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THE INITIAL-VALUE PROBLEM FOR THE CUBIC-QUINTIC
NLS WITH NON-VANISHING BOUNDARY CONDITIONS

ROWAN KILLIP, JASON MURPHY, AND MONICA VISAN

ABSTRACT. We consider the initial-value problem for the cubic-quintic NLS

(i + 8)p = a1y — ag|¢l*e + as|p['y
in three spatial dimensions in the class of solutions with [¢(z)] — ¢ > 0 as
|x| — oo. Here ai, a3, as and c are such that ¢(z) = c is an energetically
stable equilibrium solution to this equation. Normalizing the boundary con-
dition to ¥ (z) — 1 as |z| — oo, we study the associated initial-value problem
for u =1 — 1 and prove a scattering result for small initial data in a weighted
Sobolev space.

1. INTRODUCTION

We study the initial-value problem for the cubic-quintic nonlinear Schrodinger
equation (NLS) with non-vanishing boundary conditions in three space dimensions:

(i@t + A)i/} = a1y — 043|1/}|21/) + Oé5|1/)|41/), (t,IE) e R x Rg,
¥(0) = vo.

We restrict attention to parameters oy, as, as € R for which the polynomial

(1.1)

p(z) = ay — azx + asz?

has a positive root ¢ with p/(c?) > 0. This guarantees the energetic stability of
the constant solution ¢ = ¢ and we are interested in the dynamics of perturbations
to this equilibrium. Correspondingly, we impose the boundary condition

| 1‘im [t @)| = c (1.2)

on our solutions to (L.
Rescaling both space-time and the values of the solution, we may reduce (L))

and ([L2)) to
(10 + A) = (|92 = (B — 1) + 1),
¥(0) = o, (1.3)
limy, o0 [Y(E )| = 1,
for some 8 € R. This is the Hamiltonian evolution associated to the (conserved)
energy

BT 3P = 1)+ B = 1) o (1.4)

In particular, we see that ¢» = 1 is always a local minimum of the energy. When

B < 0, the energy is unbounded below which makes the system susceptible to

wave collapse for large initial perturbations; however, we shall focus here on small
1
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perturbations. When 8 < 1, the potential energy has a local maximum at ¢ = 0,
while for 8 > 1, this energy has a second local minimum at ¢ = 0.

The model ([3]) describes the behavior of a localized disturbance in an infinite
expanse of quantum fluid that is otherwise quiescent. The particular case 8 = 0 is
known as the Gross—Pitaevskii equation and has received much attention. In par-
ticular, the asymptotic stability of the equilibrium solution to the Gross—Pitaevskii
equation was proved in works of Gustafson, Nakanishi, and Tsai [T0HI2]. We will
extend this result to the more general model ([L3]), while also permitting a wider
class of initial data.

The inclusion of an additional parameter 5 in ([3) has allowed researchers to
better fit the behavior of several real physical systems and (1)) has been used as
a model in superfluidity [7[8], descriptions of bosons [I] and of defectons [20], the
theory of ferromagnetic and molecular chains [21l22], and in nuclear hydrodynamics
[14]. For comparison, the initial-value problem (LT]) with data decaying at infinity
describes the dynamics of a finite body of fluid and it was studied in [18].

The boundary condition (2 may be further simplified to the following:

lim ¢(t,z) = 1. (1.5)

|| =00

Indeed, finite energy functions obeying ([2) have a limiting phase as |z| — oo,
which we can normalize to zero; furthermore, the dynamics of (II]) preserve the
value of this phase, so that the boundary condition is independent of time. See [5]
for these observations in the case of the Gross—Pitaevskii equation. The fact that
the boundary condition is independent of time breaks the gauge invariance of (L.Tl);
in particular, we cannot use a time-dependent phase factor to remove the linear term
in this equation. The linear term ultimately leads to weaker wave-like dispersion
at low frequencies, which presents a key challenge in understanding the long-time
behavior of solutions.

As we study perturbations of the constant solution ¢ = 1, it is natural to intro-
duce the function u = uy + fusz defined via ¢y = 1 + u. Using (I3)), we have the
following equation for u:

(10 + A)u = 2uy + N(u), (1.6)
where the nonlinearity is given by
N(u) = (3 +4B)u? + u2 + 2iugus + |ul?u + 46]|ul?us + uu?]
T Bllul + AfufPu] + Blul*u.
We may also write N(u) = 22:2 N (u), where Ni(u) represents the polynomial of
degree k in u; and us appearing in N (u).

To put (LE) into the standard framework of dispersive equations, it is convenient
to diagonalize the equation. To do this, we employ operators U and H defined by

U= and H=|V|(V), where (V):=v2—A and |V|=(-A)Y2

(V)
The function v = Vu = u; + iUus then satisfies the following equation
(10 — H)v = Ny(u) = URe N(u) + ¢ Im N (u). (1.7)

In our previous work [16] we considered the final-state problem for (@) (with
B > 1) and constructed solutions scattering to prescribed asymptotic states. Here
we consider the initial-value problem for small localized data (and § € R).
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Theorem 1.1. Let vg € H(R3) with zvy € L2 and (z x V)vg € L2. Suppose
lvollxo == [{V)vollLz + [1(x x V)vol|L2 + [lavol L2 (1.8)
is sufficiently small. Then there exists a unique global solution v to (L)) with
v(0) = v that scatters in both time directions, that is, there exist unique vy so that
le®™v(t) —vi||x, — 0 ast— +oo. (1.9)

Furthermore, the convergence in ([L9) holds at a rate of |t|=¢ for some £ > 0.
We will outline the proof of this result in Section [Tl Before turning to that
subject, we will first make a series of remarks on the nature of this theorem and its

relation to prior work. In particular, we will discuss the meaning of our theorem in

the variables u = V~'u = Rev + iU ! Imwv. Correspondingly, we define
: , i0; + A)ul® —2Reu!* =0
ul(t) = Ve ™ Vyuy  which solves (1' ' Jui ) *
ui(0) =ug =V oy,

Remarks. 1. The norm X, appearing here occurs as the specialization to initial
data of the more general X-norm, defined in ([.12).

2. It was already known that our assumptions on vy imply global existence
and uniqueness of solutions to (6. This follows from the well-posedness theory
for (I6) that we developed in our previous work [I6]. Specifically, our arguments
in [I6] yield large-data global well-posedness for (I.@) in the energy space

E={ue H:|u?+2Reuc L?}

when 0 < 8 < % and small-data global well-posedness for the remaining values of 3.
Note that £ is not a vector space, but can naturally be interpreted as a complete
metric space; see [BL16]. By using [BI]) below, it is easy to see that under the
hypotheses of Theorem [[1] the initial data ug = Rewvg +4iU ' Imvy € H. C € and
so the previous analysis applies. This reasoning also shows that (9] implies that

dist (u(t), uli(t)) = 0 as t — +oo in the natural metric on &.

3. To properly recast the hypotheses on vg in terms of ug, it is natural to separate
the high and low frequencies using Littewood—Paley operators; see Section 2 for the
precise definitions. Self evidently, we have

[P>1v0lx0 ~ [ P>1uollxo ~ [V P>1uollzz + [[(z X V) Pouollzz + [[ePsquol 22,

while setting ¢ = 0 in the proof of Lemma allows one to deduce
[ P<1vollx, ~ [[{x)P<1 Reuol| L2 + [[{z) P<1V Imug|| 2.
Analogously, the scattering statement can be recast as follows:
lu(t) = Ol + (@ x V)[ut) — ul(®)] 22
+ [ 7(8) Refu(t) — u"®)]ll 2 + /(U Imu(t) — ui*(®))]| 2 — 0

as t — doo. Here J(t) := e~ et

As our hypotheses do not guarantee that o Im[V ~te®®HVy(t)] nor x Imu. are
square-integrable, one should not expect that one can remove the operator U from

the last term above. On the other hand, due to the quantitative rate of convergence
we obtain in Theorem [I.1] one can show that

tiirinoo 2P je-s Im[V e Vu(t) — ux]l[z2 =0,



4 R. KILLIP, J. MURPHY, AND M. VISAN

for some ¢ > 0.

4. As the previous remark showed, our hypotheses on the real and imaginary
parts of the physical field u are different. While this may seem peculiar in a
Schrédinger-like setting, it is perfectly normal in studies on the wave equation,
where one invariably adopts differing norms for the displacement and velocity com-
ponents. As the dispersion relation of the linear equation underlying (1)) is wave-
like at low frequencies (it has a conical singularity at the origin), it is natural that
our hypotheses on Imwu, which is analogous to displacement, and those on Rew,
which is analogous to velocity, differ by exactly one derivative at low frequencies.

5. When 3 = 0, (I3) becomes the Gross—Pitaevskii equation:

(i0; + A)p = (Jo]* — 1)3p, with lim (t,2) = 1. (1.10)

The question of the long-time behavior of solutions to this equation was the central
topic of a recent series of papers [I0HI2]. The last of these shows scattering in
the three-dimensional setting (as considered here) and much of what we do follows
closely in the footsteps of that paper. In actuality, the paper [I12] has had a profound
impact far beyond its original scope by codifying and popularizing (contemporane-
ously with [6]) what has become known as the space-time resonance method.

More concretely, the paper [12] proves scattering for solutions to (II0) under the
hypothesis that (z)v and (x)Vv belong to L?(R3). These are stronger hypotheses
than those employed in this paper in the sense that we have no weighted hypotheses
on the derivatives beyond the angular regularity requirement (z x V)v € L2 The
nature of this improvement is most dramatic in the case of spherically symmetric
data, for which (z x V)v = 0.

6. In the special case of radial data, however, the contribution of this paper is
eclipsed by the more recent work [9] on (I.I0]), which appeared while this paper was
being finalized. Nevertheless, for general data, the hypotheses of the two works are
incomparable. Specifically, [9] has weaker hypotheses on the low-frequency portion
of the solution, since they do not require weighted decay in L?; on the other hand,
they do place more stringent hypotheses on the high frequencies, requiring that
(x x V)P>1v belongs to H'(R3) and not merely L?(R3?).

1.1. Strategy of the proof. The proof of Theorem [L] relies on a bootstrap
argument. For this, we introduce a few specific norms. Letting I denote any time
interval, we first consider the Strichartz-type norm

HUHS(I) = ||<V>U||L§°L§mL§Lg + [|(z x V)”HL:OLgngLga (1.11)

where the space-time norms are taken over I x R3.
Next, we introduce the vector field J(t) = e~ ®H ze® and the ‘energy norm’

lo@lx = {V)v@®)llzz + 1T (E)v@)ll L2 + Iz x V)v(#)llLz - (1.12)

We refer to the Jv component of this norm as the ‘weighted norm’.
For convenience, we also introduce the notation

lvllzry := [vllsry + vllLee r,x) -

We will prove a bootstrap estimate of the form

6
vl z(to,t2) S llv(to)llx + (to)™* Z ||U|\]§([t0,t1])a
k=2
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which, for small initial data, closes to give control in the Z-norm for all time. Using
global Z-norm bounds, we can then prove scattering by standard arguments (see
Section [IT]).

To explain our choice of spaces, we compare () with related scale-invariant
nonlinear Schrédinger equations of the form

(10, + A)u = F(u) = |u|Pu, p>0. (1.13)

The scaling symmetry of (LI3) identifies a scaling-critical space of initial data,
namely Hse (R3), where s, = % — %. The regularity associated to a quintic non-
linearity is s, = 1, while the regularity associated to a quadratic nonlinearity is
sc = —3. As (D) has a quintic nonlinear term, it is natural to seek control in a
Strichartz space at H! regularity, namely, the S-norm.

For Schrodinger equations with negative critical regularity, one seeks control of
the solution in weighted spaces rather than Sobolev spaces of negative order, in
which NLS is known to be illposed. From the point of view of scaling, prescribing
|z|5ug € L? is like prescribing ug € H*. However, it is not expected that solutions
will remain bounded in a weighted L?-norm. Indeed, this is not even case for
the linear equation. Instead, in the case of (L13]), one endeavors to prove L2-
bounds for the Galilean quantity (z + 2itV)u, which in turn implies decay for
the solution via Klainerman—Sobolev-type inequalities. As one can check that x +
2itV = e*P e A we see that the operator J(t) defined above is the analogue of
x + 2itV for the problem (7).

For the case of (LI3), the operator x + 2itV essentially obeys a chain rule
when applied to the nonlinearity, which greatly aids the analysis. This fact relies
crucially on the gauge-invariance of the nonlinearity, i.e. the symmetry F(e?u) =
e®F(u). In the case of (L7), the nonlinearity is not gauge-invariant. Because
of this, estimating J(t)v(¢) in L? becomes significantly more challenging. In fact,
establishing a suitable estimate for this term is the principal difficulty in this paper.

Broadly speaking, we follow an approach known as the method of space-time
resonances (cf. [6][12]), which we now briefly describe in our setting. Introducing
the interaction variable f(t) = e®®Hv(t), we have

~

[T@o@)Lz ~ [[Vef(#)llLz-

To estimate the latter term, we first use the Duhamel formula for v (cf. (Z1)
below) to write an integral formula for f Because it is the quadratic terms that
will ultimately be the most difficult to estimate, let us describe the technique for
a single quadratic nonlinear term, say v?. For such a term, we would be led to
estimate in L7 the following term:

~

Ve [ [ 10(s,¢ ~ots.mdnds = e [[ 0 Fls. — ) s, ands,

~

where the phase ® = H (&) — H(§ —n) — H(n). If the derivative lands on f(s,£ —n),
then after applying Plancherel, we recover a copy of Jv and have a term that is
amenable to Strichartz estimates. We will see that such terms are not too difficult
to estimate (cf. Section [B).
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However, if the derivative lands on e?*?®, then we are faced with estimating the
following ‘phase derivative’ term:

[ etsveafis.e — mfts.mnds. (1.14)

Such terms are significantly more difficult to estimate. In particular, we need
to exhibit additional decay to overcome the factor sV ®. The idea is to exploit
oscillation in the phase, which as usual is achieved via integration by parts.
On ‘time non-resonant’ regions (i.e. regions on which ® # 0), one can use the
identity
eis<1> _ %aseisé

to integrate by parts with respect to s, which either cancels the s in (LI4) or leads
to additional copies of the solution (which decays, due to the bootstrap assumption)
via (I7). On ‘space non-resonant’ regions (i.e. regions on which V,® # 0), one
can use the identity

1sP 1 . isP
P = VD Ve

to integrate by parts with respect to 7, which cancels the s in (ILI4]); if the derivative
then lands on a copy of f, we recover another copy of Juv.

The strategy is then to decompose frequency space into regions of non-resonance
and estimate the contribution of each region separately. Note that each type of
quadratic term (namely, 92, v2, and |v|?) will lead to a different phase in (LI4),
and hence requires its own decomposition. For us, the most difficult case will come
from the |v|? nonlinearity. In fact, in this case we will need to rely on one other
notion of non-resonance, which we have called ‘angular non-resonance’; this refers
to the non-vanishing of

(5—5%%) V@
and uses a different integration by parts identity (see Section [6.3). It is only in
treating the angular non-resonant region that we will need control over the angular
momentum type quantity ||(z x V)v||z2.
After integrating by parts on a non-resonant region, we can again write the

resulting expressions back in terms of v and v. An example of a resulting term for
the v? nonlinearity (in the time non-resonant case, say) is

/eiSHb[v(s), v(s)] ds,

where bl-, -] is the bilinear multiplier with symbol % X, with x denoting a cutoff
to the time non-resonant region. In general, the terms we need to estimate will now
involve a bilinear multiplier applied to v, Juv, (x X V)v, or N,(u); the particular
multipliers that appear depend on whether the region is space, time, or angular
non-resonant (see Sections [.IH6.3). The multipliers that appear will not typically
be amenable to standard bilinear estimates such as the Coifman—Meyer theorem.
Indeed, even many of the cutoff functions used to partition frequency space into
appropriate non-resonant regions already suffer from this problem. As in [12], it
is essential to curtail the associated losses by exploiting the fact that the final
result is to be estimated in L2. In this paper, this key bilinear estimate appears as
Proposition 2.9 which extends an analogous result from [12].
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There is one additional twist to what we described above, namely, the fact that
a direct implementation of the space-time resonance approach with the quadratic
nonlinearity

Ul(3 + 48)u? + u3] + 2iuiusg
in (L) does not work. Problems arise in quadratic frequency interactions with
a small output frequency. For the first two terms above, the factor of U = %
provides cancellation at zero output frequency; however, the third term is missing
this factor. For this reason, we employ a normal form transformation to remove
the quadratic term 27uius and carry out the space-time resonance method with the
normal form of the equation. See Section M for further discussion.

Having completed the outline of the proof, it now seems pertinent to discuss more
fully its relation to the works [9)[12] on (II0). First and foremost, our improve-
ment on [I2] is based on the discovery and subsequent exploitation of additional
non-resonance phenomena in the case of high-high frequency interactions. Most
important of these is the angular non-resonance discussed in Section 0.4t however,
the use of time non-resonance in Section is also novel and essential. On top
of this, we believe that our paper introduces a number of individually minor, but
collectively significant, improvements to the analysis in [12]. Two examples of this
are the introduction and systematic use of the bound

_z
lu®llLe S 72 vllz

(see Lemma [322) and the extension of their bilinear estimate to include the end-
point case (see Proposition 2.9). One end-result of these improvements is that we
are able to present our result in a paper of comparable length while including a
much more thorough exposition of the details. In truth, the brevity of [12] rendered
us unable to reconstruct their arguments in several places.

There is less of a connection between what we do here and the paper [9], since
the key point of that paper is to exploit additional Strichartz estimates that become
available for radial data or data with higher angular regularity. The failure of such
estimates in general manifests, for example, in the fact that while the traditional
NLS is ill-posed in spaces of negative regularity, well-posedness can be restored by
passing to radial data, or data with additional angular regularity.

1.2. Organization of the paper. In Section Bl we set up notation and collect
some useful lemmas, including the bilinear estimate Proposition In Section B]
we collect some consequences of the boundedness of the energy norm, including
some decay estimates and control over the Strichartz norm. In Section El we dis-
cuss a normal form transformation used to ameliorate the effect of the quadratic
terms in the nonlinearity. In Section Bl we begin to estimate the weighted norm,
dealing with the cubic and higher terms, along with the quadratic terms without
phase derivatives. Sections [(HI0 are dedicated to estimating the quadratic terms
containing the phase derivatives (see Proposition [6.I]). These sections comprise
the heart of the paper. Finally, in Section [IT], we collect all of the estimates and
complete the proof of Theorem [I.1]
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2. NOTATION AND USEFUL LEMMAS

For non-negative quantities A and B, we write A < B to denote A < CB for
some C > 0. We write A < B to denote A < ¢B for some small ¢ € (0,1). We write
A~ Bif A< Band B < A We write AAB = min{4, B} and AV B = max{A, B}.
We write a+ to denote a £ € for some small € > 0.

We write a complex-valued function v as v = vy +ivy. We write ¥ to indicate that
either v or ¥ may appear. When X is a monomial, we write @(X) to denote a finite
linear combination of the factors of X, where Mikhlin multipliers (for example,
Littlewood—Paley projections or the operator U defined below) and/or complex
conjugation may be additionally applied in each factor. We extend @ to polynomials
via (X +Y)=0(X)+0O().

In what follows, V¢ denotes derivatives with respect to ¢ with & fixed and
&1 = £ —&. On the other hand, V¢, indicates derivatives with respect to & with &
fixed and & = & — &. Similarly, V¢, indicates derivatives with respect to & with
¢ fixed and & =€ — &7

For a time interval I, we write L{L" (I x R3) for the Banach space of functions
u: I x R3 = C equipped with the norm

1/q
L AL ) I

with the usual adjustments when ¢ = oo. If ¢ = r, we write L{L = L{ ,. We will
often abbreviate

lull Loz rxray = llullzzz;  and [luflLy@s) = lullz;.

We write r’ € [1, 00] for the Hélder dual of r € [1,00], i.e. the solution to 144 = 1.
At times, we will make use of the Lorentz spaces LL* defined via the quasi-norm
1
ollzge =X Ha = o(@)] > M Lo 0,00, 22
where 1 < ¢ < oo and 1 < a < co. We have L% = L9 and L9* — L%P for

a < . We also have the following generalized Holder and Hardy—Littlewood—
Sobolev inequalities:

Lemma 2.1 (Holder and Hardy-Littlewood—Sobolev in Lorentz spaces, [13119]).
The following estimates hold:

(i)
Ifgllae SN fllpaerllgl e,

whenever 1 < ¢,q1,g2 < 00 and 1 < a, a1, 2 < 00 satisfy ¢ = -+ o= and
1_ 1,1
=+

@ a1 ag ”



CUBIC-QUINTIC NLS 9

(i)
I * gllee S (1 fllparoallgllpozes,
whenever 1 < q,q1,q2 < o0 and 1 < a, a1, s < 00 satisfy % +1= q% + ql—2
and é = a_11 + a%
Lemma 2.IJ(ii) implies the following Sobolev embedding on R3:

V1ol ~ Il e+ vllzz S kel g elol g S0l g0 (21)

3
L2’
We define the Fourier transform on R? via

fie) = m 2 [ e f@yda, sothar fla) = 2m) 2 [ i) de

R3

~

We define |V|* via |§|S\f(§) = [£]°f(&). We make use of the following Fourier
multiplier operators:

(Vy:=Vv2—A, U=|V(V)"', H=|V|(V).

We also use the notation (£) := /2 + [¢]2.
We employ the standard Littlewood—Paley theory. Let ¢ be a radial bump

function supported in {|¢| < 15} and equal to one on the unit ball. Let 1(£) =
0(&) — p(2€). For N € 2%, we define the Littlewood—Paley projections

Peyu(€) = p(¢/NYi(),  Pyu(€) = $(€/N)a(€), Poy =1Id— Pey.

We also write u<n := P<nu, and similarly for the other operators. These operators
commute with all other Fourier multiplier operators. They are self-adjoint and
bounded on every LP and H? space for 1 < p < oo and s > 0. They obey the
following standard estimates.

Lemma 2.2 (Bernstein). Let 1 <r < qg<oo and s > 0. Then
IIV[°* P<nullLrmsy S N°||P<nullLr®s),
P> nullLrrsy S N NVIPPs vul o (rs),
3_3
| P<nullpamsy S N7~ 9 ||P<nul pr(rs).-

The operators Py are not true projections, in the sense that Py # P%. As a
substitute, we introduce the ‘fattened’ LittlewoodPaley multiplier ¢ (€) = ¢ (2¢) +
(&) +1(£/2) and define the operators Py analogously to the above. We then have
Py = PyPy.

2.1. Linear estimates. In this section, we record some estimates for the linear
propagator e
Proposition 2.3 (Dispersive estimates). For 0 < N <1 and t # 0,
; . _ L,,-3
||e:tltHfNHL;o(R3) 5 mln{NB, N2|t| 17 N>z |t| 2 }HfN”Li(]RS) (22)
For2 <r<ooandt+#0,

3
7‘

i (3 1_ 1
||eiZtHfHL;’2(R3) S |t| G )||U2 TfHL;'ﬂ(Ra)'
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The proof of this proposition is a standard application of stationary phase meth-
ods. The key information is the eigenvalues of the Hessian of H(&); these are

206G+ 18l apq  204E) (&)

(2+[¢[*)3/2 £) lEl+]g)72 el
and the latter has multiplicity 2.

From these dispersive estimates, one can deduce the following Strichartz esti-
mates (see [15], for example). In the following, we call (¢,7) an admissible pair if
2 < g < oo and % + % = % We call (o, 8) a dual admissible pair if (o/, (') is an
admissible pair.

Proposition 2.4 (Strichartz estimates). Let I be a time interval and to € I. Let
(g,7) be an admissible pair and let (o, 8) be a dual admissible pair. Then

t
eiitHgD—l-/ efi(tfs)HF(S) ds

Slellzz + HF||L§’<L£(I><R3)'
to ’

LIL7 (IxR3)

2.2. Bilinear estimates. We will frequently encounter bilinear Fourier multiplier
operators of the following type.

Definition 2.5 (Bilinear operators). Given a function B : R? x R?® — C, we define

BIf,g)(z) = (21)" // EB(E — n,m) F(€ — n)g(n) d de.

For functions A4, B : R? x R? — C we write AB[-,-] for the multiplier with symbol
given by the pointwise product AB.

Remark 2.6. The symbol B = 1 corresponds to the pointwise product. The
condition B(&1,&2) = B(—&1, —&2) characterizes those multipliers that map real-
valued functions to real-valued functions.

We will often work with bilinear multipliers on the Fourier side. Note that

~

B7a)(©) = x> [ B(e ~ nmfi¢ - migta) an
We will consistently use the notation
G =&6—n &=n {(=+&
and write

BI.gl(€) = (2m) /2 / B(&1, &) F(€)3(&) dés.

We will need several estimates for bilinear operators. We begin with some stan-
dard results concerning sufficiently smooth multipliers.

Definition 2.7 (Coifman-Meyer-Mikhlin). We call a Fourier multiplier m : R3 —
C a Mikhlin multiplier if

|9gm(€)] <a 671
for all multiindices up to sufficiently high order.
We call a bilinear multiplier B : R? x R? — C a Coifman—Meyer multiplier if

) (lee+181)
|agl B(&1,&)| Sas (I6] + 1&2])
for all multiindices up to sufficiently high order.



CUBIC-QUINTIC NLS 11

We call a bilinear multiplier B : R? x R® — C a Coifman—Meyer—Mikhlin mul-
tiplier if it may be written in the form
B(&1,&2) = m(§)ma(§1)m2(82)Bo(&1, &2), (23)
where m, m1, me are Mikhlin and By is Coifman—Meyer.

Combining the Coifman—Meyer theorem [3l4] together with the standard Mikhlin
multiplier theorem, we obtain the following result:

Proposition 2.8 (Coifman-Meyer-Mikhlin estimate [3l4]). If B : R?* x R® — C is
Coifman—Meyer—Mikhlin, then

HB||L;1®L;2~>L; S
foralll <r <ooand 1 <ry,re < 00 satisfying % = % + %

The next bilinear estimates allow for more singular multipliers. These estimates
are a slight strengthening of similar estimates appearing in [12] (cf. [I2] Lemma 9.1,
Corollary 9.3]). Pointwise symbol estimates are replaced by conditions involving
L?-based Sobolev regularity. We need both a time-independent bilinear estimate
and a Strichartz-type bilinear estimate. Given a symbol b : R? x R? — C, we will
consider the following ‘norm’:

A = 00 100 MBIy 0120 (24)

where for fixed £ we consider b as a function of & via b = b(£1,€ — &) or as a
function of & via b = b(§ — &2, &2).
Proposition 2.9 (Bilinear estimates). Let a,b: R3 x R3 — C be the symbols of
bilinear operators a,b.

(i) For any 1 <ry,re < o0,

||ab||L§1®LQ2—>L§ S ||a||L§1®L§2—>L§ llofl-

(ii) For any dual admissible pair (o, 8) and any q1,71,q2,72 € [1,00] satisfying
1.1 _ 1 1.1 _1
LypLl-Llgyglqyl=1
q1 q2 [e% 1 T B

H/ e ab[f1(t), f2(t)] dt

Sllallprigpre el ([ fll Lo pra L foll Lo ra-
L2

Remark 2.10. No assumptions are needed for the operator a beyond boundedness.
In Lemma[d1][ii) below we will see an example of a bilinear multiplier that is readily
seen to be bounded (by relatively elementary means) but which is not of Coifman—
Meyer—Mikhlin type. A larger class of symbols obeying £°° BS / 12 bounds is admitted
n [12]; this can be immediately recovered from the above by dyadic splitting and
the triangle inequality. We prefer to formulate our result in terms of the norm (2:4)
since in practical instances, this seems easiest to bound in an effective manner.

Proof. By symmetry, it suffices to prove the result with the first factor on the
right-hand side of (Z4). Define w : R? x R3 — C so that

b1, —&1) = /w(ac,ﬁ)emg1 dx.

As
16061, € = &)l g ~ Nl |2z, )l ez
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uniformly for £ € R? (by Plancherel), we may choose R > 0 so that
R / 2l w(e, )2 do + R / 2wz, &) de < JBIZ (25)
|z[<R |z|>R

uniformly for & € R3.
i) Fix f; € Ly’ and h € L2. By Plancherel,
(i) i

(hablfy. fo]) = (2m)~3/2 // 061, € — £)67E Fr(€0) Fal€ — &) ey dE da.

Using Plancherel again and the fact that translation is an isometry on L7, we
deduce

[ abl s 2D S Nl iz onosnzll il el [ e Rz
By Cauchy—Schwarz and (Z.3)),

(J1ueoi@nya) < [ et [ [uPuworiorseds

w [ el [ (e ()P de ds
|z|>R |z|>R
SCRE

The estimate in (i) follows.
(ii) In this case, we write

(271')3/2<h7/eitHab[fl(t),fz(t)] dt>
= / / / / w(z, R(E)MHOa(&r, € — &)e™E f(t, &) falt, € — &) dé dt dE da.

Thus, applying Strichartz (Proposition 24]) and estimating as above,

I / Habl (1), fa(b) dt)|
e [ I 9@ e

Sllallrgre g PNl Lo oo ll ol g pzz 1Al 22

The estimate in (ii) follows. O

Slallpmgrre s pa 1A @z 120 L2

3. DECAY VIA THE ENERGY NORM

In this section we prove that control over the energy norm
lo@lx = 1(V)o@)llzz + [ITE)v@)]zz + [I(z x V)o@)L2,

where J(t) = e "Hxe™ implies decay for the solution v, as well as for u =

v1 + iU 1vg. In fact, one does not need to use the (z x V)v term to prove decay.

The estimates we prove are in the spirit of Klainerman—Sobolev inequalities. As a

consequence of the decay estimates, we can then prove an a priori estimate for the

Strichartz-norm of v. At the end of this section, we also record some bounds for

norms with weights that will play a role in controlling the L2-norm of J(t)v(t).
We begin with an elementary lemma.
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Lemma 3.1 (Control of low frequencies).
IU20(@)llze + 1T o)z < lo(®)]x- (3.1)

Proof. As the X-norm controls the H}-norm, it suffices to consider the low fre-
quencies. For this, we use the Sobolev embedding (21) and Holder’s inequality (cf.
Lemma 2.7]) to estimate

1Uv<allns + 10 o<l SNV e ol S ||€itHU||Lg,
S el e 70l 2 -

The result follows. O

2

Next, we prove decay.

Lemma 3.2 (Decay). Fizt > 0.
@) llo@®lze < & Hv®)llx-
(ii) For 0 < N <1,
U on (8[| o2 S min{N, N3t~5, N~5t Y Jv(t)| 2. (32)

Consequently,

_ _T
1T ()| e S ()75 ]o(t)]|x-
(iii) For any 2 <r <6,
lo@)le: S @O DNo®)lx  and U 0@ S E75ED u(t)]|x-
Proof. First note that by Sobolev embedding,

lv®lze SNU v®llze < Vo)l Lz
Thus, to prove (i) and (ii), it suffices to show that control over Jv implies decay
for times ¢ > 1.
To this end, we note that the dispersive estimate (Proposition 23] and Holder’s
inequality imply

l@lze St ™ ol g2 SEHTvE@L2,

~
x

giving (i).
Using instead the frequency-localized dispersive estimate ([2.2]), we easily obtain
B2). Thus, for t > 1,

U~ oen () ||Ls<( SoNsE Y N-%t-l)nJv(t)nLgsr%nJv(t)nLg,

N<t—3F tF<N<1
which together with (i) settles (ii).
The estimates in (iii) follow by interpolating between (i) and (ii). O

We will next prove control over the Strichartz norm of v. As the nonlinearity is
described in terms of u = vy + U vy, it is useful to record the following lemma.

Lemma 3.3 (Control of u). Let v =uy +iUug and let I be a time interval. Then
with all space-time norms over I x R3,

||<V>U||Lg°L§mL$Lg + [I(z x V)UHL:OLg S ||U||Z(1)-
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Proof. As P51U~! is bounded on L? and LS and z x V commutes with any Fourier

multiplier operator whose symbol is radial, it is clear that
[(Vyusillzgerznrzre + [(x x V)usillperz S [vllz)-
For the low frequencies, we use Bernstein and ([B1]) to see that
(3.3)

||<V>US1||L;>°L§(1xR3) S ”vHLf"(I;X)-

Next, we use Lemma to estimate
_ 1
||<V>u§1||L$L2 SIU 1U||L$Lg < () 9||L§(1)||U||L;?°(I;X)-
Finally, using 2 x V = —V x x, unitarity of ¢, and boundedness of Riesz poten-

tials,
Iz x Vyui(@)llzz S [Pl 0jare™o(t) |2 S 1T@v(B)lz2 S 0@ x

7k

The result follows.

We can now prove control of the Strichartz norm (cf. (ILIT)).
: I x R® — C solves (7).

Proposition 3.4. Let 0 < tg = infI and suppose v
Write v = w1 + iUus. There exists € > 0 such that
le™ = o (t0) |51y S llolto)llx, (3.4)
I

5
< (t) 7" D llol% - (3.5)
) k=2
Proof. Recalling that e’ commutes with z x V, the estimate ([3.4) follows imme-

t
/ eTIIH N (u(s)) ds
S(1

diately from Proposition 2.4
We turn to [B.35). An application of Proposition 2:4] shows that to prove (B.H),

we need to estimate

5
DOl 4 3+ > IID@(uk)I|L2Lg, D e {(V),x x V}.
t x k=3 t—T

To do this, we will rely on the decay for u provided by Lemma [332] as well as

Lemma [3:3] We also note that z x V obeys Leibniz and chain rules.

For the quadratic and cubic terms, we may estimate
2 — 21112
DO g 5 Sl g, I1Duliers S o) ol
_19
< k2l Dull ez S (o)™ R ol

3
10O, 4

for D € {(V),z x V}.
We turn to the quartic and quintic terms. Writing © = u<;+wu~1 and distributing
derivatives, we see that to estimate the terms involving z x V, it suffices to consider

the contribution of the following terms:
Ok (z x V)uc)) + O (z x V)us1), ke {3,4}.
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Recalling boundedness of U~*P5; (and the fact that this operator commutes
with z x V), we can first bound
DO, 5 + e x Vusall, s

t tHT

_ 35
Slul® g (V) ullzzre + Nl x V)vllizre) < (ko)™ [[vllZr),
Loe 2

t

||<V>®(u5)IIL2Lg lu (2 x V)usi]

_ 28
S llullzgers (V) ull e + 1z x V)vllpzrs) S (o)™ 2 1ol %,

Finally, we note that by Bernstein and Lemma (and the fact that x x V
commutes with frequency projections), we have

L2L5

[[(x x V)uS1||L§oL; Swllzay for any 7> 2.
Thus, estimating with the same spaces as above, we have

[u?(z x V)u<|

35
. N ||U||2$OL§||($ x Viua|l Leord lullzzrs < (ko)™ [0l Zry,
7
[ut (e x Vuca|l | o S lullfersll(@ x V)uilloersllullzre S (to) ™ Slloll%
202
The result follows. g

Remark 3.5. Note that the proof above gives
_19
()OGS (1) il for ke (34,5, (36)
which we will use in Section 10

The bulk of the remainder of the paper is devoted to controlling the weighted
norm. Taking the Fourier transform, we compute
J(t) = e tHgeitH — 5 4 21152 >A)‘_§| —. x+z’t<%>. (3.7)
To estimate the contribution of the cubic and higher order terms in the nonlinearity
to the weighted norm, we will write J(t) as in (B and estimate each resulting
piece separately. This requires bounds on zwu, for which we rely on the following
lemma.

Lemma 3.6 (Bounds for weights). Let v = uy + iUug and t > 0. Then
lzus1(®)l[Lz < Ollv(t)llx, (3.8)
leus(®llzg < (@3 lo(@)]x- (3.9)

Proof. As the commutator [z, P] is bounded on L2 and LS for P € {P<y, P~1} and

llullzznrs < llvllx, it suffices to prove the estimates (B.8) and [3.9) for P(zu).
To this end, we write

zuy = zv; = Re(Jv) 4+ £(V)vg,
zuy = 2U vy = [z, U vg + U~ [Im(Jv) — t(%ﬁ}l]

As the commutator [z, U] = ﬁ\_gl’ we obtain

[1P>1(zur)ll 2 S (1 Tollzz +t(V)vllze S @Bllvllx,
[1P>1(zug)rz < llvllez + ([ Tollz + HI(V)vllez < @ flv]lx-
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Next, using Lemmas B.1] and together with Sobolev embedding, we estimate
1Pet(wu) e S 1700z + ol < Jollx,
1Per(@ug)llze S 1A~ lsg + 1V Tollzs +HIU vl < (&3 ollx.

The result follows. O

4. NORMAL FORM TRANSFORMATION

In this section, we discuss normal form transformations for (7). The use of
normal forms in PDE originated in the work of Shatah [23] and has since become
a widely-used technique in the setting of nonlinear dispersive equations. Briefly,
the idea is to look for a change of variables with the effect of removing the most
problematic terms from the nonlinearity.

In our setting it is the quadratic terms, namely,

Ul(3 + 4B)ui + uj] + 2iusus,

that are the most difficult to estimate. Recall also that u; = v; and us = U~ lvs.
In our previous work concerning the final-state problem [16], we used a normal
form transformation to eliminate the u3 term from the nonlinearity. In [16], we
worked with energy-space solutions (i.e. no weighted assumption) and the poor
spatial decay of uy was the biggest difficulty in handling the quadratic terms; in
particular, we had only us € LS, compared to u; € L2 N LE. Due to the nature
of our arguments (which entailed testing against a dense subclass of test functions,
namely, those supported away from the origin in frequency space), the interaction
output frequency did not play an important role. In particular, the presence of U
in the real part of the nonlinearity offered no real advantage.

In this work, to treat the quadratic terms will require a careful decomposition
of frequency space into ‘non-resonant’ regions, which requires an accounting of all
of the various quadratic frequency interactions; see Sections [BHA In this analysis,
the operator U will be crucial in our treatment of interactions with small output
frequency. Accordingly, the absence of U in the imaginary part of the nonlinearity
is problematic. Note also that the weighted assumption gives better control over
ug = U~ lvy (cf. Section B]), which already makes the u3 term less intimidating in
this setting. Thus, in this work, we will employ a normal form transformation to
remove the term 2iujugs. The authors of [I2] also elected to remove this term in
order to treat the initial-value problem for Gross—Pitaevskii, for the same reasons.
As we will see, the normal form transformation that removes the ujus term also
cancels the two copies of U~! appearing in the v3 term, which actually puts the
v? and v3 terms on essentially equal footing. It is worth noting that the symmetry
conditions required of the normal form transformation make it impossible to remove
all of the quadratic terms.

The standard approach to normal form transformations is to introduce a new
variable of the form

w = v+ Blv,v],
where B is a bilinear operator that is chosen so that
(10y — H)Blv, v]

cancels the problematic term(s) in the nonlinearity. Note that this will add some
new terms to the nonlinearity, as well. One then proves estimates for w, which
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(hopefully) solves a better equation than v, and then inverts the normal form to
deduce information about v.
We take the following closely-related approach. First, we rewrite (L)) in integral

form:
t

e™My(t) = et Hy(ty) — z/ "N, (u) ds. (4.1)

to

Given a bilinear operator B as above, we can write

/ eiSHNU(u) ds — / eisH (NU(UJ) + (i0s — H)B[v,v]) ds — / 05 (eisHB[v, v]) ds

to to 0
t
_ / ¢ (Ny(u) + (10, — H)B[v,v]) ds — (ie* " Blo,v])[_, .
to

As before, we wish to choose B[v,v] to cancel the problematic quadratic terms. In
place of inverting the transformation, we will instead need to estimate the quadratic
boundary term above.

We turn now to the details. We take

Blv,v] = Bi[v1,v1] + Ba[va, v2],

where By, By are symmetric, bilinear Fourier multiplier operators to be determined
below. Using (1), we have

(10 — H)B[v,v] = 21'(31 [v1, Hug] — Bo[Hwy, 1}2])
— H(Bi[v1,v1] + Ba[va, v2])
+ 2i(B1[v1, Im N (u)] — Ba[vz,U Re N (u)]).
In order to cancel the term 2iu;us, we need to choose By and Bs so that
01U vy + Bi[v1, Hva] — Bo[Huvy, vs] = 0.
Imposing symmetry on B; and Bs then leads to the unique choice

Bilf,g] = Blf,g] and Balf.g]=-B[U~'f,U"g],
where the symbol B(&1,&3) of B is given by

B(&1,&) = —2+ &’ + &) (4.2)
With this choice, we write

6

t t
isH isH
e Ny(u)ds = E / e Ny ds

/to k=210 (43)

—i[e"" (Blv1,v1] — BlU ‘o9, U™ w2))]"

s=tg
where the N} are defined as follows:
No = (3 +48)U(v?) — HB(v1,v1) + U[U  ws]? + HB(U Ywg, U ),
N = U Re Ni(u) + i Im Ny (u)
+ 2i[B(v1,Im Ny_1(u)) + B(U vz, Re N1 (u))] for k€ {3,4,5},
Ns = 2i[B(v1,Im N5(u)) + B(U vz, Re N5 (u))].

(4.4)
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The structure of Ny, for k € {3,4,5,6} will not be too important. The quadratic
terms, however, have some nice structure that will be important in the analysis
below:

N2 = U[Al(’Ul,’Ul) + AQ(U27U2)]7

where
261 - &

A = - L. L
6 &) = U o e e (45)

Az(&1,62) = _ 2 & L

’ 2+ [&1]2 + [62]? [&1] |62

One can check that

198 A1l S (i)™ and 10§ A S (rerrkrer) ™ (4:6)

In particular, A; is Coifman—Meyer, but A5 is not. In fact, As is not even Coifman—
Meyer—Mikhlin; nonetheless, it is bounded, as the following lemma shows.

Lemma 4.1.

(i) The operator Ay is Coifman—Meyer.
(ii) For any Coifman—Meyer—Mikhlin multiplier b, the operator with symbol

(&1)(&2)

b(ﬁl,ﬁz)m

maps L™ QL™ — L" boundedly whenever 1 < r,ry,ry < oo and T—ll—i—% = %
In particular, Asb : L™ ® L™ — L" boundedly.

Proof. Ttem (i) follows from (L6). We focus on (ii) and argue by interpolation:
Writing

(£1)%2 (&)%)

2461 + 162

for z € [0,1] + 4R, it suffices to show that the operator corresponding to my/o

maps L™ ® L™ — L" boundedly. To this end, we note that m;, and my;, are
Coifman—Meyer-Mikhlin with norms bounded by ()" for some N € N. Indeed,

m(&1,&2) = b(&1, &)

may(&1,62) = 2+ 6172+ |6) Y L b, &),

while for m;14y one exchanges & and & in the first three factors. Boundedness
of my/ can then be deduced by the three lines theorem (see, for example, [24]
Lemma 4.2]). O

5. THE WEIGHTED NORM, PART [

In this section, we begin estimating the L2-norm of Jv, where v is a solution to
(T@). To do this, we write the Duhamel formula for v(¢) using the normal form
@3).

We first consider the contribution of everything except the quadratic terms ap-
pearing in the nonlinearity.
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Proposition 5.1. Let tg > 0 and let I = [to, 1] if to < 1 and I = [to, 2to] otherwise.
Letv : I xR3 — C be a solution to (7). There exists € > 0 such that for allt € I,

||J(t)67i(t7t°)HU(to)||Lg S I (to)v(to)ll e (5.1)
[T (#)e = BIU o(s), U 0(s)]ll 2 < () Cllvlly ey, s € {to.t}, (5.2)
t
‘ /t J(t)e TN (u(s)) ds|| S <t0>_€||v||]§(1)7 ke {3,456} (53)
0 L2

Here B is as in (L2)) and the Ny, are as in ([@4).
Proof. To begin, recall that J(t) = e~ zeH 5o that
J(t)e—i(t—s)H — e—iterisH _ e_i(t_S)HJ(S). (54)
This, together with the fact that e®*# is unitary on L2, immediately implies (5.1]).
We turn to (B2) and fix s € {to,t}. By Plancherel, it is equivalent to estimate

v [ U @U@l

)

L2
g
where f(t) = e!Ho(t) and ® = H(¢) £ H(&) £ H(&).
Distributing the derivative, we are led to estimate the following terms:
S U5 U Bz, NelU 20,0 0z B o U s, (5.5)
where the multipliers b; and by have symbols

bi(61,8) = [Ve®]B(&,&) and  by(&,&) = U (&) Ve[U (&) B(61, ).

Note that while the operator with symbol b1 (&1, &2) is not Coifman—Meyer, it is
Coifman—Meyer—Mikhlin. Indeed, this is apparent from

_ o & 1 14¢? &1 14]g)?
01(&1:&2) = 2@ e PG T 26T & Ta P HE R

Thus, using Proposition 2.8 and Lemma [B.2] we estimate
_ _ _ _ 1
s U™ 0, U ]l p2 S sIUT ol e IU ™l 2s S ()75 lollZ -

Similarly,

—_9_ 1 & 1 _9_1 & 1
b2(§1,§2) - 2(,1) [E1] (2+][€112+]€212)2 2(51)3 [E1] 2+[E1[2+]E2]?

is Coifman—Meyer—Mikhlin. Thus, we can use Lemma [3.]] and Lemma to esti-
mate :
162(U 20, U™ 0]l 2 S U0l g IU ollzs S ()7 ol -
For the third term in (&3], we split
U Jv=U"1 Py (Jv) + U Psy(Jv).
We estimate the contribution of the first summand by
IBIU™ Py (J0), U 0]l 22 S U P<a (Jo) e 1T 0l g S ()7 1015 0)-

For the second summand, we note that £B(&1,&s) is still a Coifman—Meyer multi-

plier. Thus

IBIUT Po1(Jv), U ]|l 2 S IVBU™! Po1(Jv), Uflv]IILg

— I
S 1ol U 0llzs < ()" [lollZ (-
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Finally, we consider (5.3]). For this, we again use (5.4]). The nonlinearity consists
of two types of terms, namely, the original terms coming from N, (u) and the terms
coming from the normal form.

For the original terms, we recall from (37) that we may write

J(s) =z +1is(V) (5.6)

2

and we note that the commutator is given by [J,U] = <y

tion 2.4 we get
‘ / e"H J(s)Q[U (u®)+u*](s)

to
where k € {3,4,5} and N(I) denotes any dual Strichartz norm.
For the terms coming from the normal form, it suffices to estimate

I_g\ . Applying Proposi-

—~

S llea® v+t v+ @) vy, (5.7)

L3

t
/ eiSHJ(s)B[u,Uk](S) ds with k€ {2,3,4,5}.

to L2
Once again, we use (5.6) and write
JBlu,u*] = Blzu, u*] + Blu, u*] + it (V) Blu, u¥], (5.8)

where B has the symbol B(&1,&) = V¢B(&,&). Note that B and (V)B are
Coifman—Meyer—Mikhlin operators.

Applying Strichartz, it remains to estimate the terms on the right-hand sides of
E) and (&8) in any dual Strichartz space. Note that by (3.8]), the contribution
of [|u¥||n(ry with k € {3,4,5} is acceptable.

We first consider the cubic contributions in the remaining terms. By Lemma [3.6]
and Lemma [3.2] we may estimate as follows:

], o+l Blow,u?)]
z

, s S wusalog lulloz lullze | + [llousl oz el

L2L
SO Mzz ol S (o) [vllZ .
Next, by Proposition 2.8 and Lemma [3.3]
1) @)z + 1Bl ]l pag + 16(F) Blu, w?] 112
S o lulzell o 1Vallzre S 1O 3 ez lolZa S o) ol

Let us consider now the quartic contributions. Arguing as above,

6
275
x

4 3
el g + 1Blru. ]l

1 3 3
S [zusalleg lullzz lullZg | o + Mawsallez lull gl oo Tl Zs ss

1
1 < (to) 6||U||4§(1)

_1 5 2 3
< (o) F ollZ o 119713 ul?
L3L,

and

1) @, s+ ||§[u,u3]IIL2L§ + [[6(V) Blu, u’]|

6
L2L} L2L?

2 1 _u
SIONelZellzecllull ™ 2 (V)ullzzre < (to) ™= 0llZ -
@ LgeLJ®
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We now turn to the quintic contributions. Arguing as above,

a5+ IBlow, ]l o
t T t Ll

1 3 5
S (leusallze lullzz lull o]l o + [[llzuslizz lull o] o)l Fp 00

_1 5 s _1
S o) Aol IVull? g < o)~ Hol,
tax

Next,

o

. 5 D, 4 . 4
65 + 1Bl g + 6Bl
< 2 a < -1 5
S IOl Ze e lull fo po (V) ullLzze S (t0) ™9 vl

Finally, we consider the sextic contribution, which comes only from the normal
form. We rely on Sobolev embedding and the fact that £ B(&1, &2) is Coifman—Meyer.
We get

IBlow. w0z S |V Bfru. ], g

1 3 7
S (Mzusallze llullzz lull 7o | o + HIIM>1IIL3IIUIligHLtm)IIUIIzt%LiQ

< _1 2 6 I < _1 6
< () ol 3 1917l g S (o)~ o
2Lz

Using that §§(§1,§2) and £(£) B are Coifman—Meyer—Mikhlin, we estimate

Bulo

Bl ¥z + 16V Bl w?llgzs S IVBL o)l g + 16V(9)Blu )l

3 I
S ||<t>||u||zg||L§’°||“||L§°L§||u||z%L42

~

_1
< (to) e vl G-
This completes the proof of Proposition (.11 O

We turn to estimating the contribution of the quadratic terms arising from the

nonlinearity in (£3]), that is,

)

L3

¢
a:/ e H N, ds

to

where we recall
No = U(Ar[vr,v1] + Asgfva, v2]),
Thus, by Plancherel we are led to estimate terms of the form

t ~ s
va [ emv@a@.aie)ie das

to

v =1(v+70), and vy =4(v—7).

’
2
LE

where f(t) = e®Ho(t), ® = H(E) £ H(&) £ H(&), and A € {A;, Ay} (cf. @EF)). In
the remainder of this section, we consider the easier terms in which the derivative

misses the phase.
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Proposition 5.2. Let tg > 0 and let I = [to, 1] if to < 1 and I = [to, 2to] otherwise.
Let v: I x R® — C be a solution to (LT) and f(t) = e v(t). Forallt €I,

e PVU(©)A(Er, &) F () F (€] déads| < (to)Hwll%

R3

where A € {Al,Ag} as in (E5).

2
L&

Proof. If the derivative lands on f (&1), then we apply Proposition 2.4 Lemma [£.T]
and Lemma to estimate

_1
[UA[Jv, ] ||v|| ||JU||L$°L§ < (to) "ol

| a s
L3rz ™
We next consider the operators

Ve[U(§)A;(81,82)],  J€{1,2}

Distributing the derivative, we first consider the term in which V¢ hits the factor

£ in the multiplier A5. One can verify that this term is of the form

[€1]
A6, &) = 1‘% (&1,&2),
where b is Coifman—Meyer—Mikhlin. Thus, by Lemmas 1] [31] and 3.2
[A[v, 2]l 4 3 < vl

4 3
31,2
t x

_ _1
L3L6||U Yl pgerz S (to) " 10l %

All remaining terms are either Coifman—Meyer-Mikhlin symbols or products of
Coifman—-Meyer—Mikhlin symbols with the multiplier

(€1)(€2)
2+[&1 2 +[€2[?

Thus, by Proposition 2.8] Lemma [£] and Lemma [3.2] the contribution of these
terms is bounded by

1
[vllzgorz < (to) "ol -
This completes the proof of the proposition. O

6. THE WEIGHTED NORM, PART II

In this section we begin to estimate the contribution of the quadratic nonlinearity
when the derivative hits the phase. The goal of the next several sections is to prove
the following:

Proposition 6.1. Let tg > 0 and let I = [to, 1] if to < 1 and I = [to, 2to] otherwise.
There exists € > 0 such that for allt € I,

/t / ets® [svgé]U(g)A(fl,52)?(51)?(52) dés ds

6
S (to) ™ Z ol (6.1)
L? k=2

where A € {A1, Az} as in @A) and ® = H(§) £ H(&1) £ H(&).

We brieﬂy recall the general strategy. We consider separately the phases arising
from the 92, v?, and |v|? terms. For each phase, we decompose R X R3 into
regions on Wthh we have ‘non-resonance’, which refers to the non- vamshmg of ® or
some particular derivative of ®. We carry out these decompositions in Section [(.1]
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Section [§] and Section[@ On each such region, we perform an integration by parts
in the term

/t / [V DU (€) A1, E2) [ (62) ] (2) dE dis

using an identity that capitalizes on the particular from of non-resonance; see (6.2)),
©5), and (610 below. The terms arising from integration by parts using a given
identity are all of a similar form; we estimate these in Sections [0.IHI0.3| relying
heavily on Proposition 2.9 and Lemma

We will always perform our decompositions and integrations by parts at fixed
frequencies |£;| ~ N;. As Py are not true projections, we will also use the fattened
Littlewood—Paley projections PN, which ensure that Py = PNPN

As noted in the introduction, many of the bilinear multipliers used to parti-
tion frequency space will not not obey uniform bounds; indeed in some cases they
constitute the worst term.

6.1. Time non-resonance. Time non-resonance refers to the non-vanishing of ®.
Suppose xT is a cutoff to a region on which ® # 0. We wish to estimate the
contribution of

S [t b (§) s BT @ Al ) v, (60 P (€2)déads
Ni,Np “to

Lg
to [@I). As ® # 0 on the support of x*, we may use the identity
et = asﬂ (6.2)
1P
to integrate by parts in the term above. Defining the multiplier
~ ~ Ved
D, (61 €2) = X7 (60, )R (R Al €2)U (6) —5— (6.3)
we see that it suffices to estimate the following terms:
Z HsewaNl N2 UNI( ) {)Nz(s)]”[%v s € {t()vt}u
N1,N» (6.4)
5 [ e sl 5 9l
N1,N2
t
S| [ R ) (9. P N l))] + W, [P N (9)), B, 5]
Ny, No 1V to L3
(6.5)

Note that because we are working on dyadic time intervals, we can estimate the
two terms in (G.4]) in the same way. Note also that to arrive at (6.5), we have used
the fact that

i0y[e"™H ] = " (i, — H)v.

6.2. Space non-resonance. Space non-resonance refers to the non-vanishing of
Ve, ®. Suppose ¥ is a cutoff to a region on which V¢, ® # 0. We wish to estimate
the contribution of

> / [ € )R ($)5() VBT Algr, €T, (€ (a)dads

N1,N2

2
LE
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to [GI). As Ve, ® # 0 on the support of x¥, we may integrate by parts using the
identity

, Ve, ® -
isP &2 isP
=2 Vv . 6.6
€ 15|V, @|2 €€ (6.6)

Defining the multipliers
7 7 Ve®Ve, @
1 6:6) = X (€, QDT A, LIV S

by vy (61,&2) = Ve, b, v, (€1, 62), (6.8)

we see that it suffices to estimate the following terms:

Z / ZSH{le N2 PNlj{)(S)vﬁNz(S)] +b5V(1,N2[’DN1 (8)7PN2‘7{)(8)]}d8

(6.7)

)

N1,No 1/ to L2
(6.9)
t
S| e v lom (o) ool ds| (6.10)
Np,No!1Vto L3
6.3. Angular non-resonance. For the phase corresponding to the |v|? nonlinear-

ity, namely,

¢ =H(§)+ H(&) — H(&),
we will use a different identity to integrate by parts on one region of frequency
space. We adopt the following notation for the projections of £ into the directions
orthogonal to & and &s:

N &
§ =g (&
We will refer to the non-vanishing of £12 - V¢, ® as angular non-resonance. Sup-

posing x“ is a cutoff to a region on which &+2 - Ve, @ # 0, we wish to estimate the
contribution of

> |[ @ aiicivalv e, o @i @i

L2
Ni,N2 €

to @I). As V¢, ® = VH(&1) + VH(&2), one has
£ Ve, = ¢ - VH(G).

Thus, as £+ - V¢, ® # 0 on the support of x“, we may integrate by parts in the
term above using the identity

isd 1 1o . eis<1>
es® = is(§¢2-VH(§1))€ Ve, e®. (6.11)
Defining
mu N (65 6) = X7 (6L, )P (R0 ()AL LU O ey (6412)
bJéVl,Nz (51’52) = vfz ! [mN17N2 (51752)€L2]7 (613)

we are first led to estimate the following term, which arises when the divergence
misses both copies of f:

>

t
/ e Hb%, v [Payo(s), Pryo(s)] ds
Ni,N2

(6.14)

L2
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The terms in which the divergence hits a copy of f take the form

t -~ ~ —~ =~
/t / " Pmy, (61, )6 Ve FEDIf(&) + FE)E™ - Ve, f(&)]} déz ds.
For these terms, we first rely on the vector identity

(xxy)- (zxw)=(z-2)(y-w) = (y-2)(z w)

to write

~

€2 Ve, /(&) = gn (6 -&) (€5 Ve f(©)
= Erl€ x 642) - (€2 x Ve, (62) + (€2 - €42)(E2 - Ve, F(£2)]

L
e (e v Fe).
Exploiting &; x 17 = ¢; x € and the radiality of H(€), this further reduces to

(S

~

§l2 Ve, [(&2) = efisH(iz)%;Izﬁ (& % ngﬁ(ég).

We next write
& Ve, (F(&) = =& - (Ve &) + (& frey — € &) VA&
Thus, defining
b vy (615 €2) = mvg v, (61, €2) S5 (6.15)
Bﬁl,m(fh&) =mn,, N, (§1,&2)[€ ElTe] ¢ \E_il\ﬁ_zl}’ (6.16)

we are led to estimate the following terms:

t
3 /<wH%WMmexxwi@%H%amds , (6.17)
Ni,No 1 to L3

t
3 /<ﬁH@NM%wmngwxxwi@n@ , (6.18)
Ni,No1to L2

t
Z /eZSHb§17N2[PN1JU(S),PNZ’U(S)]dS . (6.19)
Np,No 1 to L2

7. NON-RESONANT DECOMPOSITIONS I: PRELIMINARIES AND @2 TERMS

The next three sections are devoted to the decompositions of frequency space
into non-resonant regions for the phases corresponding to each quadratic nonlinear
term.

The following lemma illustrates how we estimate many of the multipliers appear-
ing below.

Lemma 7.1 (Typical estimate). Consider a multiplier of the form
b(&1,&2) = 7/;(]%_11)7/;(15\[_22)7”(51;§2)'

Suppose No < Ny, and that for fized & the multiplier b(§ — &2, &2) vanishes except
for those & on a set of volume < N302. Suppose further that

logm| < A€, ol <2.
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Then
3 3

ol < A N7 0 - max{ g, 0},
where we recall the notation |||-|| from 2.
Proof. Note that for j € {1,2}, we have

a 77§ la|

198 [P S (ams) ™ (7.1)

By the Leibniz rule, (Z1]), and Holder’s inequality, we arrive at the estimate

3 it
IIbIIL?Hl IIbIILoon SA-NFO-max{g;,(}7,
which gives the result. ([

In general, we will use cutoffs to decompose frequency space into regions of time,
space, or angular non-resonance, as quantified by the bounds we can prove for ®
and its derivatives. We will also need to keep track of the bounds satisfied by the
derivatives of the cutoff functions.

We will consistently use the following notation.

Definition 7.2. For z,y € R3\{0} we let Z(z,y) € [0,7) be the angle defined via
cos Z(x,y) = o \_Z\ We define
Ooz = £(§,€2), O = £(§,&1), 012 = Z(&1,82),
where £ = & + &. We also denote ¢ = 7w — 6. Note that 6pa + 0p1 + 015 = 7.
For reference, we collect some bounds on the derivatives of H, all of which follow
from explicit computation.

Lemma 7.3 (Derivative bounds for H). Write H(§) = h(|£]), where
h(r) = r(r) = r(2 + 1312,
Then

hl(r) ~ <T>7 h”(?‘) ~ %7 h”/(’l“) ~ ﬁv h (’I“) ~ #

Consequently,
GEHE)| SO ol <.

The next lemma will be of frequent use in the following sections.
Lemma 7.4. For any x,y € R3,
IVH(w) £ VH) < |l2] = yl| ({5 Vv 4) + (@) A @) sin(3£(x, Fy))-

By the triangle inequality, one can replace ||:1c| - |y|‘ by |z —y|.

Proof. Without loss of generality, assume |y| < |z|. Write

VH(2) £ VH(y) = & [ (al) - K(y)] + B o) (2 + ).
By the fundamental theorem of calculus and Lemma [7.3]
B (12]) = W (D] < |l=| = lul| (£ v ).

As 1/([y]) ~ (y) and o
‘Ii_l " 2sin(54(x, Fy)),

the result follows. O
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7.1. Non-resonant decomposition for 72 terms. The ‘decomposition’ for v
terms is particularly simple, due to the fact that there is always time non-resonance.

Proposition 7.5 (Non-resonant decomposition for 92 terms). Fiz Ny, No. Define

O =H() + H(&) + H(&),

b (&1, 62) = P(5H)P(% )(51752)(](5)%-
Then .
T
oI s 77 (7.2)

Remark 7.6. The multiplier b7 does depend on N; and N,. This will be the
case with all the multipliers in the following sections. We have elected to omit any
explicit reference to this dependence in our notation to reduce clutter.

Proof. Using Lemma [7.3] one can check that
[®| 2 N1(N1) V No(Na),
a la|
|08 [Ve® + Ve, @] < ((N1) VN2)) (5ram) el <20

Thus,
a Ved 1 1 ylel
‘a 5 N Nl\/N2 (Nl/\Nz) ) J € {172}7 |a| S 2'
Using this together Wlth (1) and (6), we deduce (T2). O

8. NON-RESONANT DECOMPOSITIONS II: v?2 TERMS

In this section we carry out the decomposition into non-resonant regions for the
v? terms in (G.I]). This corresponds to the phase ® = H (&) — H(&1) — H(&2). Recall
that we always work at fixed frequencies |§;] ~ N;. By symmetry, it suffices to
consider the case

Ny < Nj. (8.1)

Proposition 8.1 (Non-resonant decomposition for v? terms). Given Ny < Ny,
there exists a decomposition 1 = E?:l p; such that the following holds: the multi-
pliers

T = P(£8)0(52 )0 (€1, £2) A&, U () VL2, j € {1,2,3}
€ 3 Ve®Ve, @

bY = ‘/’(F)‘/’(F) 4(51,52)A(§1,§2)U(5)W,
= Vg, - b¥

= =
SRR}

satisfy
1 N <1
H|bT|H<{ INMSL
N1 Zf Ny >1

1
) < (R ey atuas
e if Ny > 1 and N1 > No,

—~

3
i) < {8ty o
T if N1 > 1 and Ny > N».
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8.1. Region 1. Time non-resonance. Define

p1(1,62) = X1 (&1, 62) = <P(1§/—51)7/~1(15\;—i)1/)(§—11).

This is a Coifman—Meyer multiplier that restricts to the region

€] < [&1| ~ €] (82)
In particular,
a la
0z, 1] < (N1\1/N2) el <3 (8.3)
As in (63), we define the multiplier
Ved
b (61.62) = P&, )P (RDVERIV O A, &)~ (8.4)
Lemma 8.2 (Region 1 bounds). The following bound holds:
ol S - (8.5)
Proof. Using ([82]) and Lemma [(-3] one can check
|®] Z N1(Ny),

o la]
|08 [Ve® + Ve, ®]| < (N)()', o <2.
Thus,
o Ve® ||
08 5= S ()" lal <2
Using this together with the cutoff bounds (1), (83)) and (&), we deduce

1
1712 s IR e 5

which implies (83]). O

Remark 8.3. On the complement of Region 1 (i.e. on the support of 1 — p;), we
have

€l ~ [&1l. (8.6)

8.2. Region 2. Time non-resonance. Let ¢ : S — R be a partition of unity
adapted to a maximal 10~ %-separated set {wy} on S?. Define

Ry = {(k,0) : L(wy,we) > 2 +4-107°%},

and let

SEn&) = D arlE)ee(E)-

(k,0)ER2

Note that

oed] < ()", lal <3, (8.7)

We define
pa(€1,&2) = [1 = X7 (&1, &2)]xz (&1, &2)
and
B (61, 62) = a6, )9 (D) AE, )T (€ ET (8.8)

Lemma 8.4 (Region 2 bounds). The following bound holds:
ozl < - (8.9)



CUBIC-QUINTIC NLS 29

Proof. First note that on the support of x2 we have 6y, > %’r Thus,
€12 + &) = |&2f* = 2[&1I€] cos(Bo1) < 0.
This implies |&2| > |¢], which in turn implies
|®] Z N1(N1).
Using this together with Lemma [T3] (and recalling Ny < Nj), one also finds

—~

@ o N1> |a|:1’
108, Ve®| S (M) (7)) for |a] <2, |8g2@|5{<zv2> la] = 2.

No

It follows that
Nl "NiN>

Using this together with the cutoff bounds (1), (83), 7)) and (L), we
deduce

which gives ([83]). O

Remark 8.5. On the complement of Region 2 (i.e. on the support of 1 — x2'), we
have

o1 <2 +8- 1075, whence sin(fp1) ~ sin(3601). (8.10)

8.3. Region 3. Time non-resonance. Let ¢, : S> — R be a partition of unity

adapted to a maximal 10~ <%1> . Define

R = {(k, €) : Z(wr,we) <1074 K — 4107 %34}
U{(k,0) : Z(wk,we) > 7 — 107420 +4. 10—6 Ny,

(N1) (N1)
We let
FE&) = D onlEeEy).
(k,0)ER3
One can check directly that
« la|
0 xE | S () Jal <3, (8.11)
We define
2
ps(&1, &) = 11 = x] (&1, &)]x5 (61, &)
j=1
and let
pT _ A U ( & &2 Vg‘l)
5(61,&) = ps(&1, &) A(&1, U (W (520 (52) —— 3
Lemma 8.6 (Region 3 bounds). The following bound holds:
L. N <1,
T (812
N Ny > 1.
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Proof. We begin by collecting some facts related to the support of b3
First note that by the definition of x%, we have

B < 10*4&1) or Opo>m1—10"4 (J%, (8.13)

so that

sin(fo2) < 107"y

Thus, using the law of sines, (810), and (8.6]), we deduce

sin(f12) = % sin(f2) < 107 (%i)v

sin(3001) ~ 2 sin(0o2) S 1074 A < 1.

(8.14)

In particular, fp; < 1074 <%f> < 1, so that
Ooa ~ 012. (8.15)

Next, note that for fixed &, the multiplier x2 (¢, 52)1/3(1%—11)1/;(1%—22) restricts & to a
set of volume

N2
N3 GAEL (8.16)
We now claim the lower bound
o| > Nile 8.17
] 2 Nihe, (8.17)

To justify this, we treat the two alternatives in (8I3]) separately, beginning with
the first. Writing

© = [A(|&] +[&2]) — A& ]) — h(I€D] + [A(€]) — hI&] + I&21)],

a direct computation gives

2
h(lEx| + 6]) — R(EL]) — h(lé]) = (allell@l2aD | jall&l(alr2le) > NiNa

= E@)+(al+ED (&) +{&l+ED)  ~ (N
On the other hand, recalling ([8.8]), we have
l¢|
[h(1€]) = h(l&1] + 1&20)] = '/ W (r)dr| < (N1)[E] = [&] = [€]]-
l€1]+l€2]

As direct computation also gives
161 = &1 — €] = 4l — sin(3615),
we can use (8I4) and continue from above to estimate
. NiN,
In(€]) = h(l&a] + €2])] S (N1)Nasin® (3612) < s

Thus (8I7) holds when 6y < 1074 &b.

We now turn to the justification of (8I7) under the second alternative in (8I3]).
In fact, we will show something stronger, namely,

|®] > Ny when g2 > 7 — 107*N; /(Ny). (8.18)
Indeed, under this condition, cos(fp2) < 0. Thus
(€] + [&2f* — 1&1]* = 2[¢] |€2] cos(Boz) < 0.

This implies |&1| > |¢] and therefore ® < —H (&) and so ([BI]) follows.
We next claim the upper bound

|Ved| < N (8.19)
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Indeed, this follows from Lemma [7-4] and (8TI4]):
[Ved| = [VH(E) — VH(&)| S Nogyly + (N1)sin(3601) S No-

To proceed, we break into three cases.
Case 1. We first suppose
Ny > 1. (8.20)
For which the bounds established in ([8I7) and (8I9) will be sufficient. Indeed
from these and Lemma [Z.3] we have

|®| 2 N1No,
N N laf =0,
|a€2qu)|§ 1\ lal
(N () ol € {1,2},
Nl |Oé| = 1,
|0g, @] <
& 2l o] =2.

Thus,

08,5 < 2 (=) Jol <2

Combining this with the cutoff bounds ((7I)), (83), 1), (8I1)), (@H), and the
volume bound (BI6]), we deduce

1
b

1
165112 e S
2

EHE, |
which is acceptable.
Case 2. Next, we suppose
Ny <1 and 6o <1073 (8.21)

In this case, we will again use the bounds in [8I7) and (8I9); however, we will
need the following additional estimate:

Ve, @] S Ny (8.22)
To prove this, we first note that by (815 and (BZI]), we have
612 <107%N; < 1, so that sin(%@lg) < M.
Thus, we may use Lemma [, (81), (84), and B2ZI) to bound
Ve, @ = [VH(&) — VH(&)| S |73 + (N2)N1 S NP + N1 $ N1
Noting that Lemma also gives

et la [t
|0g, Ve®| S (Nil) for Jof <2 and |08, ®| < Ni2 for |o| =2,

we use (B8T7), BI9), and [B22) to deduce

108,582 | S 2 (wks) ™ lel <2,

Combining this with the cutoff bounds ((ZI), (83), 1), (8II)), (£06) and the
volume bound (BI6]), and recalling that |U(£)| < Ny in this regime, we deduce

1512 2y 1S 12 e S
2 2

which is acceptable.
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Case 3. Finally, we suppose

Ny <1 and 6y >7— 10*4&;. (8.23)

Noting that Lemma implies
08, Ve®| S (7)1, 108,21 S (:;)*17Y lal e {1,2},
we use ([BI8) (which holds under the assumption (823)) and (BI9) to deduce:

|8a V5‘1>|<(N1N2)|0“7 |04|§2

Combining this with the cutoff bounds (1)) (®3), @), (RII)), @6, and the

volume bound (BI6]), and recalling that |U(¢)| < Ny in this regime, we deduce

1/2
AT A RS i
which is acceptable.
This completes the proof of Lemma O

Remark 8.7. On the complement of Region 3 (i.e. on the support of 1 — x%), we
have

—4_N —6_N —4 N —6_N
1074 A — 81070 M < gy < — 1071 R 8- 10704 (8.24)
Thus
sin(fo2) 2 a5 (8.25)
By the law of sines and (8], the same is true of sin(f12). In particular,
sin(1612) 2 g]g_b (8.26)
8.4. Region 4. Space non-resonance. We finally define
3
pa(&r, &) = [J11 = x] (&1, &)
j=1
and let
~ ~ VedVe, ®
b (€1, €2) = pa(€1, V(PR A, U (€)oot
b*(&1,&) = Ve, - 0¥ (61, &).
We first claim that
(N1)N
1verl o i) alvays, (8.27)
Ve~ N if N;>1and N; > N,.
We begin by using Lemma [[ 4], (810), and the law of sines to estimate
Ve®| S (&l + (&) sin(3001)
SR+ N2 sin(012)
NN Na
<) ar t ( N>1 sin(3612) always, (8.28)
~ Ny if leland Ny > Ns.
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Next, using (820),
Ve, ®| 2 |1 — & | min{h'(1&]), 1 (|€])}
2 (N} sin(3612) 2 S (8.29)

Using (B:29) together with the first estimate in (828), we deduce the first bound
in (821). On the other hand,

This bound, together with the second estimate in ([828]), gives the second bound in

B.27).
Note that using [829) together with ([86) and the law of sines, we also get

Ve, @[ 2 (N2) sin(bo2). (8.31)
We are now in a position to prove bounds for the multipliers b% and b,

Lemma 8.8 (Region 4 bounds). The following bounds hold:

N- i+ N.
flo¥ ) < { 30 oy otwoss 832
# if N1 >1 and Ny, > Na,
(N)\3 1
i (G ki o
NLl Zf lel and N1 > Ns.

Proof. To begin, recall that bY = Ve, - bX. For the terms in which the divergence

misses the factor %, we claim that we get an upper bound of NL2H|bX

which (using ([832))) one can check is acceptable. Indeed, using the cutoff bounds
1), ), B, together with (L), we see that if the divergence hits the product

DEDDEE) A = XD~ x3) A, &),

then we will have an additional factor of Ni2, but otherwise we can argue exactly the

same as for bX. If the divergence hits (1 —x3), then we get an additional factor of

]SIJIV;VL (cf. (8I1))). However, in this case, we can also use the better volume bound

(BI6). Thus, once again we face an additional factor of NL2, which is acceptable.
Thus, to estimate b, it suffices to treat b and the multiplier
3
= ~ ~ Ve dVe,
X = [T X)) - (PR AL U (O Ve, - “oatr
j=1
We will first prove the general bounds for b¥ and l;f , and then give the improve-
ments when Ny 2 1 and Np > Ns.
Using Lemma [T.3] we find

o lat] o lev]
08 Vedl < (V)(2), 108 Vel S (V) ()™, 1<]al <3,
Using (821 and (B3] as well (along with [825])), we find:

g VbV, ® | <N1)N2( 1 )Ia\ < <N1>N2( (N1) )\a|7 o] < 3. (8.34)

E2 ‘V§2¢|2 ~ N1<N2> N2sin(002) ~ N1<N2> N1N2

‘We now claim that

X3 Xz NVE+ N
61 e 1 e S (R (8.35)
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which implies the first bound in (832).
Proof of (835). If no derivatives hit the product

VedPVe, @
(1= x5) o et (8.36)

then we use the cutoff bounds ((T1)), 83), (81)), together with ([834) (with |a| =

0), [E8), and the upper bound |U(&)| < % to estimate the contribution to the

Lg H ¢,-norms by

for s € {1,2}, which is acceptable.

If any derivative hits 1 — xZ', then we are in a position to use the volume bound
(BI6). In particular, in the case that all derivatives land on 1 — xI, we may
use [BI1), (BI0), and B34) (with || = 0) to estimate the contribution to the

Lge H ¢,-norms by

s—1 3_s
(5 N

for s € {1,2}, which is acceptable. By using the second bound in (834) (with
|a| = 1) and the volume bound (BI6]), we get the same estimate for s = 2 when one
derivative lands on each factor in (830]), which is again an acceptable contribution.

. . .. VDV,
It remains to consider the case when all derivatives land on \%57‘;22 for s €
2

{1,2}. For this, we use the first bound in ([834]), and for fixed £ we use spherical
coordinates in the & variable (with £ as the north pole) to compute the Lé-norm.

In particular, recalling ([824), we may estimate the contribution to the L?Hé—
norms by

5
o N1 1/2 NZ " ((N1)\O+ -
No N%_s / ™) dyp / - <§X2> ( N ) s=1, (8.37)
(N2)~ "2 Ny (sin )2s—1 S NETE (st .
e o (O ) s €{2,3}
which is acceptable. This completes the proof of (83H). (Note that we do not need
the case s = 3 here; however, we will use it below.) ]
We next claim
L 1 Ny 2
N IR, S (A2 (5.38)
£ T2 [ ]

which implies the first bound in (833).

Proof of ([838). We argue similarly to the case of (83H). If no derivatives hit

VedVe, @
(1 - Xg)véz ) ‘%52(15‘2_2 ) (8.39)

then we use (T.I), B.3), B.1), (4.0), the second bound in ([8.34) (with [a| = 1), and

the upper bound |U(¢)| < &b to estimate the contribution to the Lg°H¢ -norms
by

Ni) ars—s 1
N

for s € {1,2}, which is acceptable.
If any derivative hits 1 — xZ', then we are in a position to use the volume bound
(BI6). In particular, in the case that all derivatives land on 1 — xI, we may
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use (BII), (8I6), and the second bound in [B34) (with |a| = 1) to estimate the
contribution to the LgOH ¢,-norms by
Saro—s
(RN
for s € {1, 2}, which is also acceptable. By using the second bound in (834) (with
|a| = 2) and the volume bound (BI6]), we get the same estimate for s = 2 when one
derivative lands on each factor in (839)), which is again an acceptable contribution.

. . o VedVe, @
It remains to consider the case when all derivatives land on Vg, - ‘%57(}?‘22 for
) 2

s € {1,2}. For this, we estimate as before; that is we use the first bound in (834),
and for fixed £ we use spherical coordinates in the & variable (with £ as the north
pole) to compute the Lé—norm. By B37), we estimate the contribution to the

Lege H ¢,-norms by

N%*(s+1) <N1> s <N1> s gis 1
2<N2) ( N ) ~ (N—l) Ny (Na2)
for s € {1,2}, which is acceptable. O

So far, we have established the first estimates in (832) and ([833). To complete
the proof of Lemma [R.8] we need to consider the case
Ni 21 and N;> Ns. (8.40)
Using Lemma [(.3 and (840), we find
108, Ve®| S (7)1 108 Ve ®| S (Vo) (), 1< ol <3.
Thus, recalling (827) and (830]), we find:

0g, Tt | < A2 (), Jal <.

Using this together with (1)), (83), (81), 811, and (6], it is not hard to verify
that )
X2 X N.
199y 101 S
which gives the second bound in (IE{ZI) Smnlarly,

giving the second bound in (M) T h1s completes the proof of Lemma [B8 O

Proof of Proposition [l The proof of Proposition Bl follows immediately from
Lemmas B2 B4, B0 and B8 One may also check that the cutoffs p; sum to
1. Note that we always choose the worst multiplier bound in the statement of
Proposition [8] For example, the bounds for |Hb?H| and \|\b§|\| when N; <1 are
better than those stated; however, the stated bound is attained by b2 [l

9. NON-RESONANT DECOMPOSITIONS III: |v|?> TERMS

In this section we carry out the decomposition into non-resonant regions for the
|v]? terms in (6.0). By symmetry, it suffices to consider the phase

® = H(E) + H (&) — H(&).
As before, we will work at fixed frequencies |§;| ~ N;. To simplify notation, we will
suppress the N1, No subscripts on our multipliers.
The result of this section is the following.



36 R. KILLIP, J. MURPHY, AND M. VISAN

Proposition 9.1 (Non-resonant decomposition for |v|? terms). Given Ny and Na,
there exists a decomposition 1 = Z?:l pj on the support of 1/;(]%—11)1/3(%) such that
the following holds:

e Forje{1,2,3,6}, define

bT(€1,62) = pj(€1, E2)P(E) () A(E1, &)U (€) %2

Then
H|b1T|H < Niz, with N1 < No in supp b?
71l < 1, with Ny~ Ny in suppbf, j€{2,3},

H|bT|H S W’ with Ny SNy <1 in suppbi.

e Forj € {5,7,8}, define
b (61,&) = Pj(§1,52)15(1%—11)%/;(1%—22)14(51,52)U(5)%7
b (&1,82) = Ve, - b

Then
‘Hb?m < %—f, with Ny 21 and Ny > Ny in supp bg,
H‘bxm < Nl/z’ with No S N; <1 mn suppb]X, je {78}

5[l < el 4 e t5.7.80.

with 135( having the same support properties as bJX .
o Finally, define

m(&1,&2) = p4(§1,52)15(1%—11)15(]%—22)14(51,52)U(§)&#§§(51),
(61752) v£2 : [ (51752) L2]7
(61752) (61752)5725 ka ke {17 2}7
b4 (€1,62) = m(€r, &)[E - e iey — € eyl
Then .
oA+ ol + o
with 1 < N1 ~ Ny in the support of these multipliers.

H <1, ke{1,2),

To begin, we record a lemma that allows us to exploit some cancellation in
derivatives of ®.

Lemma 9.2. Let ® = H(§) + H(&) — H(&1). For 1 <|a| <4,
02, 2] < (i + ) I
Proof. Using H(§) = H(—¢) and & = £ — &2, we deduce
95, ® = [0¢ H|(&) — [9¢ H](—&1).

Thus, the result is a consequence of the fundamental theorem of calculus and
Lemma [7.3} O
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9.1. Region 1. Time non-resonance. Define

p1(é1,6) =x1 (&1,&) =1 if Ny < 4N,
and vanishing otherwise. We then define
by (&1,&) = 01(51,52)1/;(15\;—11)1/3(]%—22)/1(51752)U(5)$-
Where this is non-zero, we have
|§1] < [€] ~ No. (9.1)
Lemma 9.3 (Region 1 bounds). The following bound holds:
o7l < =5
Moreover, N1 < Ny in the support of bT.
Proof. Using (@) and Lemma [T3] we deduce for j € {1,2}:
|®] 2 No(N2),  [Ve@[ S (Na), [Ve, @ < (No),
a la
|08, [Ve® + Ve, @] S (M)(57) ", lal € {1,2}.
Thus,
a Ve® la|
106,71 S w ()" lal<2.
Recalling also ([Z1]), we deduce

1 1

which gives the lemma. ([
Remark 9.4. In the remaining cutoffs, a factor 1 — x? will enforce the constraint
Ny < 32N; and so also  |&] < & (9.2)

9.2. Region 2. Time non-resonance. Let ¢ : S — R be a partition of unity
adapted to a maximal 10~ 5-separated set {wy} on S?. Define

Ro = {(k,0) : L(w,we) > ZF +4-107°},

and let

X3 (&1,&) = Z ¢k(|§—|)¢e(%).

(k,L)ER2
One can check that
0231 S () lal <. (9.3)

We define

pa(&1,62) = [1 = X7 (&1, &)]x3 (&1, &2)
and

B (61, 62) = (6, )9 (D) A, &)U (€ ET

Lemma 9.5 (Region 2 bounds). The following bound holds:

ozl < 1.

Moreover, Ny ~ Ny in the support of bl .
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Proof. On the support of x3 we have 6p; > 2—”. Thus cos o1 < —% and so

(o] — &1 ]* = I€* — 2] [€] cos(bor) > |&a] [€]-
In particular, using ([9.2)), we deduce that

€] ~ [&2], (9.4)
which justifies the last assertion in the lemma, as well as
6ol — 11| > S5k 2 1el. (9.5)

These relations in turn yield

[€2]
1B > H(Ey) — H(&) = /| Wirydr 2 (W)]6] - 6] 2 (N)lel (9.6)

31

We note that by Lemma [0.2] we have
fe la|
while by Lemma [7.3]
le la|
08 Ve®| S (N (57) " el <2.
Using this together with (@6, we find:

lex]

|~wﬂm)v

Recalling the cutoff bounds (1) and (@3) (and relying on the factor U(§)), we
deduce

jog T2 la| < 2.

1
G
which completes the proof of Lemma O

Remark 9.6. On the complement of Region 2, we have
o1 < Z +8-107° whence sin(fo1) ~ sin(601). (9.8)
9.3. Region 3. Time non-resonance. Let ¢; and wy be as in Region 2. Define
Ra = {(k,0) : L(wr,we) <5 +4-107°YU{(k,0) : L(wp,wr) > & —4-107°}
and let

FEL&) = Y oo (9.9)
(k,0)ER3
One verifies that
o281 < ()" (9.10)

We define
2

p3(&1,&2) = H[l - X?(fl,&)] X3 (&,&) if C <Ny <64N, (9.11)
j=1
and vanishing otherwise (see also ([@.2)). Note that C' > 0 will be chosen below.
We define

B (61, 62) = po(6, 09D AE, )T (€ ET
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Lemma 9.7 (Region 3 bounds). The following bound holds,
ezl < 1.
Moreover, 1 < Ny ~ N on the support of bl
Proof. From (0.2) and definition of p3, we have that
[§1] ~ [€2] 2 1. (9.12)

in the support of bl This justifies the last assertion in the lemma.

Turning to bounding b2, we first claim that
|®] 2 €[N (9.13)
To see this, we introduce the function
-1
GE)=H(E) - (|¢P+1) = ————— € [-1,0).

A direct computation gives
®=H(§) + H(&) — H(&) =26 -+ G(&) — G(&) + G(E) — G(0).
Note that
—[H(p) — H(n) + |p* — n’]
[H (n) + [n* + 1)[H (p) + [pl* + 1]

G(n) — G(p) =
so that

1
G — G()| < EHEEL - Iy — pl S In— pl.
Noting also that | cos(fp2)| > & — 1072 in the support of x7, we have

|®| = 2] [€2] [ cos(boz)| — Cle| 2 [€](12] = C) 2 I€] - [€al,

provided we choose the constant appropriately in ([@IT).
We next claim

« la|—1
08 Ve S (55)7 7 ol <2 (9.14)
By Lemma [7.3] and (@.4]),
[Ve®| = [VH(E) = VH(&)] S () + (&) S N
which gives the case || = 0 of (@.14). The cases |a| € {1,2} follow from Lemmal[7.3]
recalling that (@I2) holds.
Finally, using Lemma [0:2] and ([@12]), we have
0,® S 1El(7) 7 Jal € {1,2}. (9-15)
Using (@.13), (@.I14), and (@.I5), we deduce:

08,57 < i (3) lal <2

Using this together with the cutoff bounds ((T.I)), (.3), (@10)), (L), and relying
on the factor U(), we deduce

T3 T3
I8 15 1851E e S 1

which completes the proof of the Lemma [0.7] O
Remark 9.8. On the support of 1 — xI', we have

002 € [53,%F], so that |cos(fp2)| < 3. (9.16)
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9.4. Region 4. Angular non-resonance. Define

3
pa(6, &) =JJ[1 —x] (&, &)] if C< Ny <64N,
j=1
and vanishing otherwise (see also ([@.2])). Note that

102 pa| S (N2)‘“'. (9.17)

On the support of p4, we will use the integration by parts described in Section
Define

(51,52)—P4(§1,§2)1/)( )Z/J(f\z—) (51,52)[](5)%7

where we recall the notation 17 = ¢ — ¢ - |§—]‘ %

Recalling the discussion in Section [6.3] we need to prove multiplier bounds for

b (61,&2) = Ve, - [m(&1,€2)€72],
b5 (&1, &) = m(ﬁh&)%,
b4 (€1,62) = m(&r, &)[E - 28 — & )
Lemma 9.9 (Region 4 bounds). The following bounds hold:
e+ el + [5<]]  1. 0.15)
Moreover, 1 < N1 ~ Ny in the support of the multipliers above.

Proof. First note that in the support of p4, we have

€] ~ |€2] 2 1. (9.19)
Using ([@.I6) and ([@.19) one readily checks
1 _ | [EP1EP—(e82) | R'(1&]) €17 1€ | 2
642 - VH(g)| = SRSl Bah| 2 ST 2 (g (9-20)

For higher derivatives, one can check that

08, [¢% - vHE)] S 1E2(+) Y, ol <3.

From Lemma [(.3] we also have
108, Ved| S Ni (), Jal <3.

Using the last three bounds, one deduces

o Ve® N ]
106 (eromen) | S ek (w) 7 ol <3 (9.21)
Next, note that
08,61 S 1el ()", ol <3.
Using this together with the cutoff bounds ((T1), (@.3), (.10), (@I7)), (£06), and
@ZI) (and recalling the presence of U(€)), we deduce

213 z
6412 16912 e 1

LooH2 ~ I

giving the first estimate in ([@.I8]).
Next, we recall (@19) and note that

08,825 | S R, el <2
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Combining this with the bounds above (i.e. all of the cutoff bounds and the estimate
([@210)), one can deduce

z 4
giving the second estimate in (Imb
Finally, we compute directly
€. & & —¢. Lo & _ (6-61)[E (E2—€D)]E1+E IP[1€]7 €1 — (£-62)€]
1€1] 1€1] 1é21 Téo] [6112[€2]? )
Thus one can check
&4 SIS T &2 &2 l€1? ||
10, (€ rerenr — ¢ raren | S W (a) s lel<2,
and we can again estimate as above to deduce
7/ 7/
1412 L h, [[b ||LDOH2 S L

giving the final estimate in ([@I8). Note that in contrast to the first two estimates
in ([@I]), we use the fact that U(§) < 1. O

9.5. Region 5. Space non-resonance. Let
2
ps(&1,&2) = H[l —xj (&,&)] if Ni>C and Ny < gV
j=1
and vanishing otherwise. One can readily check that

02,05 S (%) lal <3 (0.22)
and also that on the support of ps,
16[&2| < [&1] ~ €] and & 21 (9.23)

We define the multipliers
= = VedVe, d

by (61,€2) = p5 (61, £)P(F)V(R2) AL U (€)oo

b5 (61,62) = Ve, b5 (€1,&2).
Lemma 9.10 (Region 5 bounds). The following bounds hold:

X N. X
et s & [|5]] s =
with N1 2 1 and N1 > Ny on the support of these multipliers.
Proof. By Lemmal[l3] ([@.23]), and the fundamental theorem of calculus,
[Ve®| = [VH(§) = VH(§1)] S Na. (9.24)

Similarly,
|V§2(I)| ‘h |€1 |§1| + hl(|§2 ‘52“ 2 Nl <N2> Z Ni. (9'25)
For higher derivatives, we use Lemma [[3] and ([@.23) to estimate
lal la|
08,960 S Ni(3) 1089601 S (Va) ()", Jal < 3.
Using this together with (@24) and ([@25), we deduce

Vv Ny 1ylal
|08, Tomsi | S () lal <3 (9.26)
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This, together with the cutoff bounds ((Z1)), (@3), (@10), (@I7), and [@22)) and
([&56), implies

1
630y 1 S 35

giving the first bound. Distributing the derivative in b? and using the same bounds

above yields
il

giving the second bound. This completes the proof of Lemma O
Remark 9.11. Combining the cutoff functions defined thus far, we have

Zp 5 5 {Xg(fl,gg) 1f—N2<N1<C
J

otherwise.

9.6. Region 6. Time non-resonance. Let ¢ be a partition of unity adapted to
a maximal 107%Nj-separated set {wy} on S%. Define

Re = {(k, ) : L(wp,we) > ZV (m—2-107" Ny +4-107°Ny)},

and let
66 = D onlE)eeEy).
(k,0)eERe
Note that o
|852X6| S (N1N2) ;e <3
We define

p6(61,6) = [1— X3 (£1,&)|xg (G,&) if HN2< N <C
and vanishing otherwise. Note that
leY la|
’8‘52p6’ S (N11N2) ) |a| S 3' (9'27)
We define the multiplier

B (61, 62) = po(6, 09D, )T (€)ET

Lemma 9.12 (Region 6 bounds). The following bound holds:
T 1
1 S e
Moreover, Ny S N1 <1 on the support of bl .

Proof. First note that for fixed £, the multiplier Xg({,@)ﬂ(%)&(%) restricts &a
to a set of volume

N3IN?. (9.28)
By construction, g2 > m — 2 - 10"%N; on the support of xZ'; thus
sin(160,) < 107*NVy. (9.29)
We first claim the lower bound
@] 2 I¢[Ny N (9.30)

We begin by writing
® = h(lg]) + h(l€2l) — h(IE] + [2]) + A(IE] + [&2]) — h(|&1])-
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By direct computation, one verifies

[11ED + hl€al) = he] +leaD| = [SEGERER" + e e’ | 2 leINade

For the remaining piece, we use the fundamental theorem of calculus, Lemmal[7.3]

and ([©@29) to get
|n(€]l + 1)) = R&D| S [1€l + 6] = || S ezl sin® (365) < [N N,

Thus (@30) holds.
Next, we claim

[Ve@| < No. (9.31)
Indeed, using Lemma [T 4] we first get
[Ve®| = [VH(E) = VH(&1)| S NiNa + sin(5601).
By (@.8)), the law of sines, and ([@.29)),
sin(3601) ~ % sin(foz2) ~ %—f sin(0p,) < % sin(36,) S No.

Thus (recalling Ny < 1), (@31)) holds.
For higher derivatives, Lemma [T gives

08 Ve®| < (), Jaf € {1,2}. (9.32)
Next, we will show
[3 laf =1,
oL | < 9.33
96,2 {I&I—ng laf = 2. (9:33)

In fact, for |o| = 2 this follows directly from Lemma [@.2] For || = 1, we first have
by Lemma [.4]

Ve, ®| = [VH (&) + VH(&)| S €]+ sin(567,).
As 001 + 015 = Oyy < T, the law of sines and (Q.29)) yield
sin(307,) ~ sin(6,) ~ i} sin(0g,) < 1€

as needed.

Using (@.30), @31), (@.32), and (@.33), we deduce
||
.{(%) ol € {0,13,

2.5 5

SR8 NllNg |OZ| =2.

Combining this with the cutoff bounds ((T1), (@3), @I0), @I7), @22), and
©27)), (E6), and the volume bound (IEEI), we deduce

giving the desired bound. This completes the proof of Lemma O
Remark 9.13. On the support of 1 — xZ', one has
fpg <m—2-107*N; +8-1075Ny, (9.34)

so that
sin(36),) = Ni. (9.35)
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Before proceeding to Regions 7 and 8, let us pause to derive a lower bound that
we will be using in both: Assume first that |€3] < |£1]. Then

€1
Ve = (fr+ g el + g [ near
As (5—1 + 5—2) . é—h =1+ cos(b12) > 0, it follows that
Ve, ®| 2 max{sin(3015), No||&1] — |&]|}- (9.36)
Repeating the preceding argument with roles reversed, shows that ([@.38]) actually
holds whenever No < N7 < 1.

9.7. Region 7. Space non-resonance. Let ¢, be a partition of unity adapted
to a maximal 1076 Ny-separated set {wy} C S?. Define

Ry ={(k,0) : Z(wg,we) < ZA(2-107'Ny —4-107°Ny)}

and set
o) = > oo,
(wk,we)ER7
‘We now define
pr(&1,62) = H 1= xT(6,8)]x7 (&1.&) if HN <Ny <C
je{2,6}

and vanishing otherwise. Note that

a |0“
06| S (wims) - (9.37)

We also define
= = VOV, d
b7 (61,€) = pr(6n, £)P(F)V(R2) AL U (€)oo
b (61, 62) = Ve, - b7 (&1, &)
Lemma 9.14 (Region 7 bounds). The following bounds hold:
s s [0 ]] s <
IS 2 [ < s
Moreover, No < N1 <1 on the support of these multipliers.

Proof. Note that the cutoff Y2 guarantees

902 S 2- 1074]\]1, so that sin(%@og) 5 Nl. (938)
Furthermore, for fixed &, this restricts s to a set of volume
N3N?. (9.39)

We first establish

|08, Ve®| < {](V;%)m La|g_|a0|,g 5 (9.40)
Indeed, using Lemma [[4l with ([@.8)), the law of sines, and ([@.38)), we find
[Ve®| S NiNz + sin(3001) S NiNa + {2 sin(fg2) S Na,
which gives the case |a| = 0. The other cases follow from Lemma [I.3] recalling

N <1
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We next claim
Ve, @ 2 1. (9.41)
Recall from (@) that 6y; < %” + 8-107%; furthermore, by the law of sines, and
@38), we have

sin(901) ~ % Sin(eoz) < NQ.

We conclude g1 < N3. Recalling ([@38)) and the fact that g1 + 02 + 07, = 7, we
deduce that

015 > 7 —cNy

for some 0 < ¢ < 1. Thus sin(26},) 2 1, and so ([@.36) gives (.41).
We next note that Lemma [7.3] immediately gives

a |ex]
06, Ve®| S (55)", ol <3. (9.42)
Using (@.40), @41, and (@.42), one verifies
N o] =0
08, Tonatr | S o ’ (9.43)
}52 \V52<I>|2| N2'NL1(NL2)‘ |7 1< |al <3.

We are now in a position to estimate the multipliers. Comparing (@.43) and

(#5) with all of the cutoff bounds (1)), @3), (@27), and [@3T)), and exploiting
the volume bound ([@.39), one finds that

1
b7 1I;

X % < N.
”b? ||L L?ng ~ Nll%'

EHE, |
This gives the first multiplier bound.
We turn to estimating b2 . If the divergence lands on any term other than

VedVe, @
m(é1,62) = [1 = X X7 o ot

we will face an additional Ni2, but otherwise we can estimate exactly as above.
Thus, we get an acceptable contribution for these terms (cf. Ny < 1), and we are
left to estimate

b = ()P AEL LU )1 — XTI = X3 Ve, - m(&r, &),

Recalling the cutoff bounds ([@.27) and (@31), we see that we will lose an additional
N11N2 when estimating b*. In particular, using ([@.43), the cutoff bounds, and the
volume bound (@39)), we deduce

< N1—3/2

1
*|| 2 *|| 2
16702 1671

giving the second multiplier bound. This completes the proof of Lemma[@.14l O

Remark 9.15. On the support of (1 — x2)(1 — x=), we have

Sin(902) Z Nl. (944)



46 R. KILLIP, J. MURPHY, AND M. VISAN

9.8. Region 8. Space non-resonance. We define

ps(6.6) = J[ [1=xT][1—xF(&.&)] if HN2<N<C
j€{2,6}
and vanishing otherwise. Corresponding to this we define multipliers
b3 (&1,&2) = P8(§1,52)@(%)&(%)1‘1(51752)U(5)%,
b (61,62) = Ve, - 0 (€1, 62).
Lemma 9.16 (Region 8 bounds). The following bounds hold:

1311 5 e |5 < e

with No < N1 < 1 on the support of these multipliers.

Proof. To begin, recall that by = Ve, - bg . For the terms in which the divergence
misses the factor Voo We claim that we get an upper bound of Ni2|Hb§(|H,

which is an acceptable bound. Indeed, using the cutoff bounds (1)), ([@3)), as well
as ([4.0), we first see that if the divergence hits the product

DEDDEE) A = XD~ x3) A, &),

then we get an additional factor of NLQ, but we will otherwise be able to estimate

exactly as we do for b below. If the divergence hits the product
(1-x6)(1=x7),

then we will get an additional factor of ﬁ (cf. (@27 and ([@37)); however, in this

case, we will always be able to use the improved volume bounds in (@28) or (@39),

which gains an additional N; in the arguments presented below. In particular, we
again face only an additional factor of Ni2

Thus, to treat l~7§( , it suffices to get suitable estimates for bg( and the multiplier

b = ps (€. E)D(SID()AGL LU OVe, - (Tomar)  (9.45)
We begin by applying Lemma [[4] and using ([@.8)) and the law of sines to deduce
[Ve®| S NiNs +sin(56001) S NiNz +sin(0o1) S NiNz + 1@ sin(3615). - (9.46)

Case 1. Recalling that N < Ny < 1, we first consider the case

Ny < Ny~ [¢]. (9.47)
Note that in this case, |[¢1] — |€2|| Z N1, so that (@.46) and (@.36) give
Ve®| < (1+ )| Ve, ®| < [Ve, ). (9.48)

Thus by (@34), the law of sines, [@.47T), and ([@.44]), we have

Ve, ®| 2 sin(05) ~ & sin(0o2) 2 sin(fp2) = N1

For higher derivatives, we have by Lemma [7.3]
[ 1l « 1\ lal
06, Ve[ S (57) 7 |08 Ve®[ < (5;)", 1<lal<3.
Using these bounds, one verifies

o VedVe,d ] ]
‘652 \§v§2<1§\22 ’5 (N2si111(002)) S (NllNg) el <3 (9.49)
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Combining the second estimate in ([@.49]) with the cutoff bounds ((71]), @3)), (@27,
©37)), [@6), and noting that U(£) ~ Ny in this regime, we deduce

X3 X3 < _1
o . I ., VedVe, ®
which is acceptable. (The worst terms arise when all of the derivatives hit TV )
2
We turn to estimating b§ in Case 1 (cf. ([@43])). We wish to show
1
* (|2 * (|2 < 1
||b8||zgoH£12 Hbg”ZEOHé ~ N11/2N2 )
For this, it will suffice to prove
1
||b§||Lg°H§ SNITONG T, se{1,2). (9.50)
2

First, if no derivatives hit
T X VedVe,
(1 =X)L~ )V, - (e,
then we use the cutoff bounds (1)), and [@3)), (@8], and the second estimate in
(@.49) (with [af = 1) to estimate the contribution to the Lg°Hg -norms by

N ”®
for s € {1,2}, which is acceptable.

Next, if any derivative hits (1—xZ)(1—x3 ), then we may use the volume bound
in (@28) or (@39). In particular, when all derivatives land on these cutoffs, we may
use (@27), @37), and the second estimate in (@49) (with |a| = 1) to estimate the

contribution to the L2°H? -norms by
§ &

1 5
NI=*N2
for s € {1,2}, which is acceptable.

It remains to consider the following two situations:
(i) s =2, with one derivative hitting Ve, - %
2
cutoffs (1 — x¢§)(1 —x7),

(i) s € {1,2} and all derivatives land on Vg, -

and the other hitting the

VDV, d
Ve, @7

For these terms, for fixed £ we use spherical coordinates in & (with £ as the
north pole) to compute the Lé—norms. We also recall ([@.44]).

Using (@0.27), (@37), and the first bound in [@49) (with |a| = 2), we estimate
the contribution of terms in (i) to the LgOH gz—norm by

3 T—N1 %
NyNJ / 9 _\* < yoin;
N1N§ Ny (sin 4/7)3 ~ 1 2

which is acceptable in light of ([@.50).
Similarly, we estimate the contribution of the terms in (ii) to the Lg°H¢ -norms
w—N1 d 1/2 1,
/ 7('0) < NN for se{1,2},

by
Ny NE/?
Ny N (sin )2s+1
which is acceptable. This completes the proof of ([@.50) and hence of Lemma [0.16]
in Case 1.
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Case 2. Suppose now that

Ny~ Ny < 1. (9.51)
By ([@30)), the law of sines, and ([@.44]), we have
Ve, @] 2 sin(36]5) 2 sin(65) ~ 5} sin(foz) 2 [¢]- (9.52)
Combining this with the upper bound ([@.46]), we find
Ved| < 78 Ve, ®|. (9.53)
For higher derivatives of V¢®, we appeal to Lemma to find
02 Ved| S ()1, 1< o <3. (9.54)
For higher derivatives of V¢, ®, Lemma [0.21and ([@.51)) give
og®| < lel() . 1< ol <4, (9.55)
Combining [@51)), (@53), (@.52), [@54), @55) and recalling the bounds (@.44),
we deduce
o VedVe, @ N 1 lal Ny 1y lel
}852 |§V52‘I§|22 | S ﬁ(N1 Siﬂ@oz) S ﬁ(N_f) el <3 (9.56)

We are now in a position to prove the multiplier bounds, beginning with b . We

use the second estimate in (@56, the cutoff bounds ((T1), @3), (@27), [@37)),
[5), the fact that U(€) ~ |¢] in this regime, and (@3] to arrive at the estimate

16302y W51y, S e

which is acceptable.
We turn to estimating b§ in Case 2 (cf. ([@43])). In this case, we need to show

1
2 2 < _1
||b8||L§°H§2 ||b8||Lg°H§2 ~ Nf/2 9
for which it will suffice to prove
3_
||b§||Lg°H§ SNy = se {1,2}.
2
First, if no derivatives hit
T X VPV, ®

(1=x6)(1=x7)Ve, - (ﬁ)v
then we use the cutoff bounds (1)), and (@3))), [@.4]), and the second estimate in
(@.56) (with [af = 1) to estimate the contribution to the L Hg -norms by

1
Ng™°
for s € {1,2}, which is acceptable.

If any derivative hits (1 — x2)(1 — x2X), then we may use the volume bound in
©28) or [@.39). In particular, when all derivatives land on these cutoffs, we may
use (@.27), [@37), and the second estimate in (T5E) (with |a| = 1) to estimate the

contribution to the Lg°H¢ -norms by

5—2s

3
N7

for s € {1,2}, which is acceptable.
It remains to consider the following two situations:
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(i) s =2, with one derivative hitting Ve, - % and the other hitting the
2

cutoffs (1 —x&)(1 —x3),
(ii) s € {1,2} and all derivatives land on Ve, - %.

For these terms, for fixed £ we again use spherical coordinates in & (with & as
the north pole) to compute the L7 -norms. Recall also (2.24).

Using ([@.27), [@3T), and the first bound in [@56) (with |a| = 2), we estimate
the contribution of terms in (i) to the L?Hé—norm by

T(—Nl i
[ ) =
Ny (sinp)? ~
which is acceptable.

Similarly, we estimate the contribution of the terms in (ii) to the LEOH £,-norms

HZ.J"ZNM

by
5 T—N1 1/2
N2 dyp < Ni2 g
—sTT — (S 1, 2 s
N1+1 </Jv1 (Sln S0)25_;’_1> ~ 1 or s { }
which is acceptable. This completes the proof of Lemma [0.16 in Case 2. O

Proof of Proposition[9]l Proposition follows from Lemmas [0.3] @.5 0.7 0.9
010, @12 O.I4, and 016 One may also check that the multipliers p; sum to 1
on the support of 1/)(]%—11)1/)(]%—22) Note that in the statement of Proposition (.11

we always choose the worst bounds; for example, the bounds obtained for b in
Lemma [0.16] are strictly worse than those for X in Lemma [0.14] O

10. ESTIMATION OF NON-RESONANT TERMS

In this section, we complete the proof of Proposition by estimating the con-
tribution of the time, space, and angular non-resonant regions of frequency space
to (61)).

Recall that in Sections [6.IH6.3] we collected the terms that we need to estimate
in order to deal with each type of non-resonant region, namely (64) and (6.0)
for time non-resonant regions, (6.9) and (6I0) for space non-resonant regions, and
614), [6I17)—([E19) for angular non-resonant regions. These involve certain bilinear
operators, namely, b7 for time non-resonant terms (cf. ([63)), b and b¥ for space
non-resonant terms (cf. (6.7), (6.8)), and b4, bf, b“ for angular non-resonant terms
(cf. 6I3), @I5), I16)). In Sections [(HI, we decomposed frequency space into
non-resonant regions for each type of quadratic nonlinearity and proved bounds for
the resulting bilinear operators (cf. Propositions [[.5] Bl and B.T]).

In this section, we will show that the bounds established in Propositions[7.5] Bl
and suffice to prove the desired estimate in Proposition

Our main tools will be the bilinear estimate Proposition and the decay es-
timates in Lemma For convenience, we record some particular consequences
of Lemma [B:2 here. We let ¢y and I be as in Proposition [61] that is, I = [to, 1] if
to < 1 and I = [tg, 2tp] otherwise. Then for 2 < r < 6, we have

3_3
I3 2

1_3
lonllzoorr (rxrsy SN2 (to) " 2||vl z(r)- (10.1)
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Indeed, (I0.)) follows from interpolation between L2 and LS, Lemma [3.2} and the
L3 H}-control of v. We apply (I0.I) most often with r = 6—, i.e.

ol pgo o= (rxrsy S N (to) ™ F [0l 2.
We also use the following consequence of Bernstein and Lemma
lonllzee s (rxrzy S NOF (o) " ol z(r)-

Remark 10.1. As in Proposition 6.1l we work on dyadic intervals, when we apply
Proposition with a dual Strichartz norm L{L?, we always have the option to

x?

bound the contribution of all time integrals by (t)'/®.

10.1. Estimation of time non-resonant terms. To estimate the contribution
of time non-resonant regions to (6.1I), we need to bound terms of the form (4]
and (6.5), which involve the multiplier b7 (cf. (63)). To estimate these terms, we
will use the bilinear estimate Proposition 2.9

By virtue of symmetries inherent in the terms that we need to estimate and in
light of the multiplier bounds in Propositions [[.5] Bl and @Il we see that we may
reduce to the case Ny < Nj; moreover, we see that it is natural to cover this with
three regimes: (i) No S Ny <1, (il) 1 S Ny ~ Na, and (iii) 1V Ny < Nj. Of course,
the second regime is contained in the third, but we have to deal with a different
multiplier bound in this particular case (cf. Regions 2 and 3 in Proposition [O.]).
We record here the bounds we must contend with in each regime:

Nle;% No SN S,
171l < 41 1S Ny~ N, (10.2)
Nt 1V Ny S Ny

1. We begin by estimating terms of the form (6.4]). We can treat the cases
1 < Ny~ Ny and 1V N2 <1 together, using the worse multiplier bound of 1 in

(I02). Using the dual Strichartz norm L;L? with Proposition 2.0, we estimate
these terms via Bernstein, Lemma 2] and ([I0.T):

> (todllow llpgers lomllzers
1VN2<N;

_1 -1 1
SO () TEINSIND F ol S (o) Tl Gy,
1VN25N1

which is acceptable.
2. We estimate terms of the form (G4) in the regime Ny < Ny < 1 using
Proposition 2.9 with the dual Strichartz norm L} L2 and Lemma B2

_1
> (to)NTIN, ® low, [l s lows | e
NQSngl

- _ _1
S Y (NN lers U 0llngere S (o)™ ollZr),s
NQSngl
which is acceptable.

3. We next consider terms of the form (G.3) in the regime 1 < Ny ~ Na. Note
that since N1 ~ Ny, it suffices to treat terms in which Py, falls on the nonlinearity.
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Using Proposition 0] with the dual Strichartz norm L2LY®, (I0:2), (I0I), and
Lemma B.2] we may bound the contribution of the quadratic part of N,(u) by

3
Z <t0>2||’UN1||L,°°L,G;||U’2||LDOL%+
; o3
1SN~ N>
1 — _ 5
S OY (to)2tNY ull oo s+ 0l zey S (ko)™ 0l ).
1SN~ N>

We estimate the contribution of cubic and higher terms via (I0.2]), Bernstein,
Lemma [3.2] and B.6): for k € {3,4,5},

> <t0>||UN1||L$°L;°||PN2(U’€)||L§L§

1§N1~N2
k+1

3 a— _19
S Y NN Iollirss V@O, g S o) B ol

1§N1~N2

which is acceptable.

4. We next estimate terms of the form (63) in the regime 1V Ny < Nj.

We first consider the case when Py, falls on the nonlinearity. To estimate the
contribution of the quadratic terms, we use Proposition[2.9 with the dual Strichartz

norm L} L2, (I0.2), Bernstein, and Lemma 3.2}

Z <150>2N171||”N1||L;>°L§*||PNz(uz)||L;?°Li+
1\/N2§N1
_ _s
S Y () TNTING Tl pollvllzany S (o) F 0l ),
1\/N2§N1
which is acceptable. We next consider the contribution of the cubic and higher
terms. We use Proposition 229 with the dual Strichartz norm Lng/ ° ([I02), Bern-

stein, Lemma B2 and BH): for k € {3,4,5}, we bound these terms by

+

Bulo

Z <t0>N1_1||UN1||Lt°°L:°*||PN2(“k)||L2L

1\/N25N1
_ 19
< (o) Bl

_1_
S D NN ol et g
tx

1\/N25N1

which is acceptable.
We turn to the case when Py, lands on the nonlinearity. For the quadratic
terms, we use Proposition [Z0 with the dual Strichartz norm L}L2. We get the

contribution

Z {to)* N1 v, ||Lg°L2+ ||u2||LgOL2*

> (to)*N!

1VN25N1

1\/N2§N1
_5
Ny ollzgeze l[ull oo po- < (o) ™5 N0l Z 0y,

A
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which is acceptable. For the cubic and higher terms, we instead use Lng/ ® and

rely on ([B.6) and Bernstein: for k € {3,4,5} we get the contribution

Do NP @], g llow |z
1VN2 <Ny L

_ 1 _19 k
S Y GONTNEIEL g ol S o) R 05,
1\/N25N1 L

which is acceptable.

5. Next, we estimate terms of the form (G.5]) in the regime No < Ny < 1. To
begin, we consider only the contribution of the cubic and higher terms.

We first consider the case when Py, falls on the nonlinearity. We use Proposi-
tion 2.9 with the dual Strichartz norm Lng/S, B9), Bernstein, and Lemma B2l to
obtain for k € {3,4,5} the contribution

_1
Z <t0>N1_1N2 : ||PN1’U||L§°L2’ ||PN2(uk)||
NQSngl

— _5 k
S Z <tO>Ng+||U 1U||LgoLg*||“k||L2Lg < (to) 6+||’U||Z—z_11)7
Na<N; <1 e

3
34
Ltzsz

which is acceptable.
Next, we consider the case when Pp, falls on the nonlinearity. We again use
Proposition 2.9 and dual Strichartz norm L? 85, 38), Bernstein, and Lemma B2

to obtain for k € {3,4,5} the contribution

1
—1n—3 k
Z {to) Ny 1N2 2||UN2||L;>°L2*||PN1(U i
N2<N; <1

23t

< (to) NE Ny 2T U= ]| oo o [WF]l g S (to) =3[0t

S 0) Ny Ny Ullpgere= il , &~ (fo Ullzny
N2<N; <1 e

which is acceptable.

6. Finally, we treat the contribution of the quadratic terms in the nonlinearity
to (65) when N2 < Ny < 1. We will use Proposition 2.9 with the dual Strichartz
norm L;L2.

Recalling that u; = v; and us = U~ 'v,, we note that the quadratic terms in
(T0) are of the form

(U (u?) + uv).
If Py, lands on the U(u?) term, we estimate via Lemma [3.2}

1
> (t0)* Ny 2Ny Mo, |l pge e 1U P, (u?)]| ez
N2<N; <1

< 273|771 2 < N 113
S D PNFIU ol rellulere S ()73 010,
NaSN1 <1
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which is acceptable. If Py, lands on the U(u?) term, we get the contribution

1
> (t0)* Ny 2Ny Mo, |l pgezs 1U P, (u?)]| e s
N2,§N151

< 2a73 || 77—1 2 < N =113
S D WPNFIU ol rellulere S ()73 010,
Na<SN1 <1

which is acceptable.
If Py, lands on the uv term, then we estimate by Bernstein and Lemma 3.2

_1
> (to)® Ny Ny 2 o, llpgers | Pr (wv) | pge s

NQSngl
S Y (to)> Ny TNIU 0l pge e flwv]| e 2-
N2,§N151
_ _1
S G NITNUT ol e s llull poe g 10l e S (t0) S H vl
N2§N151

which is acceptable.
Finally, if Py, lands on the uv term, we get the contribution

_1
> ()N Ny 2 ol e ol Pay (uv) | pge s
N2§N1§1

A

11,4 _ _1
S ) NN U gl S (o) el
N2<N;1<1

which is acceptable. This completes the estimation of the contribution of the time
non-resonant regions.

10.2. Estimation of space non-resonant terms. To estimate the contribution
of the space non-resonant regions to (6.II), we need to bound terms of the form
©3), involving the bX multiplier, and (GI0), involving the b¥ multiplier. Again,
we will rely on Proposition

Note that we only had space non-resonant regions for the v? and |v|? nonlineari-
ties; the multiplier bounds we established appear in Propositions[R.1]and In all
cases of space non-resonance, we had Ny < N;. Examining the multiplier bounds,
it is natural to split into two cases: No < N7 <1 and 1V Ny < N;. We record here
the worst bounds for each multiplier in these two regimes:

| 2

H‘bXH‘S{Nl% Ny SNy S,

NoN;7' 1VN, SNy
(10.3)

P e e
~N? 1V Ny < Ny

We first consider terms of the form (6.9) in the case No < Ny < 1. We will use
Proposition 2.9 with the dual Strichartz norm L?/ 3Li/ 2 We estimate such terms
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via (I03)), Bernstein, and Lemma

3 1
Z <t0>4N1 : {||PN1JU||L§°L§||UN2||L;?°L§ + ||PN2JU||L§>°L§+||UN1||L§>°L§’*}
N2§N151

3. -1 _z - _z
SO (to) 1Ny 2 {Na(to) 4+ Ny NI (ko) "0 vl 5y
N2<N; <1

_a
< (to) 36Jr||v||2z(1),
which is acceptable.

We next consider terms of the form (G9) in the case 1V No < N;. We will use
4, 3_
Proposition with the dual Strichartz norm Lf‘+L§ . We estimate such terms

via (I03) and ([I0I):

3_
Z (to)? %_f{||PN1JU||L;?°L§||UN2||L§°L2*+||PN2JU||L§°L§||UN1||L§°L§*}
NlegNl

_1 — AT— —1— _1
S Y (o) H{NTNTT H NN ol S (o) T E el S0y,
N2\/1’SN1

which is acceptable.

We turn to terms of the form (GI0) in the case No < N; < 1. We will use
Proposition 220 with the dual Strichartz norm L;L2. We estimate such terms via
([I03), using B.2) for vy, and Lemma B.2liii) for v, :

_1
> ()N Ny E low, [l s [ows | e
N2§N151

N

S U S _1
> (to) NS NE ol S (to) = ol3 0,
N2<N;<1

which is acceptable.

Finally, we consider terms of the form (G.I0) in the case 1V Ny < Np. We will
use Proposition 229 with the dual Strichartz norm L}L2. We estimate such terms
via (I03), Lemma B2, and Bernstein:

Z (to) Ny Mo, | zze s lons | Lge s
1VN2§N1

_ _1
S YN NG llowa || oo ps- 0l zery S (t0) ™2 0l
1VN2§N1

which is acceptable. This completes the estimation of the contribution of space
non-resonant regions to ([G.I]).

10.3. Estimation of angular non-resonant terms. To estimate the contribu-
tion of angular non-resonant regions to (G.II), we need to bound the terms (6.14)),
©17), ([€I8), and ©G.19).

There is only one angular non-resonant region in our decompositions. The rel-
evant multiplier bounds appear in Proposition @I} in particular, the bounds are
all < 1. Note also that in the angular non-resonant region, we have the condition
1 < Ny~ Ns.




CUBIC-QUINTIC NLS 55

To estimate the term (G.I4), we use Proposition with the dual Strichartz
norm L;L? and (I0.):

> ltollow lzsorallvw, llogezs
1§N1~N2

A

to) ENTING T ollS < (o) R o2
Do () EN N, olGey S (to) 2 ol 3

1<N1~N;

which is acceptable.
We next consider ([@I7) and (6I8). As Ny ~ Na, it suffices to treat (GI7).
44 3_
Using Proposition with the dual Strichartz norm L,é”LLm2 and ([0, we get
the contribution

3_
> (o) IPw (@ x V)vllzgere lon e po-
1SN1NN2

1
S Z (to)~ 4—ier ||U||Z([) (to)~ 4—ir”Usz(])
1SN1~N2

which is acceptable.
Finally, we estimate (6.19]). Arguing as above, we estimate this term by

_1
S (o) I PN, Joll e rz | Pay vl e o S (o) 0l Gy
1<Ni~Ns

which is acceptable. This completes the estimation of the contribution of the an-
gular non-resonant regions to (G.I)), and hence the proof of Proposition [6.11

11. PROOF OF THE MAIN RESULT

In this section, we finally prove the main result, Theorem [[LTl As discussed in
the Introduction, [16] already guarantees that we have a unique global solution v
to (1) for initial data vy as in Theorem [[LTl Thus, it remains to show that the
solution scatters. We will prove scattering forward in time.

Collecting the results of Proposition 3.4 Proposition (.1l Proposition £.2] and
Proposition [6.1], we arrive at the following a priori estimate:

[ollzy S Mlo(to)llx + (o)™ levllz(n

for some € > 0, where tg = infI. Using this, one can show that if |vgllx is
sufficiently small, then the solution obeys

vl 20,00y S 1- (11.1)

To prove scattering, it suffices to show that {e?v(t)} is Cauchy in H}, {(x x
V)etHy(t)} is Cauchy in L2, and {ze'v(t)} is Cauchy in L2 as t — oo.
We first use the Duhamel formula (£1]), Proposition B4, and (IT)) to estimate

t
”eitH,U(t) _ eiSH’U(S)”H; — / eiTHNU(u(T)) dr

5
SsC Z ||U||]%([O,oo)) Ss
k=2

Hy
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for t > s > 1. Thus {e®Hv(t)} is Cauchy in H} ast — co. Arguing similarly (using
Proposition [3.4] and recalling (L)) also shows that {(z x V)e®®Hy(¢)} is Cauchy
in L2 as t — oc.

To show that {zev(t)} is Cauchy in L2, we use the normal form of the equa-
tion; that is, we use the Duhamel formula with (@3]). Then, for ¢ > s > 1, we use
Proposition i1l Proposition [5.2] Proposition [6.1] and (II.T) to estimate

[zle™u(t) — e*Mo(s)]| 12
6 t
52 ;v/ e ™H Ny (u(T)) dr
k=2 s

+lze™ T Bloy(s), v1 ()] 22 + lze™ T BU ™ va(s), U va(s)] || 2
+[lze’™ Bloi (t), vi()]l £z + [lze’™ BU ™ va(t), U™ w2 (t)][| 22

LZ

6
S Z ||U||]§([o,oo) SIS
k=2

Thus {ze®®Hv(t)} is Cauchy in L2 as t — oo.
Finally, note that the argument above gives a rate of convergence of t~¢ to the
scattering state. This completes the proof of Theorem [l

(1]
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