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SUPERCONVERGENCE OF LOCAL DISCONTINUOUS
GALERKIN METHODS FOR ONE-DIMENSIONAL
LINEAR PARABOLIC EQUATIONS

WAIXIANG CAO AND ZHIMIN ZHANG

ABSTRACT. In this paper, we study superconvergence properties of the local
discontinuous Galerkin method for one-dimensional linear parabolic equations
when alternating fluxes are used. We prove, for any polynomial degree k, that
the numerical fluxes converge at a rate of 2k + 1 (or 2k + 1/2) for all mesh
nodes and the domain average under some suitable initial discretization. We
further prove a k+ 1th superconvergence rate for the derivative approximation
and a K + 2th superconvergence rate for the function value approximation at
the Radau points. Numerical experiments demonstrate that in most cases, our
error estimates are optimal, i.e., the error bounds are sharp.

1. INTRODUCTION

The superconvergence behavior of discontinuous Galerkin (DG) and local discon-
tinuous Galerkin (LDG) [10] methods has been studied for some years. Some early
results can be found in Thomée’s 1997 book [13]. Later, in [I], Adjerid et al. showed
a k + 2th superconvergence rate of the DG solution at the downwind-biased Radau
points for some ordinary differential equations; in [6], Celiker and Cockburn studied
superconvergence of the numerical traces for DG and hybridizable DG methods in
solving some steady state problems. Recently, Yang and Shu investigated super-
convergence phenomenon of the DG method for hyperbolic conservation laws [15]
and linear parabolic equations [I6] in the one-dimensional setting. Superconver-
gence properties of DG and LDG methods for hyperbolic and parabolic problems
based on Fourier approach were studied in [12]. We also refer to [2[3L[89,T4.17] for
an incomplete list of references. Very recently, in [5], we studied superconvergence
properties of a DG method for linear hyperbolic equations when upwind fluxes were
used. We proved a 2k + 1th superconvergence rate of the DG approximation at the
downwind points (on average) as well as the domain average under suitable initial
discretization.

The current work is the second in a series to study superconvergence phenomena
of the DG method in solving partial differential equations where parabolic equa-
tions are under concern. Our main result is a rigorous mathematical proof of the
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2k + 1th (or 2k 4 1/2th) superconvergence rate for the domain average and nu-
merical fluxes at mesh nodes. To the best of our knowledge, the best rate proved
so far in the literature is k 4+ 2 [I6]. As a by-product, we also prove a pointwise
k + 2th superconvergence rate for the function value approximation and k + 1th
superconvergence rate for the derivative approximation at the Radau (left or right)
points. By doing so, we paint a full picture for superconvergence properties of the
LDG method for linear parabolic equations in one space dimension.

In order to establish the 2k 4 1th superconvergence rate, some new analysis
tools are needed. At the core of our analysis here is the construction of a correc-
tion function. The correction function idea has been successfully applied to finite
element methods (FEM) and finite volume methods (FVM) for elliptic equations
(see, e.g. [l[7]), and more recently, to the DG method for hyperbolic equations
[5]. However, the construction for parabolic equations is very different from steady
state problems using finite element [7] or finite volume methods [4] due to the time
dependent effects. Moreover, it is also quite different from the DG method for hy-
perbolic equations [5] due to the interplay between two correction functions. The
main difficulty for parabolic equations lies in that correction functions for both
variables (the exact solution u and an auxiliary variable ¢ = u,) have to be con-
structed simultaneously. To be more precise, we shall correct the error between the
LDG solution and the Gauss-Radau projection of the exact solution (P, u, P}j' q)
or (P;r u, P,"q), depending on the choice of numerical fluxes. The construction not
only is more complicated than that of hyperbolic equations, but also requires a
novel idea to match the two variables.

With help of the correction functions, we prove that the LDG solution (uy, gn)
is super-close with order 2k + 1 to our specially constructed interpolation function
(ur,qr) (defined in Section 3). It is this super-closeness that leads to the 2k + 1th
superconvergence rate for the numerical fluxes at all nodes (on average) and for the
domain average.

To end this introduction, we would like to point out that all superconvergent
results here are valid for one-dimensional linear systems, and the proof is along the
same line without any difficulty. Our analysis also leads to some interesting new
numerical discoveries, which will be reported in the last section.

The rest of the paper is organized as follows. In Section 2, we present the
LDG scheme for linear parabolic equations. Section 3 is the most technical part,
where we construct some special functions to correct the error between the LDG
solution and the Gauss-Radau projection of the exact solution. Section 4 is the main
body of the paper, where superconvergence results are proved with suitable initial
discretization. In Section 5, we provide some numerical examples to support our
theoretical findings. Finally, some possible future works and concluding remarks
are presented in Section 6.

Throughout this paper, we adopt standard notation for Sobolev spaces such as

Wm™P(D) on sub-domain D C Q equipped with the norm || - ||, p,p and semi-norm
| “ |m.p,p. When D = Q, we omit the index D, and if p = 2, we set WP (D) =
H™(D), | > = ||+ I+ a1 | - [mp.0 = | - lm.- NotationA B implies

that A can be bounded by B multiplied by a constant independent of the mesh size
h and the exact solution u. “A ~ B” stands for “A B” and “B A”.
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2. LDG SCHEMES

We consider local discontinuous Galerkin (LDG) methods for the following one-
dimensional linear parabolic equation

Ut = Ugy, (-ﬁ,t) € [0727‘-} X (O’T]’

(2.1) u(z,0) = up(x), =z €R,

where ug is sufficiently smooth. We will consider both the periodic boundary condi-
tion u(0,t) = u(2m,t) and the mixed boundary condition w(0,t) = go(¢), u. (27, t) =
g1(t) or ug(0,t) = go(t),u(2m,t) = g1 ().

Let @ = [0,27] and 0 = 23 <3 <... <ay; i =27 be N +1 distinct points
on the interval Q. For any positive integer r, we define Z,, = {1,...,r} and denote
by

= (% 1,%541), T = i(xj7% +5,1), JEZN
the cells and cell centers, respectively. Let h; = Tip1— Ty, hj = h;/2 and

h = max h;. We assume that the mesh is quasi-uniform, i.e., there exists a constant

J
c such that h < chj, j € Zy. Define the finite element space
Vh = {’U : ’UlTj S Pk(Tj), j (S ZN},

where P denotes the space of polynomials of degree at most k£ with coeflicients as
functions of ¢.

To construct the LDG scheme, we introduce an auxiliary variable ¢ = u,, then
1) can be rewritten as a first order linear system

(22) Ut = g, q = Ug.
The LDG scheme for (21)) reads as: Find up, qn € V}, such that for any v, w € V4,
23 (unt, v)j = —(@n,va)j +dnv ™ |jpz — o™ ;-1
(qn,w); = —(un, wz); + apw™ |11 — apw™[;_1.

Here (u,v); = [ wvdz, v~ |;; 1 and vT|., 1 denote the left and right limits of v at
Tj J+3 Jt3

the point =, 1, respectively, and 4y, gy are numerical fluxes. For LDG schemes,

we consider alternating fluxes

(2.4) n =uy, Gn=q;
or
(2.5) an =ut, dn=agqj,-

In this paper, we use both (Z4]) and ([Z3]) as numerical fluxes in the periodic bound-
ary condition, (Z4)) in the mixed boundary condition u(0,t) = go(t), u,(2m,t) =
g1(t), and (23] in the mixed boundary condition u,(0,t) = go(t), u(2m,t) = g1(¢).
Define
Hy ={v: v|, € H' (1), j € Zn}

and for all £,n,v € H}, let

a'(§miv) = aj(&mv), a’(Emv) = al(§niv)

j=1 j=1
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where
a} (€, 0) = (€0); + (1, 02); — 0|y + 00t s,
a?(fﬂ]?”) = (777U)j + (67”:}0)]‘ - §U_|j+% +§U+|j—%'

Here £, are taken as the alternating fluxes (Z4) or (Z3). Then we deduce from

@3):

(2.6) a'(un, qn;v) =0, a*(un, qn;w) =0, Yo,w € Vj,.
Obviously, the exact solutions u, g also satisfy

(2.7) a'(u,q;v) =0, d*(u,q;w) =0, Yov,w € V.

By a direct calculation, there hold

(2.8) a' (v, w;v) + a*(v, w;w) = (ve,v) + (w, w) — w+v_|N+% + w+v_|%
for the fluxes choice ([Z4) and

(2.9) al (v, w;v) + a®(v,w;w) = (v, v) + (w, w) — w7v+|N+% + w7v+|%

for the fluxes choice ([2.3)).

3. CONSTRUCTION OF SPECIAL INTERPOLATION FUNCTIONS

Our goal here is to construct a special interpolation function (ur,qy), which is
super-close to the LDG solution (up, qp)-

We begin with some preliminaries. First, for any r, we denote by |r| the maximal
integer no more than r, and [r] the minimal integer no less than r. Next, we define
on v € H}, two Gauss-Radau projections P, P,j by

(P, v,w); = (v,w);,Yw € Pp_1(7;) and Ph_v(:zzj_ ) = v(x;
(Pfo,w); = (v,w);,Yw € Pi_1(r;) and P,fv(xj_l
2

and an integral operator D! by
1 x S
D v(z) = _—/ v(x')dx' :/ o(s")ds', weTyjEZy,
T 1

where
s=(z—x;)/h; € [-1,1], 9(s) =v(x).
We have, for any function v € H}, the following Legendre expansion in each
element 75,7 € Zn,

ad 2m + 1
v(@, ) = > Vim(OLim(r), vjm = — (0, Ljm)j,
m=0 J

where L; ,,, denotes the normalized Legendre polynomial of degree m on 7;. By the
definition of P, , P,T ,

(v=Pyo)(@,t) = 06O Ljk+ > Vjm()Lim(x),
m=k+1

(v=Pio)(@,t) =0 xOLik+ > Vm(®)Ljm(x),
m=k+1
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where
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(3.2) 95 = (D) ozt )+ hi/ (@, ) Y (=)™ (2m + 1)L (2)da.

Obviously,
(33) (’U — P,:v,w)j = @j’k(Lj,k,w)j, (’U - P,fv,w) = @j’k(Lj,k,w)j, Yw € Vj,.
In each element 7;,j € Zx, we define
(3.4) Fi1=PD; 'Ly, Fi,=(P/D;'P, D) 'Fq, i>2,
(3.5) Fy1 =P, D 'Ly, Fo,= (P, D;'PD;Y) "1y, i > 2.
Lemma 3.1. For all 1 < i < [k/2],x € 7j,j € ZN, F1(z),F>;(z) have the
following representations
k
(36) Fl,i (x) = Zm:kf2i+2 QAim (Lj,m + Lj)m_l)(ac),
(3.7) Fyi(w) = Coneiai2 bim(Ljm = Lim—1)(2),
where the coefficients a; m, b; m are some bounded constants independent of the mesh

size hj, and Ljm + Ljm—1,Ljm — Ljm,m > 1 are the left and right Radau poly-
nomials of degree m on T, respectively. Consequently,

(3-8) Fri(@_4) =0, [Fillocor 1,

1
2

(3.9) Foi(z 1) =0, [[Folloces L
Proof. For all m > 1, noticing that || L; /0,00, = 1 and
(Ljm + Lim—)(@] 1) =0, (Ljm = Ljm-1)(x}, ) =0,

i—1
2

then (B:3)-(B9) follow directly from B.8)-(B.7).

In the following, We shall focus our attention on (B8] since (B7)) can be obtained
by following the same line. We show (B.8) by induction. First, by the definition of
P,j and the fact that

1

(3.10) DI'Ljm = am 1 Lam+1r = Lim-1), m 2 1,
we derive )
Fia=——(Ljp+ Ly
1,1 2k+1( ]7k+ J.k 1)7
which implies B8] is valid for i = 1 with a; x = —5;55. Now we suppose ([B.0) is

valid for 4,7 < [k/2] — 1. Since
P Ljy+1=Ljk, PiLjxt1=-Ljx, PuLjm=Ljm, 1<m<Ek,
where P, = P, or P;f, it is easy to deduce from (BI0) that
o 1 _
Py DLy = o+ 1 Lk — Lik-1), PyDIM Ly =

_ 1
PuD Lim = 5y

—1
%—H(Lj,k +Lj k1),

(Lj,m-i-l — Lj,m—l); 1 S m S k} —1.
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Therefore,
k
(3.11) PyD' Fri= Y Bim(Ljm — Lim—1),
m=k—2i+1
where

@i m+1 + Qi m Qi m + i m—1

2m+1 2m —1

with a; k41 = @i r—2i41 = @i k—2; = 0. Now we consider F} ;;1. Note that
_ ptp-1p—-p-1
Friv1 =P, D, P, D Fy,,

and we have from (BII)) that

k
Fi,p1 = Z Bim Py DTN (Ljim — Ljm—1)
m=k—2i+1
k
= Z aiJrl,m(Lj,m + Lj,mfl)u
m=k—21
where
. Bi,erl - ﬁi,m Bi,mfl - ﬁi,m
Gitlm =0 T T am o1

with Bi,k+1 = ﬂi,k—% = ﬂi,k—%—l = 0. Consequently, (Bﬂ) is valid for 4 + 1. Then
[B0) follows. This completes our proof.

~ With the functions Fi ;, F»;, we define in each 7,7 € Zy two other functions
Fl,m FZ,i as

(3.12) Fy,=P D;'Fi;, F;=PID;'F;, 1<i<|[k/2]

By the same arguments as in Lemma 3.1l we obtain

k
(3.13) Fii= Y Bim(Ljm—Ljm-1),
m=k—2i+1
~ k
(3.14) Boy= Y Yim(Ljm+Lim-1),
m=k—2i+1

where B;.m,Vi,m are constants independent of h;. Consequently,

)
)

In addition, a straightforward calculation from (B4)-B.3) and BI2]) yields

1
2

(3.15) F’lyi(x;_
(3.16) Foi(xh

=0, \|F1,i||0,oo,f,- 1,
J =0,

|Foillocor; L.

NI=

(3.17) Flipn=PID;'F;,  Fayp =P, Dy Ry, 1< < |k/2).
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3.1. Correction functions for the fluxes (2.4)). In each element 7;,j € Zn, we

have, from (B3],
(3:18) (u—Py u,v); = ujk(t)(Ljk,v)js (a—Py a,0); = Gu(t)(Ljk,v)5, Yo € Vi,
where the coefficients @, , §; 1 are given by BI))-(B.2). Let
Gi(t) = Diujr(t), Qi(t) = Digjx(t), 0<i<[k/2].
By the standard approximation theory, if u € Wk+2+2i:00(Q),
(3.19) Gil - R IO ullk 1,00, R [ullk 200,73
(3.20) Qil POl kt 2,007 BT ullk2r 2,005

Now we are ready to construct our correction functions. For all 1 <[ < k, we
define, first at the boundary points x = T3 and x = Ty,

(3.21) Wit ,,t)=0, Wi(x1,t)=0, Vt>0,
2

N+1a

and then in each element 7;,j € Zy,

[1/2] L1/2] L1/2] [1/2]
(3.22) Wiz, t) = ZwlZ—Fngz, Wi(z,t) = Zwu—l—ngZ,
where
(3.23) Wy, = (Ej)2i71G1F1,i, w1, = (hj)* G,
(3.24) W = (b)) Qic1Fa,  Way = (hy)*QiF.
Lemma 3.2. Suppose Wi, Wk €V}, are defined by 3.21)-@B.24)). Then
(3.25) W{(xj_%,t) =0, Wzl(x;_%,t) =0, Vj€Zni.
Moreover, if | = 2r is even, then
(3.26) (Wh)e,v); + (Wi, ve)j = (w11, 02); + (@10)t,v);,
(3.27) (W3, 02); + (W1,0); = (w2,1,v5)j + (W2, ).
If l =2r + 1 is odd, then
(3.28) (W), v)j + (Wi, ve)j = (wi1,v2); + (w2,r41)e,0);,
(3.29) (W3, va); + (W1,0); = (w2,1,02); + (w141, 0);.

Proof. By B.8)-B.9) and B.15)-B.16),

wl’i(x;r_%,t) = wg’i(.%';r_%,t) =0, w27i(x;+%,t) = wLZ—(x;_F%,t) =0, jeZy.

Then (B.25)) follows from B21)-([B.22]).
We now show ([B.26)-(329). For any integer I,1 < I < k, a direct calculation

from B0)-B0) and BI3)-BI4) gives

D;lFl,i(xj;%) =D Fr(af 1) =0, DS 'Fyu(x 7)) =D ' Foy(a]_3) =0

for all i € Zy;/2), and

D'Fy (a T ):D;lﬁ‘lyi(xj_%)_o D'Fy (2 T ):D;1F27i(xj_%):0
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for all i € Z|;/2)—1 in case | = 2r and i € Z|;/5) in case | = 2r + 1. Then by
integration by parts, (B.12) and [BI7), we obtain
(@1,0,02); + (wi5,0); = (B)* GilFr,va); + (hy) 1 Gi(Friv);
(hj)*Gi(Fy; — D7 Fy,v,) =0,
((wo,0)e,0)j + (W25,02); = () 71 Qi(Fa,iyv)j + (7)) Qi(Fosisvs)
(hj)*Qi(Fai = Dy Faj,00)5 =0

for all i € Zy;/2), and
((@1,0)1,0); + (wii1,02); = (hy)* i (Fri,0)5 + (h)* 1 Giga (Frigr, va);
= (h)* ' Gip1(Fripa — Dy Py v.); =0,
(hy)*™ ' Qi(Friiv1,va)j + (hy) ¥ Qi(Fa,v);
(7)1 Qi(Faip1 — Dy Fa i 00)5 = 0

forall i € Z|;/5)_1 in case | = 2r and i € Z|;/3 in case | = 2r+ 1. Then the desired
results (3:26)- [329) follow by summing over all 4.

(w2,i+1,Vz); + (W2,i,0);

With the correction functions W), Wi 1 <1 < k, we define the special interpo-
lation functions

(3.30) u

By ([B:25), we have
(3.31) ull(x;_l,t) = u(x’
2

i—

— Pru-Wh d = Ba— W

NN
|

%at)v qll(x+ %,t) = q(x;r_lvt), V] € ZN+1-

H
3.2. Correction functions for the fluxes (Z3]). In this case, we still use the
notation

Gi(t) = Dit(t), Qit) = Digin(t), 0<i<[k/2],

where @, @; 1 are defined by (B1))-(32]).
Similarly as the fluxes choice (24), we construct the correction functions as
follows. For all 1 < [ < k,t > 0, we define, at the boundary points z = r1 and

Xr = IN_;'_%,
(3.32) Wiley,t) =0, Wizl 4.1) =0,
and in each element 7;,j € Zy,
[1/2] [1/2] [1/2] L1/2]
(333)  Wi(a.t) = Zw“ szl, Wi(z,t) = Zwu > @,
i=1

where
wi; = (h)* 7 'Qic1Fra,  wii = (b)) QiF,
wa; = () GiFyy, e, = (hy)*'GiFa,.
We define the special interpolation functions in each element 7;,j € Zy as
(3.34) uh =Pfu—-Wi =P q-Wi, 1<I<k.
A direct calculation yields

(3.35) ull(x;r_%,t) = u(xJ.r 15t), qll(:cf_%,t) =q(z; 1,t), VjE€ZNs1.

i=z
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3.3. Estimates. We shall present in this subsection some estimates for W' W}
and the interpolation function (ur, ¢r), which play important roles in our supercon-
vergence analysis.

Theorem 3.3. Let u € WEHH3:20(Q) 1 <1 < k be the solution of (Z1)). Suppose

Wi, Wi are defined by B21)-B22) for fluves ZA) or B32)-B33) for flures 5.
Then for all j € Zy,

(3.36) Willoors + Wallosory A2 llullisira,c0m-

Moreover, if (uf,q) € V), is the corresponding interpolation function defined by
B30) and B34) for fluzes @A) and (1), respectively, then

(3.37) |((uh = w)e,v); — (Wiyva); | R fullerigs,00,m 10llo,1my

(3.38) (a7 = a:0); = (Wayve)i] B ullepiis, 00, 10000,1,7 -

Proof. We only consider the fluxes ([2.4]), since the the proof for fluxes (21 is
similar. For all ¢ > 1, as direct consequences of the second inequality of ([B.8)-(3.9)

and (BI0)-@I8), and (BI9)-(B.20), we obtain
(339) ||1U1)i
(340) ||w2,i

Then B38) follows.
We now show [B37)-(338). By (BI8)), integration by parts, and the first formula

of 3.4)-B.5),
(P}:ut_utav)j:_Gl( jk‘7 ) E Gl(Fl 1)”1})‘]7(11)1 lvvm)j
(P};rq - Q7U)j = _QO(Lj,kra ) Q (F2,17vx)j = (wQ,lyfvm)jV

P2 kg1 42600, 01000 RFF2 [l kg1 42,0074

W2 ullprzioom s [02ill000m  RFF2 [t hpog2i 00,m -

Then
((uf = u)e,v); = (Wi, v2); = (wi,1,v0); — (Wa)e,v); — (W], 0a);,
(qu - Q7U)j - (W277)z) (w2 17’030) (Wlu ) (W27Ux)j-
In light of (326)-(329), we have
((uf = w)e,0); = (Wi, 02); = (@1,0)e,0)5, (a7 = 4,0); = (Wa,va)j = (02,0, 0);
for [ = 2r and
((ull - u)t’v)j - (Wlla U:C)j = ((w277“+1)ta U)j’ (qu -9 U)j - (Wévvw)j = (w177“+17v)j
for I = 2r + 1. By (339)-340) and the fact that u; = s, we have for all [ > 1,
((uf = w)e,v); = (Whoa)il B ullgss oo [0]l0,0,7
(a7 = a,0)5 = (Wayva)l - B st ,c0, 10

The proof is completed.

|QLﬁ‘

4. SUPERCONVERGENCE

In this section, we shall study superconvergence properties of the LDG solution
at some special points: nodes, left and right Radau points, and superconvergence
for the domain and cell average. We denote by R' R} ,.,m € Z, the k interior left
and right Radau points in the interval 7;, j € Zx, respectively. Namely, R

joms T
Zj, are zeros of Lj i1 + Lj i except the point x = T 1, and R]m,m € Z; are

Jm’

zeros of L; 41 — Lj i except the point x = Tyt
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We begin with a study of the error between the LDG solution (up, q) and the
interpolation function (u!,q}),1 <1 < k defined in 330) or (3.34).

Theorem 4.1. Let u € WrHIH32(0) 1 < | < k be the solution of 1)), and
un,qn € Vi the solution of Z3). Let ul, g} € Vi, be defined by B.30) for fluzes

@4) or B.34) for fluves [Z5). Suppose the initial solution up(-,0) = uk(-,0). Then
for both the periodic and mixed boundary conditions,

luy = unllo(t) (14 )R fullsrs,00,

(4.1) B
lar — anllo(t) (1 +2)R* ' ul|jpih3,00-

Proof. Let n, = ub — up,ny = ¢4 — qn. Recall the definition of al(-,-;-),a?(-, ")
and (Z.6)- (1), we have for all v,w € V},
a' (1,13 0) = (upy — ug,v) — (Wi, o),
a® (1, ngs w) = (47 — ¢, w) — (W3, wz).
By Theorem B3] the inequalities [B37)-(B38]) hold for both the fluxes (Z4) and
@3), then
lat (us g o) Rl oo [ 0]l0,1,
j@® (us s w)| BT 3,00 w0

We now show (.T]). We first consider the periodic boundary condition. Since

lo,1-

(uf — Un) iy T (uf — Uun)y (uf — Un)y i1 = (uf — un)i,
(0r —an)yy = (G =i, (@ —a)yyy = (@ — a3,

by choosing v = 0y, w = 1, in ZJ) for fluxes (Z4)), or in ([29) for fluxes(ZH), we
obtain for both fluxes choice

|(Muts ) + (Ng, )| = |a" (1, Ng3 M) + a2(77u,77q;77q)|
Rl si3,00 (lallo + [l
By Cauchy-Schwarz inequality, we get
1d
2 dt
Due to the special choice of initial condition, we have ||7,]|0(0) = 0, which yields

lo,1)-

(4.2) 1913 = (rat, ) Bl leris,00 (mullo + 25T ullii43,00)-

t
d
I l3(t) = /o %H%Hgdt th*H  ull k43,00 (17 llo(8) + BE w1113 00)-
Then the first inequality of ([&.1]) follows from a direct calculation. Note that

Inglly APl kties,00lmullo + RFFH Julljeti3,00 [19g Lo
we obtain
lallo (1 2R
This finishes the second inequality of (&I]) for the periodic boundary condition.
Now we consider the mixed boundary condition. Noticing that

(uf — un)y =0, (47 — %)EJF% =0
for the condition u(0,t) = go(t), us(27,t) = g1(¢) and

l - _ l + —
(47 =an)y =0, (up—un)y 1 =0
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for the condition ug(0,t) = go(t),u(2m,t) = ¢1(t), by choosing v = n,, w = 74 in
23) and 29), respectively, we derive in both cases

(1t 1) + (g Mg) = @ (s 03 1) + @ (1 745 774)-
Following the same line as in the periodic case, we obtain (Il directly for the

mixed boundary condition.

Remark 4.2. By choosing | = k in Theorem 1] the special interpolation function
(u’}, q’f) is super-close to the LDG solution (up,gr), with a superconvergence rate
2k + 1. It is the super-closeness that leads to the 2k + 1 superconvergence rate at
nodes as well as the domain average.

As direct consequences of (1)) and ([B36]), we have the following superconver-
gence results.

Corollary 4.3. Let u € WkT5°(Q) be the solution of 1), and un,qn € Vi,
the solution of [23). Suppose the initial solution up(-,0) = ub(-,0),1 = 2 with

ul defined by B30) for fluzes @A) or B.34) for fluves ). Then for both the

periodic and mized boundary conditions,
(4.3) leullo (LB 2 fulligs.co, l€allo (14 E2R)RN 2 fulkis oo,
where &, = P, u —up, & = P;rq— gy for fluxes @4) and &, = Pfu —up, & =
P, q — qp for fluxes ([2.5).
Remark 4.4. In Theorem [£1] and Corollary B3] if we choose the initial solution
up(+,0) = uk(-,0) instead of up(-,0) = ub(-,0),1 <1 < k, we have

Joun — ublo(0) = Nk — who(0)  FF++ fulls1 3,00
Following the same line of argument, estimates in (4.1 and (£3)) are still valid.

4.1. Superconvergence of the numerical fluxes at nodal points. We are now
ready to present our superconvergence results of the numerical fluxes at nodes.

Theorem 4.5. Let u € W2F+3:(Q) be the solution of 1), and up,qp the solu-
tion of [@3). Suppose the initial solution up(-,0) = uk(-,0) with u¥(-,0) defined by
B30) for flures ZAl), or B34) for fluzes @H). Then for both the periodic and

mized boundary conditions,
1 1 1
44)  eun (LR 2 |ullsirsoo, eqn (1422 ullonis,00,

i
(4.5) lewlle (14 )R Hlullarssoo, Nlegls  (1+ )% |ull2kss,00,

where

€q,n = Max
JEZN+1

(4= ), 3.1)

with the numerical fluzes Gy, Gy, taken as 24l or (2.5).
Proof. Let (ur,qr) = (u¥,q¥). By B31) and (.35,

U(l‘j_%,t) = ’&I('rj—%7t)a Q('rj—%7t) = (jl('rj—l7t)a VS ZN+1-
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For any fixed t, uy — uy € Py, in each 75,5 € Zx. Then the inverse inequality holds
and thus,

IN

(46) |(ar = an)wyi D) < lur = wnllose.cy () b Ellur = wnllo.oy (8),

~ ~ 1
(A7) |- ).t < llar = aloweny® B Ellar = anlloy (8):

A

Here Q; = 7, UTjy1,j € Zy—1 and Q; = 1y U7y, j = 0, N. By (@), the desired
result (@) follows.
We next show ([@H). Again by the inverse inequality,

1 & 1
NZIIvllﬁ,m,Tj Nzhj’lllvllﬁ,Tj [oll§, Vv € V.
j=1 j=1

Then
1 N+1 )
w1 2 =) (zmgt)  llur = ual50),
j=1
1 N+1 5
w72 =) (wmpt) o= anlB®);
j=1

The inequality (5] follows directly from the estimate (ZI).

4.2. Superconvegence for the domain and cell averages. We first denote by
llexlla and |ley ]| the domain average and the cell average of u — uy, respectively.
Precisely,

b

1 2
leulla =5z [ = wn)to.tas

2

1on /1 [5i+} 2
e = | 30 (- [ 0= w) @)
Jj=1 -3

Similarly, the domain average |le4|l¢ and the cell average |le4|lc of ¢ — gn can be
defined in the same way.
We have the following superconvergence results for the domain and cell averages.

Theorem 4.6. Suppose all the conditions of Theorem hold. Then

3
(4.8) leulle  (h+t2 +0)A%|ullzera.00, lleglle (1 +8)A||ull2t13,00.
In addition, for the periodic boundary condition, there holds

(4.9) leulla  A**Hullorts,00, lleglla =0,

and for the mixed boundary condition

1 3 1 1
(4.10) llewlla  (hZ +12 + R 2 ullaniso0, lleglla  (1+BR 2 ull2ri3,00.
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Proof. Note that a?(u —Up,q — qp;v) = 0,Yv € Vj,i = 1,2, € Zy. By taking
v =1, we obtain

/ T )@ e = () (g3 1) — (= ) (1),
/ T = e, B = (g - @) (@30 8) — (0 — @)y

1—3

In light of (46)-@.1),

NI

1,t).

2

Tl .
/ (= an)(@. x| hHuk —unllogy,
Ti_

Ti1
AR

Then

NI

N
1 ~ _
lleqlle < > 7Pl —unllg g, h=Juf — unllo-
N g
j=1

The second inequality of ([£8) follows directly from the estimate ([£I). On the
other hand, since

Tl m.+
/J Z(u_uh)(x,t)dx:/‘ (u—up)(z Oda;—i—/ dt/ (u— up)(z, t)dzdt

o xT.
i-3 3

[

Ty
/ (u—uh><x,o>dx+th*z||q’;—qfno,gj,
T 1

then the estimate for the cell average of u — uy, at 75,5 € Zx at any time ¢ > 0 is
reduced to the estimate at ¢ = 0. By the special initial condition,

/J-+§(U—uh)(3:,0)d9c:/j+ (u — uk)(z, O)dﬂﬂ_/ i Wy (,0)dz,
Ti—3 “i-3 it

where WY is defined by .22)) for fluxes [2.4) or (3.33)) for fluxes [Z.5). When WF
is defined by B22), we have, from B.8)-B9), BI0)-BI6) and the orthogonal

properties of Legendre polynomials,
acj+% . xj+%
/ W5 (z,t)dx = / Wy (z, t)dz, k=2r,
Wi (x, t)dx = /

Tj— Ti—1
xr
/J
T T, 1

i-3 i—-3

[
|

1
2
1
*+2

wy rt1(z, t)de, k=2r+1.
Recall the estimates for @; , and @ ,4+1 in B39)-(40), we obtain for all k£ > 1,

mj+; ‘
/ Wz, t)dr| R |ulloks2,00,n. Vi€ Zn.
T 1

=3
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Similarly, when W is defined by ([3.33]), the above inequality still holds true. Then,
(4.11) /m“% (w—un)(2,0)dz| W22 |ul|ok 12,007

which yields

[ w0 ulaksany + th ok - arlo

Then a direct calculation and the estimate (4.1)) yield the first inequality of (£.S).
Now we move on to the domain average. Noticing that

27
|- aends = =it - 0= i)y,

[ ot = 0= a0 - (0 @y,

the second inequalities of ([.9) and E.10) follow from the fact (v —an)(zy,1,t) =
(u—1p)(z 1 t) for the periodic boundary condition and (4] for the mixed boundary

condition, respectively. As for the domain average of u — uy,, by ([@4]), the fact that
(¢ —dn)(xny1,t) = (¢ — dn)(zy,t) for the periodic boundary condition, we obtain
for the periodic boundary condition

2m 2m
/ (u—up)(z, t)dx = / (u — up)(z,0)dx,
0 0
and for the mixed boundary condition
3 2k+1
+ (82 + )R 2 [|ul|2k43,00-

2m 2
/0 (u —up)(z,t)dx /0 (u—up)(z,0)dx

In light of ([@ITl), the first inequalities of ({.9) and ({I0) follow.

4.3. Superconvergence of the function value approximation at Radau
points. As a by-product of ([&I]), we have the following superconvergence results
of the function value approximation at Radau points.

Theorem 4.7. Suppose all the conditions of Corollary B3 hold. For both the
periodic and mized boundary conditions, there hold,

(412) eur  (L4+ VR ullhisoes €qr (1 + VIR ||ul|jrs 00
for fluzes 24) and

(413) eus (L VIR ullersoe e (14 VIR ullers o
for flures (2. Here

= - R._ .t = - RL ¢
Cor = max = un) (R 0] ews = max (= un) (R s 1)
eqr = max |(q — qh)(R;m,t)‘ , eql = max ‘(q — qh)(Ré»’m, t)’ .

(3,m)€ZN X Zic (4,m)€Zn X Zic
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Proof. We first consider (£I2]). By using the inverse inequality and choosing [ = 2
in (@), we obtain

_1 5
[uf = unllope BT 2lluf —unllo (14 ORZ |uflprs 00,
1 1 5
g7 = anlloos  h7ZllaF —anllo (L +¢2)R" 2 ulirs,c0-
By (B36) and the triangular inequality,
(414) flur = Pyullose  [W2looo + 1 = unlloce (14 VA2 ulliss oo,
(4.15) llan = Py alloce  [1WElloco + a7 = anllooe (1 4+ VER)R 2]l 45,00.
For all v € WF+2:°°(Q), the standard approximation theory gives
|(v = Py o) (R} )] W20l kr2,00, [(v = Po) (RS s )] B2 0]l hg2,00-

Then ([{I2) follows. The proof of [@I3)) can be obtained by the same arguments.

4.4. Superconvergence of the derivative approximation at Radau points.
For all v € WF+2°(Q), it is shown in [5] that

(4.16) 02 (v — Py v)(RE )] R ollkg2,00, V(iim) € Zy X Zy.
Similarly, we can obtain
(4.17) |02 (v — Po) (RS )] R wllkg2,00, V(iom) € Zy X Zy.

We have the following superconvergence results.

Theorem 4.8. Suppose all the conditions of Corollary 3] hold. Let

€yz,| = Max ‘@(u - uh)(Ré»,m, t)|, eus,r =max |6w(u - uh)(R;m, t)| ,
3m 3m

€qg,l = MaX |6&¢(q - Qh)(Ré,mv t)| ) Cqp,r = Max |8ﬂt(q - Qh)(R;,m? t)} .
J,m J,m
For both the periodic and mixed boundary conditions, there hold,
(418)eury L+ VAR fullirsoos g (L4 VIR uflgss,00
for fluzes Z4) and
(419 eur L+ tVRR M ullhisc0, €qea (14 VER)RF |5 00
for fluzes (23).
Proof. Using the inverse inequality in ({14)-{I5]) gives
Py = unlioo (14 EVR)RE ull s oo,
1P a—anlioe (14 VIR full a5 00

Then the desired result (£I8)]) follows from (AI6])-(@.IT) and the triangular inequal-
ity. The proof of ([@I9) follows the same line.

To end this section, we would like to demonstrate how to calculate u! (z,0),1 <
[ < k using only the information of the initial value ug(z). Without loss of gener-
ality, we consider the fluxes choice [24). Since u; = g, we have for all integers
i>1,
diu(z,0) = D¥ug(x), Vo€ Q.
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Therefore, by B.1))-([B.2), we have the derivatives at ¢ = 0,

k
. 1 )
(4.20) D, = D%O( )+h— / D2y Z(2m+1)LJ~’m
| m=0
and
(4.21) Digj = (—1)’€+1D§i+1u0(x;%)

+ —/ Dy, Z DR (2m 4+ 1)L

Now we divide the process into the follow1ng steps:

In each element 7;, calculate G; = Diii; x, Q; = Dig;x by (E20)-@21).
Compute F ;, Fy ; from ([B4) and (3.5).

Calculate Fy; by Fy; and (B.12).

QhOOSG wl = ZZU:/lzJ 11)171 + 2”/121 w2 with Uf}lyi = (ﬁj)QiGiFLi,wZi =
(hi)* Qi1 Fyyi.

5. Figure out u} = P, ug — w

= o

l

5. NUMERICAL RESULTS

In this section, we present numerical examples to verify our theoretical findings.
We shall measure various errors, including &,,&, the numerical fluxes at nodes,
interior left and right Radau points, and the domain and cell averages, which are
defined in Corollary 1.3 and Theorems H.5HZ.g] respectively.

Example 1. We consider the following problem:
Ut = Ugg, (x,t) € [0,27] x (0,1],
u(z,0) =sin(z), =z € [0,27]
with periodic boundary condition u(0,t) = u(2m,t). The exact solution is
u(w,t) = e 'sin(x).

We solve this problem by the LDG scheme ([23)) with k& = 3,4, respectively. The
numerical fluxes are chosen as (Z4)), and the initial solution uy (z,0) = u¥(z,0) with
u® defined by ([B:30). We construct our meshes by equally dividing each interval,
[0, %] and [%,27r], into N/2 subintervals, N = 2™ m = 2,3,...,7. To reduce
the time discretization error, we use the ninth order strong-stability preserving
(SSP) Runge-Kutta method [I1I] with time step At = 0.01h2,, in k = 3 and
At =0.001h2,, in k = 4, where Ry, = 37/2N.

Numerical data are demonstrated in Tables E.IH5.2] and corresponding error
curves are depicted in Figures on the log-log scale.

We observe from Figures a convergence rate k + 2 for ||&ullo, [|€4]l0;
Curs €qls Cup,l AN egpp, and 2k 4+ 1 for |ley|«,|leqlls and ey n,eqn. These re-
sults conﬁrm our theoretical findings in Corollary 3] Theorem 5] and Theorems
: for fluxes choice ([2.4]), the LDG solution (up,qn) is k + 2th order super-
convergent to the Gauss-Radau projection of the exact solution (P; u, P;fq); the
function value error u — uy at right Radau points and its derivative error 0, (u—up)
at interior left Radau points, and ¢ — g, at left Radau points and 0.(¢ — g5) at
interior right Radau points, all converge with the same rate k + 2; the maximum
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TABLE 5.1. Various errors in the periodic boundary condition for

k = 3.
N [€ullo Cu,r Cuz,l Cu.n llew |« llewlle llewlla
4  5.06e-04 2.82¢-04 1.72¢-04 1.04e-04 5.92e-05 7.57e-05 3.12¢-04

8 1.29e-05 5.13e-06 4.14e-06 7.19e-07 4.17e-07 5.11e-07 2.00e-06
16 3.92e-07 1.35e-07 1.25e-07 5.65e-09 3.16e-09 3.89e-09 1.44e-08
32 1.22e-08 3.98e-09 3.92e-09 4.37e-11 2.44e-11 3.0le-11 1.08e-10
64 3.80e-10 1.24e-10 1.23e-10 3.40e-13 1.89e-13 2.34e-13 8.30e-13
128 1.19e-11 3.85e-12 3.85e-12 2.65e-15 1.47e-15 1.83e-15 6.43e-15
N €4l €q,l €qz,r €q,n l[eql l[eqlle lleglla

4  4.0le-04 1.72¢-04 2.41e-04 1.12e-04 6.67e-05 3.74e-05 1.84e-13

8 1.11e-05 4.14e-06 4.76e-06 6.86e-07 4.12e-07 3.18e-07 4.05e-17
16 3.44e-07 1.25e-07 1.32e-07 5.24e-09 3.17e-09 2.56e-09 9.64e-21
32 1.07e-08 3.92e-09 3.98e-09 4.14e-11 2.47e-11 2.02e-11 2.34e-24
64 3.35e-10 1.23e-10 1.24e-10 3.24e-13 1.93e-13 1.59e-13 5.70e-28
128 1.05e-11 3.85e-12 3.85e-12  2.54e-15 1.51e-15 1.24e-15 1.39e-31

TABLE 5.2. Various errors in the periodic boundary condition for
k=4

N [€ullo Cu,r Cuz,l Cu,n llew |« llewlle llewlla
4  2.34e-05 8.40e-06 1.06e-05 1.47e-06 7.96e-07 1.04e-06 2.94e-06
8  3.92e-07 1.32e-07 1.28e-07 2.62e-09 1.47e-09 1.74e-09 5.96e-09
16  6.21e-09 2.02¢-09 2.05e-09 5.06e-12 2.85e-12 3.37e-12 1.21e-11
32 9.73e-11 3.18e-11 3.18e-11 1.0le-14 5.59e-15 6.60e-15 2.41e-14
64 1.52e-12 4.97e-13 4.97e-13 1.97e-17 1.09e-17 1.29e-17 4.77e-17
128 2.38e-14 7.76e-15 7.76e-15 3.85e-20 2.14e-20 2.53e-20 9.37e-20
N [ €q,l €qz.r €q,n l[eql l[eqlle lleglla
4  3.06e-05 1.07e-05 9.30e-06 1.92e-06 1.14e-06 6.52e-07 1.86e-13
8  4.56e-07 1.28e-07 1.33e-07 2.41e-09 1.50e-09 1.23e-09 4.06e-17
16 7.09e-09 2.05e-09 2.03e-09 4.44e-12 2.78e-12 2.37e-12 9.64e-21
32 1.11e-10 3.18e-11 3.18e-11 8.55e-15 5.36e-15 4.60e-15 2.34e-24
64 1.73e-12 4.97e-13 4.96e-13 1.66e-17 1.04e-17 8.97e-18 5.70e-28
128 2.70e-14 7.76e-15 7.76e-15 3.25e-20 2.03e-20 1.75e-20 1.39e-31

and average errors of u — u, and ¢ — g, are supercovergent at downwind points
and upwind points, respectively, with the same rate 2k + 1. Moreover, our numer-
ical results demonstrate that the superconvergence rates in ([@3)), [5) and {I2)
are optimal; while the convergence rate for the derivative approximation at Radau
points is one order better than the estimate provided in (£.IS).

For the domain and cell averages, we first observe, from Tables 5. IH5.2l that the
error for the domain average of ¢ — ¢, reaches the machine precision at the initial
mesh, which indicates the equality in (#£9) is true. Then from Figures EIH52]
we observe a 2k + 1th superconvergence rate for the domain average of u — uy, as
predicted in (£9). Furthermore, we also observe 2k + 1th superconvergence rates
for the cell average of u — up, and g — gy, one order higher than the one given in

@s).
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Example 2. We consider the following problem
Ut = Uy, (x,t) € [0,27] x (0, 1],
u(z,0) = cos(z) + " !
with mixed boundary condition
ug(0,t) = e w(2m t) = et 2L
The exact solution to this problem is
u(z,t) = e cos(x) + e” T

The problem is solved by the LDG scheme (23] with k = 3, 4, respectively. The
numerical fluxes are chosen as (Z5)), and the initial solution uy (z,0) = u¥(z,0) with
u’} defined by (B34). Uniform meshes are used, which are constructed by dividing
the interval [0,27] into N = 2™ (m = 2,3,...,6) equal subintervals. The fourth
order Runge-Kutta method is used to diminish the time discretization error with
time step At = T'/n using n = 1000N? in k = 3, and n = 5000N? in k = 4.

Listed in Tables (.3H5.4] are numerical data for various errors in cases k = 3, 4.
Depicted in Figures B.3H5.4] are corresponding error curves with log-log scale.

Again, we observe similar superconvergence phenomena as in the periodic case.
To be more precise, if we choose the numerical fluxes (2.3]), the LDG solution wuy
converges to the Gauss-Radau projection P;r u with a rate of k + 2, as well as the
derivative approximation at all interior right Radau points and the function value
approximation at all left Radau points; as for the domain and cell averages, along
with the maximum and average errors at upwinding points, the convergent rate is
2k+1; while for the solution gy, it is convergent to the Gauss-Radau projection P, ¢
with a rate of k + 2, the same rate for the derivative approximation at all interior
left Radau points and the function value approximation at all right Radau points;
finally, convergence rates of the maximum and average errors at downwind points
as well as the domain and cell averages are all 2k + 1. These results confirm our
theoretical findings in Corollary 3] and Theorems {.5HA8 Note that the 2k + 1th
superconvergence rate for the domain average is 1/2 order higher than the one given
in (@I0), and the k + 2th superconvergence rate for the derivative approximation
is one order better than the estimate provided in ([@I9).

TABLE 5.3. Various errors in the mixed boundary condition for
k=3.

[ €ullo Cu,l Cuz,r Cu,n l[€xll« llewlle lleulla
5.08e-01 2.63e-01 2.33e-01 5.50e-03 3.64e-03 1.46e-02 6.67e-02
1.89e-02 1.06e-02 1.05e-02 2.57e-05 1.63e-05 1.36e-04 5.59e-04
6.28e-04 3.73e-04 3.85e-04 1.62e-07 9.89e-08 1.13e-06 4.46e-06
32 2.00e-05 1.24e-05 1.29e-05 1.16e-09 7.00e-10 8.99e-09 3.49e-08
64 6.31e-07 4.07e-07 4.19e-07 8.80e-12 5.25e-12 7.05e-11 2.73e-10
N ll&llo €q,r €qa,l €qn lleqll lleqlle lleqlla
4 5.99e-01 2.33e-01 2.62e-01 4.48e-02 2.30e-02 2.02e-03 7.30e-04
8 2.07e-02 1.05e-02 1.06e-02 4.68e-04 1.85e¢-04 8.39¢-06 4.90e-06
16 6.57e-04 3.85e-04 3.73e-04 3.95e-06 1.32e-06 5.22e-08 3.62e-08
32 2.05e-05 1.29e-05 1.24e-05 3.14e-08 9.63e-09 3.88e-10 2.76e-10
64 6.38e-07 4.19e-07 4.07e-07 2.47e-10 7.21e-11 3.00e-12 2.14e-12

= 0 |2
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TABLE 5.4. Various errors in the mixed boundary condition for

k=4.

[€ullo Cul Cua,r

€u,n

[lewll«

lewlla

= 0 |2

3.05e-02  1.14e-02 1.12e-02
5.61e-04 2.40e-04 2.47e-04
9.23e-06 4.67e-06 4.72e-06
1.47e-07 8.09e-08  8.14e-08
2.31e-09 1.33e-09 1.34e-09

2.59e-05
3.60e-08
6.42e-11
1.27e-13
2.50e-16

1.61e-05
2.12e-08
3.77e-11
7.36e-14
1.46e-16

1.03e-04
2.55e-07
5.36e-10
1.07e-12
2.10e-15

4.55e-04
1.01e-06
2.07e-09
4.10e-12
8.06e-15

||€q||0 eqﬂ" eq:r,l

€q,n

leg]l-

¢q]la

3.46e-02 1.12e-02 1.14e-02
5.99e-04 2.47e-04 2.40e-04
9.54e-06 4.72e-06 4.67e-06
1.49e-07 8.14e-08  8.09e-08
2.33e-09 1.34e-09 1.33e-09

3.64e-04
9.08e-07
1.89e-09
3.75e-12
7.64e-15

1.85e-04
3.57e-07
6.33e-10
1.15e-12
2.16e-15

8.32e-06
1.34e-08
2.42e-11
4.63e-14
8.99e-17

3.43e-06
6.60e-09
1.30e-11
2.58e-14
5.07e-17

T
—k—ey

Cux,r
—A— eu,n
—_— Heu\h
107 1OH lle I
—— Heu\ld
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FIGURE 5.3. Error curves in the mixed boundary condition for k = 3.
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6. CONCLUDING REMARKS

To summarize, we have established a 2k + 1th superconvergence rate for the
domain average and numerical fluxes at all nodes (on average). As a direct conse-
quence, we obtain a k+ 1th superconvergence rate for the derivative approximation
and a k + 2th superconvergence rate for the function value approximation of the
LDG solution at the Radau points. In addition, we also prove that the LDG so-
lution is superconvergent with a k + 2th rate to the Gauss-Radau projection of
the exact solution, and a 2kth rate to the exact solution in the cell average sense.
Numerical test data demonstrates that most of our error bounds are sharp, and
to the best of our knowledge, the k£ + 2th derivative superconvergence rate at the
Radau points is reported for the first time in the literature. Our current and future
works include convection-diffusion equations and 2-D problems, which would be
more challenging and interesting.
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