%+9Wh=0a (2.14)

u(z,y,0) = uo(z,y).
For simplicity, we also consider a uniform partition of a given domain [a,b] X [c,d] with
computational cells ; ; = [xi_%,a;HZ] [yj_f,yﬁ i fori =1,...,N,,j =1,...,N,. The
mesh sizes are Axr = Tipgl — T 1 and Ay = Yirt — Y1 and (z;,y;) is the center of
the cell I;; with z; = %(%—% +xy1) and y; = (yj_f + ¥j41). Define I; = [xi_%,xH%]
and [; = [y;;,yﬂ;}. After multiplying the equation (2.14) by a test function ¢(z,y) €

T—x;

span{ A;Ay BAzAy Aw Ay E }, integrating over the cell J; ;, and using the integration by parts,
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(U(Sméay,t)) —f( T 1yt )] dy
- AxlAy /, [9 (“(“"’yﬁ%’t)) _9< ul®, Y-y ﬂ
)

e = amy f, [ (e >>+f< }dw g L

e / [ (wteigwen) =1 (“@i—%?%t))] %dy
x . 2A91:Ay / 9 (s 3:0) + 9 (uloryyey ) do+ W / g(u)dady,

(2.15)

where @, ;(t) = ﬁﬁyffm u(z,y, t)dedy, v;,(t) = @fh’ju(m,y,t)”&?dmdy and w; ;(t) =

‘5, dzdy are the zeroth-order moment (cell-average), the first-order mo-

1
Aziy flm» u(z, y, )
ment in the z-direction and the first-order moment in the y-direction, respectively.

Let {28}%_, and {§¥}%_, denote three Gauss points in the intervals I; and I}, respec-

tively, and {&wg}%,_; are the weights of Gauss quadrature formula on a interval [—3, 3], i.c.

— _ _ Al £2 3 _
i =&,_vis, T =Ty Ty =4, vis, Y =Y, vis, Y = Y5 Y5 = Y, w5,

with the normalized weights w; 3 = %

5 and Wy = g. We use the Gauss quadrature formula

to approximate the integral terms over I;, I; and I; ;, and apply high order Lax-Friedrichs

numerical fluxes to reconstruct the values of flux functions f(u(z;, 1,y,t)) and g(u(z, y;,.1,1))

11



at specified points, then a conservative semi-discrete scheme is defined as

3 3
duZ 1 P 1 A . o
j T Az Z fivio—Jficra) — Ay > @6l s — Ga,-1) = Fiy(i,v,0),
G=1
dv; > - 1 S
Zdjt Z (ficra+ fivre) + EZZ@G@Hf(U(iiG,Z?f))
T ao G=1H=1
1 & 7 —x;
- 5 Y0t e ey~ foy-y) 2 0
Gi
dw” 1 3 - y] ~ ]- 5 N N ~
dt Az Z i+%,G - fi—%,c) - m ZWG‘<QGJ‘—% + gG,j+%)
G= G=1
1 33
+ iy 2 2 dadngulaf if) £ Fy(o.0.0),
\ H=1

(2.16)
where F';(a,v,w), F;;(u,0,w) and F};(@,,w) are the right-hand terms. The numeri-
cal fluxes f,, 1 116 and g1 are used to approximate the values of f(u(z, +%,y,t)) and

g(u(z, yj+%,t)) at the points {2 }%_; and {§¢'}%_,, respectively, defined as

1 _ .
fi—i-%,G - 5 |:f(ui+%7g) + f(u::_%ﬁ;) - O‘l(u;_l el UH_%’G)] )
. 1
9Gj+i = )

— + —u_

90 5) 49 0) = anluf o =g

with ay = mgx\f’(u)] and ag = max lg' (u)]. {u G}G , and {uG +1}G , are the values of

u(z,y,t) at the points {($i+§’ §5)} and {(z¢ ,yH%)}G:l, respectively. The superscribes “—"

and “+7 of {ui% o= represent the limits from the left and right sides at the interface

Tiyls respectively. Similarly, the superscribes “ — 7 and “+ 7 of {uz,E j+;}3G=1 indicate the
T2

limits from the bottom and top sides at the interface y, 1 respectively.

The equations (2.16) also can be expressed as the semi-discrete form of the P*(/; ;) DG
finite element method. However, for moment-based HWENO schemes, a Hermite recon-
struction is used to approximate {u 16 pA {1%—:7].%}?(’;:1 and {u(z¢, /") }& y—, based on
the zeroth- and first-order moments in the cells {[ifl’jfl, [i’jfl, [Z'Jrl’j,l, ]ifl’j, [Z',ja IfL'Jrl’j,
Ii_y 11, Lij+1, Liv1,j41}- To simplify the representation, we rebel the cell I; ; and its adjacent

cells as I, ..., Iy, e.g., I, ; = I5. Let {iy, Uy, Wy} denote the zeroth- and first-order moments

12



of the cell I, e.g., {u;; £ s, 0;j = U5, W;; = W5}

Similar to the one-dimensional case for utilizing unified stencils to construct a stable
scheme, the first-order moments v5 and ws in the central mesh are no longer used in spatial
reconstructions. Instead, their high order modified terms 05 and ws are also obtained by
using the same information from the spatial reconstructions and incorporated only into time
discretizations. Next, we will provide the detailed reconstructed procedures for u(zx, y) at spe-

cific points, and the modified terms 05 and w;, based on the values {uy, . . . , Uy, Uk, Wi }k=2.16.8-

4

Step 1. Reconstruct a quartic polynomial py(z, y) and four linear polynomials {p,,(z,y)}5,_;-

Firstly, we consider a big stencil Sy and four small stencils {S,,}2 _, shown in Fig.
2.1. Here, we use the values {1, .., Uy, Uy, Wi }k=2,4,6,8, {0k }k=2,4,5, {Uk }k=2,5,6, LUk }r=1,58
and {1y, }r=56 in the stencils {S,,}2 _,, respectively, then, a quartic polynomial py(x,y) €

P*(1; ;) is obtained by a Hermite reconstruction based on Sy, satisfying

1
dedy =ug, k=1,...,9
AI’Ay [kPO(x7y) ray Uk, yreey Iy
1 T — T
dedy = vg, k=2,4,6,8
AxAy /Ikpo(%y) Az ray Uk, ; 1, U, O, (217)
1 Y — YUk }
dedy = k=246,8
ALIZ’Ay /Ikp()(xvy) Ay ray Wk, ) &y, Uy Oy
and four linear polynomials {p,,(z,y)}2 _; € P}(I;;) are obtained by a linear reconstruction,
satisfying
1
m (2, y)dedy = uy,
Kaxy ), Pl o)y =
for

m=1,k=245 m=2k=2,5,6;

m=3k=458 m=4k=5,6,8.

The quartic polynomial py(z,y) can be uniquely determined by requiring it to exactly match

{1y, ..., Uy, U4, Vs, Wa, ws } with the least square methodology in [17, 45], while the four poly-

nomials {p,,(z,y)}4 _, can be directly obtained by solving 3 x 3 linear systems.

Still, po(z,y) can be written as

4

pO(xay) =7 <%p0($7y) - Z ?;_rspm(x>y)> + Z ’Yan(iL):y)a Yo 7é 07 (218)

m=1
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where {7,,}4,_, also are arbitrary positive linear weights with 30 _ ~,,=1.
Step 2. Compute the smoothness indicators of {p,,(x,y)}? _, by the definition as in
[17, 45], given by
r U1 all‘ 2
=1
where | = (I1,12), |l| = l; + 1 and r is the degree of p,,(x,y). Similar to the one-dimensional

case, let i (2,y) = Y. cmn®n(x,y), where the basis functions ¢, (z,y) are defined as
n=0

bo=1, ¢ =&, da=1, ¢35 =&, ba=E&mi s =13, b6 =&, o1 =&y,
Gs =&msy G0 =13, d10 =& o = Eny, o = &), dis =&, duu =115, 15 =&,

with & = T and 7; = yAzj

r 1 1 1 1 1 1 1 1 13 63
Bo = 5(00,1 + 500,6)2 + 5(00,1 + 660,8)2 + 5(00 2 + 50 )%+ 5(00,2 + 500,9)2 + = 6 (cos + 650 10)?
+13( 1 )2+7( +17 vy 7( +17 )+13< 1 ¢
— (¢ —-c — — —(¢ —C
6 0,3 6 0,12 12 04 35 011 12 04 35 013 6 0,5 6 0,12
. 13(C +@C P 3119( 5 P 3379( 15 P 2634769 ,
6 5T gy 80 93570 720 3379 %7 561420 08
2634769 . 5676583 ( 3185 ¢ 709573 (Con + 1155 .
C —(C —\ C —C
67580 %9 9100 * ™% " 11353166 2 16800 * M T 709573701
. 230094013357 (Cora + 2145748374 P 31468281769 N 25118160529227568 ,
12261419280 * 2" 230094013357 745051650 .13 40266452337475 O
B = €y + Copym = 1,2,3,4,

(2.20)

where the coefficients of the polynomials {p,,(z)}? _, are listed in Appendix A.
Step 3. Compute nonlinear weights based on linear weights and smoothness indica-
tors. Similar to the one-dimensional case, we also use a parameter 7 to measure the overall

difference between {3,,}3 _,

_ <|50—/31|+|/3o—52|1‘|50—53|+|50—54|>27 (2.21)

then we compute the nonlinear weights by

w T
Wiy = =" ith @y = Yu(1+ ————), m=0,...,4, 2.22
WO+...+W4 7 ( 5muave+5) ( )
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7 8 9 j+1
4 5 6 J
1 2 3 7—1
1—1 7 1+ 1
(a) So
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4 5 J 5 6 J
2 7 —1 2 Jg—1
1—1 ) 7 7+ 1
(d) S (e) Sz

Fig. 2.1. The big stencil Sy, small stencils {S,,}+ _; and their respective labels.

15



[@a |+t |+[Ts |+ |6 | +|us|
5

where g, = ( )2, and € = 107! is to avoid zero denominator. The
nonlinear weights also preserve the scale-invariant property for adding .., while the original
formulation employed in the WENO and HWENO schemes with artificial linear weights [45,
50] (the special case of ug,e = 11in Eq. (2.22)) lacks this fundamental property. Consequently,
the original definition for the nonlinear weights in [45, 50] leads to noticeable oscillations when
simulating the Sedov blast wave problem, as exhibited in Example 3.12.

Finally, by replacing a part of the linear weights in (2.18) by the nonlinear weighs (2.22),
a nonlinear HWENO reconstructed polynomial u; j(x,y) is obtained for u(z,y). Also, using
the same polynomials, linear and nonlinear weights, the high order modification v, ; for the
first-order moment #; ; and the high order modification 0, ; for the first-order moment w; ;

are obtained simultaneously, but the modified values are only used in the following time

discretizations, having

(

4 4
igCo) = (o) = 3 Bon(o) ) + Xl
m= m=
4 4
Vs = maay Ji, wia(@y) Tdady = wo <$OCJ8 - Z_l 1—2%) + 2_:1 Wi, (2.23)
~ 1 Y—Yj 1 4m_ 4m_
| Vi = may Ji,, (2, y) 75, dadywo (70(16” -2 77?61%) + 3 Wl

T—x; Y

where ¢*, = ﬁf% pm (2, y) K2 dedy and g% = ﬁf% P, ) ;zjda;dy. Then, the

values at specific points that we need are computed as below:

q:
uii%,

a = ul}j(xii%v Z)]G)’ Uf;,ji% = ui,j(i.inyii%)a u(i'zGa g]]—l) = ui,j(:%iGa QJH)a G,H=1,23.
Step 4. Time discretizations for the semi-discrete scheme (2.16).
As in the one-dimensional case, the modified third-order SSP RK method (2.13) is also
used to solve the two-dimensional semi-discrete scheme (2.16). Differently, the involved

variables are (@; ;,7; j,W; ;). Also, the modified terms v, ; and w; ; are treated solely as time

stage values, and they are obtained by the formula (2.23).

Remark 2.2 For one- and two-dimensional compressible Euler equations, the HWENO

procedures are used in cooperation with the local characteristic decomposition to avoid
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spurious oscillations, which is similar to the classical WENO scheme [19]. Besides, the
computation of . in (2.11) and (2.22) is also implemented in the local characteristic

direction for wu,,. relies on the reconstructed variable.

2.3 Stability analysis

In this subsection, we present the stability analysis for the proposed HWENO-U scheme
by the Fourier analysis method. This potent technique for stability analysis depends heavily
on the assumption of uniform meshes and periodic boundary conditions. Additionally, it is
only effective for the linear scheme used to solve a scalar linear equation.

For simplicity of analysis, we consider the one-dimensional linear equation
ur + au, = 0,z € [0,27],t > 0, (2.24)

with constant coefficient a. Assume a = 1, then the semi-discrete finite volume HWENO

scheme (2.3) reads

du,(t) 1, _
=——(Uu, 1 —u, 1),
dz, (t) 1(_+_)+1, '
=——(u U, U;
dt 2Ax 3 +3 A
Here, we first use the moments {u;_1, u;, U;y1,0;—1,V;11} to reconstruct u;l linearly, e.g.,
2
u;r% = %ai_l + 1—721@ — %ﬂiﬂ + %@‘—1 + %@H. Substituting u, 1 into equations (2.25)
gives
du;(t) 1
— = —(Au;_s +Bu;_; + Cu; + Du; ), 2.26
i Ax( Ui—o + Bu;_y + Cu; + Duyyq) (2.26)

where u;(t) = (u;(t),;(t))T, A, B, C and D are 2 x 2 constant matrices given by

_ 79 _63 15 63 1 _ 269 177
456 76 152 76 152 76 456 76
A= B= C= = :
19 63 |’ _ 1871 63 |’ st7 1 | _ 269 177
912 152 912 152 912 152 912 152

For the stability of scheme (2.25), we have the following conclusions.

Theorem 2.1 Combining the semi-discrete HWENO scheme (2.25) with either the stand
forward Euler or third-order SSP RK time discretization [34], the resulting schemes are both

unstable.
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(a) The polar plot of )\1,2(6") in (2.31), K € [0,2n] (b) The polar plot of spectral radius p(Gs) in (2.34)
with different Courant-Friedrichs-Lewy (CFL) num-
ber for the HWENO-U scheme.

Fig. 2.2. The polar plot of the eigenvalues and amplification matrix.

Proof. The semi-discrete HWENO scheme (2.25) with the forward Euler time method is

At
w T = + A—(Au?,2 + Bu! , + Cu! + Du}',), (2.27)
T

To apply the von-Neumann analysis, we have an assumption on the solution

u = U7 AT (2.28)
where o is the imaginary unit satisfying 02 = —1, and k is the wave number. We expect
that

,u’;hLl — ,un-i—leoikAx, (229>

where %"t = G, #" and G, is the amplification matrix. Substituting (2.28) and (2.29) into

(2.26) gives

At ~
G =1+ G, (2.30)

where G = Ae=2°K + Be="K + C + De?K K = kAz € [0, 27] is a simplified wave number.

The two eigenvalues of G are

1 . . ,
Aip = =5 (267 + 131e7K 4 2677 4 (55 £ V) 27K, (2.31)
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where § = 1716157 45542267 — 343029¢e47K + 32935637 K — 71709e2K 1293707 +
3025 # 0, VK € [0,27]. According to the von-Neumann stability analysis of Section 2.2
n [36], the necessary condition of stability for the scheme (2.27) is the spectral radius
p(Gy) < 1, which is equivalent to max IAi(G1)| <1, VK € [0,27]. However, we can see that
A12 in (2.31) violate this condition from the left of Fig. 2.2. Therefore, the scheme (2.27)
is unstable. Similarly, when combining the third-order SSP RK method, the amplification

matrix of the resulting HWENO scheme is

1 At ~ 1 At ~
G; = gI +-(I+ EG)I + = (I + EG> (2.32)

Obviously, the spectral radius p(Gs) > 1 in this case for the third-order RK method that
is a convex combination of forward Euler methods, indicating that the resulting scheme is

unstable. O

Notice that the first-order moment v; is not used to approximate U, in the spatial dis-

2

cretizations of the scheme (2.25), which makes the two fully-discrete schemes above unstable.
However, we find that by combining the high order modification of the first-order moments in
the time discretizations, the new fully-discrete HWENO scheme becomes stable even though

the same saptial discretizations are employed. The provable process is presented below.

Theorem 2.2 When using the modified third-order SSP RK time time discretization (2.13)
to solve the scheme (2.25), the necessary condition of stability for the resulting HWENO
scheme is 0 < &L < 0.824.

Proof. Firstly, by employing the high order modification of the first-order moment,

we utilize the modified forward Euler time-marching method to resolve the scheme (2.25),

namely,
n+1 _? A
where 0 = 2(a,; — u} ;) — 5£(0%, + /). Through applying the von-Neumann analysis,
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we obtain the amplification matrix G, =A+ %é with

N 1
A=15, 0ik_ —oiKk 11 aiKO —giK
2 (et — g7ty L (7K 7oK

Similarly, when using the third-order SSP RK time discretization (2.13), the amplification

matrix becomes

A At At
G; = gA + = (A + EG)A + = (A + EG) (2.34)

The polar plot of spectral radius p(Gs) is presented in the right of Fig. 2.2 for the HWENO-
U scheme with different CFL numbers. Therefore, the necessary condition of stability for
the resulting HWENO scheme is p(G3) < 1, which is equivalent to 0 < 2L < 0.824. This

value can be numerically determined by sampling 10000 points for K € [0, 27]. O

3 Numerical tests

In this section, we present the numerical results of the benchmark and extreme examples
to verify the fifth-order accuracy, efficiency, high resolution, and robustness of the pro-
posed HWENO-U scheme. For comparisons, we mainly consider the proposed HWENO-U,
HWENO-M [45], and WENO-ZQ [50, 52] schemes since the three schemes have the fifth-order
accuracy and use arbitrary positive linear weights in spatial reconstructions. Particularly,
the results of the WENO-ZQ scheme are computed by the methods of the structured fi-
nite volume version [50] and the unstructured finite volume version [52] in the one- and
two-dimensional cases, respectively. For the HWENO-U scheme, the linear weights of the
low-degree polynomials are set as 1/400 both in one- and two-dimensional cases, and the
remaining linear weight is assigned to the high-degree polynomial, ensuring that their sum
equals one. For fair comparisons, the linear weights of the HWENO-M and WENO-ZQ
schemes are chosen as they suggested from [45, 50, 52]. Besides, a positivity-preserving (PP)
limiter will be used to improve the robustness of the HWENO-U and HWENO-M schemes in
some two-dimensional extreme problems. If not, the two schemes cannot work since negative

densities or pressures will arise, and we refer to [3, 9] for the PP researches of finite volume
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HWENO schemes. The CFL number is set as 0.6. To compare the computational cost, we
utilize the programming language Fortran 95 to execute our simulations on the environment

of Inter(R) Xeon (R) Gold 6130 CPU @ 2.10 GHz.

3.1 Accuracy tests

In this subsection, we first verifies the fifth-order accuracy of the HWENO-U scheme.
Then, the comparisons of computational costs and errors for the HWENO-U, HWENO-M
and WENO-ZQ schemes are presented to demonstrate that the HWENO-U scheme behaves
better performances than the other two schemes. To avoid the machine error of too little
computational time, we take the average time of multi-calculations as the final CPU time
in Examples 3.1-3.3. To have a fair comparison, the WENO-ZQ scheme uses a true two-
dimensional reconstruction as in [52] instead of the dimensional-by-dimensional approach
[50] in the two-dimensional case, as the HWENO-U scheme uses a true two-dimensional
reconstruction too. Differently, the WENO-ZQ scheme uses a wider stencil to reconstruct a

bivariate quartic polynomial.

Example 3.1 We solve the one-dimensional nonlinear Burgers’ equation
ut+(“;)x:0, 0<z<2,

with periodic boundary conditions up to the time 7" = 0.5/7 when the solution is still
smooth. The initial condition is u(z,0) = 0.5 + sin(wz). The numerical errors and CPU
time of the HWENO-U, HWENO-M, and WENO-ZQ schemes are presented in Table 3.1,
which shows the schemes all achieve the fifth-order accuracy. More explicitly, with denser
meshes (e.g., > 200), the CPU time ratio of HWENO-U/WENO-ZQ is about 1.739, whereas
the L* error ratio is around 1/12.510, and the CPU time ratio of HWENO-M/WENO-ZQ
is around 2.528, but the L error ratio is almost 1/11.529. Since the product of the CPU
time ratio and error ratio is less than 1, it shows that the HWENO schemes are more precise

than the WENO-ZQ scheme at the same CPU cost. More intuitively, we can see it from
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Table 3.1: Example 3.1. One-dimensional Burgers’ equation:
L*>* and L' errors, orders and CPU time of the HWENO-U,
HWENO-M, and WENO-ZQ schemes.

Meshes L>® error Order L' error Order CPU

HWENO-U
40 2.61E-04 — 3.74E-05 — 6.53E-04
80 2.16E-06 6.96 244E-07 7.26 4.51E-03
120 2.99E-07 4.87 251E-08 5.61 1.58E-02
160 713E-08 499 543E-09 5.32 4.00E-02
200 2.32E-08 5.03 1.76E-09 5.06 8.40E-02
240 9.28E-09 5.03 7.01E-10 5.06 1.56E-01

HWENO-M
40 6.17E-05 — 6.49E-06 - 9.23E-04
80 2.31E-06 4.4 1.77E-07 5.20 6.50E-03
120 3.23E-07 486 2.42E-08 490 2.29E-02
160 7.70E-08 498 5.70E-09 5.03 5.83E-02
200 251E-08 5.02 1.88E-09 4.97 1.22E-01
240 1.01E-08 5.02 7.57E-10 5.00 2.27E-01

WENO-ZQ
40 4.79E-04 — 4.67E-05 — 3.98E-04
80 2.45E-05 429 1.96E-06 4.57 2.64E-03
120 3.56E-06 4.75 2.76E-07 4.84 9.15E-03
160 8.71E-07 490 6.65E-08 4.95 2.30E-02
200 2.88E-07 496 2.22E-08 4.93 4.83E-02
240 1.17E-07 4.93 8.95E-09 4.98 8.97E-02

Fig. 3.1 that the HWENO-U scheme is more efficient than the HWENO-M and WENO-ZQ
schemes. Besides, we also present the numerical errors and orders of the first-order moments
for the HWENO-U scheme in Table 3.2, which demonstrates that modifying the first-order
moments in the time level does not destroy their final accuracy.

Table 3.2: Example 3.1. L* and L' errors,
and orders of the HWENO-U scheme for the
first-order moment.

Meshes L>® error Order L' error Order

40 3.50E-05 - 2.04E-06 —

80 9.33E-07  5.23 5.76E-08 5.15
120 1.18E-07 5.11  7.37E-09 5.07
160 2.72E-08 5.10 1.69E-09 5.12
200 8.22E-09 5.36 5.27E-10 5.21
240 3.37E-09 4.89 2.13E-10 4.96

22



M 4
1;?;\ ——&— HWENO-U 10 B — £ HWENO-U
. o 4+ HWENO-M X ——+—— HWENO-M
107 = AN = WENO-ZQ QN = WENO-ZQ
AN I S
NN
10-5 - AN
” AN 100k
N
g Ny, R g
= &+ =
o NN . T
s 10°| NN @
= S 3107
. .
7 NG 7 8|
10 ok 10
\ S
NG 9
10% OO 10 NN
1 1 1 1 1 1
10° 2 10" 10° 10"

107
CPU time
Fig. 3.1. Comparison of L>, L! errors and CPU time for Example 3.1.

Example 3.2 We solve one-dimensional compressible Euler equations
9|7 9 PH
PTG R R
E n(E + p)

where p is the density, p is the velocity, E is the total energy and p is the pressure. The
initial condition is (p, p, p,y) = (1 + 0.2sin(wz), 1,1, 1.4) on the domain [0, 2] with periodic
boundary conditions. The final time is 7' = 2, and the exact solutions are (p, u,p) =
(140.2sin(7(z—1T)), 1,1). The numerical errors and CPU time of the HWENO-U, HWENO-
M, and WENO-ZQ schemes are presented in Table 3.3, illustrating the schemes all achieve
the fifth-order accuracy. More explicitly, on the denser meshes (e.g., > 200), the CPU
time ratio of HWENO-U/WENO-ZQ is about 1.695, whereas the L> error ratio is around
1/10.905, and the CPU time ratio of HWENO-M/WENO-ZQ is around 2.488, but the L*
error ratio is almost 1/11.897. These data demonstrates that at the same CPU cost, the
HWENO-U scheme is more accurate than the HWENO-M and WENO-ZQ schemes, which

also can be more intuitively observed from Fig. 3.2.

Example 3.3 We consider two-dimensional nonlinear Burgers’ equation

2 2

u—)x+(%)y:(), O<z<4, 0<y<d4,

Ut+<2
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L” error
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Table 3.3: Example 3.2. One-dimensional Euler equations:
L*>® and L' errors, orders and CPU time of the HWENO-U,
HWENO-M, and WENO-ZQ schemes.

Meshes L>® error Order L' error Order CPU

HWENO-U
40 4.48E-06 — 7.98E-07 — 5.39E-02
80 3.78E-08 6.89 8.08E-09 6.63 3.89E-01
120 2.92E-09 6.31 1.04E-09 5.05 1.36E+00
160 5.41E-10 5.86 2.46E-10 5.01 3.44E+00
200 1.57E-10 5.56 8.07E-11 5.01 7.22E+00
240 5.87E-11 5.38 3.24E-11 5.00 1.34E+01

HWENO-M
40 4.45E-07 — 2.54E-07 — 7.74E-02
80 1.26E-08 5.14 7.89E-09 5.01 5.58E-01
120 1.64E-09 5.04 1.04E-09 5.01 1.98E+400
160 3.87TE-10 5.02 2.46E-10 5.00 5.04E+00
200 1.26E-10 5.01 8.05E-11 5.00 1.06E+01
240 5.08E-11 5.00 3.23E-11 5.00 1.96E+01

WENO-ZQ
40 4.71E-06 - 2.97E-06 — 3.28E-02
80 1.47E-07 5.00 9.34E-08 4.99 2.29E-01
120 1.93E-08 5.00 1.23E-08 5.00 8.02E-01
160 4.59E-09 5.00 2.92E-09 5.00 2.03E-+00
200 1.50E-09 5.00 9.57E-10 5.00 4.26E+00
240 6.04E-10 5.00 3.85E-10 5.00 7.88E+00

~
A

Q +

HWENO-U
HWENO-M
WENO-ZQ

10" 10°
CPU time

Fig. 3.2. Comparison of L>, L!
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errors and CPU time for Example 3.2.



with the initial condition u(z,y,0) = 0.5+ sin(7(z +y)/2) and periodic boundary conditions
in z and y directions. Up to the final time T = 0.5/m, the solution is still smooth. The
L> and L' norms of numerical errors and CPU time of the HWENO-U, HWENO-M and
WENO-ZQ schemes are shown in Table 3.4, illustrating that the three schemes achieve the
fifth-order accuracy. More explicitly, with denser meshes (e.g., > 200), the CPU time ratio
of HWENO-U/WENO-ZQ is about 1.242, whereas the L* error ratio is around 1/64.085,
and the CPU time ratio of HWENO-M/WENO-ZQ is around 1.534, but the L error ratio
is almost 1/74.196. This data shows that the HWENO-U scheme is more precise than the
HWENO-M and WENO-ZQ schemes at the same CPU cost, which can be intuitively seen
from Fig. 3.3. With the mesh gets denser, we can intuitively observe that the HWENO-U and
HWENO-M schemes have similar numerical errors, but the HWENO-U scheme has slightly
less computational time. Besides, the numerical errors and orders of the first-order moments
in the x and y directions for the HWENO-U scheme are presented in Table 3.5, in which
the first-order moments also have the fifth-order accuracy as that in the one-dimensional
case. Note that the errors and orders of the first-order moments in the x and y directions

are identical because of the symmetry solution.

07 ——F— HWENO-U 10 ——5— HWENO-U
O ——+—— HWENO-M B ——+—— HWENO-M
Y I - = WENO-ZQ NN = WENO-ZQ
10 ) i 10°}- "
+ L + o
. = R\
=107 \ =10°
£ N\ W £ ~
= L = \ S
o . < ° N AN h
=10° ) - =107 ) \
. \ [y 7
- N 8| O\
10 = 10 =,
NS N
T S
10° M 10°F ‘ |
1 1 1 1 1 1
10° 10' 10° 10° 10' 10°
CPU time CPU time

Fig. 3.3. Comparison of L>, L' errors and CPU time for Example 3.3.
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Table 3.4: Example 3.3. Two-dimensional Burgers’
equation: L* and L' errors, orders and CPU time of

the HWENO-U, HWENO-M and WENO-ZQ schemes.

Meshes L>® error Order L' error Order CPU

HWENO-U
40 x 40 1.83E-03 - 1.53E-04 — 2.81E-01
80 x 80 2.61E-05 6.13  247E-06 596  3.75E+00
120 x 120 1.43E-06 7.17  7.60E-08  8.59 1.89E4-01
160 x 160 1.21E-07 8.57  9.68E-09 7.16 6.23E+01
200 x 200 3.12E-08 6.09  2.34E-09 6.35 1.63E4-02
240 x 240 9.52E-09 6.50 8.67E-10 5.46  3.69E+02

HWENO-M
40 x 40 5.67E-05 - 5.80E-06 — 3.43E-01
80 x 80 2.27E-06 4.64 1.76E-07 5.04 4.61E400
120 x 120 3.04E-07 4.96  2.26E-08 5.06 2.33E401
160 x 160 7.18E-08 5.02  5.46E-09 494 7.70E401
200 x 200 2.38E-08 4.95 1.78E-09  5.03  2.01E402
240 x 240 9.52E-09 5.02 7.13E-10 5.01  4.56E+02

WENO-ZQ
40 x 40 1.82B-03 —  2.16B-04 - 2.37E-01
80 x 80 1.24E-04 387 1.07E-05 4.33  3.12E+00
120 x 120 1.96E-05  4.56  1.58E-06 4.72  1.56E+01
160 x 160 5.09E-06  4.68 3.98E-07 4.80 5.16E+01
200 x 200  1.74E-06  4.80 1.33E-07 4.90  1.33E+02
240 x 240 T7.17E-07  4.86  549E-08 4.86  2.93E+02

Example 3.4 We solve two-dimensional compressible Euler equations

p Pl pv

O \pul L O fpwtp | O puv |

ot |pv| 0z | puv dy | pr*+p ’
E n(E + p) v(E +p)

where p is the density, ¢ and v the velocity in x and y directions respectively, E is the
total energy and p is the pressure. The initial condition is (p, u, v, p,v) = (1 + 0.2sin(7w(z +
y)),1,1,1,1.4) and the computational domain is [0, 4] x [0, 4] with periodic boundary condi-
tions in all directions. We compute the solution up to time 7' = 2, and the exact solutions
are (p,p,v,p) = (14 0.2sin(w(x + y — 27)),1,1,1). The L> and L' errors are presented
in Table 3.6, showing that the three schemes achieve the fifth-order accuracy. More ex-
plicitly, with denser meshes (e.g., > 200), the CPU time ratio of HWENO-U/WENO-ZQ

is about 1.252, whereas the L* error ratio is around 1/14.443, and the CPU time ratio of
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Table 3.5: Example 3.3. Two-dimensional Burgers’ equation: L* and L'
errors, orders of the HWENO-U scheme for the first-order moments in the
x and y directions.

z-direction y-direction
Meshes

L® error  Order L' error Order L error Order L' error Order
40 x 40 9.98E-04 — 6.29E-05 — 9.98E-04 — 6.29E-05 —

80 x 80 4.40E-06 7.83  4.49E-07  7.13 4.40E-06 7.83  4.49E-07 7.13
120 x 120  1.59E-07 8.19  1.52E-08  8.35 1.59E-07 8.19  1.52E-08  8.35
160 x 160  2.64E-08 6.25  2.23E-09  6.68 2.64E-08 6.25  2.23E-09  6.68
200 x 200  8.38E-09 5.14  6.00E-10  5.88 8.38E-09 5.14  6.00E-10  5.88
240 x 240  3.31E-09 5.09  2.33E-10  5.20 3.31E-09 5.09  2.33E-10  5.20

HWENO-M/WENO-ZQ is around 1.378, but the L> error ratio is almost 1/78.888. This
data shows that the HWENO-U scheme is more precise than the HWENO-M and WENO-
ZQ) schemes at the same CPU cost, which can be intuitively seen from Fig. 3.3. Compared to
the WENO-ZQ scheme, the HWENO-U and HWENO-M schemes require the computation
of two extra first-order moment equations, yet their CPU costs only increase by no more
than 40% due to the repeated utilization of numerical fluxes on the boundary in the zeroth-
and first-order moment equations. Overall, both the HWENO-U and HWENO-M schemes
demonstrate superior computational efficiency than the WENO-ZQ scheme. It is worth not-
ing that despite using unified stencils throughout the entire procedures, the HWENO-U and
HWENO-M schemes still have similar numerical errors and comparable CPU time. This can
be attributed to the fact that the HWENO-M scheme modifies the first-order moments in a
dimension-by-dimensional manner, resulting in computational cost savings, particularly for
high-dimensional systems. However, extending this dimension-by-dimensional approach to
unstructured meshes is not straightforward. In contrast, the framework of the HWENO-U
scheme is specifically designed to be well-suited for unstructured cases, and the relevant

researches are ongoing.
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Table 3.6: Example 3.4. Two-dimensional Euler equa-
tions: L> and L! errors, orders and CPU time of the

HWENO-U, HWENO-M and WENO-ZQ schemes.

=
+

HWENO-U

HWENO-M

WENO-ZQ

Meshes L*> error Order L' error Order CPU
HWENO-U
40 x 40 1.33E-04 — 2.23E-05 — 1.24E402
80 x 80 8.41E-07 7.31 8.17E-08 8.09 1.72E+03
120 x 120 4.26E-08 7.36 3.82E-09 7.55 1.02E+04
160 x 160 5.28E-09 7.26 5.98E-10 6.45 3.65E+404
200 x 200 1.08E-09 7.11 1.67E-10 5.72 9.68E+-04
240 x 240 3.06E-10 6.92 6.45E-11 5.21 2.14E+05
HWENO-M
40 x 40 8.85E-07 — 5.01E-07 — 1.34E+02
80 x 80 2.52E-08 5.14 1.57E-08 5.00 1.86E+03
120 x 120 3.25E-09 5.04 2.06E-09 5.00 1.09E+04
160 x 160 7.68E-10 5.02 4.89E-10 5.00 3.96E+04
200 x 200 2.52E-10 5.00 1.60E-10 5.00 1.06E+05
240 x 240 1.01E-10 4.99 6.43E-11 5.00 2.37TE+05
WENO-ZQ
40 x 40 1.69E-04 — 3.74E-05 — 9.86E401
80 x 80 2.56E-06 6.04 1.19E-06 4.97 1.30E+03
120 x 120 2.80E-07 5.46 1.57E-07 4.99 7.12E4-03
160 x 160 6.25E-08 5.21 3.74E-08 5.00 2.54E4-04
200 x 200 2.00E-08 5.12 1.22E-08 5.00 7.48E404
240 x 240 7.92E-09 5.07 4.92E-09 5.00 1.77E4+05
N £ HWENO-U Y
N +—— HWENO-M .
A WENO-ZQ 0 .
\\\ " \ ~ |
\ e 10-6 - AV \
N ~ + .
* \\\ o - o \\ o o
NG = ‘ SR
LN =% 10° AN
\ "~ ;\_\
N
DR 10° -
AN 100k
1 1 1 1 q 1
10° ? * 10° 10? 10
CPU time CPU time
Fig. 3.4. Comparison of L*, L' errors and CPU time for Example 3.4.
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Fig. 3.5. Example 3.5. The results of solution computed by the HWENO-U, HWENO-M
and WENO-ZQ schemes.

3.2 Non-smooth tests

In this subsection, we compare the performance of the HWENO-U, HWENO-M, and
WENO-ZQ schemes in capturing shocks by simulating some benchmark and extreme prob-

lems.

Example 3.5 We solve the Lax problem for one-dimensional Euler equations with the initial

conditions:

(0.445,0.698, 3.528,1.4)T, —0.5 < z < 0,

T _

The final time is T" = 0.16 and outflow boundary conditions are imposed on all bound-
aries. The computational results of density for the HWENO-U, HWENO-M and WENO-ZQ
schemes are displayed in Fig. 3.5, which indicates that the results of the HWENO-U and
HWENO-M schemes are more close to the exact solution than the WENO-ZQ scheme. The
numerical solution of the WENO-Z(Q scheme has obvious overshoots or undershoots in Fig.
3.5, which is attributed to the nonlinear weights in [50] for violating the scale-invariant prop-
erty. If the HWENO-U scheme also uses the original nonlinear weights [50], the overshoots

or undershoots also generate.
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Fig. 3.6. Example 3.5. The results of solution computed by the HWENO-U scheme with
the scaled initial conditions using the proposed scale-invariant nonlinear weights (2.11) and
the original nonlinear weights [50].

To prove that the proposed nonlinear weights (2.11) satisfy the scale-invariant property,
similar to [5], we scale the initial conditions to be ((p, i, {p,~y) with a constant ¢ > 0. For
this Riemann problem, the exact solution at time T is (p(z,T). We compute this scaled
case by the HWENO-U scheme with the scale-invariant nonlinear weights (2.11) and origi-
nal nonlinear weights [50], respectively. The computed results are shown in Fig. 3.6, which
validates the effectiveness of scale-invariant nonlinear weights for the proposed HWENO-U

scheme.

Example 3.6 We solve the interaction of the blast wave problem for one-dimensional Euler

equations with the initial conditions:

(1,0,1000,1.4)T, 0 <z < 0.1,
(p, 1,0, 7)" = < (1,0,0.01,1.4)T, 0.1 <z < 0.9,
(1,0,100,1.4)T, 0.9 <z < 1.

The computing time is 7' = 0.038 and reflective boundary conditions are imposed on all
boundaries. The reference solution is generated by the classical WENO scheme [19] using

2001 points. The density computed by HWENO-U, HWENO-M and WENO-ZQ schemes
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are plotted in Fig. 3.7, which shows the HWENO-U scheme has higher resolutions than the

HWENO-M and WENO-ZQ schemes.

Reference

m] HWENO-U

6k + HWENO-M
v WENO-ZQ

| Reference

6 [m] HWENO-U

HWENO-M
5+ v WENO-ZQ

+

0 0.2 0.4 0.6 0.8 1
X X

(a) Density with 800 cells (b) A zoomed-in figure

Fig. 3.7. Example 3.6. The results of solution computed by the HWENO-U, HWENO-M
and WENO-ZQ schemes.

Example 3.7 We solve the Shu-Osher problem for one-dimensional Euler equations, which

describes the interaction between shock and entropy waves. The initial condition is

( - (3.857143,2.629369, 10.333333,1.4), —5 <z < —4,
P (1+0.2sin(5x),0,1,1.4), —4<a <5

The final time is T" = 1.8 and outflow boundary conditions are imposed on all boundaries.
The density calculated by the HWENO-U, HWENO-M, and WENO-ZQ schemes are dis-
played in Fig. 3.8, indicating that the HWENO-U and WENO-ZQ schemes exhibit similar

results but both have better resolutions than the HWENO-M scheme.

Example 3.8 We solve the double rarefaction wave problem [25] for one-dimensional Euler

equations with the initial condition

(7,-1,0.2,1.4), —1 <2 <0,

(“%n7%:{wﬂﬂzL®, 0<z<l.

The final time is T" = 0.6 and outflow boundary conditions are imposed on all boundaries.

The results computed by the HWENO-U, HWENO-M and WENO-ZQ schemes are shown
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(b) A zoomed-in figure

Fig. 3.8. Example 3.7. The results of solution computed by the HWENO-U, HWENO-M

and WENO-ZQ schemes with 400 cells.

in Fig. 3.9. Numerically we find that such three schemes work well for this extreme prob-

lem without PP limiters, but the two HWENO schemes have more compact reconstructed

stencils.
Exact M
u HWENO-U
6 + HWENO-M
v WENO-ZQ
£ ar
£
=
")
=1
oL
ok
1 1 1
-1 -0.5 0 0.5
X
Fig

o
o
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o

+

Exact
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HWENO-M
WENO-7ZQ

0.2

Exact r
u} HWENO-U 4

+ HWENO-M
- WENO-ZQ

. 3.9. Example 3.8. Double rarefaction wave problem with 400 cells.

Example 3.9 We solve the Sedov blast wave problem for one-dimensional Euler equations

with the initial condition

(pmua E77) -

(1,0,10712,1.4), z € [-2,2]\ the center cell,

(1,0, %, 1.4), z € the center cell.
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Fig. 3.10. Example 3.9. One-dimensional Sedov problem with 800 cells.

The final time is 7' = 0.001 and outflow boundary conditions are imposed on all boundaries.
The exact solution is provided in [20, 33]. We present the computational density in Fig.
3.10 for the HWENO-U, HWENO-M and WENO-ZQ schemes. Also, we do not use any PP
limiters for the three scheme in this extreme problem, and the results are non-oscillatory

with high resolutions.

Example 3.10 We solve the double Mach reflection problem [39] for two-dimensional Euler

equations. The computational domain is [0, 4] x [0, 1] and the initial condition is

( ) (8,3 sin(5), =32 cos(),116.5,1.4), x < § + N
) 7V7 ) =
Pt b (1.4,0,0,1,1.4), otherwise.

The boundary conditions are set as inflow on the left, outflow on the right and bottom. The

1
6to

reflection boundary condition are applied for the bottom boundary starting from x =
x = 4, while the rest part from x = 0 to = = % imposes the exact post-shock condition.
Besides, the upper boundary is the exact motion of a Mach 10 shock. The final time is
T = 0.2. The computational results of density for the HWENO-U and HWENO-M schemes
are showed in Fig. 3.11. We can see that the two results are similar, but the HWENO-U

scheme has simpler procedures with unified stencils.

Example 3.11 We solve the forward step problem [39] for two-dimensional Euler equa-
tions, which contains a Mach 3 wind tunnel with a step. The computational domain is

[0,0.6] x [0, 1]U[0.6, 1] x [0.2, 1] and the initial condition is a right-going Mach 3 flow. Reflec-

33



0.8

0.6 r

04 r

0.8

0.6 r

04 r

0.2 r

ol 95 3 2.5 3
(b) HWENO-M

Fig. 3.11. Example 3.10. Double Mach reflection problem. Contour plots of density with
30 equally spaced lines from 1.5 to 22.7. Uniform meshes: 1920 x 480.

tive boundary conditions are applied along the walls of the tunnel, and inflow and outflow
boundary conditions are implemented at the entrance and exit respectively. The final time
is T' = 4. The density results computed by the HWENO-U and HWENO-M schemes are
shown in Fig. 3.12. We can observe that both results are comparable for the HWENO-U
and HWENO-M schemes.

Example 3.12 We solve a Sedov blast wave problem [20, 33] for two-dimensional Euler
equations. The computational domain is [0, 1.1] x [0, 1.1] and the initial condition is

(1,0,0, °%55K.%, 1.4), (2,y) € [0, Az] x [0, Ay],

7 7V7 E7 =
(o1 7) {(1,0,0, 10712,1.4),  otherwise.

Reflective boundary conditions are employed on the left and bottom, while outflow conditions
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Fig. 3.12. Example 3.11. Step forward problem. Contour plots of density with 30 equally
spaced lines from 0.32 to 6.15. Uniform meshes: 960 x 320.

are applied on the right and upper boundaries. The computational results at the final time
T =1 are presented in Fig. 3.13 for both the HWENO-U and HWENO-M schemes with PP
limiters. Notably, it is essential to utilize PP limiters in this case, as both schemes would
fail to work effectively without them due to negative densities or pressures. This extreme
problem involves very strong shock and the variation of density is pretty large. From Fig.
3.13, we can observe obviously that there exist numerical oscillations even using PP limiters
for the HWENO-M scheme with original nonlinear weights [50], since the PP limiters can
keep the positivity of density and pressure but cannot control numerical oscillations. On
the contrary, the HWENO-M scheme with the scaling-invariant weights in Eq. (2.22) and

the proposed HWENO-U scheme behave similar and comparable results as in the reference

35



+

density

Exact
HWENO-U
HWENO-M

X

(a) HWENO-U with original non- (b) HWENO-M with original non- (c) Density at x =y

linear weights [50]) linear weights [50]

density

Exact
HWENO-U
HWENO-M

0 ‘ ‘0.2‘ ‘ 0.4 ‘ ‘0.6‘ ‘ 0.8 1

(d) HWENO-U with the proposed (¢) HWENO-M with the proposed (f) Density at x =y

scale-invariant weights (2.22) scale-invariant weights (2.22)

Fig. 3.13. Example 3.12. Two-dimensional Sedov problem. Contour plots of density with

40 equally spaced lines from 0.95 to 6. Uniform meshes: 320 x 320.

[41]. Also, the HWENO-U scheme has higher resolutions and better performances than the
HWENO-M scheme with the nonlinear weights in [50] or Eq. (2.22). The results presented

above demonstrate the necessity of scale-invariant weights, especially for the problems with

sharp scale variations.

Example 3.13 Finally, we solve the Mach 2000 astrophysical jet problem without a ra-
diative cooling studied in [11, 12, 13]. The computational domain is [0, 1] x [—0.25,0.25].
Initially, it is full of an ambient gas with (p, i, v, p,y) = (0.5,0,0,0.4127, g) Outflow bound-

ary conditions are imposed on the right, top, and bottom. The left boundary conditions are
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Fig. 3.14. Example 3.13. High Mach 2000 problem. Contour plots of density with 40
equally spaced lines from -2 to 3 and scales are logarithmic. Uniform meshes: 640 x 320.

established with the values (p, i, v,p,7) = (5,800,0,0.4127,2) when [y| < 0.05. For values
outside of this range, the values are (0.5,0,0,0.4127, g) In Figure 3.14, we present the re-
sults obtained by the HWENO-U and HWENO-M schemes with PP limiters for a final time
T = 0.001. The results show that the HWENO-U and HWENO-M schemes have comparable

results, which are also similar to that in the reference [41].

4 Concluding remarks

In this paper, we introduced a moment-based finite volume HWENO-U scheme with
unified stencils on structured meshes. The novel point is to incorporate the spatial recon-
structions with the modification of the first-order moments into a single step, resulting in a
simpler approach than the HWENO-M scheme [45], which involves two separate steps. The
HWENO modification for the first-order moments in time discretizations serves two signif-
icant purposes in the proposed scheme. Firstly, it ensures the stability of the fully-discrete
scheme as that in the Lax-Friedrichs scheme [21], which is demonstrated through analyses
in Subsection 2.3. Secondly, it helps to overcome spurious oscillations for using nonlinear
HWENO procedures. Furthermore, the proposed scale-invariant nonlinear weight of this
paper not only retains all properties of original one but also is more robust when simulating
challenging problems with sharp scale variations, shown in Examples 3.5 and 3.12.

Overall, the HWENO-U scheme is a simpler and more practical numerical method, which
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not only inherits the advantages of previous HWENO schemes, including compact stencils,
high order accuracy, high resolution, and the use of artificial linear weights, but also employs
unified stencils throughout the entire process without any modifications for the governing
equations, resulting in easier and faster implementations as evidenced in the algorithm de-
scriptions and numerical results. Furthermore, in the two-dimensional case, the framework
of the HWENO-U scheme is based on truly two-dimensional reconstructions, making it more

straightforward to extend to unstructured meshes, and the relevant works are ongoing.

A Appendix

In the one-dimensional case, the coefficients of the reconstructed polynomials {p,,(x)}2 _,
in (2.9) are given as follows:

( _ 43w + 235u; _ 43 Uit 2701 + 27 viq1

0,0 = T 7354 192 384 64 64
C _ 63 ;1 + 63 Uijt1 o 750; 1 o 75041
01— 76 76 19 19
_ 23U;—1 . 23 14 23 Uiq1 450, 1 . 45 Vit1
2= "6 g T~ 16 T & 8
b o SUjy1 607v;_1 60 ;41
€03 = 19 o T 1t 1o
_ _5’!7,1'_1 5% SUjy1 . 159;_1 159,41 ,
C04a = g5 T 4 8 2 T3 o

C10 = Uy C11 = Uy — Uj—1;

[ (2,0 = Uis C21 = Uiy — Uj.

In the two-dimensional case, the coefficients of the reconstructed polynomials {p,,(z,y)}2 _,
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in (2.20) are given as follows:

/ _ _ _ _ _ _
_ wy _ 133us 133 u4 41945 _ 133 ue a7 133us 271)4 27116 - 27w2 27w8
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C1,0 = Us, C1;1 = U5 — Uy, C12 = U5 — Ug;
Co,0 = Us, C21 = Ug — Us, Co2 = Us — Uz;

C30 = Us, C31 = U5 — Uy, C32 = Ug — Us,

C40 = Us, C41 = Ug — U5, C42 = Ug — Us.
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