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Abstract. The bending angle observation operator (forward not straightforward to assimilate into a numerical weather
model) currently used to assimilate radio occultation (RO)prediction (NWP) system, and the raw data are usually pre-
data at the Met Office, the European Centre for Medium-processed into bending angles or refractivities, which are
Range Weather Forecasts (ECMWF) and other centres ithen disseminated on the Global Telecommunication System
the same as is included in the Radio Occultation Process(GTS).

ing Package (ROPP), along with the corresponding tangent- Data assimilation (DA) is the process of producing a sta-
linear and adjoint code. The functionality of this package tistically optimal “analysis” which is used as an input to an
will be described in another paper in this issue. The mearNWP forecast system. The assimilation step blends infor-
bending angle innovations produced with this operator usingmation from observations and short range (e.g. 6 h) forecast
Met Office background fields show a bias that oscillates withfields, i.e. the background. Mathematically, the basic, time-
height and whose magnitude peaks between the model levelgndependent DA problem is defined as finding the value of
These oscillations have been attributed to shortcomings irwhich minimises the following cost functiod:

the assumption of exponentially varying refractivity between

model levels. This is used directly in the refractivity operator, J (x) = = [(xb —x)'B Yxp—x)+ Q)
and indirectly to produce forward-modelled bending angles
via the Abel transform. When the spacing between the model (y—Hx) 'R (y- H(x))] ,

levels is small, this assumption is acceptable, but at strato-

spheric heights where the model level spacing is large, thes@herex is the model state vectory, is the background state
biases can be significant, and can potentially degrade analector (i.e. the *first guess”)y is the observation vector/
yses. This paper provides physically based improvements tés the non-linear observation operator, also called the “for-
the functional form of refractivity with height. These new Ward model”, (in a 4D-Var system the operator would in-
assumptions considerably improve the oscillatory bias, andflude integration of the forecast model) éBandR are the

a number of approaches for practical implementation of theédackground and observation error covariance matrices, re-
bending angle operator are provided. spectively. The first term is evaluated in model space, and the

second term is evaluated in observation space. The observa-
tion operator is the calculation of the simulated observation
which would be measured given the atmospheric state of a
1 Introduction model field. Satellites measure quantities such as radiance,
excess phase, and not simply atmospheric state quantities
A key feature of radio occultation (RO) data is that the raw such as temperature or humidity. So, the forward model may
observations of excess phase should be unbiased, due tm fairly complex, even if the observations are pre-processed
the use of an atomic clock onboard the low Earth orbitinginto quantities more closely related to the model state vari-
(LEO) RO receiver. These raw measurements, however, arables. It should be emphasised that in variational DA, the
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3446 C. P. Burrows et al.: Radio occultation forward models

cost function depends on the “innovations”, iye— H (x) 80
and not simply the observations themselves. For this reasor
it is just as important to ensure that the forward moHeis s 70
accurate as it is to ensure that the observations are of gooX< 60l
quality. This paper will discuss improvements to the RO re- 2
fractivity and bending angle forward models which are used.2 50t
at several NWP centres and form part of the Radio Occul-<
tation Processing Package (ROPP), henceforth referred to ¢ © 4
the “ROPP operator” for brevity. 30}
In the case of refractivity assimilation, the observed re- 4
fractivity values describe the atmosphere at particular points & 20¢
(with some degree of spatial correlation), so interpolationg 10
of refractivity to this point is necessary. Forward-modelled |
bending angles, however, depend on the entire model atmc 0 ‘ ‘
sphere above the tangent poiRjgldbo et al.1977). For this -8 —6 —4
reason, the variation of refractivity with height needs to be

known at al! helghts, from .the tangent point to the top of Figure 1. Logarithm (base 10) of a randomly selected (but fairly

the, mOdeL mCIUd'r‘g all points betweer_] the mOde! IeveIs'typi(:al) vertical refractivity profile, forward modelled from a 70-

This is necessary in order for the Abel integral, which cal- |eye| Met Office background profile. This highlights the approxi-

culates bending angles from refractivity, to be evaluated (Segnately exponential behaviour of refractivity with height. The dry

Sect.3). and wet terms have also been plotted to show their relative contri-
The ROPP operator is basedldealy and Thepau2006. butions.

This assumes exponentially varying refractivity, as a func-

tion of x between model levelsandi + 1. The independent o _ .

variablex is the product of the refractive indexand the dis-  Sufficiently small, this assumption can produce reasonable

tent

tance from the local centre of curvature of the Eartie.  refractivities between the levels, and hence bending angles. If

nre the spacing is large, however, the innovation statistics show
features which indicate failings of this assumption. This pa-

N(x) = N;exp(—k; (x —x;)) for x; <x <x;11, (2) per aims to address refinements to the form of the refrac-

tivity with height used in the refractivity and bending angle

where forward models.

In(N;/N;
ki = —; ’1/ _’xfl). 3)
" l 2 Refractivity

This ensures continuity at the model levelé(x;) = N;
andN (x;+1) = N; exp(—k; (xj+1 — x;i)) = Nj41. Currently, bending angles are assimilated operationally at the

With some further approximations, this variation f Met Office but from 2006 to 2010 refractivity data were as-
with height can allow the bending angle to be calculated viaSimilated, and some NWP centres continue to assimilate re-
the Abel transform, resulting in a difference of error func- fractivity operationally. To forward model refractivity at an
tions, see Eq.9) (Healy and ThepayR006. To a first ap-  observation height which lies between two model levels, the

proximation the exponential assumption seems reasonable &me exponential assumption was applied (i.e.Z=qut in

the refractivity is given by terms of geopotential height). This is equivalent to perform-
ing a linear interpolation of I6W) between the two model
P P - i i
N = agz +C2T_VZ’ @) levels surrounding the observation height.
Nob_neight= €Xp['IN (N;) + (1~ T)In (Ni11)], (5)

whereP is pressureT is temperaturePy, is the partial pres-
sure of water vapour aneh andcy are empirical constants

(Smith and Weintraull 953. where
In a dry atmosphere, the first term in Ed) Effectively Zi+1— Zonb_height
represents the mass field. Where the temperature is constant, ™ C Zin—Zi ®6)
the hydrostatic equationRydz = —pg implies thatP falls
exponentially with heightP (z) = P, exp(—gz/RT). There- With this assumption applied, the innovation statistics

fore, N also falls exponentially. This behaviour can be seen((O — B) /B) are plotted in Fig2. All plots in this paper
in Fig. 1 for a typical example of how model refractivity have had Met Office quality control applied to reject poten-
varies with height. If the spacing between model levels istially poor quality observationdRennie 2010. Note that in
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Figure 2. Refractivity innovations from 25 Met Office (6-hourly) Figure 3.Bending angle innovations from the same period asZig.
model cycles, with observation data from all available RO instru- with typical model levels overlaid. The functional form of refractiv-
ments. The period started with the 00 Z analysis on 1 January 2014ty used in the Abel integral is Eg2). Note that the model levels are
The refractivity between model levels is calculated using Bjy. (  plotted on geopotential heights and not converted to impact heights.
Typical heights of the model levels are overlaid as horizontal lines.

space). In a DA system (3D-Var for simplicity), the cost func-
tion takes the form of Eq.1jj. Therefore, the oscillations in
this context,B denotes the simulated observations forward-the innovations ¥ — H (x)) will be present in this quantity,
modelled from backgroundsd (x), on observation levels and hence they will introduce biases into the DA system.
and not the background error covariance as above. The origin of these oscillations is apparently the exponen-
The values of O — B)/B are calculated for each observed tial assumption between model levels.
profile (i.e. in observation space), where the background pro-
files are horizontally interpolated from full-resolution (70- .
level) Met Office fields. Th¢O — B)/ B values are then verti- 3 Bending angle

cally interpolated linearly onto a fixed grid with 200 m spac- 1o bending angle forward model is much more sensitive

ing for statistics to be calculated (mean and standard dewfo subtle changes in the model background and the form of
ation), thus allowing profiles with different sets of impact

) . . L dN (x)/dx which is integrated above the tangent height, i.e.
he|ght's tq be |.ncluded in the statistics. A_‘” plotied—B)/B the bending angle depends on the vertical gradient of the re-
statistics in this paper are calculated this way.

. . - fractivity. Therefore, it is no surprise that the bending an-
The bla_s above_ 45 km should be |gnore(_j as it IS du_e to gle statistics show the oscillatory bias even more strongly in
a Met Office-specific model temperature bias, which is an-

- . . , T Fig. 3.
F|C|pated to improve with an upcoming model upgrade. Sim- These statistics are calculated in a similar way to refractiv-
ilarly, the growing negative bias abovel7 km relates, at

4 - ) . ity (above), but the values ¢D — B)/B for each profile are
least partly, to a bias arising from the handling of Met Oﬁ'(.:e interpolated to a fixed grid of impact heights (impact parame-

levels in the refractivity forward model. This broad bias i 4o 1inys the local radius of curvature) rather than geopoten-

potentially problematic, but is specific to the Met Office. The_ tial heights. These fixed heights are spaced by 100 m. Plot-

cause is understood _and IS belng. addressed bL.'t IS "'?“ge'y 'rfl'ng bias statistics with coarse vertical binning (e.g. 1 km)
dependent of the main topic of this paper, so will be |gnoredcan hide these features, so we encourage other NWP centres

to avoid compllpatmg the dl_scussmn. . to follow this methodology to avoid overlooking similar os-
The general issue that will be addressed here is the Smaléillations

scale undulation that is present in the bias and is most notice- The bending angle as a function of impact paramete)

able between 25 and 45 km. The origin of these fluctuationsiS given by the Abel integrajeldbo et al, 1971 Melbourne
is clear when the model levels are overlaid, as in Big. et al, 1994 Kursinski et al, 1997
S " r -

It can be seen that the magnitude of the oscillatory signal i
smallest when the observations are close to the model levels % dinn
and largest in between. This is a real bias and not a feature af(a) = —Za/ S —, ©)
the plotting (the plotting routines have no knowledge of the o v x2—a?
heights of the model levels, and work entirely in observation
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wherex = nr as before. By assuming exponential refrac- — N(x) should be continuous at model levels.
tivity, and assuming/x2 — a2 ~ +/2a/x —a, the bending
angle contribution from a single layer is given Hgaly and — It should have a physical basis.
Thepaut(2006:

— It should take information from as few model levels as
Aw; =10_6\/ 2rak; Ny explk; (x; —a)} x (8) possible.

[erf{,/ki (Xip1— a)} — erf{\/ki (x; — a)}] ) (9) — It should include atmospheric moisture.

The implementation of the error function uses an accurate — It should not be prohibitively costly.
fit (Eq. 7.1.25,Abramowitz and Stegyrl965 to minimise
the computational cost. 3.1 Improved form of N (z)

Because this is an integral from the tangent height upwards

and is weighted most strongly close to the tangent point b)/o‘ form ,Of N@) qsed bW‘?.a'y anq Eyre(?OOQ assumes ex-
the denominator, it is expected that if the assumption of exponentlally varying specific humidity, linearly varying tem-

ponential refractivity between model levels is less than ideal,pergturetz;\]ndbhy(;lrostatlc prefszjcre. Th'f forfm v¥_|ll_tbebccin5|d-
then the magnitude of the bias would be smallest close to th&"€C as the DEST guess, or reterence” refractivity between
model levels, whereV (x) is the best representation of the mod(_el levels in this paper. In the troposphere, where mois-
model field (i.e. without any additional distortion from the ture is most prevalent, the model levels are close together,

vertical interpolation), and largest in between. This can be>° the exact form of humidity variation with height is not

seen in Fig3, though unlike the refractivity statistics, the os- cntu_:al_, but e_xponentl_al varlat|_on usuall_y _produc_es_g more
cillations in the bending angle bias are not symmetric aboutreaIIStIC humu_jlt_y profile than I|n<_aar variation in 'nd'V'dl.Jal
the centres of the layers. Interestingly, these oscillations dgases- The original paper used linear variation of the virtual

not appear so prominently in the equivalent statistics fromt€mperature to obtain the hydrostatic pressure. Here, we use

the European Centre for Medium-Range Weather Forecastile temperature itself as even at the surface, the difference is

(ECMWEF) —results suggest that this is due to the higher Ver__rarely more than 1% and rapidly decreases with height, so

tical resolution (more than two times larger) in the strato- m_the uppe_r-;roposphere—lp\_/ver-str_at_osphere, the differen_ces
sphere compared to the Met Office, making the exponentiaYV'" be negligible. The specific humidity is, however, used in

assumption more accurate. This is discussed later in this p&—he moist term of the refractivity equation (note that the vir-
tual temperature should be used to compute the geopotential

per. . . .
The bending angle operator proposed @ycurull et al. heights on pressure coordinates):
(2013 assumes a cubic representation of refractivity as a P(2) P(2)0(2)
function of height. This implementation ensures that the ver-N(z) = c1—— + —— (10)

C2 _ 2 9
tical refractivity gradients are continuous. The Abel integral @ €+1-90@NTR

is then computed using the trapezoidal rule. In our tests (rewheree is the ratio of the molecular mass of water vapour
sults not presented here), the oscillatory biases in the innovaand dry air and; andc» are as in Eq.4).

tions were increased for both refractivity and bending angles The reference specific humiditg), temperature®) and
using this form ofV (x), though in our tests the Abel integral pressure p) are defined to behave as
was solved analytically rather than numerically.
We therefore seek a new form of refractivity with height Q(z) = Q; exp(—n; (z — z;))
as an improvement to the exponential assumption. This Canr (1) = Ty 4 Bi (z — z;) (11)

be applied in a number of ways: 4 e/ (R T () /B
— Use a more physical function af (x) as the best ap- F (@ =Fi (1+ f.(z _Zi)) =hi (T) .
proximation, or “reference”, between model levels and
integrate this or an approximation to it. Between model levels andi + 1, »; is the inverse scale
height of the humidityg; is the vertical gradient of temper-
ature within the layerg is the gravitational acceleration and
R is the gas constant for dry air. Note that this formrak)
— Use “pseudo-levels”; i.e. evaluate the reference on hy_is different from what is assumed in a previous stage in the

pothetical intermediate levels and apply the existing ex-Met Office forward model for refractivity; in order to get all

ponential assumption to integrate between these modghnodel variables on one set of the staggered levels, the Exner
levels. pressure valued] = (P/Po)R/r, are interpolated linearly

from their native levels. This discrepancy results in the hy-
These methods all require a best guess Ngx). This drostatic integral producing a discontinuityAhat the model
should preferably satisfy the following criteria: levels. A solution is to replace the temperature gradieint

— Apply a simple polynomial correction term to the expo-
nential to bring it closer to the reference.

Atmos. Meas. Tech., 7, 34453458 2014 www.atmos-meas-tech.net/7/3445/2014/
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60 ‘ in terms ofz — z; or x — x; interchangeably. Also, the change
Mean to the vertical refractivity gradient arising from this change

—_ 50? STD of variable has been investigated in computations for a small
E number of cases and the differences are very small. Inter-
= ’ changing these independent variables is only reasonable if
@40’ < nr is monotonic, which is ensured by rejecting observations
g \ a below any model levels for which the modet decreases
= 30 \ % with height.
£ = This approach satisfies the criteria specified in the intro-
% 20 ' duction to Sect3. Although we specify thaiv (z) must be
g continuous, this new approach does not ensure continuity of
8 1o dN /dx, which is the quantity integrated in the Abel trans-

form. The importance of this is thought to be small relative
to the biases caused by the exponential assumption, and Ap-
pendixB contains a specific example and a general demon-
stration that as long a is continuous at the model levels,
the resulting bending angle profile will also be continuous,
regardless of the continuity of\d/dx.

-10 -8 -6 -4 -2 0 2 4 6 8 10
(O-B)/B [%]

Figure 4. Refractivity innovations using the hydrostatic refractiv-
ity expression between model levels (Efi6.and11) with typical

heights of the model levels overlaid. 3.2 Practical considerations

Two situations can arise where the calculated refractivity
is undefined. The first involves the humidity inverse scale
heightn, defined as

the expression for pressure (E), with a values that en-
forces continuity, i.e.

T(Z) —g/Ro;i | . .
P(zx)=P; <_T' ) ) (12) P = —n(Ql/QH-_l)_ (14)
i Zi+l—Zi
where In the Met Office 4D-Var system, negative specific hu-
¢ IN(Tiy1/Th) midities can occur throughout the minimisation. This will
oi = _EIn(PHr—/PI)' (13) clearly cause an undefined valuerpfand henceV (z). This
i+1/ i

is avoided by assuming th&(z) varies linearly within the

A slightly different version of the continuity correction layer should the humidity at one of the surrounding levels be
utilises a factor which scales the pressure linearly within thenegative. In the ROPP package, a positive minimum value of
layer to force continuity. The computed refractivities are al- specific humidity is enforced (16 kg kg™2).
most identical for the two methods, but we choose to pro- The second situation is when the temperatures are identi-
ceed with the neater correction in this description, as this cal at each of the surrounding levels. In this isothermal case,
is the formulation that will form part of the ROPP package. We initially consider Eq. 11). This means thag =0 and
At the Met Office, the alternative formulation is likely to be henceP (z) is indeterminate. In this case we therefore replace
followed operationally for flexibility, though we emphasise the expression foP(z) in Eq. (11) with its limit as 8 — 0,
that the underlying assumptions are consistent between theg@mely
approaches, i.e. the same reference refractivity variation is_ g
being approximated. AITOP(Z) =P exp(—ﬁ (z— Zi)) : (15)

The refractivity, continuous at adjacent model levels, is
simply Eq. (L0), using Q(z) and T (z) from Eq. (1), and Knowing that in a dry, isothermal atmosphere the pres-
P(z) from Eq. (L2). sure varies exponentially in accordance with the hydrostatic

As stated above, if the forward model handles the modelequation, we ensure continuity by replacing the inverse scale
variables consistently throughout, this correction term shouldheight as follows:
not be required. When EqLQ) is used in the refractivity for- In(P,/Pis1)
ward model, the vertical profile of the bias becomes signif- P(z) = P; exp(—’—”rl (z —z,»)) .
icantly smoother, though a small oscillatory signal remains, Ll T
albeit with opposite curvature at 30 to 40 km. See Big.

For bending angles, the independent variable isnr =
n(reurv+ 2z). Because the refractive index is close to unity Three possible approaches to implement an improved bend-
even near the surface (where- 1.0003), the variation of the ing angle operator based on the hydrostatic form of the re-
refractivity between model levels can reasonably be writtenfractivity are presented here. These approaches each have

(16)

3.3 Options

www.atmos-meas-tech.net/7/3445/2014/ Atmos. Meas. Tech., 7, 384568 2014



3450 C. P. Burrows et al.: Radio occultation forward models
advantages and limitations, and the choice of approachtob 60 :
implemented will depend on the particular application, in- Mean
cluding restraints on computational cost. 50l STD
3.3.1 Expansion ofN (x) )
= 40f C
If we assume a dry atmosphere, the refractivity reduces to (ir‘;n \}
terms ofx): g 30 II
< {
__8 1 - T
. —_ BiR &)
N(x) =N; <1+M> gzg g
Ti g
for x; <x <xjy1. an 10

The hydrostatic pressure will not necessarily be continu-
ous between model levels, seaEq. 13) replaces in the Mo & I 0
exponent to preserve continuity 8fand henceVv: (O-B)/B [%]
Figure 5. Bending angle innovation statistics using an integrable
approximation to the dry hydrostatic refractivity at all heights, i.e.
Eq. (19). See SectA3 for full details.

A S
N(x):Ni<l+M> o (18)

This can be expanded in powers(@f— x;) to give a cor-

rection factor to the exponential: This could be used to give a very good approximation to

) the “reference” (if we know it), and can easily be integrated
in the Abel transform, resulting in extra terms in addition
to the error function. Figuré shows typical differences be-
tween the hydrostatic refractivity (EGQ) and the exponen-

This functional form can also be obtained if instead it is tially varying refractivity between two model levels, as well
assumed that; varies linearly within the layer. These two as a quadratic approximation to this difference as described
approaches, including the calculation #fand B are de-  below. As a polynomial correction is a fit to the difference
scribed in detail in the Appendix, and their resulting innova- between the “reference” (i.e. the hydrostatic refractivity) and

tion statistics are almost identical. If the moist term is added the exponential form, this difference must be specified at a

this form, i.e. Eq. 17), cannot be easily obtained. To use number of points that is commensurate with the degree of the

this dry form, a cut-off height is needed (e.g. 12 km), below correction in order to fully determine the fit. For the quadratic
which, an approach is used that does not require the assumpxample shown in Figz, the values of the quadratic correc-
tion of a dry atmosphere, such as the existing exponentiation at the two surrounding model levels are set to zero to
variation. At these heights, this assumption is reasonable asnsure continuity, and the difference between the corrected

N (x) =N; exp(—k; (x — x;)) x (29
[1+ Ai(x —x;)+ Bi(x — x,-)z] .

the model levels are more closely spaced.

The innovation statistics using Eql9) and the coeffi-
cients from the second approach described in AppeAdip
to the quadratic term in the series are shown (with no cut-off
applied) in Fig.5. The oscillations in the mean innovations
are reduced considerably compared to Bid-here is still an

oscillatory feature present in the bias, but now the magnitudé“i =—Bi @it1—2)-

hydrostatic and exponential forms at the centre of the layer
(i.e. the horizontal dotted line) is used to provide the remain-
ing information to fully determine the quadratic correction.

For continuity atz;1, the following relation must hold,
sincek; is still given by Eq. 8):

(21)

is greatest close to the model levels. This may be due to dis- The value of the quadratic at its turning point is set to be

continuities in the refractivity gradient, though this has not
been investigated.

3.3.2 Polynomial correction

The exponential form ol (z) can be modified by additional
terms to better approximate the “reference” refractivity, in-
cluding the moist term. For example (redefiningand B;):

N(z) =N;exp(—k; (z —zi)) + A; (z — zi) (20)
+ B; (Z—Zi)2+....

Atmos. Meas. Tech., 7, 34453458 2014

equal to the difference between the hydrostatic and exponen-
tial forms of the refractivity at the layer midpoint. This is
reasonable to assume, as from visual inspection the differ-
ences are approximately quadratic (F8y.and hence fairly
symmetric about the midpoint. The turning point of the cor-
rection is found by setting the first derivative of the correction
to zero:

0=Ai+23i(Z—Zi)- (22)

If the turning point is close to the middle of the layer, we
can substitute Eq2@) into the expression for the quadratic

www.atmos-meas-tech.net/7/3445/2014/
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Figure 6. The difference of the corrected hydrostatic refractivity (0-B)/B [%]

and the exponentially varying refractivity between a single pair _. i lei . . . dratic ad
of Met Office model levels (horizontal lines). Also shown is a ' 'dure 7-Bending angle innovation statistics, using a quadratic ad-

quadratic approximation to this difference, as described in the textJUStment tothe exponenna! form of refractivity with .helght (29)
The horizontal dotted line shows the midpoint of the layer where [© Produce a better approximation to the hydrostatic form.
the quadratic correction is set to be equal to the difference of the

hydrostatic and exponential values.

3.3.3 Pseudo-levels

correction at the midpoint, u R L . : .
If the “reference” refractivity, including the moist term, is

evaluated at intermediate “pseudo-levels” which lie between
the model levels (having first calculated Eq1)Y on these
pseudo-levels, ensuring continuity of the pressure), then the
where Nhyd_mid and Nexp_mid are the refractivity values at exponential assumption can be accurately applied between
the middle of the layer calculated using the hydrostatic andthese levels (if there are sufficient additional levels), so the
exponential approaches, respectively. Substitudngrom current (exponential) operator can simply be invoked mul-
Eqg. 1), we obtain a value foB;: tiple times within each model layer. For future changes,
this is a flexible approach as the computation only needs
(24)  to evaluate the refractivities on the pseudo-levels and the
Abel integral remains unchanged, hence additional assump-
tions/simplifications can be avoided and a more sophisticated
form could potentially be used. The number of pseudo-levels
must be chosen to provide a balance between accuracy and
computational cost. It has been found that using just one ad-
ditional pseudo-level in the middle of each layer gives a good
improvement for the associated cost. Two or more equally
spaced pseudo-levels only provide very small improvements

“erfw/kl- (x— a)} —2x10°° { (A; — 2Bix;) x
to the innovation statistics for the single pseudo-level case, so
results with just one pseudo-level are presented here. For the

In ( x2—q2 —l—x) + 2BV x2 — azl]Xi+l )
i layer in which the tangent point lies, the refractivity expres-

This has been extended to include a cubic term to acsion, Eq. (0), is used to evaluat&/ at the tangent height,
count for the small asymmetry iVhyg — Nexp at the mid-  and at an additional pseudo-level halfway between the tan-
layer point. This does not show a significant improvementgent point and the next highest model level. The resulting
and leads to a more complicated form of the integral, so thennovation statistics are shown in Figj.
results are not presented here. A further use of this method has been to examine the ef-

The polynomial correction has the advantage that the hufect of “doubling” the number of model levels by introducing
midity is accounted for, and the first order behaviour is al- mid-layer pseudo-levels. This is similar to what is described
ready accounted for by the exponential, so other referencabove, but the treatment of the layer in which the tangent
refractivities could be used to provide updates to the coeffipoint lies is slightly different — the pseudo-level in this layer
cients in the future. is at the layer’'s midpoint, rather than halfway between the

Nhyd_mid— Nexp_mid= ——’  + —' (23)

1
B = —4(Nhyd_mid_ Nexp_mid) m
i+l T i

Inserting this form into the Abel integral results in an ad-
ditional term in the expression for bending angle (having
swapped; — z; for x — x; in an intermediate step):

Aa =107% /21 ak; N; exp[—k; (x; — a)] x (25)
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Figure 8. Bending angle innovation statistics, using hydrostatic re- Figure 9. Bending angle innovation statistics, using hydrostatic
fractivity (Eq. 10, including the moisture term) evaluated on one refractivity (Eq. 10, including the moisture term) evaluated on a

additional pseudo-level per model layer, and using an exponentiatioubled-resolution vertical grid and using an exponential function
function of refractivity with height to evaluate the Abel integral be- of refractivity with height to evaluate the Abel integral between the
tween the model/pseudo-levels. model/pseudo-levels

ent. Figure9 shows the innovations when pseudo-levels are
used in this configuration.

By comparing Figs9 and 3, it can be seen that by dou- 10
bling the effective number of levels, the oscillations are re-
duced, and hence this provides an explanation as to why th
ECMWE statistics do not display these features as strongly
In other words, the exponential assumption is more accept (O-B)/B [%]
able with the L91 resolution, but less so for L70.

60 ‘ ‘
'l — Mean (old)
tangent height and the next model level as was describe: 1 Mean (new) =
above. The motivation for investigating this is to explainwhy %[ __ g1p (o1q) %
the innovations from the L91 ECMWF systere GMWF, _ [l -- STD (mew) <
2007 do not show these oscillations as strongly as in theg 40F /}S = -
L70 Met Office Davies et al.2005 statistics. At a height of E .
35km, where the oscillations in the bias are prominent, the.g 30t § :
level spacing of the L91 ECMWF modelis1.5km, and at < i L
the Met Office (L70) itis~ 2.9 km, i.e. a factor of- 2 differ- E s
g 20

L . Figure 10. Bending angle innovation statistics from the 91-level
Similarly, when the ECMWF levels are thinned by a fac- ECMWF model, using observations from all RO instruments over

tor of two, the mnovatlon_statlstlc_s s_how the OSC|IIatqry b!as a 30-day period (April 2013). Typical model level heights are over-
much more strongly, and is very similar to the Met Office bias |ajd, The statistics generated using the original “ROPP” operator are
structure. This is shown in Figg0and11l. The ECMWFim-  plotted in black, and the ECMWE implementation of the improved
plementation used in these plots is described in AppeAdix  operator is plotted in grey (see Appendi8 for full details).

and uses a 12 km cut-off, below which the original operator

is used.

Another contributing factor to the smaller oscillatory bias (described in detail in SecA3) will be implemented in
using ECMWF profiles is that the ECMWF height levels are ROPP, though both approaches are based on the same un-
more variable in this region than the Met Office levels and derlying principles.
this could lead to the smoothing out of the oscillatory signal,
but this effect has not been investigated here.

For reasons of longer-term flexibility and maintenance,
this approach is due to be implemented at the Met Of-
fice in 2014, whereas the expansion of the dry refractivity

Atmos. Meas. Tech., 7, 34453458 2014 www.atmos-meas-tech.net/7/3445/2014/
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1. integrate an approximation to the dry-hydrostatic refrac-
tivity analytically above a point where the moist refrac-
tivity term is negligible;

2. apply a polynomial correction to the exponential to
make it a better approximation to the hydrostatic form;

3. evaluate the hydrostatic refractivity on mid-layer
pseudo-levels and use the exponential function in the
Abel integral between the model/pseudo-levels.

These methods each have their own merits, and these have
been stated in the text.

In Appendix A, two methods of approximating the dry
hydrostatic form are given and the resulting bending angle
statistics are consistent.

The results presented here should provide an improvement
to operational DA systems. Usually, RO data is assimilated

Figure 11. Bending angle innovation statistics as per Ri, but

without a bias correction, and hence acts as an ané¢tar (

with the background profiles thinned to half the vertical resolution et al, 201Q Healy, 2008 to correct biased radiance obser-

of the 91-level ECMWF model.

vations. It is anticipated that the reduction of this forward-

model bias will improve analyses both directly and indirectly

4 Conclusions

via bias correction schemes. Findings reported here could

also be used in 1D-Var retrieval chains to improve the quality

It has been demonstrated that when the vertical model levepf the retrieved quantities, as well as reanalysis and climate
spacing is large, the assumption of exponentially varyingmodel validation.

refractivity leads to systematic negative biases in forward-
modelled stratospheric refractivities and bending angles for
which the magnitudes are largest when the observation
height lies between the model levels. The use of a more phys-
ical form of refractivity as a function of height has been in-
vestigated. This function assumes exponentially varying hu-
midity, linearly varying temperature and hydrostatic pres-
sure. Using this function, the magnitude of the oscillatory
bias has been reduced considerably in both refractivity and
bending angle statistics using Met Office background pro-
files. Three approaches to implement such an improvement
have been suggested:

www.atmos-meas-tech.net/7/3445/2014/
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Appendix A: Semi-analytical methods of evaluating the The form of the refractivity is then

Abel integral for non-exponential N (x)
N(x) =N,-e_k(x_x") (A8)

Al Form of N(x) to be integrated [1+C1 (& —x1)+ Co(x —x,')z],

Between two model levelsandi + 1, we currently assume

where
N(x) = N; e k=), (A1) Bivi
C1 = ——+k A9
h 1 T + (A9)
where
1 L)
C2 = —(—M +k>.
ki — |n(Ni/Ni+l). (A2) Xit1 — Xi T;
i+l T X A2 Evaluating the integral

It would be desirable to use the form af(x) given in
Eqg. (18), which guarantees continuity &f and obeys the
hydrostatic equation, but this will not allow the Abel inte-

With a few steps, this form of the refractivity with height can
be inserted into the Abel integral. First(#) is calculated:

gral to be evaluated analytically, so a different approach isln(n) ~n—1=10"5N = 107N, e kx—%) 5 (A10)
required. We achieve this by approximating the dry hydro- '
static refractivity,N (x), as the exponential form multiplied [1+ Ci(x —xi)+Co(x — xi)z]

by an appropriate polynomial factat,(x):
so the numerator in the integrand of the Abel transform is

N(x) = N; e 5= g (x). (A3) din(n)
_ . ) _ 1076, k=) p—kx—a) (A11)
To exactly reproduce the adjusted dry hydrostatic form dx
(with the correctiong to force continuity),K must take the [pl +Po(x—a)+ P3(x — a)z] ,
form:
e where the following coefficients have been found by express-
K (x) = kv <1+ M) ik . (Ad) ing the polynomial factor in terms @k — a)
! P = Ci—k—(2C2— Cik) (x; —a) —kCo (x; — a)?
Simplifying the notation with X =x —x; and y; = P, = 2C2—Cik+2kCa(x; —a)
(aliiR + 1): Pz = —kCa.
N\ Y By assuming that/x2 — a2 ~ v/2a./x —a (this is most
K(x) = X <1+ ﬂ’_) . (A5) accurate close to the tangent point), the contribution to the
T; bending angle from a single model layer is given by integrat-

A series expansion of this factor abokit= 0 gives the ing the above in Eq.7):

following up to the quadratic term: A = —10°8/24 okGi—a) (A12)
. Py Py 3P3
K(x):1+<—ﬁsz_/l+k>X+ (AB) [erflvk(x—a)}ﬁ(m—lr2k3/2+4k5/2>+
Py P3(=2k(x —a)—3)\ ]+
LB i +D 2Bk | 2\ vz JE=a ek (--2 G il ))} .
= 5 - +ke) X4 k 2k o
2 T, T; i

o . . . A3 Alternative approach
Although this is an expansion of a continuous function, the

truncation of the series will produce small discontinuities. A slightly different approach can be used to obtain/idx

Therefore, we again enforce continuity as follows: in the form of Eq. A11). This method provides additional
insight into the reasons for the large bias between model
K(x) ~14+ <_@ +k> X (A7) Ieyels in .the exponential 'approach._ This formulgtion makes
T; slightly different assumptions, and it is encouraging that the
1 Bivi i) x2 two approaches produce near-identical results in the innova-
- m (‘Tz + ) X%, tion statistics; the difference in mean innovations is generally

less than~ 0.01 % and the difference in standard deviation is
whereX; 1 = x;11— x;. less than~0.002 % for a day’s worth of occultations.
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Starting with the equation for dry refractivity without the

adjustment for continuity (EdqL7), the refractivity gradient
with height is

aN g B
& " _<RT<x>+T<x)>N(x) (AL3)
= kN,

where N(x) is the refractivity atx, and T(x) =T; +
B (x —x;). Here, = dT (x)/dx.

We currently assume a fixédthroughout the layer, com-
puted as in Eq.A2). Call thisk,, and assume that this value

is valid at the centre of the model layey, = (x; + x;+1) /2.

From Eq. A13), k is inversely proportional to tempera-

ture:
A
k=—, Al4
. (A1)
whereA is just a constant. So,
dk k
= —_ = Al5
dr T ( )
in the layer. The change incan be written as
k
8k = —=68T (Al6)
T
k
= -7 [Bdx].

We can therefore approximate the variatiort efithin the
layer as

k(x) >~k — k;”g

m

(A17)

(X = Xm).

We then compute the refractivity expression for this):

F= (=22 ) (A18)
SO,
_ N km:B _ 2
In(N) = (km (x —x;) T (x —xm) c), (A19)
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If the second term in the exponential is small then we can
approximate

N(x) =N; exp(—ky (x — x;)) x

(1+ % ((x — xp)2 —d)) .

This makes the largest change to the pure exponential at
the centre of the layer. Note that the sign of the temperature
gradient determines the sign of the correction. Therefore, in
the stratosphere, whepe> 0, the forward-modelled refrac-
tivity will be underestimated without the correction, which
is consistent with the oscillatory bias present in FAgThe
vertical gradient of i) is

(A22)

dinn

o = 1076N; exp(—k; (x — xi)) x

kZp > kip
(—ki o (6c—xm?—d)+ T =),

which can be cast into the same form as Ed.X), using the
coefficients:

(A23)

PL= —k; —i((a—xm)z—d>+]i—ﬂ(a—xm)

2T, "
kZﬂ ki p

Py = — — A24

2 T, (a—xm)+ T, ( )
k2B

P3=——L_.

3T 7T,

Note that if § =0, P = —k; and P,= P3 =0, SO as ex-
pected, we return to the original equation.

Appendix B: Impact of discontinuity in vertical
refractivity gradients on bending angle

The question of whether it is necessary or desirable for
dN/dx to be continuous has implications for bending an-
glesa calculated from refractivitied’ by means of the Abel
transform (definingV = n — 1 in this Appendix to avoid the
usual factors of 10° in the equations that follow)

dv/de

‘2"/ Necrehe (B1)

a(a) =

wherec is a constant of integration. To get appropriate values

atx; andx; 1
Nx) =

N; exp(—km (x —

(A20)

xXi)+ % ((x — xm) —d))

whered is chosen to ensure the refractivity is continuous at

the model levels; thus,
d = (xi —xm)? = (Xi41— Xm)?. (A21)

www.atmos-meas-tech.net/7/3445/2014/

2

‘J—f dv/de

x—a

Consider the effect of a discontinuity N’ =dN/dx at
x = xg. This may be caused, for instance, by a rapid change
in temperature gradient, such as occurs at the tropopause.
For, in a dry atmosphere (cf. E413),

dN N dar
N __»N <§+_>

dc T dx (B2)
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so that a sudden change iff ddx would cause a jump in
dN/ dx. Note that we assume thatitself is continuous ev-
erywhere, and thatd/ dx is finite everywhere.

B1 In particular

To be specific, we assume

Noexp(—k1(x — x0))
Noexp(—ko(x — x0))
where Ng = N (xg) andky > ko (> 0) for definiteness (cor-

responding to a more positiveTddx above xo in the
“tropopause” model above).

if x> xo

if x <x0 (B3)

N(x) ={

This implies
| —kiNoexp(—ki1(x —xg)) if x > xg
dN/dx = { —koNoexp(—ko(x —xg)) ifx <xp ’ (B4)

so that there is a jump inMd/ dx of magnitudegk; — ko| No at
X0-
Substitution of Eq.B4) into Eq. B1) shows that, ifa >

X0,

a(a) =+/2maki Noexp(—k1(a — xo)) (B5)
and ifa < xg,

ala) = (B6)

v 2w akgNoexp(—ko(a — xg))erf(y/ko(xo — a))+
v 2mwaky Noexp(—ki1(a — xop))erfc(v/k1(xo — a)).

The key point is that the bending angle is continuougat
a(xg) =a(xy) = +/2wxok1No. A secondary point is that
the same cannot be said for the derivativexof indeed,
da/ da (x; ) is formally infinite. In fact, fora just belowxo,
Eq. B6) implies

a(a)—a(xp) = 2v/2xo(xo — a) No(ko—k1)+ O (xo—a). (B7)

Note thatu(a) < a(xg) whenk, > ko. This is because the
(x —a)~ Y2 factor in Eq. B1) means thai(a) is dominated
by the contribution fromV’ just belowxp, which in this case
is smaller (in magnitude) thaN’ just above it.

Figure B1 shows N, dN/dx and « for a 15km
“tropopause”ko = 0.1 knTL; k1 = 0.2 kn L. The continuity

of a atxp = 15km is clear, as is its cusp just below. The re-

C. P. Burrows et al.: Radio occultation forward models
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Figure B1. Example profiles of (from left to righty, —d~N/ dx and
a when there is a discontinuity inA/ dx at xg = 15km. (For this
plot, N = 10°(n — 1) as usual.

assume it remains finite throughout.) We examine the differ-
ence between (xg — §g) anda(xg + 81) asdp andsy tend to
0 independently. Equatio() implies

N'(x)
X —x0+ 00

—+/2(x0 — 80) /

x0—30
Xx0+81

= —+/2(xo0—d0) /

x0—30

v 2(x0 — 80) /

x0+901

a(xo — 80) dx (B8)

N'(x)

- dx -
X —x0+ 00

N'(x)

—dx,
VX —xo0+ o

(B9)

while

N'(x)

— dx. B10
VX —x0—01 ( )

a(x0+ 1) = —y/2(x0 + 1) /

x0+41

Hence the difference in bending angle across the disconti-

fractivity at the “tropopause” is 45 N-units, and the radius of nuity atxo is given by

curvature used in the bending angle calculation is 6350 km.

B2 Ingeneral

More generally, suppose that there is a jumpM&ydlx at xo.
Is the bending angle continuous there?

The singular “kernellx —a)~%/2in Eq. B1) complicates
matters, so we assume initially thavd dx varies smoothly
from N’ = N’(xg—60) to N/, = N’(xo+61). (Recall that we

Atmos. Meas. Tech., 7, 34453458 2014

a(xg—68g) —a(xo+461) =

x0+01
N'(x)
—V/2(x0 — 80) /5 N (B11)
X0—00
) \/Z(XO—S()) \/2(X0~|—81) /
- /8 I:\/X—X()—{—(SO N \/x_xo—811|N (x) dx.
Xo+01
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Firstly,

x0+681

N'(x)
v 2(x0 — b0) /; m
x0—80

V2(x0—80)2\/80+681 max  |N'(x)|.
—80=<x—x0=<d1

(B12)
Secondly,

[ [VZo—30) 2Go+oD ], _
/ [\/x—xo+80_x/x—XO—51}N(X)dx B

0+481

o0
2/\/2(xo+81)N/(u2+x0+51) du —

0

V2(x0 — 80) N’ (u? + x0 — 80) du | <

N
\"8

>
@)ﬂ
S
+| &
g

V2(x0+ 81)N' W? + xo + 81) du | +

N
o

o0
2 / [v/2(x0 + 81)N'(u? + x0 + 81) —
V80+481

V2(x0 — 80) N (u® + xo — 80)] du

The first of these last two integrals satisfies

. (B13)

Nere=t
2 / V2(xo+ 81)N' (u? + xo+ 81) du| <

0
V2(x0 4 81) 2v/80 + b1,
1

max [N (x)].

<x—x0<80+251

(B14)

The second integral is first orderdg ands1. Formally,

2 / (/200 + SN’ (u? + x0+ 87) — (B15)
V8o+d1

V2(x0 — 80) N’ u® + x0 — 80)1 du = 2y/2x0(80 + 81) x

/ [N'(u? 4 x0)/2x0 + N" (u? + x0) + O(83,62)] du.
Vo8t
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This final integral is almost certainly boundedsass, —
0; it certainly is if " and N” decay with height faster than
exp(—kx) for somex > 0, as is likely to be the case in prac-
tice. Moreover, it is hard to think of a realistic refractivity
profile that would cause the integral to diverge at least as fast
as(8g+81) 1 asso, 81 — 0. Hence, with this weak proviso,
Egs. 811), (B12), (B14) and B15) imply

loe(xo — 80) —a(x0+81)| < (B16)
V2(x0—380)2y/80+81 max |N'(x)|+
—80<x—x0=<61
V2(x0+81) 2\/80+ 81 max  |N'(x)|+
81=<x—x0=<80+251
080+ d1),

which tends to zero a% andéq tend to O.

Hence the bending angle is continuousat

As an example, if we just assume a linear ramphih
betweenN’ = N'(xo—§) to N = N'(xo+48), and (dif-
ferent) exponential declines above and beley as in
Sect.B1, and calculate the resulting bending angles by very
high-resolution numerical evaluation of the Abel integral in
Eqg. B1), then we find thaty(xg + 8) — @ (xo) «x §, and that
a(xg — 8) — a(xg) x /3, so that overall the difference in the
bending angles betweag —§ andxo+ 8 goes as/s, as pre-
dicted by Eq. B16), and from which the continuity of at
xg follows.
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