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Abstract

We estimate the heat conducted by a cluster of many small cavities. We show that the dominating heat
is a sum, over the number of the cavities, of the heats generated by each cavity after interacting with each
other. This interaction is described through densities computable as solutions of a close, and invertible,
system of time domain integral equations of a second kind. As an application of these expansions, we
derive the effective heat conductivity which generates approximately the same heat as the cluster of
cavities, distributed in a 3D bounded domain, with explicit error estimates in terms of that cluster. At
the analysis level, we use time domain integral equations. Doing that, we have two choices. First, we
can favor the space variable by reducing the heat potentials to the ones related to the Laplace operator
(avoiding Laplace transform). Second, we can favor the time variable by reducing the representation to
the Abel integral operator. As the model under investigation has time-independent parameters, we follow
here the first approach.
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1 Introduction

Let D be a bounded domain in R? and consider the following initial-boundary value problem:

(0 —A)u=0 in (R3\ D)r,
u=f on (0D)r, (1.1)
u=0 at t = 0.

For simplicity of notations, here and throughout this paper, we denote X x (0, T') and 90X x (0, T') by X7 and
(0X)r, respectively, where X is a domain in R® and X denotes its boundary. We also set T, := T'/e? where €
is a positive parameter. The model (IT]) has many important applications in sciences and engineering
For example, in active thermography, D is regarded as a cavity embedded in the background medium.

We assume in () that the compatibility condition f(z, 0) = w(z, 0) holds on dD. To ensure the
uniqueness of solutions to (L)), we require that the solution u(z, t) satisfies the growth condition

lu(z, t)] < Coexp(blz|?) as x| = 400 (1.2)
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for some positive constants Cyp and b < (47)~!. Under certain regularity assumptions on D and f, the unique
solvability of the problem (1)) can be proved; see for instance N%]
M

In this work, we consider the case where D is given by a union of small cavities, i.e. D := U2, Dj, with
the maximum radius of D; of small order €. Our goal is to estimate the heat generated by such a cluster in
terms of the size and the number of the cavities. To give sense to the boundary conditions on the surfaces of
the small cavities, we take a source defined, at least, in a domain containing the whole cluster and then the
boundary conditions on each cavity’s surface is the trace of this source on it.

We could consider more general sources in the model (IL]), namely

(8, —Ayw=F in(R3\D)r,
G on (0D)r, (1.3)
H att =0

w
w
with the needed compatibility conditions for the sources G and H, i.e. G(-, 0) = H(-) on dD. However,
setting v to be the solution in the absence of the cavities, by extending first F' and G to the whole space R3,

we see that u := w — v solves (L)) with the boundary source f := G — v|9p),. A particular source of heat
that is used in practice is given by

fz, t) = f(z, t; 2%) = ®(x, t; 2%, 0), (1.4)
where
; exp <_M) t>T1
Oz, t;y, 7) = q @t —7)]P/? At —7) )" ’ (1.5)
0, t<rt

is the fundamental solution of the heat operator d; — A for the three-dimensional spatial space and z* is the
source point which is located away from the cluster Uinle. This source is initially a Dirac source supported
on the source point z*, i.e. f(x, 0) = 6(z*). With such sources, we see from (1)), the uy := f — u satisfies
the problem

(815 - A)Uj =0 in (RS \E)T,

Uy = 0 on (8D)T, (16)
up = d(z*) att =0
with the growth condition as in (T2)).
Let By, By, ---, By be M open, bounded and simply connected domains in R? with C?-boundaries
containing the origin. Assume that the Lipschitz constants of B;, j =1, 2, ---, M are uniformly bounded.

Set D; :=eB; + z; to be small cavities characterized by the parameter ¢ > 0 and the locations z; € R3, j =
1,2,---, M.

Definition 1.1 Let D be a union of the small cavities, i.e., D := U;:ziij. We set
1. a as the mazimum among the diameters of the small cavities, i.e.,

a:= 12%)5\/[ diam(D;) = ¢ 12}225\/[ diam(B;); (1.7)

2. d as the minimum distance between the small cavities, i.e.,

d:= 1§Ii2JiI$1M dij; dij = dlSt(Di, DJ) (18)
17]



We are interested in regimes where
M ~a* and d~ d’ (1.9)

with nonnegative real numbers s and f.

Our first result is the following approximation property:

Theorem 1.2 Let D;,i =1,..., M, and the source f be as described above. Under the condition

—2
a max di;” <1, (1.10)
J#i
which means that 1 — 28 — 5 > 0, the heat conducted by this cluster is approzimately estimated, for x away
from U;ziij and t > 0, as

M t
u(z, t) = Z C’i/ ®(z, t; 2, 7) (1) dr + O(a®> 2% Inal) + O(a*"%) asa — 0, (1.11)
i=1 0
where each constant C; is the capacitance of the cavity D;, i =1, --- , M, defined as C; = f@Di oi(x) ds(z)

with o; as the unique solution of the integral equation [, 4:(953)@1' ds(y) =1, x € D;, and {«; (t)}l]\il is the
unique solution of the linear system

M t
a;(t) +Z/ C; ®(zi, t; 25, T)aj(T)dr = ®(2i, t; 2%,0), te(0,T), i=1,2,---, M, (1.12)
—1 70
G
which is invertible from L*(0, T) to itself.

We can show that max > d;jQ < d2M3, see ﬂﬁ] for instance, then (CIQ) is satisfied if ad~2M3 < 1,
<isM
and from (L9), it implies that 1 — 28 — 5 > 0.

As an application of such results, we derive the effective heat conductivity distribution that can produce
the same heat as the cluster above. To show this, let £ be a bounded domain containing the cavities
Dj,j=1,2 -, M. We divide Q into [a~'] subdomains Q;, j =1, 2, -+, [a~'], periodically arranged for
instancﬂ, such that the ;’s are disjoint and of a volume a. Here, we denote by [z] the unique integer n
such that n <z < n +1, i.e. n is the floor number. Each subdomain 2; contains one single hole. Such

o . . - ol
a distribution obeys the condition (LI0). Indeed, from the estimate maxi<;<m _; 4 dij2 < d 2Ms and as
M =la"1] <al ie s=1, we have a maxi<;<ns Zj# d;jQ <a3d? = (a%dfl) . Taking d = doa3, i.e.
8= %, we see @ Maxi<;< M Z#i di_j2 < d—12 < 1if dy > 1. This last condition is obviously satisfied according

- 0
to the distribution described above.

Now, we state our second main result.

Theorem 1.3 Let Q be a bounded and Lipschitz domain in R3. We distribute the cavities as described above.
Then for any t > 0 and x away from Q, we have the approximation:

w(z, t) — Wz, t) = 0(a’) asa < 1, (1.13)
where W is the unique solution of the problem
(0 — A+ Cxao)W = Cxa®(z, t; 2*,0) inR3x (0, 7),
Wi(z, 0)=0 in R3, (1.14)
[W (z, t)| < Cpexp(blz]?) as |z| = 400

I The periodicity is actually not needed. We assume it only for simplicity of exposition.



for some positive constants Cy and b < (4T)~*. Here C is the capacitance of the unscaled domains By, ’s
(that are assumed to be the same). Finally xq is the characteristic function of the domain €.

As a corollary, we deduce the following result. Let o be the unique solution of the problem —Ag 4 Co = 0
inQ and o = 10n 99Q. As C is positive in €, by the maximum principle, the unique solution of this problem is
positive in . We extend ¢ from € to R? simply by 1 in R*\ Q. By a simple change of variable Wi=c"1W,
we see that T satisfies the problem

oW — 07V - 02VW = Cxq®(z, t; 2*, 0) inR3 x (0, T),
Wz, 0) =0 in R3, (1.15)
W (z, t)| < Coexp(b|z|?) as |z| — +o0.

Observe that the first equation in (LIH) can be written as pcdW —V -4yVW = F where the density p and

the heat capacity ¢ are such that pc = 0 and the heat conductivity ~ is give by v := o2.

As W =W in R?\ Q, from Theorem 3 we deduce the following result:

Corollary 1.4 Let Q as described in Theorem [L.3. Then for any t > 0 and x away from S, we have the
approximation:
w(z, t) — Wz, t) = 0(a’) asa <1, (1.16)

where W is the unique solution of the problem {II3) with o being the unique solution of the problem

(1.17)

~Ac+Co=0 inQ,
c=1 on 0f).

The results provided in Theorem[[L2] Theorem[[3land Corollary[[4lare given for boundary sources f(x, t)
as point sources initially located at z*. Actually, these results are valid for any source f in the Sobolev space
Hg((0, T); Wh>(R?)).

Next, observe that Go(z, t; 2, 0) := ®(z, t; 2*, 0) — W(x, t) satisfies
(O — A+ Cxa)Ge = 6,(2%)8:(0) inR3 x (0, T),

Gelz, 0) =0 in R3, (1.18)
|Go(x, t)| < Coexp(blz|?) as |z| — 4o0.

Now, using the form f(z, t) := ®(z, t; 2z*, 0) in (L)), we see that Gp(z, t; 2%, 0) := ®(x, t; 2%, 0) — u(x, t)
satisfies o
(0; — A)Gp = 0,(2*)5;(0) in (R®*\ D),
GD =0 on (6D)T, (119)
GD =0 at t = 0.
From Theorem [[C3] we see that, for t > 0 and z € R? \ Q, we have
Gp(z, t; 2, 0) — Gela, £ 2%, 0) = O(a3) asa < 1.

As z* is arbitrary in R?\ , this approximation implies that for any given initial source function H := H(z)
compactly supported in R3\ ©, then for 2 € R3\ Q and ¢ > 0, we have

(Gp * H)(z,t) — (Ge + H)(z, t) = 0(a?) asa < 1

where Gp * H and G¢ * H stand for the convolutions in the space variable of the Green kernels Gp and
G, respectively with H. Hence, Gp * H is the solution of (IL3]) with H as the initial data, with FF =0 and



G=0,i.e.
(0, — A)GpxH)=0 in (R3\ D)r,
(Gp*xH)=0 on (0D)r, (1.20)
(GpxH)=H att =0

and G¢ * H is the one of the problem

(0 — A+ COxa)(Ge*H)=0  inR3x(0,7T),
(Go * H)(z, 0) = H in R3, (1.21)
(Ge * H)(x, t)| < Coexp(blz|?) as|z| = +oo.

Few remarks are in order:

1. The observation described above is not a surprise. That means, estimating the heat, generated by the
cluster UM | D;, starting from an initial heat supported on the source points z* arbitrary located outside
() is enough to estimate the heat starting from any source supported in R? \ Q.

2. The condition that the initial source H is supported outside ) is not a restriction. Indeed, see (20,
as H = 0 on UM,0D; and the set of cavities is densely distributed in €2, then necessarily we should
assume that ' =0 in Q.

3. The condition (LI0) can be relaxed as follows. Recall that this condition translates as 1 —23 — § > 0.
This condition is enough to derive the effective conductivity where we need s =1 and g = % However,
performing the analysis done in this work more carefully, we can handle larger regimes where s > 1
and 8 > %

4. In Theorem [[3] we divided Q into a family ,,’s which contain a single cavity each. Actually, we can
put arbitrary number of cavities in each €2,,. This would be translated by the appearance of the local
distribution density, we denote by K := K(z), in (LI4), replacing C by CK.

5. In Corollary[[.4] we have seen that the cluster behaves as a conductive heat medium modeled by a heat
conductivity v := 2. This is possible because such cavities, modeled by Dirichlet boundary conditions,
are actually resonating and hence enhance the generated heats. This is translated by the fact that
the additive potential C'yq appears with a positive sign and hence the generated conductivity o via
the boundary value problem ([LI7) is positive. This phenomenon can also occur for other resonating
particles as the electromagnetic nanoparticles enjoying balanced contrast/size ratios. However, this is
not always the case for other boundary conditions, as the impedance boundary conditions, for which
the sign of the corresponding coefficient C' can be negative. In this case, the corresponding boundary
value problem ([LI7)) does not enjoy positivity for its solutions and hence the heat conductivity o might
not be generated.

6. In Theorem [[.3] we distributed the cavities in 3D domains. It is natural, and interesting in applica-
tions, to consider distributions in 2D surfaces or 1D curves and their different superpositions. The
corresponding results for these situations will be reported elsewhere.

The estimation of the fields generated by a cluster of small particles (of different kinds) is well developed
in the literature for the elliptic models, both stationary or nonstationary case, see , , , ] for periodic
distributions and H, B, m, B, @, @, @, @] for nonperiodic distributions. This list is of course by no
means exhaustive. The situation is much less clear for time domain models, as those related to parabolic,
Schrodinger or hyperbolic equations, unless for periodic media, see for instance ﬂﬂ, ] Nevertheless, for the
particular situations of point-like particles, there are several works published in the framework of singular
perturbations, see for instance E, @, ].



Motivated by applications in mathematical imaging, asymptotic expansions of the heat generated by
single, or well separated, small particles are derived in Nj, | based on energy methods or Laplace transform.
Here, we avoid using Laplace transform and rather, we use time domain integral equations. One of the basic
arguments we used here can be explained as follows. Based on integral representations, via the single-layer
(or double-layer) heat potentials, we have two choices. Either, we favor the space variable, i.e. reduce the
single-layer heat potential to the one related to the Laplace operator, or the time variable, i.e. reduce the
representation to the Abel integral. In this paper, since the cavities are fixed and not moving in time, we
follow the first approach as it allows us to extract in a straightforward way the dominant part of the heat
generated by the cluster. However, the other approach is also interesting as it might allow moving cavities
(for instance allowing their centers to be time dependent).

The rest of the paper is organized as follows. In Section [2 as preliminaries, we recall some properties on
the integral equation method for the heat equation, mainly the single-layer heat potential. In Section B we
provide the analysis for the case of a single cavity to describe the main steps of our approach. In Section [
we provide the proof of Theorem and in Section [l the one of Theorem

2 Preliminaries

Throughout the paper, we use the notation “<” to denote “<” with its right-hand side multiplied by a generic
positive constant. We recall some known properties of the single-layer heat operator. We have the following
classical singularity estimates for the fundamental solution ®(x, t; y, 7):

1 1

ot _ 3 2.1
| (xu 'Y, T)' ~ (t—T)'U' |x_y|3*2#7 o< 27 ( )
1 1 :
. < 5 J=
100, ®(x, t; y, 7)| S G- ey 7<% 1,23, (2.2)
1 1 5
D} (x, £y, 7)| S T<3 (23)

E= g 10

for 0 <7< t<Tandx, ycR®with 2 # y. Here Dtl/2 denotes the time derivative of order 1/2 defined by

Dt1/2h(t) = % /Ot \;L% ds.

Define the single-layer heat potential Sr, by

&ﬂw%ﬂ:élﬁwu%ﬂﬂ%ﬂ%@% (. 1) €T x (0, T), (2.4)

where I is the boundary of a bounded domain in R3. To look for the weak solution of (ILT]) by the single-layer
potential, we introduce the anisotropic Sobolev space H':1/ 2(I'7). It is a closure of the space

{w: w=vlp,,ve s (R®x (0, +00))}

with respect to the norm

T 2
||w|‘§{1’1/2(FT) ::/ / [|VcanU1(I, t)|2 +w2(17, t) + (D2/2w(17’ t)) } dS(I)dt, (2.5)
0 r

where Vianw is the tangential gradient of w on I' defined by Vianw := Vw — (9, w)r with v being the outward
unit normal vector to I'. Then the invertibility of Sr, can be stated as follows |13, @]

Lemma 2.1 Assume T to be Lipschitz reqular. The operator Sr,. : L*(T'p) — HY'Y/?(T'p) is invertible with
a bounded inverse.



To investigate the classical solution of (ILI)) and consider its regularity, we define the anisotropic Holder
spaces of functions

b (Dp) = {}HuH(’” )<+oo}, k=0,1, a>0, A>0,

where
©.0) u(z, t)] u(z + Az, t) — u(z, t)]
u T'r) == sup + sup
| H (Fr) (z,t)elr €XP At (z,t), (x+Az, t+At)elr |Az|*[exp At +exp A(t + At)]’
[(Az, At)|£0
(1,a) |u(z, t)] |u(z, t + At) — u(z, t)]
u I'r) == sup + sup
[ull > (') oo DA (o). (o tanyers AT 2[exp M+ exp A(t + AD)]
|At|#0

+Z||a% (7).

Define ¢ ¥*(I'r) by
oy (Tr) = {u e Ch(Tp) | u(e, 0) = o} .
Then we have the following result ﬂ§, @]

Lemma 2.2 Assume I to be of class C?. The operator Sr, : Cg’a(l"T) — Ci’a(I‘T) is invertible with a

bounded inverse.

Observe that by Sobolev embedding, if f € HJ((0, T); W' (R?)) then f|r, € Oi’% (T'r). Based on Lemma

21, we see that the problem (L)) is well-posed for sources f belonging to L?(I'r). In addition, based on
Lemmal[22] the problem enjoys regularity properties. A particular property that we need is that if f(-, 0) = 0,
then also the density ¢ satisfies the same property, i.e. ¢(-, 0) = 0. Actually, in our analysis we need this
property and this is the only place where we need the C? regularity of I'. Otherwise, only the Lipschitz
smoothness of I' is needed.

Let D = B + z, where B is a bounded and simply connected domain in R? with Lipschitz boundary
containing the origin. For any functions ¢ and 1 defined on (0D)r and (0B)r., respectively, we use the
notations

B0, 7) = "0, 7) 1= plen + 2 2F), P 1) = Y (@, 1) = 0 (w —z i)

€ g2

for (x, t) € (OD)r and (1, 7) € (0B)r.. Then we have the following lemmas.

Lemma 2.3 Suppose 0 < e <1 and D =eB + 2z C R3. Then, for o € HY"'/2((OD)r) and ¢ € L*>((0D)r),
we have
191l L2 (op)r) = € 1¥ll L2687, ) (2.6)

and

1@l rraszomyr) < ellmarzqopyr) < el@lmaron)r,) (2.7)

Proof. Let = e + z and t = £2{. Then for ¢ € L?((0D)7) we have

T T: ~
19112 oy = / /6 It P ds(e)it = < / /6 (et + 2 NP ds(€)d = < [Bllomr,

which leads to ([226]).



For p € HY'/2((dD)r), we have
2
ol = / [ |t 08 + 2, 0+ (D (e, 1) astara
Te
= 54/ / (72| Vianp(e€ + 2, €%)|° + @*(e€ + 2, £%1)] ds(&)dt
o Jos

+&? /OTE /8B (Dt}/ch(a{“ + 2z, 625))2 ds(&)dt,

which implies (7)) by noticing that e* < 2. o

Lemma 2.4 For p € H"Y2((dD)r) and v € L*((dD)r), we have

Sop)2[¥] = €(S(om)r. (V) (2.8)
S(_aD [sp] = (S(_aB)TE[A])Va (2.9)
and
et . 2.1
H 8D)T Hl*l/z((aD)T),LQ((BD)T)) HS(BB)TE L(H1/2((9B)r,), L2((0B) 1)) (2.10)

Proof. Let x = e + 2, y = en+ 2z, t = e%t, 7 = £27. By direct calculations, we obtain

! 1 T — yl?

S(aD)T[¢]($, t) = /O /8D W exp <_L(t _yl)) W(y, 7) ds(y)dr
_ ! 1 & — n|? ) ~
. / /88 m o (_4(5— %)) blen+ 2, £7) el ds(n)dr

B RS

= eS(om)r, [VI(E, ),
which gives (Z8). Further, the identity ([29]) follows from the following derivation:

S0 [(S5y0, [D)1 = = (Spy, Sy, 18]) =20 = e

To show the estimate ([210), we derive that

1Sy [l 22D r)

H 8D)T L(H1/2((8D) 1), L2((dD)r)) . ogég;eHls,P/E)((aD)T) ||</7||H111/2((8D)T)

. wp 62“(82(_31{))T[90])/\||L2((€)B)TE)
0#pcHL1/2((dD) 1) € ||90||H1v1/2((83)T€)

B 1S5k, [BD) 203y

B 0#@6H1?3£)((83)T5) ||¢||H111/2((aB)TE)

- e IS Gy, [Pl L2 (om)r,)

B Ogég”zeHlsll}?((c?B) 2) 61l 1172 (081,

e H OB)rell2 (1072 (@B)r), L2(0B)r)) |

Thus, the proof is complete.
Finally, we need the following result ﬂ, |E]

Lemma 2.5 The single-layer potential operator Sipp),. : L*((0B)r.) — HY'Y2((0B)7,) is invertible, and
its inverse can be bounded by a constant independent of T and e.



3 Proof of Theorem [1.2: the single cavity case

In this section, we show the asymptotic analysis of the solution to (LI as ¢ — 0 for the single cavity case,

ie. D =¢eB+ 2z We recall that f in (ILI)) is a heat point source, namely, f(x,t) = ®(z, t; 2*

z* € R\ D. Express the solution of (1)) as a single-layer heat potential

ulz, t) = /Ot /BD Bz, t;y, 7)oy, 7) ds(y)dr, (z, 1) € (R®\ D)r.
In terms of the boundary condition in (ILTI), the density function o should satisfy
Sy, lol(z, t) = ®(x, t; 2%, 0), (x,t) € (0D)r.
Since Sop), : L*((0D)7) — H'/2((dD)r) is invertible, it follows that
oz, t) = S(alD @ ol(x, t), (2, t) € (OD)r.

By Lemma 2.8 and (210]), we derive that

HUHL2 (D)) = H aD)T £(H1/2((9D)r), L2(9D) 7)) ”q)(z*,O)“Hlvl/?((aD)T)
-1
= H (oD)r. L(HYY/2((9B)1.), L*((9B)12)) 19620 l1172(@0)2)
< e Yop|r <.

This also leads to

t
/0 /8 oty 7 asto)dr < W saany - lollaany S

, 0) with

(3.1)

(3.3)

(3.4)

In our argument, we also need to estimate d;o. Since ®(x, ¢; z*, 0) is infinitely smooth with respect to
(x, t) € (OD)r and goes to zero identically as ¢ — 0, we derive from Lemma [Z2] that o(-, 0) = 0 identically.

Then, by taking the derivative of (3I) with respect to ¢ and using integration by parts, we get

t
drula, 1) = / B(z, t; y, ) oly, 7) ds(y)dr
0 oD

_ / 0,9 (x, t; y, 7) oy, 7) ds(y)dr
0 oD

- / / Bz, t; y, 7) By0y, ) ds(y)dr,  (x, 1) € (RS \ D)r
0 oD

Again, we obtain from the boundary condition in (II]) that

t
/ / O(z, t; y, 7) Oro(y, 7)ds(y)dr = 0, @(z, t; 2%, 0), (x,t) € (0D)r.
o Jop
By the same derivations as for (B.3]) and ([B.4]), we have

0t |lL2(apyry < C

t
/ / 10,0y, )| ds(y)dr < e.
0 oD

and then

(3.7)

We now show the asymptotic expansion of the solution to (II]) as € — 0, based on the integral represen-
tation ([B.I). First, we observe that, for any fixed (z, t) € (R®\ D)r, the function ®(z, t; y, 7) is sufficiently

smooth with respect to (y, 7) € 9D x (0, t). It follows from Taylor’s expansion that

|(z, t;y, 7) — D(x, t; 2, T)| S e



for z€ D,y € 0D, x € R®\ D. Then we obtain

L//[M%t%ﬂ—®@ﬂmmﬂd%ﬂ®@ﬂ7§&
0 oD

and hence
t
ulz, ) = / / B(z, t; 2, 7) oly, 7) ds(y)dr

0 oD
t

[ @t )~ Bt 2 7)oty 7 dst)dr
0 oD

t

_/O@(x, t: 2, 7) (/aDa(y, T)ds(y)) dr + 0(?), (z,t) € (R*\ D). (3.8)

To derive the asymptotic expansion for the integral fa D o(y, t)ds(y), we rewrite the single-layer heat
potential 1] as

[ [ atw b v r)0 naswyar

LT [ I

for x € R3\ D and t € (0, T|. Therefore, we can view the single-layer heat potential [B.]) as a single-layer
harmonic potential with the density

! x — x —y|?
olz, y, t) := /0 W_zﬂm exp (_Jl(t _yl)) o(y, 7)dr, xze€R?® yecaD,te(0,T]. (3.10)

By Lemma[2:2] the density o(x, t) in [B.2)) is continuous on (9D)r, since ®(z, ¢; z*, 0) is sufficiently smooth
with respect to (z, t) € (0D)r. Based on this property, the continuity of the density function ¢ is proved as
follows.

Lemma 3.1 Ifo(y, t) is continuous on D x (0, T), the function ¢(z, y, t) is continuous on R3x 9D x (0, T

with
lim o(z, y, 1) = o(y, ) (3.11)
for ally € OD and t € (0, T.
Proof. Let
2/t -1
The direct calculations give
+oo 2
_ 2 |z —yl
oz, y, 1) = /H‘ —= exp (4% U<y, t— 5 > dé

10



=1+ I+ Is. (312)

Clearly, we have
lim I (z, y,t) =0 (3.13)

T—yY

uniformly on 9D and on compact subintervals of (0, T']. And also, we can easily see that

: 2 [T
911—% Is(z, y, t) = o(y, t)\/_E/o exp (—6°) d6 = o(y, t) (3.14)

uniformly on 0D x (0, T7.
Let us consider Iy(z, y, t). Since o(y, s) is continuous on 9D x (0, T], for any € > 0 there exists a positive
constant dy such that |o(y, t1) — o(y, t2)| < € for all t; and to with [t; — t2] < §p. Then, for all |z — y| < 4
and all 0 > /|z — y|, we have
lz—yl* _ [z -yl
462 — 4

z —yl2
U(y,t—| 45(3' )—U(y, t)}ge.

<607

and hence

Consequently, we obtain
2 [t
|Iz(x, y, t)| < e—/ exp (—62) dé <,
S e

which implies that

lim Iy(z, y, t) = 0. (3.15)
T—Y
Combining (B13), (B14) and BI5) yields BII]). The proof is complete. O

Furthermore, we can estimate |o(y, t) — ¢(x, y, t)| for x, y € 0D and t € (0, T|. This property is crucial
in the next steps.

Lemma 3.2 Let o(y, t) be the solution to B2). Then we have
oz, y, t) = oy, t) = O (lz =yl 10 (y, )llz2(0,0)) (3.16)
for x, y such that |x —y| < 1 and t € (0, T| uniformly with respect to D.

Proof. We start from the formula

o0 2
_ 2 2 lz —yl
<P('I7 Y, t) - /;\[y \/E eXp( 6 )U (y’ 3 452 d67

which we rewrite as

( t)/mi (—8%) P et [ S| I S t)/mi (—6%)ds
e, Yy, t) = z}y‘\/Eexp oy, 152 o(y, o(y, uﬁeXp .

2Vt

Thus, we obtain

w@whﬂ—a@ﬁ)=/+mji@mFﬁ)P(%t—u_yP)—d%ﬂ]@

Ll VT 0
\I\*/y\ 2
—o(y, t L2 exp(—62) dé.
@)A = exp(=5)

As o(y, 0) =0, then o(y, t) = fot 0o (y, s)ds and by Cauchy-Schwartz inequality, we derive the estimate

oy, 1) = O (2 lou(y. llzz0.1)) -

11



Similarly, we have

o lz—ul?

|z — yl? 4
o (y, t— 152 —o(y, t) = /t Oro(y, s)ds.

2
As § > lz\f/%', then t — |x;57§| > 0, and hence

z—y|?

_ofla=yP
ooy, s)ds =0 152 10ca(y, Mr2(0,4) ) -
t

This means

+oo ex _52
<P(x7 ya t) - U(y; t) - O (/ty %d(s ||8ta(y, ')HLQ(O,t) |$ — y|2>

27T
L0 ( / exp(—62) d5 |00y, (0.0 tl/?) .
0

However, we have

|z —y|
vt |x—y|> /+°° exp(—4§?) < t )
—6%)ds =0 , ———dé=0(—|.
/0 ) ( Vi le—yl 02 |yl

Hence, we deduce

oz, y, t) = oy, t) = O (lz = yl 18 (y, )ll2(0,0)) -
The proof is complete. O

We are in a position to show the asymptotic expansion of the solution to (L] for the single cavity case.

Theorem 3.3 For x € R*\ D and t € (0, T], the solution u(x, t) to (L) has the following asymptotic
expansion:

t t
u(z, t) = Cy /0 O(x, t; 2, 7)P(2, 75 2%, 0)dT + 0(52)/0 ®(z, t; 2, 7)dr + O(e?), €—0 (3.17)

with the constant Cy defined by

Co = /@ Sabllwds(w).

where Sa_j:l) is the inverse of the single-layer potential operator Sgp corresponding to the Laplace equation,
namely,

1

e r—— o(y) ds(y).

Saliel(e) i= [

o

Proof. From [32) and [33]), we obtain that
1 1

—o(y, t)ds(y) = ®(x, t; 2%, 0 —|—/ — |o(y, t) — p(x, y, t)] ds(y 3.18

| ot dste) = o )+ | ) —ele ) dsty) (319

for (x, t) € (0D)r. Note that
D(x, t; 2%, 0) = D(z2, t; 2%, 0) + O(e)

and, by Lemma [3.2] we have

/8 _ lo(y, t) — p(x, y, t)] ds(y) = O (52)

p 4|z —y|

12



hold for x € 9D and t € (0, T]. Let o, be the unique solution of

1 *
/BD mUz(ya t)ds(y) = @(z, t; 27, 0). (3.19)

Then we have

/ _ [o(y, t) — 0.(y, t)] ds(y) = O(e) + O (¢*) = O(e), uniformly for = € D. (3.20)
op 4mlz —y|

We recall that Spp from H~1(0D) to L?(9D) is an isomorphism and ||S;p|l(z20p),m-1(0p)) = O(e™1).
This implies that

lo—o:llu-10p) = Hsa_Ll)HL(LZ(BD)-,H*I(aD)) O(e*) = Oe), (3.21)
and then
/ oy, ) ds(y) = / 0. (y, 1) ds(y) + O(2). (3.22)
oD oD

From (319, we know that
o:(z, t) = Sppl1](2) (2, t; 2, 0),

and therefore
[ oxlu. 0ds(e) = Covie. 1527, 0), (3.23)
oD

That is,
/ o(y, t)ds(y) = Co ®(z, t; 2*, 0) + O(e?). (3.24)
oD

Then, by inserting it into @), we have, for z € R*\ D and t € (0, T, that
t t
u(z, t) = Cy / O(x, t; 2, 7) P(2, 75 2%, 0)dT + 0(52)/ ®(z, t; z, 7)dr + O(?). (3.25)
0 0
The proof is now complete. O
Remark 3.4 Observe that when the source of the heat z* and the location of the receiver x are away from
the cavity D then fort ~ €, the dominating term Cy fg O(z, t; 2, 7) P(2, 7; 2%, 0) dr behaves as €2 and hence

it is lost in the error term. But this is not a surprise. However, when z* or/and x are close to the cavity D,
then the first term stays a dominating term even for very short time t, i.e. t ~ €.

4 Proof of Theorem [1.2: the multiple cavities case

In this section, we show the asymptotic analysis of the solution to (ILI]) as ¢ — 0 for the multiple cavities
case. We recall that D; := €B; + z; to be small cavities characterized by the parameter ¢ > 0 and the
locations z; € R3,j=1,2 ---, M.

4.1 Integral representation of the solution

We express the solution to (ILI]) as a single-layer heat potential

M
u\x = i N T)O; T S T X 3 D .
(. 1) Z/ /aDj‘I’”’y’ Yoi(y, 7)ds(y)dr, (z, 1) € (R3\ D)r, (4.1)

13



where 05, j =1, 2, ---, M are density functions to be determined. In terms of the boundary condition, the
density functions should satisfy

M
> Sopy)eloil(z, t) = B(x, t; 2%, 0), (x,t) € (9D)r. (4.2)

j=1

Define the operator S;; by
t
Siiloy|(. ) = / / Bz, t: g, 7)oy, ) ds(y)dr, (z, 1) € (OD))r- (4.3)
aD;

Then ([@2) can be rewritten as

Siiloi] + ZSji[Uj] =®(z, t; 2%, 0), (z,t)€(@Di)r, i=1,2---, M (4.4)
i
or
oi +S;t Zsﬂ o;] =S8t [-.0)], (x,t)€(@Di)p, i=1,2,--, M. (4.5)
J#Z

The unique solvability of the system (@4, or [@3]), can be justified using standard Fredholm alternative.
Indeed, the operators Sy; : L2((0D;)r) — H“'/?((0D;)r) are invertible, while Sj;,j # 4, are compact ones.
To show uniqueness of the solution of problem (@4]), we use uniqueness of the problem (II]) and the jump
relations of the adjoint of the double layer operator. We omit the details here.

The next step is to derive a priori estimates of the densities o;’s.

4.2 A priori estimate of the densities oj’s

We start with the following singularity properties related to the heat fundamental solution.

Lemma 4.1 For z # vy and |z —y| — 0, we have

T T 1/2
(/0 /0 |®(z, t; y, 7)|? dei) =O(|lz —y|™?), (4.6)

1/2

T T
(/ / |azi¢<x,t;y,r>|2dfdt> —O(r -y, i=1,23 (4.7)
0 0
1/2
(/ / DM 20 xt;y,7)|2d7dt> — Ol — y ). (4.8)

Proof. Let ( = |x — y| and § = By direct calculations, we have

2\/7

o : T o —yf?
P(x, t; drdt = _ — drdt
[ [ e nper //m_Tgexp( y ) ar

2

4 2 2 2
S / [%exm S o5 a (1.9)

g

14



Since

T 2 2 17T T ~2 2 2 2 2
¢ ¢ ¢ ¢ ¢ e ¢
—=—)dt= |t —= — - —=)dt=T —— —=)dt, (4.10
| el =t 5|~ [ e =Texn(- ) - [ Sew(-5par w10
we obtain from (£.9) that
T T —4 2 —4
T¢ ¢ T¢
P(x, t; > dtdr = —=)~ 0. 4.11
| [ sy n)R v = T expl—gz) ~ T asc (a.11)
This completes the proof of (£0]).
Next, let us prove ([@1). The direct calculations give
T T 2 2
0., B(x, t; y, 7)|* drdt < |x_y| | R
/0 /0 102, (2, &5 y, 7)|dr _/ / [Ar(t — 7)] P 2t —7) g
— 2
= 27r5/ dt/L exp(—26°) do. (4.12)
2i
By repeatedly using integration by parts, we have
+oo 6 2 4 2 2 2 2
57 exp(—20%) ds = = S S & exp(—- S _s 4.13
< exp(—207) db = 5o exp(—57) + 5775 exp( 2t)+ 16 |37 P(=5p) Texp(=55) | (4.13)
It follows that
T “+o0
/ dt/ 8" exp(—262)ds = O(1), ¢ — 0. (4.14)
0 Jsz
Then the estimate ([@1) comes from [@I2)) and {@I4).
Finally, let us show ([@J]). Due to the estimate
1 1 |z —yl?
Do (x, t; < = 4.15
DI 0o, b5 1§ s e b (e S (4.15)

with a positive constant cq; see , Lemma A.1], we get

T T T 4t 2
1 1 —
/ / |D2/2<I)(3:, t; v, 7')|2d7'dt < / / T3 T3 &XP <—2COL vl > drdt
o Jo o Jo t=7) [z —y| t—r
T “+o0
= 25§76/ dt/ 53 exp(—8¢pd?) d§
= 0(¢™). (4.16)
The proof is now complete. O

Lemma 4.2 For xz # vy and |z — y| — 0, we have

¢ 1/2
(/O Vo (x, t; y, 7)|? dT> =0(|z —y|™®), te(0,T). (4.17)

Proof. Let ( = |z —y| and 6 = 2\/%—7 We have

t t 2 2 - +oo
/0 IVo®(x, t; y, 7)|° dr < /0 [47T(t<7—7')]5 exp <_2(t<— T)> dr = g? . 57 exp(—26?) dé, (4.18)

2Vt

15



which gives ([{IT) by using [@I3]). The proof is complete.

To proceed, we recall the single-layer operator Spp,:

Sop, o] (x, t) ;:/

and write

where

2 Y ? . 0 2\/—(t—7')3/2

In addition, we define

and write

with

Sii

1
— oy, t)ds(y), (z,t)€ (0D;)r,
T D), (1) € 0Dy
[0:] = Sap,[0i] + Sop,[pi — i,

4t —7)

6(0)= [ o0y 1) dsto).

t
Sji[Uj](:E, t) :/ ‘I)(Zi, t; Zj, 7') qJ'(T) dr +Aj1' + Bji
0

Aj; :/ [D(z, t; zj, T) — P(24, t; 2z, T)] q;(T) dT,

Ix—y|2 ) 3 )
- oi(y, T)dr, zeR’ yedD; te(0,T]

gz = / / {E ty, T ) (I)(I, t; 24y T)] Uj(yv T) dS(y)dT
oD;

Hence, (£4) becomes

S@Dl O'l = Z/ Zza t Zj, T )q]( )dT+(I)(Z* 0) — SaDl

J#l 7’51
To deduce the estimate of 0;’s, we decompose Aj; as
— AW 2
A=Ay + A5
with .
Aﬁ) = / (x —zi) - Vo ®(z, t; 25, 7) g (T)dT
0
and
Agf) = Z / Ty — Zig) (X1 — 2ip) 0, 02, R (25, t; 25, T) g (1) dT, 2] = 2 +60(x — 2;), 0 < 6 < 1.
kl 1
Then we decompose o; as 0; = ogl) + 01(2) + 053), where 01{1)7 01(2) and 01(3) are defined by

Sap,lo Z Aﬂ ;

J#l

SaDi [01(2)] = _SaDi [(Pi -

16
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and

Sop,lo Z/ (23 t; 25, ) @5 (T) dT + @ ) — Z(A(2) Bji), (4.26)
J?él j;é’L

respectively.

First, we estimate Ufl) by

M ¢
1 _
oD |20, < > 1Som e = zilll L2 (op,) /O IV ®(2i, t; 25, 7)|g; (1) dT
i—1
=
M /2
§ </ IVa®(2i, t; 25, T | d7'> (/ lg; (T | dT)
7j=1
J#l
S Zﬁ d;;* lojll 2 (op;) (4.27)
J#Z

2

Second, let us estimate o; ). To this end, we need the following result:

Lemma 4.3 Let o;(y, t),i=1,2, -+, M be the solution to [E2). Then we have

ei(z, y, t Zan )z =yl oi(y, t) + Z <Z Brmn(t) |z — yl’”) 9oy, t) (4.28)

for x, y such that |z —y| < 1 and t € (0, T| uniformly with respect to D;, where o, (t) and By n(t) are smooth
n (0, T.

Proof. Recall that
“+o0 9 2
o= ) = [ 2 o0 [o (0= ) - )] a9

le—yl /T
2Vt
[z—y|
—o;(y, t)/ 2 exp(—02) do. (4.29)
0 ™
Note that
\z\f/g\ 9 +oo n
—— exp(—6?)ds = an ( ) an(t) |z —y|™. 4.30
L pemtma=3 Z )z~ (4.30)

In addition, for fixed y, we have

|z — y|? o z—y\"
0; (yut_ 452 — 0y y7 Za 0; y7 - 452 )

and then

+oo 2
2 o= o eyl
/ﬁﬂ NG exp(—d~) [Uz (y, t 152 oi(y, t)| do

— oo ex 2
= Xl By |, e db
“+o0
=2 <Z Brmn(t) |2 = yl’”) 0 ai(y, t). (4.31)
n=1
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The proof is completed by inserting ([@.30) and ({31)) into [@.29)). O
In view of Lemma [.3] let us consider the following two equations:

SaDi [07(12)] = SaDi[l‘T - y|n Ui(yv t)]? (432)
SC?Di [01(7%,)71] = SaDi[lx - y|m agloi(ya t)] (433)

By scaling on the space variable, we get from ([£32) that

€ SsB, [67(12)] =t SoB, [|§ - 77|2 51‘(777 t)],
where z =¢&, y =€, & (n, t) = ol (em, t) and G;(n, t) = oy(en, t). Then we have

1620 L208,) S ™15 22081

and also
lePlz2opy) < €™lloillz2om,)- (4.34)
Similarly, we obtain from (33) that
lehlz2 o0, < €107 oillL2(op,)- (4.35)
Hence, we have
@) 'S
lov I 2opny < Y™ lloillz2@p,) + 107 0illL200,)]
n=1
—+oo
= O(elloill2op,) + Y €™ 107 0ill L2 (oD,)- (4.36)
n=1

Finally, let us estimate afg). Using the estimate of the gradient of the heat kernel; see ([2.2)), we see that
if 2* is away from UM D;, then
@+, 0) Il (2p;) = O(e). (4.37)

To proceed, we show the following estimates:

Lemma 4.4 Forte (0,T) andi,j=1,2,---, M with i # j, we have
1 _ _
A5 0y S (€%d5° + €450 llos 1 2o,y (4.38)
2 _ _
1A I opy S (€55 +%d5°) o3l om,ym)s (4.39)
HBji”%ﬂ(c?Di) S (Eﬁdj_iG + Eﬁdj_i8) |‘Uj|‘%2((8Dj)T)' (4.40)

Proof. We only prove the estimate ([@38]), since the others can be shown in the same way. By direct
calculations and Lemma (.2, we obtain

2
/ ‘Ag) ds(z) :/
3l

t
losomn | (/ |x—zz—|2|vzq><zz-,t;zj,r>|2df) ds(x)ds(y)
op; Jop; \Jo

;00132 om,) )

2
ds(x)

¢
/ (x —2) - Va®(z, t; 25, T) q; (1) dT
0

A

A

and

2 t
/ ‘VtanAgé) ds(z) < / (/ [Vo®(zi, t; 25, T) qj (T)|2 dT) ds(z)

18



t
Slostisonon [ [ ([ 192001525 2ar ) dstoast
op; Jop; \Jo
< e'd; 0ol 72 om0
So, the estimate ([@38) is justified. a

Note that the term >, fg (2, t; 25, 7) q; (1) dr is independent of the space variable, hence its H!(9D;)-
norm reduces to its L?(0D;)-norm. Then

[ [ 0t @] o) < 2o [ 106 n 5 o
oD; 0 0
S 4t gl7e S e'dtllojl Rz op,)e)-
Then, by ([24), we get
M M
1So, [0l 211 0, < > e%d; ol L2 opy)r) + OE) + Y O (2 dj* llojll L2on,)r)) -
7 7

Using the property ||S’8_[1,i | 2caropy), L2(oDs)) = O(e ') and integrating over ¢, we deduce that

M M
3 — _
1o Nl 22op0yry £ D ediloillzon)r + O) + 3 0 (2 d5* lojll2 (om,)r)) - (4.41)
— —
i i
Combing (L27), ([A36) and A1), we have
M M
loill 2 opney S Y ed;2lojlleon,)e) + OM) + > O (2 d;* lojllLon,)r))
=1 =1
i i
+oo
+O0(elloill2(aps)) + Z e |0{oillL2apy)- (4.42)
n=1

To estimate ||07'0;||L2((aD,)r), We perform the time derivative for ([@4)), and use integration by parts for
the first term and the fact that o;(-, 0) = 0. Then we get

M
Siilowoi] + > 04 (Sjiloj]) = i®(x, t; 2%, 0), (. t) € (ODy)r, (4.43)
=1
2
or equivalently,
M
Do = S5 |0h(x, 5 2%, 0) = Y Oy (Sji[aj])‘|a (z, t) € (0Di)1. (4.44)
j=1
J#i
Since we have
HSii H‘C’(Hl’1/2((8Di)T)7L2((8Di)T)) Se, (4.45)

it suffices to estimate

Ha@(x, 2% 0) - iat (Sjiles) HHl*l/z((aDi)T)-

],: .
J#i
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First, it can be easily seen that

Second, let us define ), := 9,(S;i) and estimate ||S]

0,0, t; *,OH <e. 4.46
1@ (z, t; 2%, 0) HL/2((0D:) ) ~ € ( )
HL L2(9D;)r), HV/2((0D1) 1)) for ¢ # j. Note that

H H£ L2((0Dj)r), H1’1/2(((9Di)T))

H ji[‘p]HHl,W((aDi)T)

= sup

0£¢€L2((0D;)7) ||%0||L2<<6D]->T>
VianS! HD1/2S’ ‘
< sup 5116l op0y) * V1050 2oy * 7] L2(@DIr) (4 47
T 0£0€L2((9D;)1) lellz2(op,)r)
We deduce that
2
156112 o / /aD / 0Bz, t; y, 7) oy, ) ds(y)dr| ds(z)dt

T t
< NelBe(omyym) / | /8 ) ( / / 0 (r, 15, T>|2drdt> ds(x)ds(y)

5 dz_]8 ||<p||L2 (0Dy) (448)
which implies that
2 -4
HSJ/-Z-[%D]HLQ((BD»T) Setdy; elleon;)r)- (4.49)
Analogously, we can also prove that
Hvtansg/‘i[sp] HLz((aDi)T) S g? di_j5 HQOHLQ((BDJ-)T) (4'50)
and
/2 2 -5
|25 . oy, 255" ellzzom, (451)
So we obtain from ([@47) that
2 -5
|‘SjiHE(L2((8Dj)T),H1’1/2((6Di)T)) Se di;”, (4.52)
which leads to the following estimate:
M
| Zat jilo HH eomyy S il on ) S sup 1120, (4.53)
1
= o
As a consequence, we have proved that
10:ill L2((oD1)7) S O(1) +ed™° sup lojll2(@p;)r)- (4.54)
By repeatedly using this argument, we have
10/ 03l 20Dy S O(L) +ed™ 272" Sl;P lojllz2(op,)r)- (4.55)
Inserting ([@55]) into [@A2)), we get
M M
loill2qopney S Y ed;tloslleon,)e) + OM) + Y O (2 d;* lojllLzon,)r))
— —
i i
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LOEloi 2 om) + OE) + O ( a7 sup |oj|L2<<aD].>T>) . (4.56)
J

Hence, we conclude that if & Zj di_j2 < 1, or equivalently, 1 — 28 — s/3 > 0, then
”UiHLQ((aDi)T) = O(l), ||at0i||L2((3Di)T) = O(l) as € < 1. (4.57)
We state this results in the following proposition:

Proposition 4.5 Under the following condition on the distribution of the small cavities

—2
€ 12%; d? <1 (4.58)
JFL

the solution of the system of integral equation (&) has the following estimates

H0i||L2((8D7;)T) = 0(1), Ha,gUiHLz((aDi)T) = O(l) as € < 1. (4.59)

4.3 Invertibility of the algebraic system

For j=1,2,---, M, we define
Cyi= [ b 1w dstw). (1.60)
oD,
We state the following system of integral equations
M
qi(t) + Z/ C; ®(z, t; zj, ) gi(T)dr = fi(t), i=1,2,---, M. (4.61)
j=1"0
i

This system is naturally linked to the proof of our main results in Section [£.4l Here, we show the invertibility
of the system (LG1]) and estimate Zf\il Hqi||%2(01T).

Theorem 4.6 If

.2
0123’&;"21 z| 72 < 1. (4.62)
JFL

with C' := maxi<;<um Cj, then the system (LGI)) is uniquely solvable. Moreover, we have the estimate

M 1/2 ou 1/2
<Z|Qi|%2> < 1—0122)&Z|2i—2j|72 {ZHL‘HQH(O,T)} - (4.63)
1=1 - j =1

J#i
Proof. Observe from (LG that

M- .T M M T Moo
;/0 qiu)dHZch/o /0<I>(z1-,t;zj-m)qj(r)qi(t)drdt—;/o fi(t) i (t) dt. (4.64)

i=1 j=1
J#i

Note that

1/2

T rt T t
[ [ et snamaoiaa < [ [0z a) ol ool
0 0 0 0

T ¢ 1/2
(/ / |<1><zz-,t;zm|2d7dt> oy a2 (465
0 0
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Using Lemma 1] we deduce from ([@.64]) that

12,y 1/2
Zl\qzl\m CZZI%—%I laillze < <Z|fz|m> <Z ||qz'||%2> - (4.66)
i=1

1=1 j=1
J#i

Then we have

M M M 12, 1/2
1—Cmax) |z — 2|72 | ) qu'liz§<§ |fi|iz> <§ ||qz'||%2> )
j=1 i=1 i=1 i=1

J#

and therefore

M M 1/2 M 1/2
L Oy o (zmiu%z) s(zmz) . o)
=1 i=1

j=1

J#i
Thus, the unique solvability of [@6I]) and the estimate (LG3) follow from the condition (£G2). The proof is
now complete. O

4.4 End of the proof of Theorem

In the sequel, we derive the asymptotic formula for the solution to (ILI)) in the case of multiple cavities. For
x € 0D; with i # j, we derive that

/Ot /BDj O(z, t;y, 7)oy, T)ds(y)dr
- /tfb(:c t; 25, T) </8D oy, T)ds(y)) dr

/ / O(a, g, 7) — B, ; 2, )] 05y, 7) ds(y)dr
oD,

_/0 B, t; 25, 7) </6D

J

= /Otrb(zi, t; 25, 7) (/an

J

oi(y, 7) dS(ZU)) dr + O(d;;* €*)llo; |l L2((op,)r)

oy, 7) dS(y)> dr
t

+/ [D(x, t; 25, T) — (24, t; 24, T)] (/aD oy, 7) ds(y)) dr + O(di_j352) lojllz2(op,)r)
0 i

t
= / D(zi, t; 25, T) </6 oy, 7) ds(y)) dr + O(d;j3 52) HO’jHLz((aD].)T), (4.68)
0 D,

since, by using Taylor’s expansion and ([£I17), we have

(I)(.I, t; Y, 7-) - (I)(Ia t; Zj T)] Uj(ya 7-) dS(y)dT

oD,

</ /8D]|V<I>:vtzj, ) |y — 2] ds(y) ) <//8D] “(y, T ds()d)

e?d;;° il 2@p;)r) (4.69)

1/2
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and

/ (B, 25, 7) — Bz, b 25, 7)] ( / 05w, r)ds<y>> dr
0 aD;

t 1/2 " 2 1/2
< < / Vo, zj,r>|2|x—zi|2dr> / (/ o5, T>ds<y>> dr
0 o \Job;
< & di_js lojllL2 (D)) (4.70)

where 27 = z; + 61 (y — zj),y € Dj, 0 < 01 <land zf =2 +02(x—2z), z € D;,0 < 0 < 1. Hence, the
boundary integral system (£2]) can be rewritten as

/ / (x, t;y, 7)oy, 7)ds(y dT-‘rZ/ (2, t; 24, T / oj(y, 7)ds(y) | dr
aD; oD;
J#Z

M
=z, 25,00+ 0 [ Y dPe* | +0(e), z€dD;,i=1,2,-, M (4.71)
=
Recall that

oi(a, y,w—/t&exp VRN Gy zeR? yeob, te (0, 1),
0 2v/7(t —7)3/2 4(t — 1)

Then, by Lemma [3.2] we have

//m z, t; y, 7) 0i(y, T) ds(y)dr

1
a /aD m ai(y, 1) ds(y) + /aDi e p— li(z, y, t) —oi(y, t)] ds(y)

1
= ——0i(y, t)ds(y) + O / OsoillL2 (o )
/8Di 47T|x—y|a(y )ds(y) ( oD 10:il[ L2 (0, 1)

1
_ /aD Ty 7 D) +0(), v e oD, e, 1) (4.72)

It follows from ([@.T1]) and (A 72) that

1
, t)ds(y) + / (ziy t; 25, T / oi(y, T)ds dr
L i Z ; (BDJ_ . 7) <y>>

J#l
M
= ®O(z;, t; 2%, 0)+ O dejg e? | +O0(e). (4.73)
=1
7

Hence, we deduce that

[ et ([ s i) Z [ oGt 5 ( [, o) ds<y>> dr
J#i

— Oz, £ 2%, 0) /6 b 1) dsto) + Er | 55 1) ds(o) (4.74)
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where

e?|Ine|

M
E;:=0 Zd;jg 2| +0()=0 ( e > +0(e) = 0 (2% | Ine|) + O(e).
=1
i

Then we have the following system:

M
i(t j _ .
q()—l—Z/ C; ®(z, t; 2, T) 4(7) dr = ®(z;, t; z*,0)+0(52 3ﬁ|1na|)—|—0(5), 1=1,2,---, M.
G o Cj

i
(4.75)

We are now in a position to state our main result of this section.

Theorem 4.7 For x € R*\ D and t € (0, T], the solution to (L1)) has the following asymptotic expansion:
M t
u(z, t) = Z Ci/ O(z, t; 2, 7) i (1) dr 4+ 037375 Ing|) + O(*™%) ase — 0 (4.76)
i=1 0
under the following condition on the distribution of the cavities

€ max Z di_j2 <1, (4.77)

or 1—=28—35 >0, where the constants C;’s are defined by [{EE0) and {ai(t)}i]\il is the unique solution of the
linear system

M ot

i(t) +Z/ C;®(zi, t; 25, ) oy (1) dr = ®(24, t; 25, 0), i=1,2,---, M. (4.78)
j=170
i

Proof. Define
w;i(t) == q;(t)/Ci — a;(t), i=1,2,---, M.

Then, by [@75) and [T78]), we have

M g
w; (t) + Z/ C; ®(z, t; zj, T)w;(1)dr = O (527% |nel) +O(e) :==Es, i=1,2,---, M. (4.79)
—1 /0
=
From Theorem .6l we obtain that

M M
Yo lwillie S Y IEilGe = By~ M(e*7% | Ine| +¢)?, (4.80)
i=1 i=1
Thus, we derive for z € R3\ D and t € (0, T that
M
u(z, t) = Z/ / O(z, t; y, 7) oi(y, 7)ds(y)dr
— Jo Job,
M
= Z/ / O(z, t; zi, 7) 03y, T) ds(y)dT
— Jo Jop,
Mt
+Z/ / [@(z, t;y, 7) — B(x, t; 2, 7)] 03(y, 7) ds(y)dr
— Jo Job,
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M M

_ Z/ Oz, t; 2, 7) qi(r) dr + 0(2) S [l0ill 200y
i=1 70 i=1
M t

- Zci/ B, ; 20, 7) as(7) dr + O(C(ME))?) + O(Me?)
i=1 0

M t
= Z Ci/ O(z, t; 2, 7) i (1) dT + O(e373P 75| Ine|) + O(*7%) for M ~ &%, d ~eP. (4.81)
i=1 0

This completes the proof. O

5 Proof of Theorem

Let © be a bounded domain containing the cavities Dj, j =1, 2, -+, M. We divide Q into [a~!] periodically
subdomains ;, j =1, 2, - -+, [a~!] such that ;s are disjoint and each ; contains one single cavity D; and
has a volume a. We also assume that the cavities D;, j = 1, 2, --- , M have the same shape. This means
that C; = Cj for i, j =1, 2, ---, M. Define

C = Cj = 6 a,

where C is the scaled value of Cj.

As Q can have an arbitrary shape, the set of the cubes intersecting 0f2 is not empty (unless if 2 has a
simple shape as a cube). Later in our analysis, we will need the estimate of the volume of this set. Since
each €); has volume of the order a, and then its maximum radius is of the order a%, then the intersecting
surfaces with 9 has an area of the order a3. As the area of 9 is of the order one, we conclude that the
number of such cubes will not exceed the order 3. Hence the volume of this set will not exceed the order
a3a= a%, asa— 0.

We consider the integral equation
t
v(x, t) +/ / CO(x, t; 2, T)v(z, 7)dzdr = ®(x, t; 2%, 0), (z,t) € Qp, 2* ¢ Q. (5.1)
o Ja
The unique solvability can be proved as follows.

Lemma 5.1 The integral equation (BJ) is uniquely solvable in L (7).

Proof. Due to the estimate (2]), the volume potential operator V defined by

Viel(x, t) = /0 /Qfl)(x, t; z, 7) (2, T) dzdr

has a weakly singular kernel and is bounded from L?(Qr) into L?(Q27). We note that the operator norm of
V goes to zero as T" — 0. Thus the inverse of / 4+ V can be written as the series Z;’;O(—V)j for small T'. The
result for large T follows by an iteration argument. m]

Define

v(z, t) in Qrp,

V(z, t) := tor_ _
O(z, t; 2%, 0) —/ / Co(x, t; z, T)v(z, T)dzdr in (R3\ Q)7.
0 Ja

Then we have the following result:
Lemma 5.2 v is the solution of [B.) if and only if V is a solution of (0; — A+ Cxq)V = §(x — 2*) 8(t) in
R3.
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Set
Wz, t) := ®(x, t; 2%, 0) — V(x, t).

Then we obtain that
(0y — A+ COx)W = Cxq®(z, t; 2*,0) inR3 x (0, T),
W(z, 0) =0 in R3, (5.3)
|W (z, t)| < Coexp(blx]?) as |z| — +o0.

As z* is outside €2, the right hand side of the first equation in (E3)) is smooth. Then the solution W is in
C ([0, T); HL(R?)); see N%] for instance. By Sobolev embedding, we deduce that W € C ([0, T']; LP(Q2)) for
any p < 3.

From (&), we see
t
lv(z, b 5/ [@(z, ; 2, T)||v(z, 7)| dzdT + |®(2, £; 27, 0)]
0o Jo

and hence

! ‘ 11
oo 05 ([ [ 196 650l dsar) lolloqo.myamay + O, with 342 =1,
0 JQ

By the singularity estimate (Z1I), we have

1 1
. qa <
|(I)($C7 t; z, 7')| ~ (t — T)#q |$L' _ Z|(3—2u)q

and this function is integrable in Q x (0, T) if ug < 1 and (3 — 2u)q < 3. As p < 3, then ¢ > % Choosing 1
smaller but near Z, then these two conditions on ¢ are satisfied. Hence v is in C ([0, T; L*°(€2)). In addition,
from (B0), we get
t
Og;v(x, t) = —/ C 0y, ®(x, t; 2, T)v(2, 7) dzdr + 0y, ®(z, t; 2%, 0), (x, 1) € Qp, 2* ¢ Q, (5.4)
0 Jo
and then
t
|0z, 0(x, t)] S (/ / |0z, @ (2, t; 2, T)|dzd7') [l o (0, 7); Lo () + |02, ®(, t; 27, 0)]. (5.5)
0o Jo
By the singularity estimate ([22]) with p > 1/2, we see
t
/ / |02, ®(x, t; 2, T)| dz = O(1).
0 Jo

This means that d,,v € C ([0, T]; L*°(£2)). So we obtain that v € C ([0, T]; W1>°(€2)).

We now rewrite the integral equation () at x = z; for 1 <1 < M as

tla”]
v(zy, t) —|—/ Z / C®(z, t; 2, T)v(2, T)dzdT = ®(21, t; 2%, 0) + A+ A, (5.6)
G
or
M t
v(z, t) + Zaa/ D(zy, t; zj, T) (25, T)dzdT = P(21, t; 2%, 0) + A+ A + By (5.7)
j=1 0
J#l
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with

t
A = —/ / ) C®(z, t; 2, T)v(z, T) dzdrT,
o Jayul, ;)
t

A = —/ C®(z, t; 2, T)v(z, T) dzdr,
0o Joy

[a™"] t M t

B = — Z 6/ / O(z1, t; 2, T)v(z, T) dzdT + Z Ca / O (21, t; 25, T)v(25, T)dT.
j=1 0 JQj j=1 0
il il

As v € L*>°(Qr), then by ([2I)), we have

t
A, N/ |® (2, t; 2, T)| dzdT = O (/ = Zl|2“_3 dz)
0 Jo o

for 0 < p < 1, and hence, by a scaling, we derive the estimate

A =0 (E%M) as e < 1. (5.8)
Let us estimate B;. As |[€;| = a, we have

[a”"] t
B =— Z 6/ / [@(z1, t; 2, T)v(z, T) — @21, t; 25, T)V(25, T)] dzdr.
j=1 0 JQy
il
We write the above integrand as
D(z, t; 2, T)v(z, T) — B(2, t; 25, T) (25, T)

= [®(z1, t; 2, T) — (21, t; 2, T)v(z, T) + (21, t; 25, T)[v(2, T) —v(25, T)].

Then we see

[a™']

t
B = o( 3 IV ®(z1, t; 25, 7] |2 — 25| + (20, & 25, T)] |2 — 2] dsz).
= o Joy
il

But

/ |D(21, t; 2z, T)| |2 — 2| dz = O ((t —7)7H |z — zj|_3+2”) / |z — z| dz
I j
= O ((t—7)7" |1 — 2| 7*+) a’
with 0 < p < 1, and similarly
/Q IV.@(z, t; 25, T)| |2 — 2| dz = O ((t —7)7 7 |z — zj|74+2") as
j

with 0 < v < 1. Hence, choosing =~ € [1/2, 1), we get

ol
~—
I
.
/N
IS

ol
——
—~
ot
=)
S~—

[a"]

B = O( Z |21 — zj|74+27) ai =0 (diga
=1
J#l

To estimate the term A, following E, @], we distinguish between the following two cases:
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(a) The point z,, is away from the boundary 92 and so ®(z,,, t; z, 7) is bounded in z near the boundary.

b) The point z,, is located near one of the ;’s touching the boundary 92. In this case, we split the
J g y

estimate into two parts. By IV,,, we denote the part that involves 2;’s close to z,,, and we denote the

remaining part by F,,,. The integral over F,, can be estimated in a manner similar to the case (a)

discussed above. Also note that F,,, C Q\ UB‘;I]QJ- and so Vol (F,,) is of the order a% as a — 0.

To estimate the integral over [V,,, we observe that owing to the fact a is small, the €2;’s close to z,, are

located near a small region of the boundary 0f). Since we assume that the boundary is smooth enough,

this region can be assumed to be flat. We now divide this layer into concentric layers as in the estimate

of By. In this case, we have at most (2n + 1)? cubes intersecting the surface, for n = 0, ..., [a~3]. So

the number of cavities in the n'" layer (n # 0) will be at most [(2n +1)? — (2n — 1)?] and their distance
a

from €2, is at least n (a% — 5).

Similar as in Lemma 2] we have fot ®(x, t; z, 7)dr = O(]z — 2|71). Therefore we can write

|Al = C®(2m, t; 2, T)v(z, T) dzdT
Q\( u[“
C®(zm, t; 2, T)v(2, T) dzdr| + C®(zm, t; 2, T)v(2, T) dzdT
< Z C ol VL) 7 + T 10, £ ) (cnro) Polliecor) VoL ()
=1
3]
~ 1

- 1 1
_O(a i CaB)

=1

la” %)

and hence
A =0 (a%) . (5.10)
Gathering the estimates (5.8), (5.9) and (5I0), taking 1 = 1/2, we have

2 2 2y _ 2 %ﬂ _ -1 '
D (AP + AP+ |BP) 0 (Ma? + Ma¥ ) =0 (a73)

Using the invertibility property and the estimate (£G3) for the algebraic system (E61]), we deduce the
following estimate:

Z”% —v(zj, 320,y = O(a™3) asa— 0. (5.11)
Let x be away from QU {z*} Then we recall that
¢
Wiz, t) :=®(z, t; 2%, 0) — V(z, t) = / / C®(x, t; 2, 7)v(2, T) dzdr,

and rewrite it as

[a™] t
= Z |Qj|/ C®(z, t; 25, T)v(zj, T)dT +C
j=1 0
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with
') e
C= Z / / C[®(z, t; z, T)v(z, T) — |Q| ©(z, t; 2, T)v(2;, T)] dzdrT.

Following the similar steps as for estimating B;, and as the integrands are smooth here, it can be proved that
C = o(e?) as € — 0. Then we have

Wl

a1 )
Z Q|/ O(z, t; zj, 7)o (T)dT + D+ 0(e3)
=1 0

with

—1

Z 192 |/ (z, t; 25, 7) [a; (1) — v(zj, T)] dT.

The term D can be estimated as

[a™"]

D= o Z|ﬂ|/ Bz, t: 2, )l loy(r) — v(z, 7)] dr

~0 az /|<I>w b2y, 1) r) /|aj oz, 7P dT)l/Q),

and then

Hence, we conclude that
Wiz, t) =u(z, t) + O (a%) asa — 0. (5.12)
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