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Abstract

Computing the rate-distortion function for continuous sources is commonly regarded as a standard continuous
optimization problem. When numerically addressing this problem, a typical approach involves discretizing the source
space and subsequently solving the associated discrete problem. However, existing literature has predominantly
concentrated on the convergence analysis of solving discrete problems, usually neglecting the convergence relationship
between the original continuous optimization and its associated discrete counterpart. This neglect is not rigorous, since
the solution of a discrete problem does not necessarily imply convergence to the solution of the original continuous
problem, especially for non-linear problems. To address this gap, our study employs rigorous mathematical analysis,
which constructs a series of finite-dimensional spaces approximating the infinite-dimensional space of the probability

measure, establishing that solutions from discrete schemes converge to those from the continuous problems.

I. INTRODUCTION

The lossy source coding theory [1] and the rate-distortion function (RDF) for discrete memoryless sources were
first established by Shannon [2], [3]]. Until the end of 1960s, major developments of the classical setup had been
summarized in [4]], including the lossy source coding theorem and associated RDF for sources and reproductions

defined in abstract spaces. The RDF that characterizes the fundamental tradeoff between compression rate and
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distortion, and plays a fundamental role in information theory. Several recent problems, including the rate-distortion-
perception (RDP) function [5] and the information bottleneck (IB) [6]], have been formulated based on the concept
of RDF. The RDF, along with its inspired extensions, has found extensive applications in fields such as image and
video compression [7]], [8] as well as machine learning [9]], [10] problems.

The computation of RDF for discrete source and reproduction alphabets can be solved by the well-known Blahut-
Arimoto (BA) algorithm [11]], [[12]], which has been widely applied due to its conceptual simplicity. Recently,
an intriguing connection has been identified between optimal transport (OT) and rate-distortion (RD) [13]l, [[14].
Leveraging insights from the OT perspective, more efficient algorithms have been developed for the computation
of RDF; see, e.g., [15], [16].

For RD problems where the source alphabet is continuous, these algorithms are not directly applicable, and a
general approach is to first discretize the continuous source space, and then solve the resulting discrete RD problem.
The solution of the discrete RD problem can be ensured by these algorithms. However, one issue still remains and
has usually been neglected: do the solutions of the discrete problems actually converge to those of the original
continuous problems? To the best of our knowledge, we have not seen discussions of this issue in the relevant
literature on the RD theory and related topics. From a mathematical perspective, the continuous RD problem is a
non-linear optimization problem. As is well-known, non-linear problems do not necessarily yield the solutions of
the original continuous problems after discretization [17]]. Moreover, similar discussion is also presented for OT
problems, and the convergence of solutions for discrete problems to those for continuous problems [18]], [19] is
also specialized. Hence, it is necessary to give a rigorous analysis for this issue.

Motivated by the discussion above, we propose a general framework for continuous RD problems and establish
the convergence of their associated discrete problems. The main idea in our proof is considering a proper form
of the RDF and constructing a series of finite-dimensional spaces to approximate the infinite-dimensional space of
the probability measure for the reproduction. Leveraging functional space analysis and estimation techniques [20]
and inspired by [21], we rigorously prove the desired convergence property. Notably, this convergence result is
independent of specific numerical algorithms for discrete problems.

Furthermore, based on our framework, we provide a proof that O(ms‘iigf‘) arithmetic operations are needed to

m|log €|

achieve ¢ accuracy using the BA algorithm [[11]], [12]] and that O( a1 (1 + log | log 5|)) arithmetic operations

while using the recently proposed Constrained BA (CBA) algorithm [[15], which solves the RDF directly rather
than the RD Lagrangian in the BA algorithm. Here m is the number of discretized nodes of the source X when
conducting numerical integration and d is the dimension of the reproduction space ). It is worth mentioning that
our framework may also be applied to other information theory problems including the IB problem and the RDP
problem, due to their close connections in discrete formats.

For continuous RD problems, there is a considerable interest in determining the support set of reproduction,
since in general, the optimal reproduction of a continuous source, under a mean squared error distortion, is discrete
[22]-[24]. To address this issue, a mapping approach has been proposed [24]] to optimize both the locations and
the probability masses of the reproduction symbols. However, as remarked in [25]], there has not been theoretical

guarantee for the mapping approach because taking into account the locations of reproduction symbols results in



a non-convex optimization problem. In contrast, our method considers a series of discrete problems with their
discretization step tending to zero, and the convergence is guaranteed since this does not involve determining the
locations of reproduction symbols. While our convergence proof focuses on uniform grids of discretization, it is
noteworthy that, with some technical modifications [26], our approach remains applicable to non-uniform grids.
This adaptability is crucial for designing more efficient discretization schemes, and is left for future research.

The remaining of this article is organised as follows. In Section II, the continuous and discrete RD problems are
introduced and some mathematical notations are given. In Section III, the main theorem showing the convergence of
discrete schemes is established. Then, in Section IV, the convergence rate and the complexity estimation are further
provided. In Section V, numerical experiments are given to corroborate the analysis. The conclusion is drawn in

Section VI.

II. PRELIMINARIES
A. The Continuous RD Problem

Consider a continuous memoryless source X € X with reproduction Y € ). Here, X', ) are finite-dimensional
Euclidean spaces. We denote the dimension of ) as d. In the sequel, denote the probability distributions of X, Y
as p, r respectively and the distortion measure as p(zx,y).

The original RD problem can be expressed as a max-min form (see [27], equation (7)):

max min, — 10g[/ exp(—Bp(z,y))dr(y)ldp(z) — BD, (D

where W = {r : [dr(y) = 1} and D is the average distortion threshold. In the sequel, we denote the objective
function in (1)) as F(r, 3). Here, r should be understood as a distribution and the topology on W is the weak
convergence topology [28].

By fixing the multiplier 3, we have another form of the RD function (see [24], equation (3)), which has been
used to develop the BA algorithm [11], [12]

recW

min, £(r) £ — / log] / exp(—Bp(z, ) )dr(y)]dp(z). @)

B. Discretization of the Continuous RD Problem

Since 7(y) is a continuous distribution, we discretize it at discrete points {y7}_;, the equidistant nodes of
[—n2a,n2a]?. We denote the discretization step size as h, i.e., h = 2n 21 and the interval [y7 —h/2,y7 + h/2]

containing y; as I; and note that these intervals are disjoint. For (), the following discrete form can be given:

N

ry ot ri=1

min —/log[z exp(—Bp(z,y;))r;ldp(x). 3)

j=1

Correspondingly, has the following discrete form:
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We can express their solution as 7" =}, 7;0,», where 6,» is the § distribution at yj'.



C. Notations from Mathematical Analysis

In this paper, || - || represents the infinity norm and — means convergence in R, while = means uniform

convergence [20], i.e., f, = (x) — f(x)| <e,Vx, when n is large enough. We also denote
the set that contains all the limit points of the sequence {r"}>2 ; as L({r"}22 ). The limit points [28] of {r"}2°
are all the points satisfying that every punctured neighbourhood contains at least one point in {r"}2° ;. Moreover,
[~ M, M]? means the Cartesian product [—M, M] x [—=M, M| x ---[—M, M|, where d intervals are involved. In

the sequel, log [ exp(—Bp(x,y))dr(y) appears frequently and for simplicity, we denote it as H(y)(x).

III. CONVERGENCE ON DISCRETE SCHEMES

To prove the convergence of discrete schemes, we need some mild assumptions:

VB > 0,Ve > 0,35 >0, s.t. Va,V|y1 —ye|l <9, |exp(—PBp(z,y1)) —exp(—Bp(z,y2))| < &, (5a)

max p(x,y)d < oo,VA >0, 5b
/||yH<A,0 ,y)dp(x) (5b)
VB > 0,Ve > 0,35 > 0, s.t. Va,V||y1 — y2| <6,
6)
exp(—PBp(x,y1))p(x,y1) — exp(=Bp(z,y2))p(x, y2)| < €.

These are reasonable assumptions since for most cases including the mean absolute and mean squared error
distortions, they hold.
Theorem 1: Under Assumptions (B)), the solutions ™ to the discrete problem (3) satisfy both value convergence

and sequence convergence, L.e.,
f(r™) — f*, and L({r"};2;) is the solution set of (@),

where f* is the optimal value of the continuous problem (2).

Proof: ~ We denote the actual optimal solution as r* and W,, = {27 1 7j0yn | 20, Z 1 7j = 1}. As shown

in Section the continuous RD problem has the discrete form (3), which is in fact minimizing f(r) as defined
in @), over W,,. Denote the optimal solution of the discrete problem as r™. Then f(r™) < f(r),Vr € W,,. We

observe that if we can find ¢" € W, satisfying f(g™) — f(r*), then we have

frT) < Fe™) < f(@") = f(r"). @)

The first inequality is due to the fact W,, C . The relationship would then lead to the convergence f(r™) —
f(r*). Now, we let

n
q" =) Ajdy,
j=1

where A} = [} dr* and I; is defined in Section Let

q”=q"//dq".
/dq":Z/ dr* <1,
i 7

Since



we have

(@) = £(g") +log( / dq") < f(q").

Since ¢" € Wy, and f(q") < f(q™), we only need to prove f(q") — f(r*). Before the proof of f(g") — f(r*),

we need to show the convergence after the truncation of X first. We let A > 1 satisfy

/ dr*(y) > 1/2,
lyl|[<A-—1

and M > A be given. We first do the following estimation for x € [—M, M]¢

[ es-sotenaa - [ exn(-ote i)
: Z/z | exp(=Bp(.y)) — exp(=Fp(, 4i")|dr" (y) +/ exp(—Bp(z,y))dr(y)

ly|>n2a
< Z/ edr*<y>+/|

1
y|>n 2

dr*(y)

< 2¢, for sufficiently large n.

Here, we have used Assumptions (3) in the second inequality and used the fact

q":Z/I.dr* 5y;.
] J

Next we establish the uniform convergence. Note that for z € [—M, M4,

/ exp(—Bp(, y))dq" (y) > /| S )

(®)

> [ exp(-30")da"w) 2 5 expl-5p7) 2
llyll<nm

Here p* = max, ;- m)e (7, y) and f\IyHSM dq™ > % is due to

n _ r* -~ 1
/IIyISA da") = Z /11 @) 2 ~/|y|§A—1 dry) = 2’ )

iyre[—A,A)d
Since log z is uniformly continuous in [d, +00) and [ exp(—fBp(z,y))dg™(y) uniformly converges, we have
g ( [exo-spteia ) = ou( [entdtemarm), o e
Then

‘/I:fcllwlog UeXp(Bp(x,y))dq"(y)} dp(x) /|x|<M10g [/exp(ﬂp(x,y))dr*(y)} dp(z)

< / edp(z) < e, when n is sufficiently large.
llxl| <M

Then as n — 400, we have

/” Y log { / exp(ﬁp(x,y))dq"(y)} dp(z) — /| xHSMlog { / eXp(ﬂp(x,y))dr*(y)}dp(x),



Thus, we obtain the convergence after truncation. In the following, based on this result, we prove the convergence

f(@") = f(r*). For M > A,

1) = 10 = | [ Ao @iole) = [ oy )i002)

S‘Aﬂ<Mﬁaww@0?hqm@ﬂmww%[M>M<‘waﬂx)ﬂwwﬂ@>@x@7

Ho(y)(z) = log / exp(—Bp(z,y))dr(y).

(10)

where

We denote g(x) = max|,|<a p(z,y), and note that

[ ep(-pote.n)idg" () = exp(-59(e)) [ da"(w) = 5 exp(-Bg(a))

llyll<A

Here the second inequality is similar to (9). Similarly,

[ ep(=Bota.)ir () = 5 expl-g(a).

We thus obtain the following evaluation
/ ( — Hgn(x) — Hpn (x))dp(x) < / (2log 2+ 28g(z))dp(x) — 0, as M — +o0.
[l >M ||| >M
Here Assumption (3b), i.e., [ g(z)dp(z) < co has been used. Thus, by (I0), we have

F(g") — f(r)] < \ / e 0) = oy ()

/ (2log2 4 28g(x))dp(x).
llzll>M
By taking the upper limit of n for this inequality, we obtain

Nz [ (elos2 2890 dn(o)
|z|[>M

lim sup ]f<q"> ~ fr
By letting M — +o00, we obtain f(q™) — f(r*).

To prove the convergence of the solutions, we let 7 be a limit point of the solution sequence {r"}22 ;. Then there

exists a subsequence {r"*}7°, satisfying r"* — 7. Next, we have

F7) = Tim f(r) = (),

since we have proven lim,, f(r™) = f(r*). Therefore, we have shown that f(7) is equal to the optimal value, and
consequently 7 is an optimal solution.
|
Next, we provide the convergence proof of the RD problem (I). Due to its max-min form and additional variable
B, the proof is more complicated than that of Theorem
Theorem 2: Under Assumptions (3) and (6)), the solutions (7™, 3™) to the discrete problem (@) satisfy both value

convergence and sequence convergence, i.e.,
F(r", p") — F*, and L({(r", 8")}52,) are solutions of (IJ),

where F* is the optimal value of the continuous problem ().



Proof: We denote the optimal solution of the continuous problem (1] and the discrete problem ) as (r*, 5%), (™, 5™)
respectively. Denote W,, = {Z?Zl ¢jbyrlc; = 0, Z?:l ¢j = 1}, where d,» is the § distribution at yj'. Similar to
Theorem |1} the discrete problem (@) is equivalent to optimizing F(r,3) over W,,. By the property of max-min
problems @) and (I), we have Vr € W,,,Vj > 0,

F(r™,p") < F(r,8"), F(r",p") > F(r", B).
Furthermore, Vr € W,V > 0,
F(r*,8%) < F(r, %), F(r*, %) > F(r",B).

A;‘:/ dr*,
I

J

Next, we construct g" = Z?Zl A}‘éy;, here

I; is the interval [y} — h/2,y? + h/2] containing y;. Let

(j":q"//dq"EWn.

F(q",5) = F(q",5) + log( / dq") < F(g",), V6 >0.

Since [ dg™ <1, we have

Then we have the following chain of inequalities:
F(r*, ) < F(r",5%) < F(r", ") < F(q",8") < F(q", ") < F(q", 5"),
where /" = argmax; F'(q", B). We observe that if F'(q", B") — F(r*, 8*), then we have
F(r*,5") < F(r",8") < F(q", ") = F(r",5"). (1)

Therefore, we obtain the convergence F'(r™, ™) — F(r*, 8*). So in summary, we only need to prove F(q™, B") —
F(r*, 5*).

From the optimality of A", we know 3" should satisfy the first order condition and is the root of a monotone

6o = [ ([ mstanaan) /([ raae )anta) - p.

The monotone property is due to Cauchy inequality

o 7/ [(fe—ﬁﬂ(m,y)dqn(y)) (fe—ﬂp(x,y)p(x,y)qun(y)) _ (fe—ﬁp(m,y)p(x7y)dqn(y))2:|
o (f eﬁf'(””’”dq"(y))Q

It does not equal to 0, otherwise, by the condition of equality for Cauchy inequality, p(z,y) is a function only with

function

dp(z) < 0.

respect to z, and this degenerate case can be disregarded.
We first show B” is lower bounded for n, i.e., B" > By > 0,Vn. Otherwise, there exists a subsequence

B”’f — 0. We will show it is a contradiction. Since B”k — 0, we have

Tko,Vk > ko, BT < /2.



Here, we assume 8* > 0 and the degenerate case * = 0 can be disregarded, in which the rate equals to 0. Then

by the monotone property of Ggn\., we have

0=Ggm(B"™) > Ggni (B/2).

> [ (e o) /([ ren g m) )
> /MSM (/e‘ﬁ*p(m’y’/Qp(x,y)dq"k (y)>/</e‘ﬂ*p(w’ywdq”’“(y))dp(w)

Here, M is a sufficiently large parameter. By the proof of Theorem [I] we have

/e—B*p(w,y)/2dan(y) = /e—B*p(wvy)ﬂdr*(y).

Thus,

Similarly,
/e_ﬁ*p(x’y)/zp(w,y)dan (y) — /e—ﬂ*p(x,y)/Qp(x7 y)dr*(y)

And similar to (8) in the proof of Theorem [T} we have

/e_ﬂ*p(z7y)/2dqn’“ (y) = do.

Meanwhile, we have an upper bound estimation

[ pe g ) < [ B ) < B

Here, B is the bound of the function e=#"#/2z, & > 0. Next, since g(x,y) = x/y is uniformly continuous in

[0, B] X [0, 0), we obtain

(fexp(—ﬁ*p(w,y)/2)p(w,y)dqm (y)> <fexp(—ﬁ*p(x,y)/Q)p(x,y)dr*(y)>
=

(fexp(ﬁ*p(x,y)ﬂ)dan (y))

D> /lleM </eﬁ*p(m’y)/2p(x,y)dan (y))/(/e6*p(m’y)/2dq”*‘(y)>dp($)

We let M — oo, and get

<fexp(5*p(1?7y)/2)dr*(y))
Thus,

12)

Gr-(87/2) <0 = Grp(B").

Using the monotonicity of G,.-, we have 8*/2 > *, which is a contradiction.

Next, we will prove the convergence of B” To prove B” — (%, we only need to show every convergent
subsequence converges to 3%, ie., if a convergent subsequence B"k — B, then B = [*. Now, let B"k be a
convergent subsequence and B”’» — B. Since B”k is lower bounded, we have 5 > 0. Let A satisfies e—Bt/2¢ <e

and e Pt/2 < ¢, Vit > A,.
‘ / e P p(a, y)dg™ (y) — / 6‘Bp(w’y)p(w7y)dq”’f(y)' < / e o) — B0 o, ) dg™ (y)

< /e—Bp(r,y)|e(B—B"’€)p(z,y) —1p(z,y)dg™ ()



Next, we divide it into two parts and estimate each part.

/ e~ Pr(z.y) ‘6(3—5"’“)/3(:&&1) —1|p(z, y)dg"™ (y)
y:p(z,y)>Ao

< / ¢~ Br@) lB=" 10 ) o ) dg™ (y)
y:p(z,y)>Ao

IA

/ e=PPEN2p (1) dg™ (y)
y:p(2,y)>Ao

IN

/ edq"*(y) < e, when k is sufficiently large
y:p(z,y)>Ao
here, the second inequality is due to |3 — ™| < 5/2, when k is sufficiently large.
/ e—B_p(%y)‘e(B_—ﬁ"k)p(w,y) —1)p(z, y)dg™ (y)
y:p(z,y) <Ao

< / ‘e(ﬁfﬁ"’“)p(w’y) — 1|4 dq™ (y)
y:p(z,y)<Ao

IN

/ (elﬁfﬁ”’klp(w,y) —1)A4¢ dq™ (y)
y:p(z,y)<Ao

IA

/ (V=" 140 1) Ay dg™*(y)
y:p(z,y)<Ao
< (elﬁ_énklA“ —1)Ag < e, when k is sufficiently large
Combining the two parts, we obtain
’ /e”énkp(“:’y)p(x,y)dq"’“ (y) — /e_Bp(I7y)p(x, y)dq"™* (y)‘ < 2¢, when k is sufficiently large.
Thus,
[T e e o) - [ e g)da () =0, Ve (13)
And by the proof of Theorem [T} we have
[eemna g = [ e Do g)ar ), o

Thus,
/ =D p(a, y)dg ™ (y) = / e P p(a, y)dr* (y), V.
Similarly, we have

/e—B"kP(wvy)dan(y) = /e—ﬁ_ﬂ(l‘,y)dr*(y)’ V.

Next, we will prove Ggny, (37) — Gy (B). Since ™ — [, we have |™ — | < e, when k is sufficiently large.

Using the monotonicity of G4, we obtain
Gami (B +¢€) < Ggni (B™) < Ggni (B — ¢). (14)

Next, We divide G g4n. (3 +€) into two parts, and estimate each part. For simplicity, we denote 3+ ¢ as 3. We first

/|1:|>M </eﬁp(mvy)p(gj’y)dan(yv/(/eBp(z’y)dq”k(y))dp(x).

estimate the part



We denote A, = —5 log [ e~ Pr@¥)dg* (y), then
/ e PPY) p(x, y)dg™ (y)
< / e PPV p(x, y)dg™ (y) + / e PP (2, y)dg™ (y)
yip(z,y)<A yip(z,y)>A
< / e A, g™ () + | e~ 8 maxAs 1)) max(A,, 1/8)dg™ (y)
p(z,y)<As yip(@,y)>As

< a4, [ e agrey) e A ma(4,,1/9)

= A, exp(—0A4;) + e~ Pmax(Az,1/8) max (A, 1/5)

< /” o (Ax exp(—fA,) + e~ mexe V) max(A,, 1//3)) / exp(—BA,)dp(x)
< [ (et it
< /”M <2Az+1/6>dp($)

Note that

1
el log/e—ﬁp(w,u)dan (y)
B

< — ! 1Og/ ﬁp(x,y)dan( )
p <A
1

< —— log o) dgm (y)
s <A
1

3 1Og(e—ﬁg(r)/2)

= g(z) + (log2)/8, when k is sufficiently large.

Here, A is the constant in Theorem [I| and g(x) = max|,| <4 p(z,y). And we get

/ (2A$ . 1/6) dp(z) < o0
Similar to (12), the other part

/|z|§M (/e—ﬁp(m,y)p(x,y)dq"k(y)>/(/e—ﬂp(x,y)dan (y)>dp(x)
— i (/e—ﬁp(r,y)p(x,y)dr*(y)>/(/e—Bp(x,y)dr*(y))dp(x)’as .

Finally, combining the estimate of the two parts, we have

G (0) = [ ([ ptemnaamn) /([ erenia o) i) -
<[ ([erenoaaiaw) /([ eorenda o) ) + [, (242 +1/8 ) anta) - D



We first let k goes to oo,

im sup Gy (9) < /| . ([erremaaaire) [( [e i) )i

+/ <2Am + 1/5) dp(x) — D
ll||>M
Then let M — oo, we obtain

insup Gy (9) < [ ([ ptear ) /([ eear o) ) - 0= 6,-0),

i.e., limsupy, Ggni (B+¢) < Gpe (B + €).

G (9)= [ ([ e e pteiaw) /([ enaar) )ante) - 0
> /| . ([errensamaao) /([ )an) - 0

Let £ — oo and then M — oo, we have

liminf Gy (8) > lim ([ samirw) /([P w ) - D=6 (3),
k ll|| <M

M— o0

Meanwhile,

i.e., liminfy, Ggni (B + €) > Gy (B + €). Thus, we obtain
lim G (B+e)=Gp(B+e).

Similarly,

lilgannk (B—¢€)=Gp(B—¢).
Using (T4), we have
Gr-(B+¢) = lim G gni (B+e) < lim inf Ggns (B™) < limsup Ggn (8™) < lim Ggni (B—¢) =G (B —¢).
k

Then, let ¢ — 0, we obtain 0 = limy Ggni (™) = Gy~ (3). Therefore, G- (8) = 0 = Gy (8*). Then by the strict
monotonicity, we have 5 = 3*. Thus B” — B holds.

Now, we will show the convergence F'(q", 5) — F(r*, 3*). By Theorem 1, we have F(q", 5*) — F(r*, 3*).
Thus we only need to show F(q", B") —F(q",5*)—0

. Jexp(=5"p(x,y))dg" (y)
J exp(=B*p(z,y))dg"(y)

We divide the integration into two parts and estimate each part.

_/ log - EP=A"pl,y))dg" (y)
|z||<M

dp(x) — (B" — 8*)D

8 Texp(—Bp(z, v))dq" (y )dp(x)
[ exp(—B*p(x,y))dg™(y) — [ exp(—B"p(x,y))dg"™ (y)
= lo 1 )dp(x
/IIwI<M it J exl *f)’” @, >> ig" () +1) ot
[ exp(=Bp(a.y))da" () — [ exp(=B"p(z.1)da" W) ,
: /Hw|<M J exp( —5" (z,y))dg" ( ) p(z)

</ | [ exp(—=B"p(x,y))dg" (y) — [ exp(—B"p(z, y))dq" ()]
“ Jw<m 50

dp(z)



Here, d, is a lower bound

/ exp(—"p(z,4))dg" () > /| exp(~Bop(z, y))dg"(v)

Here, By is the upper bound of B", since it is convergent. And M is larger than the constant A in Theorem |1} p*

is a constant equals to max, ,c[— a4 P(7,y). Using the same derivation as (T3), we have

/eXp(—B"p(m,y))dq"(y) —/exp(—ﬁ*p(m»y))dq"(y) = 0.
Thus,

/ | [ exp(=B*p(x,y))dq" (y) — [ exp(—B"p(x,y))dq" ()]
ol <M do

dp(x) < e, when n is sufficiently large

Meanwhile, we denote g(x) = max,| <4 p(z,y), then

_ / log J exp(=5"p(x,))dg" (y)
lzism S exp(=B*p(x,y))dg"(y)

_/|$I>M10g (/eXp(—B”p(w’y))dq"(y))dp(w) —/”be log (/exp(—ﬁ*p(as,y))dq"(y)>dp($>
/x|>M :— log (/IyISA GXP(—B"p(w,y))dQ”(y)) — log (/|y|§A exp(—ﬁ*p(x,y))dq"(y))]dp(:c)

Lol ([ evteiraania o) s ( [ esot-satania o) |ate)
/ml>M — log (1/2 GXP(—B"Q(ZB))) — log (1/2 exp(—ﬁ*g(x)))]dp(x)

|z||>M L

< /I|>M 2log 2 + Bog(z) + ﬁ*g(m)} dp(x)

dp()

IN

IN

IN

2log 2 + f"g(x) + B*g(x)} dp(x)

Combining the two parts and taking the limit n — oo, we obtain

insuplF(a”, 57) — F(a"5) = lmsup— [ log JELTRIICL 1

— limsup [ — R J exp(=5"p(x,y))dq" (y) 2 . [ exp(—B"p(z,y
- p< /|y|<M1 gfexp(—ﬁ*p(w,y))dq”(y)dp( ) /||y|>M1 ® Texp(—5"p(x.y))dq" ()

<0+ /|$|>M [2 log2 + Bog(z) + 5*9(@} dp()

Then by taking the limit of M — oo, we obtain the convergence. Here we used Assumption (3b) [ g(z)dp(z) < oc.
To prove the convergence of the solutions, we let (7, B) be a accumulation point of the solution sequence
{(r™, ™)} . Then there is a subsequence {(r™*, 37#)}2° | satisfying #"* — 7 and 3™ — (. Next, we have

F(i75) B hlinF(rnk’ﬁnk) = F(”'*,ﬁ*),



since we have proven lim,, F'(r", 8") = F(r*, 3*). By the optimal property of (r*, 3*), (r"*, 8™, we have

F(F,f) = F(r", 5°) < F(r™, §7) < F(r™, ™) < F(q"™, 6™).

Here, ¢"* € W, is a discrete version of 7 = argmin,..y;, F'(r, 5). Similar to the value convergence analysis above,

we have F (¢, ™) — F(7, B) Thus, we have

F(7#,5) < F(r,B) < F(r,B), Vr € W.

This means 7 = argmin, ., F'(r, 3) and

F(7, f) = min F(r, §) £ h(B).

However, F(7,3) = F(r*, 3*) = h(8*), and h(8*) = maxg>o h(), due to the optimal property of (7*,5*). So,
we obtain /3 is optimal, i.e., § = argmaxgsq h(53). And combining 7 = argmin,.cyy F'(7, B), we obtain (7, B) is

optimal. ]

IV. CONVERGENCE RATE AND ALGORITHM COMPLEXITY

First, we will establish some convergence rate results of problem (3). Before the analysis of the convergence
rate, we need a lemma first.
Lemma 1: e~ **(*) is Lipschitz continuous, when (z,y) € [—M, M]? x [~M, M), i.e., there exists a constant

L > 0 satisfying:
e Aelenun) — emAe(e2v) | < Loy — 2ol + (g1 — woll), V1, 31), (w2, y2) € [=M, M]" x [-M, M]".

Proof:  Since e **(*¥) is continuously differentiable, its Jacobi matrix .J(z,y) is bounded in [—M, M]¢ x

[—M, M]?, ie., ||J(x,y)|| < L. Then by the Finite Increment Theorem, we have
e Ploran) — e = 20)| < [T (z, )| (|l — 22l + 1 — gell),

for some (x,y) € [~M, M]¢ x [~M, M]%. Then by the bound on ||J(x,y)||, we obtain the Lipchitz continuous
property. |
Next, we will prove the convergence rate of the discrete schemes (3).
Theorem 3: When the distribution p of X is supported in [—M, M]9, the optimal values f(r™) of the discrete
problem (3) satisfy the error estimate

[f(r") = 7| < Ch,

where C is a constant and h = 2M /né is the discretization step size.
Proof: By Lemma 4.1 in [23], we have the distribution 7 of the reproduction variable is supported in [—M, M]<
as long as p(x,y) is a strictly increasing continuous difference distortion measure. Thus, we can just take the

equidistant discretization nodes {y7 }7_, from [—M, M ]9. Due to the inequality (7) in Theorem |1} we have

0<f(r") = f(r®) < f(g") = F(r7).



Thus, we only need to evaluate f(g") — f(r*).

‘ [ esnt-rotepia) - | expup@,y))dr*(y)\

() exp(-Aola,sf) ~ [ exp(—Ap(x,y»dr*(y)]

Dot - 3 el otoin ()
3 / 1exp(=No(r. ) = xp(Ap(a 7))

<Y / Ly = 37 )

< Z/ Lh/2 dr*(y) = Lh/2

The second equality is due to |J;_, I; 2 [~M, M]* and we have used the result in Lemma m

Next, we have an evaluation on the lower bound of [ exp(—Ap(,y))dq" (y).
[expl-Mtwda )= [ exp(-dole9))da" )
lyll<M
> e M / dq"(y) = e " 2 6o,V € [-M, M]%
lyll<m
Here, p* = max, yc(_ns,a¢ p(2,y). Similarly, we have

[ exp-Aota)ar () = 3.

Then,
log (/exp(—Ap(w,y))dQ”(y)) — log (/exp(—Ap(wyy))dr*(yO
= log ((/exp(kp(x,y))dqn(y) /exp(/\p(x,y))dr*(y))//exp(/\p(x,y))dr*(y) +1)
< ([ exp(-2ol.0))da" () ~ [ exp(~Nola.p))dr* (1) / [ exp-xotaruar )

< Lh/(25)

Finally, we have an evaluation on the convergence rate

sta) = 1) = 105 ([ exsp-rote.da ) )avte) ~ [10g ([ expi-rotamiar o)) dvte)
- /MSM (10% ( / exp(—Ap(ﬂc,y))dq"(y)> — log ( / eXp(—/\p(x,y))dr*(y)>>dp(a@)
S/IIKMLh/(Z(SO) dp(z)

< Lh/(200) = O(h).
Thus,



Since the total number of discrete nodes is n, there is n4 nodes in each direction. So, the discretization distant is
%. Thus the convergence rate equals O(1/n7) as well. ]

Next, based on the convergence rate analysis above, we can conduct a complexity analysis of solving the
continuous RD problem (@) for achieving e-accuracy via the BA algorithm.

Theorem 4: To ensure c-accuracy when computing the optimal value, the BA algorithm needs O(miﬁgjgl)

arithmetic operations. Here, m is the number of discretizaion nodes of X when conducting numerical integration
and d is the dimension of ).

Proof: By Theorem [3| to ensure f(r") — f(r*) < e, we need n to satisfy 1/n'/? ~ ¢, ie., n ~ 1/e%. Then
we use the BA algorithm to solve the associated discrete problem within € tolerance. As shown in [16, Theorem
2, Equation (96)], the BA algorithm needs O(logn/¢) iterations to achieve e-accuracy. In each iteration, the BA
algorithm iterates between two variables w(y!|z) and r(y}) in the following way:

w(ylx) = (r(ﬁ)fﬂp(w&ﬁ) / Yo e PPy,
=1

1=

) = [ plaulur o
Let 1,2 - - &, be the nodes of numerical integration with respect to 2. When computing w(y!*|z), we need to

perform matrix-vector multiplication
n
Ze—ﬁﬂ(xh% )r(yin)7 j=1,2---m,
i=1

and it involves O(mmn) arithmetic operations. The total computation cost for w(y}*|z) is O(mn). When computing
r(y), we need to perform numerical integration,
m
/p(m)w(yﬂx)dac ~ ZAjp(:cj)w(ymxj), i=1,2---n,
j=1
where A; are the numerical integration coefficients. This is a matrix-vector multiplication and it involves O(mn)
arithmetic operations. Thus, the computation cost for each iteration in the BA algorithm is O(mn). Hence, the total
computation cost is O(mnlogn/e) = O(m|loge|/e?T1). ]
Correspondingly, the convergence rate of problem (@) can be obtained.
Theorem 5: When the distribution p of X is supported in [—M, M]?, the optimal values F'(r™, 3") of discrete
problem (@) satisfy the error estimate

|F(Tn75n) _F*| < Ch7

where C' is a constant and h = 2M /né is the discretization step size.
Before the analysis of the convergence rate, we need a lemma first.
Lemma 2: e~ PP@Y) - ¢=8r(@Y) p(x y) is uniformly Lipschitz continuous for 0 < By < 3 < By, when (z,y) €

[~M, M]? x [-M, M]?, i.e., there exists a constant L > 0 satisfying:
le=Ar@uyn) _ o=Bp(@2v2)| < [(|lzy — @2 + ||y1 — y2l]),
| e PP ) p(ay, 1) — e PP p(ay )| < L([lwn — 2]l + [lyr — vl

Y(z1,51), (22, y2) € [-M, M]* x [-M, M]?, V0 < By < 8 < By,



Proof:  Since e=#7(#:¥) is continuously differentiable, its Jacobi matrix .J5(x,y) with respect to (z, ) is continuous
in [-M, M]¢x [—~M, M]%. And taking into account 3, Jg(z,y) is continuous in [—M, M]¢ x [ M, M]¢ x [B1, By].

Thus it is bounded, i.e., ||Jg(z,y)|| < L. Then by the Finite Increment Theorem, we have
jemPrlerwn) — emfrtvn)| < [ Jg (e, y) | (lex — w2l + lyr — v2]),

for some (z,y) € [-M, M]% x [~M, M]%. Then by the bound on ||.J5(z,y)|, we obtain the Lipschitz continuous
property. Similarly, we can prove the Lipschitz continuous property of e~?7(%) p(x, ). ]
Next, we will give the proof of Theorem [3}
Proof:  Since 7 is supported in [—M, M]?, we can just take the equidistant discretization nodes {y? =1 from

[~M, M]?. Due to the inequality (TT) in Theorem 4, we have

0< f(r", B") = f(r", B7) < f(q",B") — f(r", B7).

Thus, we only need to evaluate f(g", ") — f(r*, 3*).

First, we estimate the convergence rate of 3" — [3*.
‘/eXp(B”p(%y))dq”(y) /exp(B"p(:v,y))dr*(y)‘
- \Z | ar @ espl=ote. )~ [ esp(=iote.)in” )
| ) [ ar*wy espl=ote. ) - > | expi-irote)ar )
<3 | e, — expl—5 a7 e 1)
< Z/ Lily — ¥ ldr (y)

< Z/I Lh/2 dr*(y) = Lh/2

The second equality is due to U?zl I; D [-M,M]?% And the second inequality uses the bound on B", ie.,

0 < B; < " < By. Similarly, we have

’/eXp(—B”p(%y))p(a?,y)dq"(y) —/eXp(—B"p(w,y))p(%y)dr*(y) < Lh/2.

Next, we have an evaluation on the lower bound of [ exp(—3"p(x,y))dq" (y).

/ exp(— " pl, 9))dq" (y) = / exp(—A"p(z, 4))dq" ()
lyll<M (15)

> 8" / dq™(y) = e "7 2§,V € [-M, M]°.
lyll<M
Here, p* = max, yc(— a7, )¢ p(2,y). Similarly, we have

[ ep(=5pta. i ) = b



And we have an upper bound estimation on [ exp(—/3"p(z,y))p(z,y)dr* (y).
[ expl=" st ot )ar @) < [ expl-Bupe. )t ir )

< /Mldr*(y) = M;.

Here, M, is the upper bound on the function exp(—Byt)t,t > 0. Now, since Gy (3*) = 0 = Ggn(6"), we have

the following estimation
(G (B) = G (8%)] = |G (B™) — G (B
/ ‘(fexp<—/§np<x,y))p(x,mdqn(y)) (fexp<—5np<a:,y>>p<x,y)dr*(w)‘
<
[|z|| <M

- - - dp(x)
(fexp(—ﬁ”p(x,y))dq"(y)) (fexp<—5np<x,y>>dr*<y>)
by bo lasbr — a1bs]

= — — —|dp(x) = ——— —dp(x

/IIISM oY /|x|gM a0
< aalbr = bo| Fbolaz —anl oy o Lh/ (25 MLRJ2 e
/MSM o >/|$”§M f(20) + 5 ()
< Lh/(260) + Ml(%h/z = O(h).

Here, for simplicity, we use a1, as, b1, bo to represent the corresponding integration.
Next, we will give the estimate of 3" — 3*. Let —L; = G...(8*) < 0, then in a neighborhood (—dy+ 5%, d2 + 5*)
of B*, we have G'..(8) < —L1/2 and " is in the neighborhood when n is sufficiently large. Therefore, by the

Lagrange Mean Value Theorem, we have
(G (B") = G (8] = 1G4 (O 13" — 571 = 115 — 7).
Here, ( is a real number between /3’" and $*. Thus, we obtain
5" = 5] < 1Gre(5") = Goe (3] = O(h).
Next, we will give the convergence rate of f(g", /3’”) — flr*, B*).
[F(q", ") = f(r, B7) < |f(a" B") — fa", B7) + | f(g", B7) — f(r", 57)].

For the first part, we have the following estimation

0< f(qn’ﬁ"n) _ f(q”,ﬁ*) _ _/ fexp(—ﬁ"p(x,y))dq”(y; dp(x) _ (Bn _ ﬁ*)D

| <2 %8 T exp(=Bp(x, y))da" (y

< / log (fexp(—ﬁ*p(x,y))dq"(}/) — [ exp(=B"p(x,y))dg" (y)
lzl| <M [ exp(=67p(x,y))dg™(y)

/ | S exp(=B8"p(x,y))da" (y) — [ exp(=5"p(z,y))dq" ()|
lzl| <M [ exp(=67p(x,y))dg™(y)

S/ IfGXP(—ﬁ*p(:v,y))dq”(y) - feXp(_BnP(xay))dqn(y)‘dp(x) + O(h)
el <M %

+ 1) dp(z) + O(h)

<

dp(x) + O(h)




Here, Jq is a lower bound as shown in (15).
| [ ep(-5"p(w.)da" () ~ [ expl(-5"pw.v))da" ()
< /e—ﬁ*p(z,y)|e(/3*—5")p(m,y) — 1|dg"(y)
< / B =BMr@y) _ 1| dg™(y)
llyll <M
< / (elB"=F"p=v) _ 1) dg"(y)
llyll<M
<[l ) dg
lyll<M

< (e‘ﬂ**én‘p* —1) < 2|* — B"|p* = O(h), when n is sufficiently large
Here, p* = max, yc(— ) p(2,y). Thus,

|f(qn75n) _ f(q",ﬂ*)l < / |fexp(—ﬂ*p(a:,y))dq”(y) B fexp(—ﬁ"p(x,y))dq"(yﬂ

| <M do

dp(x) + O(h)

< / O(R) /80 dp(x) + O(R) < O(h)/ds + O(h) = O(h).
|zl <M

Meanwhile, due to Theorem 2, |f(q™, 8*)— f(r*, 8*)| = O(h). Thus, we obtain the convergence rate |f (7", 5") —
f(r=,8%) = O(h) = O(1/ni).
|

Using the recently proposed CBA algorithm [[I5]], we can solve the original RD problem (I) directly. The next
theorem gives the complexity result of solving the continuous RD problem for achieving ec-accuracy via the
CBA algorithm.

Theorem 6: To ensure e-accuracy when computing the optimal value, the CBA algorithm needs O(%(l +
log | log €|)) arithmetic operations ﬂ Here, m is the number of discretizaion nodes of X when conducting numerical
integration and d is the dimension of ).

Proof: By Theorem |5} to ensure F(r", 3") — F(r*,3*) < ¢, we need n to satisfy 1/n'/% ~ ¢, i.e., n ~ 1/,
Then we use the CBA algorithm to solve the discrete problem within ¢ tolerance. As shown in a recent work [15],
we need O(m"l%(l + log |loge])) arithmetic operations to achieve e-accuracy. Thus, the complexity is

mnlogn m|loge]

5d+1

O (1+log|loge|)=0( (1 +log|logel)).

V. NUMERICAL EXPERIMENTS

In this section, we conduct experiments on uniform source to confirm the convergence. We consider the uniform
source on interval [—8, 8] and conduct experiments with different discretization parameters, namely the node number

n = 20,40, 80, 160 of Y, while we take the node number m = 300 of X to ensure computing the integral of  with

The CBA algorithm takes an additional cost log | log ¢| to update the multiplier 3, while the BA algorithm fixes 3. Thus, the CBA algorithm
is applicable for solving the original problem (I directly.
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high accuracy. Moreover, we use the BA algorithm and the CBA algorithm to solve the discrete RD problem (3]
and (@) respectively with high accuracy. The corresponding results of the reproduction distribution are illustrated

in Figure 1 and Figure 2.

3.5 — 25 .
S— ) —— k-2
_ — K =40 — K =40
3r ——K=80 | — K =80
—— K =160 2 —— K =160 |1
25| i
b a2l ] 1.5} 4
‘@
o
5 15] |
it i
1k 4
05f _
n Il L L L Il n L L L L
-8 6 -4 2 0 2 1 6 8 3 6 -4 2 0 2 1 6 8
Reproduction Alphabet Reproduction Alphabet
Fig. 1. The discrete optimal reproduction produced by the BA algorithm for the slope 8 = 0.1 (left) and 8 = 0.2 (right).
3 , 35 .
—— K= —— K=
— K =40 _ — K =40
25 — K =80 |] 3 K80 |
— K =160 — K =160
25| ]
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1L 4
1}k 4
05 r 1 o5t ,
: b AN A n | | |
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Reproduction Alphabet Reproduction Alphabet

Fig. 2. The discrete optimal reproduction produced by the CBA algorithm for the distortion D = 4 (left) and D = 3 (right).

As shown in [24]), the optimal reproduction of the uniform source is a discrete distribution. From the figures,
the convergence is clearly demonstrated and the solutions of discrete problems converge to a discrete distribution

as the grids become finer.
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VI. CONCLUSION

In this paper, we prove the convergence of discrete schemes for computing the continuous RD problem and

establish convergence rate results and complexity estimations. Numerical experiments confirm the convergence.

Considering the fundamental role of the RD problem, it is envisioned that our method may lead to a series of

applications to various information problems.
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