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EXPLICIT BARYCENTRIC FORMULAE
FOR OSCULATORY INTERPOLATION AT ROOTS
OF CLASSICAL ORTHOGONAL POLYNOMIALS

PRZEMYSLAW RUTKA AND RYSZARD SMARZEWSKI

ABSTRACT. In this paper we extend the recent results of H. Wang et al. [Math.
Comp. 81 (2012) and 83 (2014), pp. 861-877 and 2893-2914, respectively],
on barycentric Lagrange interpolation at the roots of Hermite, Laguerre and
Jacobi orthogonal polynomials, not only to all classical distributions, but also
to osculatory Fejér and Hermite interpolation at the roots ()7 of ortho-
gonal polynomials pn (z), generated by these distributions. More precisely, we
present comparatively simple unified proofs of representations for barycentric
weights of Fejér, Hermite and Lagrange type in terms of values pn—1 (z.),
py, (zv) and Christoffel numbers )\, without any additional assumptions on
the classical distributions. The first two representations enable us to design a
general O (n2)—algorithm to simultaneous computations of barycentric weights
and Christoffel numbers, which is based on the stable and efficient divide-and-
conquer O (n2)—algorithm for the symmetric tridiagonal eigenproblem due to
M. Gu and S. C. Eisenstat [STAM J. Matrix Anal. Appl. 16 (1995), pp. 172-
191]. On the other hand, the third representations can be used to compute
all classical barycentric weights in the faster O (n) way proposed for the La-
grange interpolation at the roots of Hermite, Laguerre and Jacobi orthogonal
polynomials by H. Wang et al. in the second cited paper. Such an essential
accelaration requires one to use the O (n)-algorithm of A. Glaser et al. [SITAM
J. Sci. Comput. 29 (2007), pp. 1420-1438] to compute the roots x, and
Christoffel numbers A, by applying the Runge-Kutta and Newton methods
to solve the Sturm-Liouville differential problem, which is generic for classical
orthogonal polynomials. Finally, in the four special important cases of Jacobi
weights w (z) = (1 —2)® (1 + 2)? with o = :i:% and = :I:%, that is, of the
Chebyshev and Szeg6 weights of the first and second kind, we present explicit
representations of the Fejér and Hermite barycentric weights, which yield an
O (1)-algorithm.

1. INTRODUCTION AND PRELIMINARIES
Let {pn (m)}n>0 be a finite or infinite sequence of monic polynomials,

n

(1.1) po(x) =1, p,(z)= H(x—xy), n < Ny,

v=1
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orthogonal with respect to the weighted L2 (a,b)-inner product

b
(1.2) / D () pm, () w (z) dz = hpOpm-

Here 0, ,,, denotes the Kronecker delta, n, € NU {co} depends only on the dis-
tribution w (x) dz, and w (x) is a classical weight function on a finite or infinite
interval (a,b). The last assumption means that w () is a positive solution of the
Pearson differential equation
d
dz
with boundary conditions
lim A (z)w (z) = lim A (z) w (z) = 0,

zla zth

[A@)w (@) =B@)w(z), a<z<b,

where polynomial coefficients
A(z) = agx® + a1z +ag, B (z) = bz + by

are such that A (z) > 0 on (a,b) and b, # 0.

The orthogonal polynomials p, (z) associated with a classical distribution
w (z) dx will be called below classical. By the Pearson equation it follows that
each polynomial p,, (), n = 1,2,..., is a solution of the Sturm-Liouville differential
equation [20] of the form

(1.3)  A(x)p, (@) + B(@)p, (x) =n(n—1)as + bi]pn (z), a<z<b.

It is well known that there are exactly six different types of classical weight
functions and orthogonal polynomials, up to a linear change of variable [20]. These
classical weights are listed in Table [l and unspecified parameters from its last row
are defined as follows:

" AB+CD B? + D? AD — BC
1= 475 T Ay =

Aycer T Eyer ST e

>0,
(1.4)

bp = (1 —a)ay + B¢, E(x)-%(z—l—%al).

Among classical orthogonal polynomials there are exactly three infinite sequences
of orthogonal polynomials of Hermite, Laguerre and Jacobi [45], and exactly three,
less known, finite sequences of generalized Bessel, Jacobi on (0,400) and pseudo-
Jacobi orthogonal polynomials [20,22,28,29]. The lengths n,, = [152] of these
finite polynomial sequences {p, (x)}ogn <n,, depend only on the leading coefficients
by = a, 2 —a, 2(1 — a) of the polynomials B (z), presented in Table [l Thus the
lengths n,, = n,, (@) increase to infinity, whenever |a| — cc.

Basic properties of the classical orthogonal polynomials were studied in several
articles and monographs; cf. Bochner [5], Hahn [14], Krall [23H25], Agarwal and
Milovanovié [1], Andrews et al. [3], Chihara [7], Nikiforov and Uvarov [34], Koekoek
et al. [20], Suetin [43], Koepf and Masjed-Jamei [21,22], Masjed-Jamei [31], the
authors [36H38,40], Horvéth [I8], Wang and Xiang [47], and Wang et al. [40]. In
particular, Koepf and Masjed-Jamei [2I] observed that pseudo-Jacobi distribution
generalizes the Student ¢-distribution, one of the most important distributions in the
sampling problems of normal population. According to [21,[31], this distribution
also extends the F-distribution. In our papers [36,37], we gave solutions of the
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TABLE 1. The basic types of classical weights w (z).

Weights Polynomial A (x) Polynomial B (z)
Hermite,
1 > 1 —2z
e~ * on (—oo,400)
Laguerre, —r4+a+1
2 _ T
%" on (0, +00) a>-—1
3 Jacobi, I —(a+B+2z+F—-a
(1—2)*(1+2)” on (1,1 a>-1, 8> -1
Generalized Bessel, ar + 8
4 , B z? ag¢{-2,-3,...},
% %e”= on (0,+00) a<—1, >0
Jacobi, ) C-a)z+B+1
5 2P x4+ x
(1+x)o+B on (0,+OO) a=3, f>-1
Pseudo-Jacobi
’ 2(1—a)z+bo
6 arctan E(x x2+am+a .
L™ on (—00, +00) o a>% BeR

electrostatic equilibrium problem and the interpolatory Fejér type problem for all
classical weight functions. This subject has been continued for some other weighted
distributions, generating exceptional Laguerre and Jacobi polynomials, by Horvath
[18]. Finally, in the articles [46,47], Wang et al. expressed explicitly, in terms
of Christoffel numbers, the barycentric weights for the Lagrange interpolation at
the zeros of Hermite, Laguerre and Jacobi orthogonal polynomials. Next, they
applied these results together with the O (n)-algorithm of Glaser et al. [I0] to
implement superfast algorithm to evaluate these weights. However, in the case of
Jacobi polynomials they proposed to use the Hale and Townsend O (n)-algorithm
[15], which is more efficient than the previous algorithm.

In this paper we extend the results of Wang et al. [46,47] not only to all classical
weight functions, but also to osculatory interpolation of Fejér and Hermite types
at the zeros of orthogonal polynomials generated by these weights. Next, we apply
our results to the Lagrange interpolation, which solves the problem considered by
Wang et al. [46L[47] in full generality.

It should be noted that our simplified and unified approach, proposed to deal with
barycentric formulae, has been already applied to solve the electrostatic problem
in our paper [36]. It is based on the following fundamental recurrence formula, due
to Al-Salam and Chihara [2], for the derivatives of classical orthogonal polynomials

(1.5) A (@) py, (%) = (6n@ + 1) P (T) + prpn—1 (¥), n=1,2,...,

with coefficients ¢, 7, and p,, satisfying

(n—1)ajas + a1by — agby
2(n—1)ag + b

O0p =MNag, Np=mn ,
(1.6)

_ _ 2
Sp—1 (Tn—1a1 — agby) — agri, o

2
T2n—3T5p—2T2n—1

Pn = _dnr2n—1> dn = Nrp—2
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Here we assume that 0/0 = 1 and that
rr = kas + b1, sp = kay + bg.

Moreover, we note that coefficients d,, can be also derived from the following three-
term recurrence relations [7}2045]:

po(z) =1, pi(z)=2—co,
(1.7)
Pnt1 () = (x —¢p) pn () — dppp—1 (), n=1,2...,

for the monic classical orthogonal polynomials, where constant coefficients c,, are
defined by

(1 8) - _2na1rn_1 — bo (2(12 — bl)

T2n—2T2n

2. BARYCENTRIC FORMULAE FOR OSCULATORY INTERPOLATION

Let w (x) and wy (z) = A (x) w (z) be classical weights on (a,b), and let the clas-
sical orthogonal monic polynomials pg () = 1 and p, () = (z —21) -+ - (x — x,),
0 < n < ny, be associated with the distribution w (z)dz. Then the derivatives
{Pn (®)}opep, are classical orthogonal polynomials, corresponding to the distri-
bution wy (z) dx; cf. Hahn [14], Krall [23H25], Agarwal and Milovanovié [I], and
Mastroianni and Milovanovié [32]. Without loss of generality, we may assume that
the weight w (x) is basic, i.e., that it is as in Table [l Otherwise, it suffices to
apply an appropriate linear change of the argument x in order to transform a given
classical weight to a basic one.

Now we consider the Fejér interpolating positive operator F,, which, for any
continuous function f € C (a,b), satisfies the interpolating conditions

(Fuf) (@) = f(z), (Fuf) (2,)=0, v=12,...,n,

at the roots of a classical orthogonal polynomial p,, (x). It is defined by the formula

(2.1) (Fuf) (@) = w1 (2) S 1 () 212
v=1 w1 (:I;V)
where
(@)= )

(@ —zv) pp, (1)
are the fundamental Lagrange polynomials. The important feature of Fejér operator
consists in the fact that its knots are the unique solution of the extremal problem

. i 12 (2) z— 2
min sup wi (z) Z =1, ()= H

3
a<21<...<2p<b gcrch =1 w1 (Z,,) Zy — %k

N

Eal

which was first proved by Fejér [9] for the Legendre weight w () = 1, then by
Karlin and Studden [I9] for Hermite, Laguerre and Jacobi weights, and recently by
the authors [37] for all remaining classical weights. It is worth noting that many
interesting modifications of the interpolatory problem of Fejér, including among
others the non-classical weights, were also studied by Baldzs [4], Lau and Studden
[261277], Lubinsky [30], Szabé [44] and Horvéth [I6L17].
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It is well known that the Hermite formula (21 is unstable and too slow in
numerical computations of the Fejér operator (F,f)(z). For this purpose, we
recommend [39,/46] its barycentric form

n

(2.2) (Fuf) (@) = wn (2) p2 (2) 3 f (2) —2

(x— xl,)Q

with the barycentric weights (v,); independent of f ().

v=1

Theorem 2.1. The barycentric weights (7,)] of the Fejér operator F, satisfy
1 B Al(zy)
A(zy)w () [Py, (CC,,)]2 paw () [pPn—1 (x,,)]2

Additionally, the constants p, are, for the siz basic classical weights, as in Table 2l

(23) Yo =

Proof. For the proof of the first part of (2.3]) it is sufficient to compare the formulae
@1) and ([Z2). Next, we insert roots © = z, of p, (z) into the Al-Salam and
Chihara differentation formula (T3] to get

PnPn—1 (:Eu)
Hence the second part of (Z3) follows from its first part. Thus it remains to
compute the constants p, = —rq,—1d,, n = 1, for all classical weights. During these
computations we take occasion to evaluate also the constants (¢,),,5¢, (dn),>; and

my =dida---d, (n>=1),

which are necessary in Section @l Since r, = kas + by and s, = kaq + by, we insert
coefficients a; and b; of polynomials A (z) and B (z) from Table [l in the formula
(C3) and in the last two formulae in (Z6) to get:

(G) ro=-2,5,=0, ¢, =0, pp =2d,, = n, and m,, = 2

3w, in the case of Hermite
weight w (z),

(i) rp=—1,ss=k+a+1l,c,=2n+a+1, p,=d, =n(n+ a), and
my =n!(1+ a),, in the case of Laguerre weight w (),
2 2

(i) g=—(k+a+8+2),sp=F—q,cp = (2n+a+5)&2‘+2+a+ﬁ),

_ _ An(nto)(ntpB)(nta+p)
pn=(2n+1+a+B)dn = G G G Gnrars)? 20d

_ A4"nl(1+a), (14+8),, (2+a+B),,_
Mn = " GnfitatB) @+ath)2, ,

L, whenever w (z) is the Jacobi weight,

. 2_
(iv) e =k+a, s;, = B, Cn=%7

_ _ n(n—2+a)B>?
Pn = (]' —2n - a) dn = (2n—3+a)(2n—2+a)?’ and
(=)™ (), r . . .
Mn = G ira)@)l 0 1 W (x) is generalized Bessel weight,

(V) re=k+2-a,sp=k+8+1,¢c, = ag:—l)a_)?;rg;i;?)’

—pp=02n+1-0a)d, = ”(7(’2;@1(133()2(::5)_2@, and

_ nl@=e),,(1+8),(1—a—p),
n— @2n+l—a)(2—)2,, _,

, in the case of Jacobi on (0, +00) weight,
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(vi) re = k+2(1—a), sc = (k+1—a)ay + BC, ¢ = srmeelis — 4,

n(n—2a)[4(n—a)2+ﬁ2]C2
4(n—a)?(2n—1—2a)

_(=D)™nle=2a), TT7-, [4(i—a)?+5?]

pn=02a—-2n-1)d, = , and

, whenever w () is the pseudo-Jacobi

n (2n+1—2a)(2—2a)3,,_, (2"
weight.
Hence the proof of the Theorem Bl is finished. O
Remark 2.1. During computations of the coefficient ¢y or dy for the Jacobi weight,
the division by zero can take place, whenever n=a+p=0orn=—(a+ ) = 1.
Then we have to use the convention % =1 in order to get the correct values
cop = B%O[ and dy = % =2(1+a)(1+75).

Note that (F,f) (z) is a modification of the Hermite interpolating polynomial
(Hnf) (z) of degree at most 2n — 1, defined by the interpolating conditions

(Hnf) (@) = f(2n), (Haf) (@) =F (&), v=1,2,....n,

at the roots of the orthogonal polynomial, associated with a classical weight function
w (z). It can be expressed, in terms of the fundamental Lagrange polynomials [, (),
as follows [6]:

(25)  (Haf) (@) =D {f @)1 =2(@ - ), (@) + [ (@) (@ —2,)} ().

Hence (H,,f) (z) has the barycentric form

(26) (an)(x)_P%(f)Z{f(xu)l S

z—m3,)°  T—xy

+f (%)M}

r—x
v=1 v

n

Theorem 2.2. For the Hermite interpolating operator (Hn f) (z) at the roots (x, ),
of a classical orthogonal monic polynomial p, (x), the barycentric weights are equal
to

oo = 1 B A2 (z,)
v,0 — 2 7 5 " 2
@7) [P, (@)]” P [Pn—1 (20)]
_ B (zy) _ A(zy) B ()
T, =

2 = 2
A(zy) [p, (20)] Py [Prn—1 (zv)]
Moreover, for all six basic classical weights, the constant factors p, are given in

Table 2L
Proof. By comparing the right-hand sides of (23] and (Z.0]), we obtain

1
(2.8) Yo =———= and y,1 =21, () Vo0
[pn (z0)]

It follows from formula (24) that the second representation (Z7)) of +, ¢ hold. To
prove the second part of (27), we apply the I'Hospital’s rule to the quotient

Py () (x = 2y) = pn (2)
(z) =

! 2
( —20) " py, (0)

v
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at the point x = x,, in order to get
Pn (7)
2.9 1, (2,) = 22
On the other hand, the Sturm-Liouville differential equation (3] yields
A(zy)p, (x0) + B (@) p, (20) = 0.
Hence it follows from ([29) and ([2.8) that

B (z,)
V1= —— .
A () [py, (2)]
This combined with (Z4) completes the proof. O

Since the Lagrange interpolating operator
n
(Lnf) () = Z f (@)l (2)
v=1

has the barycentric form

oy 1

(Lnf) (z) = pn (.CL')Zf(.’L'V) z—x.

v=1 v
we get the following extension of the results presented in [46] for the infinite se-
quences of classical orthogonal monic polynomials p, ().

Theorem 2.3. The formulae

(2.10) oy — L Al

Pn (xu) PnPn—1 (xu)
hold for barycentric weights of Lagrange interpolating operator (L, f) (x) at the roots
(z,)] of arbitrary classical orthogonal polynomial p,, (x). Additionally, the constant
coefficients py, are listed in Table 2 for all siz basic classical weight functions.

Proof. The second identity in ([2I0) follows immediately from the first identity and
formula (24)). O

3. BARYCENTRIC WEIGHTS AND CHRISTOFFEL NUMBERS

Throughout this section we assume that py () =1 and p, () = (x —z1)---
(x—zp,),0<n< "“’T“, are classical orthogonal monic polynomials corresponding
to distributions w () dx. Moreover, we suppose that the leading coefficient by
of the polynomial B (z), from the definition of w (x), is such that the inequality
2n—1 < ny, holds. Then the Gauss quadrature formula of approximate integration,

n b
@) =3 M)~ [ @@
v=1 a
with coefficients defined by

= ’ X T T X 7—pn(x) vV = n
AV—/a b @) w (@) de, b (0) = o s v=12m,

is the unique quadrature formula which is exact on the space Ps,—1 of all poly-
nomials of degree at most 2n — 1. These coefficients A\, are called the Christoffel
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TABLE 2. Constant items of barycentric weights ., 7,0, 7,1 and
o, (Theorems 211 and 23), Christoffel numbers A, (Theorem
[BI), and of explicit representations for the barycentric weights of
Fejér, Hermite and Lagrange interpolation operators in terms of
Christoffel numbers A, (Theorem B.2]), dependent only on n and
classical weight functions. Here i = /—1, ( is as in (L4, and
(v), =v(v+1)---(v+k —1) denotes the Pochhammer symbol.
In addition, it is supposed that (v), = L and p; =4 (1 + o) (1 + 3),
whenever n = — (o + 8) = 1 in the third row; cf. Remark 211

Constants p, (n >1) Constants h,—1 (n > 2)

| n e

2 n(n+ a) (n—1DIT(n+a)

3 4n(n+a)(n+B)(n+a+p3) 22n—1+a+B8 (n_1)IP (n4a)T(n+8)
(2n—1+a+B)(2n+a+pB)? (n+ta+8),,_1T'(2n+a+p)

4 n(n—2+a)s> (*Unil(”*1)!<a)n,72ﬁ2n73+ar(1*0‘)

(2n—3+a)(2n—2+a)? (2n—3+0a) ()3, _5
5 _nn—a)(n+p)(n—a—p) (n—1!(2-a),,_s(1-a—pB),,_T(a—1)I'(n+p)
2n—1—a)(2n—a«)? (2—a)§n73(2n—1—a)l—‘(a+ﬁ)

6 n(n—2a)[(2n—2a)2+5?] (- la(n—1)1(2—2a),,_oT(2a—1) 1‘[;?;1 [4(G—)2+57]

(2n—1-2a)(2n—2a)?¢? 40—l (2n-1-2a)(2—20)3, _4|T(atid)|*c2a—2n+1

numbers. They have the following representation, which is a consequence of the
Christoffel-Darboux identity [45].

Lemma 3.1. The Christoffel numbers have the representation
Py () Pt ()
where constant factors hp—1 are defined as in (L) —(T2).

A v=12,...

Although the last representation of Christoffel numbers is valid for an arbitrary
positive weight function w (z) on (a,b), the next representations are characteristic
for the classical weight functions. These representations and their proofs seem to be
new at least in the case of generalized Bessel, Jacobi on (0, +00) and pseudo-Jacobi
classical weight functions.

Theorem 3.1. Let (z,)] be the zeros of a classical orthogonal monic polynomial
pn (). Then the Christoffel numbers A\, satisfy
_ Pnhn—1 _ hp—1A (xu)
A(zy) [P (xu)]Q P [Pn—1 (IV)]Q
Here the constants p,, and h,—1 are as in Table B, for all six basic classical weights.

Proof. In view of Al-Salam and Chihara identity (LH) we have

Prn—1 (LL'V) = W

(3.1)
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Hence one can substitute this expression into Lemma [B.]] to obtain the first part
of representation ([B)). Similarly, the second part follows from Lemma Bl and
formula (Z4]). Thus it remains to compute the constants h,—;. For this purpose
we note first that the integrals

hoz/abw(a:)d:t

are equal [8,20145] to

gat+B+1 Fa+1)T'(B+1)

VA T(a+1). U

(3.2)
Fa-1)T'(B+1) 7l (2a — 1)

I'(a+p) ’ fo—1 ’F (a+i§)‘2g2a—l

BTN (1 —a),

for classical basic weight functions w (x) of Hermite, Laguerre, Jacobi, generalized
Bessel, Jacobi on (0, +00) and pseudo-Jacobi, respectively. Further, multiplying
the three-term recurrence formula (L) by p,—1 () w (z) dz, and then integrating,
we obtain, according to (L.2)) and the orthogonality,

b
0= / Do (2) [ — ) Pt (@)] W () d — dyhney = By — dyh_s.

This establishes the formulae h,, = d,,h,—1 and

(33) hn = d1d2 L dnho = mnho (’I’L 2 1) .
Thus the formulae B follow directly from ([B.2) combined with representations
of m,,, computed in the proof of Theorem [Z.1] and presented in Table 3l O

Now we are ready to establish a theorem which includes the main result of Wang
et al. [46] on barycentric weights of Lagrange interpolation at roots (x,)] of infinite
classical orthogonal polynomials of Hermite, Laguerre and Jacobi. It connects the
barycentric weights of Fejér, Hermite and Lagrange interpolation at the roots (z,)}
of classical orthogonal polynomials of Hermite, Laguerre, Jacobi, generalized Bessel,
Jacobi on (0, +00) and pseudo-Jacobi with associated Christoffel numbers. Despite
the generality, our proof is simpler, due to resigning from the lowering operator

technique in the form proposed by Nikiforov and Uvarov [34].

Theorem 3.2. Let the roots (x,)] of the classical orthogonal polynomial p, (x),
associated to any classical basic distribution w (x) dz, be ordered in such a way that
T1 > T > ... > Ty. Then the barycentric weights of Fejér v, Hermite v, o and
Y.1, and Lagrange o, have the following representations:

N _ Al) A\
m pnhn—lw (xu) ’ PYMO pnhn—l ’
(3.4)
B(z,) A\, v—1 [A(z,) A
vi=—7"—", 0o,= (-1 -
Tt pnhn—l ( ) pnhn—l

Additionally, the constant factors p, and h,—1 are as in Table 2l
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Proof. From Theorem B.I] we obtain

2 pnhn—
(3.5) [P (z0)]” = A(T)/\ly

By inserting this formula into Theorems 2.1l and we establish the first three
identities in ([B4). To get the fourth identity, we apply the hypotheses z; > zo >
...>xp and p, = (. — 1) (x — 22) -+ - (x — z,) to show that

sgn p, (I,,) = (_1)1/_1 :

Since all terms on both sides of ([B.5), perhaps except p,, are evidently positive, it
follows that p, > 0. Hence, one can set the square root of (81 in Theorem 23] to
complete the proof of (B4). O

According to Wang et al. [46], the computation of barycentric weights o,,, associ-
ated with the Hermite, Laguerre and Jacobi orthogonal polynomials, is extremally
effective (i.e., is of order O (n)), whenever Christoffel numbers are first precomputed
by one of the known superfast algorithms of order O (n). However, we should ob-
serve that in general this approach has a slight disadvantage. For example, by
Theorems [3.1] and we should first perform, during computation of A, the mul-
tiplication by p,h,—1 in the formula ([B.1]), and then by (pnhn_l)_1 in the formulae
[B4) for barycentric weights of Fejér, Hermite and Lagrange type. Clearly, this has
to be avoided, e.g., in the way proposed in [46]. An alternative way is proposed in
the next section for arbitrary classical distributions.

4. BARYCENTRIC WEIGHTS, CHRISTOFFEL NUMBERS AND TRIDIAGONAL
SYMMETRIC EIGENVALUE PROBLEMS

In Theorems 211 221 23] and B.J] we have presented explicit representations
of barycentric weights of Fejér, Hermite and Lagrange types, and of Christoffel
numbers, in terms of roots (z,)] of the classical orthogonal polynomials p,, (z) and
of the last coordinates p,—; (z) of vectors

p(x) = (po(z),p1(x),...,Pn—1 (x))T e R"

at the points ¢ = z,, v = 1,2,...,n. By the three-term recurrence formulae (7)),
the simultaneous determination of (z,)] and p,—1 (z,) is equivalent to the partial
solving of the eigenvalue problem

(4.1) Gy=wy, y=o,01,-- ¥n—1) E€R",
with the tridiagonal matrix G of the form
cg 1 0
di 1
q—
dp—2 Cp—o 1

@ dn—l Cn—1

Its solutions are eigenvalues * = x, and corresponding orthogonal eigenvectors
y =p(x,), up to a constant multiple; see [I1], [13] and [42].
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Theorem 4.1. Let M = diag (,/mo,,/ml,...,,/mn_l) be the diagonal matrix,

and let H = [h,,Jg]Z;l:O be the tridiagonal symmetric matric with elements defined
by mo =1, ho,o = co and

mV:dldQ"'duu hu,u—lz\/duy hV,V:cV (V:1,2,...,7’L—1),

where (¢,)0 ", ()}~ and (m,)}”" are as in Table B for any classical weight.
Then the barycentric weights of Fejér vy,, Hermite v, o and 7,1, and Lagrange o,
have the explicit representations in terms of the solution

v=a, 2= (@) /v, (W=12....n)
of the symmetric tridiagonal eigenvalue problem of the form
(4.2) Hz=ugxz, z=DMy.

Additionally, these representations are identical with the second representations

given in formulee 23), @1), @I0) and BI).

Proof. We note that the matrix G of the eigenvalue problem () is similar to the
following symmetric tridiagonal matrix

co  Vdi 0
Vdi o Vda

H=M'GM =

dn—2 Cn—2 V dn—l

@ dn—l Cn—1

Thus the eigenvalue problems ([]) and (£2) are equivalent. Hence we apply The-
orems 2.1] 2.2 2.3 and B.1] to complete the proof. a

To solve numerically the eigenvalue problem (€2]) with a tolerance ¢ > 0, we
can use one of the classical, efficient and stable algorithms having complexity of
order O (nQ) (2, 13B5,4T], e.g., the divide-and-conquer algorithm due to Gu and
Eisenstat [I3]. It is clear that the computations of barycentric weights and Christof-
fel numbers from formulae (23], 7)), (Z10) and BJ) do not increase this order
for any classical weight function. This complexity can be improved to O (n) if we
extend the remarkable numerical method of Glaser, Liu and Rokhlin [I0] of com-
puting the roots z, and Christoffel numbers A\, by means of the Runge-Kutta and
Newton methods applied to the generic Sturm-Liouville differential problem (3]
for all classical orthogonal polynomials. In view of Koekoek et al. [20] and Ta-
ble [l we note that the extension of the Glaser, Liu and Rokhlin O (n)-algorithm
to generalized Bessel, Jacobi on (0,+0c0) and pseudo-Jacobi classical orthogonal
polynomials does not require any new ideas. However, we do not know if the im-
proved O (n)-algorithm of Hale and Townsend [I5] can be also extended to these
polynomials.

It is important that the eigenvalue problem (4.1]) has explicit solution for the
following four special interesting weights w (z) of Jacobi type:

o 1 1
(4.3) w(z)=1-2)"(1+2), a=£z, f=%;.
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TABLE 3. The items ¢,, d, and m, of tridiagonal symmetric eigen-
value problem (€2]), dependent only on classical weight functions
and n. Here ¢ and a; are as in (IL4), and (v),, denotes the Pochham-
mer symbol. Furthermore, we should put ¢y = (8 — «)/2 and
di = 2(14 a)(1+ B) in the third row, whenever o and § are as
in Remark 211
¢ (v=0) dy (v=21) my, (v>=1)
v v!
1 0 5 %
2 v+ a+1 v(v+ a) vi(l+a),
3 B2—a2 v (v+o)(v+B)(v+a+B) 4"v!(1+a), (148), (2+a+B),
(CvtatpB)@v+2+ath) [@v+a+8)2-1](2v+a+8)? (2v+1t+a+B)(2+a+B)3,
4 B(2—a) —v(v—2+4a)s? (_1)’/1’![321/(04)”—1

(2v—24a)(2v+a)

(2v—3+a)(2v—2+a)2(2v—1+a)

(21/*1«&»(1)(04)%”_1

5 a(Bf+1)—2v(r+l—a)
2v—a)(2v+2—a)

vv—a)(w+p)(v—a—p)
(2u—a)2[(2u—a)2—1]

vi(2—a),_1(1+8),(1-a=8),
2r+i—a)(2—a)2,_,

6 aB¢

____eps a1
2(v—a)(v+l—a) 2

7V(V72a)[4(ufa)2+ﬁ2]

vI(2—2a),_; [T [4G—)?+87]

4(V7a)2[4(u704)271}(_2

(—1D)¥ (v+1—-2a)(2—20)3,_, (2

The associated classical orthogonal monic polynomials p,, (z), for n > 1 and

1 1 1 1
(44) a:6:_§7 a:6:§7 a:_6:_§7 and a:_ﬁzia
have the representations
1 1 si 1)6
tn (r) = ——cosnb, u,(x)= —w,

on—l on sin 0

(4.5)
e () = icos (n+ %) 0

; 1
- o () = 1sm(n—|—2)9,

2n sin 2

[
COs 5 2

where z = cosf and —1 < x < 1. These weights and polynomials are called the
Chebyshev and Szeg6 weights/polynomials of the first and second kind, respectively.

Corollary 4.1. Let w(z) = (1— x2)_% and t, (z) = 3= cosnf (z = cosb) be
the Chebyshev weight and monic polynomial of the first kind. Then we have

_1 . _1 .
4" sinf, 4" sinf,

’Yl/ - 2 >\V7
n ™
47~ 1gin? 4, 4n=1gin? g,
Yv,0 = 2 = Iz
n ™
qn—lg, 41z,
Yv,1 = — ) = - )\Vu
n ™
—1 op—1 .- —1 op—1 .-
(=) 27 tsing, (—1)"" " 2""lsing,
Oy = = Avs
n T
T 2v—1
A=—, x,=cosb,, 0,= .
n

2n
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Additionally, if we denote T,, (z) = 2" t, (z), n > 1, then we obtain the explicit
barycentric operator representations

Fad) (@) = VL= 2T @) Zf _sinby

(Hof) () = T7;1(2x) Z {f () [(;ii ;”)2 oz fyx,, T — T,
ad) @)= DS (g, E_S0

for the Fejér, Hermite and Lagrange interpolating operators at the zeros (z,)] of
tn ().

Proof. Since a = 8 = — , it follows from Table [ and (@A) that

A(z) =sin®6, B (x)= —cosb, w(w)zs,lo, wy (x) =sinb,
in

(=1)""'sing,

1\l
L to(xzy) =1, tp—1(zy) = on—2

2n—1lging,’

Next, setting a = 8 = —5 in the third row of Tables[2 and Bl and then simplifying,
we obtain p; =1 and d; = 3, by Remark 2] and otherwise

ty, (z) =

n 1 1
pn*ga dn*Za My = 22n—1’
1 m
12 _ _
Hence we apply Theorems 211 22], 23] B and to complete the proof. O

We note that the last barycentric formulae in Corollaries [£1] and have been
obtained recently by Wang et al. in [46]. Moreover, the representations of Christof-
fel numbers A,, presented in all our corollaries for completeness, are well known
[435].

Corollary 4.2. Let w(x) = V1 — 22 and u, () = Q%M (x = cos ) be the

sin 6
Chebyshev weight and monic polynomial of the second kind. Then we have

4" sin 6, 4m
5 = . )\V7
(n+1) 7w (n+1)sind,

47sin* 6,  47sin6,

T =

Yv,0 = = v
0 (n+1)?* 7w(n+1)
_ 3-4ng,sin’6, 3.4z,
FYV,l (n+1)2 7T(n+1) vy
1 v—=1ap . 2 1\ 1lon
Uy:( ) 281n0U:(1) 2)\1/7
n+1 s
-2
0,
)\V:w, r, =cosb,, 6,= v

n+1
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Furthermore, if Uy, () = 2"u, (z), then

n v—1 . 2
(£af) (@) = DS gy TS

T —x,

Proof. In view of Table [l and (5] we get

A(z) =sin?60, B(z)=—3cosf, w(x)=sinf, w; (z)=sin®0,

G ) (-
u, (1,) = ——a—2, Up—1(2,) = ——
n (@) 27 ¢in? 6, (@) on—1
Next, for & = 3 = § we obtain from Tables 2l and [
n+1 1 1
n — ) dn = n — 7.
2 T T
arz(3) o« ™
ho = 2) _ 7 and hpey = 21—
°T“ T 2 M LT 901

Hence one can apply Theorems 2.1] 2.2 23] B.1] and to finish the proof. a

In the next corollaries we consider two special cases a = —f = —% and o =
—B = % of the Jacobi weight functions. It should be mentioned that these weights

are of interest in the analytical and numerical solving of singular integral equations
with the Cauchy kernel [33].

Corollary 4.3. Let w(z) = /1EL be the Szegs weight function of the first kind,
and let

1
e (z) = icos (n—|— 2)0

=— 7 ,
2 Cos 3

r=cosfh, —-1l<zxz<l,
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be the associated orthogonal monic polynomial. Then we have

22n=1lging, 22" ltan %"

P L R

4 sin 0, cos? %" 22l sin? 6,
Yv,0 = (n+%)2 = 7T(TL+%) v

4™ (1 —2cosb,) cos® by 22771 (1 —2cos,)
Tv1 = (n—|—%)2 = w(n—i—l) vs
” — (=1)""tan 811119,, cos & _ (=1)" "' 27 sin b A

n+3 ™
2 0,

)\1,227:;0%;, T, =cosb,, 0,= ;Z;i

Additionally, if we denote C,, (x) = 2"¢y, (x), then the Fejér, Hermite and Lagrange
interpolating operators at the zeros (x,)] of ¢, (z) have the barycentric representa-
tions

(Fuf) () = LH2VE ‘””2 fo,, sinf,

x—:cl,)z’

2 (g " sin? — 2cos
(anm)—%z{f(m[( O 1o 2cob

z—xz,)° T — Ty

Oy

(Lnf) (z) = Cr (x) Z (@) (-1) sin 8, cos 3

n—}-% T — I,

Proof. Writing a = —
obtain

N
Q
=}
o,

ey
Il
|
=)
=
o
—_
(€]
07]
o
&
=}
[oW
%
&
=}
[oW
=+
=
¢
[=}
&
=]
=2
2
=}
02
=
@

o

3

Il

o
=

3

WV

\.}—‘

o

o

Il

|

on

<

=

@

=

o

=

=~
B

Since we also have
0
A(x) =sin?0, B(z) =-2cosf+1, w(z)=-cot 3

, 0 )" ' (n+l
wy (x )—2Sln960 — Cn(%)zw
2’ 27 sin 0, cos ¥
(=1)" "' sin &
et (1) =

the proof follows directly from Theorems 2.1 2.2, B3] B.1] and O
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The final explicit barycentric representations are connected with the Szeg6 poly-

nomials of the second kind. To prove them we proceed similarly as in the proof of
Corollary

Corollary 4.4. Let w(x) = 1+z be the Szegd weight of the second kind, and let

1 sin (n + 5) 0
VAL sin g ’
be the Szegd orthogonal monic polynomial of the second kind. Then the barycentric
weights and Christoffel numbers satisfy the formulae

22n=lging, 22" lcot %"

Sn () = xr=cosfh, —-1<x<l,

T =

2 = Iy v
(n+1) ™(n+3)
4" sin? 6, sin? 97” 22n—14in?g,
Yv,0 = = vy
(n+1)° ™ (n+3)
4" (1 + 2cosf,)sin® & 2271 (1 + 2cosb,)
Y1 = — 3 = - 1 v
(n+1) m(n+3)
L (—1)""" 27 sin 6, sin % _ (—1)" "' 27 cos %
14 1 vy
n+ 3 ™
2 sin? = 2
)\V:412, x, =cosb,, 6,= Y
n+3 2n+1

Moreover, if S, (x) = 2"s, (), then we have the barycentric operator representa-
tions

+f(xy)im_22i} 2,
(Lnf) (= n+2 Vzlf ) 1)”_;s_inx0:sin%

Proof. Since o = —f = 5 it follows from Tables[2land [ that all constant factors p,,,
dyn, my, and h,—1 are identical with those in the proof of Corollary .3l Moreover,
we obtain, by using Table [[] and (d.3]),

Al(z) :sin29, B(z) =—2cosf—1, w(x) ztang,

9y
2

0
wy () = 2sinfsin® =, s, (z,) =
1 (@) 2 n (@) 27 sin 6, sin

v—1
(=1)"" " cos ‘%”
an—2
Hence we apply Theorems 211 2.2], 2.3] B and to establish the corollary. [

Sp—1 (1'1/) -
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