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Abstract

A recent paper [1] is generalized to a case where the spatial region is taken in R3.
The region is assumed to be a thin body, such as a panel on the wing or fuselage of
an aerospace vehicle. The traditional h— as well as hp—finite element methods are
applied to the surface defined in the £ — y variables, while, through the thickness,
the technique of the p—element is employed. Time and spatial discretization scheme
developed in [1], based upon an assumption of certain weak singularity of |12, is

used to derive an optimal a priori error estimate for the current method.

Key words: Discontinuous Galerkin Method, Parabolic Equations, Modified hp-Finite
Element Method.

1 Introduction

In this paper, the discontinuous Galerkin method is applied to the following standard

model problem of parabolic type:

Find u such that
u(z,t) — Au(z,t) = f(z,t), €Q,teR,
’U(IL‘,t) = 07 A BQ,t € R+, (11)
u(z,0) = up(z), T €9,

where (2 is a closed and bounded set in R® with boundary 8, R* = (0,00), Au =
?u/0x? + 8%/0y* + 0%u/07%, u; = Ou/dt, and the functions f and ug are given data.

*This author is supported by NASA- Grant NAG-1-01092
1This author is supported by NASA- Grant NAG-1-2300



The discontinuous Galerkin method is a robust finite element method that can deliver
high-order numerical approximation using unstructured grids. In this paper, region 2 is
assumed to be a thin body in R3, such as a panel on the wing or fuselage of an aerospace
vehicle. The traditional h— as well as hp—finite element approximations are used in the
T — y variables, whereas, the p—finite element method developed, e.g., in [5],[15], is used
in the z variable which describes the region through the thickness. The application of the
p—finite element method through the thickness of thin structure, as compared to applying
the h— or hp—finite element discretization to all coordinate directions, enables us to
avoid structuring elements in R® that are too thin to satisfy the required quasi-uniformity
condition (e.g. see [7]) that is necessary to deliver stable numerical approximation. We
are coining the term ‘modified hp’-finite element method, as it differs from the traditional
hp—finite element method which uses h— and p—finite elements on the same domain where

the h—finite element method provides a refinemen
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provides an enrichment. In Section 2, approximation power of the modified hp—finite
element method will be investigated. In Section 3, the discontinuous Galerkin method
with the modified hp-finite element approximation technique is established. Discontinuity
is in time variable and time discretization is based upon the degree of singularity of ||u||z.
The traditional h—finite element method is employed in time. The convergence analysis
given in [9] will be used. The reader is also reminded of recently published important
paper [16] by Schotzau and Schwab in which various time discretization techniques are
discussed. For instance, an exponential convergence rate in time of p—finite element
method is obtained in [16] despite the presence of singularity in the transient phase of
the solution. Time discretization used there is geometric. Schotzau and Schwab’s result
extends the results in [3] and [4] in which no exponential convergence rate is reported.
Also they discuss the h—finite element technique in time using a class of radical mesh and
obtain the algebraic convergence rate which is optimal. The radical mesh was chosen by
analyzing the incompatibility between initial and boundary data. The present authors {1]
established a similar time discretization technique for the discontinuous Galerkin finite

element method, h—version in time, which was based upon the singularity of |Ju;||>. Using




this analysis, it is shown in [1] that the optimal algebraic convergence rate in time of the
discontinuous Galerkin method can be obtained under more dispersed, therefore more

computationally stable radical mesh than the mesh used in [16].

2 Approximation Power of Modified hp Elements
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Let w C R? and I' C R be convex regions. For simplicity, it is assumed that I' = |
where d = |T'|. For simplicity, the thickness, d, is assumed constant over the domain. The
Sobolev space of order k defined on w x I' is denoted by H*(w x T') with the norm
lulfusr = > 1Dl
0<al<k
where for each multi-integer a = (a1, a2, a3), we have let |a| = a; + az + a3 and
la
We note that the Sobolev norm reduces to the usual L, norm when k = 0. In this section,
a best possible error estimate is derived for approximating an element in H*(w x ') by
the finite element function spaces. Let K, denote the master triangular element defined
by
Ken={(En€eR: 0<n<(14+6V3 -1<€<0o0r
0<n<(1-6)V3 0<¢g<1)

Let SP(K¢ ) denote the space of polynomials of degree < p on K¢ ,, -i.e.,
5P (Ke) = span{€'n’:4,j =0,1,...,p;i+j < p}.

First, the shape functions for the master element K, are formed. To accomplish this,

the barycentric coordinates are introduced via
M=(1-€-n/V3)/2, X=(1+E6-1/V3)/2, N=n/V3. (2.1)

Ai’s form a partition of unity and JA; is identically equal to one at a vertex of K¢, and

vanishes on the opposite side of K¢,. The hierarchical shape functions on K¢, consists




of internal as well as external functions. The normalized antiderivatives of the Legendre

polynomials are defined by

zZi(C) = V 22;- ! /;CI Pl(t)dt’ 1= 172a 37 se (22)

Now, the external shape functions consist of 3 nodal shape functions

Ni(&) 77) = Aia 1= 1127 37 (23)

and 3(p — 1) side shape functions NiU](f, n),i=1...,p—=1,7=1,2,3. The index j
indicates one of three sides of K¢,. Noting that v;(+1) =0,

) = J0- e, i=1,23,... (24)

where ;(7) is a polynomial of degree i — 1. For instance, ¢;(n) = —v/6, pa(n) = =109
and 3(n) = @(1 — 5n?), etc. The side shape functions are constructed as follows:

NIE ) = dadswilds — o)

NPEm) =Xhpih =), i=1,....p-1, (2:5)

NEE ) = Mdapi(ha — M)
From (2.4) and (2.5), there are 3+3(p— 1) shape functions. As dim(SP(K¢,)) = @f—%ﬂ,
the remaining L”Ll)i(”—_zl basis elements are constructed in terms of internal shape func-
tions. Clearly, nontrivial internal shape functions on K, exists only if p > 3. For p = 3,
the bubble function on K¢, below serves as the internal function;

_ =M 1y _ g2
bk, ,(&:m) = Adeds = 4\/§((1 \/§) £)- (2:6)

Moreover, the collection IP(K¢,) of higher-order internal shape functions can be con-

structed from
IP(KE’,,) = {bKEM’UZ vV E SP—3(K€”’} = {bKim} ® Sp_s(KE,,,), P Z 3

Let T, h > 0, be a triangulation of w. let x = Q' (Ly, Ly, L3) and y = Q;(Ll, Ly, L3) be
the element mappings of the standard triangle K¢ ,, to the /th triangular element K Le Ty,

3

=1

e.g., the linear mapping onto K with vertices {(z!, y})

3 3
Qi(LhL2,L3) = ZxﬁLi, Qly(LhLz»La) = Z%!Li'
i=1

i=1



The space of all polynomials of degree < p on K' is denoted by SP(K') and its basis can
be formed from the shape functions of SP(K¢,) described above by transforming them
under @}, and Q.. The finite element space SPY(w, Ty,) is now defined. For w, p > 0 and
k>0,

SP*(w, T) = {u € H¥(w): u|lg € SP(K), K € Tp}. (2.7)

Assume that a triangulation {T;}, B > 0, of w consists of {K.}M" and that h =

diam(K}), for L =1,..., M(h).
In the z-variable for through the thickness approximation, the local variable 7 is defined

in the reference element [—1,1] and T is mapped onto the reference element by @, i.e.,
F = Qz([_17 1])7 z= QZ(T)'
Clearly, Q, is a linear function defined by
1 d 1 d
= z -_— 1 _— —— — —_— —

The Jacobian of @), is constant
dz d

ar 2

In this paper, the basis functions of P,([—1,1]) are taken to be the one-dimensional
hierarchical shape functions. See [15] for a complete discussion of the basis elements used
in the p and hp-finite element methods.

For example, in approximating an element in H'[-1,1], with [ = 0, ¥;(7) = P._1(7),
1 <i < p+1, where P,_; is the Legendre polynomial of degree i — 1, form the hierarchical
basis functions. With [ = 1, the external (¢, and 1) and internal (¢;, ¢ > 3) shape
functions are defined by

ot

Yi(r) =355, o(r) =4

’ 2.8
() = (B2 [T Po(t)dt, 3<i<p+l 28)

Note that v;’s form an orthogonal family with respect to the energy inner product (-, ) g,
1 1
Wit)e= [ vi¥©d = [ ROP@E =4

5



Also note that the internal shape functions satisfy
¥i(£1) =0, for3<i<p+1.

For the case [ = 2 and p > 3, the four nodal shape functions and the remaining p — 3

internal shape functions given by

(7)) = %(1 —7)2(147), ¥u(r)= i(l —-7)2(2+7)
Ys(r) = —-%(1 + 721 —1), tYs(r)= ;11(1 +7)%(2-17) (2.9)
¢i(7-) - (21—2—_§)1/2 fII(T_n)Pi—3(n)dn7 1= 57,p+ 1.

In this case, the internal shape functions satisfy

.
—d%(ﬂ)=o, for5<i<p+landj=0,1 (2.10)

The nodal basis functions, ¥;, i = 1,2, 3, 4, in (2.9) also satisfy three of the four conditions
in (2.10). For example, using the shape functions in (2.8), any element u € Lo[—1, 1] can

be approximated by u, € Pp([—1,1]), in the form

up(7) = 1—-‘2-1u(—1) +1 ~Tu()+ 2 aii(7). (2.11)

For approximating the solutions of parabolic problems with the homogeneous Dirichlet
boundary condition, the first two terms will be dropped, as u(—1) = u(1) = 0. A sequence

of triangulations {7 }aso is called the quasiuniform mesh if

h
" < for all h 2.12
GamE) S for > 0, (2.12)

with h = maxger, diam(K), and for some v > 0. P,(T") denotes the space of all polyno-
mials of degree < p defined on I'. The following is proved by Babuska, Szabo and Katz in
[5]. See also [6] by Babuska and Suri on a related discussion. Here €y denotes a bounded
polygonal domain in R2.

Theorem 2.1 Let u € H*(Q). Then there ezists a sequence 2z, € Pp(%), p=1,2,...,

such that, for any 0 <1 <k,
llu = zplli0, < Cp™* Pl

where C is independent of u and p.



The parameters k and [ are not necessarily integral. Their proof relies heavily on the
approximation power of the trigonometric polynomials.

With [ = 0 in Theorem 2.1 and using the usual duality argument, the results in
Theorem 2.1 are further improved by Babuska and Suri in [6] (theorem 2.9), (see also a
series of papers by Gui and Babuska [13]), to the hp-finite element setting as follows:

Theorem 2.2 Let T, be a quasiuniform partition of Q. Then for k > 1, u € H*(Qy),

. v,.—k
vesind 7 18 = vlae) < CRP™ llull ()

where v = min(k,p+ 1).

The corresponding error estimate in the || - || z«(q,) is also available in [6].

h-version in the z — y surface variables: First, the h-finite element approximation
is considered in the  — y variables. Let z = () = 47 be the linear transformation of
[-1,1] onto I'. Now consider the problem of approximating a function u € H*(w x ') by

a function from the tensor product space Sj,(w) ® P,(I'), where
hw) = Sp{w, T) = {u € Ly(w):u|K € ST(K),K € Tp}. (2.13)

For error analysis of h-version of the finite element method, the space SP*(w, T},) defined
in (2.7) is not necessary, and the space S;(w) of lower dimension can be used to attain
the optimal convergence rate. Let P}: H?(w) — S}(w) denote the interpolation projection

defined by

(Pru)(z,y) =Y u(zhy)pi(z,y), forall (z,y) € K' and u € H*(w), (2.14)
i=1
where T, is a triangulation of w with K' € T}, and {(z},4!)}/_, is a set of nodes on K

with @i(z}, y}) = 6;;. Also, denote by Q,: H¥*(I') — P,(T) a projection defined by

1 .
(Qpu)(2) = Pi a;¥;(z), forallzeTl, (2.15)
=1



where ¥,;(z) = y;(s7(2)) for each i > 1 where y; are defined, e.g., in (2.8) or (2.9).
Recall that for & = 1, the constants a; and a; are known in case of parabolic problems
with Dirichlet condition, and it is assumed that a;, i > 3, in (2.15) are determined by

p+1 ptl

/ lu(z) — ZaJ z)[%dz = mln/ lu(z) — Zb W, (2)|dz. (2.16)
From approximation theory [17],
1] = Pillyey = O(RT), (2.17)

Also Qp: L2(T') — PB,(I'), from being the orthogonal projection in the sense described in
(2.16) and from Theorem 2.1 that

1 = Qullzomry = O@7F). (2.18)

Let
1 Pr @ Qpllz = || Py ® Qpllrawxry = sup [[(Pr ® Qp)ullL,wxr)-

lullz=1
For u € Ly(w x T),

r

(Pr® Du(z,y,2) =Y. Y ulzl, v}, 2)¢i(z, v),
l i=1

and
p+l

(Pr ® Qp)ulz,y, 2 Z{ZZw,(zy}aJ i(2),

i=1

where a; depends upon u and obtained accordmg to (2.16). First, approximation order

under L, operator norm of P ® Q,, for P] ® I is established.

Lemma 2.3 For P[: H*(w) — Si(w), 0 < r < k, and Q,: H*(T) — P,(T') defined
respectively in (2.14) and (2.15),

IPF®1— Pl ®Qyll2 < Cp¥,

where C is independent of p.



Proof:

1P} ® 1 — P ® Qll2 = supyy,y (P ® I — P} @ Q,)ull,
= SUP|y =1 {1 St Jr | Tl wlzh, v, 2) 0k (z, y)—
I T P4z, y)a; ¥;(2) | dzdzdy}

< sup"u"z:l {Zl fK’ fF I Ez—l ‘Pz(l' y)(u(z,, yl Z) Z_]—-l a] (Z))|2d2d$dy}l/2

< SUP|y =1 Dt {1 fie o 164 (2, v) Plu(al, o, 2) — S021 a,;95(2) [P dedzdy}/?
by Minkowski inequality

< Csupyyp,—1 maxicicr { i [u(zl, 4}, 2) — 221 a,;9;(2)[2dz} /2
where M = Y, [ pi(z, y)|Pdzdy

< Cp7*, by Theorem 2.1.
O

Similarly, the following lemma will be useful.

Lemma 2.4 Let Pj: H¥(w) — S}, with 0 < r < k and Q,: H*(T') — P,(T'). Then
”I®Qp - P}: ®Qp”2 <CH

where C is independent of r.




Proof:
1 ®Qp — P ® Qpll2 = supyyp,—; (I ® Qp — P ® Qp)ullz

= SuP||u|;2=1{ZK'eT,, Jrr Jr | Z?:i o;(z,y)¥;(z)—
S (T ai(ah, v pi(z, ) ¥5(2) P dzdzdy} /2
where E;’:l a;j(z,y)¥,;(z) is the best Ly(I') approximation of u(r,y,-)
< SuPnunz=1{ZK‘eTh S frl Eﬁi{aj(xv Y) — Tia aj(xliv )iz, y)}\Ilj(z)lzdzdzdy}l/ 2
< SUPjjy,=1 Zg:i{ZKleT,, Jir e les(z,y) — S0, o5(2h y)wila, y)|2|\Ilj(z)|2dzdzdy}1/2

< C{Zkten, Jxr lai(z,y) — Tioy 05(ah, )iz, y) Pldzdy} /2

< Ch", provided that a; € H™(w),
where the last inequality follows from a well known result of the approximation power of
piecewise polynomials [17]. O

Using Lemmas 2.1 and 2.2, we obtain the following theorem which provides an error
estimate for approximating an element in H¥(w x T') by elements from Sj(w) ® P,(T).
The result will be used in the next section when the formulation of error estimate of
the modified h — p discontinuous Galerkin finite element method for approximating the

solution of the parabolic problem (1.1) is established.

Theorem 2.5 Let u € H*(w x I'). Then there exists u* € Sp(w) ® P,(T") such that for
0<r<k, p>0,
llu = u*||zy@xr) = O +p7%).
Proof: Define u* = (P} ® @p)u. Then, using Lemmas 2.3 and 2.4 ‘i
le —wrllz = llu— (P} ® Qp)ull2 |
~flu- (@ Qu+ (I 8 Qu— (P8 Qylula |
Slu—- T @ Qp)ullz + I ® Qp)u — (P @ Qp)ull2 i
=O(h™ +p%). |
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hp-version in the z — y surface variables: Now we incorporate the hp-version of
approximation technique in the z — y coordinates. The goal is to approximate a function
u € H¥(wxT) from the tensor product space SP*(w, T},)® P, (T') for nonnegative integers
p1 and po. Analysis is similar to the one given in Lemmas 2.3 and 2.4 and therefore is not

given. Using Theorem 2.2, it can be seen easily that
Theorem 2.6 Let u € H*(w x T'). Then there erists u* € SP*(w,T},) ® P,,(T),
lle = w*(|Lpxry = O(R 7™ + p*),

where v = min(k, p; + 1) and h = maxger, diam(K), with T}, a triangulation of w.

Remark: Let N(p) = gp_+3)2§£+_21 Note that numbers of the degrees of freedom of
SPr¥(w, Ty) and P, (') are M(h)N(p;) and N(p,) respectively. Since a single element
through the thickness is used because of the specific structural consideration in this pa-
per, we can not expect the total error to decrease by letting the diameter h — 0, -i.e., by
letting the size of surface elements decrease to 0. The second error term would quickly
dominates the overall performance of approximation in that case. In order for both of
the error terms in Theorem 2.6 to decrease consistently, note that N(p) = O(p?) and
h = O(M(h)™*). Thus the number of surface elements M(h) and the corresponding

degree p; of polynomials should be selected so as to maintain
M(R)™*N(p1)™% ~ N(p,)"5. (2.10)

Equation (2.10) not only describes the consistent error estimates between the two terms
but also indicates the consistent workloads between the surface and the through the

thickness approximations.

11




3 Discontinuous Galerkin Method

In this section, the discontinuous Galerkin (DG) method for problem (1.1) is developed.
The discontinuity is introduced in time, which allows computation to march forward in
time. This, when compared with the standard continuous Galerkin method, presents an
enormous saving in size of computation. The DG finite element method for parabolic
partial differential equations was studied in a series of papers by Erikson, Johnson and
Larsson, [8, 9, 10, 11, 12]. In these papers, the convergence in time of h-finite element
DG method is established for solutions which are smooth. More specifically, when the
solutions are approximated by polynomials of degree r, then the algebraic error estimate
of O(At™*!) as At — 0 is obtained. However, in many parabolic partial equations,
solutions exhibit singularities at ¢ = 0 due to the initial conditions. In a recent paper
[1], the present authors established a graded time discretization scheme that captures the
transient solution to optimal precision. The graded time mesh is selected by assuming that
lluell2 is weakly singular. A similar study of the graded time meshes is reported recently by
Schétzau and Schwab [16]. They derive a set of graded time partition points by considering
an incompatibility between initial and boundary conditions. It is demonstrated in [1] that
the time discretization based upon |ju;||> provides more relaxed distribution of partition
points. The paper of Schotzau and Schwab goes on to describe the p-finite element in
time and obtain an exponential convergence in spite of a singular transient phase of the
solution. We will not discuss the p-finite element in time in this paper. It will be taken
up in [2] in which the complete p-finite element for parabolic problems is discussed.

We begin by recalling several results from [2] that are pertinent to the present paper.
The following conditions will be assumed. Recall from Section 2 that 2 = w x I". Let
(h,T,S) denote a finite element discretization satisfying

1. h is a positive function in C*(f) such that

| v h(z)] < M, for all z € O and for some M > 0.
2. T = {K} is a set of triangular subdomain of w with each triangular element having

12




diameter hy such that
erh g/Kdz for all K € T,
and associated with the function h through
ahx < h(z) < qhg, forallz€e K,K €T,
where ¢; > 0, ¢; > 0.

3. S is the set of all continuous functions on Q which are polynomials of order r in
z = (1,2;) on each K € T and vanish on dw as well as which are polynomials of

order p in the z-variable in T.

For the discontinuous Galerkin method for (1.1), we partition R* as 0 =ty < t; <
- <ty < --- where we let I, = (t,_1,t,) with k, = t, — ¢, ;. For each time interval,

with ¢ a nonnegative integer, We let

Wi, = {v:R* - Vi,:v|y, € Py(I,),n=1,...N},

where
the space of all functions u* € S;(w) ® P,(T)
Vhp = or u* € SP*(w,T}) ® P,(T) such that
h = maxker, diam(K') where T, is a triangulation of w
and

P,(I) = {v(t) = iviti: v; € Vip}

i=0
The discontinuous Galerkin method is defined as follows:

Find U such that for n = 1,2,---, with @ = w T, Ulaxz, € W), and

‘/I {(Us,v) + a(U,v)}dt + ([U)p=1,v}_;) = /1 (fiv)dt  forallve Wi, (3.1)

where [w], = w} —w;, wf) = lim, g wt, +5), Uy = o, (u,v) = fou(z)v(z)dz

and a(u,v) = (VU, Vv). The smoothness of ||u]|z,(q) is subject to the initial condition

13




as well as to the boundary condition. For example, if we take in (1.1), up(z) = 7 — ,
f(z,t) = 0 and 2 = (0, 7), then the actual solution of the corresponding problem is given
by

(o o}
u(z,t) = ¥ ule ™ sin(jz),

j=1
where
u) =2 [§(r ~z)sin(jz)dz
=2 - ]flfsinzjﬂ'}
=01
~0(}).

In the following, C’s denote generic constants whose values change as they appear. Now,

. PN . D -ﬁ, 3 332 d _i.“i‘ _5a2
lue ()5 = w0y = D_Ci%e™ " = T D Ce™ ™, (3.2)
=t =t
The last equality in (3.2) is justified because of the uniform convergence of 332, C 22"
with respect to t. Now using the fact that f5° e *"dz < 00, a simple change of variables

(say, y = jv/2t) will show that the last expression in (3.2) is £Ct~'/2, which leads to
l[ue()l2 = O(=%).

A similar argument shows that if u9 = O( ]%) for some initial value function ug(z), then
lue(t)ll2 = O(t=/*). This case arises when up(z) = min(z,7 — z) for z € (0,7). If u?
decays faster than j~25 as j — oo, then ||u(t)||2 will be bounded as t — 0. An initial
phase for small ¢ is the well known initial transient for parabolic problems. It is the case
that the smoothness of the solutions of parabolic problems vary significantly in space
and time with initial transients where highly oscillatory components of the solution are
decaying rapidly. Therefore, in order for numerical methods for parabolic problems to
be successful, it is imperative that the methods take a careful account of time and space
discretization scheme so as to capture the transient solutions. An adaptive time step

control scheme was established by Eriksson and Johnson in [9]. Time steps k, are defined

14



by controlling the size of
min Kl Jlut”|lr,

where ¢ is the order of spline used in time and ugl) = Uy, u§2) = Uy, uﬁ‘” = Auy and
w1, = maxey, Jlw(t)]l2- Note that the method of Eriksson and Johnson requires some
estimates concerning |juy||r, and u® = Auy to achieve the second and the third order
convergence in time. The approach given in [1] provides convergence of any order in time
for the discontinuous Galerkin method by examining only the behavior of [[u[,-

For 0 < a < 1 and ¢ a nonnegative integer, define Q = 22, For a positive integer N

1-a
and T > 0, define
£ = (%)Q, n=01,...,N

and

t, =T (3.3)

We let I, = (tn_1,tn), n=1,2,...,N. Let k, denote the length of I,, so that

k= [(5)° - (”——J;l)Q]T, n=12,..N.
Note that
k, < Q[%]Q‘I%T by the mean value theorem,
hence
k.<C (3.4)

where C is a constant independent of n. The solution u(z,t) of (1.1) is then approximated
in t over each I,, by a polynomial of degree q. For example, with ¢ = 1, let I{w denote

the linear interpolatory projection of w € H? in time onto Wy, viz,

t— la1

t,—t
nk" w(:l:, tn—l) + kn

Note that I:, considered as an operator defined on H{ is bounded with respect to the

Lw(z,t) = w(z,t,), foreach t € I,.

norm || - ||eo,1, where

et = m3% [0 )

15



Since ) is assumed to be of bounded domain, I* is bounded with respect to | - ||1, also.
As was the case with the Ly projection, I’ equals the identity on polynomials of degree
< 1. Expanding u(r,t) in Taylor series with respect to t at ¢, to the first or to the second

order, we obtain, respectively, for each n=1,2,..., N,

e = s, < [ e(s)leds. (35)

Lemma 3.1 Let 0 < a < 1, g a nonnegative integer and T > 0, we assume that t,,

n=1,...,N are defined by (3.3). Then

-
max | s %ds < C,—
n<N J1, = P Na+l’

where C,, is a constant independent on N.

Lemma 3.2 Let t, and k, be defined by (3.3). Then

12
(1.{_11\«._,)1/2/ /‘; hll'/n

— N1 AT
8 V4, _[G'l" e€aci = U, 1,...4,1V,

a

Lemma 3.2 is used to guarantee the stability of the discontinuous Galerkin method. In
the remainder of this paper, we illustrate the current ‘modified > hp-finite element method
by assuming the h-version in the surface z — y variables using the linear splines. Also
we illustrate the cases for constant as well as linear degree in time approximation. Let
{(zi,y:)}M, is the set of nodal points which are the interior vertices of K in T,. Let
¢; be the linear spline basis element defined by ;(z;,y:) = 85, for i,7 = 1,... M. The
superscript ! used in (2.2) will be dropped. For application of higher order spline basis,

more nodal points are required over each K. The solution u of (1.1) is approximated by

(t>0)
U(.’Z, y,Z,t) ~ Eﬁ:l{u(zj’ Y;, _%?t)(% - %) + u(xjvyja %70(% - %)

+ X245 ol (t)vi(2) bos (T, v).-

Note that u(z;, y;, :F%, 0), for j = 1,..., M are known from the initial condition. Also, for

(3.6)

t > 0, the boundary values U(Ij,yj,:':%,t) are given. As u(Z,t) =0, for T € 0Q,t € Rt
in (1.1), (3.6) simplifies to

M p+1

u(z,y,2,t) ~ ZZa{(t)wi(z) iz, y). (3.7)

Jj=1:=3
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At each time level t,, we approximate u(z,y, z,t,) = u(Z,t) by
M p+1
Ut =U™z) =U(Z,ta) ZZa (2)pi(z,y), n=0,1,...,N. (3.7
j=11i=3
To start the DG finite element method, we first require o (to) and they are determined
from ug(Z). More specifically, for each j = 1,..., M, since uo(z;, y;, 2, to) ~ U%(z;,9;, 2, t0) =
Y2 ol (to)i(2), M(p — 1) many al(to) are found by solving
2
Z/ Ur(2)Yi(2)dz - ak(to) / u(z;, yj, 2, 0)¥i(2)dz, fori=3,...,p+1.

z

Now, equation (3.1) can be formulated as follows:
Forn=1,2,...,N, given U1, find U = U|;, € P,(I,,) such that
/I [(Uev) + aU,v)ldt + (U0 ) = /1 ()t + U0 )(38)
for all v € P,(I,) where U%~ = u,.

For a special case, consider ¢ = 0, -i.e., constant in time. As U™ = U™~ = U !'* in this

case, (3.8) reduces to

(U™ — U™, 0) + kna(U™, v) = /1 (f, v)dt, (3.9)
for all v € Py(I,) and n = 1,2,... N. With (3.7), (3.9) becomes for eachn=1,2,...

M pl M pHl
3N al () [(Wivs, Yaws) — kna(Vip;, Yaps)] = Y Y al(ta-1)(Wip;, Yavs) + (f Yavs),

j=1i=3 j=1i=3

foreacha=3,...,p+1;8=1,..., M.

For g =1, welet Ul;, = ®,(Z)+ ﬂt"—"‘\I!,,(:E) where @, 23-1 TP eIt )i(2) iz, y)
and ¥, = YM, Y71 a7 (t.)0i(2) 0;(z,y). As U™+ =@, and U+ = &, + Uy,
(3.8) becomes

JE (T, o)+ (@ + 52220, 0))dE + (B, 07 7Y)

(3.10)
= [ (fv)dt + (®n_y + Up_p,07Y)
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for all v € Py(I,). By taking v = ¢,¢3 and t;:" Yaps, (3.10) reduces to the following

linear equations for 2M (p — 1) unknowns a{”(t,,) and a." (t,):

TM T a7 () {050, 0stha) + kna(wsti, 0ata)}

+ M S 0 () { (0595, 9pva) + kna(05%i, 9pYa) }

= [1.(f(t), pp%a) + 2%1 S Al (tne1) + a8 (ta1)} (0595 P8Ya),
a=3,...,p+1 8=1,....M

M TR ‘l:'ﬁ’j(tn)%’l (0¥, pp¥a) + knalpjdi, psta)}

+ M T a0l (ta) {3 (055, 0ptha) + Era(pithi, pava)}

= & [1.(t = ta1)(F (1), 0a¥a)dt,
a=3,...,p+1 8=1,....M

The following theorem can be proved by minor modifications to the proof of theorem
1.1, [9] and by making use of Theorem 2.5. The present theorem is described for 2 =
w®D C R,

Theorem 3.3 Suppose that there is a constant v such that the time steps k, satisfy
k, <~kpr1,n=1,...,N—1 and let U, denote the solution of (3.8) approrimating u att,.
Here u is approrimated by a polynomial of degree ¢ > 0 over each I, forn=1,... N—1,
and u(-,-,-,t) is approrimated by an element from Sp(w) @ P,(I') for each t € R*, where
w is a polygonal domain in R®. Then there is a constant C depending only on 7y and a
constant 3, where px > Bhyk and px is the diameter of the circle inscribed in K for all

K € Ty, such that forn=1,2,...,N,
lu(tn)=Uall2 < C'(1+log,c )’/2{max lu—Liulls, +h2|| D2yullr, +p~*lull, mxy}s (3.11)

where |\wl|f, mrr) = maxeer, lw(t)lgrry and DZ, denotes the second order derivative with

respect to x and y variables.

Lemma 3.2 guarantees that the current DG finite element method with the graded tem-

poral meshes defined in (3.3) is a stable scheme. Also Lemma 3.1 provides a bound for

18




the term max, <, ||u — I5ullr, in (3.11) provided that |lu||» = O(¢t~*) as t — 0. Theorem
2.5 is used to control the last two error terms in Theorem 3.3. In summary, we obtain the

following theorem which utilizes the traditional h-finite element in the surface variables.

Theorem 3.4 Suppose that u € H*(w x T) and ||usll2 = O(t™) for 0 < a < 1 and that
the time partition points t,, are taken according to (3.8). Let U, denote the solution of
(3.8) approzimating u at t,. Also assume that u is approzimated in time variable by a
polynomial of degree ¢ > 0 over each I, forn=1,...,N-1, and u(-,-,-,t) is approzimated
by an element from S(w) ® Py(T') for each t € R*, where w is a polygonal domain in RZ.
Then
[u(tn) = Unllz = O(N=@*D 4 12 + p*).

I higher order r > 2 splines are used in Sp{w), then the second term in the error can be
replaced by h" provided ||D7, u||, is bounded.

In the case of the hp-finite element approximation for the surface variables, Theorem

2.6 is now used to establish the following.

Theorem 3.5 Suppose that u € H*(w x T') and ||us]j2 = O(t™®) for 0 < a < 1 and that
the time partition points t,, are taken according to (3.3). Let U, denote the solution of
(3.8) approzimating u at t,. Also assume that u is approrimated in time variable by a
polynomial of degree ¢ > 0 over each I, forn =1,...,N-1, and u(,-, -, t) is approzimated
by an element from SP**(w,T}) ® Py, (T) for each t € R*, where w is a polygonal domain
in R?. Then

lu(tn) = Unllz = O(N=* 4 h¥pi* + p3*),

where v = min(k, p; + 1).

Numerical experiments of the presently proposed ‘modified” h — p finite element

method for parabolic equations will be reported elsewhere in future.
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