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Abstract

The goal of Inductive Logic Programming (ILP) is to find a hypothesis that explains a set of examples
in the context of some pre-existing background knowledge. Until recently, most research on ILP tar-
geted learning definite logic programs. This thesis constitutes the first comprehensive work on learning
answer set programs, introducing new learning frameworks, theoretical results on the complexity and
generality of these frameworks, algorithms for learning ASP programs, and an extensive evaluation of

these algorithms.

Although there is previous work on learning ASP programs, existing learning frameworks are either
brave — where examples should be explained by at least one answer set — or cautious where examples
should be explained by all answer sets. There are cases where brave induction is too weak and
cautious induction is too strong. Our proposed frameworks combine brave and cautious learning
and can learn ASP programs containing choice rules and constraints. Many applications of ASP use
weak constraints to express a preference ordering over the answer sets of a program. Learning weak
constraints corresponds to preference learning, which we achieve by introducing ordering examples.
We then explore the generality of our frameworks, investigating what it means for a framework to be
general enough to distinguish one hypothesis from another. We show that our frameworks are more

general than both brave and cautious induction.

We also present a new family of algorithms, called ILASP (Inductive Learning of Answer Set Pro-
grams), which we prove to be sound and complete. This work concerns learning from both non-noisy
and noisy examples. In the latter case, ILASP returns a hypothesis that maximises the coverage
of examples while minimising the length of the hypothesis. In our evaluation, we show that ILASP
scales to tasks with large numbers of examples finding accurate hypotheses even in the presence of

high proportions of noisy examples.
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Chapter 1

Introduction

Over the last two decades there has been a growing interest in Inductive Logic Programming (ILP)
[Mug91, MDRP*12], where the goal is to learn a logic program called a hypothesis, which together
with an existing background knowledge base, explains a set of observations. Advantages claimed
for ILP over statistical machine learning approaches are that the learned hypotheses can be easily
expressed in plain English and explained to a human user, and that it is possible to reason with (and
correct) learned knowledge. Much of the work on ILP frameworks has focused on learning definite
logic programs (e.g. [Mug91, BDR9S8, Sri01, RBR04, MDRP*12, ML13]) and normal logic programs
(e.g.[Sak01, CRL10]).

On the other hand, Answer Set Programming [GLS8S8] is a purely declarative language for knowl-
edge representation and reasoning. Due to its non-monotonicity, ASP is particularly well suited to
common-sense reasoning [EIK09, Muel4, GK14]. The typical workflow in ASP is that a real world
problem is encoded as an ASP program, whose answer sets — a special subset of the models of the
program — correspond to the solutions of the original problem. Because of its expressiveness and
efficient solving, ASP is also increasingly gaining attention in industry [EGL16]; for example, in
decision support systems [NBGT01], in e-tourism [RDGT10] and in product configuration [SN99].
Consequently, the scope of ILP has recently been extended to learning under the answer set seman-
tics [Ote01, Sak01, Ray09, CRL12]. Learning ASP programs allows us to learn a variety of declarative
non-monotonic, common-sense theories, including for instance Event Calculus [KS86] theories [KAP15]

and user preference models from real user data [Ath15].

1.1 Motivation of Learning ASP Programs

Learning ASP programs has several differences when compared to learning Prolog programs. Firstly,
when learning Prolog programs, the goal directed SLDNF procedure of Prolog must be taken into
account. Specifically, when learning programs with negation, it must be ensured that the programs

are locally stratified, or otherwise the learned program may loop under certain queries. No such
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consideration needs to be taken into account when learning ASP programs. Another key difference
between ASP and Prolog is that ASP is declarative, whereas in Prolog knowledge is represented
procedurally. In ASP, logical specifications are separated from control [MT99], meaning that an ASP
program can represent the definition of a problem, rather than a procedure to find solutions to that
problem. When considering ILP, this distinction is important for two reasons: firstly, explaining a
procedure to a non-expert human may be much more difficult than explaining the definition of what
that procedure computes; and secondly, in some problems it may be easier to learn a definition,
rather than attempting to learn an efficient procedure. In some sense, learning Prolog programs
mixes machine learning with program synthesis, where the goal is to learn a procedure to meet a
specification. Conversely, because ASP programs separate the procedure from the specification, only
the specification needs to be learned by an ASP learner. A third, more fundamental, difference of
learning ASP programs is that the theory learned can be expressed using extra types of rules that are

not available in Prolog, such as choice rules and weak constraints.

One concept which may be important when learning is the notion of choice. For example, when
learning a policy, we may need to learn that in a specific scenario, scy, at least one of a set of possible

actions, aq,...,a,, must be executed. This can be expressed in ASP with the following choice rule.

1{execute(a;),...,execute(a,)}n:-holds(scy).

This choice rule expresses that in any answer set where the scenario holds (the answer set contains
holds(scy)), the answer set must contain between 1 and n of the atoms, execute(ay), ..., execute(ay).
In other words, whenever the scenario holds, at least one (but possibly more) of the actions must be
executed. When learning choice rules, we can also learn non-deterministic concepts such as the possible
outcomes of tossing a coin. Note that learning choice rules is different from probabilistic ILP settings
such as [DRKT07, RBZ14, Nic16] where, in similar coins problems, the focus would be on learning the
probabilities of the outcomes of tossing a coin. In simple settings when learning ASP programs, the
aim is for the answer sets of the learned program to represent the set of possible instances of a problem;
for example, the two outcomes of tossing a coin. In these cases, positive and negative examples should
be possible and impossible (partial) instances of a problem. Choice rules are useful to generate the
answer sets required to cover all the positive examples of possible instances. In some cases, hard
constraints are also necessary in the learned program in order to rule out impossible instances (given

by the negative examples).

Most of the types of rules in ASP are used for defining the answer sets of a program. Learning
these kinds of rules allows us to perform classification tasks. Another important area of machine
learning is preference learning, where the goal is to learn a user’s preferences over a set of objects,
given examples of which objects the user prefers to other objects. For instance, given a set of a
user’s pairwise preferences over possible schedules, cars, holiday packages or journeys, it is possible
to learn to predict the user’s preferences over future schedules, cars, holiday packages or journeys. If

these preferences are encoded in logic, it is even possible to search for (or in some cases, construct)
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an optimal solution. Preferences in ASP can be encoded using weak constraints. Unlike other rules
in ASP, weak constraints do not affect what is (or is not) an answer set of a program, but instead
represent a preference ordering over the answer sets of a program. For instance, a program can be
defined to represent a set of possible journeys a user might take to get from one location to another.
The weak constraints in this program could express the user’s preferences; for instance, the user may
like to minimise the walking distance, or minimise the driving distance through congested cities. It
is even possible to represent that some preferences are more important than other preferences (and

should therefore be given priority).

This thesis aims to provide the first comprehensive work on learning ASP programs including normal

rules, choice rules and both hard and weak constraints.

1.2 Contributions

1.2.1 Frameworks for Learning Under the Answer Set Semantics

The idea of learning ASP programs has been considered before [Ote01, SI09], and several frameworks!
for learning under the answer set semantics have been introduced. The main approaches can be
divided into brave learning frameworks — where examples should be covered in at least one answer set
of the learned program — and cautious learning frameworks — where examples should be covered in all
answer sets. One immediate question is whether any of these frameworks are general enough to learn
ASP programs including constructs such as choice rules or weak constraints. For that matter, what

does it even mean for a framework to be general enough to learn a particular class of programs?

We present, as a first contribution of this thesis, a definition of the generality of a learning framework
and an investigation of the generalities of existing learning frameworks under the answer set semantics.
We prove that none of the existing frameworks is general enough to learn the full class of ASP programs

that we target in this thesis.

As a second contribution, this thesis presents a collection of progressively more general frameworks
for learning ASP programs [LRB14, LRB15a, LRB16]. In particular, our most expressive framework,
called contezt-dependent learning from ordered answer sets (ILPf%%#') [LRB16], is able to learn
programs consisting of normal rules, choice rules and both hard and weak constraints. We show that
ITLP{%cat is general enough to learn any ASP program (up to strong equivalence in ASP), making it
more general than any other existing framework.

An obvious question would be whether the extra generality of I LP{%%" over other frameworks means

that it is computationally harder to solve its tasks. In fact, this is not the case, and we show that

on three important decision problems — wverification, satisfiability and optimum verification — each

'In this thesis, a learning framework refers to a general setting for learning, which consists of a definition of the
structure of examples and a definition of the inductive solutions of learning tasks in the framework. A learning task is a
particular learning instance, consisting of a background knowledge, a hypothesis space and a set of examples.
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of our learning frameworks has the same computational complexity as cautious induction (the exist-
ing learning framework with highest complexity). The verification problem corresponds to deciding
whether a given hypothesis is a solution of a given learning task, the satisfiability problem corresponds
to deciding whether a learning task has any solutions at all, and the optimum verification problem

corresponds to deciding whether a given hypothesis is the optimal (shortest) solution of a given task.

1.2.2 Algorithms for Learning ASP Programs

The third major contribution of this thesis is a collection of new algorithms, called ILASP, for solving
TLP{9eet learning tasks. In recent years, there have been several ILP systems that have used ASP
solvers to solve brave induction tasks. XHAIL [Ray09] and ILED [KAP15], for example, use an ASP
solver at various stages of their computation. The ASPAL [CRL12] and RASPAL [ACBR13] systems
go one step further, and encode an ILP task as a meta-level ASP program, whose optimal answer sets
correspond to the optimal inductive solutions of the original task. These existing systems for ILP that
use an ASP solver as a computation engine were only designed to solve brave induction tasks. Hence,

they cannot learn the full class of ASP programs targeted in this thesis.

We present a collection of progressively more efficient ILASP algorithms for finding optimal solutions
to tasks of our learning frameworks. Each of these algorithms is sound and complete with respect to
the optimal inductive solutions of a task, meaning that if they are run on a satisfiable task, then they

are each guaranteed to return an optimal inductive solution of that task.

In Chapter 8, we evaluate these algorithms on several synthetic datasets and show that the scalability
across these algorithms increases with respect to the number of examples. In particular, the ILASP2i
algorithm scales to tasks with hundreds of examples. Conversely, we show that at least on these
synthetic datasets, the ILASP algorithms are able to learn highly accurate hypotheses using relatively

few (tens of) randomly selected examples.

1.2.3 Learning ASP Programs from Noisy Examples

The above three contributions are presented in Part I of this thesis and they refer to learning tasks
where all examples are assumed to be perfectly labeled, meaning that any inductive solution of a task
must cover every example of that task. In practice, of course, examples are unlikely to be perfectly
labeled. In real datasets, there is likely to be noise, and a more realistic approach is to search for
a hypothesis that covers the majority of examples, and weighs the example coverage against the
complexity of the hypothesis — dramatically increasing the hypothesis complexity in order to cover a

few more examples is undesirable, as these examples may well be incorrectly labeled.

Part II of this thesis generalises our work, enabling the learning of ASP programs from noisy examples.
The first step of this generalisation is to extend our learning frameworks with a notion of penalties

on examples — a cost that needs to be paid for not covering a particular example. We also extend our
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generality and complexity results, showing that the “noisy” extension of I LPE%LIQ?t is more general

than similar extensions of other existing learning frameworks, and that the complexity of I LPE%LIZ?'&

on the three decision problems presented in Part I is unaffected by this extension.

As a second step of this generalisation to noisy tasks, we show that although our non-noisy ILASP
algorithms can be extended to solve these tasks, they may not be very efficient. In Chapter 10, we
propose a new algorithm, called ILASP3, which uses a very different approach to the other ILASP
algorithms, as it is specifically targeted at learning in the presence of noise. ILASP3 is sound and

complete with respect to the optimal solutions of any “noisy” ILPfo/4" task.

We evaluate ILASP3 both on synthetic datasets, and on real datasets. On the real datasets, we
compare the accuracy of hypotheses learned by ILASP3 with that achieved by the ILP algorithms
that have been applied to those datasets (in [KAP16, KSS17, QK17, EG18]). We show that, in most

cases, ILASP3 achieves a higher accuracy than the other systems.

1.2.4 Publications

Some of the work in this thesis has appeared in the following publications:

[LRB14] Mark Law, Alessandra Russo, and Krysia Broda. Inductive learning of answer set pro-
grams. In Logics in Artificial Intelligence - 14th Furopean Conference, JELIA 201/, Fun-
chal, Madeira, Portugal, September 24-26, 2014. Proceedings, pages 311-325, 2014

[LRB15a] Mark Law, Alessandra Russo, and Krysia Broda. Learning weak constraints in answer set

programming. Theory and Practice of Logic Programming, 15(4-5):511-525, 2015

[LRB16] Mark Law, Alessandra Russo, and Krysia Broda. Iterative learning of answer set programs
from context dependent examples. Theory and Practice of Logic Programming, 16(5-
6):834-848, 2016

[LRB18a] Mark Law, Alessandra Russo, and Krysia Broda. The complexity and generality of learning
answer set programs. Artificial Intelligence, 259:110-146, 2018

[LRB18b] Mark Law, Alessandra Russo, and Krysia Broda. Inductive learning of answer set programs

from noisy examples. Advances in Cognitive Systems, 2018

1.3 Thesis Structure

We first recall relevant background material in Chapter 2 and discuss the relevant literature related
to Inductive Logic Programming in Chapter 3. The remainder of the thesis is spilt into two parts,
presenting our work on learning from non-noisy examples in Part I and then from noisy examples in
Part I1.
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Part I: Learning Answer Set Programs from Non-Noisy Examples

Chapter 4 introduces our three frameworks for ILP under the answer set semantics, which were
presented in [LRB14, LRB15a, LRB16]. This chapter also contains the complexity results for the
learning frameworks considered in this part of the thesis, in addition to complexity results for three
existing frameworks (brave induction, cautious induction and induction of stable models). We show

that our frameworks can all simulate any of the three existing frameworks.

Chapter 5 introduces three new measures of the generality of a learning framework, which were
presented in [LRB18a]. We show that under each measure, ILPf%"%" is the most general learning

framework out of the frameworks for learning under the answer set semantics.

Chapter 6 describes the first ILASP algorithm, which was presented in [LRB14], and proves it to

be sound and complete with respect to the optimal inductive solutions of any ILPfo/4&" task.

Chapter 7 describes two ways of scaling up the first ILASP algorithm. The first, ILASP2 [LRB15a],
is based on the new notion of violating reasons which can be used to eliminate many wviolating hypothe-
ses. The second, ILASP2i [LRB16], is an iterative version of ILASP2 that incrementally computes a

set of relevant examples.

Chapter 8 evaluates the ILASP1, ILASP2 and ILASP2i algorithms on several synthetic datasets,
and shows that the algorithms are able to find highly accurate hypotheses from relatively few (tens of)
examples. We also show that ILASP2i can scale to tasks with hundreds of examples. The experiments
in this chapter are based on the evaluations in [LRB15a] and [LRB16].

Part 1I: Learning Answer Set Programs from Noisy Examples

Chapter 9 extends our learning frameworks to handle noise. We show how this extension affects
the complexity and generality results presented in Chapters 4 and 5 (respectively), and explain why

our previous ILASP algorithms are not well suited to solving noisy tasks.

Chapter 10 introduces the notion of hypothesis schemas and ordering schemas, which can be used
in order to represent examples in a much more compact way. The ILASP3 algorithm presented in this
chapter is based on the idea of translating examples into these schemas, and searching for a hypothesis

that conforms to the computed schemas.

Chapter 11 evaluates the ILASP3 algorithm, both on synthetic datasets and on real datasets, and
compares it to existing ILP algorithms that have been applied to the same datasets. We show that,

in most cases, ILASP3 achieves a higher accuracy than the other systems.
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Chapter 12 concludes the thesis, summarising the key contributions and outcomes. We also discuss

our intended directions for future work.

Appendix A formalises the ILASP language bias, and gives the language biases of the ILASP tasks
described in Chapters 8 and 11.

Appendix B presents the proofs which were omitted from the main body of the thesis.
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Chapter 2

Preliminaries

In this chapter we recall the background material used throughout this thesis. In particular, we outline
the subset of the language of ASP used in the rest of the thesis. For a more complete overview of
the standardised syntax used by the leading ASP solvers, please see [CFG'13]. Our learning systems
accept a restricted form of ASP program, which include only normal rules, choice rules and hard and
weak constraints. We denote this class of restricted programs as ASPT. As our systems use meta-level
ASP programs using a wider class of rules (e.g. summing aggregates), we first present this wider class

of programs, and then define the restriction.

2.1 The Syntax of ASP

This section summarises the syntax of the subset of the ASP standard from [CFGT13] that we use. A
basic symbol is a string of characters that starts with a lower case letter and contains only letters, digits
and the ‘.’ (underscore) character. Predicates and functions are each basic symbols and a constant is

either an integer or a basic symbol.

A term is one of the following;:

A constant c.

e A variable V, where V is a string of letters and digits and underscores, beginning with an uppercase
letter.
e An arithmetic term —(t1) or (t; ¢ tz), where t1 and t, are terms and ¢ € {+, —, x, /}. When

brackets are omitted, standard operator precedences apply (multiplication and division are given

higher precedence than addition and subtraction).

A functional term f(tq,...,ty), where f is a function symbol and t4,...,t, are terms.
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Given a functional term t of the form £(ti,...,ty,), we refer to n as the arity of t and tq,...,t, as

the arguments of t.

An atom is of the form p(ti,...,tn), where p is a predicate symbol and ti,...,t, are terms. When
n = 0, we omit the brackets and write the atom as p. We define the arity and arguments of an atom

similarly to functional terms.

2.1.1 Literals

A naf-literal is either a or not a where a is an atom, and not denotes negation as failure [Cla77].
We do not consider classical negation in this thesis, as it can be trivially simulated through additional

atoms and constraints in ASP.

The binary comparison operators that we consider in this thesis are {<, >, <, >, =, #}. A comparison

literal is of the form t; < t5, where t1 and tg are both terms and < is a binary comparison operator.

There is another form of literal in ASP called an aggregate. Aggregate elements are of the form
t1,...,t5:11,...,1, where ty,...,t; are terms and 1j,...,1x are naf-literals. In general, an ag-
gregate is of the form #aggr{ei;...;en} < u, where eyq,..., e, are aggregate elements, < is a binary
comparison operator, u € Z and #aggr is an aggregate function name, which specifies the mean-
ing of the aggregate. The two aggregate function names that we use in this thesis are #count and
#sum (we refer to the corresponding aggregate atoms as counting aggregates and summing aggregates,

respectively).

Example 2.1. #sum{1,X:p(X);2,Y:q(Y), not r(Y)} > 3 is an aggregate atom. Its aggregate ele-
ments are 1,X : p(X) and 2,Y : q(Y), not r(Y). We will revisit the meaning of aggregates such as this
when we discuss the semantics of ASP later in this chapter, but essentially, it is satisfied whenever
the number of X’s for which p(X) is true plus double the number of Y’s for which q(Y) is true and r(Y)

is false is greater than 3.

In this thesis, the term literal is used to mean any naf-literal, comparison literal or aggregate.

2.1.2 Rules

There are several different types of rule that we consider in this thesis, each of which has various
restrictions on what can occur in the rule. Given a set of atoms hy,...,h; and a set of literals

bi,...,bx, a general rule is of the form:

hl\/...\/hji—bl,...,bk.

hi; V... Vhj is called the head of R and is denoted head(R). We also write heads(R) to represent
the set of atoms that occur in head(R). The set of literals {b1, ..., b} is called the body of R and is
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denoted body(R). We also write body™ (R) and body~(R) to denote the atoms that occur in positive
and negative naf-literals in body(R) (respectively). agg_atoms(R) denotes the set of atoms that occur

in the aggregate elements in body(R).

A disjunctive rule is a rule with no aggregate literals. A hard constraint is a disjunctive rule R such
that heads(R) is empty. A normal rule is a disjunctive rule such that |heads(R)| = 1 and a definite
rule is a normal rule R such that body~ (R) is empty. We refer to sets of disjunctive, normal and

definite rules as disjunctive, normal and definite logic programs, respectively.

2.1.3 Weak Constraints

A weak constraint W is of the form : ~by, ..., by.[wt@lev, ty,...t,], where by, ..., by are naf-literals
or comparison literals called (collectively) the body of W, wt and lev are terms called (respectively)
the weight and priority level of W and ty, ..., t, are terms. We call [wt@1lev, ty,...t,] the tail of W,
and write tail(W) to refer to the tuple (wt,lev, ty,..., ty).

Weak constraints have a very different role to other rules in ASP programs. As such, it is often useful
to separate them. Given a program P, we write weak(P) and non_weak(P) to refer to the set of weak

constraints in P and the set of rules in P, respectively.

2.2 The Semantics of ASP

The semantics of an ASP program is defined in terms of its answer sets. Usually, when we solve an
ASP program, we compute its answer sets, although sometimes solving an ASP program can mean

searching for a single answer set.

The Herbrand universe of any ASP program P is the set of all terms that can be constructed from
function symbols and constant symbols in P. We write HUp to denote the Herbrand universe of P.
The Herbrand base of P, denoted H Bp, is the set of all atoms constructed using a predicate symbol

that occurs in P and whose arguments are terms from HUp.

The first step to solving an ASP program is to ground it. This means transforming the program into
an equivalent ground program, where any term, atom or rule is said to be ground if it contains no

variables. Given a program P:

e vars(P) is the set of all variables that occur in P (we extend this notation to terms, atoms and

rules).

e A substitution 6 over a program P is a partial function 6 : vars(P) — HUp (i.e. the domain of

6 is a subset of vars(P) and the range of 6 is a subset of HUp).
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e Given any rule, weak constraint, term, literal or aggregate element L in P, and any substitution
6 over P, we write 6(L) to denote the result of applying € to the variables in L that occur in the

domain of 6.

e Given a rule or weak constraint R in P, a global substitution of R is a substitution 6 such that
the domain of 8 is equal to those variables in R that occur at least once outside of the aggregate

elements in R.

Example 2.2. Consider the rule R, p(X):-q(X,Y), #sum{Z,X : q(X,Z)} < Y. Any global substitution of

R must map the variables X and Y, but not the variable Z (as Z only occurs in an aggregate element).

One global substitution is § = {X — 1, Y — 2}. Applying 6 to R (denoted 6(R)) yields the rule
p(1):-q(1,2), #sum{Z,1:q(1,2)} < 2.

Having defined substitutions over terms, atoms, rules and weak constraints, we can now describe the
ground instances of each. As variables that occur in an aggregate element in a rule (but not in the rest
of the rule) are considered “local” to the aggregate element, rules with aggregates are ground in two
steps: first, the “global” variables that occur outside the aggregate elements are ground, and then the

local variables are ground. We define the ground instances of rules and weak constraints as follows:

e Given an aggregate literal a of the form #aggr{e;;...;e,} < u, the ground instantiation of a
is the aggregate #aggr{gi;...;gn} < u, where {g1, ..., gu} = {0(e;) | i € [1,n],0 : vars(P) —
HUp, st 6(e;) is ground}.

e Given a rule or weak constraint R the ground instances of R can be computed in two steps:

1. Compute the set GR of all rules R’ for which there is a global substitution  of R such that
R =0(R).

2. For each aggregate literal a in GR, replace a with the ground instantiation of a.

Example 2.3. Consider a program P such that HBy = {1, 2}. Reconsider the rule R from Exam-
ple 2.2. Given this Herbrand universe, there are four global substitutions of R ({{X — 1,Y — 1}, {X — 1,
Y= 2} {X—=2, Y= 1},{X—=2, Y= 2}}). This leads to four ground instances of R — one for each

global substitutions.

Consider the substitution § = {X — 1, Y — 2}. §(R) contains the aggregate #sum{Z,1:q(1,Z)} < 2.
The substitutions for the single aggregate element in this literal are {Z — 1} and {Z — 2}, meaning
that the ground instantiation of this literal is #sum{1,1:q(1,1);2,1:q(1,2)} < 2. Hence, one of the
four ground instances of R is the rule p(1):-q(1,2),#sum{1,1:q(1,1);2,1:q(1,2)} < 2.

The complete grounding of a program P, denoted ground(P) is the program consisting of all ground
instances of all rules and weak constraints in P. As in many cases this grounding is infinite, in practice

ASP solvers use a smaller equivalent ground program called the relevant grounding. In Section 2.2.4,
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we present the notion of relevant grounding used in this thesis. We next define the semantics of ground

ASP programs.

A Herbrand interpretation I of a program P is an assignment from every atom in H Bp to a truth value,
T or L (true or false). By convention, we write a Herbrand interpretation I as the set of all atoms
in HBp that I assigns to T. As in some parts of this thesis, it is necessary to treat interpretations
separately from any program (e.g. when the program has yet to be learned, and is thus unknown), we

will loosely refer to any set of atoms as an interpretation.

We now define what it means for a Herbrand interpretation I to satisfy ground naf-literals and

comparison literals in a program.

e Let a be an atom. [ satisfies a if and only if a € 1
e Let a be an atom. [ satisfies not a if and only if a & I

e Let [ be the comparison literal t; < to. [ satisfies [ if and only if t; < t5, where the <, >, <,

and > operators are defined lexicographically over ground terms.

Given any interpretation I and any aggregate literal a of the form #aggr{es;...;en} < u, we write
tuples(a, I) to denote the set of tuples (¢1,...,t;) for which there is at least one aggregate element
ti,...,t5:11,...,1c in {eq, ..., en} such that 14,..., 1y are all satisfied by I.

e Let ¢ be the ground counting aggregate #count{es;...;e,} <u. I satisfies ¢ if and only if
[tuples(c, I)| < u.

e Let s be the ground summing aggregate #sum{es;...;e,} <u. [ satisfies s if and only if
(Z(wt,tl,...,tj)Gtuples(s,l),thZ ’LUt) = u.

e Let 14,...,1, be a set of literals. I satisfies the conjunction 1y,...,1, if and only if I satisfies
each literal in {14, ..., 1}.

e Let 14,...,1, be a set of literals. [ satisfies the disjunction 1, V ...V 1, if and only if I satisfies
at least one literal in {11, ..., 1,}. Note that this means that the head of a hard constraint

cannot be satisfied by any interpretation.

A rule R is satisfied by I if either head(R) is satisfied by I or body(R) is not satisfied by I.

A Herbrand interpretation I is said to be a (Herbrand) model of a program P if it satisfies every rule
in P (i.e. for every rule R such that I satisfies the body of R, I must also satisfy the head of R). A

model I of a program P is said to be a minimal model of P if no proper subset of I is a model of P.

Fact 2.1. [VEK76] Any definite logic program P has exactly one minimal model. We call this model
the least Herbrand model of P, and denote it M(P).
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In order to determine whether an interpretation I is an answer set (often called a stable model) of a
program P, we construct the reduct [GL88] of P with respect to I. Many definitions of the reduct! of
an ASP program exist [Lif08]. We follow the reduct defined in [CFG*13].

Definition 2.1. ([CFG'13]) The reduct of a ground program P with respect to an interpretation I
(denoted P?) is the program:

{ hy V... Vhji-by,...,bx € non-weak(P) | by,..., by is satisfied by I }

An interpretation [ is said to be an answer set of a program P if and only if I is a subset-minimal
model of P! (i.e I is a model of P! and no proper subset of I is a model of P'). The answer sets
of a non-ground program P are the answer sets of the complete grounding of P. We write AS(P) to

denote the set of all answer sets of P.
Example 2.4. Consider the program P below.
p:-b, not q.
P =< q:- not p.
aVb:-#sun{l:p;2:q} < 2.
Consider the interpretation X1 = {q}, the reduct of P wrt X, (denoted PX1) is as follows:
PX :{ q:- not p. }

This reduct has two minimal models, {p} and {q}, one of which is X1, and hence X1 is an answer set
of P. The reducts for all 16 Herbrand interpretations of P (and their minimal models) are summarised

by the following table.

| X’s | PX | Minimal models of PX | X € AS(P)? |
{q} q:- not p. {p} and {q} Yes
p:-b, not q.
Ye
{p, b} e aia) e, | pEh ) ond o) es
p:-b, not q.
{a, b}, {b} q:- not p. {P’ a}’ {pr b} and {q} No
aVb:-#sum{l:p;2:q} <2.
q:- not p.
N
@, {a} a\/b:—#sum{l : p;2 : q} <9 {P’ a}) {pr b} and {q} 0
{p}, {p, a} aVb:-#sum{l:p;2:q} <2. {a}, {b} and {q} No
{p. a},{p, a. 2}, 0 0 No
{p, 9, b},{p, 9, a, b}
p:-b, not q.
N
{p, 2, b} Vb #em{l pi2:q) <2 {p, b}, {a}, {a} 0
{a, 2}, {q, b}, {a, 2, b} | q:- not p. {p} and {q} No

'For the subset of ASP programs considered in this thesis, these definitions are all equivalent. In general, however,
when programs contain unstratified aggregates, there are multiple different semantics for ASP.

37



CHAPTER 2. PRELIMINARIES

We say a program P bravely entails an atom a (written P |=p, a) if there is at least one answer set A
of P such that a € A. Similarly, P cautiously entails a (written P |=, a) if for every answer set A of
P, a e A. Two ASP programs P and Q are strongly equivalent (written P =5 Q) if for every ASP
program R, AS(PUR) = AS(QU R).

Example 2.5. Consider the programs Py, Po and P3 below.

I e

All three programs have the same answer sets (a single answer set {p, q}). P1 and P» are strongly
equivalent, as for any program R, AS(P; U R) = AS(P, U R) — regardless of the rules R contains,
any answer set of each program must contain both p and q. Ps is not strongly equivalent to either
Py or Py. To see this, consider the program R = {r.}. AS(Pi UR) = AS(P,UR) = {{p,q,r}}, but
AS(PyUR) = {{a,x}}.

2.2.1 Shorthands

A choice rule is of the form 1b{hj,... ,hy}ub:-by,...,b,, where 1b and ub are integers, hy, ..., hy are

atoms and by, ..., b, are naf-literals or comparison literals. It is a shorthand for the rules:

hi Vhi:-by,...by.

hy V hy:-by,...by.
:-by,...by, #count{h; : hy;...;hy : hy} < 1b.
:-by,...by, #count{hy : hy;...;hy : hy} > ub.

where hy, . .., hy are each new atoms that do not occur anywhere in the rest of the program. Essentially,
ﬁ\i stands for the negation of hy. Note that each h; occurs both on the left and right hand side of the
:’s in aggregate elements. On the left hand side, it is treated as a term (the predicate symbol is treated
as a function symbol?). Using the atom as a term on the left hand side ensures that each aggregate

element is counted as unique?.

Example 2.6. Consider the choice rule 1{p(X),q(X),r(X,Y)}2:-s(X,Y). This rule represents the set

of rules below:

p(X) v@;_s(x,y).
q(X) Vq(X):-s(X,Y).

—

r(X,Y) Vr(X,Y):-s(X,Y).
:-8(X,Y), #count{p(X) : p(X); q(X) : q(X); r(X,Y) : r(X,Y)} < 1.
:-8(X,Y), #count{p(X) : p(X); q(X) : q(X); r(X,Y) : r(X,Y)} > 2.

2 ASP allows the same symbol to be used as both a predicate and a function symbol.
3If two or more aggregate elements share exactly the same list of terms on the left hand side of the :’s then they are
counted only once, as the set of tuples that are counted does not allow for duplicate elements.
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Loosely speaking, the choice rule states that for every X and Y, if s(X,Y) is true then between 1 and
2 of the atoms p(X), q(X) and r(X,Y) must be true. The first three rules in the translation above
state that if s(X,Y) is true, then all combinations of the possible truth values of the atoms in the head
of the choice rule should be generated as possible answer sets. The final two rules are constraints
which enforce the lower and upper bounds of the choice rule (respectively). In Section 2.2.3, we
define the semantics of choice rules directly (without the need for a translation). This definition is

equivalent to using this translation and the standard definition of the ASP semantics (using the reduct
in Definition 2.1) [LRB15b].

As the summing aggregates used in this thesis take a very specific form, we introduce another short-
hand, which is similar to the summing aggregates used in the input of the Clingo 3 solver [GKK10]. A
simple summing aggregate is of the form #sum{a; = wy,...,a, = wy} < u, where ay, ..., a, are atoms
and wq,...,w, are integers. It is a shorthand for the aggregate #sum{w;,a; :as;...;wp,ap: @y} <u
(where on the left hand side of the :’s, the a; atoms are treated as functional terms rather than as

atoms).

Example 2.7. Consider the simple summing aggregate #sum{p(X) = X,q(X) = 3} < 40. The truth
value of the aggregate (wrt an interpretation) can be evaluated directly. An interpretation I satisfies

this aggregate if and only if the following inequality holds:

3x [{tla®)el} [+ Y t|<40
p(t)eltez

The standard aggregate AGG represented by this simple summing aggregate is #sum{X,p(X) : p(X);
3,q(X) : q(X)} < 40. This aggregate is satisfied by any interpretation I if and only if the following
inequality holds:

}: wt | < 40

(wt,t1,...otn ) Etuples(AGG,I) wtEZ

For any interpretation I, tuples(AGG,I) = {(t,p(t)) | p(t) € I} U{(3,q(t)) | a(t) € I}. Hence the

mequality is equivalent to:

Y3+ ) t] <40

q(t)er  p(t)ertez
This is equivalent to the inequality derived directly from the original simple summing aggregate.
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2.2.2 Optimal Answer Sets

Unlike hard constraints in ASP, weak constraints do not affect what is (or is not) an answer set of a
program P. Hence Definition 2.1 also applies to programs with weak constraints. Weak constraints
create an ordering over AS(P) specifying which answer sets are “preferred” to others. At each priority
level lev that appears in weak(P), the aim is to discard any answer set that does not minimise the
sum of the weights of the ground weak constraints with level lev whose bodies are true. The higher
levels are minimised first. The terms in the tail of a weak constraint specify which ground weak

constraints should be considered unique.

Definition 2.2. Let P be a ground program and let I be an interpretation. weak(P, I) is the set:

{(Wt, lev,ty,...,ty)

i~by, ..., bx.[wt@Qlev, ty,. .., ty] € weak(P)
bi,...,bx is each satisfied by I

The score of I at a priority level 1lev (denoted Pll oy) 18 equal to the sum:

Z wt

(wt,lev, ty,...,ty)cweak(PI)wteZ

Given a pair of interpretations I; and Is, I; is said to dominate Iy (denoted I; =p I3) if there is a
priority level lev such that Pl{;v < PZI;U and there is no lev’ such that lev’ > lev and Pllelv, > PlIeZU, An
answer set A of a program P is said to be optimal if there is no answer set A’ € AS(P) that dominates

A. We write AS*(P) to denote the set of optimal answer sets of P.

Example 2.8. Let P be the program {0{p(1),p(2),p(3)}3.}. P has 8 answer sets, which are the
various combinations of making each of the three p atoms true or false. Consider the two weak
constraints :~ p(X).[1@Q1] and :~ p(X).[1Q1,X]. The first weak constraint states that if any of the p
atoms is true then a penalty of 1 must be paid. This penalty is only paid once, regardless of whether
one, two or three of the p atoms are true. Conversely, the second weak constraint says that a penalty
of 1 must be paid for each p atom that is true. In both cases, () is the only optimal answer set; however,
in the first case, none of the remaining answer sets dominate each other, whereas in the second case,
the answer sets with only one p atom dominate those with two p atoms, which in turn each dominate

the single answer set with three p atoms.

We now introduce some extra notation which will be useful in later chapters. Given a set of interpre-
tations S, the set ord(P, S) captures the ordering of the interpretations given by the weak constraints
in P. Tt generalises the dominates relation; so it not only includes (Aj, Ag, <) if Ay >=p Ao, but it also
includes tuples for other binary comparison operators. Formally, (A1, A2, <) €ord(P,S) if A, A3 € S
and Ay =p Ag; (A1, Ay, >)€ord(P,S)if A1, Ay € Sand Ay =p A1; (A1, A, <) € ord(P,S) if A1, Ag €
S and Az ¥p A1; (A1, Ay, >) € ord(P,S) if Ay, Ay € S and Ay #p Ag; (A1, Az, =) € ord(P,S) if
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Al,AQ € S, Aq ;Lp Ag and As ;LP Al; <A1,A2,7é> c O’I“d(P,S) if Al,AQ € S and A; =p Ay or
Ag >=p Aq. Given an ASP program, we write ord(P) as a shorthand for ord(P, AS(P)).

2.2.3 Alternative Definitions of Answer Sets

The meta-level programs we introduce in this thesis use each of the components described so far;
however, the programs learned by our algorithms take a slightly more restricted form. We introduce
the restricted class ASPY to denote the class of programs containing only normal rules, choice rules
and hard and weak constraints (i.e. programs with no aggregates in the body and no disjunction).
Unless stated otherwise, we assume all background knowledges and hypothesis spaces in this thesis
to be ASPE programs. We also use ASP" to denote the class of programs containing normal rules,
choice rules and hard constraints — i.e. the ASPF programs with no weak constraints. We now
present two definitions of answer sets of ASPF programs, which are both equivalent to the definition
in [CFGT13].

Simplified Reduct for Choice Rules

In this section, we present our simplified semantics for programs in ASP®. This does not involve
the translation of choice rules in Section 2.2.1 before solving; instead it uses an extended definition of
reduct. This removes the need to “invent” extra helper (f;) atoms that do not appear in the answer
sets of a program. It also has the added benefit that the reduct is guaranteed to have exactly one

minimal model.

Definition 2.3. The simplified reduct of a ground program P with respect to an interpretation I, is

constructed in the following 4 (sequential) steps.

1. Remove any rule whose body contains not a for some a € I and remove any negative literals

from the remaining rules.

2. For any constraint R, :-body(R), replace R with L :-body™(R) (L is a new atom which cannot

appear in any answer set of P).

3. For any choice rule R, 1{hj,...,hy} u:-body(R) such that 1 < |I N{hy, ..., hy}| < u, replace R
with the set of rules {h; :-body™*(R) | hy € IN{hy, ..., hy}}.

4. For any remaining choice rule R, replace R with the constraint L :-body™(R).

Example 2.9. Consider the program P.

1{p;q}1:-r.
P= r.

:- not p,r.
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-1,
The simplified reduct wrt the interpretation I = {p, r} is { P }
r.

The minimal models of the reduct is I, and hence, I is an answer set of P.

Consider now the alternative interpretation I' = {q, r}.

q:-T.
The simplified reduct wrt I' is { r.
1:-r.

The minimal model of the reduct is: {q, r, L}. Hence, as L ¢ I', I' ¢ AS(P).

Consider the third interpretation I" = {p, q, r}.
o , L:-r.
The simplified reduct wrt I" is
r.

The minimal model is {r, L}, and hence, as {L} ¢ I", I" ¢ AS(P).

pVp:-r.

qVq:-r.

In contrast, the standard reduct of P wrt I" is ¢ :-r,#count{p:p;q:q} < 1.
-1, #count{p:p;q:q} > 1.
r.

Simalarly it can be seen that I" is not a minimal model of the standard reduct, as it violates the second

constraint.

Theorem 2.10. ([LRB15b]) Given any ASPE program P, an interpretation I is in AS(P) if and
only if A is equal to the minimal model of the simplified reduct of P with respect to I.

In the rest of this thesis, whenever P is an ASPY program, we use P! to denote the simplified reduct,
rather than the standard reduct.

Unfounded Sets

We now recall an alternative definition of answer sets, based on the notion of unfounded sets [LRS97].

This alternative definition is central to the ILASP3 algorithm presented in Chapter 10.

Definition 2.4. Let P be a program and I be an interpretation. For any subset U C I, U is an
unfounded subset of I wrt P iff there is no rule R € P that satisfies conditions 1-3.

1. Jh € heads(R) such that h € U

2. body*(R) C I\U
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3. body=—(R)NI=1

The answer sets of a program can be defined as the models of the program which have no non-empty
unfounded subsets. As the original definitions of unfounded sets do not consider choice rules, for

completeness we prove in Lemma 2.11 that this result holds for ASP® programs.

Lemma 2.11. (proof on page 262)

Let P be an ASPT program and I be an interpretation. I is an answer set of P if and only if I is a

model of P and there is no non-empty unfounded subset of I wrt P.

2.2.4 Useful Results on ASP

In this section, we present some results about ASP programs that are used throughout the thesis.

Lemma 2.12. (proof on page 264)

Let P be any ASP program, and C' be an ASP program containing only hard constraints. A €
AS(PUC) if and only if A € AS(P) and A does not satisfy the body of any instance of any constraint
in C.

Another useful result that we use in the proofs in this thesis is the Splitting Set Theorem [LT94].
This theorem relies on the notions of a splitting set and the partial evaluation of a logic program.
Given a ground disjunctive logic program P, a set U C HBp is a splitting set of P if and only if
for every rule R € P such that heads(R) N U # 0, heads(R) U body™ (R) U body (R) C U. Given a
ground rule R and a set of atoms U, we write R\U to denote the rule R with all (positive or negative)
occurrences of atoms in U removed from the body of R. Given a program P a splitting set U of P and
a set X C U, the partial evaluation of P with respect to U and X, written ey (P, X), is the program
{R\U | R € P,heads(R) N U = 0, (body*(R)NU) C X,body~ (R)N X = 0}.

Theorem 2.13. ([LT9}]) Given any ground ASP program P, and splitting set U of P:

AS(P) = {X uY
Y € AS(ey(P, X))

X € AS({R € P | heads(R) N U # 0}), }

The intuition behind the splitting set theorem is that if a set of atoms U is known to split the program
P, then we can find the answer sets of the subprogram that defines the atoms in U first. For each of
these answer sets X, we can partially evaluate P using X and solve this partially evaluated program
for answer sets. The splitting set theorem then guarantees that for each answer set Y of the partially
evaluated program, X UY is an answer set of P. Furthermore, every answer set of P can be constructed

in this way. Sometimes in our proofs, we use the following Corollary of the Splitting Set Theorem.
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Corollary 2.14. Given any ground ASP program P, and splitting set U of P:

AS(P) = {Y
Y € AS{R € P | heads(R)NU =0} U{a. |a€ X})

X € AS({R € P | heads(R) N U # 0}), }

Grounding

Recall that the first step of solving any ASP program is to ground it. In principle, this means that
a program P should be replaced with the set of all ground instances (within the language of P) of
rules in P. In general, this grounding is infinite; however, there are some cases where even though
the complete grounding is infinite, there is an equivalent subset of the grounding, called the relevant

grounding, which is finite.

Definition 2.5. Let P be any ASP program. fp : P(HBp) — P(HBp), is the function fp(I) =
T U{h|R € ground(P),body™ (R) is satisfied by I,h € heads(R)}

Lemma 2.15. Consider any ASP program P and any two interpretations I; and I5. If both I; and
I are fixpoints of fp then I; N I5 is a fixpoint of fp.

Proof. Assume that I1 and I are fixpoints of fp for some program P. Assume for contradiction that
Ja € fp(Il1 N I2) such that a ¢ Iy N I;. There are two cases: either a & I or a ¢ I5. Without
loss of generality, assume that a & I;. As I} = fp([y), this means that AR € ground(P) such that
a € heads(R) and body™ (R) C I,. Hence, AR € ground(P) such that a € heads(R) and body™ (R) C

I N Iy. This means that a can not be in fp(I; N I3), contradicting our initial assumption. O

Corollary 2.16. Given any program P, fp has exactly one least fixpoint.

Proof. HBp is a fixpoint, so there must be at least one least fixpoint. Now assume for contradiction
that both I; and I are least fixpoints and I3 is not equal to I;. Then I; N I, is also a fixpoint, and
it must be a strict subset of at least one of I; and Iy. This contradicts that both I; and Iy are least

fixpoints. Hence there is exactly one least fixpoint of fp. O

Given any program P, we call the least fixpoint of fp the relevant Herbrand base of P, and denote it
as HBY!.

Definition 2.6. Let P be any ASP® program. The relevant grounding of P, written ground ' (P)
is the set of all rules R € ground(P) such that for each a € body™ (R), a € HB!.

Theorem 2.17 shows that if H B} is finite, then ground™(P) is also finite and AS(ground (P)) =
AS(P). We will use this result extensively when proving termination of our algorithms, as any finite

ground ASP program can be solved in a finite time.
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Theorem 2.17. (proof on page 265)

Let P be any ASPT program such that |H B! is finite.

1. |ground ! (P)| is finite

2. AS(P) = AS(ground ™ (P))

2.3 Computational Complexity

We assume the reader is familiar with the fundamental concepts of complexity, such as Turing machines

and reductions; for a detailed explanation, see [Pap03].

Many of the decision problems for ASP are known to be complete for classes in the polynomial
hierarchy [Sto76]. We now summarise the classes of the polynomial hierarchy. P is the class of
all problems which can be solved in polynomial time by a Deterministic Turing Machine (DTM);
g =1 =AY = P AL = P>( s the class of all problems which can be solved by a DTM in
polynomial time with a Ef oracle; 25 =N PEF is the class of all problems which can be solved by a
non-deterministic Turing Machine in polynomial time with a Ef oracle; and finally, HkP 41 =co-N P
is the class of all problems whose complement which can be solved by a non-deterministic Turing
Machine in polynomial time with a $ oracle. £ and II¥" are NP and co-NP (respectively), where
NP is the class of problems which can be solved by a non-deterministic Turing machine in polynomial

time and co-N P is the class of problems whose complement is in N P.

DP is the class of problems that can be mapped to a pair of problems D1 and Ds such that D1 € NP
and Dy € co-NP. It is well known that the following inclusions hold: P C NP C DP C Ag - 25
and P C co-NP C DP C A} C TIY [Pap03].

Complexity results for two classes of ASP programs are useful for later chapters. First we recall the
definition of aggregate stratification from [FPL11]. We slightly simplify the definition by considering
only ground programs such that every rule has an atom as its head. For any program fragment P, let

atoms(P) denote the set of all atoms that occur in P.

Definition 2.7. A ground program P, in which aggregates occur only in bodies of rules, is stratified
on an aggregate agg if there is a level mapping || || from HBp to ordinals, such that for each rule
R € P, the following holds:

1. Vb € atoms(body(R)) : ||b]| < ||head(R)||

2. If agg € body(R), then for each atom a € atoms(agg): ||al| < ||head(R)]|

P is said to be aggregate stratified if it is stratified on every aggregate in P.
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The intuition is that aggregate stratification forbids recursion through aggregates. Aggregate stratifi-
cation has nothing do with negation as failure, and therefore, whether a program is aggregate stratified

is unrelated to whether it is stratified in the usual sense.

Note that constraints and choice rules can be added in to any aggregate stratified program without
breaking stratification so long as no atoms in the head of the choice rule are on a lower level than any

atom in the body. This is illustrated by the following example.

Example 2.18. Any constraint :-by,...,by, not cy,..., not ¢y can be rewritten as s:-bq,...,bn,
not cy,..., not cy, not s where s is a new atom. For any mapping proving that the rest of the

program is stratified on an aggregate, s can be added to the mapping, taking a higher level than any

other atom.

A choice rule 1b{hy, ..., ho}ub:-by,...,by, not cy,..., not cy can be rewritten as:

hi:-bsy,...,by, not ¢y,..., not ¢y, not hj.

hi:-bs,...,by, not cy,..., not ¢y, not hy.

hy:-by,...,by, not cy,..., not cy, not hl.

h!:-by,...,by, not cy,..., not ¢y, not h,.

S:-by,...,bp, not cy,..., not cy, #count{hy : hy;...;hy : hy} < 1b, not s.

s’:-by,...,by, DOt cy,..., not ¢y, #count{hy : hy;...;h, : hy} > ub, not s

where hY, ... bl s, s are all new atoms. Provided the rest of the program is aggregate stratified, then

this new one is too. For any mapping that proves that the rest of the program is stratified on an
aggregate, we can extend the mapping by assigning s and s’ a new highest level and each b, the same
level as hy (if they do not occur in the rest of the program then they should be given a new level one
below s and s’). Note that the whole program can be shown to be stratified on the two new counting
aggregates by using a level mapping that maps s and s’ to 2 and every other atom to 1. Hence, the
whole program is aggregate stratified, as it is stratified on every aggregate in the program. To avoid
constantly using this mapping, we will refer to programs with choice rules and constraints as also being

aggregate stratified.

Lemma 2.19. [FPL11] Deciding whether an aggregate stratified propositional program without dis-

junction cautiously entails an atom is co-/N P-complete.

Corollary 2.20. Deciding whether an aggregate stratified propositional program without disjunction

bravely entails an atom is N P-complete.

Proof. We first show that deciding whether an aggregate stratified propositional program without

disjunction bravely entails an atom is in NP. We do this by showing that there is a polynomial
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reduction from this problem to the complement of the problem in Lemma 2.19 (which by definition of
co-N P must be in NP). The complement of the problem in Lemma 2.19 is deciding whether a non
disjunctive aggregate stratified program does not cautiously entail an atom. Take any non-disjunctive
aggregate stratified program P and any atom a. P |= a if and only if PU{neg_a:- not a.} |4, neg.a.
So the decision problem is in NV P.

It remains to show that deciding whether an aggregate stratified propositional program without dis-
junction bravely entails an atom is N P-hard. We do this by showing that any problem in NP can
be reduced in polynomial time to deciding the satisfiability of an aggregate stratified propositional

program without disjunction.

Consider an arbitrary NP problem D. The complement of D, D, must be in co-NP (by definition
of co-NP). Hence, by Lemma 2.19, there is a polynomial reduction from D to deciding whether an

aggregate stratified propositional program without disjunction cautiously entails an atom.

We define the polynomial reduction from D to deciding whether an aggregate stratified propositional
program without disjunction bravely entails an atom as follows: for any instance I of D, let P and a
be the program and atom given by the polynomial reduction from the complement of I to cautious
entailment; define P’ as the program P U {neg a:- not a.} (where neg a is a new atom). I returns
true if and only if P 4. a if and only if P’ =, neg_a. Hence, as P’ is still aggregate stratified (the new
atom neg-a can be mapped to the highest ordinal used by any level mapping that is used to prove
that P is stratified on an aggregate), this is a polynomial reduction from D to deciding whether an
aggregate stratified propositional program without disjunction bravely entails an atom. Hence, the

decision problem is N P-hard.

O

Lemma 2.21. [EG95] Deciding whether a disjunctive logic program has at least one answer set is

YP-complete.

We have now summarised the main background material on ASP that is necessary to understand
the rest of the thesis. In the next chapter, we review the relevant literature on Inductive Logic

Programming before presenting our own work.
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Chapter 3
Inductive Logic Programming

Traditionally, Inductive Logic Programming has addressed the problem of learning Prolog programs.
Often these programs have no negation as failure (i.e. they consist of definite clauses). In Section 3.1
we give a short overview of ILP, introducing the main frameworks and algorithms for learning. This
overview is by no means complete, but serves as a means of comparison between traditional approaches
and recent approaches to learning ASP programs. In Section 3.2 we then review the state of the art

frameworks and algorithms for learning under the answer set semantics.

3.1 An Overview of ILP

3.1.1 Learning Frameworks

Research in ILP has mainly addressed three learning settings: learning from entailment, learning from
interpretations and learning from satisfiability. In this section we present the definitions of each, and

give examples of simple learning tasks.

We refer to a theoretical setting for ILP as a learning framework. We will usually write ILPx to
denote a framework X. A particular problem associated with a framework X is called a learning task
of ILPx and will be denoted Tx'. A learning task Tx will usually consist of a background knowedge
B, which is a logic program, a hypothesis space Sys, defining the set of rules that are permitted to be
in a hypothesis and some examples, the form of which varies between the learning frameworks. Every
framework X will come with a definition of what it means for a hypothesis (a subset of the hypothesis

space) to be an inductive solution of a task.

Notation (ILPx(Tx)). Given any ILP framework ILPx, and any ILPx task Tx, ILPx(Tx)

is the set of all inductive solutions of Tx.

"When it is clear which framework is being discussed, we will omit the X.
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Throughout this thesis, given any framework I LPx, learning task Tx and example e, we say that e is

covered by a hypothesis if the hypothesis meets all conditions that Tx imposes on e.

Learning from Entailment

The most common framework for ILP is Learning from Entailment (LFE). The goal in learning from
entailment is to find a hypothesis that (together with the background knowledge) entails each of a set
of clauses called the positive examples, and which is consistent with a second set of clauses called the

negative examples. Definition 3.1 formalises the Learning from Entailment framework.

Definition 3.1. A Learning from Entailment (ILPprg) task T is a tuple (B, Sy, (ET, E™)) where B
is a clausal theory, called the background knowledge, Sy is a set of clauses, called the hypothesis space
and E* and E~ are sets of ground clauses, called the positive and negative examples, respectively. A

hypothesis H C S}, is an inductive solution of 7" if and only if:

1. BUH E E*

2. BUHUE™ j£ 1

As learning from entailment has been researched by many different groups, the language of the back-
ground knowledge, hypothesis space and examples differs between papers. In many cases (e.g. [Mug95],
[RBRO3| and [ML13]) the language of the background knowledge and hypothesis space is restricted
to either definite or Horn clauses, whereas [RI07] allowed a language of full clausal theories as in Def-
inition 3.1. In the common special case where both the background knowledge and hypothesis space
consists of definite clauses and positive and (resp. negative) examples are positive (resp. negative)
literals, B U H is guaranteed to have a unique minimal Herbrand model M and H is an inductive
solution of the task if and only if M includes all of the positive examples and does not include (the
negation of) any negative examples (i.e. if B U H entails each of the positive examples and does not

entail (the negation of) any negative examples).

Example 3.1. Consider the ILPppp task T = (B, Sy, (ET, E™)), where:

parent(X,Y):-father(X,Y). h; : grandfather(X,Y):-parent(X,Z),
parent(X,Y):-mother(X,Y). parent(Z,Y)
father(mike, mark). Sy — hy : grandfather(X,Y):-father(X,Z),
mother(sue, mark). parent(Z,Y).
father(howell, sue). h; : grandfather(X,Y):-mother(X,Z),

2.Y)

person(mark).

person(mike).

person(sus). E* :{ grandfather(howell mark). }

person(howell).
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B — { :-grandfather(howell mike). }

:- grandfather(norma, mark).

o 0 ILPLrp(T), as B does not entail grandfather(howell, mark).

[ FO’/’ each H - {{hl}a {hg}, {hl, hg}, {h17 hg}, {h2, h3}, {h17 h2, hg}}, H g ILPLFE‘(T), as BUH

entails grandfather(norma, mark), so BU H U {:- grandfather(norma,mark).} is inconsistent.

o {hy} € ILPrpr(T), as B U {hy} entails grandfather(howell,mark) and is consistent with

:-grandfather(howell, mark) and :- grandfather(norma, mark).

Learning from Interpretations

Another common ILP setting is Learning from Interpretations (LFI). Definition 3.2 formalises the
ILPppy framework. In the LFT literature (e.g. [DRVL95]), a set of (possibly incomplete) facts is often
called an interpretation. We avoid this usage of the term interpretation to avoid confusion with our

own usage of the term.

Definition 3.2. A Learning from Interpretations (ILPppy) task T is a tuple (B, Syr, (ET, E7)) where
B is a definite clausal theory, Sj; is a set of clauses and each element of ET and E~ is a set of facts.

A hypothesis H C S} is an inductive solution of T if and only if:

1. Vet € ET: M(BUe") satisfies H

2. Ve~ € E7: M(BUe ) does not satisfy H

Note that with no background knowledge, this definition is equivalent to saying that each positive
example (treated as an interpretation) must be a model of H, and no negative example should be
a model of H. In ILPrpr; systems that allow background knowledge, the background knowledge in
ILPrpr is used to “complete” the interpretation, so that not all atoms need to be specified in the

example.

Example 3.2. Consider the ILPpp; task T = (B, Sy, (E™ ), where:

B = { father(X,Y):-male(X), parent(X,Y). } parent(richard, lucy). }

, BT
{ male(richard).
Et = { parent(mike, mark).

male(mike). male(mark).

son(mark,mike).
hy : son(X,Y):-father(Y,X).

Sym =14 hy: son(X,Y):-parent(Y,X). {

hs: son(X,Y):-parent(Y,X),male(X). male(mike). male(mark).

parent(mike, mark). } }
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The minimal models of B combined with each example are M; = {parent(richard,lucy),
male(richard), father(richard,lucy)}, Ms = {parent(mike,mark), male(mike), male(mark),
father(mike,mark), son(mark,mike)}, Mz = {parent(mike,mark), male(mike), male(mark),

father(mike,mark)}, where My and Ms have been derived from the positive examples, and Ms has

been derived from the megative example.
The task is to find a hypothesis H such that My and My are both models of H and Ms is not.
o ) g ILPLp(T) as Ms is a model of ().

o {hi} & ILPrpi(T) as My is not a model of {h1}. This means that no hypothesis containing hy

can be an inductive solution of T'.

o {hy} & ILPrp(T) as My is not a model of {ha}. This means that no hypothesis containing hy

can be an inductive solution of T'.

o {h3} € ILPLri(T) as My and My are both models of {hz} but M3 is not.

Learning from Satisfiability

The third common setting for ILP is Learning from Satisfiability (LFS) [DRD97b].

Definition 3.3. A Learning from Satisfiability (ILPpps) task T is a tuple (B, Sy, (E1, E7)) where
B is a clausal theory, Sy is a set of definite clauses and ET and E~ are sets of clausal theories. A

hypothesis H C Sy, is an inductive solution of 7" if and only if:

1. Vet € ET: BUH UeT has at least one model
2. Ve~ € E~: BUH Ue™ has no models

Example 3.3. Consider the ILPppg task T = (B, Sy, (ET, E™)), where:

Bz{ pP:-q,T. } E+:{ {r. :-q.} }
SM:{hlz P } E_:{ {:-p. :-q.} }
e 0 g ILPLps(T) as BU{:-p. :-q.} is satisfiable (0 is a model).

e {hi} € ILP ps(T) as BU{hy} U{r. :-q.} is satisfiable, and BU{h;} U{:-p. :-q.} is unsat-
isfiable.

In [DR97], it was shown that I LPfrg can simulate I LPrrg by using the fact that P |= e if and only if
P U—e has no models. Example 3.4 shows how the task in Example 3.1 can be encoded as an I LPrrg
task.

Example 3.4. Recall the ILPppg task T = (B, Sy, (ET,E™)) from Ezample 3.1 and consider the
task Tr,ps with the same background knowledge and hypothesis space and the following examples.

51



CHAPTER 3. INDUCTIVE LOGIC PROGRAMMING

Bt — :-grandfather(howell, mike). E- = { {:-grandfather(howell, mark).} }
:-grandfather(norma, mark).

Note that the original negative examples have become a single positive example. The condition for
the negative examples under ILPrpg is that BU H U E~ must be consistent (i.e. it must have at
least one model). This is exactly the same as the condition for a positive example under ILPLpg.
The original positive examples have been negated, and added as negative examples. For example, the
original task said that BU H must entail grandfather(howell, mark), which is equivalent to saying
that no model of BU H could not contain grandfather(howell,mark). This is equivalent to saying
that BU H U {: - grandfather(howell,mark).} must have no models.

3.1.2 Learning Algorithms

This section concentrates on the algorithms proposed to solve the learning tasks of three frameworks
presented in Section 3.1.1. In the rest of this thesis we refer to these frameworks and algorithms as
traditional ILP in order to differentiate them from ASP-based approaches to ILP. Early algorithms
for ILP were divided into two classes: bottom-up algorithms such as Progol [Mug95], Aleph [Sri01]
and HAIL [RBR03, Ray05], which compute a most specific hypothesis to cover an example, and then
generalise it; and top-down algorithms such as HYPER [Bra99, OB10], which first computes a most
general hypothesis and then specialises it. More recently, a new class of meta-level algorithms, such as
TAL [Cor12] and Metagol [ML13, MLPTN14], has emerged, which encode learning tasks as meta-level

logic programs.

‘ Algorithm ‘ Learning Framework ‘ Language of BU H ‘ Category
Aleph [Sri01] ILPLrE (in tlil?liﬁsréjrel d(ij(lilb;bo de) Bottom-up
Claudien [DRD97a] ILPppr Clausal theories Top-down
Claudien-Sat [DRD97b)] ILPpFg Clausal theories Top-down
FOIL [Qui90] ILP.rE Definite clauses Top-down
HAIL [RBRO3] ILP.rE Definite clauses Bottom-up
HYPER [Bra99] ILPrrE Definite clauses Top-down
ICN [MV96] ILPrpEg Normal clauses Top-down

ICL [DRVL95] ILPppr Clausal theories Top-down
ICL-Sat [DRD97b)] ILPrrg Clausal theories Top-down
LOGAN-H [AKMO07] ILPp gy Horn clauses Bottom-up
Metagol [ML13] ILPrrE Definite clauses Meta-level
Progol [Mug95] ILP.rE Definite clauses Bottom-up
Toplog [MSTNOS| ILPrpE Definite clauses Top-down
TAL [CRL10] ILPyrEg Normal clauses Meta-level

Table 3.1: A summary of some of the main algorithms for traditional ILP.
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Table 3.1 gives a summary of some available systems along with the learning framework they support,
the language of their background knowledge and hypothesis space and the category of the algorithm
(bottom-up, top-down or meta-level). As the focus of this thesis is on learning ASP programs, we
only go into detail on those algorithms that have influenced later algorithms for induction under the

answer set semantics, or that are related to our own approach.

Many of the systems specify hypothesis spaces with a language bias consisting of mode declarations
(which specify which atoms can appear in the head and in the body of rules in the hypothesis space).
As the form of language bias varies for different systems, and to avoid confusion with our own lan-
guage bias, we do not formalise mode declarations here (for an example of a common style of mode

declaration, see [Mug95]).

Progol 5

The most well known ILP system is Progol, which solves Learning from Entailment tasks, with the
background knowledge, hypothesis space and examples all restricted to Horn clauses. Progol uses a
cover loop, sequentially picking an uncovered positive example e;, called a seed example, and finding a
hypothesis h; which covers this example and which is consistent with all the negative examples. When
all positive examples are covered, Progol terminates with the hypothesis H = hy U ... U hy (where
n < |ET)).

When processing a seed example e, Progol uses the principle of Inverse Entailment (BUH = e <
B U —e = —H [Mug95]) in a technique called Bottom Generalisation. The first step in Bottom
Generalisation is to construct the bottom clause, which is the disjunction of all literals which are
entailed by B U €, where € is the complement of e2. Any Horn clause which subsumes the bottom
clause is said to be derivable from e by Bottom Generalisation. For each seed example e, Progol 5
attempts to compute a clause that is compatible with the language bias, and is derivable from e by

Bottom Generalisation.

Bottom Generalisation is not complete, in that it cannot learn multiple clauses from the same example.

Example 3.5. Consider a background knowledge B = {p:-q,r.}, and a seed example p. The hypoth-
esis H = {q. r.} covers the example but neither of its two clauses are derivable by Bottom Generali-

sation — the bottom clause is —p, meaning that the only clause that can be derived is “p.”.

In fact, in [RBRO3, Ray05] it was shown that Progol 5 is not even complete with respect to the
semantics of Bottom Generalisation. In [RBRO03], the incompleteness of Progol 5 and the inability
of Bottom Generalisation to learn multiple clauses from the same example was used to motivate the
HAIL system.

2Given a Horn clause e, the complement & is the theory: (=head(e) A( A 1))@ Where 0 replaces each variable in
lebody(e)
e with a Skolem constant symbol.
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Hybrid Abductive Inductive Learning (HAIL)

Kernel Set Subsumption RBR04] is a generalisation of Bottom Generalisation.

Definition 3.4. [RBR04]| Let B be a Horn theory and e be a ground atom, then a definite theory
K is a Kernel Set of B and e if and only if B U {head(R) | R € K} = e and for each rule R € K,
Vb € body(R), B = b.

Let K be a Kernel Set of a Horn theory B and e st B [~ e. A definite theory H is derivable by Kernel

Set Subsumption if and only if every clause in K is #-subsumed by at least one clause in H.

Note that Kernel Set Subsumption extends Bottom Generalisation by allowing mutiple clauses to be
learned from a single example. The Hybrid Abductive Inductive Learning (HAIL) algorithm [RBRO4]
computes hypotheses using a cover loop, using the Kernel Set Subsumption principle to compute new
clauses for each seed example. For each seed example e, the procedure is split into 3 phases: an
abductive phase, a deductive phase, and a search phase. In the abductive phase, a set of ground
atoms A is found such that B U A |= e, each element of A is compatible with at least one mode
(head) declaration and B U A is consistent with all the examples. The atoms in A become the heads
of the rules in the Kernel set. The deductive phase uses the background knowledge (and the current
hypothesis, computed in previous iterations) to deduce the ground atoms that are allowed to appear
in the body of rules in the Kernel Set (and which are compatible with the mode body declarations).
The search phase then finds the most compressed (shortest) set of clauses that clausally subsumes
K (and which is consistent with the full set of examples). This set of clauses is then added to the

background knowledge and the next uncovered example is selected as the seed example.

TAL

Top-directed Abductive Learning (TAL) is a meta-level learning technique proposed in [CRL10], which
solves an ILP task by mapping it to an equivalent Abductive Logic Programming (ALP) task. The idea
is that every rule h in the hypothesis space can be represented by a unique meta-level atom Aj. The
ILP task T'= (B, M, E", E~) (where M is a set of mode declarations, rather than a full hypothesis
space) is then transformed into a Prolog program Tj,etq, which can be used to find the inductive
solutions of T'. Each hypothesis H is an inductive solution of 7" if and only if Tynere U{Ap, | hi € H}
entails the positive examples and does not entail any negative examples. This means that the original
ILP task can be represented as an abductive task, where the goal is to abduce a minimal subset of the

possible A, atoms in order to cover the examples.

Originally this technique was implemented as TAL which achieved nonmonotonic ILP under the three
valued Fitting semantics [Fit02]. More interestingly (as this thesis addresses learning under the answer
set semantics) this same technique, with a different meta-representation, was then implemented under
the answer set semantics as ASPAL [CRL12]. ASPAL is discussed in greater detail in Section 3.2.2.

54



3.1. AN OVERVIEW OF ILP

Algorithms for Learning from Interpretations and Learning from Satisfiability

Inductive Constraint Logic (ICL) [DRVL95] solves a learning from interpretations task with both
positive and negative examples. It iteratively computes a hypothesis, searching in each iteration for a
clause that is satisfied by each positive example et (or by M (B Ue") in the case that a background
knowledge B is given) and fails to satisfy at least one negative example that is not yet covered. The
clauses are constructed using a top-down refinement operator (from general to specific). This approach
can be thought of as the reverse of what many learning from entailment algorithms do. For example
Progol searches, in each iteration, for a clause that satisfies at least one positive example (the seed
example) and does not satisfy any negative examples. Progol also searches in a bottom-up fashion

(from specific to general).

Claudien [DRD97a] is a top-down system for learning from interpretations. Unlike many ILP systems,
it does not search for a compressed hypothesis, but instead searches for a maximally specific hypothesis
that is consistent with a set of positive interpretation examples. This setting is called characteristic
learning from interpretations. Claudien begins with an initial hypothesis H = () and a set of clauses
Q = {L}. In each iteration it processes each clause in ¢ € @ as follows: if each example interpretation
is a model of ¢, then c is removed from ) and added to H; if not, then c is replaced in @) with every
possible maximally general refinement of c. As soon as ) is empty, H is guaranteed to be a maximally
specific hypothesis (in that it accepts as few models as possible). [DRD97a] also presented a parallel

version of Claudien, which is made possible because the clauses in @) are independent from each other.

In [DRD97b], ICL and Claudien were extended to ICL-Sat and Claudien-Sat, respectively, in order
to allow them to solve learning from satisfiability tasks. As clauses in the hypothesis space cannot
be considered independently for learning from satisfiability (in general hy Ue [~ L and hy Ue & L
does not imply that hy U hy Ue = L), both algorithms must be slightly modified. ICL-Sat’s search
no longer builds a single hypothesis as in the ICL algorithm, but builds a set @ of tuples of the form
(H, N, c), where H is a hypothesis, N is a set of negative examples which are not covered by N and ¢
is a single clause which can be refined. In each iteration, for each tuple (H, N, c) € @, if each positive
example is consistent with H U ¢ and at least one negative example is not consistent with H U ¢ then
(H, N, c) is replaced in @ by (H U{c}, N’, L) (where N’ is the subset of examples in N that are not
covered by H U{c}); if not, then (H, N, ¢) is replaced in @ with every tuple (H, N, ¢) such that ¢’ is a
maximally general refinement of c. If the algorithm encounters a tuple (H, N, ¢) such that N = () then
H is an inductive solution of the task, and the algorithm terminates. Claudien-Sat is modified such
that a clause c is added to H when H U ¢ is consistent with each example interpretation, rather than
when each interpretation is a model of ¢. The more important difference is that Claudien-Sat can not

be parallelised in the same way as Claudien, as the clauses can no longer be considered independently.
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3.2 Approaches to ILP Under the Answer Set Semantics

3.2.1 Learning Frameworks

In ASP, there can be one, many or even no answer sets of a program. This leads to two different stan-
dard notions of entailment under the answer set semantics: brave entailment and cautious entailment.
Recall from Chapter 2 that an atom a is bravely (resp. cautiously) entailed by a program P iff at

least one (resp. every) answer set of P contains a.

These two different notions of entailment naturally lead to two different frameworks for learning from
entailment under the answer set semantics: brave induction and cautious induction. Early approaches
to ILP under the answer set or stable model semantics tended to adopt cautious induction® [1K97,
SBP00, Sak00], as this is closer to standard learning from entailment, where examples must be covered
in every model. In [SI09], it was argued that in some cases cautious induction can be too strong, and
that in those cases a weaker form of induction — brave induction — is needed. It was in [SI09] that the

notions of brave and cautious induction were first defined.

Some of the frameworks in this section were originally presented with no hypothesis space, as they
were considered only theoretically. Hypothesis spaces are, however, an integral part of many practical
ILP algorithms. For example, although brave induction was originally presented with no hypothesis
space, every publicly available system for brave induction requires a hypothesis space to function. The
definitions of learning frameworks in this section are therefore reformulations of the original definitions,

extended with hypothesis spaces and defined over the language of ASP considered in this thesis.

Cautious Induction

Cautious induction (ILP.), first presented in [SI09], defines a learning task in which all examples
should be covered in every answer set (i.e. entailed under cautious entailment in ASP) and BU H

should be satisfiable (have at least one answer set)*.

Definition 3.5. A cautious induction (ILP,.) task T. is a tuple (B, Sy, (E™, E7)), where B is an
ASP program, Sy is a set of ASP rules and E™ and E~ are sets of ground atoms. A hypothesis
H C S) is an inductive solution of T if and only if AS(BUH) # () and VA € AS(BUH), EY C A
and E-NA=0.

Example 3.6. Consider the ILP, task T = (B, Sy, (E1, E7)), where:

3 As the notions had not been defined at the time, they did not call it cautious induction, but the definitions are the
same.

“The original definitions of brave and cautious induction did not consider atoms which should not be present in an
answer set (negative examples). Publicly available algorithms that realise brave induction, on the other hand, do allow
for negative examples. We therefore upgrade the definitions in this thesis to allow negative examples. Note that a
negative example e can be easily simulated by adding a rule a:- not e to the background knowledge and giving a as a
positive example (where a is a new atom that does not appear anywhere in the original task).
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bird(X):-penguin(X). hy : flies(X):-bird(X).
5o bird(X):- sparrow(X). hy: flies(X):-bird(X),
B penguin(bl). S = not penguin(X).
sparrow(b2). M= hy : O{flies(X)}1:-bird(X).
Et = {flies(b2)} hy : O{flies(X)}1:-bird(X),
E = {flies(b1)} not penguin(X).

) ¢ ILP.(T) as B has ezactly one answer set, and it does not contain £lies(b2).

{h1} € ILP.(T) as BU{hi} has exactly one answer set, and it contains flies(bl).

{ha} € ILP.(T) as BU{hy} has exactly one answer set, and it contains £lies(b2) but does not
contain flies(bl).

{h3} and {ha} are not in ILP.(T), as they both have answer sets (when combined with B) that

do not cover the examples.

Enforcing that examples are covered in every answer set is sometimes too strong a requirement, as

shown in Example 3.7.

Example 3.7. Consider the background knowledge B = () and the hypothesis space Sy :

SMZ{ hi: p:- not q. }

hy: q:- not p.

There is no ILP, task T, with background knowledge B and hypothesis space Sy such that {hi, ho} is
a solution of T and 0 is not. This can be seen as follows. There are only two atoms (p and q) in the
Herbrand base of BUS)y;. There are therefore only two atoms which would be meaningful as examples.
Neither can be given as a positive example as for each atom there is an answer set of B U {hs, hy}
that does not contain it. Similarly, neither can be given as a negative example as for each atom there
is an answer set that contains it. This means that the only ILP, task T (without introducing extra
redundant negative examples that are outside the Herbrand base) such that {hy, ho} € ILP.(T) is
(B, Swm, (0,0)). As there are no examples in T, () is clearly also an inductive solution of T. As in
practice ILP systems search for the shortest possible hypothesis, and no hypothesis is shorter than 0,

this means that no examples can be given such that a cautious induction system would return {hy, hp}.

Brave Induction

Brave induction (ILP,) was also formalised in [SI09]. It defines an inductive task where all of the
examples should be covered in at least one answer set (i.e. entailed under brave entailment in ASP).
Note that there should be at least one answer set that covers every example (rather than at least one

answer set for each example).
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Definition 3.6. A brave induction (ILP,) task Ty is a tuple (B, Sy, (ET, E7)), where B is an ASP
program, Sy is a set of ASP rules and E* and E~ are sets of ground atoms. A hypothesis H C Sys
is an inductive solution of T} if and only if 3A € AS(B U H) such that EY C Aand E- NA=10.

Example 3.8. Consider the ILP, task T = (B, Sy, (E1, E7)), where:

bird(X):-penguin(X). hy : flies(X):-bird(X).
B bird(X):- sparrow(X). hy: flies(X):-bird(X),
penguin(bl). S not penguin(X).
sparrow(b2). M hz : O{flies(X)}1:-bird(X).
Et = {flies(b2)} hg : O{flies(X)}1:-bird(X),
) not penguin(X).

E~ = {flies(bl

}

e ) & ILP,(T) as B has exactly one answer set, and it does not contain flies(b2).
o {hi} & ILP,(T) as BU{h1} has exactly one answer set, and it contains flies(bl).

e {hy},{h3},{ha} € ILP,(T) as each of BU{hy}, B U {h3} and B U {hs} has the answer set
{penguin(bl), sparrow(b2), bird(bl), bird(b2), flies(b2)}, which contains flies(b2) but

does not contain flies(bl).

Brave induction can only reason about what should be true in at least one answer set of a program.
It cannot reason about what should be true in all answer sets of a program. For this reason, brave
induction is incapable of learning constraints. Any hypothesis that contains a constraint and is a

solution of an I LP, task T is still a solution of T if the constraint is removed.

Example 3.9. Consider the background knowledge B = {0{p}1.} and a hypothesis space Sys, con-
taining only the constraint :-p. There is no ILPy task T, with background knowledge B and hypothesis
space Sy such that {:-p.} is a solution of T and () is not. This can be seen as follows. There is only
one atom (p) in the Herbrand base of BUSy;. There is therefore one atom which would be meaningful
as an example. It must be given as a negative example (as B U {:-p.} has only one answer set, and
it does not contain p). But B U also covers this negative example (as it also has the answer set (),
which does not contain p). Therefore for any ILP, task such that {:-p.} is a solution, () is also a
solution, meaning that in practice brave induction systems (searching for the shortest hypothesis) will

not return the constraint.

Furthermore, brave induction cannot specify other brave learning tasks such as enforcing that two
atoms are both bravely entailed, but not necessarily in the same answer set (as brave induction

requires all examples to be covered in the same answer set).
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Induction of Stable Models

Induction of stable models [Ote01] (ILPsy,), generalises ILP,, in order to allow conditions to be set

over multiple answer sets. Its examples are partial interpretations.

Definition 3.7. A partial interpretation e is a pair of sets of atoms (e™¢, e®¢), we refer to €™ and

€°r¢ as the inclusions and exclusions respectively. An interpretation [ is said to extend e if and only

if e C T and e®* N I = 0.

Example 3.10. Consider the partial interpretation e = ({p, q}, {r, s}).

e {p} does not extend e, as it does not contain q.
e {p, q, r} does not extend e, as it contains r.
e {p, q} extends e, as it contains all of e’s inclusions, and none of e’s exclusions.

e {p, q, t} extends e, as it contains all of e’s inclusions, and none of e’s exclusions.

Induction of stable models is formalised in Definition 3.8.

Definition 3.8. An induction of stable models (I LPy,,) task Ts,, is a tuple (B, Sy, (E)), where B
is an ASP program, Sj; is the hypothesis space and E is a set of example partial interpretations. A
hypothesis H is an inductive solution of Ty, if and only if H C Sj; and Ve € E, 3A € AS(BU H)
such that A extends e.

Note that a brave induction task can be thought of as a special case of induction of stable models
(with |E| = 1 and the inclusions and exclusions of the only partial interpretation example being the

positive and negative examples of the brave task, respectively).

Example 3.11. Consider the ILPs,, task T = (B, Sy, (E™T, E7)), where:

B=0 E_{ <{p},{q}>7}
({a}. {p})

h;: p:- not q. ;
Sv =

hy: q:- not p.
{hi, hy} is the only subset of the hypothesis space that is an inductive solution of T, as it is the only
hypothesis that has answer sets that extend both of the examples.

Induction from Answer Sets

Before brave and cautious induction, Sakama put forward a different setting: Induction from Answer

Sets [Sak05]. Most of [Sak05] focuses on algorithms for induction from single examples. For a positive
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example the setting aims to find a rule R such that BU R |=. e*, and for a negative example it
aims to find a rule R such that B U R (-, e~. In [Sak05], it is shown that although in some cases
the proposed algorithms can solve tasks with multiple examples, they do not work in general for
tasks that contain both positive and negative examples. We therefore consider these cases as two
separate settings: ILPras (for positive examples) and ILPrag- (for negative examples). ILPrag+
is essentially cautious induction (although it is restricted to learn a single rule from each example);
whereas I LPr4g_ is very similar to brave induction, but with the condition negated. An ILPr,g_ task
(B, Su, ({e1, .., en})) could be represented as an ILPs,, task (B, Sy, ({(0,{e1}),..., (D, {ea})})).
Note, this is different to the brave task (B, Sy, (0, E)) as the latter requires that there is a single
answer set that does not contain any of the examples, whereas the former only requires that there is
an answer set for each example that does not contain the example. As the tasks of both frameworks

can be easily translated into tasks of other frameworks, we do not consider them any further.

3.2.2 Learning Algorithms

In this section, we present the existing systems for learning ASP programs. Early algorithms [IK97,
SBP00, Sak00] for learning ASP programs did so under a cautious induction style task®. In [Sak05],
together with the two Induction from Answer Sets frameworks, two learning algorithms were presented.
The I ASP°® algorithm solves the I LPragy; whereas the TAS™Y algorithm solves an ILP;ss— task.
Both algorithms, however, are only proven to be sound for tasks with multiple examples when programs
are categorical (B U H must have exactly one answer set). This is a severe restriction when learning
ASP programs, as in general programs can have many answer sets. The state of the art ILP systems
that operate under the answer set semantics, summarised in Table 3.2, aim to solve brave induction

tasks. We now review these systems.

] Algorithm ‘ Learning Framework Language of BU H ‘ Category
ASPAL [CRL12] ILP, Normal ASP programs | Meta-level
ILED [KAP15] ILP, Normal ASP programs | Bottom-up
RASPAL [ACBR13] ILP, Normal ASP programs | Meta-level
XHAIL [BR15b] ILP, Normal ASP programs | Bottom-up

Table 3.2: The main systems for ASP-based ILP

XHAIL
eXtended Hybrid Abductive Inductive Learning (XHAIL) [Ray09] generalises the HAIL algorithm in
order to solve ILP, tasks.

Similarly to HAIL, XHAIL computes solutions in 3 phases: an abductive phase; a deductive phase;
and an inductive phase. In the abductive phase, XHAIL finds a set of atoms A such that BU A =,

®Many of these papers predate the term cautious induction, which first appeared in [SI09].
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(ANET)A(A{not e|e € E~}). The atoms in A that are ground instances of at least one atom that
conforms with some modeh declaration become the heads of (ground instances of) rules in the final

hypothesis.

Next, in the deductive phase, XHAIL finds the set of all ground literals that could go in the body
of rules in the hypothesis. Each of these body atoms b is such that BUA [, b and b is a ground
instance of an atom that conforms to at least one modeb declaration. The sets of ground rules with

the heads from A with bodies consisting of literals computed in the deductive phase is referred to as
the Kernel Set K.

Example 3.12. (from [Ray09])

Consider the ILP, task T = (B, Sy, (ET,E™)), where B, M, ET and E~ are as follows:

bird(X):-penguin(X). #modeh(flies(+bird))
bird(a). M = ¢ #modeb(penguin(+bird))
B =4 bird(b). #modeb( not penguin(+bird))
bird(c).
penguin(d).
‘ E- = { flies(d) }
flies(a),
ET =< flies(b),
flies(c)

The mode declarations in the task express which predicates can be used in the head and body of the
rules in the hypothesis space (the #modeh’s and #modeb’s, respectively). The arguments of each of
these particular mode declarations are all of the form +type, meaning that the arguments of the
corresponding atoms in the rules must all be input variables. There are no placeholders for output
variables (which would be denoted —type) or constants (which would be denoted #type). The restriction
on variables is that every input variable in a rule must either occur in the head of the rule, or as an

output variable, earlier in the rule.
One abductive explanation of the examples is A = {flies(a), flies(b), flies(c)}.

This leads to the Kernel:

flies(a):- not penguin(a).
K =4 flies(b):- not penguin(b).

flies(c):- not penguin(c).
Note that although there are other potential body literals that are entailed by BUA and that do conform
to the mode declarations, they are not added to the Kernel as they could not form part of a ground
instance of a rule that conforms to the mode delcarations. For example, penguin(d) is not added to
any of the three rules, as penguin(X) can only occur in the body of a rule with X as an input variable,

meaning that X must occur elsewhere in the rule. In the case of the ground Kernel, this means that
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for penguin(d) to occur in the body of the rule, d must occur elsewhere in the rule, which is not the

case for any of the three rules.

The final step of the XHAIL algorithm — the inductive step — is to compute a hypothesis that conforms
to the mode declarations, subsumes the Kernel and bravely entails the examples. The Kernel is mapped
into an abductive task, which is represented as an ASP program. The answer sets of this ASP program

can then be mapped to inductive solutions of the task.

Example 3.13. The first rule in the Kernel produced in Example 3.12 is transformed into the ASP
rules:

flies(X):-use(1,0),try(1,1,X).

try(1,1,X):-bird(X), not use(1,1).

try(1,1,X):-bird(X), not penguin(X).
The first and second arguments of each of the meta-level atoms use and try indicate a unique identifier
for the object-level rule and literal (respectively). So, use(1,0) means that the head atom flies(X)
is being used (i.e. it is in the hypothesis). The try atoms are for testing whether the rule body is
satisfied. If the head is being used, then £lies(X) is true in two cases: (1), the literal not penguin(X)
is mot in the hypothesis (indicated by the first try rule); or (2), not penguin(X) is true (represented
by the second try rule).

By using a choice rule, containing the various possible try and use atoms, together with the trans-
formation of each of the rules in the Kernel, XHAIL uses an ASP solver to compute the minimal
hypothesis that subsumes the Kernel, conforms to the mode declarations and bravely entails the exam-

ples.

One major difference between HAIL and XHAIL is that HAIL uses a cover loop approach, whereas
XHAIL does not. This is due to the nonmonotonicity of negation as failure: in a cover loop approach,
examples that were covered in previous iterations of the cover loop may not be covered in future

iterations.

As in general there are many possible abductive solutions A, and not all A’s lead to inductive solutions,
XHAIL employs an iterative deepening approach, ordering the A’s by size and terminating after
processing the shortest A that leads to a solution. In general, this may not lead to the optimal
solution being found, as there may be a large A that leads to a shorter hypothesis (e.g. with more

individual rules, but fewer overall literals).

ILED ILED [KAP15] is an incremental algorithm, based on XHAIL. It is targeted at learning Event
Calculus [KS86] theories, and therefore, its examples are slightly different in that they are grouped
into time windows. The examples are processed one at a time and at each timepoint the hypothesis

is revised so that it covers all examples in all windows that have been processed so far.
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ILED has been shown to be much more scalable than XHAIL when processing large numbers of
examples divided into time windows [KAP15]. On the other hand, like XHAIL, ILED is not guaranteed
to find the optimal solution of a task. In fact, this incompleteness with respect to optimal solutions
is more severe in ILED than in XHAIL, as it can also occur because of the incremental nature of the
algorithm. Although at each step the revision may be optimal, the combination of every revision may

result in a longer hypothesis than could have been found if all examples had been processed together.

ASPAL

The ASPAL [CRL12] algorithm is based on the TAL approach of converting an ILP task to a meta-
level logic program, but the key difference of ASPAL (compared to TAL) is that ASPAL’s meta-level

program is an ASP program.

Given an ILP, task Ty, = (B, Sy, (E™T, E7)), where Sj is defined by a given set of mode declarations
M, the first step is to compute a set of skeleton rules Sk. These are the set of rules R, such that there

is an R’ € Sy, where each constant in R’ is replaced by a variable in R.

Example 3.14. Consider the mode declarations M.

] #fmodeh(penguin(+bird))
B { #modeb(2, not can(+bird, #ability)) }
The first argument of the mode body declaration is called the recall and it expresses a constraint that
this mode declaration can be used at most twice per rule in the hypothesis space. There are three
skeleton rules:
penguin(X):-bird(X)
Sk = { penguin(X):-bird(X), not can(X,C1)
penguin(X):-bird(X), not can(X,C1), not can(X,C2)

S consists of the rules in Sk where C1 and C2 have been replaced with constants of type ability.

Each skeleton rule R is then associated with a unique meta-level atom rule(Riq4,Cy,...,Cy), Where
Cy,...,Cy are the “constant placeholder” variables in R. For each rule R € Sk, Ry,ctq denotes the
to denote the

ground atom representing R’ (where each “constant placeholder” variable has been replaced with a

meta-level atom that represents R. For each rule R’ € Sy, we similarly write R, .,

constant of the correct type).

Definition 3.9. Let T be the ILP, task (B, Sy, ({e], ..., el },{e1, ..., ex })), where Sy is charac-
terised by the set of mode declarations M. Let Sk be the set of skeleton rules derivable from M. The

ASPAL meta-representation is the program consisting of the following components:

o B

e h:-by,...by1,Rpeta, for each rule R € Sk, where R is the rule h:-bq,...,by.
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e A choice rule 0{aby,...,aby n., where {aby, ..., abx} = { Rmeta | R € Sps}8

+

e The rule goal:-ef,...,el, not e;,..., not e, .

e The constraint :- not goal.

We refer to the answer sets of this meta representation as meta-level answer sets, and the answer sets
of BU H as object-level answer sets. Each meta-level answer set A represents a single hypothesis H
(defined by the rule atoms in A). Each meta-level answer set also contains exactly one object level
answer set of B U H that contains all of the positive examples and none of the negative examples
(enforced by the goal constraint).

Example 3.15. Consider the ILP, task T = (B, Sy, ET, E™), where Sy is characterised by the
mode declarations in Example 3.14.

bird(a). E* = {penguin(b)}
bird(b). E~ = {penguin(a)}
can(a, fly).

can(b, swim).

ability(fly).

ability(swim).

The ASPAL meta-level representation is the program:
bird(a).

bird(b).

can(a, fly).

can(b, swim).

ability(fly).

ability(swim).

Meta = ¢ penguin(X):-bird(X),rule(1).
penguin(X):-bird(X), not can(X,C1),rule(2,C1).
penguin(X):-bird(X), not can(X,C1), not can(X,C2),rule(3,C1,C2).

0{rule(1),rule(2,fly),rule(2, swim),rule(3, fly, swim)}4.

goal:-penguin(b), not penguin(a).

:- not goal.

5This is a slight simplification. In the ASPAL algorithm, this is a choice rule using conditional literals, in order
to delegate the grounding of the possible constants to the ASP solver. The ground version of ASPAL’s choice rule is
identical to the one presented in this definition.
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Note that each skeleton rule R has been appended with the atom Rp,etq, where each of the arguments

other than the identifier R;q is a variable representing a placeholder for a constant. The choice rule on

/

T eta Such that R is an instance of a skeleton rule R (instantiating

the other hand contains the atoms R

the constant placeholders with the list of constants in R], ., )-

The answer sets of this program can be mapped to the inductive solutions of T. For example, the
answer set {bird(a), bird(b), can(a, fly), can(b, swim), ability(fly), ability(swim), penguin(b),
rule(2, fly), goal} shows that the hypothesis {penguin(X):-bird(X), not can(X,fly).} is an induc-

tive solution of T.

In the ASPAL algorithm, this meta representation is combined with an optimisation statement (similar
to weak constraints in ASP), which orders the meta-level answer sets by the length of the hypothesis
that they represent. ASPAL has been proven to be sound and complete with respect to the optimal

inductive solutions of any brave induction task [CR11].

RASPAL ASPAL scales poorly with respect to the size of ground(B U Sy;) [ACBR13]. One of the
main factors in the size of this ground program is the number of body literals that are allowed to
appear in a rule in the hypothesis space. RASPAL [ACBRI13] iteratively refines a hypothesis until all
of the examples in an ILP, task are covered. At each step, the number of literals that are allowed to
be added to the hypothesis is restricted, meaning that the grounding is often significantly smaller than
the meta-level program in ASPAL. In [Ath15] it was shown that RASPAL significantly outperforms

ASPAL on some learning tasks with large problem domains and large hypothesis spaces.

Summary

In this chapter, we have reviewed the learning frameworks and algorithms for both traditional and

ASP-based ILP. In the next chapter, we introduce our own new frameworks for learning ASP.
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Chapter 4
Learning from Answer Sets

In the previous chapter, we presented the main frameworks for learning ASP programs, which fall into
two categories: either the examples must be covered in at least one answer set of the learned program
(brave induction [SI09] and induction of stable models [Ote01]), or the examples must be covered in
every answer set of the learned program (cautious induction [SI09]). Work on using brave induction

(such as [Ray09] and [CRL12]) has often only considered learning stratified programs®.

In general,
however, ASP programs can have one, many or even no answer sets. Example 4.1 presents a program
H describing the rules of Sudoku, and shows that no brave induction, induction of stable models or

cautious induction task could possibly have H as an optimal solution.

Example 4.1. Consider a background knowledge B that contains definitions of the structure of a 4x4
Sudoku grid; i.e. definitions of cell, same row, same_col and same_block (where same row, same_col

and same block are true only for two different cells in the same row, column or block).

cell((1,1)). cell((1,2)). ... cell((4,4)).
same row((X1,Y), (X2,Y)):-cell((X1,Y)), cell((X2,Y)), X1 # X2.
same_col((X, Y1), (X,Y2)):-cell((X,Y1)),cell((X,Y2)), Y1 # Y2.

(
(

B block((1,1),1). block((1,2),1). Dblock((2,1),1). block((2,2),1).
block((3,1),2). block((3,2),2). Dblock((4,1),2). block((4,2),2).
block((1,3),3). block((1,4),3). Dblock((2,3),3). block((2,4),3).
block((3,3),4). block((3,4),4). Dblock((4,3),4). block((4,4),4).
same_block(C1,C2) :-block(C1,B), block(C2,B), C1 # C2.

'Both XHAIL [Ray09] and ASPAL [CRL12] support learning non-stratified programs, but the background knowledge
and hypothesis space of each of the example tasks in [Ray09] and [CRL12] is stratified.
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One hypothesis H that describes the correct rules of Sudoku is as follows:

1{value(C,1),value(C,2),value(C,3),value(C,4)}1:-cell(C).
:- same _row(C1,C2),value(C1,V), value(C2,V).

:- same_col(C1,C2), value(C1,V), value(C2,V).

:- same block(C1,C2),value(C1,V),value(C2,V).

H =

Let Sy be a set of rules which contains the rules in H (for the purposes of this example, it does
not matter which other rules it contains). There is no ILP,, ILPs,, or ILP, task such that H is a
solution, and no subset of H is a solution. In practice, as ILP systems tend to search for a solution
that is as short as possible (called an optimal solution), this means that no system for ILPy, ILPs,, or
ILP. will return H as the solution. We now show that no task exists, for any of the three frameworks,

for which H is an optimal solution.

o Assume that there is an I LP, task Ty with background knowledge B such that H is a solution of
Ty. Then there must be at least one answer set of BUH that contains all of the positive examples
of Ty and none of the negative examples of Ty,. But this answer set must also be an answer set
of BU{1{value(C, 1), value(C,2), value(C, 3),value(C,4)}1:-cell(C).}, as the constraints in H
only rule out answer sets (by Lemma 2.12). Hence, H' = {1{value(C, 1), value(C,2), value(C, 3),
value(C,4)}1:-cell(C).} must also be an inductive solution of Ty. As H' is shorter than H,

this means that H cannot possibly be an optimal solution of Ty.

o The argument for I L Py, is similar to ILP,. Assume there is an ILPsy, task Ts,, with background
knowledge B such that H is a solution of Te,,. Then for each example e, there must be at least one
answer set A. of BUH, such that A, extends e. In each case, A, must also be an answer set of
B U {1{value(C, 1), value(C, 2), value(C, 3), value(C,4)}1:-cell(C).}, as the constraints in H
only rule out answer sets (by Lemma 2.12). Hence, the hypothesis H = {1{value(C,1),
value(C,2),value(C, 3),value(C,4)}1:-cell(C).} must also be an inductive solution of Tgp,.

As H' is shorter than H, this means that H cannot possibly be an optimal solution of Tsp,.

o If we use ILP, to learn H, we have to give examples which are either true in every answer set
of BU H, or false in every answer set. Therefore, we could not give any meaningful examples
about the value predicate — for each atom value(x,y) (where x and y range from 1 to 4), there
is at least one answer set of B U H that contains value(x,y) and at least one that does not;
this means that if value(x,y) is given as either a positive or negative example, H will not be a
solution of the task. This means that for any [LP, task T, = (B, Sy, EY, E~) such that H is a
solution, E* C {a| VA € AS(B),a € A} and E- C {a|VA € AS(B),a & A}. Hence, for any

such task, ) must be a solution of T., meaning that H cannot be an optimal solution.

The problem with using either brave or cautious induction to learn general ASP programs is that brave

induction can only reason about what should be true in at least one answer set of the learned program,
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which can be far too weak a condition, and cautious induction can only express what should be true in
all answer sets of a program, which can be far too strong a condition. Furthermore, examples in both
frameworks are atoms. In ASP it is common [EIK09] to represent a problem such that the answer
sets are solutions (see Figure 4.1 (a)). In order to learn ASP programs, examples should therefore
be of what should (or should not) be an answer set of the program (Figure 4.1 (b)). In the context
of learning the rules of Sudoku using the representation in Example 4.1, this corresponds to giving

examples of Sudoku grids rather than the values of individual cells.

In practice, there may be some atoms whose values are unknown before learning. It is therefore more
practical to consider learning from partial interpretations rather than full interpretations. This setting,

under the answer set semantics is the basis of our first framework, Learning from Answer Sets.

Real world Real world Real world Real world
problem solution hypothesis examples
I~ o~
~ n

Learned Examples
Answer Set R )
P M Answer Set Answer Set € of answer
rogram
Program sets

®) (b)

Figure 4.1: (a) shows the general paradigm of answer set programming; (b) shows the general idea
of Learning from Answer Sets.

4.1 Language Biases and Hypothesis Spaces

In general ILP systems search for inductive solutions within a hypothesis space. One way of defining
a hypothesis space is to explicitly give the full set of rules that are allowed to appear in a hypothesis.
For the remainder of this thesis, we assume that all hypothesis spaces are finite subsets of ASPE.
Given a hypothesis space Sy; containing the rules hq, ..., h,, such that for each h;, id; = id(h;), we

will often write Sjs using the following notation:

In general, it is impractical to explicitly state the set of rules in a hypothesis space, so ILP systems tend
to use mode declarations [Mug95]. In the examples in this thesis, for simplicity, we define hypothesis

spaces in full. The mode declarations used by the ILASP systems are formalised Appendix A.
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4.1.1 Hypothesis Length and Optimality

It is common practice in ILP to search for most compressed or optimal hypotheses [Mug95, Ray09,
Sri01]. This is often defined in terms of the number of literals in the hypothesis. This does not
apply well to hypotheses that include aggregates: the length of 1{p,q}1 (exactly one of p and q is
true) would be the same as the length of 0{p,q}2 (none, either or both of p and q is true), but
clearly they do not represent similar concepts. To calculate the length of an aggregate we con-
vert it to disjunctive normal form, as this takes into account both the number of answer sets that
the aggregate generates and the number of literals it uses. For example, 0{p,q}2 is considered as
(pAQ)V(pA not q)V(not pAq)V (not pA not q), which has length 8, whereas 1{p,q}1 is con-
sidered as (p A not q) V (not p Aq), which has length 4.

Definition 4.1. Given a hypothesis H, the length of the hypothesis, |H|, is the number of literals
that appear in H?, where HP is constructed from H by converting all aggregates in H to disjunctive

normal form.

Notation (*ILPx(T) and "ILPx(T)). For any learning framework ILPx and any ILPx
learning task T' = (B, Sy, (ET, E7)), we denote with *ILPx(T') the set of all optimal inductive
solutions of T', where optimality is defined in terms of the length of the hypotheses. We will also
denote with "I LPx(T) the set of all inductive solutions of 7' which have length n.

4.2 Learning from Answer Sets

We now present the first of our three learning frameworks, called Learning from Answer Sets (ILPpag).
A learning from answer sets task consists of an ASP background knowledge B, a hypothesis space
and sets of positive and negative partial interpretation examples. The goal is to find a hypothesis H
that has at least one answer set (when combined with B) that extends each positive example, and no
answer set that extends any negative examples. Note that each positive example could be extended

by a different answer set of the learned program.

Definition 4.2. A Learning from Answer Sets task is a tuple T' = (B, Sys, (E™, E~)) where B is an
ASP program, Sy; a set of ASP rules and E+ and E~ are finite sets of partial interpretations. A
hypothesis H C Sy is an inductive solution of T if and only if:

1. Vet € ET 3A € AS(BU H) such that A extends e™

2. Ve~ € E- A € AS(BU H) such that A extends e~

Note that this definition combines properties of both brave and cautious frameworks: positive examples

must each be extended by at least one answer set, and so they can represent brave induction; whereas
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negative examples express what should be true in no answer set (and hence what should be true in

every answer set), representing cautious induction.

Example 4.2. Reconsider the Sudoku background knowledge B and hypothesis H from Example 4.1.
We showed in Example 4.1 that no ILP,, ILPs,, or ILP, task has H as an optimal solution, meaning
that in practice, systems that use these frameworks cannot learn H. We will now demonstrate that
ILPpas can learn H. First, consider an extremely restrictive hypothesis space Sy that consists of
only the rules in H. H is an optimal solution of the ILPpas task T = (B, Sy, (ET, E™)), where E™

and E~ are as follows:

B = { ({value((1.1),1)}.0) }

We can demonstrate that H is an optimal solution of T by showing that H is a solution, and no

hypothesis H' C H s also a solution of T.

o We can show that H is a solution of T by checking that it covers all of the examples. The single
positive example means that at least one answer set of BUH must contain value((1,1),1). This
is clearly the case as the answer sets of BUH correspond to the valid Sudoku grids, and there is
at least one valid grid where 1 appears in the first cell. The first negative example means that no
answer set of BU H should contain both value((1,1),1) and value((1,3),1). The cells (1,1)
and (1,3) are in the same column, so BU H cannot have such an answer set as H contains the
constraint “-same_col(C1,C2),value(C1,V),value(C2,V)”, and hence H covers the example.

The other two negative examples are similarly covered due to the other constraints in H.

e We now show that no strict subset H' of H can be an inductive solution of T. Any strict subset

H' must either be missing the choice rule in H, or one of the three constraints in H.

If H' is missing the choice Tule, then BU H' has no rule with the value predicate in the head,
meaning that no answer set of BUH' can contain value((1,1),1), so H cannot cover the positive

example and is therefore not a solution of T.

On the other hand, if H' contains the choice rule, but is missing one of the three constraints in
H, then BUH' will have at least one answer set that extends one of the three negative examples,
meaning that H' does not cover all of the negative examples, and so is not a solution of T.
For example, if H' is missing the constraint, “-same_col(C1,C2),value(C1,V),value(C2,V)”,
then one of the answer sets of BU H' (projected over the predicate value/2) is {value((1,1),1),
value((2,1),2), value((3,1),3), value((4,1),4), value((1,2),3), value((2,2),4), value((3,2),1),
value((4,2),2), value((1,3),1), value((2,3),2), value((3,3),3), value((4,3),4), value((1,4),3),
value((2,4),4), value((3,4),1), value((4,4),2)}. This answer set extends the first negative ex-

ample, meaning that H' is not a solution of T.
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The hypothesis space Syr in this example is extremely restrictive. If we consider a wider hypothesis
space, then we may need more examples to ensure that H is still an optimal inductive solution of T.
However, no matter how many rules are added to Sy, we can always add further examples to T such
that for each optimal inductive solution H' of T, AS(BUH') = AS(BUH). We demonstrate this by
showing that for any hypothesis H' such that AS(BUH') # AS(BUH), we can construct an example

such that H covers e, but H' does not.
Case 1: There is an answer set A € AS(BU H) such that A ¢ AS(BUH')

Consider the partial interpretation e = (A, HBpus,,\A). BU H has an answer set that extends e,

but BU H' does not. Hence, if € is given as a positive ezample, H will cover e, but H' will not.
Case 2: There is an answer set A € AS(BUH') such that A ¢ AS(BU H)

Consider the partial interpretation e = (A, HBpys,,\A). BUH' has an answer set that extends e,

but BU H does not. Hence, if e is given as a negative ezample, H will cover e, but H' will not.

Thus, for any hypothesis space Sy that contains H, there is an I LPr ag task with background knowledge
B and hypothesis space Syr such that H, or some hypothesis with exactly the same answer sets when

combined with B, is an optimal inductive solution of the task.

Another example of a learning from answer sets task, which we revisit throughout the thesis, is of

learning the definition of a Hamiltonian graph.

Example 4.3. Consider the problem of learning the definition of what it means for a graph to be
Hamiltonian. The background knowledge B defines what it means to be a graph, up to size 4.
1{size(1),size(2),size(3),size(4)}1.
B = { node(1..S):-size(8).
0{edge(N1,N2)}1:-node(N1),node(N2).
The answer sets of B exactly represent the graphs of size 1 to 4. For example, the answer set
{size(4), node(1), node(2), node(3), node(4), edge(1,2), edge(2,3), edge(3,4), edge(4,1)} rep-
resents the graph G:

Q—@

@—

The program H can be used to determine whether a graph is Hamiltonian or not. The answer sets of
B U H correspond exactly with the Hamiltonian graphs of size 1 to 4.

0{in(V0,V1)}1:-edge(VO,V1).
reach(VO0):-1in(1,V0).

H = { reach(V1):-in(V0, V1), reach(V0).
:-node(V0), not reach(V0).
:-in(V0,V1), in(V0, V2), V1! = V2.

72



4.3. LEARNING FROM ORDERED ANSWER SETS

The graph G can be represented as a partial interpretation ({size(4), edge(1,2), edge(2, 3), edge(3,4),
edge(4,1)},{edge(1,1), edge(1,3), edge(1,4), edge(2,1), edge(2,2), edge(2,4), edge(3,1),
edge(3,2), edge(3,3), edge(4,2), edge(4,3), edge(4,4)}). Note that as the example is a partial
interpretation, the reach and in predicates do not need to be specified. In ILP, learning a concept
which does not feature in the language of the problem (i.e. the background knowledge and examples) is

known as predicate invention [Sta93].

4.3 Learning from Ordered Answer Sets

Preference Learning has received much attention over the last decade from within the machine learning
community. A popular approach to preference learning is learning to rank [FH03, GHHO1], where the
goal is to learn to rank any two objects given some examples of pairwise preferences (indicating that
one object is preferred to another). While in previous work ILP systems such as TILDE [BDR98] and
Aleph [Sri01] have been applied to preference learning [DJJTO01, Hor12], this has addressed learning
ratings, such as good, poor and bad, rather than rankings over the examples. Ratings are not expres-
sive enough if we want to find an optimal solution as we may rate many objects as good when some
are better than others. ASP, on the other hand, allows the expression of preferences through weak

constraints.

Weak constraints do not affect what is, or is not, an answer set of a program. Instead, they create
a preference ordering over the answer sets of a program; i.e. they allow us to specify which answer
sets are preferred to other answer sets. Example 4.4 shows how a set of preferences can be encoded

as weak constraints.

Example 4.4. Consider the problem of using a user’s preferences over alternative journeys, in order
to select the optimal journey. Let A, B, C and D be the journeys represented by the following sets of

attributes. Each journey is split into a number of legs, in which a single mode of transport is used.

leg mode(1, walk), leg mode(1, bus),

leg crime rating(1,2), leg crime rating(1,2),
leg distance(1,500), leg distance(1,4000),
leg mode(2, bus), leg mode(2, walk),

leg crime rating(2,4), leg crime rating(2,5),
leg distance(2,3000) leg distance(2,1000)

(4) (B)
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leg mode(1, bus), leg mode(1, bus),

leg crime_rating(1,2), leg crime_rating(1,5),
leg distance(1,400), leg distance(1,2000),
leg mode(2, bus), leg mode(2, walk),

leg crime rating(2,4), leg crime rating(2,1),
leg distance(2,3000) leg distance(2,2000)

(C) (D)

The following weak constraints H give a preference ordering to the journeys A to D.

:~ leg mode(L,walk),leg_crime rating(L,C),C > 4.[1@3,L,C]
H = { :~ legmode(L,bus).[1@2 L]

:~ leg mode(L,walk),leg distance(L,D).[DQ1,L, D]
The first weak constraint in H means that the user would like to avoid walking through an area with a
crime rating higher than 4. A journey pays a penalty of 1 at priority level 3 for each leg of the journey
that involves walking though such an area. As there is no weak constraint in H with a priority level
higher than 3, this preference is the most important. The second weak constraint (at priority level 2)
means that the user would like to take as few buses as possible. The third weak constraint (at priority
level 1) means that the user would like to minimise the distance that they have to walk. Note that as a
penalty of the distance is paid for each leg where the user has to walk, the total penalty is equal to the
total walking distance of the journey. Given these preferences, journey A is the best journey, followed
by D, then C' and then journey B.

The hypothesis in Example 4.4 could be learned by giving examples of which journeys are preferred
to which other journeys. For the preferences to be learned as weak constraints, this would require
examples of pairs of answer sets, such that the first is preferred to the second. In fact, each of our
ordering examples contains two partial interpretations, rather than two complete answer sets. We
also allow examples to be given with any of the operators <, <, =, #, > or >. The < operator,
for example, indicates that the first partial interpretation is preferred to the second; whereas the =

operator specifies that the two partial interpretations are equal.

Definition 4.3. An ordering example is a tuple o = (e1, e2, 0p) where e; and ey are partial interpre-

tations and op is a binary comparison operator (<, >, =, <, > or #).

As our orderings contain two partial interpretations, rather than two full interpretations, there are
two possible semantics to give to the examples. The brave semantics indicates that there should be at
least one pair of answer sets extending the pair of partial interpretations, which are ordered according
to the operator. The cautious semantics, on the other hand, indicates that every pair of answer sets

that extend the pair of partial interpretations should be ordered according to the operator.

Definition 4.4. Let o = (e, e2,0p) be an ordering example. An ASP program P bravely respects o
iff 341, Ay € AS(P) such that all of the following conditions hold: (i) A; extends ej; (ii) A2 extends
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ea; and (iii) (Ay, As,op) € ord(P). P cautiously respects o iff A1, Ay € AS(P) such that all of the
following conditions hold: (i) Ay extends ej; (ii) As extends eg; and (iii) (A1, Ag, op) & ord(P).

We now define the notion of Learning from Ordered Answer Sets (ILProas).

Definition 4.5. A Learning from Ordered Answer Sets task is a tuple T = (B, Syr, (E1, E~, 0% O°))
where B is an ASP program, S}, is a set of ASP rules, ET and E~ are finite sets of partial interpreta-
tions and O° and O€ are finite sets of ordering examples over Et called brave and cautious orderings.

A hypothesis H C S)s is an inductive solution of 7" if and only if:

1. He ILPLas((B, Sy, (ET,E™)))
2. Yo € O® BU H bravely respects o

3. Yo € O° BU H cautiously respects o

Note that the orderings are only over positive examples. We chose to make this restriction as there
does not appear to be any scenario where a hypothesis would need to respect an ordering of a pair of

partial interpretations that are not extended by any pair of answer sets of B U H.

Example 4.5. Recall the journey preferences in Example 4.4. Consider the background knowedge B,
which defines a set of possible journeys.

1{leg(1),...,1leg(5)}5.

1{leg-mode(L,walk), leg mode(L,bus)}1:-1leg(L).

1{leg crime rating(L,1),...,leg crime rating(L,4000)}1:-1leg(L).

1{leg distance(L,0),leg distance(L,500),...,leg distance(L,4000)}1:-leg(L).

Journeys A to D of Example 4.4 can be represented by the four positive examples e to ep.

leg mode(1,walk), leg mode(1,bus),

leg crime rating(1,2),
leg distance(1,500),
leg mode(2, bus),

leg crime rating(1,2),

leg(3), leg(3),
°e(3) > < leg distance(1,4000), legg4; >
) eglz),

R leg(4),
g(4) leg mode(2, walk),

leg(5 leg(5
leg crime rating(2,4), e(5) leg crime rating(2,5), e(5)
leg_distance(2,3000) leg distance(2, 1000)
(ea) (eB)
leg mode(1,bus), leg mode(1,bus),

leg crime rating(1,2), leg(3) leg crime rating(1,5), Leg(3)
e 5 € )
< leg distance(1,400), & > < leg distance(1,2000), & >

R leg(4), s leg(4),
leg mode(2, bus), g(4) leg mode(2, walk), g(4)

leg(5 leg(5

leg crime rating(2,4), e(5) leg crime rating(2,1), e(5)
leg distance(2,3000) leg distance(2,2000)
(ec) (ep)
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As these positive examples completely represent each journey, there is exactly one answer set of B
that extends each example. Therefore there is no distinction between brave and cautious orderings in
this case. Recall from Ezample 4.4 that journey A was preferred to journey D, which was preferred
to journey C, which was preferred to journey B. This means that to learn the preferences in Exam-
ple 4.4, we could give the orderings (ea,ep, <), (ep,ec,<) and {(ec,ep, <) as either brave or cautious

orderings.

4.4 Context-Dependent Learning from Ordered Answer Sets

Common to previous ILP frameworks is the underlying assumption that hypotheses should cover the
examples with respect to one fixed given background knowledge. But, in practice, some examples
may be context-dependent — different examples may need to be covered using different background
knowledges. The journey preferences in Example 4.4 can be extended, for example, with contextual

information (e.g. the weather).

Example 4.6. Reconsider the background knowledge and examples from Ezxample 4.5. It may be
that certain attributes of a journey are context-dependent; for instance, weather conditions may be
important. Any of the ordering examples o in Example 4.5 could be extended with a context such as
C = {raining.}. This would mean that for a brave ordering o, there should be a pair of answer sets
of BUHUC that extends the partial interpretations in o and that respect the ordering (wrt the weak
constraints in BUHUC).

In fact, the context dependent ordering examples we present are slightly more general than in Exam-
ple 4.6, as we allow each partial interpretation in the CDOE to have its own context. We will see that
in addition to representing genuinely contextual information, in some cases, contexts can be used in

order to partition the background knowledge into pieces that are relevant to particular examples.

In this section, we present a generalisation of ILPro g, called context-dependent learning from ordered
answer sets (ILP{%E"). We now formalise the notion of its context-dependent examples. Similarly

to our previous examples, these are of two types: partial interpretations and ordering examples.

Definition 4.6. A context-dependent partial interpretation (CDPI) is a pair e = (eps, €ctz), Where ep;
is a partial interpretation and eqy is an ASP program, called a context. Given a program P, an
interpretation I is said to be an accepting answer set of e wrt P if and only if I € AS(P U eq,) and

I extends e,;. P is said to accept e if there is at least one accepting answer set of e wrt P.

Notation (inverse). Given a CDOE o = (e, e, 0p), inverse(o) = (e1, ez,0p™ 1), where <71 is
> < lis>, =lis # £ 1is =, >"lis <and > is >.

Definition 4.7. A context-dependent ordering example (CDOE) o is a tuple ((e};, €4, <e]2m-, e2.), op),

where the first two elements are CDPIs and op is a binary comparison operator (<, >, =, <, > or #).
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A pair of interpretations (I, I2) is said to be an accepting pair of answer sets of o wrt a program P if
all of the following conditions hold: (i) [; is an accepting answer set of (ezln-, el.); (ii) I3 is an accepting
answer set of (egi, e2,,); and (iii) (11, I, op) € ord(P, AS(PUel,,)UAS(PU€%,)). A program P is said
to bravely respect o if there is at least one accepting pair of answer sets of 0. P is said to cautiously

respect o if there is no accepting pair of answer sets of inverse(o).

Given an ordering example o, we write 0qg1, 0Ocg2 to refer to the two CDPIs in o and o, to refer to

the binary comparison operator of o.

Definition 4.8. A Context-dependent Learning from Ordered Answer Sets (I LP{% ") task is a tuple
T = (B, Sy, (ET,E~,0° 0°)) where B is an ASP program, Sy is a set of ASP rules, E* and E~
are finite sets of CDPIs, and O° and O°¢ are finite sets of CDOEs over ET called, respectively, brave

and cautious orderings. A hypothesis H C S)s is an inductive solution of T' if and only if:

1. Ve € ET, BU H accepts e
2. Ye € E—, BU H does not accept e
3. Yo € O°, B U H bravely respects o

4. Yo € O°, BU H cautiously respects o

Example 4.7. Reconsider the journey preference learning task of Example 4.5. The contextual infor-
mation in Example 4.6 can be added to the examples ey and eo, to show the preference “in the case that
it is raining ey is preferred to es, but otherwise it is the other way around” with the context dependent

ordering examples o1 and oy:

01 = <<61,{ raining. }> , <62,{ raining. }>> 02 = <<e2>®> , <617®>>

4.4.1 Translation to Non-Context-Dependent Tasks

Ponteat task can be translated into an ILProag task. Example 4.8

In this section, we show that any IL
shows that a naive translation, achieved by moving every context into the background knowledge, does

not work in general.

Example 4.8. In general, it is not the case that an ILPE%"}{?E'5 task can be translated into an
ILProas task simply by moving all the contexts into the background knowledge (B U CyL U ... U Cy
where Cy,...,Cy are the contexts of the examples). Consider, for instance, the ILPE%T;IS task

(B, Sy, (ET,E~,0° 0°%) defined as follows:

e B=0. E-=0.0"=0. 0°=0

e Sy = {goout:-raining. go out:- not raining.}
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o { (({go-out},0),0), }
((0,{go-out}),{raining.})

This task has one solution: go_out:- not raining. But, if we were to add all the contexts to the
background knowledge, we would get a background knowledge containing the single fact raining. So,
there would be no way of explaining both examples, as every hypothesis would, in this case, lead to
a single answer set (either {raining,go_out} or {raining}), and therefore cover only one of the

examples.

To capture the meaning of the context-dependent examples accurately, we could augment the back-
ground knowledge with the choice rule 0{raining}l and define the ILProas examples as the pairs
({go_out}, {raining}) and ({raining}, {go out}). In this way, answer sets of the inductive solution
would exclude go_out when raining (i.e., in the context of raining), and include go_out otherwise,

which is the correct meaning of the given context-dependent examples.

The following definition gives a general translation of ILP{%/4&" to ILPros. The translation assumes

that for any CDPI e = ((eégc,e;?),ecm), c(e) is the partial interpretation <e§;}c U {ctx(eia)}, €5,
where ctx is a new predicate (that does not occur in the original task). Also, for any program P and

any atom a, append(P,a) is the program constructed by appending a to the body of every rule in P.
Definition 4.9. For any ILP{2et task T = (By, Sy, (BY, ET, 0%, 0%)), Troas(T) = (Ba, Sum, (B,

E;,05,05)), where the components of T,o4s(T) are as follows:

By = By U {append(ectz, ctx(eiq)) | € = (€pis ecta) € Efr UET}
U {1{ctx(ely),...,ctx(efq)}1.|{e!,....e"} = B UE] }

By ={c(e) | e € B}

Ey ={c(e) | e € By}

0127 = {<C<€1),C(€2),0p> | <€1,€2,0p> € Oll)}

o 05 = {{c(e1),cle2), 0p) | {er, e2,0p) € OF}

The intuition of this translation is that the contexts of the examples are in the (new) background
knowledge, but each rule in them has been appended with an extra atom (unique to each example).
There is a choice rule in the new background knowledge that says that only one context can be “used”
at a time, and each example of the translated task contains an extra atom (added by the ¢(.) function)

to ensure that the correct context is used for each example.

Theorem 4.9. (proof on page 266)

For any ILP{3YE learning task T, ILPrLoas(Troas(T)) = ILP{EAEN(T).
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This translation is important for two reasons. Firstly, when we investigate the complexity of each of
the frameworks in Section 4.5, the translation enables us to show that the complexity of I LPf%ﬁfgt
is the same as ILPrpas. Secondly, it highlights some of the advantages of using context-dependent
examples. Specifically, if we do not use context dependent examples then the contextual information
of every example must be encoded in the background knowledge in some way. Contexts, on the
other hand, can allow for what would have otherwise been background knowledge to be partitioned
into the pieces that are relevant for particular examples. Example 4.10 shows how the background
knowledge of the non-context dependent task of learning the definition of what it means for a graph

to be Hamiltonian (Example 4.3) can be partitioned in this way.

Example 4.10. Reconsider the background knowledge of the task in Example 4.3. This background
knowledge has choice rules which generate all graphs up to size 4. In fact, as each example completely
describes a single graph, most of the answer sets of this background knowledge are completely irrel-
evant to most examples. A context-dependent representation would be to have an empty background
knowledge and to have the context of each example be a set of facts describing exactly one graph G.

For instance, the context dependent example e represents the graph G.

node(1..4). Q—@
< edge(1,2).
0,0),2 edge(2,3). >
edge(3,4). ©)
edge(4,1).
(ec) (the graph G)

As there is no background knowledge, and the partial interpretation of each example is empty, the
goal of this task now becomes to find a hypothesis H such that H U e, is satisfiable for each positive

example e and unsatisfiable for each negative example e.

4.5 Complexity

We now discuss the complexity of the three learning frameworks presented in this chapter, with respect
to three decision problems: werification, deciding whether a given hypothesis H is an inductive solution
of a task T'; satisfiability, deciding whether a learning task 7" has any inductive solutions; and optimum
verification, deciding whether a given hypothesis H is an optimal inductive solution of a task 7. We
also present the same complexity results for brave induction (ILPFP;), induction from stable models
(ILPsy,) and cautious induction (ILFP,). A summary of the results is shown in Table 4.1. The tasks
we consider in this section are propositional (i.e. their background knowledges, hypothesis spaces and

the contexts of all examples are ground).

79



CHAPTER 4. LEARNING FROM ANSWER SETS

‘ Framework ‘ Verification ‘ Satisfiablity ‘ Optimum Verification
ILP, N P-complete | N P-complete D P-complete
ILP,, N P-complete | N P-complete D P-complete
ILP, D P-complete 25 -complete Hf -complete
ILPr g D P-complete 25 -complete Hg -complete
ILProas | DP-complete Ef -complete Hg -complete
ILP{EeEt | DP-complete | SF-complete 17 -complete

Table 4.1: A summary of the complexity of the various learning frameworks.

4.5.1 Learning from Answer Sets with Stratified Summing Aggregates

As there are existing results on the complexity of solving aggregate stratified programs, it is useful to
introduce a generalisation of ILPrag5. Learning from Answer Sets with Stratified Aggregates (ILP; )
is the same as Learning from Answer Sets, except for allowing summing aggregates in the bodies of
the rules in B and Sy, so long as B U Sy, is aggregate stratified. Note that the condition of B U Sy
being aggregate stratified implies that for any hypothesis H C Sys, BU H is aggregate stratified. The
existing results on the complexity of these programs allow us to prove the complexity of ILP} 4q;
hence, as we can show that ILPpoas reduces to ILPj g, this is helpful in proving the complexity of
ILPLoas-

4.5.2 Relationships Between the Learning Tasks

In this section we show that for each of the three decision problems there is a chain of polynomial
reductions from ILP. to ILPy g to ILPE%ZE@“ to ILPrLoas to ILP;} 4. This chain of reductions is
then used in proving that all four tasks share the same complexity for each decision problem. By
proving that ILF. is O-hard and ILFP;} ;¢ is in O for some complexity class O, we prove that all four
tasks are O-complete. Similarly, as we show that ILP, and ILP;,, both reduce polynomially to each
other for each of the three decision problems, if for one of the problems I LP, is O-complete for some

class O then so is I LP;,,. The chains of reductions are shown in Figure 4.2.
o D>t D Citrion D ittt

Figure 4.2: Chains of polynomial reductions that hold for the three decision problems considered
in this section (each arrow represents that there is a polynomial reduction from one framework to
another).

Proposition 4.11 shows that the complexity of ILP, and of ILPs, coincide for the three decision
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problems.

Proposition 4.11. (proof on page 267)

1. Deciding verification, satisfiability and optimum verification for I L P, each reduce polynomially

to the corresponding I L Py, decision problem.

2. Deciding verification, satisfiability and optimum verification for I L P, each reduce polynomially

to the corresponding I L P, decision problem.

Proposition 4.12 shows that there is a chain of polynomial reductions from ILP. to ILPpag to
ILProas to ILP§EY to ILP; 4 & for the three decision problems.

Proposition 4.12. (proof on page 268)

1. Deciding verification, satisfiability and optimum verification for I L P, each reduce polynomially

to the corresponding I L P; 45 decision problem.

2. Deciding verification, satisfiability and optimum verification for I L P 45 each reduce polynomi-

Pcontext

ally to the corresponding I LP}7§" decision problem.

3. Deciding verification, satisfiability and optimum verification for ILP§f2'%" each reduce polyno-

mially to the corresponding I LProas decision problem.

4. Deciding verification, satisfiability and optimum verification for ILPrp4s each reduce polyno-

mially to the corresponding I LPj 44 decision problem.

4.5.3 Complexity of Deciding Verification, Satisfiability and Optimum Verification
for each Framework

In this section we prove the complexity of deciding verification, satisfiability and optimum verification,
for each of the learning frameworks. We start with the ILP, and ILPs,, frameworks, for which

verification and satisfiability are both N P-complete, and optimum verification is D P-complete.

Proposition 4.13. (proof on page 271) Verifying whether a given H is an inductive solution of a
general ILP, task is N P-complete.

Corollary 4.14. Verifying whether a given H is an inductive solution of a general ILP;,, task is

N P-complete.

Proposition 4.15. (proof on page 271) Deciding the satisfiability of a general ILP, task is N P-

complete.

Corollary 4.16. Deciding the satisfiability of a general I L P, task is N P-complete.

81



CHAPTER 4. LEARNING FROM ANSWER SETS

Proposition 4.17. (proof on page 272) Verifying whether a given H is an optimal inductive solution
of a general I LP, task is D P-complete.

Corollary 4.18. Deciding whether a hypothesis is an optimal solution of a general ILPs,, task is
D P-complete.

We have now proved the complexity of deciding verification, satisfiability and optimum verification for
1LP, and ILPs,,, proving the corresponding entries in Table 4.1. It remains to show the complexities
for ILP,, ILPras, ILProas and ILP{eEt.

As we have shown that ILP, reduces (polynomially) to ILPr s which, in turn, reduces to ILPro4s,
which reduces to ILPfZ%" and that ILPfZ%" reduces to ILPj 4, to prove the complexity of
verifying a hypothesis for each framework, it suffices to show that ILP, is D P-hard (thus also proving
the hardness for each of the other frameworks) and that ILP;} ;¢ is a member of DP (thus proving
membership for the other frameworks). This shows that each framework is both a member of DP and
also DP-hard, and therefore must be D P-complete.

Proposition 4.19. (proof on page 273) Deciding verification for ILP} 44 is a member of DP.

Proposition 4.20. (proof on page 274) Deciding verification for ILP, is D P-hard.

context

We can now prove the complexity of deciding verification for ILP,, ILPy a5, ILProas and ILP;7E".

This proves the corresponding entries in Table 4.1.

Theorem 4.21. Deciding whether a given H is a solution of any ILP,, ILPras, ILProas or
TLP{2est task is DP-complete in each case.

Proof. By Proposition 4.20, deciding the verification for ILP. is DP-hard. By Proposition 4.12,
deciding the verification for I L P, reduces to deciding verification for ILPr 4g which, in turn, reduces

Pf‘gﬁ?t, which reduces to deciding verification for I L Pro g, which again

to deciding verification for 1L
reduces to deciding verification for ILP7} , 4 and by Proposition 4.19, deciding verification for ILP} 4
is a member of DP. Deciding verification for each of these learning frameworks must therefore be
both a member of DP and must be DP-hard. Hence, deciding verification for each framework is

D P-complete. Ol

Similarly, to show that deciding satisfiability is ¥4'-complete for each framework, we only need to show
that ILP; 44 is a member of ¥4’ and ILP, is ©-hard.
Proposition 4.22. (proof on page 274) Deciding satisfiability for ILP} 44 is in P,

Proposition 4.23. (proof on page 275) Deciding satisfiability for ILP. is ©£-hard.

Pconteact

We can now prove the complexity of deciding satisfiability for ILP., ILPpas, ILPpoas and I LPFES".

This proves the corresponding entries in Table 4.1.
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Theorem 4.24. Deciding the satisfiability of any ILP., ILPpas, ILProas or ILP{ZAE task is

L -complete in each case.

Proof. (similar to the proof of Theorem 4.21) By Proposition 4.23, deciding satisfiability for ILP, is
YP-hard. By Proposition 4.12, deciding satisfiability for ILP, reduces to deciding satisfiability for
ILPpag which, in turn, reduces to deciding satisfiability for ILP{o/%#t which reduces to deciding
satisfiability for ILPrpas, which again reduces to deciding satisfiability of ILP} 4. By Proposi-
tion 4.22, deciding satisfiability for ILP} ¢ is in L', Deciding satisfiability for each of these learning
frameworks is therefore both a member of ¥4 and is ¥¥-hard. Hence, deciding satisfiability for each

framework is ¥1’-complete. ]

Finally, to show that deciding that optimum verification is Hg -complete for each framework, we only
need to show that ILP; ,¢ is a member of I} and ILP, is IT5-hard.

Proposition 4.25. (proof on page 276) Deciding optimum verification for ILP} ;¢ is in HQP.

Proposition 4.26. (proof on page 276) Deciding whether an arbitrary hypothesis H is an optimal

inductive solution of a given ILP. task is I15-hard.

We can now prove the complexity of deciding optimum verification for ILP,, ILPr g, ILProas and
ITLP{%cat. This proves the remaining entries in Table 4.1.

Theorem 4.27. Deciding whether an arbitrary hypothesis H is an optimal solution for any ILP,.,
ILPpas, ILPLoas or ILPEOIER task is 115 -complete in each case.

Proof. (similar to the proof of Theorem 4.21) By Proposition 4.26, deciding optimum verification for

ILP, is I{-hard. By Proposition 4.12, deciding optimum verification for I LP, reduces to deciding op-

context
PrOAS"

which reduces to deciding optimum verification for ILProag, which again reduces to deciding opti-

timum verification for I L Prag which, in turn, reduces to deciding optimum verification for 1L

mum verification of ILP; 4. By Proposition 4.25, deciding optimum verification for ILP} 4q is in
¥, Deciding optimum verification for each of these learning frameworks is therefore both a member

of I and is T1J'-hard. Hence, deciding optimum verification for each framework is II¥ -complete.  [J

4.6 Related Work

4.6.1 Comparison with Traditional ILP

The three most common settings for ILP are learning from entailment, learning from interpretations
and learning from satisfiability [DR97]. In this section, we discuss how our learning frameworks

compare to each of these settings. Due to the differences in the languages of ASP and Prolog, in
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this section when comparing to traditional frameworks, we assume that all programs considered are

normal logic programs such that H B! is finite (with no lists, constraints or choice rules).

We also demonstrate that our three frameworks can simulate ILP,, ILP. and ILPs,, — the three
previous frameworks for learning under the answer set semantics. In Chapter 5 we give a much more
detailed analysis of each of the six frameworks and their generality. We show that ILPf2%%" is the

most general of the six learning frameworks.

Learning from Entailment

As discussed in Chapter 3, there are two versions of Learning from Entailment under the answer
set semantics. These are brave and cautious induction. We now show that ILPr4g is capable of
simulating both. First, Theorem 4.28 shows that ILP, can be simulated by ILPr 5. The positive
and negative examples of an ILP, task become the inclusions and exclusions of a single positive

(partial interpretation) example in an ILPp a5 task.

Theorem 4.28. Let Ty, = (B, Sy, (E™, E™)) be an arbitrary ILP, task. ILPy(Ty) = ILPpas((B, Sy,
({{(E*,E7)},0))).
Proof. For any H C Sy:
H e ILPy(T})

& JA € AS(BUH) such that EYC Aand E-NA=10

< JA € AS(BU H) such that A extends (E*,E™)

& H € ILPLas((B, Su, ({{ET, E7)},0)))

O

Theorem 4.29 shows that I LP, can be simulated by ILPr 45. The translation from cautious induction
is slightly more complicated, in that each positive and negative ILP, example becomes a distinct
negative example in /L Py 45. A positive example a becomes a negative partial interpretation example
(0,{a}), where the I L P, example says that all answer sets should contain a and the latter (equivalently)
says that no answer set should not contain a (negative examples are translated similarly). An “empty”
partial interpretation is needed as a positive example to enforce the condition of ILP, that B U H

must be satisfiable.

Theorem 4.29. Let T, = (B,Sy,(ET,E7)) be an arbitrary ILP. task. ILP.(T.) =
ILPLas((B, Sur, ({(0,0)},{(0,{e"}) |eT € ET}U{{{e"},0) [e” € E7}))).

Proof. For any H C Sy;:

H € ILP.(T.)
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& BUH is satisfiable and VA € AS(BUH): EY C Aand E-NA=1

< B U H is satisfiable and
Vet € ET: VA€ AS(BUH) et € A and
Ve e ET: VA€ AS(BUH) e ¢ A

< B U H is satisfiable and
Vet € ET: VA € AS(BU H) A does not extend (f), {eT}) and
Ve~ € ET: VA € AS(BU H) A does not extend ({e”},0)

< B U H has an answer set that extends (0, @) and
Vet € Et: A € AS(B U H) such that A extends (0, {e*}) and
Ve~ € E=: A € AS(B U H) such that A extends ({e”},0)

& H € ILPLAs((B, Sar, ({(0,0)}, {0, {e"}) | e" € EX}U{{{e"},0) [e” € E7})))

Learning from Interpretations

Recall from Chapter 3 that the task of ILP;py is to find a hypothesis H such that for each example
set of facts e € ET, M (B Ue) is a model of H and for each set of facts e € E~, M(B Ue) is not a
model of H. [ LPE%TS” can be used to simulate the standard learning from interpretations setting by
encoding each example set of facts as the context of an example (with no inclusions or exclusions) and
converting the clauses in the hypothesis space into constraints. A set of constraints H’ is an inductive
solution of such a task if for each positive (resp. negative) example e, with context C;, BU H' U C
is satisfiable (resp. unsatisfiable). As B is a definite program, C' is a set of facts and H’ is a set of
constraints, BU H' U C is satisfiable if and only if M (B U C) is a model of H'.

Theorem 4.30. Let Trp; = (B, Sy, (ET,E™)) be an ILPpp; task. Consider the ILP{BAET task
T = (B, f(Su), {{{(0,0),€) | e € ET},{{(0,0),€) | e € E~},0,0), where f maps any set of clauses
into a set of constraints, such that each clause —by V...V —by V cy V...V cy becomes the constraint
t-b1,...,by nOt Ci,..., not cy. Then ILPp(Trpr) = {f~'(H) | H € ILP{ZWEH(T")} (where f~1

is the inverse mapping of f).

Proof. Assume that H € ILPyp;(TLrr)

@HQSM,
Ve € ET, M(BUe) is a model of H and
Ve € E=, M(B Ue) is not a model of H

< H C Sy,
Ve € ET, M(BUe) is a model of f(H) and
Ve € E7, M(BUe) is not a model of f(H)
(for any clause h, the models of h are equal to the models of f(h))
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< HC SM,
Ve € ET, BUeU f(H) has at least one answer set and
Ve € E=, BUeU f(H) has no answer sets

,0),¢€) | e € EY}, BUey, U f(H) has at least one answer set that extends ], and
,0),e) | e € E7}, BUey, U f(H) has no answer sets that extend e,

)
0),e) |e € ET}, BU f(H) accepts €' and
ve' € {({0,0),e) | e € E~}, BU f(H) does not accept ¢’

& f(H) € ILPE (")
& He {f~\(H)| H' € ILPE3it(T"))

Learning from Satisfiability

The task of I LPy,rg is to find a hypothesis such that for each example program e™ € ET, BUHUe™ has
at least one model and for each program e~ € E~, BUH Ue™ has no models. [ LPE%%;?” can simulate
ILPrrg by using context-dependent examples. In standard ILPrprg, the background knowledge,
hypothesis space and examples are each sets of clauses. In our translation we transform all clauses in
the background knowledge, hypothesis space and examples of the original task into constraints (using
the same mapping f as in Theorem 4.30). We also add a choice rule to the background knowledge for
each atom in the language of the task (saying that each atom can either be true or false). The effect
is that for any hypothesis H, the models of BU H Ue are equal to the answer sets of B'U f(H)U f(e),
where B’ is the background knowledge of the translated task. More specifically, BU H Ue is satisfiable
if and only of B'U f(H) U f(e) is satisifable. Hence, a hypothesis H covers an example if and only if
f(H) covers the translated example. Theorem 4.31 formalises our translation from an ILPprg task
to an ILP{AE task.

Theorem 4.31. Let Trps = (B,Sy, (EY,E™)) be an ILPrps task. Let HBr be the relevant
Herbrand base of the union of all clauses in Trpg. Consider the ILPfAYE" task T = (f(B) U
{o{a}1. |a€ HBF}, f(Sum), {{(0,0), f(e)) | e € ET},{{(0,0), f(e)) | e € E7},0,0), where f maps
any set of clauses into a set of comstraints, such that each clause —by V...V -byVcyV...Vcy
becomes the constraint :-by,...,by not ci,..., not c. Then ILPrps(Trrs) = {f~Y(H) | H €
TLPEest(T)} (where f~1 is the inverse mapping of f).

Proof.

Note that for any program P, VI C HBZ I is a model of P if and only if I € AS(f(P)U
{o{a}1. |a € HB}}).
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Assume that H € ILPps(Trrs)
& H C Sy, Vee€ ET, BUH Ue has at least one model and Ve € E~, BU H U e has no models

& HC Sy,Vee ET,3I C HBgfl such that I is a model of BUH Ue and Ve € B, VI C HB}""Z,
I is not a model of BUH Ue

& HC Sy, Vee ET, f(BUHUe)U{0{a}1. |a € HBJ} is satisfiable and Ve € E~, f(BUH U
e)U{o{a}1. | a € HB}"} is unsatisfiable

& H C Sy, Ve € ET, f(B)u{o{a}1.|a€ HBJ'} U f(H) U f(e) is satisfiable and Ve € E~,
f(B)yu{o{a}l.|a€ HB'} U f(H) U f(e) is unsatisfiable

& f(H) C f(Sm), Ve' € {(0,0), f(e)) | e € ET}, f(B)u{o{a}1.|a€ HB}} U f(H) accepts €’
and Ve’ € {((0,0), f(e)) |e € E~}, f(B)U{o{a}1.|a€ HB:’}el} U f(H) does not accept €

& [(H) € ILPBi@ (T")

& He{f ()| H" € ILP{Zig (T")}

Induction of Stable Models

Induction of stable models is a generalisation of ILPF,, with multiple partial interpretation examples.
An ILP,,, task is essentially an ILPr, g task with no negative examples. Theorem 4.32 shows that
ILPy,, can be (trivially) simulated by I LPy 4g.

Theorem 4.32. Let Ty, = (B,Su,(E)) be an arbitrary ILPg, task.  ILPgn(Ten) =
ILPLAS(<B7SM7<{E7®>>)

Proof. For any H C Sy:
H € ILPy(Tum)
& Ve e E: 3A € AS(BU H) such that e extends A

& H e ILPpAs((B, Sar, (E, D))
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4.6.2 Preference Learning

Another field that is related to our work is that of preference learning [FH10]. Specifically, our
ordering examples could be thought of as a kind of learning to rank [FH03, GHHO1], where the
task is to learn to rank a set of objects given a set of pairwise preference examples over the objects
(this task is often referred to as object ranking). Approaches for object ranking often use non logic-
based machine learning techniques (e.g. support vector machines [Joa02, KHMO05] or artificial neural
networks [GHHO1, RPMB08, RPMS11]). Compared to these, I LPf24%" shares the same advantages
as any ILP approach versus a non logic-based machine learning technique: learned hypotheses are
structured, human readable and can express relational concepts such as minimising the instances of
particular combinations of predicates. Existing background knowledge can be taken into account to
capture predefined concepts and the search can be steered towards particular types of hypotheses
using a language bias. In this section we focus on attempts at preference learning that learn human

readable representations of preferences.

Conditional Preference Networks

One approach for preference learning that does aim to be human readable is to learn a conditional
preference network (CP-net) [BBD'04]. Definition 4.10 is the formal definition of a CP-net (first
presented in [BBDT04]). Given a set of object instances O with attributes? Xi,..., X,, a CP-net

induces a partial ordering of the instances in O.

Definition 4.10. A CP-net over the attributes Xi,...,X,, is a directed graph G with the nodes
X1,...,X,. The parent nodes of each node X; are denoted as par(X;). Each node X; is annotated
with a CP table, which maps each instantiation of the nodes in par(X;) to a total ordering of the

elements in the domain of X;.

The semantics of CP-nets is that each row in a CP-table specifies which of two objects are preferred if
“all other attributes are equal”. Informally, a preference ranking over all objects in the domain is said

to satisfy a CP-net if every row of every CP table is respected. We illustrate this with an example.

Example 4.33. Reconsider the task of learning a user’s journey preferences, as discussed in Exam-
ple 4.4. The nodes in the graph below represent the attributes “time of day” (denoted T, with values
day and night), “crime rating” (denoted CR, with values low and high) and “mode of transport”
(denoted M, with values car and walk). The CP-tables for each node are also shown below. Note that
the CP-table for M depends on T and CR, and so it has 4 rows, one for each possible combination of
the values for T and C'R.

2In the CP-net literature, these are usually referred to as variables, but we avoid this term as it has another meaning
in this thesis.
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Tday - Tnight ‘ ‘ CRow > ORhigh

Thay N CRiow | Myt = Mear
Tright N CRigw | Mear = Muypaik
Thay N CRhigh | Mear = Myaik
Thight N CRpigh | Mear = Myalk

This particular CP-net induces the partial ordering shown below. In the diagram, a path from node A
to node B illustrates that A is preferred to B.

{Tday; C'-Rlow; Mwalk

Tday ’ CRlow ’ Mcar

Y
’Tday; CRhigh; Mcar

’Tm'ght; CRlow; Mca'r

\ Y / Y

Tnight: CRlow; Mwalk ‘ ’Tnight; CRhigh; Mcar 4){ Tday; CRhigh; Mwalk ‘

Y
Tnight ’ CRhigh s Mwalk

There have been some attempts at learning CP-nets from examples. In [GAG13], a two-phase method
is proposed for eliciting CP-nets in an iterative process, by querying a user about their preferences. In
the first phase, a user is asked about their preferences over single attributes, and then in the second
phase, they are asked about their preferences over full objects. The first phase is used to build an initial
CP-net with no edges (all attibutes are assumed to be “unconditional”), whereas the second phase

is used to find the conditions and edges. In [LXWT14], CP-nets are learned from a set of pairwise
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preference examples. Interestingly, this set of examples can be inconsistent (i.e. the examples can
imply that, given a pair of objects 01 and 02, 01 = 02 and 02 > 01). The first step of the algorithm
is to find a maximal consistent subset of the examples, together with a partial ordering of the objects
in the domain (which implies this maximal subset of the examples). The partial ordering of objects

is then transformed into a CP-net.

One drawback to CP-nets is that they are propositional. For example, to represent that an attribute
should be minimised, the CP table for that attribute would need to list every value in order. While

this is possible, in order to learn such a CP table, examples of every instance would need to be seen.

Example 4.34. Consider a simplified scenario, with distance (denoted D, with values 1,...,4) as the

only attribute. A CP-net which expresses a wish to minimise the distance is:

‘D1>—D2>—D3>—D4‘

In order to incentivise learning the CP table for D, there would need to be at least 3 examples, to show
that D1 > Dy, Dy = D3 and D3 = Dy4. In fact, the number of examples required would grow linearly
with the size of the domain of D. In contrast, ILP§ZE" could learn the first order weak constraint
“~ distance(D).[DQ1]” from few examples, and does not need more examples as the domain of D
grows. This is the case in general for ILP approaches, which generalise from few examples to learn first
order theories (rather than learning propositional theories for each example, which tends to result in a
longer hypothesis). In [Yd07], more-or-less CP-nets were introduced, which allowed some attributes to
be labeled as monotonic, meaning that their preference ordering was decided by a predetermined total
ordering over the domain, either from lowest to highest, or from highest to lowest. In this example,
such a framework would be able to represent that there are only two options: either the distance should
be mazximised, or it should be minimised. At the time of writing, we are not aware of any work on

learning more-or-less CP-nets.

Another drawback of CP-nets is that they only reason directly on the attributes, and cannot combine
attributes; for instance, in Example 4.4, we were interested in minimising the total walking distance,
rather than the distance in each leg. The penalties in weak constraints allow us to easily express that
the distances of all walking legs should be summed, but a CP-net would require the total walking

distance to be given as an attribute.

Relational CP-nets [Kor12] allow the use of aggregators such as taking the mode or median of the set of
values for an attribute. Although this does allow sets of values to be combined using the aggregators,
this does not overcome the issues above in general, as it does not allow different attributes to be

combined.
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Answer Set Optimisation

Weak constraints are one way of expressing preferences over answer sets. Other constructs include
the more complex preferences used by the asprin solver [BDRS15], which can express, for example,
that the optimal answer sets are those that are subset-minimal. In [BNT03], the notion of preference
programs was first introduced as part of the ASO framework. Preference programs are sets of rules of
the form C; > ... > C,:-body., where body is a normal ASP rule body, and C1,...,C, are boolean
formulas such as (aVb) A not c. The meaning of such a preference rule is that if body is satisfied
then (] is preferred to Cs, and so on. Preference programs are solved together with an ASP program,
and the goal is to find the optimal answer set(s) given the preferences in the preference program. We
decided in our frameworks to use weak constraints rather than these alternative representations of
preferences, as they are part of the ASP-Core-2 standard [CFG'13], and are implemented in standard
solvers such as clingo [GKK'11] and DLV [LPF*06]. In principle any representation that creates
a preference ordering over answer sets could be learned using the ILP{@%es framework, but the

algorithms in this thesis are specifically targeted at learning weak constraints.

4.6.3 Comparison with Probabilistic ILP

One of the advantages to learning ASP programs rather than Prolog programs is that ASP allows
the modeling of non-determinism, either through unstratified negation or through choice rules. For
example our ILPr 45 framework can learn that a coin can be either heads or tails, but not both (the
hypothesis would be {1{heads, tails}1.}.

Another method for achieving non-determinism in ILP is by adding probabilities. Probabilistic Induc-
tive Logic Programming [DRKO04] is a combination of ILP and with probabilistic reasoning. Its aim is
to learn a logic program that is annotated with probabilities. The task of PILP is often divided into
structure learning, where the underlying logic program is learned, and parameter estimation or weight
learning, where the probabilities are learned. A key difference between ILPr g and PILP is that
while both aim to learn programs which are non-deterministic, I L P 45 aims to learn programs whose
answer sets capture the set of possibilities, whereas PILP aims to learn a probability distribution over

these possibilities.

Although there has been significant progress in the field of PILP [DRKT07, DRT10, BR15a, RBZ" 16,
RBZ14] for learning annotated Prolog programs, PILP under the answer set semantics is still relatively
young, and thus, there are few approaches. PrASP [NM14, NM15, Nicl6] considers the problem of
weight learning, and in fact uses a similar example of learning about coins. This example illustrates the
difference between weight learning and standard ILP. In ILP our task is to learn that there are exactly
two possibilities (heads and tails); whereas in weight learning, the goal is to estimate probabilities
of each possibility. PROBXHAIL [DRB*16] combines structure learning and weight learning, but it

can only learn definite logic programs.
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4.6.4 Related Complexity Results

The complexity of ILP, and ILP, for verification and satisfiability were investigated in [SI09]. How-
ever, in that work, the results on satisfiability are for deciding whether or not a task has any solutions
with no restrictions on the hypothesis space. This means that for both ILP, and ILP. deciding
whether a task is satisfiable is equivalent to checking whether there is a model of B in which the
examples are covered (a simpler decision problem). For this reason, the complexity of satisfiability
for propositional ILP, in [SI09] was N P-complete, rather than 25 -complete. The complexities for
the verification of a hypothesis given in [SI09] are also different from the ones in this chapter, as
they consider a different language for B U H. [SI09] considers disjunctive logic programs, whereas
we investigated the complexity of learning programs without disjuction. The reason we chose not to
consider disjunctive logic programs is that the systems available for ILP under the answer set seman-
tics (including our own ILASP systems) are not targeted at learning with disjunction. For example,
ASPAL [CRL12] does not allow any disjunction, and although XHAIL [BR15b] allows disjunction in

the background knowledge, it does not support learning disjunctive rules.

4.6.5 Summary

In this chapter, we introduced our three frameworks for learning ASP programs. We motivated the
need for such frameworks, by showing that the existing frameworks for ILP under the answer set
semantics are not capable of learning some ASP programs (or at least, no task of these frameworks
could have the programs as optimal solutions). In the next chapter, we explore in much more detail
what it means for a framework to be capable of learning a class of ASP programs and introduce three
new measures of the generality of a learning framework. We present the generality results for our own

frameworks and the main three existing frameworks under the answer set semantics.
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Chapter 5
Generality

In this chapter, we present a new notion of the generality of a learning framework. The aim is to
characterise the class of ASP programs that a framework is capable of learning, if given sufficient
examples. Language biases tend, in general, to impose their own restrictions on the classes of program
that can be learned. They are primarily used to aid the performance of the computation, rather than
to capture intrinsic properties of a learning framework. In this chapter we will therefore consider
learning tasks with unrestricted hypothesis spaces: hypotheses can be constructed from any set of
normal rules, choice rules and hard and weak constraints. We assume each learning framework F to
have a task consisting of a pair (B, Ex), where B is the (ASP) background knowledge and Er is a
tuple consisting of the examples for this framework; for example E; 45! = (E*, E~) where ET and

E~ are sets of partial interpretations.

Allowing an unrestricted hypothesis space means that we can now focus on analysing whether a
learning framework is general enough to define learning tasks that has a particular set of hypotheses
as the inductive solutions. In the first instance, we could define that a framework F is general enough
to learn a hypothesis H if there is at least one task T'r in this framework such that H is an inductive
solution of T’r. However, such a “loose” notion of generality may lead to the trivial learning framework,
whose learning tasks have no examples, as the most general framework possible. This is shown in the

following example.

Example 5.1. Consider the trivial learning framework I LPt whose learning tasks are pairs (B, ET),
where ET is the empty tuple and B is an ASP program. ILPt((B, ET)) is then the set of all ASP
programs, i.e. every ASP program is a solution of every I LPt task. For every background knowledge B
and hypothesis H there is clearly a task (B, ET) such that H € ILP7((B, ET)). However, every other
possible hypothesis H' is also a solution of this same task, which makes it impossible to distinguish

one hypothesis from another.

It is clearly not sufficient to say that a framework is general enough to learn some target hypothesis

Note that to avoid cumbersome notation, we denote this Fras rather than Frrp; .-
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(denoted from now on as Hr) if we can find at least one learning task with Hy as a solution. What this
definition lacks is a way to express that Hrp is a solution of a task 7', but that some other (unwanted)
hypothesis is not a solution of T'. To capture this property of a learning framework we should be able
to say that a task T can distinguish a target hypothesis Hr from an unwanted hypothesis. Pairs of
target and unwanted hypotheses that can be distinguished from each other, are an interesting starting
point when considering the generality of a learning framework. But this again might not be the only
property of generality. Frameworks, such as brave induction, may be able to distinguish a target
hypothesis Hy from two (or more) unwanted hypotheses, e.g., H{ and H}, in two separate learning
tasks, but they may not have a single learning task capable of accepting Hr as inductive solution but

neither H{ nor Hj. Consider for instance the following example.

Example 5.2. Imagine the scenario where we are observing a coin being tossed several times. Obvi-
ously there are two outcomes, and we would like to learn an ASP program whose answer sets correspond
to these two different outcomes. Consider the background knowledge B to be empty, and the atoms
heads and tails to be true when the coin lands on heads or tails respectively. Our target hypothe-
sis Hy is an ASP program such that AS(B U H) = {{heads}, {tails}}. One such hypothesis could
be the program Hp = {1{heads,tails}1.}. Consider now the two hypotheses H; = {heads.} and
H}, = {tails.}, which correspond to the coin always landing on heads or tails respectively. Neither of
these hypothesis correctly represent the behaviour of the coin, so they are unwanted hypotheses. There
is one answer set, {heads}, of BU H{ and one answer set, {tails}, of BUH). ILP, can distinguish
Hr from H| and from H) separately with the tasks (B, ({tails},0)) and (B, ({heads},0)), respec-
tively. But there is, however, no learning task for ILP, for which Hr is an inductive solution and

neither H{ nor HY is.

A more general notion of generality of a learning framework can be considered, which looks at distin-
guishing a target hypothesis Hr from a set of unwanted hypotheses S. In Section 5.2 we introduce
the notion of the one-to-many-distinguishability class of a learning framework. This corresponds to
the class of pairs consisting of a single hypothesis Hr and a set S of hypotheses for which a learning
framework has at least one task that distinguishes Hp from each hypothesis in S. Informally, this
notion expresses the generality of a framework in finding a single target hypothesis in the presence of
many unwanted hypotheses. In Section 5.3, we also extend the one-to-many-distinguishability class of
a learning framework to many-to-many-distinguishability, which captures the notion of distinguishing

a set of target hypotheses S; from another set of unwanted hypotheses S, with a single task.

In the remainder of this chapter we explore these three new measures of generality, expressed as
three different learning problems. One-to-one-distinguishability determines the hypotheses that a
framework is general enough to learn, while ruling out another unwanted hypothesis; one-to-many-
distinguishability determines the hypotheses that can be learned from within a space of unwanted
hypotheses; and finally, many-to-many-distinguishability determines exactly which sets of hypotheses
can be learned. We will prove properties of our three classes of generalities making use of a definition

of strong reduction from one framework to another. Strong reduction is different from the concept of
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reduction presented in [DR97]. Definitions 5.1 and 5.2 present, respectively, a reformulation of the

notion of reduction introduced in [DR97] and of our new concept of strong reduction.

Definition 5.1. A framework Fi reduces to Fa (written F; —, Fa) if for every Fi task T'r, there is
an Fy task Tz, such that ILPr (Tr,) = ILPr,(Tr,). A framework Fi is at least as r-general as Fa
if Fo —, F1; and Fy is more r-general than Fs if Fo —, F1 and Fy /5, Fo.

Example 5.3. Consider the ILP, and ILP, learning frameworks. ILP, —, ILP., as any ILP, task
(B,(E*,E™)) maps to the ILP, task (BU{:-note. | e € EY}U{:i-e. | e € E~},(0,0)). ILP,
does not, however, reduce to ILP,. Consider, for instance, the ILP. task T, = (0, {{p},0)) and
assume that there is a task T, = (B, (E™, E7)) such that ILPy(Ty) = ILP.(T.). The hypothesis H; =
{p.} € ILP.(T,), and, given the assumption, H; is also in ILPy(Ty). But consider now the hypothesis
Hy = {0{p}1.}. Since AS(BU Hy) C AS(B U Hy), if BU Hy has an answer set extending (ET, E™),
then so does BU Hs. Thus, if Hy € ILPy(Ty) then Hy € ILPy(Ty). But, although Hy € ILPy(Ty), it
is easy to see that Hy & ILP.(T.), so ILPy(Ty) is not equal to ILP.(T.). Hence, ILP. does not reduce
to ILP,, and ILP, is therefore more r-general than ILP,.

We discuss the relationship between reductions and our own measures of generality in Section 5.5.
Our notion of strong reduction differs from the above notion of reduction, in the fact that the reduced

task must have the same background knowledge as the original task.

Definition 5.2. A framework Fy strongly reduces to Fy (written Fy —4. Fo) if for every Fj task
Tr, = (B, Er,) there is an F; task T'r, = (B, Er,) such that ILPr, (Tr,) = ILPr,(T%,). A framework
F1 is at least as sr-general as Fo if Fo — F1; and Fy is more sr-general than Fo if Fo —¢ F1 and
F1 Frsr Fa.

Proposition 5.4 shows the strong reduction relations between the frameworks considered in this chapter.
Note that although ILP, is more r-general than ILP, (as shown in Example 5.3), it is not more
sr-general than ILP,. This is because without changing the background knowledge, I'LP,. cannot
represent the same IL P, tasks.

Proposition 5.4.

1. ILP, =g ILPyy —sr ILPpAS —sr ILPLoAs —sr TLPEET!

2. ILP. =4 ILPras

Proof.

1. For any ILP, task T, = <Ba <E+,E_>>? ILPb(Tb) = ILPsm(<B7 <{<E+5E_>}>>)
For any ILPy,, task Ts, = (B, {{e1,...,en})), ILPsy(Tsm) = ILPLas((B, {({e1,...,en},0)))
For any ILPrag task Trag = <B, <E+,E_>>, ILPLAS(TLAS) = ILPL0A5(<B, <E+,E_, @,@)))
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For any partial interpretation e, let c¢(e) be the CDPI (e, ). For any ILProas task Troas =
(BB, E~,0°0%), ILPLoas(Troas) = ILP{E4E (B, ({c(e) | e € ET} {c(e) | e € E7},
{(cler), clea)) | (e1, e2) € O}, {(c(er), c(ea)) | (er,e2) € OF)))

2. For any ILP. task T. = (B,{{ef,...,e}},{e7,...,en 1)), ILP.(T.) = ILPLas((B, ({(0,0)},
{0, {ef ), .., 0, {1y, {er 1, 0),...,({es },0)}))). Note that the empty ILPpag positive ex-
ample enforces that there is at least one answer set, and both the ILP. positive and negative
examples are mapped to ILPr 45 negative examples which enforce in the case of positive (resp.
negative) examples that they are not false (resp. not true) in any answer set, and hence true

(resp. false) in every answer set.

5.1 Distinguishability

A one-to-one-distinguishability class captures those pairs of hypotheses H; and Hy that can be dis-

tinguished from each other with respect to a given possible background knowledge.

Definition 5.3. The one-to-one-distinguishability class of a learning framework F (denoted Di(F))
is the set of tuples (B, H1, Ha) of ASP programs for which there is at least one task Tr = (B, Er) such
that Hy € ILPr(Tr) and Hy & ILPr(T¥). For each (B, Hy, Hy) € Di(F), Tr is said to distinguish
H, from Hj, with respect to B. Given two frameworks F; and Fa, we say that Fj is at least as (resp.
more) Di-general as (resp. than) Fy if D} (F2) C Di(Fy) (resp. Di(Fy) C Di(Fy)).

Note that the one-to-one-distinguishability relationship is not symmetric; i.e there are pairs of hy-
potheses H; and Hs such that, given a background knowledge B, H; can be distinguished from Hs,
but Hy can not be distinguished from H;. This is illustrated by Example 5.5.

Example 5.5. Consider a background knowledge B that defines the concepts of cell, same_block,

same_row and same_column for a 4x4 Sudoku grid.
Let Hy be the incomplete description of the Sudoku rules:
1 { value(C, 1), value(C, 2), value(C, 3), value(C, 4) } 1 :- cell(C).

:— value(C1, V), value(C2, V), same_row(Cl, C2).
:— value(C1l, V), value(C2, V), same_col(Cl, C2).

Also let Hy be the complete description of the Sudoku rules:

1 { value(C, 1), value(C, 2), value(C, 3), value(C, 4) } 1 :- cell(C).
:- value(C1, V), value(C2, V), same_row(Cl, C2).

:- value(C1, V), value(C2, V), same_col(Cl, C2).

:— value(C1l, V), value(C2, V), same_block(Cl, C2).
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ILP, can distinguish Hy from Hy with respect to B. This can be seen using the task (B,

({value((1,1),1), value((2,2),1)},0)). On the other hand, ILP, cannot distinguish Hs from H.
Whatever examples are given in a learning task to learn Hs, it must be the case that ET C A and
E-NA=1, where A is an answer set of BU Hy. But answer sets of BU Hy are also answer sets of
BUH;. So A is also an answer set of BU Hy, which implies that Hy satisfies the same examples and

is a solution of the same learning task.

In fact, Proposition 5.6 generalises Example 5.5 showing that I LP, cannot distinguish any program

containing a constraint from the same program without the constraint.

Proposition 5.6. ILP, cannot distinguish any hypothesis H which contains a constraint C' from
H\{C'}, with respect to any background knowledge.

Proof. Assume for contradiction that there is a hypothesis H = H' U C where C is a constraint and
an ILP, task Ty, = (B, (E™, E7)) such that H € ILP,(Ty) and H' & ILPy(T).

= JA € AS(BU H) such that EtY C A and E~ N A = (. But as C is a constraint AS(BU H) C
AS(BUH') and so A€ AS(BUH').

= JA € AS(BU H') such that E¥* C Aand E- N A = 0.

= H' € ILPy(T}). Contradiction! O

One useful property is that if there is a strong reduction from one framework F; to another framework
Fy then D}(F;) C Di(F,). Note that F, is not guaranteed to be more Di-general than JFi, even in

the case when there is no reduction from F5 to Fj.

Proposition 5.7. For any two frameworks F; and Fo: Fj —s Fo = Di(Fy) C DH(F).

Proof. Assume that F; —,. Fo. Take any (B, Hy, Ho) € D%(]ﬁ). There must be some task T'r,, with
background knowledge B, such that Hy € ILPr, (Tr,) and Hy ¢ ILPr, (TF,). Hence, as Fi —4 Fa,

there must be some task T'r,, with background knowledge B, such that Hy € ILPr,(Tr,) and Hy &
ILP}‘2<T]:2). So <B,H1,H2> S D%(fg) Hence, D%(]:l) - D%(]:Q) O

As there are clear strong reductions (shown by Proposition 5.4), an ordering of the one-to-one-

distinguishability classes of the frameworks emerges (shown in Corollary 5.8).
Corollary 5.8.
1. DY(ILP,) C DY(ILPsy,) C DY(ILPLas) € DY(ILProas) C D (ILPEEY)
2. DHILP.) C DI(ILPp4s)
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‘ Framework F ‘ Sufficient /necessary condition for (B, Hy, H2) to be in D;(F)
ILPt 1
ILP, AS(BUHl)ZA (BUH2)
ILP,, AS(BUH,) € AS(B U H,)
ILP, AS(BUH;) #0AN(AS(BUH,) =0V (E.(BUH,) Z £.(BU Hy)))
TLPpas AS(BUHy) # AS(B U Hy)
ILProas (AS(BUH;) # AS(B U Hs)) V (ord(B U Hy) # ord(B U Hy))
ILPgtest | (BUHy #£° BU Hs) V (3C € ASP" st ord(BU H; UC) # ord(BU Hy U C))

Table 5.1: A summary of the sufficient and necessary conditions in each learning framework for
a hypothesis H; to be distinguishable from another hypothesis Hy with respect to a background
knowledge B.

While this does give us information about the ordering of the power of the frameworks to distin-
guish between hypotheses, it does not tell us, for example, what the relationship is between the
distinguishability classes of ILP, and ILP.. It does not tell us which of the C’s are strict (in fact,
Di(ILP,) = D}(ILPsy,), but the rest are strict subset relations). For each framework, Table 5.1 shows
the necessary and sufficient condition needed to be able to distinguish hypotheses. In the case of the

cautious induction framework, the condition makes use of a new notation.

Notation (& and &.). Given a program P, &(P) = {i1 A... A iy, A not e; A... A not ey |
JA € AS(P) st iy,...,ip € A and ey,...,eq € A}, i.e. &(P) denotes the set of conjunctions of
literals that are true in at least one answer set of P. Similarly, we use &.(P) to denote the set of

conjunctions of literals that are true in every answer set of P.

Proposition 5.9. (proof on page 278)
For any programs P; and P, &,(P1) C &(P,) if and only if AS(P;) C AS(P»).

Propositions 5.10 to 5.17 prove the one-to-one-distinguishability classes of ILP,, ILPsy,, ILP., ILP a5,
ILProas and ILP{3Et showing also the sufficient and necessary conditions for distinguishability
presented in Table 5.1.

Proposition 5.10. (proof on page 278)
Di(ILPy) = {(B, Hy, Ha)| AS(BU Hy) € AS(BU Hs)}

Interestingly, although I L Py, /s ILPy, DY(ILP,) = Di(ILP;,,). This is shown by Proposition 5.11.
The reason for this is that if ILPs,, can distinguish one hypothesis H; from another hypothesis Ho
then there must be some task Ty, such that H; is a solution of Ty, and Hs is not. This means that H;
must cover all of the examples of Ty, and there must be at least one (partial interpretation) example
of Ty, which is not covered by Hs. This partial interpretation example can be given as the set of

positive and negative examples in an ILP, task. This ILP, task will then distinguish H; from Ho.
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Proposition 5.11. (proof on page 278) Di(ILPy) = Di(ILPsy,).

To better compare the conditions for ILP, and ILP., we can express the necessary and sufficient
condition of ILFP, in terms of the notion & (P). Specifically, in ILP, for one hypothesis H; to be
distinguishable from another hypothesis Hy (with respect to a background knowledge B) it is both
necessary and sufficient for &,(B U Hy) to contain at least one conjunction that is not in &(B U Hj).
This is because the extra conjunction can be used to generate a set of examples that are covered by
H; but not Hy. This is demonstrated by Example 5.12.

Example 5.12. Consider again the programs B = 0, H; = {1{heads, tails}1.} and Hy = {heads.}.
E(BUH) contains the conjunction not headsAtails, whereas E(BUH2) does not. This conjunction
can be mapped into the positive example tails and the negative example heads, which BU Hy covers,
but BU Hy does not — i.e. the task (B, ({tails}, {heads})) distinguishes Hy from H.

So, as the one-to-one-distinguishability condition for ILP, could also be expressed as &(B U Hy) €
Ey(B U Hy), it might be expected that the one-to-one-distinguishability condition for IL P, would be
that E.(B U Hy) € E.(B U Hs). Indeed this would be the case, if it were not for the extra condition
that ILP, imposes on any inductive solution: that is, any inductive solution H must be such that
BUH is satisfiable. Although this extra condition may seem unnecessary at first sight, its importance
becomes clear when considering distinguishability. Without this extra condition, no hypothesis would
be distinguishable from the hypothesis given by the empty constraint “:-.” —i.e. there would be no
hypothesis H such that (B, H,{:-.}) € D}(ILP,) (for any B). This is because there cannot be any
answer set of BU {:-.} that does not cover the examples (as there are no answer sets). As ILP. has
the extra condition that B U H must be satisfiable, its distinguishability condition is slightly more

complicated than £.(B U H;) € E(B U Hs), as shown in Proposition 5.13.

Proposition 5.13. (proof on page 279)

DI(ILF,) = {<B,H1,Hz>

AS(BU Hy) # OA
(AS(BUHs) =0V E.(BUHy) € E.(BU Hy))

We now prove the one-to-one-distinguishability classes of our own frameworks, ILPr ag and ILProas.
Di(ILPpss) contains both DI (ILP,) and D} (ILP.) as ILPp s can distinguish any two hypotheses

which, combined with the background knowledge, have different answer sets.

Proposition 5.14. (proof on page 279) Di(ILPpas) = {(B, H1, H2)|AS(BU Hy) # AS(BU H3)}
As shown in Theorem 5.18, ILPrpas is more D%—general than ILPr45. This is because ILProag is
able to use its ordering examples to distinguish any two hypotheses that, when combined with the

background knowledge, order their answer sets differently, even if the two programs have the same

answer sets.
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Proposition 5.15. (proof on page 280)

AS(BUH,) # AS(B U Hy) or }

DYILP, =< (B,H{,H
i LoAs) {< 1 Ha) ord(BU Hy) # ord(B U Hj)

Note that we assume ILProag to be able to give ordering examples with any of the binary ordering
operators. The slightly more restrictive version of ILPro g, presented in [LRB15a] where the operator

is always <, has a smaller one-to-one-distinguishability class. This is shown in Example 5.16.

Example 5.16. Consider the heads and tails problem again, where B = { 1{heads, tails}1. }, and
two potential hypotheses:

oH1:®

e Hy; = {:~ heads.[1Q1]}

AS(BUH,) = AS(BU Hj) = {{heads}, {tails}}. If we consider the restricted ILProas where only
the operator < is used to express ordering over the erxamples, Hy can be distinguished from Hy, but
H; cannot be distinguished from Hy. This is because all answer sets of B U Hy are equally optimal —
neither ({tails}, {heads}, <) nor ({heads}, {tails}, <) is in ord(B U Hy). In contrast, if we allow
the use of any of the binary ordering operators, we can consider a task with the ordering example
({{tails}, D), ({heads}, D), =) and be able to distinguish Hy from Hs. The learned hypothesis Hy has
no weak constraints, so the two answer sets are equally optimal and the ordering example is respected
by Hy, whereas Hy prefers {tails} to {heads}.

ILProas can distinguish any two hypotheses that, when combined with a fixed background knowledge,
behave differently. It cannot distinguish hypotheses that are different but behave the same with respect
to the background knowledge. This means that there are some hypotheses that are not strongly
equivalent (when combined with the background knowledge), but ILProas cannot distinguish one
from the other. We now show that ILP{ge" can distinguish between any two hypotheses, Hy and H,
that, when combined with the background knowledge, are not strongly equivalent, or for which there
is at least one program C' € ASP" (consisting of normal rules, choice rules and hard constraints),
such that ord(B U Hy U C) # ord(B,UH, U C).

Proposition 5.17. (proof on page 281)

Di(ILP{ZEt) = {(B, H,, H)

BUH, #°* BUH> or
3C € ASP" such that ord(B U Hy U C) # ord(B U Hy U Q)

Now that we have proven the distinguishability classes for each learning framework, we can strengthen
the statement of Corollary 5.8 and more precisely state the relationship between the distinguishability
classes of the frameworks. Apart from the case of ILP, and ILP;,,, each of the subset relations in

Corollary 5.8 are in fact strict subsets.
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Theorem 5.18. Consider the learning frameworks ILP,, ILP., ILPs,, ILPras, ILProas and
TLPEBLS".

1. DYILP,) = Di(ILPy,,) C Di(ILPpas) C DI(ILPLoas) C D%(ILPE?%%”)

2. DHILP.) C DY(ILPpas)

Proof.

1. The fact that Di(ILP,) = Di(ILP;,) was shown in Proposition 5.11. By Corollary 5.8,
DYILPyy) € DHILPLas) € DYILPLoas) C DHILPEst): hence, it remains to show that
DI(ILPsm) # Di(ILPpas) # Di(ILProas) # DI(ILPE4E")

e Consider the tuple (B, Hy, Ha), where B = (), H; = {p.} and Hy = {1{p,q}1}. AS(BU
H,) C AS(B U Hy), hence (B, Hy, Hs) does not satisfy the condition, given in Table 5.1,
necessary for it to be in D} (ILPsy,). It does, however, satisfy the condition for it to be in
DY ILPpas). Hence, DM(ILPyy,) # DIILPyas).

e Consider the tuple (B, Hy, Hs), where B = {1{p,q}1}, H; = () and Hy = {:~ p.[1Q1]}.
AS(B U Hy) = AS(B U Hj) and ord(B U Hy) # ord(B U Hz). Hence, by the condi-
tions in Table 5.1, (B, Hy, Hs) is in Di(ILProas) but is not in D} (ILPpas). Therefore,
DY ILPpas) # DNILProas).

e Consider the tuple (B, Hy, Hy), where B = (), H; = () and Hy = {p:-q.}. Also consider
the program P = {q.}. AS(BU H;) = AS(BU Hj) and ord(BU H;) = ord(B U Hs),
but AS(B U Hy U P) # AS(B U Ha U P); this shows that BU Hy #5 B U Hy. Hence, by
the conditions in Table 5.1, (B, Hy, Hy) is in D} (ILP{2E#t) but is not in Di(ILProas).
Therefore, D} (ILPLoas) # Di(ILP{AVEY).

2. By Corollary 5.8, DI(ILP.) C Di(ILPpsg). Hence, it remains to show that D} (ILP.) #
Di(ILPpag). Consider the tuple (B, Hy, Hz), where B = {p:- not p}, H; =) and Hy = {p.}.
AS(BUH;) =0 and AS(BU Hy) # AS(B U Hj). By the conditions in Table 5.1, (B, Hy, Hs)
is in D} (ILPy45) but is not in D} (ILP,). Hence, D} (ILP.) # D} (ILPy 4s).

5.2 The One-To-Many-Distinguishability Class of a Learning Frame-

work

In practice, an ILP task has a search space of possible hypotheses, and it is important to know the

cases in which one particular hypothesis can be distinguished from the rest. In what follows, we
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analyse the conditions under which a learning framework can distinguish a hypothesis from a set of
other hypotheses. As mentioned at the beginning of the chapter, this corresponds to the new notion
called the one-to-many-distinguishability class of a learning framework, which is a generalisation of

the notion of the one-to-one-distinguishability class described in the previous section.

Definition 5.4. The one-to-many-distinguishability class of a learning framework F (denoted D}, (F))
is the set of all tuples (B, H,{H;,...,H,}) such that there is a task Tr that distinguishes H from
each H; with respect to B. Given two frameworks F; and F», we say that Fj is at least as (resp.
more) D} -general as (resp. than) F if DL (F2) C DL, (F1) (resp. DL (Fy) C DL, (Fy)).

The one-to-many-distinguishability class tells us the circumstances in which a framework is general
enough to distinguish some target hypothesis from a set of unwanted hypotheses. Note that, although
the tuples in a one-to-many-distinguishability class that have a singleton set as third argument cor-
respond to the tuples in a one-to-one-distinguishability class of that framework, it is not always the
case that if F; is more D} -general than F then JF is also more Di-general than F5. For example,
we will see that I LP;,, is more D} -general than ILP,, but we have already shown in Proposition 5.11
that the ILP, and ILP,,, are equally D%—general. Proposition 5.19 shows, however, that if F; is at

least as D}n—general as JFo then F7 is at least as D%—general as JFo.

Proposition 5.19. For any two frameworks JF; and F5 such that F; is at least as D}n—general as Fa,
F is at least as Di-general as Fy (i.e. D}, (F2) C D} (F1) = Di(Fa) C Di(F)).

Proof. Assume that F; is at least as D}n—general as JFo and let (B, Hy, Hy) € D} (F2). To show that
F1 is at least as D%—general as Fo2, we must show that (B, Hy, Ha) € D%(]—}).

As (B, Hy, Hy) € Di(F2), (B, H1,{Hs2}) € D} (F); hence, as F is at least as D} -general as Fo,
<B,H1,{H2}> S D}n(fl), and hence, <B,H1,HQ> S D%(,/_"l)

O

We have already seen that if there is a strong reduction from F; to F» then F5 is at least as D%—general
as JF1. Proposition 5.20 shows that a similar result holds for D} -generality. Similarly to D}-generality,
however, a strong reduction from JFj to F» does not imply that F» is more D} -general than Fi, even

in the case that there is no strong reduction from F» to Fi.

Proposition 5.20. For any two frameworks F; and Fa: Fi — F2 = DL (F1) C DL, (F).

Proof. Assume that Fj —g. Fo. Take any (B, H,S) € D} (F;). There must be some task T, with
background knowledge B, such that H € ILPr, (TF,) and SNILPr (TF,) = 0. Hence, as Fi — Fa,

there must be some Fy task T'r,, with background knowledge B, such that H € ILPr,(Tr,) and
SNILPg,(Tr) =0. So (B,H,S) € D}, (F2). Hence, D},(F1) C D} (F). O
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Due to the strong reductions shown in Proposition 5.4, an ordering of the one-to-many-distinguishability

classes of the frameworks emerges (shown in Corollary 5.21).

Corollary 5.21.

1. DL,(ILPy) € DL, (ILPsy,) C DL (ILPLas) C D} (ILPLoas) C D} (ILPovVest

2. DL (ILP.) C D} (ILPpas)

This time, we will see that each of the C’s in Corollary 5.21 can be upgraded to a strict C. Rather
than proving the one-to-many-distinguishability classes from scratch, we now present a useful result.
For some frameworks, the one-to-one-distinguishability class of a learning framework can be used to
construct the one-to-many-distinguishability class. This is the case when the framework has closed
one-to-many-distinguishability (formalised by Definition 5.5). Proposition 5.22 and Corollary 5.23
show how the one-to-many-distinguishability class of a framework can be constructed using its one-

to-one-distinguishability class if it has closed one-to-many-distinguishability.

Definition 5.5. Given any learning framework F, the closure of the one-to-many-distinguishability
class, written D}, (F) is the set {(B,H,S1U...US,)|(B,H,S1),...,(B,H,S,) € D}, (F)}. We say

that F has closed one-to-many-distinguishability if and only if DL (F) = D} (F).

Proposition 5.22. (proof on page 283) For any framework F:

(B,H, Hy) € D} (F),

DL(F)={ (B,H,{Hy,... H,})

(B,H, Hy,) € Di(F)
Corollary 5.23. For any framework F:

<B>H7H1> € D%(]:)’

ey

(B,H, Hy,) € Di(F)
The equality holds if and only if F has closed one-to-many-distinguishability.

Note that not all learning frameworks have closed one-to-many-distinguishability; for instance, Exam-
ple 5.24 shows that brave induction does not. We will show that induction of stable models, on the

other hand, does have closed one-to-many-distinguishability.

Example 5.24. ILP, does not have closed one-to-many-distinguishability. We can see this by re-
considering the programs B = (), H = {1{heads, tails}1.}, H; = {heads.} and Hy = {tails.}.
(B,H,{H1}) € DL (ILP,) ({(B,{{tails},0)) distinguishes H from Hj wrt the background knowledge
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B). Similarly (B, H,{Hy}) € DL (ILP,) ((B,({heads},0)) distinguishes H from Ho wrt the back-
ground knowledge B). If ILP, had closed one-to-many-distinguishability then (B, H,{Hy, Ha}) would
be in DL (ILP,); hence, to show that ILP, does not have closed one-to-many-distinguishability it is
sufficient to show that (B, H,{Hy, Hy}) & DL (ILP,). Hence it remains to show that there is no task
Ty, = (B,(E™,E™)) such that H € ILPy(T}) and {Hy, Hy} N ILP,(T,) = 0.

Assume for contradiction that there is such a task Tp,. As H € ILPy(Ty) and AS(BU H) =
{{heads}, {tails}}, ET C {heads,tails} and E~ C {heads,tails} (neither can be equal to

{heads, tails} or H would not be a solution).
Case 1: ET =)
Case a: E= =)

Then Hy and Hy would be inductive solutions. This is a contradiction as {H1, Ho}NILPy(T}) =
0.

Case b: E~ = {heads}
Then Ho would be an inductive solution of T,. Contradiction.
Case c: E= = {tails}
Then Hy would be an inductive solution of T,. Contradiction.
Case 2: E™ = {heads}

heads ¢ E~ as otherwise the task would have no solutions (and we know that H is a solution).

In this case Hy would be an inductive solution (regardless of what else is in E~ ). Contradiction.
Case 3: ET = {tails}
Similarly to above case, tails € E~ as otherwise the task would have no solutions. In this case

Hy would be an inductive solution (regardless of what else is in E~ ). Contradiction.

Hence, there is no such task T, = (B,(E*, E~)) such that H € ILP,(T,) and {Hy, Ho}NILP,(T,) = 0.

ILP, does not have closed one-to-many-distinguishability.

In contrast to ILP,, ILPs,, (which we will see does have closed one-to-many-distinguishability), can
distinguish H from H; and Hy with the task (B, ({{{heads},), ({tails},?)})). Note that this is a
combination of the two brave tasks which distinguish H from H; and from Hs. We will show that
the ability to combine tasks in this way is a sufficient condition for a framework to have closed one-

to-many-distinguishability. Proposition 5.25 shows the one-to-many-distinguishability class of ILP,.

Proposition 5.25. D! (ILP,)={(B,H,{h1,...,hn}) | AS(BUH) € AS(BUh1)U...UAS(BUh;,)}

Proof.

104



5.2. THE ONE-TO-MANY-DISTINGUISHABILITY CLASS OF A LEARNING...

1. Let B,H, hy,...,hy, be ASP programs such that AS(BUH) € AS(BUhy)U...UAS(BUhy,).
This implies that there is an interpretation A that is an answer set of B U H but not an answer
set of any of the programs BUhy, ..., BUAh,,. Let L be the set of atoms which occur in at least
one answer set of at least one of the programs BU H, B U hy,...B U hy,; then B U H has an
answer set that extends (A, L\ A), but none of BU hy,... BU hy, do. So the task (B, (A4, L\A))
distinguishes H from hy to h,,. Hence, (B, H,{h1,...,hm}) € DL (ILP,).

2. Assume (B, H,{h1,...,hy}) € DL (ILP,). Then there is an ILP, task Ty = (B,(E*, E7))
such that B U H has an answer set extending (E™, E~) and none of B U hy,...,B U hy, do.
Hence, there must be at least one answer set of B U H, which is not an answer set of any of
BUhy,...,BUhy,. Therefore AS(BUH)Z AS(BUh1)U...UAS(BU hy,).

O

For a framework F to have closed one-to-many-distinguishability it is sufficient (but not necessary)
that for every two F tasks, there is a third F task whose solutions are exactly those hypotheses which
are solutions to both of the original two tasks. This is formalised and proved in Lemma 5.26. This
condition is not necessary in general, but it holds for the frameworks considered in this chapter that

have closed one-to-many-distinguishability.

Lemma 5.26. For any learning framework F to have closed one-to-many-distinguishability, it is
sufficient that for every pair of learning tasks T3 = (B,EL) and T% = (B, E%) it is possible to
construct a new learning task T3 = (B, E%) such that ILPz(T%) = ILPr(T+) N ILPr(T%).

Proof. Assume that for every pair of learning tasks le_- = <B,E}_~> and TJQ_- = (B,Eg_-) it is possible
to construct a new learning task 7% = (B, E%) such that ILPr(T%) = ILPr(T§) N ILPr(T%). Let
(B,H,S1),...,(B,H,S,) € D.(F). To prove that F has closed one-to-many-distinguishability, we
must show that (B, H,S1U...US,) € D} (F). We prove this by showing (by mathematical induction)
that for each k € [1..n], (B, H,S1U...US}) € DL (F).

Base Case: k= 1. (B, H,S;) € D} (F) by the initial assumptions.
Inductive Hypothesis: Assume that for some 1 < k < n, (B, H,S; U...USk) € DL (F)
Inductive Step: We must show that (B, H,S; U...U Sky1) € DL (F).

As (B, H,S1U...USk) € DL (F) (by the inductive hypothesis), there must be a learning task 7'x
such that H € ILPz(T¥) and (S1U...USy) NILPr(TF) = 0. As (B, H, S41) € D}, (F), there
must also be a learning task T% such that H € ILPr(T%) and Sy11 N ILPr(T%) = (. By our
initial assumption, there is a learning task T3 = (B, E%) such that ILPz(T%) = ILPr(Tx) N
ILPF(T2). So, H € ILPF(T%), (S1U ... U Sk) N ILPF(T%) = 0 and Sy N ILPF(TE) = 0,
Therefore, H € ILPr(T%) and (S1U...USk11)NILPr(T%) = 0. Hence, (B, H, S1U...USk41) €
DL (F).

O
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Proposition 5.27. (proof on page 283) ILP., ILPsy,, ILPpas, ILPLoas and ILPE%ﬁffgt all have

closed one-to-many-distinguishability.

Theorem 5.28. Given two frameworks Fi and Fo, DL (F1) C DL (F2) if and only if Di(Fi) C
Di(F2).

Proof.

DL (F1) C DL, (F2)
(B,H, Hy) € D}(Fy)
& (B,H,{Hy,...,H,})
(B,H, H,) € D} (Fy)

(B, H, Hy) € D} (F)
C<(B,H,{Hy,...,H,}) (by Prop. 5.22)
(B,H, H,) € Di(F)
& Di(F1) C Di(F).

O

Corollary 5.29. Given two frameworks F; and F» with closed one-to-many-distinguishability:
DL, (F1) C DL,(F) if and only if Di(Fy) C Di(Fa).

Theorem 5.30. Consider the learning frameworks ILP,, ILP., ILPsy,, ILPras, ILProas and
TP,

1. DL(ILP,) C DL,(ILPyy,) C DL (ILPLas) C DL (ILPLoas) C DY, (ILPpcst

2. DL (ILP,) C D} (ILPpas)

Proof. Firstly, as shown in Example 5.24, D} (ILP,) is a strict subset of D} (ILP;). Hence, by The-
orem 5.28, D! (ILP,) C D} (ILPs,,); and hence as ILP;,, has closed one-to-many-distinguishability,
D} (ILP,) C D} (ILPsy). The other results all follow from Corollary 5.29 and Proposition 5.27. [

Even if two frameworks F; and Fu both have closed one-to-many-distinguishability, it might not
be the case that their combination has closed one-to-many-distinguishability. Example 5.31 shows,
for example, that this is not the case for ILPs,, and ILP.. We first define what we mean by the

combination framework constructed from two given frameworks.

Definition 5.6. Given two frameworks F; and F3, a task of the combination framework comb(F1, F2)
is either of the form (B, (1, E1)), where (B, E) is an F task, or of the form (B, (2, Es)), where (B, Es)
is an Jy task.

ILPr, ((B,E))ifx=1

Given any comb(F1, Fa) task T'= (B, (x, E)): ILP,,, T) =
Ay Yy ( 1 2) < < >> b(.7:1,]:2)( ) {ILPf2(<B,E>) =9
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Example 5.31. Consider the frameworks ILPg,, and ILP, (both of which have closed one-to-many-
distinguishability). Also consider the programs B = 0,H = {0{p}1.} ,H, = 0, H» = {0{p,q}1.}.
(B,H,Hy) € DI(ILPsy,) (using the task (B,{{({p},®)}))), and (B, H, Hs) € DI(ILP.) (using the
task (B, (0,{q}))). This shows that both (B, H, H1) and (B, H, Hs) are in D}(ILPs,) U D}(ILP.).
Hence by Definition 5.6 they must be in Di(comb(ILPys,,ILP.)). But using the distinguishability
conditions proven in the previous section, it can be seen that meither framework can distinguish H
from both Hy and Hs. Therefore, (B, H,{Hy, Hy}) & D} (comb(ILPs,,,ILP.)). This also means that
D} (ILPsy,) UDL(ILP,.) is a strict subset of DY (ILPpas). This is because D}, (ILPpas) contains
both (B, H,{H1}) and (B, H,{Hs}) (as it contains both D} (ILPsy) and D} (ILP.)) and has closed

one-to-many-distinguishability, so must also contain (B, H,{H1, H2}).

5.3 The Many-To-Many-Distinguishability Class of a Learning Frame-

work

So far, we have considered two main classes to define how general a learning framework is. Firstly,
we discussed the one-to-one-distinguishability class, which is made up of tuples (B, H, H') such that
the framework can distinguish H from H’ with respect to B. We showed that this has limitations and
cannot separate I LP, and I L Py, even though I LP, is clearly a special case of I L Ps,,. This motivated
upgrading the notion of a one-to-one-distinguishability class, changing the third element of each tuple
from a single hypothesis to a set of hypotheses to give the notion of a one-to-many-distinguishability

class.

This naturally leads to the question of whether it is possible to upgrade generality classes by allowing
the second element of the tuple to also be a set of hypotheses. Each tuple would then be of the form
(B, 51,52), where B is a background knowledge, and S7 and Ss are sets of hypotheses. For each tuple
in this new class, a framework would be required to have at least one task T with the background
knowledge B such that every hypothesis in S; is an inductive solution of 7', and no hypothesis in So

is an inductive solution of T'. Definition 5.7 formalises this many-to-many-distinguishability class.

Definition 5.7. The many-to-many-distinguishability class of a learning framework F (denoted
D'(F)) is the set of all tuples (B, Si,S2), where B is a program and S; and Sy are sets of hy-
potheses for which there is a task T, with background knowledge B, such that S; C ILPr(Tr) and
So NILPr(Tx) = (. Given two frameworks, F; and F», we say that Fj is at least as (resp. more)
D;-general than F» if and only if D]}(F2) C D) (F1) (resp. Dy (F2) C Di(Fi))-

We have already seen that for any two frameworks, F1 and Fo, Fi —g Fo = D}n (F1) C D}n(}"z) =
Di(F1) C Di(F). We have also seen that for D}-generality and D} -generality, even if there is
no corresponding strong reduction from F3 to Fj these subset relations are not necessarily strict.

Proposition 5.32 and Corollary 5.33 show that D] -generality is equivalent to strong reductions.
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Proposition 5.32. For any two learning frameworks F; and Fa, Fi — Fo < DI(F1) C DI (F)
Proof.

1. Assume that F; —4 F2. Let (B, S1,S2) be an arbitrary element of D/7'(F;). By definition of
D] (Fi1), there is a task T'r, with background knowledge B such that S C ILPr (Tr ) and
SoNILPr (TF,) = 0. Hence, as F1 —4 Fa, there is an F; task Tx, with background knowledge
B such that S1 C ILPr,(Tr,) and S2 N ILPr,(Tr,) = 0. Hence (B, S1,S2) € D (Fa).

2. Assume that DJ'(F;) C D*(Fa). Let Tr, be an arbitrary F; task. We must show that there
is a JFo task with the same background knowledge and the same inductive solutions. Let B
be the background knowledge of T'r,, S1 = ILPr, (T'r,) and Sz be the (possibly infinite) set of
ASP programs which are not in Sy. (B, S1,S2) € D)(F1); and hence, (B, S1,S2) € D (Fa).
Therefore, there must be at least one task Tz, with the background knowledge B such that
ILPr,(Tr,) = S1. Hence, Fi —4 Fo.

O

Corollary 5.33. For any two learning frameworks F; and F», F; is more D;-general than F3 if and
only if Fo —g. F1 and Fi A Fo.

Proposition 5.34. For any two frameworks F; and Fy: DI(Fy) C D(F2) = D} (F1) C DL, (F)

Proof. Assume that D7(F;) C D™(F,) and let (B, H,S) € D} (F;). Then (B,{H},S) € D"(Fy),
and so (B,{H},S) € D"(F,). Hence, (B, H,S) € D} (F). O

Theorem 5.35 shows that one framework being more D} -general than another implies that it is also
more D;’-general if there is a strong reduction from the second framework to the first.

Theorem 5.35. For any two frameworks F1 and Fs, if F1 is more D}n—geneml than Fo and Fo —>r F1

then F1 is more D] -general than Fa.

Proof. Assume that Fj is more D} -general than 7> and that F» —4 Fi. By Proposition 5.32, F is
at least as D'-general as Fa. It remains to show that Fj is not at least as D;’-general as F;. Assume
for contradiction that F» is at least as D)’-general as F;. Then by Proposition 5.34, F3 is at least as

D} -general as Fi, contradicting the fact that F; is more D} -general than J. Ol

Corollary 5.36. Consider the learning frameworks ILP,, ILP., ILPs,,, ILPrag, ILProas and
TP

1. D(ILPy) C D (ILPyy,) C D (ILPpas) C DI(ILPLoas) C DIM(ILPAEY)
2. D(ILP,) C D™ (ILPpas)
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Proof. Each result follows directly from Theorem 5.30, Theorem 5.35 and Proposition 5.4. ]

Note that although for each pair of frameworks discussed in this chapter, one being more D} -general
than another implies that it is also more D;-general, this result does not hold in general. Example 5.37

shows such a pair of frameworks.

Example 5.37. Consider a new learning framework ILP; that takes as erxamples a pair of sets
of atoms ET and E~ such that a hypothesis H is an inductive solution of a task if B U H has
exactly one answer set and this answer set contains all of the ET’s and none of the E~’s. The
one-to-one-distinguishability class DI (ILP;) C Di(ILP.). This can be seen as follows: assume that
(B,H,H'Y € DI(ILP;). Then there is a task Ty = (B,(E*,E™)) such that H € ILPy(T;) but
H' ¢ ILPy(Ty).

Case 1: AS(BUH') =1

Let T. = (B,(ET,E™)). As BU H has exactly one answer set, and this answer set covers the
ezamples, H € ILP.(T,). As AS(BUH') =, H ¢ ILP.(T,). Hence, (B,H,H') € DI(ILP,).

Case 2: BU H' has exactly one answer set, and this answer set does not cover the examples.

Let T. = (B,(ET,E™)). As BU H has ezactly one answer set, and this answer set covers
the examples, H € ILP.(T.). As BU H' has an answer set that does not cover the examples,
H' ¢ ILP.(T,). Hence, (B,H,H') € D}(ILP,).

Case 3: BU H' has multiple answer sets.

There must be at least one answer set A* of BUH' that is not an answer set of BUH (as BUH
only has one answer set). There must either be an atom a € A* that is not in the unique answer
set of BU H, or an atom a that is not in A*, but is in the unique answer set of BU H. In the
first case, let EX = 0 and E; = {a}. In the second case, let E} = {a} and E. = 0. Then
let T. = (B,(Ef,E_)). H € ILP.(T¢) as the only answer set of B U H covers the examples,
whereas H' ¢ ILP.(T.) as BUH' has at least one answer set that does not cover the examples.
Hence, (B, H,H') € DI(ILP,).

In fact, D}(ILP,) is a strict subset of DI(ILP.) as Di(ILP;) has no elements (B, H, H') where
B U H has multiple answer sets. As ILP, is closed under one-to-many-distinguishability, and all

one-to-many-distinguishability classes are subsets of their own closure, this means that ILP. is more
D! -general than ILP; (by Theorem 5.28).

ILP, is not, however, more DI'-general than ILPy. Take, for instance, the tuple t = (0, {{heads.},
{tails.}}, {{1{heads, tails}1.}}). The empty set of examples are sufficient for ILPy to distinguish
both hypotheses containing facts from the choice rule (as the choice rule has multiple answer sets).
Howewver, there is no ILP, task such that both facts are solutions, but the choice rule is not. Hence,
t € D(ILPy) but t ¢ DIN(ILP.); and so, ILP, is not at least as D) -general as ILPy. In fact, as

ILP; is not as D)} -general as ILP, either, the two have incomparable D]} -generalities.
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Example 5.37 shows that D]'-generality may not be able to compare two frameworks even when
there is a clear D}n—generality relation between the two. In the next section, we discuss relationships

between, and the relative merits of using, each measure of generality.

5.4 Discussion

‘ Property ‘ Consequences of property
F1 and F, have equal D} -generality F1 and F; have equal Di-generality
F1 and F» have equal D;}-generality 1) F; and F> have equal Di-generality
2) F1 and JF, have equal D} -generality
JF1 is more D%—general than Fo Either F; is more D} -general than F» or F; and F»
have incomparable D} -generality
F1 is more D; -general than F» 1) Either F; is more D]-general than F or F; and

F2 have incomparable D)-generality
2) Fj is at least as D%—general as JFo

F1 is more D]-general than F» 1) Fi is at least as D%—general as JFo
2) F is at least as D} -general as Fy

J1 is at least as D}n—general as Jo JF1 is at least as D%—general as Jo
Fi is at least as D)-general as Fa 1) F1 is at least as D%—general as Jo
2) F is at least as D} -general as F
F1 and F, have different D;-generality 1) F1 and F» have different D) -generality
2) F1 and F; have different D;-generality
F1 and F, have different D) -generality F1 and F3 have different D]} -generality

JF1 and Fo have incomparable D%—generality 1) F1 and F3 have incomparable D}n—generality
2) F1 and F, have incomparable D]'-generality

F1 and F» have incomparable D! -generality | F; and F, have incomparable D™-generality

Table 5.2: A summary of the relationships between the different measures of generality.

Table 5.2 summarises the relationships between the different measures of generality. It shows that
equal distinguishability is weaker than equal one-to-many-distinguishability, which is weaker than
equal many-to-many-distinguishability. This can be seen from the first section of the table, as equal
many-to-many-distinguishability implies equal one-to-many-distinguishability, which implies equal dis-
tinguishability, but the converse implications do not hold in general. On the other hand different distin-
guishability is stronger than different one-to-many-distinguishability, which is stronger than different
many-to-many-distinguishability. This means that many-to-many-distinguishability (resp. one-to-
many-distinguishability) will be able to “separate” frameworks that one-to-many-distinguishability
(resp. distinguishability) can not; but, there are more frameworks that are incomparable under many-
to-many-distinguishability (resp. one-to-many-distinguishability) than one-to-many-distinguishability

(resp. distinguishability).

The different notions of generalities will never be inconsistent, in the sense that one will never say
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that F7 is more general than F», while the other says that F» is more general than F;. It is useful,

however, to explain the tasks that the different measures of generality correspond to.

1. One-to-one-distinguishability describes how general a framework is at distinguishing one hypoth-

esis from another.

2. One-to-many-distinguishability describes how general a framework is at the task of identifying

one target hypothesis within a space of unwanted hypotheses.

3. Many-to-many-distinguishability describes how general a framework is for the task of identifying
a set of target hypotheses — for any background knowledge B and set of hypotheses S, there is a
task T with background knowledge B such that I LPr(Tr) = S if and only if (B, S, S) € D'(F),
where S is the (possibly infinite) set of hypotheses which are not in S.

In practice, as ILP usually addresses the task of finding a single target hypothesis from a space of
other hypotheses, one-to-many-distinguishability is likely to be the most useful measure; however, dis-
tinguishability classes are useful for finding the one-to-many-distinguishability classes of frameworks,

and many-to-many-distinguishability is interesting as a theoretical property.

More General Learning Frameworks

We have shown in this section that ILP§f2'%%" is more general (under every measure) than any of the
other tasks presented for learning under the answer set semantics. The obvious question is whether it

is possible to go further and define more general learning tasks.

The most D%—general learning task possible would be able to distinguish between any two different

ASP programs Hi and Hs with respect to any background knowledge B. This would require the

learning task to distinguish between programs which are strongly equivalent, such as {p. q:-p.}

and {p:-q. q.}. We would argue that this level of one-to-one-distinguishability is unnecessary as

in ILP we aim to learn programs whose output explains the examples. As two strongly equivalent

programs will always have the same output, even when combined with additional programs providing
context

“context”, we can not see any reason for going further under Di-generality. As T LP;iE" has closed

one-to-many-distinguishability, the same argument can be made for D} -generality.

One outstanding question is whether it is worth going any further under D)-generality. Note that it is
possible to define the notion of the closure of many-to-many-distinguishability classes; however, none
of the frameworks considered in this chapter have closed many-to-many-distinguishability. It is un-
clear whether having closed many-to-many-distinguishability is a desirable property for a framework.
Closed one-to-many-distinguishability means that a framework can distinguish a target hypothesis H
from any set of hypotheses .S such that it can distinguish H from each element of S: this means that the
sets of examples that distinguish H from each element of S can be combined to form a single set of ex-

amples, ruling out each element of S. For a framework to have closed many-to-many-distinguishability,
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however, given two (or more) target hypotheses Hy, Hs that can be distinguished from an undesirable
hypothesis Hs, it would need to be able to find a task which distinguishes both H; and Hy from Hj.
For example, as both (), {heads}, {1{heads, tails}1.}) and (0, {tails}, {1{heads, tails}1.}) are in
D% (ILPras), for ILPr4s to have closed many-to-many-distinguishability it would need to be able
to find a task with an empty background knowledge that distinguishes both {heads.} and {tails.}
from {1{heads,tails}1.}. It is difficult to imagine a scenario, however, where we should learn either
the hypothesis that a coin is always heads or always tails, when the choice rule is not a desirable

hypothesis.

5.5 Related Work

As discussed at the beginning of this chapter, the generality of a learning framework has been inves-
tigated before. In [DR97], generality was defined in terms of reductions — one framework F; was said
to be more general than another framework F» if and only if o —, F; and F; /4, Fo. We showed
in Section 5.3 that our notion of many-to-many-distinguishability coincides with a similar notion of
strong reductions. The difference with strong reductions, as compared to the reductions in [DR97], is
that strong reductions do not allow the background knowledge to be modified as part of the reduc-
tion. We showed in Example 5.3 that ILP, reduces to ILP,, but ILP, does not strongly reduce to
ILP,. This is because any reduction from I L P, to I LP, must encode the examples in the background

knowledge, which we would argue abuses the purpose of the background knowledge.

Aside from the differences between strong reductions and reductions, we have discussed that one-to-
many-distinguishability is more relevant when comparing the generalities of frameworks with respect
to the task of finding a single hypothesis within a space of hypotheses. The reductions of [DR97] are

closer to the notion of many-to-many-distinguishability, because they compare the set of solutions.

One key advantage to using our three notions of generality, rather than strong reductions or reductions,
is for comparing the relative generalities of frameworks that do not strongly reduce to one another.
For instance, we have seen that ILP, and ILP,. are incomparable under D%-generality, but we can
still reason that ILP, is never Di-general enough to distinguish a hypothesis containing a constraint
from the same hypothesis without the constraint. On the other hand, I L P, may be D%—general enough
to do so (for example, ILP, can distinguish {:-p.} from () with respect to {0{p}1.}, with the task

{o{p}1.}, (0, {p})))-

We have already discussed the main frameworks for ILP which work under the answer set semantics and
shown generality of these frameworks compare to our own frameworks. In particular, we have shown
that although the complexities of our three learning frameworks (ILPpas, ILProas and ILP§oet)
are the same as cautious induction, there are some learning problems which can be represented in
learning from answer sets that cannot be represented in either brave or cautious induction. One
example of this is the learning of the rules of Sudoku. This is because brave induction cannot incentivise

learning the constraints in the rules of Sudoku, and there are no useful examples that can be given
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to a cautious learner about the values of cells, since no cell has the same value in every valid Sudoku

grid.

Another early work on learning frameworks under the answer set semantics is Induction from Answer
Sets [Sak05]. In [Sak05], two learning algorithms IASP® and [AS™Y are presented. The task of
T ASP° is to learn a hypothesis that cautiously entails a set of examples. This corresponds to the task
of cautious induction. I1AS™Y on the other hand aims to find a hypothesis that does not cautiously
entail each of a set of examples (i.e. there should be at least one answer set that does not contain each
example). This is (in some sense reversed) brave induction. As shown [Sak05], in general the 1 ASP%*

and I AS™9 procedures cannot be combined in general to compute a correct hypothesis.

Another framework, under the supported model semantics rather than the answer set semantics,
is Learning from Interpretation Transitions (LFIT) [IRS14]. In LFIT, the examples are pairs of
interpretations (I, J) where J is the set of immediate consequences of I given BU H. In [LRB16],
we presented a mapping from any LFIT task to an [ LPEOO%‘?t task. This shows that the complexity
of deciding both satisfiability and verification for LFIT is at most Y4-complete. The generality,
on the other hand would be different to the tasks we have considered, since there are programs
that are strongly equivalent under the answer sets semantics that have different supported models.
Example 5.38 demonstrates a pair of such programs, and an example that learning from interpretation

transitions could use to distinguish between them.

Example 5.38. Consider the programs Py and Ps.

P ={p:-p.}
P=10
Py and Py are strongly equivalent under the answer set semantics. However, P, has the supported

model {p}, whereas Py does not. LFIT can distinguish Py from Py (with respect to an empty background
knowledge) with the example ({p},{p}).

Example 5.38 shows that I LPE;’%%” has a distinguishability class which does not contain LFIT’s distin-
guishability class. Conversely, LFIT cannot have a distinguishability class which contains D% (I LPE%ZIZ‘?“),
as it cannot distinguish hypotheses containing weak constraints from the same hypotheses without

the weak constraints. In fact, it does not even contain D%(I LPpag), as shown in Example 5.39.

Example 5.39. Consider the programs Py and Ps.

p={p}

Pzz{p:—p. }
p:- not p.

For both programs P and Py, the immediate consequences of any interpretation I is the set {p}. This
means that no example could possibly distinguish P from Ps with respect to an empty background

knowledge. Under the answer set semantics, however, Py has one answer set {p}, but Py has no
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answer sets. ILPpag can therefore distinguish Py from Py (with respect to the empty background

knowledge), with the positive example ({p}, D).

ILPr g, ILProas and I LPE%%;” have different distinguishability classes to LFIT, but none is either
more or less Di-general than LFIT. This is an interesting observation, as it demonstrates that even
when two frameworks are incomparable under our measures of generality, we can still reason about
their individual distinguishability classes and discuss hypotheses which one framework is powerful
enough to distinguish between and another is not. For instance, ILPj 45 cannot distinguish between
any two hypotheses that are strongly equivalent under the answer set semantics, but Example 5.38

shows that there are some cases where I L Py can.

5.5.1 Summary

In this chapter we have presented three measures of the generality of a learning framework. We have

shown that under each measure, all three of our learning frameworks are more general than any of the

existing frameworks, and that I LP{%%#" is the most general of all the frameworks considered. In the
context

rest of Part I, we present our work on algorithms for solving I LP;i%S" tasks concluding in Chapter 8

with an evaluation of our algorithms.
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Chapter 6

Using ASP for Inductive Learning of

Answer Set Programs

In Chapter 4 we introduced three frameworks for learning answer set programs, the most general of
which is TLP§oM4%t . In this chapter we describe the first algorithm for solving I LPf@%es" tasks, called
ILASP1 (Inductive Learning of Answer Set Programs) and prove its soundness and completeness
results. Several previous ILP systems [Ray09, CRL12, ACBR13] have used ASP as a computation
mechanism for computing inductive solutions. The ASPAL [CRL12] algorithm, for example, translates
a brave induction task into an ASP program whose answer sets correspond to the inductive solutions
of the original ILP task. We refer to these kinds of ASP encodings and their answer sets as meta-level
programs and meta-level answer sets. We will also refer to answer sets of B U H U ey, (for some

hypothesis H and some context eq) as object-level answer sets.

The ILASP algorithms also use a meta-level ASP program in their computation, but as these algo-

Ppontext tasks, the meta-level ASP programs are more

rithms are designed to compute solutions to I'L
complicated than ASPAL’s meta-level program. ASPAL was designed to solve brave induction tasks,
in which all examples must be covered in one answer set of the (object-level) program B U H. For
this reason, ASPAL only needs to reason about one object level answer set at a time, and so one
answer set of ASPAL’s meta-level program encodes a single answer set of the object level program. In
ITLP{%eat (and in ILPpag and ILProag) different examples can be covered by different object-level
answer sets, and as a result the meta-level programs used by the ILASP algorithms consider multiple

object-level answer sets in a single meta-level answer set. This is achieved through reification.

Example 6.1. Consider the ILPp g task T = (B, Sy, EY,E™), where:

Bz{p:-notq.} SMZ{;f q.. i }
E+_{ e <{p},{q}>} SATEE
o 2
e*: ({a}, {p})
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This task can be represented by the following meta-level ASP program P. As there are two positive
examples, which can be extended by two different object-level answer sets, each answer set of our

meta-level program considers two object-level answer sets, which are given the identifiers 1 and 2.

70B
1: as(1). as(2).
2: in as(p,AS_ID):- not in as(q,AS_ID),as(AS_ID).

%0y

3: 0{inh(1),in h(2)}2.

4: in_as(q,AS_ID):-as(AS_ID),in h(1).

5: in as(q,AS_ID):-as(AS_ID), not in as(p,AS_ID),in h(2).

Y%Examples

6: cov(l):-in_as(p,1), not in as(q,1).
7: cov(2):-in as(q,2), not in_as(p,2).
8: :- not cov(1).
9

:- not cov(2).

The program P wuses a similar technique to the meta-level program used in the ASPAL algorithm
(see Section 3.2.2). Each rule h in the hypothesis space is appended with an atom in h(hiq), which
represents whether or not h is in the hypothesis represented by a meta-level answer set. The key
difference between this program and the one used by ASPAL is that in this case both the background
knowledge and the hypothesis space have been reified. The effect of this is that each answer set of
the meta-level program P contains the representation of two (reified) answer sets of the object-level
program. The as facts in lines 1 and 2 introduce two object-level answer sets, with identifiers 1 and

2, respectively.

For example, consider the meta-level answer set A = {as(1), as(2), in h(2), in as(p,1), in_as(q,2),
cov(1), cov(2)} of P. It shows that there are two object level answer sets Ay = {p} (represented by the
in as atoms with the identifier 1) and As = {q} (represented by the in_as atoms with the identifier
2). Ay extends the first example, and Az extends the second example (which is ensured by lines 6-9 of
P). Note that sometimes a single object level answer set will extend two different examples. In this
case a meta-level answer set may contain the same object level answer set more than once (reified with
different identifiers).

The program in Example 6.1 uses several techniques which are used extensively in the ILASP meta-
level programs. For this reason, we introduce some notation which will considerably simplify the

definitions of these meta-level programs.
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Notation (A). Let P be an ASP program and lit be a literal. A(P,1it) is the program
constructed by adding 1it to the body of each rule in P.

Notation (M;',). Let A be a meta-level answer set. M, (A) is the hypothesis {h |
in h(hiq) € A}

We use the following general notation to refer to the reification of a given ASP program.

Notation (R). Let P be an ASP program, pred be a predicate symbol and {ti,...,t,} be
a (possibly empty) set of terms. R(P,pred,ty,...,ty) is the program constructed by replacing

every atom a in P with the reified atom pred(a, ty,...,ty).

In the ILASP encodings, most of the reification uses the same predicate and arguments, and will also
append every rule with the same atom. We therefore introduce a shorthand notation for applying
these operations. We also introduce a notation for extracting object level answer sets from meta-level

answer sets.

Notation (Rip a5). Given a program P, Rip as(P) = A(R(P, in_as, AS_ID), as(AS_ID)).

Notation (M_}). Given an answer set A of a meta-level program and a constant id, we
write M_1(A,id) to denote the set {a | in_as(a, id) € A}.

Throughout the rest of this thesis, we also assume that every rule, example, interpretation, and other
kind of object O has a unique identifier, denoted O;,. Furthermore, given a set S of such objects, we
use the notation ids(S) to denote the set of identifiers, {O;q | O € S}.

6.1 Meta Representation

In this section, we introduce the main components of the meta-level programs used by ILASP1 to

compute inductive solutions of I LPEOO"IZ%I'5 tasks!.

! An initial version of ILASP1, targeted at solving ILPr s tasks, was presented in [LRB14].

117



CHAPTER 6. USING ASP FOR INDUCTIVE LEARNING OF ANSWER SET PROGRAMS

Meta-program 6.1 (M;(T)). Given a learning task T, M;(T) is the program consisting of

the following components:
® Rin as(r) for each rule r € non_weak(B)
e A(Rip as(r),in h(riq)) for each rule r € non_weak(Snr)
o A(Rip as(€ctz), ctx(eiq, AS_ID)) for each e € ET U E~

e The choice rule 1{ctx(el4, AS_ID),..., ctx(e?y,AS_ID)}1:-as(AS_ID).
(where {e!,...,e"} = EYUE")

M (T) consists of the reification of the background knowledge and hypothesis space (where each rule
in the hypothesis space has been appended with an in h atom as in Example 6.1). As different object-
level answer sets may use different contexts, M1(T') contains a choice rule to indicate that exactly
one context is used by each object level answer set, and the rules in each context are added with an
extra atom appended. Example 6.2 shows how M can be used to reason about multiple object-level

answer sets, within a single meta-level answer set.

Example 6.2. Consider the ILP{%%" task T = (B, Sy, (ET, E™)), where:

Bz{p:—notq,r.} SM:{1: Q. }
2:

q:- not p.
o { er: (({p} {a}). {r)) }
2 (({a} {p}). 0)
E- =10 o°

Ob

0
0

Consider the program P = M1(T)U{as(1). as(2).}U{in h(2).}. The set of facts {in h(2).} represents
the hypothesis H = {q:- not p.}. In full, P is the program:

in_as(p, AS_ID) :- not in_as(q, AS_ID), in_as(r, AS_ID), as(AS_ID).
in_as(q, AS_ID) as(AS_ID), in_h(1).

in_as(q, AS_ID) not in_as(p, AS_ID), as(AS_ID), in_h(2).
in_as(r, AS_ID) :- as(AS_ID), ctx(1l, AS_ID).

1 { ctx(1, AS_ID), ctx(2, AS_ID) } 1 :- as(AS_ID).

as(1). as(2). in_h(2).

Each answer set of P represents a pair of object-level answer sets of B U H U ctx, where ctx is the
context of one of the two examples. For instance, consider the answer set A = {as(1), as(2), in h(2),
ctx(2,1), ctx(1,2), in_as(q, 1), in_as(p,2), in-as(r,2)}. A represents two object level answer sets:
firstly {q}, which is an answer set of BU H U €2, ; and secondly {p, r}, which is an answer set of

BUH Uel,,. As there are 3 possible object level answer sets (BUH Uel,, also has the answer set {q,

ctx
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r}), and each meta-level answer set represents two object-level answer sets, there are 32 = 9 answer
sets of P. Let Facts be the set {as(1), as(2), in_h(2)}. The other 8 answer sets of P, together with

each pair of object level answer sets that they represent are shown in the following table:

| A | Ma/ (A1) [ Mo (4.2) |
Facts U {ctx(1,1), ctx(1,2), in_as(p,1), in_as(r, 1), in_as(p,2), in_as(r,2)} {p, r} {p, r}
Facts U {ctx(1,1), ctx(1,2), in_as(p,1), in_as(r, 1), in_as(q,2), in_as(r,2)} {p, r} {q, r}
Facts U {ctx(1,1), ctx(1,2), in_as(q,1), in_as(r, 1), in_as(p,2), in_as(r,2)} {q, r} {p, r}
Facts U {ctx(1,1), ctx(1,2), in_as(q,1), in_as(r, 1), in_as(q,2), in_as(r,2)} {q, r} {q, r}
Facts U {ctx(1,1), ctx(2,2), in_as(p, 1), in_as(r,1), in as(q,2)} {p, r} {q}
Facts U {ctx(1,1), ctx(2,2), in_as(q,1), in_as(r,1), in as(q,2)} {q, r} {q}
Facts U {ctx(2,1), ctx(1,2), in_as(q,1), in_as(q,2), in_as(r,2)} {q} {q, r}
Facts U {ctx(2,1), ctx(2,2), in_-as(q, 1), in-as(q,2)} {q} {q}

Theorem 6.3 generalises Example 6.2 to show how M;(T) can be used to reason about a set of

object-level answer sets.

Theorem 6.3. (proof on page 284) Let T be the ILP{3E" task (B, Sy, (E1,E~, 0P, 0°%), AS;qs =
{t1,...,tn} be a set of terms and let H C Sy;. Consider the program P = M (T) U {as(t). | t €
AS;4s} U{in h(hsa). | h € H}. For any list [(I',e'),... (I e™)] (of length |ASi4s|), where each
I is an interpretation and each €' is selected from ET U E~, 3A € AS(P) such that Vi € [1,n],
ctx(ely, ti) € A and M (A, ti) = I' if and only if Vi € [1,n], I' € AS(BUH U¢',,).

The meta-level programs we have considered so far are useful for generating many object-level answer
sets within a single meta-level answer set. We now show how to constrain these answer sets to check

whether certain examples are accepted.

The check program, which is formalised in Meta-program 6.2, contains a single rule, whose body is
satisfied if a particular object-level answer set of B U H U e, (with identifier as_id) extends e,; and

the meta-level answer set contains ctx(eiq,as_id).

Meta-program 6.2 (check(e,as_id)). Given any CDPI e, and constant as_id, check(e, as_id)
is the program:
cov(eiq,as_id):- ctx(eiq,as id),in as(e}

inc)
1

exc)

n
exc)

as_id),...,in as(e}, ., as_id) }

not in as(eg,.,as_id),..., not in_as(el,.,as_id)

Theorem 6.4 shows that we can use the check program in conjunction with My in order to determine
which object-level answer sets are accepting answer sets of which examples.

Theorem 6.4. (proof on page 285) Let T be an ILP{3EY task with background knowledge B and
hypothesis space Syr, and let H C Syr. Let AS;qs = {t1, ..., ta} be a set of terms. For each t € AS;qs
let Et be a set of CDPIs.
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Consider the program P = My(T) U {in.h(hiq).|h € H}
U {as(t). |t € ASiss}
U {check(e,t) | t € AS;4s,€ € Et}

1. For any list [(I*,el), ..., (I",e™)] (of length |AS;qs|) such that each €' is selected from E* U E~
and each I' is an interpretation: 3A € AS(P) such that Vi € [1,n], ctx(ely, ti) € A and
MZHA t5) = I' if and only if Vi € [1,n], I' € AS(BUH Uel,,).

ctx

2. For any answer set A € AS(P), Vi € [1,n], Ve € EY U E~, cov(eiq,ti) € A if and only if
ctx(eia, t1) € 4, € € By, and My} (A, t1) is an accepting answer set of e wrt BUH.

We now introduce a similar program, which can be used to check whether or not an ordering example
is accepted. We first define a meta-level representation of the weak constraints in B U Sp;. This
is given in Definition 6.1. Intuitively, this meta representation expresses that if the body of a weak
constraint in a program P is satisfied by an interpretation I, then (w,lev,ti,...,ty) € weak(P,I)

(where [wQlev,ty,...,ty) is the tail of the weak constraint). The w predicate represents the tuples in
weak(P, ).

Definition 6.1. Let as_id be a term. Given a weak constraint, R of the form :~ by, ..., bx, not cy,.

not cy.[wt@Qlev,ty,...,ts], Ruweak(R,as_id) is the rule:

ey

w(wt, lev,args(ty,..., ty),as id):-
as(as_id), in_as(bs,as_id),..., in as(byk,as_id),

not in as(cy,as_id),..., not in as(cy,as_id).

For a set of weak constraints W, Ryeqk(W, as_id) = {Ryear(R,as_id) | R € W}.

Example 6.5. Consider the program W containing one weak constraint :~ p(X,Y).[1@Q1,X] and the
interpretation I = {p(1,1),p(2,2),p(1,2),p(2,1)}.

We can calculate weak(W, I) using the program P.

as(1).
in as(p(1,1),1).
P in_as(p(1,2),1).
in as(p(2,1),1).
in as(p(2,2),1).
w(1l,1,args(X),1):-as(1),in as(p(X,Y),1)

P has one answer set {as(1), in_as(p(1,1),1), in_as(p(1,2),1), in_as(p(1,1),1), in_as(p(2,2),1),
w(l,1,args(1),1), w(1,1,args(2),1)}. This indicates that weak(W,I) = {(1,1,1), (1,1,2)}.

2Recall from Chapter 2 that given a program P and an interpretation I, a tuple (w,1,ts,... ,tn) € weak(P,I) if and
only if there is a weak constraint :~ body.[w@1, t1,...,ts] in ground(P) such that I satisfies body.
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In order to check whether or not an ordering example o is respected, we require two object-level answer
sets. The check_ord program can be used to check that an ordering example is respected by using
two answer set identifiers. The program, given in Meta-program 6.3, is split into 6 parts. Part 1 uses
the check program from Meta-program 6.2 to check whether the two answer sets are accepted by the
two examples in 0. The next two parts use Ryeqr t0 represent the weak constraints in BU Sy, (where
the weak constraints in Sj; have been appended with in_h atoms, as usual. Part 4 checks at each
priority level whether one answer set dominates the other. The obvious rule that could be used to

check whether one answer set dominates another at priority level lev, is:

dom_at 1v(aj,ag, lev):-S; = #sum{w(W,lev,A a;) =W}, Sy = #sum{w(W, lev,A ay) = W},S; < S2.
This naive encoding has many ground instances, however, as there is one ground instance for each pair
of values s1 and s, that the variables S; and S, could possibly take. The check_ord program therefore
instead uses the equivalent rule:

dom_at_1v(aj, as, lev):- #sum{w(W,1lev,A a;) = W,w(W,lev,A ap) = —W} < 0.

Part 5 of the check_ord program expresses that one answer set A; dominates another answer set Ag
if there is a priority level lev such that A; dominates Ay at lev, and Ay does not dominate A; at
any level which is higher than lev. Finally, part 6 expresses that o is accepted if the two answer sets
extend the two examples referred to in o and the domination relation between the two answer sets is

the same as specified by the operator in o.

Meta-program 6.3 (check_ord(T,o0,as,a3)). Let T be the task (B, Sy, (ET, E~,0% 0°)).
Given an ordering example o € O° U O, such that Oggl = el and Opg2 = e? and any two

terms a; and ay, check_ord(T, 0,21, ay) is the program comprised of the following components:

1. check(e!,a1) U check(e?, ap)
2. Ruweak(B;2a1) U Ryeak(B, 22)

3. For each W € weak(Syr), the rules A(Ryeak(W,a1),inh(Wiq)) and
A(Rweak(vva a2)7 inll(wid))'

4. For each priority level lev that occurs in at least one weak constraint in B U .Sy, the rules:

dom_at_1v(aj,ap, lev):- #sum{w(W,lev,A a;) = W, w(W,lev,A ay) = —W} < 0.
dom_at_1v(ap,as, lev):- #sum{w(W,lev,A a;) = W,w(W, lev,A ap) = —W} > 0.

5. For each priority level 1lev that occurs in at least one weak constraint in BU .Sy, the rules:

dom(aj,as) :- dom at lv(ai,as,lev),

not dom at 1lv(as,as,1ly),..., not dom at lv(ay,as,ly).
dom(as,a;) :- dom.at_lv(ap,ai,lev),

not dom at 1lv(aj,as,1ly),..., not dom at _lv(as,as, ly,).

(where {14,...,1,} are the levels that occur in B U Sy, that are higher than lev)
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6. If oop is <, the rule:

ord respected(oiq,a1,as):-dom(ays, ay), cov(ely, ar), cov(e?y, as).

If oop is > the rule:

ord respected(oi4,a1,az): - dom(as, a), cov(ely, ar), cov(e?y, az).

If oop is #, the rules:
ord respected(oiq,a1,as):-dom(ay, ay), cov(ely, ar), cov(e?y, as).

ord respected(oig,a1,as) :-dom(as, a;), cov(ely, ar), cov(e?y, as).

If o,y is =, the rule:

ord respected(oiq,as,a):- not dom(ay,as), not dom(as, as),cov(ely,as), cov(e?y,as).

If o,y is <, the rule:

ord respected(oiq4,a1,2):- not dom(as,a;),cov(ely, ar), cov(e?y, as).

If 0, is >, the rule:

ord respected(oiq,a1,a):- not dom(as,ay),cov(ely, ar), cov(e?y, as).

We now demonstrate that we can combine M; with instances of the check and check_ord programs
in order to determine which examples and ordering examples are accepted by a hypothesis H. The
program presented in Theorem 6.6 generates a set of object-level answer sets and checks which answer
sets are accepting answer sets of which examples, and which pairs of object-level answer sets are
accepting pairs of answer sets of 0. In this and subsequent chapters we use programs of this form, but
for efficiency we often do not need to check whether the object level answer set (resp. pair of object
level answer sets) for every term (resp. pair of terms) is an accepting answer set (resp. accepting pair
of answer sets) of every CDPI (resp. CDOE) in the task. We therefore specify a set of CDPIs (resp.
CDOEs) for each term (resp. pair of terms) that should be checked. The first point of the theorem
shows that the meta-level answer sets correspond to the set of all combinations of object-level answer
sets. Point (2) shows that given a meta-level answer set A of the program, for each CDPI e such that
cov(eiq,t) € A, the object level answer set represented by t in A is guaranteed to be an accepting
answer set of e. Similarly, for each CDOE o such that ord_respected(o,ti,ts) € A, the pair of
object-level answer sets (A1, A2) represented by the terms t; and ty (respectively) is guaranteed to

be a pair of accepting answer sets of o.

Theorem 6.6. (proof on page 286) Let T be an ILPEOO%%” task with background knowledge B and
hypothesis space Syr, and let H C Syy. Let AS;qs = {t1, ..., ta} be a set of terms and Pair;qs be a
set of pairs (ti,tj), where t; and tj are terms in AS;qs such that no term occurs more than once in

Pair;gs.

For each t € ASjqs let Ex be a set of CDPIs and for each tuple p € Pairqs let Oy be a set of CDOEs.
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Let P=My(T) U {inh(hi4) | h € H}

{as(t). |t € ASius}

{check(e,t) | (t,e) € Ex,t € ASi4s}

U {check_ord(T,o,ts,t;5) | p = (ti,t;) € Pairigs,0 € Op}

c C

For each term t € ASjqs, let E(t) = Ex U{e | p = (t,.) € Pairigs,(e,_,-) € Op} U{e | p = (,,t) €
Pairid& <7a €, *> € Op}

1. For any list [(I',e), ..., (I, e™)] (of length |AS;4s|) such that each €' is selected from ET U E~
and each I' is an interpretation: 3A € AS(P) such that Vi € [1,n], ctx(ely, t;) € A and
ML(A ) = I if and only if Vi € [1,n], I' € AS(BU H Ueél,,).

2. For any answer set A € AS(P), Vi € [1,n], Ve € ET UE~, cov(eia,ti) € A if and only if
ctx(eiq,ti) € A, e € E(t3) and M;}(A,t;) is an accepting answer set of e wrt BU H.

L 0e2,0p) and for any i,j € [1,n],

3. For any A € AS(P), for any ordering example o = (oe
ord_respected(oiq, ti,tj) € A if and only if p = (ti,tj) € Pairys, o € Op, cov(oelq, ti) € 4,
cov(oe?y,tj) € A and (M} (A, t1), M (A, t5)) is an accepting pair of answer sets of o wrt

BUH.

6.2 Searching for Positive and Violating Hypotheses

The programs presented in the previous section provide a way to check whether a hypothesis accepts
a set of CDPIs and CDOEs. A hypothesis can be represented as a set of in h facts added to the
meta-level program and a set of examples are accepted if there is an answer set that contains cov and
ord respected atoms for each of the examples. In order to use this program to search for hypotheses
that accept all of these examples, we must make two changes to the program. First, rather than adding
a set of facts describing the hypothesis, we must add a choice rule which expresses that any rule in
the hypothesis space can either be in, or not in the hypothesis. Second, we must add constraints
expressing that each of the required cov and ord_respected atoms must occur in any answer set of
the program. For the case with only CDPIs, this program would be similar to the program P in
Example 6.1.

The programs presented so far only generate accepting answer sets of CDPIs and accepting pairs
of answer sets of CDOEs. This allows us to easily generate the hypotheses which cover all of the
positive examples and brave orderings; however, enforcing the coverage of negative examples and
cautious orderings is more complicated. Example 6.7 illustrates why a naive approach, using meta-

level constraints to enforce that negative examples are covered, does not work.

Example 6.7. Consider the ILP{OE task T = (B, Sy, (E, E~,0°,0°)), where:
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q:- not p.

E+:={ er: (({p}, {a}), 0) } E—::{ ez (({a}, {p}),0) }
ot =10 it

B={p:-notq } SM:{q }

It might be thought that this task could be represented by the meta-level ASP program P.
as(1).

as(2).

:- not cov(1,1).
- cov(2,2).

P=M(T)U U check(e1, 1) U check(ez, 2).

P is shown in full below.

70B
1: as(1). as(2).
2: in as(p,AS_ID):- not in as(q,AS_ID).

JoSu

3: 0{inh(1),in h(2)}2.

4: in_as(q,AS_ID):-as(AS_ID),in h(1).

5: in as(q,AS_ID):-as(AS_ID), not in as(p,AS_ID),in h(2).

%Examples

6: cov(l,1):-in_as(p,1), not in_as(q,1).
7: cov(2,2):-in as(q,2), not in_as(p,?2).
8: :- not cov(1l,1).

9: :-cov(2,2).

P has one answer set {as(1),as(2),in h(2),in as(p,1),in as(p,2),cov(1,1)}. This would indicate
that q:- not p is an inductive solution of the task, but this is not the case (as the hypothesis has
the answer set {q}, when combined with the background knowledge). The problem arises because the
negative example e is covered only if there are no accepting answer sets of es with respect to BU H,
whereas the program P ensures only that there is at least one object level answer set of BU H that is

not an accepting answer set of es.

In fact, as shown in Section 4.5, deciding the satisfiability of propositional ILPfZ tasks is »h-
complete. This means that unless the polynomial hierarchy collapses, in general we cannot write
an ASP program using only normal rules, choice rules and constraints whose answer sets can be
mapped to the inductive solutions an ILPf%%E! task (as deciding satisfiability of these programs
is only ¥F-complete). In ASP there are two ways of solving ¥J'-complete problems. ASP solvers
such as clingo (starting with clasp-D [GKS13]) permit the use of disjunction in ASP. Deciding the
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satisfiability of disjunctive logic programs and programs containing unstratified aggregates is 25 -
complete. In practice, however, encoding ¥¢-complete problems in ASP requires advanced techniques
such as saturation [EG95]. Such encodings can be unintuitive, and are often only understandable by
experts in ASP [GKS11]. Another method for accessing higher levels of the polynomial hierarchy in
ASP is to solve an ASP program iteratively (i.e. solving the program many times, each time amending

the program, based on the previous iteration).

The algorithms in this thesis explore the second direction. By using an iterative approach, we have
been able to develop algorithms that are specifically targeted at solving I LPE%%@“ tasks, rather than
delegating the entire 25 problem to a general-purpose ASP solver.

In each iteration, ILASP1 searches for hypotheses which cover all of the positive examples and brave
orderings — we call these the positive hypotheses. It may find some hypotheses which do not cover
some negative examples or cautious orderings. These are still positive hypotheses, but they are not
inductive solutions — we call these the violating hypotheses. The idea of the ILASP1 algorithm is to
rule these hypotheses out by adding constraints to the meta-level program, before solving it again.
Once there are no violating hypotheses left, the remaining positive hypotheses are in fact the inductive

solutions. Definition 6.2 formalises the notions of positive and violating hypotheses.

Definition 6.2. Let T = (B, Sy, (E+, E7,0% 0°)) be an ILP{%t task. A hypothesis H C Sy
is said to be positive if Ve € Et, H accepts e and Yo € O, H accepts o. A positive hypothesis H is
said to be wviolating if there is at least one e € E~ such that H accepts e or at least one o € O° such
that H does not cautiously respect o. We write P(T') and V(T') to denote the positive and violating
hypotheses of T. We also write P™(T) and V"(T) to denote the positive and violating hypotheses of
length n (for any n € N).

Example 6.8. Consider the learning task T = (B, Syr, (ET, E~,0° 0°)), where:

B:{ ofp}1. } E+:{ e ({{a},0).0) }
q:- not r. e - (({r},0),0)

Bo={ e ({phAxh0) |

hi: r:- not q.

Sy = hy: :-p,q. Ob:{ ol (el e?, <) }
hs: :~ p.[1Q1]
hy: :~r.[1Q1] 0° = { o?: (el e? <) }

Note that in practice, we would not usually have identical CDOEs in O’ and O° (if an ordering is

cautiously respected then it is also bravely respected).

(0 is not a positive hypothesis, as it does not cover the positive example es. In fact, to be a positive hy-
pothesis (given the hypothesis space Sy ), a hypothesis must contain hy, because otherwise the example
ez cannot be covered (no rule in B, €%, or Sy\{h1} has r in the head). The hypothesis {hy} is still

ctx

not a positive hypothesis, as it does not cover the brave ordering o1 (there are no weak constraints in
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BU H, so all answer sets are equally preferred). The hypothesis {hi, ha} is a positive hypothesis, as
it prefers the answer set {q} to the answer set {p, r}. {hi, ha} is not an inductive solution, however;
instead it is violating, as it does not cover the negative example eg. The hypothesis {h1, hy, hg} covers
this negative example, as the extra constraint eliminates the answer set {p, q}, but it is still violating
as it does not cautiously respect the cautious ordering oy (it does not prefer the answer set {q} to the
answer set {r} — as neither pays any penalty). The hypothesis {hi, ho, ha} does cautiously respect o2,
and is not a violating hypothesis. Hence, as it is a positive hypothesis that is not violating, it is an

inductive solution of T.

We now prove that the inductive solutions of any task are indeed those positive hypotheses which
are not violating hypotheses. The proof follows from the definitions of an inductive solution, and a

positive and violating hypothesis.

Theorem 6.9. Let T be an ILP{3%ET task. Then ILP{EEN(T) = P(T)\V(T).

Proof. Let H € ILP{3EH(T)

& H C Sy, Ve € ET, BUH accepts e, Ve € E-, BUH does not accept e, Yo € O°, BU H bravely
respects 0o and Vo € O°, B U H cautiously respects o.
Ve € E*, BU H accepts e and
Yo € O°, B U H bravely respects o }
de € E~, BU H accepts e or
and H ¢ ¢ HC Sy| doe O°, BUH does not

cautiously respect o

@HG{HQSM

Jdee E-,BUH t
& H e P(T) anngZ{HgSM € ; accepts e or }

Jo € O¢, BU H does not cautiously respect o

dee E-,BUH t
o HePT) and H¢ {HeP(T) c aceepts e of
do € O¢, BU H does not cautiously respect o

< HeP(T)and H ¢ V(T)
& H e P(T)\V(T)
O

We can now present the main meta-level program, M(T), of the ILASP1 algorithm, which builds on
the partial meta-level programs we have presented so far. M(T) introduces one object-level answer
set per positive example and two object-level answer sets per brave ordering. We use M(T) in two
different ways: searching for positive solutions, and searching for violating solutions — in the second
case, we add the fact “check_violating.” to the program. In the case that we are searching for
violating solutions it is sufficient to find a negative example or cautious ordering that is not covered.

We therefore only need to introduce two extra object-level answer sets (v1 and v2) in this case. If these
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two answer sets are an accepting pair of answer sets for any cautious ordering, or if v1 is an accepting
answer set of any negative example, then the hypothesis represented by the meta-level answer set is

guaranteed to be a violating hypothesis.

There is also a constraint expressing that if the fact check_violating is present, then violating
must be present in any answer set A of M(T'), where violating is true if and only if at least one of

the following conditions hold:

1. There is a negative example e such that M;;(A,vl) is an accepting answer set of e. In this

case, we call M 1(A,v1) a violating interpretation of e. A will contain the atom v_i(eiq).

2. There is a cautious ordering o such that (M7 1(A,v1), M 1(A,v2)) is an accepting pair of
answer sets of inverse(o). In this case, we call (M,}(A4,v1), M;1(A,v2)) a violating pair of

interpretations of o. A will contain the atom v_p(0iq4).

Note that each brave ordering example requires a unique pair of object-level answer sets to be repre-
sented in each meta-level answer set. If there are two ordering examples 01 and oo that “share” the
same positive examples, a pair of answer sets proving that o is respected may not prove that oy is
respected. We introduce an extra pair of unique identifiers 0,47 and 0;49 for each ordering example o.

Note that these are not equal to (0eg1)id and (0eg2)id-

Meta-program 6.4 (M(T)). Let T be the ILP{@ et task, (B, Sy, (B, E=,0°,0%). M(T)

is the program comprised of the following components:

e The choice rule 0{in h(h;q)}1 for each h € Syy;.

L] Ml(T)
o as(e1a)- U check(e, e;q), for each e € ET.
:- not cov(eiq, €iq)-
as(0iq1)-
° as(0i42). U check_ord(o, 041, 042), for each o € ob.

:- not ord_respected(0iq, Oid1,Oid2)-

as(vl):-check violating.
as(v2):-check violating.
U :-check_violating, not violating.

violating:-v_i(_),check violating.

violating:-v_p(_),check_violating.

° { v_i(eiq):-cov(eiq,vl). } U check(e,v1), for each e € E~.
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p(014) :-
o !’ P(0ia) U check_ord(inverse(o),v1,v2), for each o € O°.
ord respected(oiq, V1, v2).

M(T') has several key properties that we show in Theorem 6.10. For ILASP1, the most important of
these properties are (1) that the answer sets of M(T") correspond to the positive hypotheses of T', and
(4), that if M(T') is combined with an extra fact (check_violating), then the answer sets correspond

to the violating hypotheses of T'. Properties (2) and (3) will be used in later chapters.

Theorem 6.10. (proof on page 290) Let T be an ILPEOO"E%M task, and H be a hypothesis.

1. A € AS(M(T)) such that H = M_", (A) if and only if H € P(T).

in_h

2. Ve € E—, for any A € AS(M(T) U {check violating.}) such that v_i(eiq) € A and H =
M (A), M;H(A,v1) is an accepting answer set of e wrt B U H.

in_h

3. Yo € O°, for any A € AS(M(T) U {check violating.}) such that v_p(oiq) € A and H =
ML (A), (IMZH(A,v1), M (A,v2)) is an accepting pair of answer sets of inverse(o) wrt

BUH.

4. 3A € AS(M(T) U {check violating.}) such that H = M_*' (A) if and only if H € V(T).

in_h

6.3 The ILASP1 Algorithm

Algorithm 6.1 shows the ILASP1 algorithm. The main idea of the approach is to iteratively compute
the set of inductive solutions of length n, starting at n = 0. The first time this set is non-empty, it must
be the set of optimal inductive solutions, and so it is returned. In each iteration, there are two steps:
firstly, we compute the set of violating hypotheses at the current length, using Meta-program 6.4; these
violating hypotheses are then converted into meta-level constraints, which are added to our meta-level
program before solving it again. The answer sets of the second meta-level program correspond to the
positive hypotheses which are not violating. By Theorem 6.9, these are the inductive solutions. The

meta-level programs are solved using the clingo [GKK™11] ASP solver.

In order to restrict the answer sets of our meta-level program to hypotheses of a given length n, we
add a constraint with a summing aggregate in the body. The augmented program is formalised in

Meta-program 6.5.

Meta-program 6.5 (M™(T)). Let T be the ILP{%"%" task (B, Sy, E) and let n € N, where
Sy ={R',...,R™}.
M™MT) = M(T) U {:-#sum{in h(R};) = |[R![,...,in h(RY,;) = |R"[} #n.}

We now show that for any n the answer sets of M"(T") are the answer sets A of M(T") such that the
hypothesis represented by A has length n.
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Algorithm 6.1 ILASP1

1: procedure ILASP1(T, max)

2 solutions = (;
3 for n = 0; solutions == 0 && n < max; n++
4: ASy = AS(M™(T) U {check_violating.});
5: vs = {M; 1 (A)| Ac ASi};
[§
7
8

in_h
ASy = AS(M™(T) U {constraint(V') | V € vs});
solutions = {M1, (A) | A € AS>};
end for
9: return solutions;

10: end procedure

Proposition 6.11. (proof on page 295) Let T be any ILP{o/4&" task and n € N. AS(M™(T)) =
{A e M(T) | |IMGL(A)] = n}.

Similarly to M(T'), M™(T)U{check_violating.} allows us to compute violating hypotheses — specif-
ically, it allows us to compute the violating hypotheses of a given length n. Once we have computed
these violating hypotheses, we use the meta-level constraints formalised in Meta-program 6.6 in order

to rule them out.

Meta-program 6.6 (constraint(H)). Let H be the hypothesis {h!,... , h"}. constraint(H) =
{:-innh(hly),...,inh(hly).}

In Proposition 6.12, we show that given a set of hypotheses V', we can use the constraint representation
in Meta-program 6.6 combined with the M"™(T') program to find the positive solutions that are not in
V.

Proposition 6.12. (proof on page 295) Let T be an ILPfC(’%egt task, n € N and V be a set of
hypotheses of length n. Consider the program P = M™(T') U {constraint(v) | v € V}. Then
PHUT\V = {M,!,(A)|A € AS(P)}.

We have now proved the intermediate results necessary to show the soundness and completeness of
ILASP1. To ensure termination, ILASP1 is called with an upper bound (maz) on the length of
a hypothesis. Without this upper bound, ILASP would only terminate for satisfiable tasks — for

unsatisfiable tasks, solutions would be empty at the end of every iteration.

In each iteration, ILASP1 first computes the violating hypotheses vs of length n, and then computes
the positive hypotheses ps of length n, which are not in vs (i.e. the inductive solutions of length n). If
this set is non-empty then the algorithm terminates and returns the set of optimal inductive solutions
of the task. Theorem 6.14 shows that ILASP1 is guaranteed to terminate and is both sound and
complete with respect to the optimal solutions (with length less than or equal to the given upper
bound) of any well-defined ILP{%"" task.
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In order to prove the termination of the ILASP1 algorithm, we must first show that each call to
the ASP solver terminates. In theory, this should be the case, provided the relevant groundings of
the programs being solved are finite. Proposition 6.13, shows that this is the case for the meta-level
programs used by ILASP1 to solve any task T, so long as all of the object-level programs that can be
constructed from the components of 7" have a finite grounding. We say that a task T is well-defined
if every program consisting of rules in the background knowledge, hypothesis space and contexts of T

has a finite relevant grounding.

Proposition 6.13. (proof on page 296) Let T be any well-defined ILPfo%" task, n € N, and HS
be any finite set of hypotheses.

1. ground ' (M™(T) U {check violating.}) is finite.

2. ground™ (M™(T) U {constraint(H) | H € HS}) is finite.

We are now ready to prove the termination, soundness and completeness results for the ILASP1
algorithm. Theorem 6.14 shows that given any well-defined ILP§f2"%%" task T' and any upper bound
maz, ILASP1(T, maz) terminates in a finite time and returns the set of optimal inductive solutions
H of T such that |H| < max; i.e. if there is an inductive solution H of T such that |H| < maz then
ILASP1(T, maz) returns the set of optimal inductive solutions of T'; otherwise, ILASP1(T, mazx)

returns 0.

Theorem 6.14. Let max € N and let T be an ILPfZAE" task.

1. ILASP1(T, max) terminates for any well-defined task.

2. ILASP1(T,max) = {H € *ILP{Z"(T) | |H| < max}
Proof.

1. As there are clearly a finite number of iterations, it remains to show that any arbitrary iteration
of the for loop terminates. Let n € N. Since by Proposition 6.13 (1), ground ®(M™(T) U
{check_violating.}) is finite, the first call to the ASP solver terminates. In the next line vs
must be finite, as vs must be a subset of the powerset of Sy;. Hence by Proposition 6.13 (2),

the second call to the ASP solver must also terminate. Hence, the iteration must terminate.

2. We first show that at the end of each iteration, solutions is equal to the inductive solutions of

length n.
In each iteration, after line 5, vs = {M 1, (A) | A € AS(M™(T)U{check violating.})}. Hence,
by Proposition 6.11, vs = {M_ ', (4) | A € AS(M(T)U{check violating.}), M1, (4)| = n}.

By Theorem 6.10 (part 4), this means that vs = {H € V(T) | |H| = n} (i.e. vs =V"(T)).
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Hence, at the end of each iteration, solutions = {M; ! (A) | A € AS(M™(T)U{constraint(V) |

in_h
V e V*(T)})}. By Proposition 6.12, this means that solutions = P"(T)\V™*(T).
Hence, at the end of each iteration, solutions is equal to the set of inductive solutions of length
n. We can now show that ILASP1(T, max) = {H € *ILP{Z"H(T) | |H| < max}.

Case 1: 3H € ILP{%" such that |H| < max

In this case, the set of optimal solutions must all have length m for some integer m < maz.
In all iterations where n < m, solutions must have been empty at the end of the iteration
(otherwise there would be an inductive solution with length smaller than m). Hence, as
ILASP1 is guaranteed to terminate (by part (1)), iteration m must be reached. At the end
of iteration m, solutions must therefore be the (non-empty) set of optimal inductive solutions
of the task.

Hence, in this case, ILASP1(T,max) returns {H € *ILP{ZN(T) | |H| < max} (as all

optimal inductive solutions have length m which is less than or equal to max).
Case 2: 3H ¢ ILP{% et such that |H| < max

In this case, as there are no inductive solutions H such that |H| < max, {H € *ILP{%%&(T) |

|H| < max} is empty. Hence, it remains to show that ITLASP1(T, max) returns §.

At the end of each iteration solutions must be empty, as otherwise there would be a solution

with length less than or equal to max. Hence, ILASP1(T,max) returns (.

6.3.1 Scalability Issues with the ILASP1 Approach

There are two main scalability issues with the ILASP1 algorithm. The first is that, in principle, there
may be an extremely large number of violating hypotheses that need to be found before the optimal
inductive solutions are found. We address this in the ILASP2 algorithm (Section 7.1), by introducing
the notion of wiolating reasons, which enable us to rule out many violating hypotheses which are all

violating for the same “reason”.

The second issue for scalability is the time it takes to solve the meta-level programs. Generally
speaking, ASP programs with larger relevant groundings take longer to solve. The size of the relevant
grounding of M(T) is roughly proportional to as x |ground”®(BU Sy UCS)| (where as is the number
of object level answer sets considered and C'S' is the union of the all of the contexts of examples). This
is because the relevant grounding of M(T') essentially contains as copies of the relevant grounding of
B U Sy UCS. Note that when the meta-level program is ground, the contexts “mix” — the relevant
grounding does not consider whether two atoms can appear in the same answer set, but only whether
each of them can occur in at least one answer set. Due to the size of the grounding, the performance

is affected by each of the following factors:

131



CHAPTER 6. USING ASP FOR INDUCTIVE LEARNING OF ANSWER SET PROGRAMS

1. The size of the problem domain (i.e. the Herbrand domain), as this affects the size of the relevant
grounding of BU Sy UCS.

2. The number of positive examples. This is because as = |ET|+2x|O’|4-2 (there is one meta-level
answer set for each positive example, two for each brave ordering and two extra — represented
by v1 and v2).

3. The size of B, Sy; and CS. It should be noted that the sizes of S3; and CS usually have a
greater effect than the size of B. This is because in the meta-level programs, B does not have
an extra condition (an in h or ctx atom), and so the ASP solver can use the rules in B to make
simplifications. For example, if a fact “a.” occurs in B, then clingo will remove any positive

occurrence of a from the bodies of ground instances of other rules.

In Section 7.2, we show how we can dramatically reduce the number of examples and contexts used in
the meta encoding, so that the grounding becomes significantly smaller. In Chapter 10, we go further,
and show how we can consider examples independently from all other examples, meaning that that
version of M(T') considers at most two object-level answer sets, and therefore its grounding is not

proportional in size to any number of examples.

6.4 Related Work

We now discuss how two of the other ILP systems which use ASP solvers, ASPAL and XHAIL, relate
to the ILASP approach. As both ASPAL and XHAIL are systems for brave induction, the results in
Chapter 5 mean that there are some programs which can be learned using ILASP that are out of reach

for these two systems; for instance, neither will ever learn a hypothesis that contains a constraint.

6.4.1 ASPAL

For brave induction tasks, the closest ILP system to ILASP is the ASPAL system, which works by
encoding an ILP, task as a meta-level ASP program, whose optimal answer sets correspond exactly

to the optimal inductive solutions of the task. We now reconsider the learning task in Example 3.15.
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Example 6.15. Consider the following (equivalent) tasks for the ASPAL and ILASP systems. The
first is a brave induction task Ti with traditional mode declarations, and the second is an ILPr g
task To with a fully specified hypothesis space. Note that the positive and negative examples in T are

combined into a single positive partial interpretation example in Ts.

bird(a). bird(a).
bird(b). bird(b).
B, — can(a, fly). B, — can(a, fly).
can(b, swim). can(b, swim).
ability(fly). ability(fly).
ability(swim). ability(swim).
penguin(X) :- bird(X).
M= { #modeh(penguin(+bird)) } penguin(X) :-bird(X), not can(X, fly).
#modeb(2, not can(+bird, #ability)) Sy =14 penguin(X):-bird(X), not can(X,swim).
penguin(X) :-bird(X), not can(X, fly),

not can(X, swim).
By = {({penguin(b)}, {penguin(a)})}

E; = {penguin(a)} E-=0

Ey = {penguin(b)}

The two meta-level programs produced by the two algorithms for solving this task are shown below;
first, the meta-level program of ASPAL, and then of ILASP. In the case of ASPAL, we have replaced

its choice rule with an equivalent one that conforms to the subset of ASP considered in this thesis.

bird(a).
bird(b).

can(a, fly).
can(b, swim).
ability(fly).
ability(swim).

ASPAL_Meta = { penguin(X):-bird(X),rule(1).
penguin(X) :-bird(X), not can(X,C1),rule(2,C1).
penguin(X) :- bird(X), not can(X,C1), not can(X,C2),rule(3,C1,C2).

0{rule(1),rule(2,fly),rule(2, swim), rule(3, fly, swim)}4.

goal:-penguin(b), not penguin(a).

:- not goal.
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0{in_h(1),in_h(2),in_h(3), in h(4)}4.

in_as(bird(a),AS_ID):-as(AS_ID).
in_as(bird(b), AS_ID):-as(AS_ID).
in_as(can(a, fly)):-as(AS_ID).
in_as(can(b, swim),AS_ID):- as(AS_ID).
in_as(ability(fly), AS_ID):-as(AS_ID).
in_as(ability(swim), AS_ID):-as(AS_ID).

in as(penguin(X),AS_ID):-as(AS_ID),in as(bird(X),AS_ID), in h(1).
in_as(penguin(X),AS_ID):-as(AS_ID), in as(bird(X), AS_ID),

not in as(can(fly,C1),AS_ID), in h(2).
in_as(penguin(X),AS_ID):-as(AS_ID), in_as(bird(X), AS_ID),
ILASP_Meta = not in as(can(swim,C1),AS_ID), in h(3).
in _as(penguin(X),AS_ID):-as(AS_ID),in as(bird(X), AS_ID),

not in as(can(fly,C1),AS_ID), not in_ as(can(swim,C2),AS_ID), in h(4).

as(1).
cov(1,AS_ID):-in as(penguin(b),AS_ID), not in_as(penguin(a),AS_ID),ctx(1,1).
:- not cov(1,1).

1{ctx(1,AS_ID)}1:-as(AS_ID).
as(vl):-check violating.
as(v2):-check violating.
:-check_violating, not violating.

violating:-v_i(_), check_violating.

violating:-v_p(_),check violating.
Other than the last set of rules in the ILASP_Meta program, the two programs have very similar
structures (although ILASP_Meta has been reified and uses the cov predicate rather than a single
goal atom). The additional rules in the ILASP program are there because the ILASP system is more
general and these extra rules are needed for solving tasks that have other kinds of examples (such
as context-dependent examples, negative (partial interpretation) examples and ordering examples).

Similarly, the reification is needed for ILASP to be able to solve tasks with multiple positive examples.

Another difference between the two meta-level programs is that ASPAL “delegates” the filling in of
constants in the hypothesis space to the ASP grounder. ILASP, on the other hand, enumerates the
hypothesis space in full. The two ground programs both contain the full hypothesis space, so there
is little difference between the two approaches for tasks with only one positive example. In general,
when ILASP has negative (partial interpretation) examples, this program could be solved many times,
meaning that it is more efficient to compute the hypothesis space once, rather than having the ASP

grounder compute it multiple times.

In general, these differences in representation have a negligible impact on the performance of the two

algorithms, as the size of the ground programs is almost exactly the same. One large difference between
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the two is that the ILASP1 algorithm presented in this chapter solves this program twice; once with
the check violating fact, and once without, which means that it is likely to take twice as long as
ASPAL. For this reason, the implementation of ILASP1 first checks whether the task contains any
negative examples or cautious orderings, and if there are mone it skips the first step of solving the

program with the check violating fact.

6.4.2 XHAIL

XHALIL is another algorithm for brave induction, and so, similarly to ASPAL, is unable to learn some
of the hypotheses that can be learned by ILASP. For the tasks that can be expressed by XHAIL,
XHAIL can be more scalable than ILASP (and ASPAL) as it does not enumerate the hypothesis
space in full, but first abduces the (ground instances of) heads of the rules in the hypothesis, then
deduces the atoms that can appear in the bodies of (ground instances of) the rules. Finally, it uses

its inductive phase to find the final hypothesis.

Both the abductive and inductive phases of the XHAIL algorithm are performed using meta-level
ASP programs. In problems with large hypothesis spaces these programs have considerably smaller
groundings than the ILASP meta-level programs, as the XHAIL programs do not contain the full
hypothesis space. For problems with large (groundings of) background knowledges, however, XHAIL
has similar scalability issues to ILASP, as its meta-level program in the abductive phase still contains

the grounding of the background knowledge over the entire problem domain.

Unlike ILASP (and ASPAL), XHAIL is not guaranteed to return the optimal inductive solution of
any task. This is caused by XHAIL choosing the “wrong” abductive solution in the abductive phase.

Example 6.16 shows a task where this occurs.

Example 6.16. Consider the following XHAIL task.

#example p(a). cond(1, a). cond(1l, b). cond(1, c).
#example not p(b). cond(2, a). cond(2, b). cond(2, d).
#example not p(c). cond(3, a). cond(3, c). cond(3, d).

#example not p(d).
pX) - qX), r(X).
% Atoms defining types used in the

% mode bias.

qt(a). qt(b). #modeh p(+pt).
rt(a). rtc). #modeh q(+qt).
pt(a). pt(d). ptlc). ptld). #modeh r(+rt).
int(1..3). #modeb cond($int,+pt).

Unlike ILASP, XHAIL adds “types” for each variable that occurs in a hypothesis. The optimal in-
ductive solution of this task would be the two rules “q(V1):-qt(V1).” and “‘c(V1):-rt(V1).”. XHAIL
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returns the longer hypothesis: “p(V1):-pt(V1),cond(1,V1), cond(2,V1), cond(3,V1).”. This is because
XHAIL picks the smallest abductive solution in the first phase, which is {p(a)}. The smallest induc-
tive solution that can be constructed from this solution is the one that is returned by XHAIL. If it
had instead picked the larger abductive solution {q(a), r(a)} then it could have found the true optimal

inductive solution.

Summary

In this chapter we have presented the first of our ILASP algorithms for solving ILPfo/4" tasks. As
discussed in Section 6.3.1, there are several scalability issues with the ILASP1 approach. The next
chapter introduces the ILASP2 and ILASP2i algorithms, which are specifically targeted at solving

some of these scalability issues.
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Chapter 7

Scalable Learning of Answer Set

Programs

In the previous chapter, we highlighted some potential efficiency and scalability issues of the ILASP1
algorithm. The main cause of these issues is that the size of the grounding of the meta-level pro-
grams being solved can become very large. In this chapter, we present two improved versions of the
ILASP algorithm that address these issues. ILASP2 replaces ILASP1’s inefficient notion of violating
hypotheses with a more general notion of violating reason, which can lead to more compact meta-level
programs when solving tasks with negative examples. ILASP2i is an iterative algorithm that consid-
ers a subset of the examples, called the relevant examples. This can have a dramatic effect on the
size of the grounding of meta-level programs, as this grounding size is proportional to the number of
examples being considered. The effect is that ILASP2i is not only much more scalable than ILASP1
and ILASP2 with respect to the number of examples, but also with respect to the size of the problem
domain and hypothesis space, which both have an additional impact on the size of the grounding of

the meta-programs.

7.1 ILASP2

One of the major scalability issues of the ILASP1 algorithm is that there may be many violating
hypotheses that need to be found and converted to constraints, before the first inductive solution is

found.

Example 7.1. Consider the ILPpag task T = (B, Sy, (ET, E™)), where Sy is defined by the mode

declarations M and:

o{p}1. er: ({p},0)
B=1{ o{q}. ET =1 e: ({qa},0)
o{r}1. es ({r},0)
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#modeh(1,p). F#modeb(1,p). es: ({p,a},0)

M- #modeh(1,q). #modeb(1,q). E~ =14 e5: ({p,x},0)
#modeh(1,r). F#modeb(1,r). es : ({q,r},0)
#modeh(1,s). #modeb(1,s).

One optimal inductive solution of this task is the set of constraints C':

:-p, Q-
C=¢ :-q,r.

:-p, T.
C has length 6, and so before ILASP1 finds C, it must rule out every positive hypothesis of length 5
or lower (as they are all violating). There are 97352 such positive hypotheses, and each of them must
be converted to a constraint. ILASP1 takes 41.3s to solve the task.

This simple example illustrates a scalability issue of the ILASP1 algorithm, related to the number of
violating hypotheses that need to be ruled out before the first inductive solution is found. In practice,
with larger hypothesis spaces and larger optimal solutions, there can be many more violating hypotheses,
and so ILASP1 would require more computation time. The root cause of the problem is that ILASP1
rules out each of the wviolating hypotheses as an individual constraint, meaning that its meta-level
program becomes very large. However, it is possible that many hypotheses could be violating for the
same “reason”. In this chapter, we introduce the notion of violating reasons and present an improved
algorithm, ILASP2, which is able to make use of this notion, leading to much more compact meta-level
programs. In the task above, for instance, ILASP2 only requires 8 violating reasons to rule out all of
the 97352 violating hypotheses computed by ILASP1, thus reducing the computational time from 41.3s
to just 0.16s.

Algorithm 7.1 shows the ILASP2 algorithm. The notation solve(P) means that Clingo is used to find
a single optimal answer set of P (if P is unsatisfiable then nil is returned). In ILASP1, each iteration
includes two main steps: firstly, we search for the violating hypotheses of a particular length, and
secondly we search for the remaining positive hypotheses, once the violating hypotheses found in the
first step have been ruled out. In ILASP2, we accumulate a set of wviolating reasons, V R (initialised
to 0 in line 2 of Algorithm 7.1, and expanded in each iteration in line 5). In each iteration, we solve
the meta-level program, M asp2, searching for the shortest positive hypothesis that does not violate
any of the violating reasons in V R. If the meta-level answer set A that we find contains the atom
violating, then we can extract a new violating reason that rules out the hypothesis represented by
A, and any other hypotheses that share this violating reason. In this way, ILASP2 can rule out many
violating hypotheses of different lengths in a single iteration, whereas in each iteration of ILASP1, the
violating hypotheses of a particular length are converted to constraints. Furthermore, the grounding
of the representation of violating reasons can be much more compact than the grounding of ILASP1’s
meta-level program, which contains an individual constraint for each violating hypothesis that has

been computed.
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Algorithm 7.1 ILASP2
1: procedure ILASP2(T)
2 VR =0;
3 A = solve(Mipasp2(T,VR));
4 while A # nil && violating € A
5: V R.insert(extractV R(A));
[§
7
8
9:

A = solve(Mirasp2(T,VR))
end while
return {M_ ! (A) | A € AS*(Mrpasp2(T,VR))}

in_h
end procedure

In the rest of this section we formalise the notion of violating reasons and show how we can both find

and eliminate these violating reasons using meta-level ASP programs.

7.1.1 Violating Reasons

We now formalise the notion of a violating reason. In general, there can be two reasons why a
hypothesis H is violating: it could accept a negative example, or it could not respect a cautious
ordering. More specifically, there could be an interpretation I that is an accepting answer set of
some negative example with respect to H — in this case, we call I a violating interpretation; or there
could be a pair of interpretations (I, o) that is an accepting pair of answer sets of inverse(o) for
some cautious ordering o — in this case, we call (I, I2) a violating pair of interpretations. The set of
all violating interpretations and violating pairs of a task are collectively called the violating reasons.

Definition 7.1 formalises the notion of violating interpretations.

Definition 7.1. Let T be the ILP{ME task (B, Sy, (ET,E~,0°,0°). Let e € E~ and H C
Su. An interpretation I is said to be a wviolating interpretation of H wrt e if I extends ey and
I € AS(BUH Uegy).

An interpretation [ is said to be a violating interpretation of T if there is at least one H C Sj; and

at least one e € £~ such that [ is a violating interpretation of H wrt e.

Example 7.2 revisits the task from Example 6.8, and exemplifies the concept of violating interpreta-

tions.
Example 7.2. Consider the learning task T = (B, Syr, (ET, E~,0° 0°)), where:
5o o{p}1. hy: r:- not q.
B q:- not r. hy: :-p,q.
Sy =

hy: :~ p.[1@1]
hy @ :~r.[1Q1]
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E+:{€1‘ <<{q},®>,®>} 0" ={o: (ehet <) |
ert (({z}.0).0)

B ={ eas ({{p}(x)0) ) or={o: (et ) |

The hypothesis {hy, ha} is a positive hypothesis, as it covers the positive examples and it prefers the
answer set {q} to the answer set {p, r}. As stated in Example 6.8, {hy, ha} is not an inductive solution,
as it does not cover the negative example es. More specifically, {p, q} is a violating interpretation of

{hi, hg} with respect to es.

Definition 7.2 formalises the notion of violating pairs of interpretations.
Definition 7.2. Let T be the ILP{oe task (B, Sy, (ET,E~,0°,0°). Let o € O¢ and H C Sy.
A pair of interpretations (I1, I3) is said to be a wiolating pair of interpretations of H wrt o if each of
the following conditions hold:

1. I extends (0eg1)pi and Iy € AS(B U H U (0eg1)ctz)

2. I extends (0eg2)pi and Io € AS(BU H U (0eg2)cta)

3. <Il, 1o, 00p> ¢ ord(BU H, {.[1, IQ})

A pair of interpretations (I, I2) is said to be a violating pair of T" if there is at least one H C Sy and
at least one o € O° such that (Iy, I5) is a violating pair of H wrt o.

Example 7.3 revisits the task from Example 6.8, and exemplifies the concept of violating pairs.

Example 7.3. Reconsider the task T from Ezxample 7.2. The hypothesis {hi, hy, hs} is a positive
hypothesis, with no violating interpretations. It is not an inductive solution, as it does not cover the

cautious ordering oa. More specifically, ({p, q},{r}) is a violating pair of {hy, ha, ha} wrt 0.

Definition 7.3 formalises the notion of violating reasons. A violating reason is a pair (R, e), where e is
an example and R is either a violating interpretation or violating pair of at least one hypothesis with

respect to e.

Definition 7.3. Let T be the ILPfZ task (B, Sy, (ET, E~, 0% 0°)). A violating reason of T is
a tuple (R, e), such that one of the following holds:

1. e € E~ and JH C Sj; such that R is a violating interpretation of H with respect to e.

2. e € O° and 3H C S); such that R is a violating pair of H with respect to e.
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Searching for Violating Reasons

The meta-level program M(T') can be used to find violating reasons. We now introduce two pieces of
notation which are useful when extracting violating interpretations and violating pairs from meta-level
answer sets. Recall that v1 and v2 are identifiers for object-level answer sets in the program M (7)),

which are used to identify violating hypotheses.

Notation (M ). Let A be a meta-level answer set. M_1(A) = M (A4, v1)

Notation (M,;). Let A be a meta-level answer set. M [(A) = (M (A, v1), M} (A, v2))

In iterations of the ILASP2 algorithm M(T) is solved once per iteration with the choice rule
0{check violating}1, instead of solving it twice with and without the fact check violating. The-
orem 7.4 shows that this program can be used both to find positive hypotheses, and to find violating

reasons.
Theorem 7.4. (proof on page 297) Let T be an ILPEOO%‘?t task, and H be a hypothesis. Consider
the program P = {0{check violating}1.} U M(T).

1. 3A € AS(P) such that H = M ", (A) if and only if H € P(T).

in_h

2. For any A € AS(P) and any e € E~, if v_i(eiq) € A and H = M, (A) then M} (A) is a

in_h

violating interpretation of H with respect to e.

3. For any A € AS(P) and any o € O, if v.p(oiq) € A and H = M_', (A) then M (A) is a

in_h
violating pair of interpretations of H with respect to o.

4. 3A € AS(P) such that H = M; ', (A) and violating € A if and only if H € V(T).

Algorithm 7.2 uses the result of Theorem 7.4 to extract violating reasons from meta-level answer sets.
If the meta-level answer set contains v_i(eiq) for some e € E~, then a violating interpretation is
extracted for e; otherwise, if there is an o € O° such that the meta-level answer set contains v_p(0iq4),

then a violating pair is extracted.

7.1.2 Representing Violating Reasons in ASP

In the previous section, we showed that the meta-level M(T') program can be used to find violating

reasons. In this section, we show that given a set of violating reasons VR, we can augment M (7))
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Algorithm 7.2 extractVR
1: procedure EXTRACTVR(A)
2 if Je st v_i(eiq) € A
3 return (M_'(A), e);
4: else if Jo such that v_p(oiq) € A
5
[§
7

return (M 1(A),o0);

vp

end if
end procedure

to constrain away any meta-level answer set which represents a hypothesis that is violating for any
of the reasons in VR. This augmented version of M(T) is the program Mpasp2(T, VR), used by
Algorithm 7.1.

Representing Violating Interpretations

Consider a hypothesis H and a pair (I,e), where e is a negative example, and [ is an interpretation
that was found to be a violating interpretation of a different hypothesis H' wrt e, but is not necessarily
a violating interpretation of H wrt e. We now describe a meta-level ASP program that enables us
to check whether I is a violating interpretation of H wrt e. We do this by checking whether [ is
an answer set of B U H U ey, which can be done by computing the minimal model of the reduct of
B U H U ey, with respect to I. Example 7.5 exemplifies the way in which we compute the minimal

model of a reduct within our meta-level program.

Example 7.5. Consider the normal logic program P.

p:-r, not q.
P=1{ q:-r, not p.
T.

Given an interpretation I, the reduct P! consists of the rules head(R):-body™*(R) such that R € P
and body~ (R)N I = (. Given an interpretation I, we can represent this in a meta-level ASP program,
by adding the interpretation as a (reified) set of facts, and reifying the negative literals in the body of
P. The program P’ demonstrates this with the interpretation {p,r}.

in_int(p).

in_int(r).
P/

p:-T, not in_int(q).
q:-r, not in_int(p).

r.

Using the splitting set theorem, it can be shown that the answer sets of this program are of the form
A1 U Ay, where Ay = R(I,in_int) and Ag is an answer set of the reduct of PI. As the reduct is a
definite logic program, this means that the program has a single answer set R(I,in_int) U M (P'). In
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this case, P' has the single answer set {in_int(p), in_int(r),p,r}, indicating that the minimal model
of P! is {p,r}.

When using this idea in the ILASP2 algorithm, we will need to reason about multiple interpretations,
and so we use a slightly more complicated reification, introducing an identifier for each interpretation

that we are testing, and reifing the positive body literals and heads of rules with the predicate mmr
(standing for the Minimal Model of the Reduct).

The program P" demonstrates how we can compute the minimal models of the reduct of P with respect

to the interpretations {p,r} and {q,r}.

int(1). int(2).
in int(p, 1). in int(q,1).
P in_int(q, 2). in_int(r, 2).

mmr (p, INT_ID):- int(INT_ID), mmr(p, INT_ID), not in int(q, INT_ID).
mmr(q, INT_ID):- int(INT_ID),mmr(q, INT_ID), not in int(p, INT_ID).
mmr(r, INT_ID):- int(INT_ID).

P" has a single answer set { int(1), int(2), in_-int(p,1), in int(r,1), in_int(q,2), in int(r,2),
mmr(p, 1), mmr(r, 1), mmr(q, 2), mmr(r, 2) }, which indicates that the minimal model of the reduct of P
with respect to {p,r} is {p,r} and the minimal model of the reduct of P with respect to {q,r} is {q,r}.

This means that both interpretations are answer sets of P.

Meta-program 7.1 formalises the general notion of the meta-level reduct representation. As our pro-
grams in general contain choice rules and constraints (in addition to the normal rules considered in
Example 7.5), the definition must also consider the transformation of these rules in a reduct. Before
presenting the meta-level program, we introduce a notation to represent reifying a conjunction of

atoms, while also negating each atom.

Notation (NR). Let {ai, ..., an} be a set of atoms, pred be a predicate symbol and
{t1,...,tn} be a (possibly empty) set of terms. N'R({ai, ..., an},pred,t1,...,ty) is the con-
junction not pred(ai,ti,...,ty),..., not pred(ap,tq,...,tn).

Meta-program 7.1 (M,cquct(P,int_id)). Let P be an ASP program containing normal rules,
choice rules and hard constraints, and let int_id be a term. Mgyt (P, int_id) is the program

consisting of the following rules:

1. For each normal rule R € P, the rule:
mmr (head(R), int_id) :- int(int_id), R(body™(R),mmr,int id),
NR(body™ (R), in_int, int_id).

2. For each hard constraint R € P, the rule:
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mmr(L,int id) :- int(int_id), R(body™(R),mmr,int id),
NR(body™ (R),in_int, int _id).

3. For each choice rule R € P, where head(R) = 1b{hy, ..., h, }ub, the rules:
mmr(L,int_id):-RB,ub + 1{in int(h, int_id),...,in_int(hy, int_id)}.
mmr(L,int_id):-RB, {in_int(hy, int_id),...,in_int(h,, int_id)}1b — 1.
mmr(hy,int_id):-RB, in_int(h;, int_id), 1b{in_int(h;,int_id),..., in int(h,, int_id)}ub.

mmr (hy,int_id):-RB, in int(hy, int_id), 1b{in int(h;,int_id),...,in int(h,, int_id)}ub.
where RB = int(int_id), R(body ™, mmr, int_id), N'R(body ", in_int, int_id)

Example 7.6. Consider the program P.

1{p,q}1:-r.
P=¢{ :-r not p.
r.
mmr(L,1):-int(1),mmr(r, 1), 2{in int(p, 1), in_int(q, 1)}.
mmr(L,1):-int(1),mmr(r, 1), {in_int(p, 1), in_int(q, 1)}0.
mmr(p,1):-int(1),mmr(r,1),in int(p, 1), 1{in_int(p), in_-int(q)}1.
Mieduct (P, 1) = . s N -
mmr(q,1):-int(1),mmr(r,1),in int(q, 1), 1{in_int(p), in-int(q)}1.
mmr(L,1):-int(1),mmr(r, 1), not in_int(p,1).
mmr(r,1):-int(1).

This program can be combined with a (reified) interpretation in order to compute the minimal model
of the reduct of the interpretation with respect to P. Consider the interpretation I = {p, q, r}. The
program M eguet(P, 1) U {int(1)} U R(I,in int,1) has a single answer set {int(1), in_int(p, 1),
in int(q,1), in int(r,1), mmr(r, 1), mmr(L,1)}. This demonstrates that the minimal model of P! =

{r, L}, and so I is not an answer set of P.

We now introduce a program M,;,, which enables us to take a set of interpretations, a set of examples
and a hypothesis H and check whether each interpretation is an answer set of B U H U e, (for the
example e). We consider a set S of tuples of the form (I, e,int_id), where we wish to check whether I
is an accepting answer set of e with respect to some hypothesis (the int_id’s are unique terms in each
tuple, and are used in the meta representation). Meta-program 7.2 formalises the meta-level program
Mo, which consists of 4 components. The first three components ensure that, for each interpretation,
Mo contains M.eguet(BU Sy Uee,, int_id), where each rule in Sy is appended with the usual in h
atom, and (I, e,int_id) € S. Given a hypothesis H, the final component ensures that for each tuple
(I,e,int_id) € S, not_as(int_id) is in the unique meta-level answer set of M,;,U{in h(hi4). | h € H}
if and only if I ¢ AS(B U H U egy).
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Meta-program 7.2 (M;,(T,S)). Let T be the ILPf/%%" task (B, Sy, E) and let S be a set
of tuples (I,e,int_id), where I is an interpretation, e is a CDPI and int_id is a ground term.

Myio(T, S) is the program consisting of the following rules:

1. For each (I,e,int_id) € S, the facts:
int(int_id).
{in_int(atom, int_id). | atom € I}
and the rules: M,cquct(€cta, int_id)

2. M, educt(B, INT_ID)

3. For each rule R € S);:
A(Meduet (R, INT_ID), in h(Riq))

4. not_as(INT_ID):- int(INT_ID), in_int(ATOM, INT_ID), not mmr(ATOM, INT_ID).
not_as(INT_ID):- int(INT_ID), not in_int(ATOM, INT_ID), mmr(ATOM, INT_ID).

Theorem 7.7 demonstrates that given a set of tuples of the form (I, e, int_id) as described in Meta-
program 7.2, M;, can be used to compute the minimal model of the reduct of each I wrt BUH Uegy,
(for the corresponding e), and that the unique meta-level answer set will contain not_as(int_id) if
and only if T € AS(BU H Ue,). For a negative example e, this can be used to check whether I is a

violating interpretation of H wrt e.

Theorem 7.7. (proof on page 299)

Let T be an ILP{ZAE" task with hypothesis space Sy and let H C Syy. Let S be a set of tuples of the

form (I,e,int_id), where I is an interpretation, e is a CDPI and int_id is a unique ground term.

Maio(T, S) U {in h(hiq) | h € H} has exactly one answer set, which consists of:

e The atom in h(hiq) for each h € H

e For each (I,e,int_id) € S, the atoms:

int(int_id)

in_int(a, int_id) for each a € I

mmr(a, int_id) for each a € M (ground (B U H U eq,)!)
— If I ¢ AS(BU H Uegy), the atom not_as(int_id)

Representing Violating Pairs

Given a set of pairs of the form (V P,0), where V P is a violating pair of some hypothesis with respect

to o, Meta-program 7.3 formalises a meta-level program which can be used, in conjunction with the
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Mo program in order to determine whether or not each V P is a violating pair of another hypothesis
wrt 0. Meta-program 7.3 relies on a meta-level encoding of a weak constraint, similar to the Ryeqk

representation used in ILASP1. Definition 7.4 formalises the R”wfak representation.

Definition 7.4. Let int_id be a term. Given a weak constraint, R of the form :~ by,...,bx, not cy,...,

not cy.[wt@lev,ty,...,ts), RV, (R,int_id) is the rule:

weak
viow(wt,lev,args(ty,...,ts),int id):-
int(int_id), in int(by,int_id),...,in int(bg, int_id),
not in int(cy,int_id),..., not in int(cy,int_id).

For a set of weak constraints W, RY (W, int_id) = {R"° (R, int_id) | R € W}.

weak weak

Meta-program 7.3 (M,,(T,S)). Let T' be the task (B, Sy, E), and let S be a set of tuples
of the form (piq,ai,as,op), where piq, a; and ap are ground terms and op € {<, <, >, >, =,
#}. Myp(T, S) is the program:

1. Rvio (weak(B),al)UR”O (weak(B),az>

weak weak

2. For each W € weak(Syr): A(RYC,, (W, a1),in h(Wiq)) U A(RYC (W, a5), in h(Wiq)).

weak weak

3. For each priority level lev that occurs in at least one weak constraint in BU .S, the rules:

v_dom_1v(aj, ap, lev):- #sum{vio w(W,lev,A a;) = W,vio_w(W,lev,A ay) = —W} < 0.
v_dom 1v(ap,as, lev):- #sum{vio w(W,lev,A a;) = W,vio w(W,lev,A a;) = —W} > 0.

4. For each priority level 1ev that occurs in at least one weak constraint in BU S}, the rules:

v_dom(aj,ap) :- v.dom lv(aj,as,lev),

not v_dom 1v(ap,as,ly),..., not v.dom 1lv(as,as,ly).
v_dom(as,a;) :- v.dom lv(ap,ai,lev),

not v_dom 1v(aj,ap,ly),..., not v.dom 1v(as,as, ly).

(where {14,...,1n} are the levels that occur in B U Sy, that are higher than lev)

5. If op is <, the rule:
vp_not_resp(piq) :- not v_.dom(as,ay), not not_as(as), not not_as(as).
If op is > the rule:
vp-not_resp(piq) :- not v_dom(ap,as), not not_as(a;), not not_as(as).
If op is #, the rule:
vp-not_resp(piq) :- not v_dom(as,ay), not v_dom(as,aj),
not not_as(aj), not not_as(ay).
If op is =, the rules:
vp-not_resp(piq):-v-dom(as, ay), not not_as(a;), not not_as(ay).

vp-not_resp(piq) :- v-dom(as, a; ), not not_as(a;), not not_as(as).
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If op is <, the rule:

vp_not_resp(piq) :- v.dom(as, a;), not not_as(a;), not not_as(ay).

If op is >, the rule:

vp-not_resp(piq):-v-dom(as, ay), not not_as(a;), not not_as(ay).

Theorem 7.8 shows that given a hypothesis H and a set of violating reasons V R (which were computed
with other hypotheses and are not necessarily violating reasons for H), we can determine whether
each vr € VR is indeed a violating reason of H by using the M,;, and M,, programs. Violating
interpretations can be checked using the M,;, program, as shown in Theorem 7.7, and violating pairs
can be checked using a combination of both M,;, and M,,. Theorem 7.8 shows that vp_not_resp(piq)
is in the unique answer set of the combined meta-level program if and only if the pair of interpretations

represented by piq is a violating pair of interpretations of H.

Theorem 7.8. (proof on page 302)

Let T be the task (B, Sy, E), let S1 be a list of tuples [(I',e!, int_id'),..., (I", e", int_id®)], where
each I' is an interpretation, each €' is a CDPI st I' extends €' and each int_id* is a unique ground
term, and let Sy be a set of tuples of the form (piq,int_id, int_idJ, op), where piq is a unique ground
term, 1,7 € [1,n] and op € {<, <, >, >, =, #}. Let H C Sy.

The program {inh(hiq). | h € H} U Mayo(T, S1) U My (T, S2) has exactly one answer set, consisting
of:

o All atoms in the unique answer set of {in h(hiq). | h € H} U My;o(T, S1).
e For each (pig,int_id!, int_idJ, op) € Ss:

— viow(wt,1lv,args(ty,...,ts), int_id*) (resp. vio w(wt,1lv,args(ty,...,ts),int _idd)) for
each weak constraint W € ground(B U H), with tail [wtQ1v,tq,...,ty] such that body(W)
is satisfied by I' (resp. I7).

— v.dom 1v(int_id*, int idJ, lev) (resp. v_dom 1lv(int_idJ, int_id*, lev)) for each level lev
that occurs in B U Sy; such that (BUH)F < (BUH)F  (resp. (BUH)E > (BUH)E ).

lev lev lev lev
— v_dom(int_id!, int_idd) (resp. v.dom(int_idJ,int_id)) if I' =puy I’ (resp. I’ =pun
I’).
— vp-not_resp(pia) if I' is an accepting answer set of €' wrt BUH, I’ is an accepting answer

set of ¢/ wrt BUH and (I', 17, op) & ord(BU H, AS(BU H Ue¢l,,) UAS(BUH Ueél, )

ctx

7.1.3 The ILASP2 Meta-Level Program

We have now presented ASP programs which can be added to our previous meta-level program M (T')

to check whether or not a hypothesis is violating for a reason that we have already identified.
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In the case that the meta-level answer set found in any iteration does not contain a violating reason,
we need to be sure that there is no other answer set of the meta-level program corresponding to the
same hypothesis that does contain a violating reason. We can achieve this with a weak constraint,
indicating that we prefer meta-level answer sets that contain a violating reason to those that do not
contain a violating reason. This means that any meta-level answer set containing a violating reason
will be returned before any that does not, and so if an optimal meta-level answer set does not contain

a violating reason, then the hypothesis represented by this answer set must not be violating.

One possible preference ordering over the meta-level answer sets would be the one represented by
the weak constraints :~ in h(hiq).[|h|@1, in h(hiq)], for each h € Sp; and :~ not violating.[1Q@2].
Given two answer sets that either both contain violating or that both do not contain violating, the
answer set representing the shortest hypothesis is preferred. While this preference ordering is valid,
in general it leads to an inefficient algorithm, as every violating hypothesis must be ruled out before
the inductive solution is found. If the optimal inductive solution is relatively short, then much time
could be wasted ruling out longer violating hypotheses. The preference ordering represented by the
weak constraints in Meta-program 7.4 only prefers a meta-level answer set containing violating over
one that does not if the hypotheses represented by both meta-level answer sets are the same length —
the score of any interpretation at the only priority level in the program is equal to 2 x |M;L{h(A)| if
violating € A and 2 x |M !

in_h

(A)| + 1 if violating & A, so shorter hypotheses are always preferred
to longer ones, but an answer set that contains violating is preferred to one that does not contain

violating if both answer sets represent hypotheses of the same length.

Meta-program 7.4  (Moyioiating ord(T)). Let T be the ILP{Ost task (B, Sy, E).

Miolating ord(T") is the program containing:

e For each rule r € Sy, the weak constraint:
i~ in h(riq).[2 X |r|@Q1, in h(riq)]

e The weak constraint:

:~ not violating.[1@1 violating]

We can now present the full meta-level program used by ILASP2. Meta-program 7.5 formalises
Mrasp2, which consists of 4 parts. The first is the M(T') program of ILASP1, which ensures that
any meta-level answer set corresponds to a positive hypothesis and also identifies violating reasons.
The next two components rule out violating reasons which have already been found. Finally, the
fourth component gives a prefence ordering to the meta-level answer sets. The definition assumes that
each interpretation I has its own unique identifier, written I;4, and that each violating pair V P has

its own unique identifier, written VP;q.

Meta-program 7.5 (Mipasp2(T,VR)). Let T be the ILP{%E  task
(B, Sar, (ET,E~,0° 0°) and let VR be a set of violating reasons. M;jpaspa(T,VR) is
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the program consisting of the following components:

e M(T)U{0{check violating}1.}

(I,e) € VR,
ec B~
(I,e, I;q), where I is an interpretation such that (I,e) € VR, or 3((I',I?),0) € VR
such that 0cg1 =€ or 0¢g2 =€ and I € {1, I?}.

o Myio(T,S1) U {:— not not_as(Iiq).

}, where S7 is the set of tuples

(VP,o) € VR,
o€ 0°
(VPiq, 14,124, 00p), where (VP,0) € VR and VP = (I, I?),

o My,(T,S2) U {:—vpnotresp(VPid).

}, where S5 is the set of tuples

L4 Mviolating,ord (T)

Theorem 7.9 shows three useful properties about the answer sets of the Mpasp2(T, VR) program
(given any task T and set of violating reasons V R). The first is that the set of hypotheses that are
represented by at least one answer set of the meta program are those positive hypotheses of T" that do
not violate any of the reasons in V R. Secondly, for any optimal meta-level answer set that contains
violating, extractV R(A) returns a violating reason of the hypothesis represented by A. Finally, if no
optimal meta-level answer set contains violating then the set of optimal remaining hypotheses can
be extracted from the optimal meta-level answer sets. Furthermore, as none of these is violating, they
are guaranteed to be the optimal inductive solutions. This means that if the while loop in the ILASP2

algorithm terminates then the returned hypotheses must be the set of optimal inductive solutions.

Theorem 7.9. (proof on page 304) Given an ILPE%ZZ%” task and a set of violating reasons VR, let
AS be the set of optimal answer sets of Mipasp2(T,VR)

1. For any hypothesis H, 3A € AS(Mpasp2(T,VR)) such that H = M; ', (A) if and only if
H € P(T) and Yvr € VR, vr is not a violating reason of H.

2. For any A € AS such that violating € A, extractVR(A) is a violating reason of M_ ", (A).

in_h

3. If no A € AS contains violating, then the set of optimal remaining hypotheses (none of which
is violating) is ezactly equal to the set {M; !, (A)| A € AS}.
Before proving termination of the ILASP2 algorithm, we must first show that each call to the ASP
solver terminates. In theory, this should be the case, provided the relevant groundings of the programs
being solved are finite. Proposition 7.10, shows that this is the case for the meta-level programs used
by ILASP2.

Proposition 7.10. (proof on page 305) Let T be any well-defined ILPE‘&Z%@ task, and V R be a finite
set of violating reasons. ground ®(Mrpasp2(T,V R)) is finite.
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We can now prove the main results of the ILASP2 algorithm. Theorem 7.11 shows that for any well
defined ILP{%t task, ILASP2 is guaranteed to terminate, and is also sound and complete with

respect to the optimal inductive solutions of the task.

Theorem 7.11. (proof on page 306) Let T be any well-defined I LP{ZAE task.

1. ILASP2(T) terminates in a finite time.

2. ILASP2(T) = *ILP{2V!(T)

7.2 ILASP2i — Incremental Mode

The ILASP2 algorithm presented in Section 7.1 addresses one of the scalability issues of ILASP1,
through the use of violating reasons, and it performs significantly better on tasks with many violating
hypotheses. However, ILASP2 still scales poorly with respect to the number of examples. This is
because the relevant grounding of the M (T') program, which is contained in My agpo, is still roughly
proportional in size to |[ET| + 2 x |O%] + 2.

ILASP1 and ILASP2 are examples of batch learners, which consider all examples simultaneously.
Some older ILP systems, such as ALEPH [Sri01], Progol [Mug95] and HAIL [RBRO3], incrementally
consider each positive example in turn, employing a cover loop. The idea behind a cover loop is that
the algorithm starts with an empty hypothesis H, and in each iteration adds new rules to H such that
a single positive example e is covered, and none of the negative examples are covered. Example 7.12
demonstrates why cover loops do not work in a non-monotonic setting, even for the task of brave

induction.

Example 7.12. Consider the brave induction task (B, Sy, (E™, E™)), where:

p(1). hy o q(1).

B p(2). Suy — hy : s(X):-p(X).
q(2). hs : s(X):-p(X), not q(X).
r(2). hs @ s(X):-p(X), not r(X).

ET ={s(1), q(1)} E- ={s(2)}

If we were to employ a cover loop strategqy, we would start with our hypothesis as H = 0. We would
then consider the first positive example s(1), and attempt to find a set of rules H' in Sy such that
BUOUH' has at least one answer set that contains s(1) and does not contain s(2). We could choose
the rule hs.

So in the next iteration, we would start with the hypothesis {h3}. We would then search for an H'
such that BU{hs} U H' has at least one answer set that contains q(1) and does not contain s(2). The
only rule that we could possibly add to cover q(1), is hy.

150



7.2. ILASP2I - INCREMENTAL MODE

So after the second iteration, our hypothesis would be {hy, ha}, but this does not cover the first ezample.
The problem is that due to the non-monotonicity of ASP, even though our partial hypothesis {hs} did
cover the example p(1), p(1) has become uncovered by the addition of hy to the hypothesis.

Under the answer set semantics, most learners are batch learners due to the non-monotonicity. In
fact, it is worth noting that, in particular, although the HAIL algorithm for learning definite clauses
employs a cover loop, the later XHAIL algorithm is a batch learner as it learns non-monotonic pro-
grams [Ray09]. In this section we introduce our ILASP2i algorithm, which uses a “middle ground”

between batch learning and a cover loop.

ILASP2i iteratively computes a “relevant” subset of the examples, and in each iteration searches for
the smallest hypothesis H that covers every example in this relevant subset. ILASP2i then searches
for an example which is not covered by H. If no such example exists, then H is an optimal inductive
solution. If there is such an example, it is added to the set of relevant examples, and a new iteration

is started. Definition 7.5 formalises the notion of a relevant example.

Definition 7.5. Consider an ILP{@%! task T = (B, Sy, (ET, E~,0°,0°)) and a hypothesis H C
Sar. An example ez is relevant to H given T if ex € EY U E~ UO? UO° and H does not cover ez.

In each iteration, the search for a hypothesis that covers the relevant examples is performed by the
batch learner ILASP2. It is for this reason that we consider ILASP2i to be a “middle ground” between
a cover loop and a batch learner. In each iteration ILASP2i does consider multiple examples, and
employs a batch learner to solve them; however, in practice the final set of relevant examples is often

significantly smaller than the entire set of examples.

7.2.1 Finding the Relevant Examples

We now introduce a function findRelevantExamples({B, Sy, E), H), which returns the set of ex-
amples in F that are not covered by H. It works by using the M program defined in Chapter 6
augmented with some additional components to check the coverage of each example. This meta-level
program is formalised in Meta-program 7.6. The important thing to note about My, is that it
only considers two object-level answer sets in each meta-level answer set, represented by as(1) and
as(2), meaning that the grounding of the program is much smaller than the main ILASP2 meta-level
program. Omne very useful property of My, is that for each e € Et U E™~, cov(eiq, 1) is bravely
entailed by the meta program if and only if B U H accepts e, meaning that we can use My, to
check which examples in ET and E~ are covered; similarly, for each o € O U {inverse(d’) | o € O},
ord_respected(oiq, 1,2) is bravely entailed if and only if BUH accepts o. Note that we check whether
the inverse of each cautious ordering is accepted because this is exactly the negation of the coverage
condition for cautious orderings — i.e. those cautious orderings whose inverse is accepted are exactly

those cautious orderings that are not covered.
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Meta-program 7.6 (M,.(T,H)). Let T be the ILP{%E task (B, Sy, (E+, E=, 00 0°)),
and H be a hypothesis. My,..(T, H) is the program consisting of the following components:

e My(T)U{in h(hiq). | h € H} U{as(1). as(2).}
e {check(e,1) Ucheck(e,2) |e € EY UE™}
e {check_ord(T,o0,1,2) | 0 € O’}

o {check_ord(T,inverse(o),1,2) | o € O}

Algorithm 7.3 findRelevantExamples
1: procedure FINDRELEVANTEXAMPLES((B, Sis, E), H)
2 S = BraveConsequences(M .. (T, H));
3 CDPIs={ec EYUE" | cov(eiq,1) € S};
4: CDOEs = {o € O’ UO° | ord_respected(o0iq,1,2) € S};
)
6:

return (ET\CDPIs)U(E~ NCDPIs)U(O"\CDOEs)U (0°NCDOEs);
end procedure

The ILASP2i algorithm uses the function findRelevantExample((B, Sy, E), H), which returns an
example in E that is not covered by H, or returns nil if no such example exists. The function
findRelevant Example({B, Sys, EY, H) calls the findRelevantExamples({(B, Sy, E), H) procedure
presented in Algorithm 7.3 and returns the first example in the set returned by findRelevant Examples

set if one exists, and nil otherwise.

Proposition 7.13. (proof on page 307) Let T be any well-defined ILPf%%%" task with a hypothesis
space Sy, and let H be any hypothesis H C Sy. ground™ (M s,.(T, H)) is finite.

Corollary 7.14. findRelevantExample(T, H) terminates for any well-defined task 7" and finite hy-
pothesis H.

Theorem 7.15. (proof on page 307) Let T be an ILP{ZAE" task, and let H be a hypothesis.

1. If H € ILP{Z*E(T) then findRelevantExample(T, H) returns nil
2. If H ¢ ILP{ZEH(T) then findRelevant Example(T, H) returns an ezample that is relevant to

H given T.

7.2.2 The ILASP2i Algorithm

The intuition of ILASP2i (Algorithm 7.4) is that we start with an empty set of relevant examples and
an empty hypothesis. At each step of the search we look for an example which is relevant to our current

hypothesis (i.e. an example that B U H does not cover) using the findRelevant Example method. If
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Algorithm 7.4 ILASP2i

1. procedure ILASP21((B, Sy, E))

2 Relevant = (0,0,0,0); H =0,

3 re = findRelevant Example({(B, Sy, E), H);
4 while re # nil

5: Relevant << re;

6 H = ILASP2((B, Su, Relevant));

7 if H ==nil

8 return UNSATISFIABLE;

9: else

10: re = findRelevant Example((B, Sy, E), H);
11: end if

12: end while

13: return H;

14: end procedure

findRelevant Example returns nil, then no such example exists, and so we return our current hy-
pothesis as it is guaranteed to be an optimal inductive solution of the task. If findRelevant Example
returns an example, then we add the example to our relevant set of examples! and use ILASP2 to com-
pute a new hypothesis. If at any stage in the algorithm ILASP2 returns nil then (B, Sy, Relevant)
has no solutions and, as ILPfZ"((B, Sy, E)) is a subset of ILP{9AE((B, Sy, Relevant)), the task
(B, Sy, E) is unsatisfiable.

Increased Performance Over ILASP2

We will show in Chapter 8 that ILASP2i can significantly outperform ILASP2 on tasks with large
numbers of examples. The reason for this is that when tasks have many examples, there can be some
subsets of examples that are covered (and not covered) by the same hypotheses. For any of these
sets of similar examples, ILASP2i will only add one example to the set of relevant examples, as once
one of the examples is considered relevant, the whole set will be covered by the hypotheses in any
future iterations of the computation. This means that the set of relevant examples can be significantly
smaller than the entire set of examples, which in turn leads to the size of the grounding of the meta-
level program in each call to ILASP2 being significantly smaller than the meta-level program which

ILASP2 would generate for the full set of examples.

It should be noted that in the worst case the final set of relevant examples is equal to the entire set
of examples. In this case, ILASP2i is slower than ILASP2. In real settings, however, where examples
would not be carefully constructed, there is likely to be overlap between examples, so the relevant
set will be much smaller than the whole set. Theorem 7.16 shows that ILASP2i terminates for any
well-defined ILP{%E" task.

!The notation <<, in line 5 of algorithm 7.4, means to add the relevant example re to the correct set in Relevant
(the first set if it is a positive example etc).
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Theorem 7.16. (proof on page 308) ILASP2i terminates for any well-defined I LP{%%E task.

Note that although ILASP2i is sound, it is complete only in the sense that it always returns an optimal

solution if one exists (rather than returning the full set).

Theorem 7.17. (proof on page 308) Let T' be a well-defined I LP{34E" task.

1. If T is satisfiable, then ILASP2i(T) returns an optimal inductive solution of T.

2. If T is unsatisfiable, then ILASP2i(T') returns UNSATISFIABLE.

7.3 Related Work

7.3.1 Violating Reasons

The notion of a violating reason allows us to rule out an entire class of hypotheses at once. In some
ways they perform a similar function to the nogoods or learned constraints used in many SAT [LMS03]
and ASP [GKNS07, GKK*11, ADF*13] solvers.

In clasp [GKK™11], nogoods are sets of literals which are recorded during the search for an answer
set, such that for each set IV, it is known that there is no answer set that satisfies every literal in V.
Thus, nogoods allow clasp to rule out any interpretation that entails the nogood. Although violating
reasons have a very different structure, they are also used to rule out solutions (hypotheses which are
violating for the same reason). Recording nogoods is also referred to as clause learning, but we avoid

this term, as it is very different to ILP, which aims at generalising examples.

7.3.2 The Relationship Between ILASP2i and Other Incremental Techniques

As discussed earlier in the chapter, the standard method for solving an ILP task incrementally is to
use a cover loop. ILASP2i’s method of using relevant examples can essentially be thought of as a

non-monotonic version of the cover loop. There are three main differences:

1. In cover loop approaches, in each iteration a previous hypothesis H is extended with extra rules,
giving a new hypothesis H’ that contains H. In ILASP2i, a completely new hypothesis is learned
in each iteration. This is necessary to guarantee that optimal hypotheses are computed. Many

cover loop approaches make no guarantee about the optimality of the final hypothesis.

2. In ILASP2i, the set of relevant examples is maintained and used in every iteration, whereas in

cover loop approaches, only one example is considered per iteration.
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3. In cover loop approaches, once an example has been processed, even if it did not cause any
changes to the current hypothesis, it is guaranteed to be covered by any future hypothesis and
so it is not checked again. In ILASP2i, this is not the case. This is why ILASP2i calls the
findRelevant Examples method on the full set of examples, even if some were previously known

to be covered.

There are two incremental approaches to ILP under the answer set semantics. ILED [KAP15], is an
incremental version of the XHAIL algorithm, which is specifically targeted at learning Event Calculus
theories. ILED’s examples are split into windows, and ILED incrementally computes a hypothesis
through Theory Revision [Wro96] to cover the examples. In an arbitrary iteration, ILED revises the
previous hypothesis H (which is guaranteed to cover the first n examples), to ensure that it covers
the first n + 1 examples. As the final hypothesis is the outcome of the series of revisions, although
each revision may have been optimal, ILED may terminate with a sub-optimal inductive solution. In

contrast, ILASP2i will always terminate with an optimal inductive solution if one exists.

The other incremental ILP system under the answer set semantics is RASPAL [ACBR13, Athl5],
which uses an ASPAL-like approach to iteratively revise a hypothesis until it is an optimal inductive
solution of a task. RASPAL’s incremental approach is successful as it often only needs to consider
small parts of the hypothesis space, rather than the full hypothesis space. Unlike ILED and ILASP2i,
however, RASPAL considers the full set of examples in every iteration. For RASPAL, this is less of
an issue than for ILASP2i as, similarly to ASPAL, RASPAL uses a single rule to encode the full set
of examples. For ILASP2i on the other hand, the size of the full meta representation is proportional

to the number of examples.

Outside of the ILP community the L* algorithm for learning deterministic finite automata (DFA) was
presented in [Ang87]. This procedure relies on a learner and a teacher. In each iteration of the L*
algorithm, the learner queries the teacher as to whether the DFA it has learned so far is correct. If it is,
L* terminates, if not, the teacher presents a counter-example and the learner attempts to find a DFA
that is consistent with the set of counter examples it has seen so far. ILASP2i’s set of relevant examples
are very similar to L*’s counter examples. In the case of ILASP2i, the findRelevantExample method

could be seen as the teacher, and the call to ILASP2 could be seen as the learner.

Summary

In this chapter, we have presented two algorithms aimed at improving the scalability of the ILASP
approach. In the next chapter we investigate the performance of ILASP1, ILASP2 and ILASP2i on

various classes of learning task.
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Chapter 8

Evaluation

In this chapter, we evaluate the three ILASP algorithms presented so far on synthetically generated
data. The reason for using synthetic data is that ILASP1, ILASP2 and ILASP2i each solve learning
tasks where all of the examples must be covered by the learned hypothesis. We address learning from

real data, where there is likely to be noise, in Part IT of this thesis.

We consider four problem settings in this chapter, designed to evaluate various aspects of the ILASP
approach. The first two settings are the Hamiltonian and journey preference problems which were used
to exemplify the learning from answer sets frameworks in Chapter 4. The third setting investigates
the learning of preferences from partial examples, and compares the relative usefulness of brave and
cautious orderings. Our final setting concerns an agent navigation problem and allows us to mix rule

learning with preference learning, showing that ILASP is capable of doing both simultaneously.

The hypothesis spaces (Syr) in these experiments are defined using ILASP mode declarations. For full
details of these mode declarations and their meaning, please see Appendix A. Note that a hypothesis
space containing n rules allows for many more than just n possible hypotheses. Theoretically, there
are 2" possible hypotheses, but in practice ILASP imposes an upper limit on the length of hypotheses.
Still, even with a hypothesis space of 100 rules, where the upper limit means that at most 5 rules can

be learned, this still results in over 10 billion possible hypotheses.

8.1 Hamilton Graphs

The first problem setting we consider is learning the definition of whether a graph is Hamiltonian or
not (i.e. whether it contains a Hamilton cycle). A Hamilton cycle is a cycle that visits each node of the
graph exactly once. In our experiments, we investigated two versions of this problem, one (Hamilton
A) with the set of possible graphs encoded in the background knowledge, and the other (Hamilton B)
using context dependent examples to represent the graphs. These two representations were discussed

in Chapter 4 (Example 4.3 and Example 4.10, respectively).
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Hamilton A is an I L P; o ag representation of the problem, where the background knowledge B consists

of two choice rules:

0 { node(1), node(2), node(3), node(4) } 4.
0 { edge(N1, N2)} 1 :- node(N1), node(N2).

These two choice rules mean that the answer sets of B correspond to all possible graphs of size 0
to 4. Each example corresponds to exactly one graph, by specifying which node and edge atoms
should be true in the inclusions and exclusions; for instance, the partial interpretation ({node(1),
edge(1,1)},{node(2), node(3), node(4)}) represents a graph with one node and one edge (from the
only node to itself). Positive examples correspond to Hamiltonian graphs, and negative examples cor-
respond to non-Hamiltonian graphs; for instance, the example ({node(1)}, {node(2), node(3), node(4),

edge(1,1)}) represents a graph with a single node and no edges.

Hamilton B is the ILP{%%?" representation of the same problem. The background knowledge is
empty, and each example has a context consisting of the node and edge atoms representing a single
graph (and no inclusions or exclusions). For instance, the Hamilton A positive example ({node(1),
edge(1,1)},{node(2), node(3), node(4)}) is equivalent to the Hamilton B positive example ({0, (),
{node(1). edge(1,1).}).

Preliminary Experiment

In the first experiment, we randomly generated 100 positive and 100 negative examples and used them
to create equivalent Hamilton A and Hamilton B learning tasks. Table 8.1 shows the computation

time! and peak memory usage of the three ILASP algorithms on these two learning tasks.

Learning #examples time/s Memory/kB

task Sy | EX E- 0" 0° |1 2 2i 1 2 2i
Hamilton A 104 | 100 100 0O 0 TO 8.5 4.8 TO 9.4x10% 1.2x10%
Hamilton B 104 | 100 100 O 0 TO 31.2 3.6 TO 3.6x10° 1.3x10%

Table 8.1: The running times and peak memory usages of ILASP1, ILASP2 and ILASP2i on a single
instance of Hamilton A and Hamilton B. TO stands for time out (30 minutes). The two learning tasks
in this table are available to download from https://www.doc.ic.ac.uk/~m11909/ILASP/.

ILASP1 was unable to solve either task within the time limit of 30 minutes. This was due to the many
violating solutions that ILASP1 needed to rule out. ILASP2 on the other hand, due to its improved
handling of violating solutions based on violating reasons, was able to solve both tasks in under a

minute. ILASP2i was faster still, solving both tasks in under 5 seconds.

L All experiments in this thesis were run on an Ubuntu 14.04 desktop machine with a 3.4 GHz Intel® Core™ i7-3770
processor and with 16GB RAM. All meta-level ASP programs were solved using clingo 4.3 [GKK™11], unless stated
otherwise.
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The results of this experiment also highlight the difference in performance of the latter two algorithms
on the two representations of the problem. ILASP2 performed better on Hamilton A than on Hamil-
ton B, whereas ILASP2i performed better on Hamilton B than Hamilton A. ILASP2i’s increase in
performance on Hamilton B was due to the meta-representation only needing to be ground over the
contexts of the relevant examples (the meta-representation was only ground over the problem domain
used by the relevant contexts, rather than the full problem domain). ILASP2 on the other hand
considered the contexts of the full set of examples, so there was no similar reduction in the grounding
for Hamilton B. In fact, Hamilton A resulted in a more efficient meta-representation of the problem

for ILASP2 as the contexts of the examples in Hamilton B covered the full problem domain.

Comparison of ILASP2 and ILASP2i with Varying Graph Sizes

To test how the size of the contexts affects the performance of the ILASP2 and ILASP2i algorithms,
we ran the Hamilton A and B experiments with the maximum size of the graphs varying from 4 to 10.
Each experiment was run 100 times with randomly generated sets of positive and negative examples
(100 of each in each experiment). The results (in Figure 8.1) show that ILASP2i performed best in
both cases — notably, on average, there was almost no difference between Hamilton A and Hamilton
B at first for ILASP2i, but as the maximum graph size increased, the domain of the background
knowledge in Hamilton A increased and so ILASP2i performed better on Hamilton B.

Average time for learning Hamilton (a) Average memory for learning Hamilton (b)
140 —_— 6 —_————
ILASP2 (Ham A) —— 2x10 ILASP2 (Ham A) ——
ILASP2i (Ham A) —— / 1.8x108 | ILASP2i (Ham A) ——
120 t ILASP2 (Ham B) - - - - ILASP2 (Ham B) - - - - ,
ILASP2i (Ham B) - - - - / 16x10% I ILASP2i (HamB) - - - - =
100+ 1 2 14x10° | .
2 ' S 1.2x10° | !
E 80 4 g
o : S qx10° |
g 60 o
§ o 800000 r
< o
40 3: 600000 -
400000
20
200000
O L L L 0 L L L L L O L L L L
01 2 3 4 5 6 7 8 9 10 01 2 3 4 5 6 7 8 9 10
Maximum graph size Maximum graph size

Figure 8.1: (a) the average computation time and (b) the memory usage of ILASP2, ILASP2i and
ILASP2i_pt for Hamilton A and B.
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8.2 Urban Mobility: User Journey Preferences

The second setting we consider is a preference learning problem, where the examples are completely
specified (i.e. they are not partial). We use these experiments to investigate how the accuracy and
computational performance of the ILASP algorithms varies with the number of examples, and also
show that giving ordering examples with both the < and = operators can lead to a higher accuracy

than giving ordering examples with only the < operator.

Recall the problem of learning a user’s preferences over alternative journeys, which was first presented
in Example 4.4. In this scenario, a user makes requests to a journey planner to get from one location
to another. The user then chooses a journey from the alternatives returned by the planner. A journey

consists of one or more legs, in each of which the user uses a single mode of transport.

We used data generated by a simulator [PBL14] to give realistic examples of journeys. In the exper-
iments, we used a set of journey requests from one simulated day. The attributes of journey legs in
these experiments were: mode, which took one of the values bus, car, walk or bicycle; distance,
which took an integer value between 1 and 20000; and crime rating. As the crime ratings were not
readily available from the simulator, we used a randomly generated value between 1 and 5 for each

journey leg.

In the experiments, we assumed that a user’s preferences could be represented by a set of weak con-
straints based on the attributes of a leg. S; denotes the set of possible weak constraints that we used in
the experiments, each of which includes at most 3 literals (characterised by a mode bias, given in Ap-
pendix A). Most of these literals capture the leg’s attributes, e.g., mode(L, bus) or crime rating(L,R)
(if the attribute’s values range over integers this is represented by a variable, otherwise each possible
value is used as a constant). For the crime rating (crime rating(L,R)), we also allow comparisons of
the form R > ¢ where c is an integer from 1 to 4. The weight of each weak constraint is a variable
representing the distance of the leg in the body of the weak constraint, or 1 and the priority is 1, 2 or

3. One possible set of preferences is represented by the weak constraints W*.

:~ leg mode(L,walk),leg_crime rating(L,C),C > 3.[1@3,L, C]
W* ={ :~ legmode(L,car).[1@Q2, L]
:~ leg mode(L,walk),leg distance(L,D).[DQ1,L, D]

These preferences represent that the user’s top priority is to avoid walking through areas with a high
crime rating. Second, the user would like to avoid driving, and finally, the user would like to minimise

the total walking distance of the journey.

We now describe how to represent the journey preferences scenario in [ LPE"O%%;”. We assume that

each journey is encoded as a set of attributes of the legs of the journey; for example the jour-
ney {distance(leg(1),2000), distance(leg(2),100), mode(leg(1),bus), mode(leg(2),walk)} has two
legs; in the first leg, the person must take a bus for 2000m and in the second, he/she must walk 100m.
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Given a set of such journeys J = {ji,...,jn} and a partial ordering O over J, M(J,0,Sy) is the
ILPsRiest task (0,S;, E1,0,0°0), where EY = {((0,0),5) | 4 € J} and O° =
{((0,0), 41), ((0,0), j2), <) | (j1,42) € O}. Each solution of M(J,0,S) is a subset of the weak
constraints in S, representing preferences which explain the ordering of the journeys. Note that the
positive examples are automatically satisfied as the (empty) background knowledge (combined with
the context) already covers them. Also, as the background knowledge together with each context has
exactly one answer set, the notions of brave and cautious orderings coincide; hence, we do not need
cautious ordering examples for this task. Furthermore, since only weak constraints are being learned,

the task also has no negative examples (a negative example would correspond to an invalid journey).

Preliminary Experiment

In the first experiment, we created a single learning task, using the set of weak constraints in W* as a
“target hypothesis”. We used the simulated journeys to generate a set of 200 pairs of journeys (j1, j2)
such that j; was one of the optimal journeys, given W* and j2 was an non-optimal alternative to
J1. As some journeys occurred in more than one ordering example, there were only 386, and not 400,
positive examples in this experiment. The performance results for ILASP1, ILASP2 and ILASP2i are
shown in Table 8.2.

Learning #examples time/s Memory/kB
task Sy | Et E- O® 0° |1 2 2i 1 2 2i
Journey 117 [ 38 0 200 0 OOM OOM 5.4 OOM OOM  2.9x10%

Table 8.2: The running time and peak memory usage of ILASP1, ILASP2 and ILASP2i on a single
instance of the journey preference learning problem. OOM stands for out of memory. The learning
task in this table is available to download from https://www.doc.ic.ac.uk/~m11909/ILASP/.

Both ILASP1 and ILASP2 ran out of memory before returning a solution. This is due to the size of
the grounding of their meta-level representations being proportional to |E*|+2 x |O%|+2. This means
that each answer set of the meta-level programs of ILASP1 and ILASP2 represented 788 object-level
answer sets. On the other hand, as ILASP2i’s meta-level representation only considers the relevant
examples, even in its final iteration, ILASP2i’s meta-level answer sets only represented 26 object-level

answer sets.

Comparison of ILASP’s Accuracy with and Without Equality Ordering Examples

We next investigated how the accuracy of ILASP2i varied with the number of examples. Note that
as each ILASP algorithm returns an arbitrary optimal inductive solution, their average accuracies are
the same. We therefore only report accuracy results for ILASP2i, but refer to these results as the

accuracy of the ILASP approach.

We randomly selected 100 test hypotheses, each of which consisted of between 1 and 3 weak constraints

from S;. For each test hypothesis Hr, we then used the simulated journeys to generate a set of pairs
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Predictive accuracy of ILASP2i
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Figure 8.2: Average accuracy of ILASP2i with and without equality orderings on the task of learning
journey preferences.

of journeys (j1, jo) such that j; was one of the optimal journeys, given Hp, and j, was an non-optimal
alternative to j;. We then tested the algorithms on tasks with varying numbers of ordering examples

by taking a random sample of the complete set of ordering examples.

We measured the accuracy of each learned hypothesis by generating a further set of pairs of journeys,
and testing whether the learned hypothesis ordered these pairs correctly; i.e. if j; was preferred (resp.
equally preferred) to jo according to the target hypothesis, then j; should be preferred (resp. equally
preferred) to js according to the learned hypothesis. The average accuracy of the hypotheses learned
by ILASP for varying numbers of examples is shown in Figure 8.2. The average accuracy converged
to around 85% after roughly 20 examples. As we only gave examples of journeys such that one was
preferred to the other, the hypotheses were often incorrect at predicting the cases where two journeys
were equally preferred. We therefore introduced brave ordering examples that used the = operator,
meaning that two journeys are equally optimal. We ran the same experiment with half of the ordering

examples as “equality” orderings. The average accuracy increased to around 93% after 40 examples.

Comparison of ILASP2 and ILASP2i on Varying Numbers of Examples

Finally, we investigated how the computational performance (running time and peak memory usage)
of ILASP2 and ILASP2i varied with the number of examples. We again randomly selected 100
test hypotheses, each of which consisted of between 1 and 3 weak constraints from S, and again
used the simulated journeys to generate ordered pairs of journeys. The results showed a dramatic
difference between the performance of ILASP2 and ILASP2i. ILASP2i has two (related) advantages
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Figure 8.3: (a) the average computation time and (b) the peak memory usage of ILASP2, ILASP2i
and ILASP2i_pt for learning journey preferences.

over ILASP2, when it comes to solving context-dependent tasks with large numbers of examples.
Firstly, it only needs to consider a small subset of relevant examples, and secondly, it only needs to
consider a small subset of the contexts. To investigate how much of the speed up was caused by
the context-dependent representation we implemented a variation of the ILASP2i algorithm, which
puts the context of every example in the meta-representation (regardless of whether the example
has been selected as a relevant example). We call this variation ILASP2i pt, where the pt stands
for “pre-translate”, as this can be thought of as pre-translating the I LPE%LIZ?“ task into a ILProas
task (the resulting meta-representation is indeed very similar to the translation given in Chapter 4 —
Definition 4.9).

Figure 8.3(a) and (b) show the running times and peak memory usage (respectively) for up to 500
examples for ILASP2, ILASP2i and ILASP2i_pt. For experiments with more than 200 examples,
ILASP2 ran out of memory. By 200 examples, ILASP2i is already over 2 orders of magnitude faster
and uses over 2 orders of magnitude less memory than ILASP2, showing a significant improvement
in scalability. The fact that by 500 examples ILASP2i is an order of magnitude faster without the
pre-translation shows that, in this problem domain, the context is a large factor in this improvement;
however, ILASP2i pt’s significantly improved performance over ILASP2 shows that even without

context, the relevant examples are also a large factor.
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8.3 Scheduling Preferences

The previous experiment considered a preference learning problem in which all examples were com-
pletely specified. We now investigate the ILASP algorithms’ ability to learn from partial examples.
We consider an interview timetabling problem and the task of learning weak constraints that capture
an academic’s preferences for scheduling undergraduate interviews. In this setting, we use the follow-
ing language: slot(D,T) represents slot 7' on day D; the type predicate represents the course type of
each slot; and the assigned predicate represents the slots that have been assigned to the interviewer.
Using this language we can express, for example, that an academic prefers interviewing for one course
to interviewing for another, or prefers not to have many interviews on the same day, or holds both of
these preferences but regards the former as more important. These preferences can be encoded using

the following two weak constraints:

:~assigned(D, ), type(D, S, c2).[1@2,D, §]
:~assigned(D, S1), assigned(D,S2),S1! = S2.[1@1,D, S1, S2]

The experiments test whether ILProag can successfully learn these kinds of preferences, encoded as
weak constraints, from examples of brave and cautious orderings representing ordered pairs of partial
timetables. The learning task uses the following background knowledge B (in which it is assumed that

there are three interview slots per day):

slot(1..3,1..3).

type(1,1,c2). type(2,1,cl). type(3,1,cl).
B =4 type(1,2,cl). type(2,2,cl). type(3,2,c2).
type(1,3,c2). type(2,3,cl). type(3,3,cl).

0{assigned(X,Y)}1: —slot(X,Y).

In each of the following experiments Sy; consisted of 180 weak constraints (characterised by a mode
bias, given in Appendix A). As Sy only contained weak constraints, for any H C Sy, AS(BUH) =
AS(B). Each learning task described in these experiments therefore corresponds to the task of learning

to rank the answer sets of B.

The only atoms that vary in B are the assigned atoms. For three day timetables, as there are
9 different slots, there are 2° answer sets of B (and many more partial interpretations which are
extended by these answer sets). We say an example partial interpretation is full if it specifies the
truth value of all assigned atoms, otherwise we describe the fullness as the percentage of the atoms

which are specified.

In each experiment, given some target hypothesis Hr, ordering examples o = (ey, e2, <) were randomly
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generated such that o was bravely respected by Hp. If o was also cautiously respected by Hy, then
it was given as a cautious example (otherwise it was given as a brave example). Examples in each
learning task corresponded to pairs of partial timetables; however, the weak constraints in each learned
program induced an ordering over complete timetables. Therefore, in each experiment, we tested the
accuracy of the learned weak constraints on every possible pair of complete timetables (checking

whether the learned hypothesis ordered the pair in the same way as the target hypothesis Hp).

Preliminary Experiments

In the first experiment, we generated three learning tasks, with 3, 4 and 5 day timetables, each using
the 2 weak constraints in the previous section as a target hypothesis. The examples were of random

fullness, each with between half and all of the assigned atoms specified.

Learning #examples time/s Memory/kB
task Sy | EY E- O O° |1 2 2i 1 2 2i
Scheduling (3 day) | 180 | 400 0 110 90 | 231.6 759.3 112.11] 2.9x10% 2.9x10% 2.0x10°
Scheduling (4 day) | 180 | 400 0 128 72 |776.8 TO  92.2 |56x105 TO 3.4x10°
Scheduling (5 day) | 180 | 400 0 133 67 | TO  1130.6 107.5 | TO 9.0x105 4.7x10°

Table 8.3: The running times and peak memory usages of ILASP1, ILASP2 and ILASP2i on a three
instances of the scheduling preference learning problem, with pairwise examples of 3, 4 and 5 day
timetables. TO stands for time out (30 minutes). The two learning tasks in this table are available
to download from https://www.doc.ic.ac.uk/~m11909/ILASP/.

In each of the three learning tasks, ILASP2i was significantly faster than both ILASP1 and ILASP2.
ILASP1 was faster than ILASP2 on the first two tasks (with ILASP2 timing out on the second task),
but ILASP2 was faster than ILASP1 (which timed out) on the task with 5 day timetables. The poor
performance of both ILASP1 and ILASP2 was again caused by the number of examples, which caused
the meta-level programs used by each algorithm to have large groundings. This issue was exacerbated
by the size of the problem domain (which increases as the number of days in the example timetables
increases). This explains why both ILASP1 and ILASP2 performed best on the task with 3 day
timetables. ILASP2i on the other hand performed similarly on each of the three tasks.

Investigating ILASP’s Accuracy with Respect to the Number of Examples

We next investigated the relationship between the number of examples and the accuracy of the hy-
pothesis learned by ILASP. Similarly to the journey preference experiments, as each ILASP algorithm
returns an arbitrary optimal inductive solution (if it terminates), the average accuracy of each algo-

rithm is the same. In this section, we therefore only present the average accuracy results for ILASP2.
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A set of 100 target hypotheses were randomly selected, each with between 1 to 3 weak constraints
from Sjs, omitting hypotheses that ranked all answer sets equally. We performed this 20 times for
each target hypothesis Hr. Each time, ILASP2 was used to learn a hypothesis Hj, which covered all
of a set of examples (of pairs of three day timetables). We then calculated the accuracy of Hy, in
predicting the pairwise ordering of the answer sets of B — for each pair of answer sets A1, Ay € AS(B)

we tested whether Hp and H agreed on the preference ordering between A; and As,.
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Figure 8.4: Average accuracy with varying (a) numbers of examples; (b) fullness of examples.

The examples were of random fullness, each with between 5 to 9 assigned atoms specified. Fig-
ure 8.4(a) shows the average predictive accuracy of ILASP2, with the number of ordering examples
ranging from 0 to 20. Each point on the graph corresponds to 2000 learning tasks (100 target hy-
potheses with 20 different sets of examples). The results show that ILASP2 achieved 90% accuracy for
this experiment with around 10 or more ordering examples. Note that unlike the journey preference
learning setting, we did not need to use equality orderings. The difference between the two settings is
that in the journey preference setting two journeys were more likely to be equally preferred (than two
schedules in this setting) given the possible target hypotheses, which meant that there was a greater

need for equality orderings.

Investigating ILASP’s Accuracy with Respect to the Fullness of Examples

In the next experiment we again tested ILASP2 on 100 randomly generated hypotheses with 20
different sets of randomly generated examples. This time, however, the number of examples was
fixed at 5, 10 and 20 and it was the fullness of the examples that varied. The results are shown in
Figure 8.4(b). The graph shows that examples are only useful if they are more than 50% full. One
interesting point to note is that the peak performance is with examples of around 90% fullness. This
is caused by a trade off between the usefulness of cautious orderings, and the likelihood of them being

generated. A partial interpretation with 8 assigned atoms specified is extended by 2 answer sets. So
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a cautious ordering with % fullness is extended by 4 ordered pairs of answer sets, and the ordering
means that every one of those 4 pairs must be ordered correctly. Such a cautious ordering is therefore
more informative than a cautious ordering with 100% fullness, which is only extended by one pair of
ordered answer sets. In general, cautious orderings are more useful if they are less full, as they rule
out more hypotheses. This explains why ILASP2 achieved a higher accuracy with examples of 90%
fullness. However, as the fullness decreases further, ILASP2’s accuracy decreases. This is because
it is less likely that the randomly generated orderings would be cautiously respected by the target
hypothesis (as there are more pairs that need to be ordered correctly). Hence, the generated tasks
with lower fullness had fewer cautious orderings and more brave orderings. Unlike cautious orderings,
brave orderings become less powerful as the fullness of the examples decreases. This is because brave

orderings are more ambiguous when they are less full, and so they rule out fewer hypotheses.

Investigating ILASP’s Scalability with Respect to the Number of Examples
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Figure 8.5: Average running time of ILASP2 and ILASP2i with varying numbers of examples. Each
experiment had a timeout of 600s, after which the computation was terminated (each timeout was
counted as 600s). ILASP2 timed out in 107 of the 2100 experiments and ILASP2i timed out in 3
experiments.

In the final experiment, we investigated the scalability of ILASP2 and ILASP2i by varying both the
number of days in the timetables and the number of examples. Figure 8.5 shows the average running
time of ILASP2 and ILASP2i with 3, 4 and 5 day timetables (each with 3 slots) with up to 120
ordering examples. Ordering examples were randomly generated, as in the previous experiments,
with each example having a random fullness, as in the first experiment. The results show that
ILASP2 scales poorly, not only with the number of examples, but also with the size of the problem
domain. In comparison, ILASP2i’s computation time was very similar across the three domain sizes.
Its computation time also increased much more slowly than ILASP2’s as the number of examples

increased.
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8.4 Agent Navigation Problem

In this section we investigate the problem of an agent learning how to navigate a grid. The agent
starts with complete knowledge of the map, but no knowledge of which moves it will be able to make
in future time points. At each time point, the agent is informed of which moves it can make by an
oracle. The idea is that the agent must learn the rules defining the moves that are valid at each time
point. In [LRB14] we showed how ILASP could be used in conjunction with an ASP solver to perform

a cycle of planning and learning in order to reach a goal.

We consider four scenarios, which allow us to investigate ILASP’s ability to solve tasks with different
challenges. In Scenario A, the agent learns just the concept of valid move; in Scenario B, part of the
existing background knowledge is removed and the agent has to also learn a new concept that does not
appear in the examples or in the background knowledge, showing that ILASP is capable of supporting
predicate invention [Sta93]. In Scenario C, the agent must also learn a constraint; and in Scenario D,

the agent must also learn a preference ordering over the paths it can take.

In this learning setting each of our examples is of a path taken by the agent through the maze, and
the set of moves it was allowed to make at each time point. The rules which should be learned are

different in each scenario, and so for some scenarios, different types of examples are needed.

Figure 8.6 gives a graphical representation of the grid and the legend describes its main features. The
agent has complete knowledge of the grid map, but it does not know the meaning of the various cell
features. For instance, it knows which cells are locked, but not that to go through a locked cell it must
first visit the key to that cell.

9 L
8,10
8 K L L
1,10 9,6 | 2,4 %
K L Vj This cell starts off as being locked cell
7 8,6 6,7 <
6 K
4,7
L % 4K7 This is the key for the locked cell (4, 7)
5 3,10 7,6
4 L L e .
9,10 9,9 L This is a link cell which
3 K L 8,10 allows the agent to move to (8, 10)
3,5(3,5
1 K
8,2

1 2 3 4 5 6 7 8 910
Figure 8.6: Cells with diagonal lines are locked and the agent must visit the corresponding key before

it can enter these cells. Link cells allow the agent to jump to the indicated destination cell. The thick
black lines represent walls.

We now present the four scenarios, followed by the performance results of each ILASP algorithm on
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learning tasks from each scenario.

Scenario A

In this simplest scenario, the background knowledge contains a complete description of the map,
encoded as facts using the language {cell/1, locked/1, key/2, 1ink/2, wall/2, time/1}, together

with the following set of rules:

unlocked(C, T) :- visited_cell(Key, T), key(Key, C).
unlocked(C, T) :- cell(C), not locked(C), time(T).

adjacent(cell(X, Y), cell(X + 1, Y)) :- cell(cell(X, Y)), cell(cell(X + 1, Y)).
adjacent(cell(X + 1, Y), cell(X, Y)) :- cell(cell(X, Y)), cell(cell(X + 1, Y)).
adjacent(cell(X, Y + 1), cell(X, Y)) :- cell(cell(X, Y)), cell(cell(X, Y + 1)).
adjacent(cell(X, Y), cell(X, Y + 1)) :- cell(cell(X, Y)), cell(cell(X, Y + 1)).

visited_cell(C,T) :- time(T), T2 <= T, agent_at(C, T2).

In this scenario, the agent is expected to learn the following definition of valid move, which means
that an agent can move to any unlocked cell that is either linked to its current cell or is adjacent to

its current cell and not blocked by a wall.

valid_move(Cl, T) :- adjacent(Cl, C2), agent_at(C2, T),
unlocked(C1, T), not wall(Cl, C2).
valid_move(C1l, T) :- 1link(C2, C1), agent_at(C2, T), unlocked(Cl, T).

This problem can be specified in ILP{%%" as follows. The background knowledge contains the de-
scription of the map and the definition of unlocked. Due to the structure of the background knowledge
and the hypothesis space, every possible hypothesis is guaranteed to be stratified (when combined with
the background knowledge and examples contexts). There is therefore no need for negative examples
in this task (B U e, U H is guaranteed to have exactly one answer set for each e, so it is sufficient
to give examples of what should, or should not, be in this answer set). For each trace, we constructed
a single positive CDPI example, with a context containing the agent’s history (its path through
the maze so far) and the inclusions and exclusions being a random subset of the moves which were
valid and invalid?, respectively, at each step in the trace; for instance, ({valid move(cell(9,1),1),
valid move(cell(10,2),1), ...}, {valid-move(cell(1,3),1), ...}),C), where C is the set of facts:

2Each valid move was given as an inclusion with probability 0.9 and each invalid move was given as an exclusion with
probability 0.1. The probability for the exclusions was much lower, as there were many more invalid moves than valid
moves.
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agent_at(cell(10,1),1). agent_at(cell(9,1),2). agent_at(cell(8,1),3).
agent_at(cell(8,2),4). agent_at(cell(8,3),5). agent_at(cell(8,4),6).
agent_at(cell(7,4),7). agent_at(cell(6,4),8). agent_at(cell(9,10),9).

agent_at(cell(8,10),10). agent_at(cell(8,9),11). agent_at(cell(8,8),12).
agent_at(cell(8,7),13).

Note that this demonstrates the advantage of ILPf%'#" in giving different contexts to different
examples. We are able to give the set of valid moves for each example history. For the experiments
based on this scenario, the hypothesis space consisted of 531 normal rules, characterised by a set of
mode declarations given in Appendix A. In this experiment, the number of body literals permitted in

rules in the hypothesis space was restricted to 4.

Scenario B

This scenario differs from the previous one in that the background knowledge does not contain
unlocked. The language bias of this learning task is augmented with a new predicate with the same
structure as unlocked, called extra added to both M} and M;. Note that the predicate extra/2
does not occur in either the background knowledge or the examples. In the ILP community, this is
called predicate invention [Sta93]. ILASP supports predicate invention, as long as the structure (the
predicate name and arity) of each invented predicate is specified in the hypothesis space. We call this

prescriptive predicate invention.

Other than the need for predicate invention, this scenario is identical to Scenario A. The agent is
expected to learn an equivalent definition of valid move. One might expect the solution to be the
previous hypothesis augmented with the definition of unlocked that was removed from the background
knowledge, with the only difference being that the predicate unlocked would be replaced by the
predicate extra. This would be the hypothesis:

valid_move(Cl, T) :- adjacent(Cl, C2), agent_at(C2, T),
extra(Ci, T), not wall(Cl, C2).

valid_move(Cl, T) :- 1ink(C2, C1l), agent_at(C2, T), extra(Cil, T).

extra(C, T) :- visited_cell(Key, T), key(Key, C).
extra(C, T) :- cell(C), not locked(C), time(T).

In fact, ILASP learns the shorter hypothesis:

valid_move(VO, V1) :- extra(VO, V1), visited_cell(V2, V1), key(V2, VO).
valid_move(VO, V1) :- extra(VO, V1), not locked(VO).
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extra(V2, V1) :- agent_at(VO, V1), 1link(VO, V2).
extra(V2, V1) :- agent_at(VO, V1), not wall(VO, V2), adjacent(VO, V2).

In this definition, extra essentially means “connected to the agent’s current cell”, where a cell is
“connected” to another cell if the two cells are either adjacent to one another and there is no wall
between them or if there is a link from the first cell to the second cell. The learned definition of valid
move then says that the agent can move to any cell which is connected to its current cell and that

was either not locked to begin with, or for which the agent has visited the corresponding key cell.

The task uses a hypothesis space of 146 normal rules (characterised by a set of mode declarations given
in Appendix A). In this experiment, the number of body literals permitted in rules in the hypothesis

space was restricted to 3. The examples in this task are of the same structure as those in Scenario A.

Scenario C

In this scenario, the agent must learn the same definition of valid move from Scenario A and an
additional constraint expressing that the agent cannot visit the same cell more than once. Note that
this does not change the rule definition of valid move. If the agent were to visit the same cell more
than once, the individual moves would still be valid according to the rule definition, but the trace as
a whole would be invalid. The background knowledge in this scenario is the same as in Scenario A,

but with the following additional rule for already visited_cell.

already_visited_cell(C,T) :- time(T), T2 < T, agent_at(C, T2).

Note that this is different to the rule for visited cell, as it requires that the cell has been visited in

a previous time point (excluding the current time point). The full target hypothesis is as follows:

valid_move(Cl, T) :- adjacent(Cl, C2), agent_at(C2, T),
unlocked(C1, T), not wall(Cl, C2).
valid_move(C1l, T) :- 1link(C2, C1), agent_at(C2, T), unlocked(Cl, T).

:— agent_at(C, T), already_visited_cell(C, T).

To learn this definition, ILASP needs positive examples of the same form as those in Scenarios A and
B, but as the hypothesis contains a constraint, the task must also include negative examples that rule
out agent histories where the agent has visited the same cell more than once. The negative examples
are similar to the positive examples, but contain invalid agent histories in the context. One such

example could be:
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({({valid move(cell(9,1),1), ...}, {valid move(cell(3,3),1), ...}),{

agent_at(cell(10,1),1).  agent_at(cell(9,1),2). agent_at(cell(8,1),3).
agent_at(cell(8,2),4). agent_at(cell(8,3),5) agent_at(cell(7,3),6).
agent_at(cell(7,4),7). agent_at(cell(7,3),8). agent_at(cell(7,4),9).
agent_at(cell(6,4),10). agent_at(cell(9,10),11). agent at(cell(8,10),12)
agent_at(cell(7,10),13). agent at(cell(7,9),14).

by

The hypothesis rule consists of 160 normal rules and hard constraints (characterised by a set of mode
declarations given in Appendix A). In this experiment, the number of body literals permitted in rules

in the hypothesis space was restricted to 4.

Scenario D

The final scenario combines rule learning, constraint learning and preference learning. In this scenario,
the map is augmented with two new concepts. Each cell is given a danger rating of 1, 2 or 3 and some
cells are given coins with a value of between 1 and 5. The agent should collect the coins, but avoid
dangerous cells at night. The background knowledge also contains facts that state when it is daytime.

The additional predicates in the language are {danger_rating/2, coin/2, daytime/1}.

The agent is expected to learn the same definition of valid move and the same constraint as in Scenario
C and, additionally, a set of weak constraints expressing a preference ordering over the possible paths
that an agent can take. The weak constraints in the target hypothesis express the following: the
agent’s top priority is to minimise the danger the agent is exposed to at night; its second priority is to
maximise the value of the coins it collects; and its final priority is to minimise the length of its path.

The full target hypothesis is as follows:

valid_move(V1, V2) :- adjacent(VO, V1), agent_at(V0, V2),
unlocked(V1, V2), not wall(VO, V1).
valid_move(V2, V1) :- agent_at(VO, V1), unlocked(V2, V1), 1link(VO, V2).

:- agent_at(VO, V1), already_visited_cell(VO, V1).

:” agent_at(VO, V1), not daytime(V1), danger_rating(VO, V2).[V2@3, VO, V1, V2]
:” agent_at(VO, V1), coin(VO, V2).[V202, VO, V1, V2]
:” agent_at(VO, V1).[1e@1, VO, V1]

In the experiments, the learning tasks contained similar positive and negative examples to those in
Scenario C, but also contained brave ordering examples to learn the weak constraints. The ordering
examples were over the previously described positive examples, and described agent histories which

were preferred (given the weak constraints) to other agent histories. As the agent histories were
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complete (and the weak constraints in the hypothesis space did not depend on the partially specified
valid move predicate), the notions of brave and cautious orderings coincided, so there was no need

for any cautious orderings.

The hypothesis space in these tasks contains 244 rules and weak constraints (characterised by a set of
mode declarations in Appendix A). In this experiment, the number of body literals permitted in rules

in the hypothesis space was restricted to 4.

Results

Similarly to the other problem settings, we first ran a small preliminary experiment, testing the three

ILASP algorithms on a single learning task for each of the four scenarios.

Learning #examples time/s Memory/kB
task Sy | EY E- 0O 0° |1 2 2i 1 2 2i
Scenario A 531 | 200 0 0 0 851.9 432.3 18.2 OOM OOM 9.0x10%
Scenario B 146 {50 0 0 O OOM OOM 5.4 OOM  OOM  1.8x10°
Scenario C 160 | 80 120 0 0 283.7 226.5 16.5 2.7x10% 2.9x10% 9.6x10%
Scenario D 244 | 172 228 390 0O OOM OOM 850.4 | OOM OOM 1.2x106

Table 8.4: The running time and peak memory usage of ILASP1, ILASP2 and ILASP2i on single
instances of each of the four agent navigation scenarios. OOM stands for out of memory. The learning
tasks in this table are available to download from https://www.doc.ic.ac.uk/~m11909/ILASP/.

ILASP1 and ILASP2 ran out of memory in two out of the four problems. This was due to the large
number of examples in the learning tasks. In the comparison of ILASP1 and ILASP2, the most
noteworthy task is Scenario A. It has no negative examples or cautious orderings, so ILASP1’s usual
efficiency issue caused by violating hypotheses was not to blame for its performance. In fact, as this
task only had positive examples, the only difference between the ILASP1 and ILASP2 algorithms in
solving the task was that ILASP2 only used a single call to the ASP solver, which returned an optimal
answer set, corresponding to an optimal inductive solution; ILASP1 on the other hand made 2n calls
(where n is the length of the optimal inductive solution), searching for hypotheses of each length up
to n. ILASP2i performed best on each of the four learning tasks, but took rather longer to solve
Scenario D than any of the other scenarios, as in this task the optimal inductive solution was much
longer, which meant that more relevant examples (and hence, more iterations) were required to learn
it. In general, the higher the length of the optimal solution of a task, the more iterations of ILASP2i
are needed to learn it.

Figure 8.7 shows the performance of ILASP2i on each of the four scenarios. Each point in the graph
is an average over 20 randomly generated learning tasks for this scenario (the background knowledge
is fixed in each case and the examples are randomly generated). In Scenarios A and B, the number
of CDPIs corresponds to the number of positive examples (as these are the only kind of examples in
the task). In Scenarios C and D, it corresponds to the number of positive and negative examples. In

Scenario D there is also an equal number of brave orderings.
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Figure 8.7: Average computation time and peak memory usage used by ILASP2i with varying numbers
of examples on each of the four scenarios.

For the first three scenarios, ILASP2i terminated in under 30s on average, even with 200 examples. For
the final scenario, however, ILASP2i took over 3 minutes with 100 CDPIs (so 200 examples overall).



CHAPTER 8. EVALUATION

This is expected, as the target hypothesis is considerably longer than in the other scenarios.

Summary

This chapter concludes our work on learning ASP programs from non-noisy examples. In this part of
the thesis we have presented new frameworks and algorithms for learning from perfectly labeled data.
We have also conducted a thorough study of the notion of the generality of learning frameworks under
the answer set semantics. From this point on, we devote our attention to learning from noisy examples.
The next chapter presents extensions of our learning frameworks in order to handle examples that
may or may not be covered and investigates what this means for the generality and complexity results

of the frameworks.

174



Part 11

Learning Answer Set Programs from

Noisy Examples

175



Chapter 9
Learning from Noisy Answer Sets

In the first part of this thesis, we addressed the problem of learning ASP programs under the assump-
tion that all examples were perfectly labeled — i.e. we assumed that there was no noise in the data.
In practice, this assumption can be unrealistic, as data can come from unreliable sources. In Part
II, we now address the more general case of learning ASP programs from examples that may not be

perfectly labeled.

This chapter introduces the I'L ng% framework, which extends the I LPE‘Z%@” framework to enable

learning from noisy examples. We show that the complexity and generality results presented in

Chapters 4 and 5 are unaffected by this extension. Section 9.4 shows how the ILASP2 and ILASP2i

algorithms can be upgraded to solve noisy tasks, but illustrates with an example why neither algorithm

is particularly well suited to solving this type of learning problem. Motivated by this, Chapter 10
norse

introduces the ILASP3 algorithm, which is specifically targeted at solving I LP;'%%% tasks. Finally, in

Chapter 11 we evaluate the performance of these algorithms.

9.1 Context-Dependent Noisy Learning from Ordered Answer Sets

In this section, we present our noisy framework, I Lpfgj%, for learning from noisy ordered answer

Peontert Ty allow-

sets. It extends the most general of our previous non-noisy learning frameworks, IL
ing examples to be weighted context-dependent partial interpretations and weighted context-dependent
ordering examples. These are essentially the same as context-dependent partial interpretations and
context-dependent ordering examples, but now additionally weighted with a notion of penalty. If a
hypothesis does not cover an example, then we say that it pays the penalty of that example. Informally,
penalties are used to calculate the cost associated with a hypothesis for not covering examples. The
cost function of a hypothesis H is the sum over the penalties of all the examples that are not covered
by H, augmented with the length of the hypothesis. The goal of IL fg’jfs is to find a hypothesis that

minimises the cost function over a given hypothesis space with respect to a given set of examples.
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9.1. CONTEXT-DEPENDENT NOISY LEARNING FROM ORDERED ANSWER SETS

Definition 9.1. A weighted context-dependent partial interpretation e is a tuple (€;q, €pen, (€pi, €ctz)),
where e;q is a constant, called the identifier of e (unique to each example), epep is the penalty of e,
epi is a partial interpretation and e, is an ASP program called the context of e. The penalty epep, is

either a positive integer, or co. A program P accepts e iff it accepts (ecie, €pi)-

Definition 9.2. A weighted context-dependent ordering example o is a tuple (04, Open; Oord), Where
0iq is a constant, called the identifier of 0, 0pey, is the penalty of o and 04,4 is @ CDOE. The penalty
Open 1s either a positive integer, or co. A program P bravely (resp. cautiously) respects o iff it bravely

(resp. cautiously) respects 0pq.

In a learning task without noise, each example must be covered by any inductive solution. However,
when examples are noisy (i.e. they have a weight), solutions may not necessarily cover every example,
but will incur penalties instead. Notice that multiple occurrences of the same context-dependent
partial interpretation will have different identifiers and so hypotheses that do not cover the example
will pay the penalty multiple times (for instance, if a context-dependent partial interpretation occurs

twice then a hypothesis will have to pay twice the penalty for not covering it).

In most of the learning tasks in our evaluation in Chapter 11, we assign the same penalty to each
example. In some cases, however, the penalties can be used to simulate oversampling; for example,
if we have far more positive examples than negative examples, we may choose to give the negative
examples a higher weight — this makes it less likely that we will learn a hypothesis that treats all
negative examples as noisy, just because they are under represented in the data. Another potential use
of penalties would be to use them to represent some sort of confidence in each example!. Definition 9.3

formalises our 1 LPfgjeS framework.

Definition 9.3. An IL Egjfs task 7' is a tuple of the form (B, Sys, (E+, E~, 0% O°)), where B is an
ASP program, Sy is a hypothesis space, ET and E~ are sets of weighted context-dependent partial
interpretations and O and O¢ are sets of weighted context-dependent ordering examples. Given a
hypothesis H C Sy,

1. uncov(H,T) is the set consisting of:

all negative examples e € £~ such that B U H accepts e.
all brave ordering examples o € O such that B U H does not bravely respect o.

all cautious ordering examples o € O° such that B U H does not cautiously respect o.
2. the penalty of H, denoted as pen(H,T), is the sum > c.con(m,1) €pen-

3. the score of H, denoted as S(H,T), is the sum |H| + pen(H,T).

"We do not explore this use of penalties. Any such use would first require a formalisation of what is meant by the
confidence in an example.
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CHAPTER 9. LEARNING FROM NOISY ANSWER SETS

4. H is an inductive solution of T' (written H € ILP}5%(T)) if and only if S(H,T) is finite.

5. H is an optimal inductive solution of T (written H € *ILP}5%(T)) if and only if S(H,T) is
finite and AH’ C Sy such that S(H,T) > S(H',T).

Note that an example with infinite penalty must be covered by any inductive solution of the task, as
any hypothesis that does not cover such an example will have an infinite score. An [ LPfgfs task T'
is said to be satisfiable if ILPP%5%(T) is non-empty. If ILPPY5%(T) is empty, then T is said to be

unsatisfiable.

Example 9.1. Consider a simple ILP}}g’ffS learning task T, with background knowledge B =

”

{r(X):-s(X),p. s(1..98).}, a hypothesis space consisting of the two facts “p.” and “q.” and exam-

ples as defined below:
EY ={(i, L, {{({r(1)},0),0))]i € [1..50]} U {(i, 1, ({0, {x(1)}), 0)|i € [51..98]}

E~ = {<99700’ <<{q}7®>)®>}
Ob
oc

0
0

There are four possible hypotheses in the hypothesis space: Hy = 0, Hy = {p.}, H3 = {q.} and
H, ={p.a.}. Hs and Hy have an infinite score, as they accept the negative example. S(Ha,T) = 49,
as Hs pays a penalty of 48 for not covering the examples with id greater than 50 and less than 99,
and |Hy| = 1. S(Hy,T) = 50 as Hy pays a penalty of 50 for not covering any of the examples
with id less than 51, and |Hy| = 0. Hence, the only optimal inductive solution of T is Hy; i.e.
*ILPPEsS(T) = {Hs}. The full set of inductive solutions of T, ILPRSS(T), is {Hy, Ha}.

9.2 The Complexity of Noisy Learning Tasks

In this section, we show that the complexity of I LPE&‘Z% is the same as ILP{%M" for the three

decision problems of verification, satisfiability and optimum verification presented in Section 4.5.

Proposition 9.2. Deciding verification, satisfiability and optimum verification for I LPf‘gff&f"t each

Pnoise

reduce polynomially to the same problem for I LP!'%%%.

Proof. Let T be the ILP{Z task (B, Sy, (ET,E~,0° 0°). Consider the ILPPZse task T' =
(B, Swm, (Ey , Ey ,05,05)), where the examples are defined as follows:

o Ef ={(ejq,0,€)|le € ET}

o B, ={(ejg,00,e)le € E~}
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9.2. THE COMPLEXITY OF NOISY LEARNING TASKS

o O} = {<0¢d,oo,0>|0 € Ob}

o 05 = {{0ia;00,0)|o € O}

First note that H € ILP{Ri(T) < S(H,T') is finite. Hence H € ILPSHT) < H e
TLPPEse(T"). So verification for ILP{Z# reduces to verification for ILPP5%. As this also means
that ILPfRE(T) = (0 < ILPPESS(T') = 0, this also shows that satisfiability for ILP{2%e! reduces
to satisfiability for IL fgjes

It remains to show that optimum verification for ILP{%"%" reduces to optimum verification for

ILPPgse,. We do this by showing that *ILPSSUer!(T) = *ILPROse(T'). As ILPiest(T) =
ILPPos(T"), to do this, it suffices to show that VH, H' € ILPP9s%(T"), S(H,T) < S(H',T) if and
only if |H| < |H'|. Well, as both S(H,T) and S(H',T) are finite, both uncov(H,T) and uncov(H',T)
must be empty (as every example in 7" has an infinite penalty). So S(H,T) = |H| and S(H',T) = |H'|.
Hence, S(H,T) < S(H',T) if and only if |H| < |H'|. O
It remains to show that each of the decision problems for 1L Egj% reduces to the corresponding
decision problem for I LP{%¥t . For verification and satisfiability this is trivial. Examples with finite

penalty can be ignored, as they do not affect whether any hypothesis is an inductive solution.

notise

Proposition 9.3. Deciding verification and satisfiability for ILP7'g3% each reduce polynomially to

context

the same decision problem for ILP;Z,S".

Proof. Let T be the ILPPSS task (B, Sy, (ET,E~,0°,0°). Consider the ILP{H &t task T/ =
(B, Sy, (Ey, Ey ,05,05)), where the examples are defined as follows:

E;_ = {<epi7 ectm>’<eida Epen s <epi7 ectx>> S E+7 €Epen = OO}

EQ_ — {<epi7 6ct1’>’<6ida €Epen <epi7 ectz>> c Eia €Epen = OO}

012) = {Oord|<0id; Open, Oord) € Oba Open = OO}

05 = {Oord|<0id7 Open Oord> S Oca Open = OO}

VH C Sy, H € ILP§ Y (T") if and only if H covers all examples in T that have a finite penalty.
Hence, ILP{RE (T") = ILPPE5S(T). This means that both verification and satisfiability for ILPrgsS
reduce to verification and satisfiability for ILP{@Ft (as H € ILPPYSS(T) < H € ILP{REY(T)
and ILP7Es(T) = 0 & ILPIEEN(TY) = 0). 0

We now show that optimum verification for 1L Eng‘% is in Hf (which is the same complexity class as

Pcontea:t ) .

optimum verification for I LP;7AS

Proposition 9.4. Deciding optimum verification for I L Egﬁ% is in T1Z.
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Proof. Let T be the ILPEgj% task (B, Sy, E) and H be a subset of Sy;. We will show that whether
H is not an optimal solution of T can be verified by a non-deterministic Turing Machine with an

NP-oracle in polynomial time.

Firstly deciding whether H is an inductive solution of T" reduces to deciding verification for ILPf24e",
so it is in DP (it can be reduced to two decision problems Dj and Ds in NP such that H is a solution
of T if and only if D; answers yes and Ds answers no). Hence, the Turing Machine can start by making
two calls to the NP oracle, and if either D; answers no or Dy answers yes, the Turing Machine can
return yes (as H is not an optimal solution of T'). The Turing Machine then searches for a hypothesis
H' C H such that S(H,T) > S(H',T) (as this is the only remaining way that H can not be an

optimal solution of 7).

Let |E| be the number of examples in the tuple £. The Turing Machine makes |Sys| choices to decide
which rules are in H', then makes |E| choices to decide which examples are not covered by H and
a further |E| choices to decide which examples are covered by H’. Each branch corresponds to a
hypothesis H' and two tuples of examples Fy and Ep/. The branch must now verify three things:
(1) that H covers none of the examples in Fy; (2) that H' covers every example in Fgs; and (3),
that |H| + SP(Eg) > |H'| + SP(E\Ey), where SP computes the sum of the penalties in a tuple
of examples. If all of these properties hold, then S(H',T) < S(H,T)?, so the branch can return yes,
otherwise it will return no. It remains to show that these three properties can be verified in polynomial

time using an NP oracle.

1. To check that H covers none of a set of examples in Fp, we take each example ex in turn and
consider an ILP{2e¥! task T’ containing only that example (and the relevant positive CDPI
examples if ex is an ordering example), with its penalty and id removed. H covers ez if and only
of H is a solution of 7. By Theorem 4.21, verifying that H is a solution of 7" is DP-complete.
Hence, there are two NP-complete decision problems Dy and Ds such that H covers ex if and
only if Dy answers yes and Dy answers no. As we are verifying that no example in Eyy is covered,
if D1 returns yes and D returns no, then the branch returns no, otherwise it carries on to the
next example in Ey until none are left. Checking all of the examples requires at most 2 x |Ep]|

calls to the oracle.

2. To check that H' covers every example in Ep/, we simply verify that it is a solution of the
ILPoteet task (B, Sy, Epr) (where all penalties and ids have again been removed from the
examples). Again, by Theorem 4.21, verifying that H’ is a solution of this task is DP-complete.

Hence, the verification can be achieved with two calls to the NP oracle.

3. As this is a simple sum, it can be computed in polynomial time by the Turing Machine without

even needing to use the oracle.

S(H',T) < |H'| + SP(E\Ey/) < |H|+ SP(En) < S(H,T).
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If there is at least one branch that returns yes then H is not an optimal solution of 7. If there
is a hypothesis H' such that S(H,T) > S(H',T) then the branch where Fy = uncov(T, H) and

Epr = E\uncov(T, H') will return yes. Hence the non-deterministic Turing Machine returns yes if

and only if H is not an optimal solution of 7. Hence the optimum verification problem for I'L fg’jfs

is in I1Z.

O

We now show that for each of the decision problems in Section 4.5 I'L Egjes has the same complexity

context

as the corresponding decision problem for ILP;3,E".

Theorem 9.5.

notise

1. Deciding verification for an arbitrary ILP7g35 task is DP-complete

noise

2. Deciding satisfiability for an arbitrary ILP;'g % task is »P-complete

noise

8. Deciding optimum verification for an arbitrary ILPZ3G task is Hg—complete

Proof.

1. As verification for [ LPE%T;L‘ is DP-complete (by Theorem 4.21), and there are polynomial

noise

reductions to and from verification for ILP}¢"%% (by Propositions 9.2 and 9.3), verification for

noise

ILPP%s must also be DP-complete.

2. Similarly, as satisfiability for I LP{oVe#t is $.2'-complete (by Theorem 4.24), and there are polyno-
noise

mial reductions to and from satisfiability for I LP'g3% (by Propositions 9.2 and 9.3), satisfiability
for IL PSS, must also be Y4'-complete.

Pcontezt noise

3. Optimum verification for I LP;%;&" reduces to optimum verification for ILP}g5% (by Proposi-

tion 9.2), hence as optimum verification for IL P2t is T1Y" complete (by Theorem 4.27), opti-
mum verification for 1 LPf(o)Zj% must be IT{-hard. Hence, as optimum verification for IL E(OD’Z%

is a member of Hf (by Proposition 9.4), it must be Hf—complete.

9.3 The Generality of Noisy Learning Tasks

In this section we consider the generality of the I Lpggj% framework and compare it to the generality

of noisy versions of the frameworks that we analysed in Chapter 5. These noisy frameworks are defined
noise

in the same way as ILP;'33%, by taking the original definition of an example e, and replacing it with

a tuple (e;q, epen,€). For any task T' = (B, E) of any framework, we write pen(H,T') to denote the
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CHAPTER 9. LEARNING FROM NOISY ANSWER SETS

sum of the penalties of all examples in E that are not covered by H. Given a framework F, we denote
the noisy equivalent of the framework as n(F). Note that n(ILPf3Et) = ILPPRSS.

Noise is not captured in the definition of inductive solution, but is instead captured by the penalty

paid by a hypothesis. We therefore slightly alter the notion of distinguishability.

Definition 9.4. The noisy one-to-one-distinguishability class of a noisy learning framework F (de-
noted N'Di(F)) is the set of tuples (B, Hy, Hy) of ASP programs for which there is at least one
task Tr = (B, Ex) such that pen(Hy,Tr) < pen(Hs, TF). For each (B, Hy, Hy) € N'Di(F), Tr is
said to distinguish H; from Hs with respect to B. Given two noisy frameworks /1 and F2, we say
that Fi is at least as (resp. more) N'Di-general as (resp. than) Fy if ND}(F) € NDH(Fy) (resp.
ND(Fy) C NDi(F)).

We now show that for any framework F, the noisy one-to-one-distinguishability class of n(F) is equal

to the one-to-one-distinguishability class of F.

Theorem 9.6. For any non-noisy framework F, N'Di(n(F)) = D} (F).
Proof.

1. We first show that N'D}(n(F)) C D}(F).

Assume that (B, Hy, Hy) € N'Di(n(ILPr)). Then there is an n(ILPr) task T with background
knowledge B such that pen(Hy,Tr) < pen(Hs, Tr). There must be at least one example e* in T'r
that H; covers but Hy does not. Let Tj% be the I L Pr task with background knowledge B and only
the example e*. Then Hy € ILPr(T%) and Hy ¢ ILPr(T%). Hence (B, Hy, Ho) € Di(ILPr).

2. Now we show that Di(F) C N'Di(n(F)).

Assume that (B, Hy, Hy) € D}(F). Then there is an ILPr task Tr with background knowledge
B such that Hy € ILPr(T¥) and Hy ¢ ILPr(Tr). Let T# be the n(ILPr) task constructed
from T'r by adding infinite penalties (and ids) to each example. For any H, H € ILPr(Tr)
if and only if H covers every example in 7', which is true if and only if pen(H, T]2_-) is finite.
Hence pen(Hy,T%) < pen(Hy, T%) (as pen(Hy,T#) is finite and pen(Hs,T%) is infinite). So
(B, Hy, Hy) € NDi(n(ILPF)).

O

As we have already proven the one-to-one-distinguishability classes of the six frameworks in Chapter 5,

this result leads to the following ordering of noisy one-to-one-distinguishability classes.
Corollary 9.7.

1. NDi(n(ILP,)) = NDi(n(ILPsy,)) C NDi(n(ILPpas)) C NDi(n(ILPLoas)) C NDI(ILPPYSS)

2. NDY(n(ILP.)) € NDY(n(ILPpas))

Similarly, we can upgrade the definition of the one-to-many-distinguishability class.
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Definition 9.5. The noisy one-to-many-distinguishability class of a noisy learning framework F (de-
noted N'DL (F)) is the set of all tuples (B, H,{Hj,...,H,}) such that there is a task T which
distinguishes H from each H; with respect to B. Given two noisy frameworks F; and F3, we say
that Fi is at least as (resp. more) "D} -general as (resp. than) Fy if N'DL (F2) € N'DL,(F1) (resp.
N'DL(Fy) © NDL(Fy)).

Similarly to noisy one-to-one-distinguishability, the noisy one-to-many-distinguishability class of any

framework n(F) is equal to the one-to-many-distinguishability class of F.

Theorem 9.8. For any non-noisy framework F, ND. (n(F)) = DL (F).

Proof.

1. We first show that N'D) (n(F)) € DL, (F).

Assume that (B, H,S) € N'DL (n(ILP)). Then there is an n(ILPr) task T with background
knowledge B such that VH' € S, pen(H,Tr) < pen(H',Tr). Hence, VH' € S, there must
be at least one example e}, in Tr that H covers but H’ does not. Let Tj% be the ILPr
task with background knowledge B and each of the examples e};,. Then H € I LP]-‘(T]Q_-) and
SNILPr(T%) = 0. Hence (B, H,S) € D},(ILPr).

2. Now we show that D} (F) C NDL (n(F)).

Assume that (B, H,S) € D} (F). Then there is an I LPr task Tr with background knowledge B
such that H € ILPr(Tr) and SNILPr(Tr) = (. Let T#% be the n(I LPr) task constructed from
Tr by adding infinite penalties (and ids) to each example. For any H*, H* € ILPr(Tr) if and
only if H* covers every example in T, which is true if and only if pen(H*, T%) is finite. Hence
pen(H,T%) is finite, and VH' € S, pen(H', T%) is infinite (as there is at least one example in T%
that H’' does not cover). Hence pen(H,T%) < pen(S,T%). So (B, H, S) € N'D;,(n(ILPF)).

O

As we have already proven the one-to-many-distinguishability classes of the six frameworks in Chap-
ter 5, this result leads to the following ordering of noisy one-to-one-distinguishability classes.

Corollary 9.9.
1. ND} (n(ILPy)) C ND},(n(ILPyy)) C NDL,(n(ILPpas)) C NDL,(n(ILProas)) C N'D}, (ILPRgsS)

2. ND! (n(ILP,)) € NDL (n(ILPpas))

We can again upgrade the notion of D] to the noisy setting.

Definition 9.6. The noisy many-to-many-distinguishability class of a noisy learning framework F
(denoted N'DJ(F)) is the set of all tuples (B, S1,S2), where B is a program and S; and Sy are sets
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of hypotheses for which there is a task T'x, with background knowledge B, such that VH; € S,
VHy € Sy, pen(Hy,Tr) < pen(Hs,Tr). Given two frameworks, F; and Fa2, we say that Fp is at
least as (resp. more) N'D]r-general as (resp. than) Fy if and only if N D) (F2) € NDp(F1) (resp.
NDMFy) C ND(Fr)).

Unlike the previous two distinguishability classes, the noisy many-to-many-distinguishability class is

not guaranteed to be equal to its non-noisy counterpart.

Example 9.10. Tuake for instance the tuple t = (0, {{heads.}, {tails.}}, {{1{heads, tails}1.}}).
t &€ DIM(ILPrag). However, we will now show that t € NDp(n(ILPrag)).

Consider the (weighted) partial interpretations E~ = {(id1, 1, ({heads}, D)), (1d2, 1, ({tails}, 0))}.
Both hypotheses containing single facts accept exactly one of the examples in E~; whereas the choice
rule accepts both. Hence, if we consider the n(ILPpas) task T = (0, (0, E~)) then pen({heads.},T) =
pen({tails.},T) = 1 and pen({1{heads, tails}1.},T) = 2. Thus, t is in ND)}(n(ILPpas)).

The fact that noisy many-to-many-distinguishability classes are not necessarily equal to their non-
noisy counterparts raises the question of whether the noisy many-to-many-generality relation is the
same for the six frameworks considered in Chapter 5. In fact, it is the same. The proof is simple
for most of the pairs of frameworks, as the examples can be directly translated to the examples of
the next framework in the chain. The difficulty comes with mapping ILP, to ILPs,,. Although the
non-noisy ILP, examples of any task can be represented as a single partial interpretation example
in ILPs,,, this does not work in general for n(ILP,) and n(ILPs,,). This is because the penalties
for n(ILP,) are on the single atom examples, whereas in n(ILPy,,) the penalties are on each partial
interpretation. Nevertheless, we can still show that N'D(n(ILP,)) C ND(n(ILP;y,)).

Theorem 9.11.
1. ND*(n(ILPy)) C ND(n(ILPsy,)) C ND(n(ILPpas)) C ND(n(ILProas)) C ND%(ILPfgijeS)

2. ND™(n(ILF,)) C ND"(n(ILPp4s))

Proof. The fact that the classes are not equal follows from Corollary 9.9. (If any pair of classes
were equal then the corresponding N'D) classes would also be equal). Thus it remains to show the
C relation for each pair. In each case, we show this by proving that an arbitrary element of the
first framework’s many-to-many-distinguishability class is also a member of the second framework’s

many-to-many-distinguishability class.

1. e Consider any element (B,S1,S2) € ND}(n(ILP,)). There must be some task 7, =
(B,(E*,E™)) such that VH; € S1,VHy € Sy : pen(Hy,T,) < pen(Hs,Ty). Hence, there
must be a positive integer n such that VHy; € Sy : pen(H1,Ty) < n and VHy € Sy :
pen(Ha, Ty) > n.

Let T = (B, Eq,), where Ej,, is the set of all weighted n (I L Ps,,) examples (all with penalty

1) with partial interpretation (e, e¢*¢) such that:
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atoms )

(a) e yUesr = B UEL where E},

oS toms oS is the set consisting of all

(resp. E
atoms a for which there is a tuple (€;4, €pen,a) € E* (resp. E7).

<b>< S et z_a;en><n

acE! _ neewe ackE

atoms atoms

(where for each atom a € Ef, ~ UE,

atoms atoms?

for a that occur in E™ (resp. E7)).

o, (resp. ag,,) is the sum of all penalties

For any hypothesis H, pen(H,T) < n if and only if B U H accepts at least one example
in Ey,,. Hence VH; € S, pen(Hy,T) < |Egyn| and VHy € So, pen(Hs,T) = |Esp|. Thus,
VH, € Sy, VHy € Sy, pen(Hy,T) < pen(Hs, T).

Hence (B, S1,S2) € NDJ?(n(ILPsy,)).

e Assume (B,S1,52) € NDJ?(n(ILPsy,)). Then there is an n(ILPs,,) task Ty = (B, (E))
such that VHy € S1,VHs € So, pen(Hy,Th) < pen(Haz,Ty1). Let Ty be the n(ILPpas) task
(B,(E,D)). Then VHy € S1,VHy € Sy, pen(Hy,Ts) < pen(Hs,Ts) (as VH, pen(H,T}) =
pen(H,T5)). Hence, (B, S1,S2) € ND(n(ILPras))

e Assume (B, S1,S2) € ND(n(ILPpas)). Then there is an n(ILPpag) task Ty = (B, (ET,
E~)) such that VH, € S1,VHy € Sa, pen(Hy,T1) < pen(Ha,T1). Let Ts be the n(ILProas)
task (B,(E*,E~,0,0)). Then VH; € S1,VHy € So, pen(Hy,Ts) < pen(Ha,T) (as VH,
pen(H,Ty) = pen(H,Ts)). Hence, (B, S1,S52) € ND(n(ILProas))

e Similarly to above, any n(ILProas) task that distinguishes a set of hypotheses S; from a
set of hypotheses Sy (wrt some background knowledge B) can be mapped into an ILP}g5
task that scores every hypothesis the same as the original task (by adding empty contexts

to each example). Hence any tuple in N'D(n(ILProas)) is also in ND*(ILPP&SS)

2. Assume (B, S1,52) € ND(n(ILP.)). Then there is an n(ILP.) task Ty = (B,(E*,E™)),
such that VH, € S1,VHs € Sy, pen(Hy,T1) < pen(Hs2,T1). Let extra id be an example
identifier that does not occur in T} and consider the n(ILPy a5) task (B, ({{extra_id, co, (#, 1)},
[eias epens 0,431 | (€1t pensa) € E*} U {leias epens (12} 0)) | (eias epensa) € E-D). For
any hypothesis H, pen(H,T)) = pen(H,T3), and hence, VH, € S1,VHy € Sy, pen(Hi,Ts) <
pen(Hz,T5). Hence, (B, S1,S2) € NDM(n(ILPras)).

We have now shown that for each of the three measures of generality, the six noisy frameworks are

ordered in the same way as was the case for the six non-noisy frameworks in Chapter 5.
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9.4 Solving I LP!%% Tasks with ILASP2 and ILASP2i

The immediate question that may come to mind is whether it is possible to use existing ILASP
algorithms to solve noisy tasks. In this section, we demonstrate that both ILASP2 and ILASP2i can
indeed be slightly modified in order to solve IL fg’ffs tasks. Even so, we argue that neither would
perform particularly well on noisy tasks, as their algorithms were originally designed for tasks with

no noise.

9.4.1 ILASP2

ILASP2 can be extended to solve IL Eg’ffs tasks by slightly modifying the meta-level program
Mirasp2. Given an IL }jgzjfg task T and a set of violating reasons V R, the modification consists of
the following steps:

1. For each example eg with finite penalty, a choice rule 0{noisy(egiq)}1 and a weak constraint
i~ noisy(egia).[2 X epen@1] are added to Mypasp2(T, VR).

2. Each constraint “:- not cov(eigq,eiq).” in M(T) is appended with the literal not noisy(eiq)

(indicating that if the penalty of the example has been paid then it does not need to be covered).

3. Similarly each constraint “:- not ord_respected(oiq,0id1,0142).” in M(T) is appended with

the literal not noisy(oiq).
4. Each rule “vi(eiq):-cov(eiq,v1).” in M(T) is appended with the literal not noisy(eiq).

5. Each rule “vp(0iq):-ord respected(osiq,v1,v2).” in M(T) is appended with the literal

not noisy(oiq).

6. The sub-program {:— not not,as(Iid).’ (I,ey e VR,e€ E~ } is replaced with the sub-program
{:— not not_as(Iiq), not noisy(eid).‘ (I,ey e VR,e € E~ }

7. The sub-program {:—vpmot,resp(VPid). (VP,o) e VR,0 € O° } is replaced with the sub-

program {:—vpmot,resp(VPid), not noisy(oid).’ (VP,o) e VR,0 € O° }

The intuition behind this modification is that every example eg which is permitted not to be covered
(i.e. those with finite penalties) is assigned a new atom noisy(egiq) in the meta-level program. If this
atom is true in a meta-level answer set, then anything to do with this example (including previous
violating reasons associated with this example) may be ignored. Due to the extra weak constraints any
answer set A of the meta-level program will have the optimisation score (at level 1) 2x S (M,:ylp(A), T)
if A contains violating and 2 x S(M; ! (A),T)+1 if not. This has the effect that ILASP2 will now

hyp
find the optimal inductive solutions of the I'L Eg’jfs task T.
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Although we have demonstrated that ILASP2 can solve [ LPfgj% tasks, the main issue with using
ILASP2 for solving these tasks is that when examples have noise, more examples are often necessary
in order to learn an accurate hypothesis. This is an issue because ILASP2 scales poorly with respect

to the number of examples, as discussed in Chapter 7.

9.4.2 ILASP2i

As discused in Chapter 7, ILASP2i addresses some of the scalability issues in ILASP2 as it often
allows ILASP2 to be called with a much smaller relevant set of examples. ILASP2i could be extended
to address ILPP&5% tasks in the following way. Firstly, the call to ILASP2 should be replaced
with a call to the modified ILASP2 introduced in the previous section (so that ILASP2 can handle
the noisy examples). The only other change that is needed is to the call to findRelevantEzamples.
Originally findRelevantEzramples was called on the full set of examples E. However, if ILASP2 returns
a hypothesis that does not cover an example that has already been added to the set of relevant
examples (as is possible now that ILASP2 is allowed to ignore examples that it considers noisy), this
will cause ILASP2i to go into an infinite loop, as it will continually add the same example to the set of
relevant examples. This can be overcome with a simple modification: the call to findRelevantExamples
should use E\Relevant (where Relevant is the set of relevant examples), rather than the full set of

examples F.

We have shown in Chapter 8 that ILASP2i can give a large performance boost to learning tasks with
large numbers of examples (with respect to ILASP2), as it is often the case that the final set of relevant
examples is much smaller than the whole set of examples. But, when considering IL Engxes tasks, this

may not be the case, as illustrated by the following example.
Example 9.12.

Let us reconsider the ILPEgj% task T from FExample 9.1. The ILASP2i algorithm would start with
the relevant examples being empty and the hypothesis H = (). Examples 51 to 98 are covered, but
examples 1 to 50 are not, so ILASP2i would pick an uncovered example (the first) and add it to the
relevant example set. The call to ILASP2 might then find the hypothesis H' = {p.}, which covers the
only relevant example. As this hypothesis does not cover examples 51 to 98, one of these uncovered
examples would be added to the set of relevant examples. Now, every hypothesis is guaranteed to cover
one of the relevant examples and not cover the other. Hence, the next call to ILASP2 would then return
H =0 as the next hypothesis, which means that example with id 2 would be added to the relevant set.
This would continue until all of the examples with ids 1 to 49 and 51 to 98 had been added. At this
point the hypothesis H' would again be returned by the call to ILASP2, and as there are no examples
that are not covered by H' that are not already in the relevant example set, H' would be returned by
ILASP2i.

Example 9.12 demonstrates that for IL fgjes tasks, the set of relevant examples may not be signif-

icantly smaller than the full set of examples. When this is the case, ILASP2i may even be slower
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than ILASP2, as all iterations before the last iteration are essentially wasted computations. In the
next chapter, we introduce a new algorithm, ILASP3, that is able to efficiently solve I Lpfgj‘fg tasks
with large numbers of examples. In Chapter 11 we then demonstrate that ILASP3 indeed significantly
outperforms both (the extended) ILASP2 and ILASP2i on noisy tasks with large numbers of examples.

9.5 Related Work

Most ILP systems have been designed for the task of learning from example atoms. In order to
search for best hypotheses, such systems normally use a scoring function, defined in terms of the
coverage of the examples and the length of the hypothesis (e.g. ALEPH [Sri01], Progol [Mug95],
and the implementation of XHAIL [BR15b]). When examples are noisy, this scoring function is
sometimes combined with a notion of maximum threshold, and the search is not for an optimal
solution that minimises the number of uncovered examples, but for a hypothesis that does not fail to
cover more than a defined maximum threshold number of examples (e.g. [Sri01, OB10, ACBR13]). In
this way, once an acceptable hypothesis (i.e. a hypothesis that covers a sufficient number of examples)
is computed the system does not search for a better one. As such, the computational task is simpler,
and therefore the time needed to compute a hypothesis is shorter, but the learned hypothesis is not
optimal. Furthermore, to guess the “correct” maximum threshold requires some idea of how much
noise there is in the given set of examples. For instance, one of the inputs to the HYPER/N [OB10]
system is the proportion of noise in the examples. When the proportion of noise is unknown, too
small a threshold could result in the learning task being unsatisfiable, or in learning a hypothesis that
overfits the data. On the other hand, too high a threshold could result in poor hypothesis accuracy, as
the hypothesis may not cover many of the examples. Our IL fg’jes framework addresses the problem
of computing optimal solutions and in doing so does not require any knowledge a priori of the level of

noise in the data.

Another difference when compared to many ILP approaches that support noise is that our examples
are partial interpretations. We do not consider penalising individual atoms within these partial inter-
pretations. This is somewhat similar to what traditional ILP approaches do (it is only the notion of
examples that is different in the two approaches). In fact, while penalising individual atoms within
partial interpretations would certainly be an interesting avenue for future work, Example 9.13 shows
that this could be seen as analogous to penalising the arguments of atomic examples in traditional

ILP approaches.

Example 9.13. Consider the problem of learning the definition of what it means for a graph to be

Hamiltonian. We showed in Chapter j that there are two ways to represent example graphs. A graph

G can either be represented as partial interpretations <emc, inc

eexc)

, where ¢ contains the set of edges

in G, and € contains the set of edges not in G, or it can be represented as a context dependent

example (((,0), C), where the context C is a set of facts that represent the nodes and edges in G.
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There are also two ways of representing an example graph G in a traditional learning from entailment
setting: as a single atom with a list containing the nodes in G and a list containing all the edges in

G, and as a clause with the edges in the body.

Qv@ €atom = hamiltonian([1,2,3,4],[(1,2),(2,3),(3,4), (4,1)])

A hamiltonian:- node(1),...,node(4),
@ a €clause =

edge(1,2),...,edge(4,1).

If we compare this to the two I LPEgj% representations, we can see that the way of scoring a hypothesis
is the same in both cases. As hypotheses are scored on the number of examples that are covered, in both
frameworks a hypothesis is penalised for the number of graphs that are misclassified. Having penalties
on individual atoms in the partial interpretation examples of IL 28’265 would mean that individual
edges or nodes would be penalised. In traditional I1LPppr this would mean penalising either the
arguments of atomic examples, or the body literals of clausal examples. Although potentially interesting,

we are not aware of any ILP system that allows for this level of granularity.

Summary

In this chapter we have presented the noisy extensions of our learning frameworks and investigated
the complexities and generalities of these frameworks. We have explained why our previous ILASP
systems are not well suited to solving noisy tasks. In the next chapter we present ILASP3, which is

specifically targeted at learning from noisy examples.
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Chapter 10

The ILASP3 Algorithm for Scalable

Learning from Noisy Examples

In the previous chapter we presented the I LPE(O)ij% framework for learning from noisy examples. We
explained why our existing ILASP2 and ILASP2i algorithms are not well suited to solving the tasks
of this framework. In this chapter we present ILASP3, an alternative algorithm specifically targeted

notse

at solving IL P[5 tasks.

The main intuition of ILASP3 is to incrementally build a function for approximating the coverage of
hypotheses. This allows us to approximate the score of any hypothesis. Given any hypothesis H, the
approximation function used by ILASP3 will always contain the true coverage of H, but may also
contain examples that are not covered by H. This means that for any hypothesis H, the approximate
score of H is less than or equal to the real score of H. In each iteration, ILASP performs the following

steps:

1. Find an optimal hypothesis H* with respect to the notion of approximate score. This is a
hypothesis H that minimises the sum of |H| plus the penalties for all examples that are not in

the approximation of the coverage.
2. Search for an example that is in the approximate coverage of H* but that is not covered by H*.

e If such an example exists, then the approximate coverage of H* is incorrect, so H* might
not be a true optimal hypothesis. The algorithm therefore updates the approximation

function and goes back to step (1).

e If no such example exists, then H* is an optimal inductive solution of the task (so ILASP3

terminates returning H*).

The approximation function used by ILASP3 is based on a notion of coverage constraints. A coverage

constraint is a pair consisting of a CDPI example and a set of hypothesis schemas. A hypothesis schema
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is a set of structural conditions defining a class of hypotheses; for example a hypothesis schema may
define the class of all hypotheses that contain at least one rule from the set {hs, ho} and no rules from
the set {hs, ha}. A similar notion of coverage constraints is used for ordering examples, where the
pair consists of a CDOE and a set of schemas called ordering schemas. Any hypothesis which obeys

every condition of a schema is said to conform to that schema.

Definition 10.1. Let T be the ILPP%se task (B, Sy, (EY, E=,0°,0%), H C Sy and (ex, SC) be

a coverage constraint. H is said to satisfy (ex, SC) if one of the following conditions holds:

e cx € ET or ex € OY and H conforms to at least one schema in SC.

e ex € £~ or ex € O° and H does not conform to any schema in SC.

If H does not satisfy (ex, SC), we say that H wviolates (ex, SC).

ILASP3 incrementally builds a set of coverage constraints C'C' such that for each constraint (ex, SC) €
CC, every hypothesis that covers ex satisfies (ex, SC). In the case that ex is a positive example and SC
is empty there is no way of satisfying the coverage constraint. Such a coverage constraint is generated
by ILASP3 when ex is impossible to cover (or at least there is no hypothesis in the hypothesis space
that covers ex). Conversely if there is a negative example ex such that (ez, ) is in CC then this
constraint is automatically satisfied. In practice, ILASP3 only generates coverage constraints for

negative examples with a non-empty set of hypothesis schemas.

The coverage constraints C'C can be used to define the approximate coverage of a hypothesis. Given
a hypothesis H this approximation assumes that examples are covered unless there is evidence that

the example is not covered (i.e. a violated coverage constraint). This approximation is formalised in
Definition 10.2.

Definition 10.2. Let T be the ILPp%s task (B, Sy, (ET,E~,0°,0%), H C S) and CC be a set
of coverage constraints. The approzimate coverage wrt CC, denoted ApproxCoverage(H,T,CC), is
the set of examples ex € E+ U E~ U O U O° such that there is no coverage constraint (ex, SC) € CC
that is violated by H.

We will demonstrate that any set of coverage constraints C'C computed in the ILASP3 algorithm is such
that for any H C Sy, Coverage(H,T) C ApproxCoverage(H,T,CC) (where Coverage(H,T) denotes
the set of examples in 7 which are covered by H). The examples which are not in
ApproxCoverage(H,T,CC') must therefore not be covered by H. Note that it is not necessarily
the case that any example in ApproxCoverage(H,T,CC) is covered — it is only that given the cover-
age constraints C'C, we have no evidence that the example is not covered. For instance, when ILASP3
begins CC is empty, meaning that for any hypothesis H, ApproxCoverage(H,T,CC) contains ev-
ery example in T. As the algorithm progresses, more coverage constraints are added to C'C, and
ApproxCoverage(H, T, CC') gets closer to Coverage(H,T).
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We can use the approximation of the coverage of a hypothesis to compute an approximation of the
score of that hypothesis. As ApproxCoverage(H,T,CC) is never an under-estimate of the coverage
of H (i.e. Coverage(H,T) C ApproxCoverage(H,T,CC)), this approximate score is never an over-
estimate of the score of H. We call the approximate score of a hypothesis the lower bound score of H
wrt CC'. This is formalised by the following definition.

Definition 10.3. Let T be the ILPp%s task (B, Sy, (ET,E~,0° 0%), H C S) and CC be a set
of coverage constraints. Let NotCov be the set (ET U E~ U O U O°)\ ApproxCoverage(H,T,CC).
The lower bound score of H wrt C'C, denoted as Sy, (H,T,CC), is the sum [H| 4 > c nyorcop Epen- A
hypothesis H C Sy is said to be optimal with respect to CC if and only if Sy (H,T,CC) is finite and
there is no H' C Sy such that Sy (H', T,CC) < Spp(H, T, CC).

Note that for any hypothesis H and any set of coverage constraints C'C' computed by ILASP3,
Slb(H, T, CC) < S(H, T).

When ILASP3 starts, the set of coverage constraints C'C' is initialised to be empty. In each iteration,
the algorithm first finds a hypothesis H* that is optimal with respect to the current C'C. It then
searches for an example ex that is in ApprozCoverage(H*, T, CC') but that is not in Coverage(H*,T).
If such an example exists then Sy (H*,T,CC) < S(H*,T), so H* may not be an optimal inductive
solution of T'. In this case a new coverage constraint, computed for the example ez, is added to CC
and a new iteration is started. If no such example exists then Sy (H*,T,CC) = S(H*,T). Hence, as
for any other hypothesis H', Sp(H*,T,CC) < Sip(H',T,CC) < S(H',T), it must be the case that

H* is an optimal solution of T'. In this case ILASP3 terminates and returns H*.

ILASP3 is similar to ILASP2i in that it iteratively computes a hypothesis and searches for counter
examples to its current hypothesis. When compared with ILASP2i, the main scalability gain in
ILASP3 comes from the fact that the task of finding intermediate hypotheses is simpler. In ILASP2i,
the grounding of the background knowledge, hypothesis space and the context of each relevant example
must be considered. In ILASP3, only the coverage constraints are considered. The only point at which
ILASP3 considers the grounding of the background knowledge, hypothesis space, and contexts is when
it translates a detected counter example into a new coverage constraint. At this point ILASP3 only
needs to consider the specific counter example rather than the set of relevant examples considered by
ILASP2i.

In the next section, we formalise the notion of hypothesis schemas that form the main component of
our coverage constraints. We then present the methods used for translating detected counter examples
into coverage constraints and show how schemas can be represented in meta-level ASP programs. Next
we present our method for finding an optimal hypothesis with respect to a set of coverage constraints
and formalise the ILASP3 algorithm, together with its soundness and completeness results. After
defining the main ILASP3 algorithm, we discuss some extra extensions of ILASP3 that can result in
a significant boost in performance on noisy tasks. We conclude the chapter with a discussion of the

related work.
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10.1. HYPOTHESIS SCHEMAS

10.1 Hypothesis Schemas

The intuition behind a hypothesis schema is to identify a set of constraints on the rules allowed in
a hypothesis such that a hypothesis conforms to this set of constraints only if it covers a particular
example. Recall that each rule h in the hypothesis space is associated with the unique identifier higq.
Informally, a hypothesis schema can be thought of as a set of disjunctions over the rule ids and one
negated disjunction of rule ids. Each disjunction of rule ids in the set captures the fact that for at least
one of the ids, the corresponding rule must be in a hypothesis in order for the hypothesis to conform to
the schema. The negated disjunction of rule ids expresses that for each id in this negated disjunction,
the corresponding rule should not be in a hypothesis. This is formally expressed in the following
definition, using the notion of a rule-disjunction. Given a hypothesis space Sy, a rule-disjunction d
is a subset of ids(Sys), and a hypothesis H C Sy is said to satisfy d if and only if d Nids(H) # 0.

Definition 10.4. Let Sj; be a hypothesis space. A hypothesis schema is a pair sc = (D, V'), where D
is a set of rule-disjunctions and V' is a single rule-disjunction. A hypothesis H is said to conform to sc
if and only if Vd € D, H satisfies d (i.e. dNids(H) # 0), and H does not satisfy V' (i.e. VNids(H) = 0).

This notion of a hypothesis schema is related to the definition of an answer set based on unfounded sets
(Definition 2.4). Specifically, given an interpretation I, a background knowledge B and a hypothesis
space Sy, it is possible to generate a hypothesis schema sc = (D, V') such that any H C Sj; conforms
to sc if and only if I is an answer set of BU H. Each non-empty unfounded subset of I with respect to
B can be used to generate a rule-disjunction containing the identifiers of the rules in Sy; that, added
to B, would prevent I from being unfounded. These rule-disjunctions form the set D of a hypothesis
schema. The set V of a schema is the set of all rules that prevent a particular interpretation I from
being a model. Requiring that a hypothesis conforms to a schema constructed from an interpretation
1, essentially corresponds to requiring that I is a model of B U H and has no non-empty unfounded
subsets (i.e. requiring that I is an answer set of B U H). We illustrate this correspondence between

hypothesis schemas and unfounded sets in the following example.

Example 10.1. Let B=0 and Sy; be the following hypothesis space:

hi: p

hy: q.

hs3: p:-q.

hy: p:- not q.
hs: q:-p.

h¢: q:- not p.
hy7: r.

Let sc be the hypothesis schema (D, V'), where D = {{hy,hs},{h7}} and V = {hy,hs}. To conform to

sc, a hypothesis H must contain at least one of the rules hy or hy and contain hy and contain neither
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hy nor hs. A hypothesis H that conforms to sc would correspond to having I = {p,r} as an answer
set of BU H. In fact, the two rule-disjunctions in D come from the two subsets of I that could be
unfounded with respect to some hypotheses in the hypothesis space: {p} is unfounded with respect to
BUH if H does not contain either hy or ha; and {r} is unfounded with respect to BU H if H does
not contain hy. If neither of the two rule-disjunctions are “violated” then there are mo other possible
unfounded sets. Finally, for I to be an answer set of BU H, I has to be a model of BUH. It is a
model if and only if H does not contain either hy or hs. Hence, I is an answer set of BU H if and

only if H conforms to sc.

10.1.1 Ordering Schemas

The hypothesis schemas presented so far are useful in expressing which hypotheses accept particular
answer sets, and therefore which positive or negative examples are covered. In order to express which
ordering examples are covered, we introduce a second type of schema called an ordering schema. Recall

12, op) specifies the preference relation between

that a (context-dependent) ordering example o = (e
answer sets of the learned program. In the case of a context-dependent brave ordering, there must be a
pair of accepting answer sets (A1, As) of 0 — meaning that (i) A is an accepting answer set of e!; (ii) Ao
is an accepting answer set of €2; and (iii) (A1, Aa, 0p) € ord(BUH, AS(BUH Uel,,)UAS(BUHUE2,,)).
The first two of these conditions can be ensured using the hypothesis schemas presented in the previous
section. Condition (iii) motivates a generalisation of these hypothesis schemas, which depends on the

new notion of hypothesis weightings.

Just as hypothesis schemas were based on the notion of unfounded sets and models, which can be
used to define what it means to be an answer set, hypothesis weightings are based on a notion of
optimisation differences, which can be used to define what it means for one answer set to be preferred

to another. Definition 10.5 introduces the notion of optimisation differences.

Definition 10.5. Let P be an ASP program and I; and Is be interpretations. For any integer [,
the optimisation difference between I and I at | with respect to P (denoted AF (I, I2)) is equal to
Pl — PP,

Definition 10.5 defines optimisation differences for programs. We also define optimisation differences
for single weak constraints. For any weak constraint W and any interpretations I; and Is, AlW(I 1, 12)
is defined as AE{W}(I 1, I2), where {W} is the program containing only W. The optimisation difference
of a weak constraint is crucial to our notion of ordering schemas. In order to use the optimisation
differences of individual weak constraints, we must slightly restrict the language of weak constraints in
our learning tasks. Definition 10.6 introduces the notion of a set of weak constraints being independent

from each other.

Definition 10.6. Let W be a set of weak constraints. The weak constraints in WC' are independent
if there are no two weak constraints Wy and Ws in WC with ground instances W{ and W such that
the tail of WY is equal to the tail of Wi
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In the rest of this thesis, we assume that for any learning task, the weak constraints in B U Sj; are
independent. In practice, this can be achieved by adding a unique constraint to each weak constraint
as the first term occurring in the tail after the weight and priority level. The benefit of this assumption
is that we can now compute the optimisation difference (between two interpretations) with respect
to a program by summing the optimisation difference with respect to each weak constraint in the

program. This result is formalised in Lemma 10.2.

Lemma 10.2. (proof on page 309)

Let P be any ASP program whose weak constraints are independent, [ be any integer and I; and I

be any interpretations. Then AP (I, I,) = > AV(L,L).
W eweak(P)

When learning, this result means that we can compute the optimisation difference of BUH by summing
the optimisation differences for each of the weak constraints in the learned program. Given a pair of
interpretations, we can compute the individual optimisation difference for each weak constraint in the
hypothesis space once, and can compute the optimisation difference for any hypothesis by summing
the optimisation differences of the weak constraints in the hypothesis (and background knowledge).
The following definition introduces the notion of the deciding optimisation difference, which can be

used to check the ordering between two interpretations, given a set of weak constraints.

Definition 10.7. Let P be any program and [; and I be any interpretations. Let L be the set of
integers [ such that Af([l, Iy) # 0. We define the deciding optimisation difference between I and Iy
with respect to P (denoted AP (I, I5)) as follows:

e If L ={ then AP(I1,15) =0
o If L # () then AP(I1, 1) = AP (11, I5), where [ is the maximum of L

Lemma 10.3. (proof on page 309)

Let S be a set of interpretations and P be an ASP program. Given any pair of interpretations Iy
and [» in S and any binary operator op € {<,>,<,>,=,#}, (I1,I2,0p) € ord(P,S) if and only if
AP<.[1, IQ) op 0.

Example 10.4. Consider the program P and the interpretations 11 and Is.

0{p(1),p(2),p(3)}3. I ={p(1), p(2)}
P=1{ :~p(X).[1@2X,1]
~ p(X).[X@1,X, 2] Iy = {p(2), p(3)}

Let the two weak constraints be denoted as Wi and Wa, respectively. Wi represents that the highest
priority in the program is to minimise the number of p atoms in an answer set (as a penalty of 1 is paid

for each p atom). Given this weak constraint, both interpretations Iy and Iy pay the same penalty.
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As there are no other weak constraints in P at priority level 2, we should expect the optimisation
difference A¥ (11, I5) to equal 0. We can calculate AL (11, I3) as follows:

AY (I, 1) = AP (I, ) + AY? (1, 1)

= ({(Wi}y' — {W1}32) + ({Wa}g' — {Wa}y?)
(2-2)+(0-0)
0

Note that for each weak constraint W;, {W;} represents the program containing only W;, and recall
that {W;}., is the sum Z(Wt,lev,t1...,tn)Eweak({Wi},I) wt. Le. {Wi}l, is the sum of the first
elements of the tuples in weak({W;},I) whose second element is the priority level lev. For example,
as weak({Wh}, 1) = {(1,2,1,1), (1,2,2,1)}, {Wi} = 1+1 = 2. Similarly, {W1}* = 0, as there

are no elements of weak({Wh}, 1) whose second element is 1.

The weak constraint Wa corresponds to preferring answer sets where the sum of the arguments of the
p’s is as small as possible. A penalty of X is paid for each p(X) in an answer set. This means that I
pays a penalty of 3, whereas Iy pays a penalty of 5. So Iz’s penalty at level 1 is 2 less than I;’s. We
would therefore expect AL (I, I5) to equal —2. We can calculate AY as follows:

AP, ) = AV (1, L) + A2 (1, 1)
= ({Wil — (W) + ((Wa}]! — {W2}?)
=(0—-0)+(3-5)
=2

As AP (I, I5) = 0, the deciding optimisation difference (AF(I1,13)) is —2. As AP (I, 1) < 0, this
means that (I1, I3, <) € ord(P). Hence I is preferred to I.

We now introduce hypothesis weightings, which are the fundamental new part of ordering schemas. A
hypothesis weighting can be thought of as a function from a hypothesis to an integer, expressing the
optimisation difference between two interpretations at a given level. The idea is that we can transform
a pair of answer sets into an ordered list ws of weightings [wi, .. .,wy,], one for each priority level in
the hypothesis space, such that each weighting can be used to compute the optimisation difference at
that level; thus, we can compute the deciding optimisation difference of the two answer sets. Similarly
to hypothesis schemas, the structure of the weak constraints is “compiled away”, so that when we
are searching for the best hypothesis, we only need to reason about the optimisation differences. A
hypothesis weighting w consists of two components: wf, which is a mapping from ids(Syr) to Z and

w®, which is a constant that is used to represent the optimisation difference of weak constraints in the

196



10.1. HYPOTHESIS SCHEMAS

background knowledge.

Definition 10.8. Let Sy; be a hypothesis space. A hypothesis weighting w is a pair (wf,wk>, where
wf is a mapping from ids(Sy;) onto Z and w* is an integer. Given a hypothesis H C Sy, we write

w[H] to denote the sum w* + > w/(hiq).
heH

Notation ([ids : A1,...,1idn : Ay]). Let {idi, ..., idy} be a set of rule identifiers and { Ay, ..., A\p}
be a set of integers. [idj : A1,...,1dp @ A,] represents a mapping f such that for each i € [1,n],
f(idi) = A, and for each rule identifier id such that id ¢ {id4, ..., ida}, f(id) = 0.

Example 10.5. Consider the background knowledge B, hypothesis space Sp; and interpretations I
and I.

o{p(1),p(2),p(3)}3. hy : :~q(X).[1@2,X, 1]

5o 0{a(1),a(2)}2. hy @ :~ q(X).[XQ2,X, 2]
i~ p(X).[1@2, X, b1] hs : :~q(X), not p(X).[1@2,X, 3]
~ p(X).[XQ1, X, b2] S hy @ :~ q(X), not p(X).[XQ2, X, 4]

M7 hs: i~ q(X).]1@1,X, 5]

he : :~ q(X).[XQ1,X, 6]
h7 @ :~q(X), not p(X).[1@1,X,7]
hg: :~ q(X), not p(X).[XQ@Q1,X, 8]

Iy ={p(1). p(2), a(1). a(3)} I ={p(2), p(3), a(1), a(2)}

Consider the hypothesis weightings wy = ([hy : 1,hs : 2],0) and wy = ([he : 1,hg : 2],—2). For
i € {1,2}, and each h € Sy, wlf(hid) = AlMI, I5). Hence, as for each i € {1,2}, AB(I1, L) = wF,

we can use wi and wy to compute the optimisation differences of B U H for any H C Sy;. More
specifically, for any H C Sy, and any i € {1,2}, w;[H] = ABYH (11, I,).
Hence for any operator op, the set of hypotheses H such that (I1, I3, 0p) € ord(B U H) are those such

that Iy, I € AS(BU H) and x op 0, where x is the first non-zero element of [wa[H|,wi[H]] (or 0 if
wg[H] = U.)l[H] = 0)

Given a hypothesis H, we can use an ordered list of hypothesis weightings to compute the list of
optimisation differences for the answer sets A; and As. As we are interested in computing the deciding

optimisation difference, we introduce a notation for the first non-zero element of an ordered list.

Notation (1). Let L be an ordered list of integers. If L contains at least one non-zero element

then 1 (L) is equal to the first non-zero element in L. If every element of L is equal to zero, then

(L) = 0.
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We can now define ordering schemas. An ordering schema consists of three elements: a hypothesis
schema, which is used to ensure that a pair of interpretations are both answer sets of the learned
program; an ordered list of hypothesis weightings, which can be used to compute the optimisation
differences of the pair of interpretations with respect to the weak constraints in the learned program;
and finally, a comparison operator. The last two components are used to ensure that the ordering of

the pair of interpretations respects the operator (with respect to the learned program).

Definition 10.9. Let Sj; be a hypothesis space. An ordering schema osc is a tuple (sc, ws, op), where
sc is a hypothesis schema, ws is an ordered list of hypothesis weightings and op is a binary operator.

A hypothesis H conforms to osc if and only if H conforms to sc and 1 ([w;[H] | w; € ws]) op 0.

In the next section, we present a method for translating a brave ordering example into a set of ordering
schemas. The result in Lemma 10.6 means that we can use our method for translating a brave ordering
example into a set of ordering schemas for translating both brave and cautious orderings (translating

inverse(o) instead of any cautious ordering o).

Lemma 10.6. (proof on page 311)

Consider a background knowledge B, hypothesis space Sy; and a context-dependent ordering example
o. Then for any hypothesis H C Sy;, BUH cautiously respects o if and only if BUH does not bravely

respect inverse(o).

10.2 Translating Examples to Schemas

In this section we show how to translate (weighted) CDPIs and CDOEs into coverage constraints. In
both cases the translation methods construct sets of schemas incrementally, at each step searching
for a hypothesis H that covers the example, but which does not conform to any of the current set of
schemas. In the case of a CDPI e, this means that B U eq, UH must have at least one answer set that
extends ep;. In Section 10.2.1, we show how such an answer set A can be translated into a hypothesis
schema that is conformed to by exactly those hypotheses that (together with B and e, ) accept A
as an answer set. In Section 10.2.2, we present our method for translating a CDPI into a coverage
constraint. Similarly, in Section 10.2.3 we show that, given an ordering example o, a pair of answer
sets (A1, Ag) can be translated into an ordering schema osc such that the hypotheses that conform
to osc are exactly those hypotheses H for which (A, Ag) is an accepting pair of answer sets of o wrt
of BU H. Finally, in Section 10.2.4, we show how to translate an ordering example into a coverage

constraint.

10.2.1 The Translation of an Answer Set

At each iteration step, the ILASP3 algorithm translates an example into a set of hypothesis schemas,

which is used to form a coverage constraint. The intuition is to start with an empty set of schemas and
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in each iteration to search for a hypothesis that accepts a current example, but which does not conform
to any of the schemas computed so far. To prove that the example is accepted by such a hypothesis
H the algorithm tries to find an answer set of B U eq U H that extends ep;. If such an answer set
exists, it is then translated into a hypothesis schema sc, which is in turn added to the current set SC
of hypothesis schemas. We will show that when there are no hypotheses that accept e but do not
conform to any of the already computed schemas, the set of computed schemas is guaranteed to be
complete (e is accepted by H if and only if H conforms to at least one of the computed schemas).
This incremental computation of hypothesis schemas relies upon a method that generates, from an
interpretation I, a hypothesis schema that is conformed to by exactly those hypotheses H such that
I € AS(BUec, UH). We describe first, in this section, the method of computing hypothesis schemas
from a given interpretation and in the next section we show how it can be used to iteratively compute

the translation of an example.

Definition 10.10. Given a program P, hypothesis space Sy, and an interpretation I, a hypothesis
schema sc is said to be a translation of I (with respect to P and Sjs) iff the set of hypotheses that
conform to sc are exactly those hypotheses H such that I € AS(P U H).

Example 10.7. Consider a learning task with background knowledge B and hypothesis space Sy
defined as follows.

B={q:-p.} by p.
hy : :-
Sy = 2: P:-q

h31 q.
hg: r:-q.

Consider the interpretation I = {p,q}. One translation of I (with respect to B and Sys) is sc =
({{h1,hs3}, {h1,ho}},{ha}). This can be seen as follows.

1. Fitherhy orhs must be present in any hypothesis H for which I € AS(BUH), or {p, q} would be
an unfounded subset of I. Similarly, either hy or hy must be present, or {p} would be unfounded.
hy can not be in any hypothesis H such that I € AS(BU H), as I is not a model of ha. Hence,
any hypothesis H for which I € AS(B U H) must conform to sc.

2. Any hypothesis that conforms to sc must either contain hy or both hy and hz. FEither way, there
are no unfounded subsets of I wrt BUH. As I is a model of B, hy, hy and hs, and no hypothesis
H that conforms to sc can contain ha, I is a model of BUH for any hypothesis H that conforms
to sc. Hence, for any hypothesis H that conforms to sc, I € AS(BU H).

The translate AS algorithm finds a translation (D, V') of an interpretation I in two main steps. First it
computes the set V of rules in Sy for which I is not a model (these rules cannot occur in any hypothesis
H where I € AS(P U H)). The second step is to iteratively compute the set of rule-disjunctions D.
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D is initialised to be empty, and in each iteration a potential unfounded subset U is computed, and
the rules in Sy which prevent U from being unfounded are added as a new rule-disjunction (for I to
be an answer set of P U H, H must contain at least one such rule). Definition 10.11 formalises the

notion of a potential unfounded set.

Definition 10.11. Given a program P, a hypothesis schema sc and an interpretation I, a set U C [
is said to be a potential unfounded subset of I wrt sc and P if and only if U # () and 3H C Sy, such
that H conforms to sc and U is an unfounded subset of I wrt P U H.

Algorithm 10.1 translate AS(P, Sy, I)

1: procedure TRANSLATEAS(P, Sy, I)

2 V ={hiq | h € Sy, I = body(h), I = head(h)};

3 D=0

4 while U C [ such that U is a potential unfounded subset of I wrt sc and P

5: Fix U to be an arbitrary potential unfounded subset of I wrt sc and P

6 D = DU {{hiq | hig € ids(Sy)\V, I |= body(h),U Nbody™*(h) = 0, heads(h) NU # 0}};
7 end while

8 return (D,V);

9: end procedure

Lines 4 and 5 of the translateAS algorithm rely on the computation of an arbitrary potential un-
founded subset if one exists (and the ability to determine if at least one exists). In the ILASP3
implementation, this is done by representing the search for a potential unfounded subset in a meta-
level ASP program. This meta-program (along with a proof of its correctness) can be found in
Appendix B.1.

Theorem 10.8. (proof on page 316)
Let P be a program, Sy be a hypothesis space and I be an interpretation. The procedure

translate AS(P, Sy, I) terminates and returns a translation of 1.

Example 10.9. Reconsider the learning task from Example 10.7.

Consider the interpretation I = {p,q}. We now show how translateAS can compute the schema
sc = ({{h1,hs}, {h1,ho}}, {ha}), which is a translation of I.

The first step of translateAS(B, I,Syr) is to compute the set V.. The only rule in Sy; whose body is
satisfied by I and whose head is not satisfied by I is hq; hence, V.= {hs}

translate AS now searches for potential unfounded subsets of I wrt the schema (0, {ha}). {p} is such
a potential unfounded subset (H = () conforms to the schema and {p} is an unfounded subset of I wrt
BU®). This causes translateAS to add the new rule-disjunction {hy, ho} to D.

In the next iteration, translateAS searches for a potential unfounded subset of I wrt the schema
({{h1, ho}},{ha}). {p, a} is a potential unfounded subset of I wrt this schema (consider the hypothesis
Hn,y)- This causes the rule-disjunction {hy, hs} to be added to D.
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In the final iteration, there are no potential unfounded subsets of I wrt (D,V'), and hence the schema
({{h1,hs},{h1,h3}},{ha}) is returned.

10.2.2 Translating an Example

We now present the method used by ILASP3 to translate examples into sets of hypothesis schemas.
This method makes use of Algorithm 10.1 to translate each computed interpretation into a hypothesis

schema.

Definition 10.12. Let T = (B, Sy, E) be an ILP}g5 task, e be an example and SC be a set of
hypothesis schemas. SC' is a partial translation of e iff VH C Sj; such that H conforms to at least
one schema in SC, BU H accepts e. Furthermore, a partial translation SC' of e is said to be complete

if for each H C Sj; such that B U H accepts e, H conforms to at least one schema in SC.

Example 10.10. Consider an 1L gg’jfs task with background knowledge B and hypothesis space Sys
as defined below.

B_ p:- not q. hy: r:-t.
q:- not p. Suy=4¢ hy: t:-q.

hy: r.

Let e be an example such that ep; = ({r},0), and ey = 0. The interpretations which extend ey
and are answer sets of BU H for some H C Sy are {{p,r},{q,r}, {q,r,t}}. We refer to these
interpretations as Ay, Ag and As, respectively. The translation sc; of Ay (using Algorithm 10.1) is
({{hs}},{ha}). {sc1} is a partial translation of e, but it is not complete. To see this, consider the
hypothesis H = {hy,hy}. BUH has the answer set As, but H does not conform to sc1. The translation
scs of As (using Algorithm 10.1) is ({{ha},{h1,h3}},0). {sci1,scs} is a complete translation. Note
that every hypothesis that has the answer set As (when combined with the background knowledge) also

has the answer set Ay, and so there is no need to translate As.

Algorithm 10.2 formalises the procedure translate Example. The idea in this procedure is to start
from an empty set of schemas SC' and, in each iteration, search for a hypothesis that does not conform
to any schema in SC, but has an answer set I that extends e. If such an answer set I is found, it is
translated, using the translate AS algorithm, into a hypothesis schema that is then added to SC. If
no such answer set is found then SC is a complete translation of e, and so the algorithm returns SC.
Theorem 10.11 proves that the algorithm is guaranteed to terminate, and always returns a complete

translation of the example.

Details of the computation of the interpretation I (or determining that no such I exists) can be found

in Appendix B.1. The computation encodes the search as a meta-level ASP program.
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Algorithm 10.2 translate Example(T), e)

1: procedure TRANSLATEEXAMPLE(T, ¢)

2: SC = @;

3: while 37 st 3H C Sj; st Vsec € SC, H does not conform to sc and I is an accepting answer

set of e wrt BUH

4 Fix an arbitrary such I

5 SC = SC U {translate AS(B U ectz, Snr, 1) };
6: end while
7
8

return (e, SC);
: end procedure

Theorem 10.11. (proof on page 319)

Let T be an ILPfgif\% task and e be an example. translateExample(T,e) terminates and returns a

pair (e, SC) where SC is a complete translation of e.

The pair (e, SC') computed by the procedure translate Example is a coverage constraint. Its meaning

is that e is accepted by a hypothesis H if and only if H conforms to at least one schema in SC.

10.2.3 Converting a Pair of Answer Sets into an Ordering Schema
We can convert any pair of interpretations into a set of hypothesis weightings. This translation is
formalised in Definition 10.13.
Definition 10.13. Let T be an [ LPfg)ij‘% task with background knowledge B and hypothesis space
S and let A1 and As be a pair of interpretations. For any integer I, w(T, A1, Ao, 1) is the hypothesis
weighting (w/,w*), where:

e Tor each h € Sy, wf (hig) = AP(Ay, A2)

° wk = AZB(Al,AQ)
Let [l1,...,1,] be the list of priority levels in B U Sy (in descending order). Then the translation of
(A1, Ag) wrt T (denoted w(T, A1, A2)) is the list [w(T, A1, A2, l1),...,w(T, A1, Aa, 1,)].
Example 10.12. Consider the ILP}%S% task T = (B, Sy, E), where weak(B) and weak(Sy) are as

below:

weak(B) :{ .~ p(X).[X@1, X, 1] } hy @ i~ q(X).[x@1, 2] }

hy : :~ r(X).[XQ2,X, 3]

Also, consider the two interpretations A1 = {p(1), p(2), r(1), r(2), a(3)} and Az = {r(2), x(3), q(2)}.

As there are two priority levels in the task, w(T, Ay, Ag) is the list [w(T, A1, A2,2),w(T, A1, Az, 1)].
This is equal to the list [([hy : —2],0), ([hy : 1],3)].
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Theorem 10.13 shows how we can use the translation of a pair of answer sets A; and Ay (with respect
to some task T') to compute the deciding optimisation difference of A; and As with respect to any

hypothesis in the hypothesis space of T
Theorem 10.13. (proof on page 319)

Let T be a IL ngles task and let Ay and Az be interpretations. Let [wi,...,wy] = w(T, A1, A2). For
any H C Sy, ABYH (A Ay) =1 ([w1[H], . .., wa[H]])

We now present the translate Pair AS procedure, which given a pair of answer sets (A1, As), computes
an ordering schema osc such that the hypotheses H that conform to osc are exactly those for which
(Aq, Ag) is an accepting pair of answer sets of o wrt H. It works by computing a pair of hypothesis
schemas, which are translations of the two answer sets, and then translating the pair of answer sets
into a list of hypothesis weightings. It combines the two hypothesis schemas into one, making use of

the following notation.

Notation (sc; U scz).  Let sc; = (D1, Vi) and sca = (Da, Va) be hypothesis schemas. The
combination of sc; and scy (denoted scy U sca) is the hypothesis schema (Dy U Dy, Vi U Va).

Algorithm 10.3 translatePair AS(T, 0, A1, A2)
1. procedure TRANSLATEPAIRAS(T), 0, A1, A2)
2: scy = translate AS(B U (0eg1 ) cta, Snr, A1)
3: scy = translate AS(B U (0eg2) cta, S, A2)
4: return (sc; U sca, w(T, A1, A2), 0op);

5: end procedure

Theorem 10.14. (proof on page 321)
Let T be the ILPP2SS task (B, Su, (ET,E~,0° 0°)). Also let o be a CDOE and Ay and Ay be in-

terpretations that extend (0eg1)pi and (0eg2)pi, Tespectively. translatePairAS(T, 0, A1, Aa) terminates
and returns an ordering schema osc such that VH C Syr, H conforms to osc if and only if (A1, A2) is

an accepting pair of answer sets of o wrt BU H.

10.2.4 The Translation of an Ordering Example

In the ILASP3 algorithm, we translate CDOFE’s into sets of ordering schemas. Definition 10.14 for-

malises the notion of the translation of a CDOE.

Definition 10.14. Let T be any [ LPEgj% task with background knowledge B and hypothesis space
S, let 0 be a CDOE and let OSC be a set of ordering schemas. OSC' is a partial translation of o
wrt T if VH C S)ys such that H conforms to at least one schema in OCS, B U H bravely respects
o. Furthermore, a partial translation OSC' of o is said to be complete if for each H C S, such that

B U H bravely respects o, H conforms to at least one schema in OSC.
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Algorithm 10.4 formalises our method for translating an ordering example o into a set of order-
ing schemas. Similarly to the translate Example algorithm, it works by incrementally computing
pairs of interpretations that are accepting pairs of answer sets of o with respect to B U H, for at
least one hypothesis H that does not conform to any schema in OSC. Theorem 10.15 shows that

translateOrderingExample(T, o) always terminates and returns a complete translation of o.

Algorithm 10.4 translateOrdering Example(T, o)
1. procedure TRANSLATEORDERINGEXAMPLE(T), 0)
2: 0SC = @;
3: while 3(Iy,Iy) st 3H C Sy st Yosc € OSC, H does not conform to osc and (I3, I3) is an
accepting pair of answer sets of o wrt BU H
Fix an arbitrary such (1, I2)
0SC = 0SC U {translatePairAS(T,o,11,12)};
end while
return (o, 0SC);
end procedure

Details of the computation of a pair of accepting answer sets of o wrt BU H (or determining that no
such pair exists) can be found in Appendix B.1. The computation encodes the search as a meta-level

ASP program.

Theorem 10.15. (proof on page 322)

Let T be any ILPP25S, task and o be any CDOE. translateOrderingExample(T, o) terminates and

returns a pair (0o, OSC), where OSC is a complete translation of o.

10.3 Representing Hypothesis Schemas

In this section we present the meta-level representation adopted in ILASP3 to determine, for a given
set of hypothesis schemas, which hypotheses conform to which schemas. For convenience we introduce

the following notation.

Notation (DISJ(SC)). Given a set SC of hypothesis schemas, DISJ(SC) denotes the set
of all rule-disjunctions that appear in SC (i.e. {d | (D,V) € SC,d € DU{V}})

The formal definition of the meta-level program Mg, is given in Meta-program 10.1. Informally, for
each rule-disjunction d that appears in DISJ(SC'), the meta-level program includes a rule that states
that if none of the rules of the hypothesis space with id’s in d are in a hypothesis, then the disjunction d
is not satisfied. This rule defines the predicate not_disj(diq). For each schema (D, V'), the meta-level
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program includes a rule stating that if each d € D is satisfied (expressed as not not_disj(diq) in the
definition above), and V' is not satisfied then the schema is conformed to (by the current hypothesis).
Finally, for each rule h in the hypothesis space, the meta-level program includes a choice rule to state

that h is either in the hypothesis (expressed by the predicate in h(hiq)) or not.

Meta-program 10.1 (M.(SC, Syr)). Let SC be a set of hypothesis schemas and Sy; be a
hypothesis space. M.(SC,Sys) is a program consisting of the following rules:

e not disj(diq):- not in h(dy),..., not in h(dy).
for each rule-disjunction {dj,...,dy} € DISJ(SC) with identifier d;q

e conforms(scig):- not not disj(Diy),..., not not disj(D?,),not disj(Viq).
for each schema sc € SC, where sc = ({D!,..., D"}, V)

[ O{1nl1(h1d)}1
for each rule h € Sy,

Theorem 10.16. (proof on page 311) Let SC be a set of hypothesis schemas and Sy be a hypothesis
space. For each H C Sy, there is exactly one answer set Ag of Ms(SC,Sy) such that H =
ML (Ap). Furthermore, Vsc € SC, conforms(sciq) € Ay if and only if H conforms to sc.

We give now an example of Meta-program 10.1.

Example 10.17. Consider a hypothesis space Sp; composed of 4 rules with ids hy,...,hs and the

hypothesis schemas sci and sco.
sc1 = ({{h1,ha}, {h1,h3}}, {ha}) scy = ({{h1,ha}, {ha}}, {})

DISJ({sc1,sc2}) = {{h1,ha}, {h1,h3},{ha}, {}}, in which rule-disjunctions have, respectively, identi-
fiers dy,...dq. The meta-level program Ms.(SC, Spr) is then given by the program:

conforms(scy):- not not_disj(ds), not not disj(ds),not_disj(ds).
conforms(scy):- not not_disj(di), not not_disj(ds),not_disj(da).
not_disj(dy):- not in h(h;), not in h(h,).

not_disj(dy):- not in h(h;), not in h(hs).

not_disj(ds):- not in h(hs).

not_disj(ds).

0{in h(hs)}1. 0{in h(hy)}1. 0{in h(hz)}1. 0{in h(hy)}1.

Using Theorem 10.16, we can determine which hypotheses H C Sy conform to which schemas in SC
by using Msc(SC, Syr). For example, consider Hyy 4y (the hypothesis containing the rules with ids hy
and hg). My.(SC,Sp) has exactly one answer set A such that {hiq | in h(hiq) € A} = {hy,ha}. This
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is the answer set A = {in h(h;),in h(hs),not disj(ds), conforms(scy)}. We can therefore conclude
that Hyy 4y conforms to scy bul does not conform to sci. This is indeed true: Hyy 4y salisfies di and
ds as it contains the rule with id hy, satisfies ds as the hypothesis contains the rule with id hy, but
does not satisfy da as it is empty and thus is impossible to satisfy; hence the hypothesis conforms to

scy but does mot conform to scy.

10.3.1 Representing Ordering Schemas

Similarly to hypothesis schemas, we represent ordering schemas as an ASP program. Given a set of
ordering schemas OSC and a hypothesis schema Sys, Mys.(OSC, Syr) consists of two components.
The first component is used to check, for each w that occurs in any ordering schema, whether the
hypothesis H represented by the in h atoms yields a positive or negative value for w[H]. The second
component uses this information to determine whether each ordering schema is conformed to (repre-
sented by the osc_conforms predicate). M. is used in conjunction with the M.(SC, Sys) program,
where SC contains each hypothesis schema that occurs in the ordering schemas in OSC. Mg, defines

the in_h and conforms predicates.

Meta-program 10.2 (M,s.(OSC, Syr)). Let OSC be a set of ordering schemas and Sy; be
a hypothesis space such that ids(weak(Syr)) = {h1,...,hn}. Mo (OSC, Syr) is the program

consisting of the following components:

e The rules )
diff(wi?, —1):-#sum{in h(hy) = wi(hy),...,in h(h,) = wi(hy)} < —w*.

for each w such that J(sc, ws,op) € OSC such that w € ws

diff(wi?, 1) - #sum{in h(h) = wi(hy),...,inh(hy) = wi(hy)} > —wk. }

e For each osc = (sc, [wi,...wn],0p) € OSC, the rules:
osc diff(oscig,D):-diff(w;,D), not diff(wi? —1), not diff(wi? 1),
i€ [1,m]
not diff(wid,, —1), not diff(wid, 1).
And the rules:
{ osc diff(oscig,0):- not osc diff(oscig, 1), not osc_.diff(oscig, —1). }

osc_conforms(osciq) :- conforms(sciq),osc_.diff(oscig,D),DopO.

Theorem 10.18 shows that M,s. can be used in conjunction with M. in order to determine which

ordering schemas are conformed to by each hypothesis in a given hypothesis space.
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Theorem 10.18. (proof on page 312)

Let Syr be a hypothesis space, SC' be a set of hypothesis schemas and OSC' be a set of ordering schemas
such that {sc | (sc,ws,op) € OSC} C SC. For each H C Sy, there is exactly one answer set Ay of
Mo(SC, Snr) U Mose(OSC, Sp) such that MY (Ay) = H. Furthermore:

in_h

1. Vsc € SC, conforms(sciq) € Am if and only if H conforms to sc

2. Yosc € OSC, osc_conforms(oscig) € Ay if and only if H conforms to osc

We now extend Example 10.17 to exemplify our representation of ordering schemas.

Example 10.19. Consider a hypothesis space Sy; composed of 8 rules with ids 1,...,8, the hypothesis

schema sc and the hypothesis weightings wy and ws.

scy = ({{h1,ha}, {hy,ha}}, {hg}) wy = ([hs : 6,he : —6,h7 : 1,hg : —3],0)

w1 = ([hs : 6,h7 : —10,hg : —3],4)
Let OSC = {(scy, [w1,ws], <)} The meta-level program M,s.(OSC, Sy) is then given by the program:

diff(wi, 1):-#sum{in h(hs) = 6,in h(h7) = —10,in h(hg) = —3} > —4.

diff(wi, —1):-#sum{in h(hs) = 6,in h(h7) = —10,in h(hg) = —3} < —4.
diff(wy,1):-#sum{in h(hg) = 6,in h(hg) = —6,in h(h;) = 1,in h(hg) = —3} > 0.
diff(wp, —1):-#sum{in h(hs) = 6,in h(hs) = —6,in h(h7) = 1,in h(hg) = —3} < 0.
osc_diff(oscy,D):-diff(wy,D).

osc_diff(oscy,D):-diff(wy,D), not diff(w;,—1), not diff(ws,1).
osc_diff(oscy,0)):- not osc.diff(oscy, 1), not osc.diff(oscy, —1).

osc_conforms(oscy)) :- conforms(scy),osc_diff(oscy,D),D < 0.

M (SC, Syr) is the program:

conforms(scy):- not not disj(di), not not disj(dy),not disj(ds).
not_disj(d;):- not in h(hy), not in h(hy).

not_disj(dy):- not in_h(h;), not in h(hs).
not_disj(ds):- not in h(hg).

0{in.h(hy)}1. ... O{in h(hg)}1.

We can use the result of Theorem 10.18 to test which hypotheses conform to the ordering schema.
For example, consider the hypothesis Hyy 7v. Msc(SC, Sn) U Mosc(OSC, Syy) has exactly one answer
set corresponding to the hypothesis, {in_h(h), in h(h7), not_disj(ds), conforms(scy), diff(wy, —1),
diff(wy, 1), osc.diff(oscy, —1), osc_conforms(oscy)}, which shows that the hypothesis conforms to

both sc1 and oscy.
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10.4 Solving Intermediate Tasks

In each iteration, the ILASP3 algorithm finds an optimal hypothesis with respect to the coverage
constraints computed so far in the iterative cycle. This is done by the procedure solve_current_task
described in Algorithm 10.5. This procedure simply solves a meta-level program M e, representing
the coverage constraints, and extracts the hypothesis and its approximate coverage from the answer

set. Meta-program 10.3 shows the program M.

The program M, specifies that each rule in the hypothesis space is either in the hypothesis or not,
and determines which examples can be proved not to be covered, given the schemas and constraints
computed so far. These examples are represented by the uncov predicate. The weak constraints in
this program minimise the sum of the penalties of the examples which are known to be uncovered plus

the length of the hypothesis (i.e. the lower bound score of the hypothesis wrt the coverage constraints).

Meta-program 10.3 (Mc(CC, Sar, E)). Let (B, Sy, (BT, E=,0°,0°) be an ILPP5%
task and CC be a set of coverage constraints. Let ALL_SC be the set of all hypothesis
schemas that occur in CC' and let ALL_OSC be the set of all ordering schemas that occur
in OC. Mone(CC, Sar, (EY, E=,0° 0°)) is the program that extends Mg.(ALL_SC,Sy) U
Moes(ALL_OSC, Syr) with the following rules:

e uncov(eiq):- not conforms(scly),..., not conforms(scly).
for each (e, {sc!,...,sc"}) € CC and e € E*

uncov(eiq) : - conforms(scigq).
for each (e, SC) € CC, e € E~ and sc € SC

uncov(oiq):- not osc_conform(oscly),..., not osc_conform(osc?y).
for each (o, {osc!,..., 0sc"}) € CC and o € O°

uncov(0iq) : - osc_conform(osciq).

for each (0, 0SC) € CC, inverse(o) € O¢ and osc € OSC

e :~ uncov(eiq). [epen@o,noise(eid)]

for each e € EY UE~ U0 U O°, epen, < 00
e : —uncov(eiq).

for each e € EF UE~UOU O, €pen = 00
o I~ 111J1(R1d)[|R]@O,h,length(R1d)]

for each R € Sy

Theorem 10.20 shows that the procedure solve_current_task returns an optimal hypothesis wrt the

coverage constraints, if such a hypothesis exists. If no such hypothesis exists then solve_current_task
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Algorithm 10.5
1: procedure SOLVE_CURRENT_TASK(CC, (B, Syr, (ET, E~,0° 0°)))
2: A = solve(Mopne(CC, Sar, (EY, E=,0° 0%)));

3 if A==nil

4: return (nil, nil);

5: end if
6
7
8
9:

H = {h € Sy | in-h(hiq) € A};
ApproxCov = {e € EY UE~UOYUO° | uncov(eiq) ¢ A};
return (H, ApprozCov);

end procedure

returns (nil,nil). Note that in this case, there is no hypothesis that covers every example with a

finite penalty, and so the task is unsatisfiable.

Theorem 10.20. (proof on page 322)

For any set CC' of coverage constraints, and any IL fgjfs task T':

1. solve_current_task(CC,T) terminates.

2. If there is no hypothesis H C Syr such that Spp(H, T, CC) is finite, then solve_current_task(CC,T)

returns (nil,nil).

3. If there is a hypothesis H C Syy such that Sy, (H, T, CC) is finite, then solve_current_task(CC,T)
returns a pair (H*, ApproxCov), where H* is optimal with respect to CC and
ApproxCov = ApproxCoverage(H,T,CC).

10.5 ILASP3

Algorithm 10.6 formalises our ILASP3 algorithm, which makes use of the methods described in the

chapter so far.

Before the first iteration, there are no coverage constraints and so C'C' is initialised to be empty.
As there are no coverage constraints, at this point the optimal hypothesis with respect to CC is
also empty, and every example is assumed to be covered by H (hence, the variable ApproxCoverage
is initialised to be the full set of examples). The next step is to use the findRelevantExample
method of ILASP2i, to search for an example that is incorrectly assumed to be covered by H. If
such an example is found, then the approximation of the coverage for H is incorrect, and so the
example is translated into a coverage constraint, which is added to CC. The solve_current_task
method is then used to search for an optimal hypothesis with respect to C'C. If no such hypothesis
exists then the task is unsatisfiable, and the pair (nil,nil) is returned. If such a hypothesis does

exist, the solve_current_task method returns a pair containing the hypothesis and the corresponding
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Algorithm 10.6 ILASP3(T)

1: procedure ILASP3(T)

2. let (B, Sy, (Et,E~,0%0°%) =

3 CC = 0; H = 0; ApproxCoverage =FEtUE-UO"UO°

4: eg = findRelevant Example({(B, Sy, ApproxCoverage), H)
5: while eg # nil
6
7
8
9

ifege ETUE™
CClinsert(translate Example(T, eg))
else if eg € O°
: CClinsert(translateOrdering Example(T, eq))
10: else

11: CC.insert(translateOrdering Exzample(T, inverse(eg)))
12: end if

13: (H, ApproxCoverage) = solve_current_task(CC,T)

14: if H ==nil

15: return UNSATISFIABLE;

16: end if

17: eg = findRelevantExample((B, Syr, ApproxCoverage), H)
18: end while

19: return H;

20: end procedure

approximation of the coverage with respect to CC. ILASP3 then searches for an example that is
incorrectly assumed to be covered by the new H. This process continues until no such example can
be found. When no such example can be found, the approximation of the coverage for the current H
must be equal to the true coverage of the example. Therefore Sy, (H, T, CC) must be equal to S(H,T).
Hence, as for every other hypothesis H' € Sy, Spp(H,T,CC) < Sp(H', T,CC) < S(H',T), there can
be no hypothesis H' such that S(H',T) < S(H,T). This means that the hypothesis returned by
ILASP3 must be an optimal inductive solution of T'.

We now present some theoretical results about the ILASP3 algorithm. Theorem 10.21 shows that
ILASP3 is sound and complete with respect to the optimal inductive solutions of an IL Eg’j% task
and will always terminate. Note that as ILASP3 returns a single optimal solution, rather than the

full set, the completeness is in terms of being guaranteed to find an optimal solution if one exists.

Theorem 10.21. (proof on page 324)

Let T be a well-defined 1LPr5 task.

1. ILASP3(T) terminates.
2. If T is satisfiable, then ILASP3(T) returns an optimal inductive solution of T
3. If T is unsatisfiable, then ILASP3(T') returns UNSATISFIABLE.
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‘ Feature | Symbol | Enabled by default | Notes
Propagation P Yes Can be disabled using the flag —np
Implication T Yes Can be disabled using the flag —ni
Schema generalisation SG Yes Can be disabled using the flag —ng
Maximum translation MT No the {gazn—be—e;l:flfi:;i?sglate
Single weak constraint per level | SWC Yes Can be disabled using the flag —mwc

Table 10.1: The optional features of ILASP3. For any subset S of {P,Z,SG, MT,SWC}, ILASP3°
denotes ILASP3 with the features in S enabled.

10.6 Optional Features of ILASP3

So far in this chapter we have presented the fundamentals of the ILASP3 algorithm. The implementa-
tion of the system also includes some extra optional features that can be used to further improve the
scalability of ILASP3 on some tasks. Table 10.1 lists the optional features of ILASP3, and explains
how to disable (or enable them) in the implementation of ILASP3.

In the rest of this section we explain the effects of each feature. Most of the features work using
meta-level ASP programs similar to those used throughout the thesis. For brevity, we omit details of

these meta-level programs.

10.6.1 Propagation

The process of translating an example into a set of hypothesis schemas may include some redundant
computation, as the same schema may be computed for different examples. This extra computational
time could be avoided. The ILASP3 algorithm includes a special feature called propagation that
essentially aims at propagating a schema computed for one example to other examples, so avoiding

re-computation of the same schema.

Once an example has been translated into a set SC of schemas, for each schema sc € SC we can
compute the set of other examples e that would give rise to the same schema. For a schema sc to
be computed during the translation of an example e, there must be an interpretation I extending e,;
such that for every H C Sj; conforming to sc, I € AS(B U e, U H). We call such interpretations I

the relevant guaranteed answer sets of sc.

Definition 10.15. Let F be a set of examples, B be a background knowledge, Sy; be a hypothesis
space and sc be a hypothesis schema. An interpretation I is a relevant guaranteed answer set of sc
wrt E, B and S) iff 3e € E such that I extends e,; and I € AS(BU ey, U H) for each H C Sy that

conforms to sc.

For any CDPI e such that there is a relevant guaranteed answer set of the schema sc which is also an

accepting answer set of e, we can reuse sc if we need to translate e later in the ILASP3 algorithm.
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When propagation is enabled in ILASP3, it takes place between lines 12 and 13 of Algorithm 10.6. We
test each schema that was found when translating the previous example, to check whether it can be
propagated to any other examples. The result is then stored for use in future iterations; specifically,
when translating an example, we start from the set of previous schemas that guarantee it, rather
than the empty set (in line 2 of Algorithm 10.2). For negative examples, we can also use the schemas
immediately to approximate the coverage: if (e, sc) is in the set returned by propagate, and e is a

negative example, we know that if sc is conformed to by a hypothesis H, then H does not cover e.

Propagating schemas has two key benefits: firstly, translating later examples will require fewer schemas
to be computed. Secondly, propagation can reduce the number of iterations of the final ILASP3
algorithm (which fully translates one example per iteration), for the following reason. For negative
examples a single schema can have a big impact (as conforming to a single schema can imply that many
negative examples are not covered, and so a large penalty needs to be paid). Without propagation,
many negative examples would need to be translated in order to prove that a certain hypothesis has a
very high penalty, and so the search may not discount this hypothesis for many iterations. Note that
for positive examples, the schemas do not have an immediate effect, as the set of schemas SC found
for an example e may still be partial, and so it is not necessarily the case that any hypothesis that
does not conform to any schema in SC' does not cover e (so ILASP3 cannot use these schemas until

e is translated).

10.6.2 Implication

We showed in Chapter 8 that the concept of relevant examples can be used to dramatically increase
the performance of ILASP for tasks with large numbers of non-noisy examples. The main reason
for this improvement is that there may be many examples which are covered (or not covered) for
the same reasons (i.e. by the same classes of hypotheses). When the examples are known not to be
noisy, adding a single example to the set of relevant examples means that it must be covered by any
hypothesis found by the algorithm in future iterations. If other examples are covered by exactly the
same class of hypotheses, then they will not be added to the relevant example set, as they are now
guaranteed to be covered. With noisy examples, this technique of using a set of relevant examples
is not so successful. This is because even when an example is added to the relevant example set,
it does not have to be covered (hypotheses may pay a penalty in order to not cover the example).
Consequently, this may result in adding large numbers of examples to the relevant example set (and

thus wasting time translating many examples into hypothesis schemas).

The implication feature of ILASP3 allows us to “boost” the penalty of a single translated positive
example e (or brave ordering o), in order to avoid translating other positive examples (or brave

orderings) that are not covered by any hypothesis that does not cover e (or o).

Definition 10.16. Let T be the ILP}%5% task (B, Sy, (ET,E~,0% 0°%), (e,SC) be a coverage

constraint and ez be an example in ET U OP. ex is said to imply SC if and only if every hypothesis
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that covers ex conforms to at least one schema in SC.

For any positive example (or brave ordering) ex that implies a coverage constraint (e, SC), we can
add the coverage constraint (ex, SC) to our set of coverage constraints. We do this between lines 12
and 13 in Algorithm 10.6. The advantage of this is that our approximation of coverage considers more
of the examples earlier (we do not necessarily need to wait for a positive example or brave ordering to
be translated to know that it is not covered by a hypothesis). Thus, the ILASP3 algorithm generally

requires fewer iterations with this feature than without it.

Figure 10.1 shows the output of ILASP3 with implication and propagation enabled. ILASP3 was run
with the debug (—d) option, so that it printed the intermediate hypotheses found in each iterations,
along with their expected and actual penalties (the score of the hypothesis minus the length of the
hypothesis). This output shows the power of both advanced features. Consider Iteration 2. The iter-
ation begins with the hypothesis H = {:-edge(V0,V1).} being found. This has length 1 and expected
penalty 0, meaning that given the coverage constraints that have been computed so far, we have no
reason to believe that this hypothesis does not cover every example. However, in reality, there are 93
examples that are not covered by H (this is shown in the output as the unexpected penalty). ILASP3
picks one of these uncovered examples (p63) and translates it. The line that says “Translated p63
into 6 + 71 schemas.”, means that there were already 6 schemas for p63 (which had been propa-
gated to p63 in the first iteration), and 71 new schemas needed to be computed in order to complete
the translation. The final line shows the result of the implication step. The line says that if p63 is not
covered, then none of the examples in {p30, p35, p45,p61, p63,p71,p76,p79, p88,p89,p92,p93} are
covered. This dramatically reduces the number of iterations, as it means that every hypothesis must
either cover p63 or pay the penalty for all 12 examples. This means that in the next iteration, the
computed hypothesis has the expected score of 12 (11 higher than in the previous iteration). In later
iterations, the effect of the propagation step becomes more significant; for example, in iteration 8, the
line “Translated p77 into 154 + 8 schemas.” means that before the iteration, p77 already had
154 schemas which had been propagated from other examples, meaning that only 8 further schemas
needed to be computed to complete the translation of p77. Propagation also has the effect that only
one negative example is fully translated during the whole execution. This is because the schemas found
throughout the execution for the positive examples (and the one fully translated negative example)

are propagated to negative examples and are used immediately.

10.6.3 Schema Generalisation

The schemas computed by ILASP3 are often more specific than is necessary. We illustrate this in
Example 10.22.

Example 10.22. Consider a task with background knowledge B = (), the hypothesis space Sy =
{h1 :p.}. Consider an “empty” CDPI example ((0,0),0). ILASP3 will compute the translation
{(0,{n1}), ({{h1}},0)} corresponding to the two possible answer sets ) and {p}. The translation means
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%% Iteration 1 %h I =1 p17, p22, p28, p4l, p57 }
%% Found Hypothesis:
%% |Hl =0 %% Iteration 6
%% expected penalty = O %% Found Hypothesis:
%% unexpected penalty = 110 %% = in(VO,V1), in(1,V0).
%% Adding example: n50 %% :— node(VO), not reach(V0).
%% 0 {in(VO,V1) } 1 :- edge(VO, V1).
%% Iteration 2 %% reach(V1) :- in(VO,V1), in(1,V2).
%% Found Hypothesis: Yy |H| = 10
%% :- edge(VO, V1). %% expected penalty = 10
%h |HI =1 %% unexpected penalty = 42
%% expected penalty = O %% Adding example: p82
%% unexpected penalty = 93 %% Translated p82 into 86 + 9 schemas.
%% Adding example: p63 %6 I =9 p18, p82 }
%% Translated p63 into 6 + 71 schemas.
%% I = { p30, p35, p45, p61l, p63, p71i, %% Iteration 7
P76, p79, p88, p89, p92, p93 } %% Found Hypothesis:
%% = in(VO,V1), in(1,VO).
%% Iteration 3 %% :- node(V0O), not reach(VO).
%% Found Hypothesis: %% 0 {in(VO,V1) } 1 :- edge(VO, V1).
%% :- in(V0,V1), in(1,VO0). %% reach(Vl) :- in(V0,V1), in(1,V2).
%% :- node(VO), not reach(V0). %% |H| = 10
%% 0 {in(VO,V1) } 1 :- edge(VO, V1). %% expected penalty = 12
%% reach(V1) :- in(VO,V1), in(1,V2). %% unexpected penalty = 40
%% 1H|I = 10 %% Adding example: p4b
%% expected penalty = 2 %% Translated p45 into 80 + 13 schemas.
%% unexpected penalty = 50 %%h I = { p35, p45, p93 }
%% Adding example: p44
%% Translated p44 into 48 + 43 schemas. %% Iteration 8
%h I =1 p4d } %% Found Hypothesis:
%% - edge(VO, V1).
%% Iteration 4 %% |HI =1
%% Found Hypothesis: %% expected penalty = 22
%% :— in(VO,V1), in(1,V0). %% unexpected penalty = 71
%% :- node(VO), not reach(VO). %% Adding example: p77
%% 0 {in(VO,V1) } 1 :- edge(VO, V1). %% Translated p77 into 154 + 8 schemas.
%% reach(V1) :- in(VO,V1), in(1,V2). %% I = { p34, p62, p70, p77 }
%h 1H| = 10
%% expected penalty = 3 %% Iteration 9
%% unexpected penalty = 49 %% Found Hypothesis:
%% Adding example: p43 %% :- node(V0O), not reach(VO).
%% Translated p43 into 74 + 11 schemas. %% reach(V0O) :- in(1,V0).
%h I = { p21, p43 } %%h = in(V0,V1), in(VO,V2), V1 != V2.
%% 0 {in(VO,V1) } 1 :- edge(VO, V1).
%% Iteration 5 %% reach(Vl) :- in(VO,V1), reach(VO).
%% Found Hypothesis: vy |H| = 13
%% - in(VO,V1), in(1,VO). %% expected penalty = 10
%% - node(V0O), not reach(VO). %% unexpected penalty = 0
%% 0 {in(VO,V1) } 1 :- edge(VO, V1).
%% reach(V1) :- in(VO,V1), in(1,V2). %% Final hypothesis:
%% |HI = 10 :- node(V0), not reach(VO0).
%% expected penalty = 5 reach(V0) :- in(1,V0).
%% unexpected penalty = 47 := in(VO,V1), in(VO,V2), V1 != V2.
%% Adding example: pl7 0 {in(VO,V1) } 1 :- edge(VO, V1).
%% Translated pl7 into 120 + 4 schemas. reach(V1l) :- in(VO,V1), reach(V0).

Figure 10.1: The output of ILASP3 with the two advanced features on an IL ng% task. The target
hypothesis describes what it means to be a Hamiltonian graph.
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that every hypothesis must either contain hy or not contain hy. This is equivalent to the translation
{(0,0)} which accepts all hypotheses.

Overly specific schemas can lead to the translation process taking longer than necessary. If schema
generalisation is enabled then after a schema (D, V') is computed as the translation of an answer set

A, ILASP3 will attempt to remove unnecessary elements of V.

10.6.4 Maximum Translation

When ILASP3 finds that its approximation for the score of the current hypothesis is incorrect, it
translates a single example that it has incorrectly predicted as covered. Once this example has been
translated, ILASP3 searches for another hypothesis and continues. An alternative approach would be
to continue translating examples until the approximation of the score for the current hypothesis is
correct. Note that if this approach is combined with implication, this does not mean translating every
incorrectly predicted example: if two examples e; and e were mispredicted e; not being covered may

imply that ey is not covered; hence if e; is translated first, es will not need to be translated®.

10.6.5 Restricting Hypotheses to a Single Weak Constraint at each Priority Level

Unlike the other optional features, this feature changes the hypotheses that can be learned by ILASP3,
restricting hypotheses so that they cannot contain more than one weak constraint at the same level.
This can significantly improve the performance of ILASP3, as it means that checking whether an
ordering schema is conformed to no longer involves computing the optimisation differences at each
level (summing the optimisation difference of each individual weak constraint). Instead we only need to
check whether the optimisation difference of a single weak constraint (plus the optimisation difference

of the weak constraints in the background knowledge at that level) is positive or negative.

10.7 Related Work

XHAIL is a brave induction system that avoids the need to enumerate the entire hypothesis space.
XHAIL has three phases: abduction, deduction and induction. In the first phase, XHAIL uses ab-
duction to find a minimal subset of some specified ground atoms. These atoms, or a generalisation
of them, will appear in the head of some rule in the hypothesis. The deduction phase determines the
set of ground literals which could be added to the body of the rules in the hypothesis. The set of

ground rules constructed from these head and body literals is called a kernel set. The final induction

n the current implementation of ILASP3, we have only implemented this feature for positive examples (ILASP3 will
continue translating positive examples until the approximation of the score of the current hypothesis is correct over the
positive examples). In principle, this could be extended to negative examples, but as implication only works for positive
examples, this could lead to needing to translate many more examples.
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phase is used to find a hypothesis which is a generalisation of a subset of the kernel set that proves
the examples. The public implementation of XHAIL [BR15b] has been extended to handle noise by
noise

setting penalties for the examples similarly to ILP7'g3%. However, as shown in Example 10.23 XHAIL

is not guaranteed to find an optimal inductive solution of a task.

Example 10.23. Consider the following noisy task, in the XHAIL input format:

pX) :- qX, 1, qX, 2). #modeh r(+s).

pX) - r(X). #modeh q(+s2, +t).
s(a). s(b). s2(b) . #example not p(a)=50.
t(1).  t(2). #example p(b)=100.

This corresponds to a hypothesis space that contains two facts Fi = r(X), F» =q(X,Y) (in XHAIL, these
facts are implicitly “typed”, so the first fact, for example, can be thought of as the rule r(X):-s(X)).
The two examples have penalties 50 and 100 respectively. There are four possible hypotheses: 0, Fi,
Fy and Fy U Fy, with scores 100, 51, 1 and 52 respectively. XHAIL terminates and returns Fy, which

18 a suboptimal hypothesis.

The issue is with the first step. The system finds the smallest abductive solution, {r(b)} and as there
are no body declarations in the task, the kernel set contains only one rule: r(b):-s(b). XHAIL then
attempts to generalise to a first order hypothesis that covers the examples. There are two hypotheses
which are subsets of a generalisation of r(b) (Fy and 0); as Fi has a lower score than ), XHAIL
terminates and returns Fy. The system does not find the abductive solution {q(b,1),q(b,2)}, which is
larger than {x(b)} and is therefore not chosen, even though it would eventually lead to a better solution
than {r(b)}.

It should be noted that XHAIL does have an iterative deepening feature for exploring non-minimal
abductive solutions, but in this case using this option XHAIL still returns Fy, even though F5 is
a more optimal hypothesis. FEven when iterative deepening is enabled, XHAIL only considers non-
minimal abductive solutions if the minimal abductive solutions do not lead to any non-empty inductive

solutions.

In comparison to ILASP3, in some problem domains, XHAIL is more scalable as it does not start by
enumerating the hypothesis space in full. On the other hand, as shown by Example 10.23, XHAIL
is not guaranteed to find the optimal hypothesis, whereas ILASP3 is. ILASP3 also solves IL }jg’jfg
tasks, whereas XHAIL solves n(ILPF;) tasks, which means that due to the generality results in the
previous chapter ILASP3 is capable of learning programs which are out of reach for XHAIL no matter

what examples are given.

Inspire [KSS17] is an ILP system based on XHAIL, but with some modifications to aid scalability.
The main modification is that some rules are “pruned” from the kernel set before XHAIL’s inductive

phase. Both XHAIL and Inspire use a meta-level ASP program to perform the inductive phase, and the
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ground kernel set is generalised into a first order kernel set (using the mode declarations to determine
which arguments of which predicates should become variables). Inspire prunes rules which have fewer
than Pr instances in the ground kernel set (where Pr is a parameter of Inspire). The intuition is that
if a rule is necessary to cover many examples then it is likely to have many ground instances in the
kernel. Clearly this is an approximation, so Inspire is not guaranteed to find the optimal hypothesis
in the inductive phase. In fact, as XHAIL is not guaranteed to find the optimal inductive solution of
the task (as it may pick the “wrong” abductive solution), this means that Inspire may be even further
from the optimal. In Chapter 11 we evaluate ILASP3 on the same sentence chunking dataset that
Inspire was evaluated on in [KSS17], and show that ILASP3 achieves a higher F} score than Inspire.

Summary

In this chapter we have presented the ILASP3 algorithm, which is specifically targeted at learning
ASP programs from noisy examples. In the next chapter, we evaluate the scalability of ILASP3 on a
variety of learning tasks and compare its performance to other ILP systems such as JILP, OLED and

Inspire.
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Chapter 11

Evaluation

In this chapter we evaluate the performance of ILASP3, comparing it with previous ILASP systems
and other ILP systems on noisy datasets. Firstly, we reinvestigate the Hamilton Graph and Journey
Preference learning settings from Chapter 8, extended with noise. The value of using these purely
synthetic datasets is that we can control the amount of noise and investigate how the performance of

ILASP3 varies with the amount of noise.

The remaining experiments in this chapter compare the accuracy of ILASP3 with the accuracy of
other algorithms. In Section 11.2, we evaluate ILASP3 on several datasets that have been used to

evaluate other ILP algorithms for learning from noisy data.

Section 11.2.1 compares ILASP3 with OLED [KAP16] on the CAVIAR dataset, which contains data
gathered from a video stream, annotated to indicate the interactions of people in the video. We show
that ILASP’s F; score compares favourably to OLED’s. Next, in Section 11.2.2 we evaluate ILASP3
on a dataset for sentence chunking, which has been used to evaluate the Inspire algorithm. We show
that the F score of the hypotheses learned by ILASP3 is higher than the corresponding F} score for

Inspire in every experiment.

In Sections 11.2.3 and 11.2.4, we evaluate the accuracy of ILASP3 on two real user preference datasets
(the car preference dataset [ASB*13] and the SUSHI dataset [KKA10]), and show that ILASP3’s
accuracy is higher than that reported in a recent paper [QK17] applying ILP to preference learning.

Finally, in Section 11.2.5, we evaluate ILASP3 on a recent set of definite clause learning problems,
which have been used to evaluate the JILP [EG18] algorithm. We refute the claims, made in [EG18],
that ILP approaches are unable “to handle noisy, erroneous, or ambiguous data” and that “If the
positive or negative examples contain any mislabelled data, [ILP approaches] will not be able to learn

the intended rule.”
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11.1 Synthetic Datasets

11.1.1 Hamilton Graphs

In this experiment, we used ILASP3 to learn the definition of what it means for a graph to be
Hamiltonian. For n = 20,40, ...,200, we generated n random graphs of size 1 to 4, half of which were
Hamiltonian. We then labeled the graphs as either positive or negative, where positive indicates that
the graph is Hamiltonian. In this experiment, learning tasks were encoded using the context-dependent

representation (Hamilton B) from Chapter 8.

Comparison Between Different ILASP Versions

As the ILASP systems are the only systems capable of learning constraints and choice rules, we cannot
compare the performance of ILASP3 with the performance of other ILP systems on this problem. We
can, however, compare ILASP3 to previous ILASP systems. To test the computational time of ILASP3
against ILASP2 and ILASP2i, and to show the effect of the additional features of ILASP3 presented
in Section 10.6, we first ran a small set of experiments on the Hamilton dataset. Table 11.1 shows the

results of these experements!.

Each row in Table 11.1 was generated by running ILASP2, ILASP2i, and 16 variations of the ILASP3
algorithm on a single I'L ng‘es task with 5% noise. With only 20 examples, ILASP2 was the fastest of
the 18, and ILASP2i was faster than each of the ILASP3 algorithms. This demonstrates the expected
result, that for tasks with few examples, where the size of the ILASP2 meta program is not an issue,
ILASP2 returns a solution much quicker than the other algorithms, which perform computations that
are not necessary for such small tasks (e.g. computing the hypothesis schemas). On the other hand, as
the number of examples increased, both ILASP2 and ILASP2i’s computation times increased rapidly,
and in every task with more than 100 examples, both systems timed out (i.e., they did not solve the

tasks within the 30 minute time limit).

The last 16 columns of Table 11.1 show the performance of the different variations of ILASP3. Im-
plication and propagation on their own (without any other optional features) have a positive effect,
particularly on large tasks; whereas schema generalisation and maximum translation on their own
have a negative effect, showing that they are not well suited to this kind of task. In general, maximum
translation does not work well without implication and propagation enabled, as it can result in many
of the examples being unnecessarily translated, and many extra hypothesis schemas being generated.
In the Hamilton learning setting, after the first iteration, a common hypothesis for ILASP3 to learn is
:-node(X)., which results in all of the positive examples being covered and none of the negative exam-
ples being covered. This means that ILASP3 with maximum translation enabled needs to translate
many of the positive examples, especially if implication is not enabled. In general, schema general-

isation is useful when some atoms in the language of the task are irrelevant to particular examples,

!The tasks in this table are available at https://www.doc.ic.ac.uk/~m11909/ILASP/
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#examples time/s
2 2i 3 3t 37 359 3MT
20 2.4 9.0 48.0 46.9 17.7 78.5 54.0
40 60.8 156.1 92.5 52.1 28.0 137.9 125.4
60 131.6 226.2 127.5 93.3 42.6 192.2 218.6
80 974.9 1130.5 156.3 102.0 94.3 241.4 300.5
100 542.3 363.1 157.8 96.6 70.6 261.0 394.3
120 - - 212.3 163.9 71.8 335.6 450.6
140 - - 258.4 174.6 99.4 430.2 600.8
160 - - 234.2 144.6 114.0 421.5 654.9
180 - - 280.6 184.9 168.9 456.0 747.7
200 - - 270.6 162.4 120.7 441.7 741.7
#examples time/s
3I,P 3I,Sg 317/\/(7’ 373,59 377,MT 389,/\47
20 18.2 66.6 48.3 31.7 25.1 101.3
40 28.2 93.1 86.7 40.7 32.2 213.7
60 37.5 141.2 122.3 47.9 49.1 354.8
80 48.3 148.9 142.3 58.1 65.4 518.7
100 61.5 166.5 151.3 88.3 84.4 675.1
120 71.8 244.7 176.4 83.4 97.8 731.9
140 94.7 292.8 296.2 107.6 120.9 1061.2
160 78.7 232.3 227.0 112.7 141.4 1147.7
180 153.3 308.7 239.9 176.6 191.0 1330.6
200 99.0 267.9 271.7 126.8 150.8 1340.1
#examples time/s
31,73,89 SI,P,MT 317SQ,MT 373,SQ,MT SI,P,SQ,MT
20 24.2 18.0 83.1 25.9 24.9
40 33.2 30.0 145.1 41.3 414
60 44.8 42.4 194.0 99.9 50.1
80 52.2 51.5 226.8 79.0 61.9
100 80.6 71.1 248.4 99.4 85.3
120 73.6 74.4 289.5 101.3 77.8
140 97.4 100.5 486.3 129.5 111.2
160 86.3 95.8 384.5 136.7 107.2
180 153.0 158.1 391.7 200.0 168.6
200 107.7 110.0 461.4 158.8 126.5

Table 11.1: The running times of ILASP2 (extended), ILASP2i (extended) and ILASP3 for Hamilton
represents the case of a time out (where

the system did not return a solution in 30 minutes). Note that we do not test the effect of the “single

problems with 5% noise and varying numbers of examples.

weak constraint” feature, as this task does not use weak constraints.

“won

and lead to multiple specific schemas, where one more general schema would be sufficient. In the

Hamilton setting, for every example e, the relevant Herbrand base of B U Hp U e.y, (where Hrp is the
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target hypothesis) only contains atoms that are relevant to whether the example represents a Hamilton
graph. This may mean that not many schemas are actually being significantly generalised, and that
there is a very little positive effect (or no positive effect at all) of using schema generalisation in this
learning setting. The negative effects of schema generalisation (i.e. the extra computation involved
in attempting to generalise the schema) therefore cost more time than is saved by computing more

general schemas.

The negative effects of schema generalisation and maximum translation can also be seen for other
variations of the algorithm — in general, the different variations perform better on these tasks without
these two features. This difference is much less significant when the features are combined with
propagation, which significantly reduces the number of schemas that are computed, and thus lowers
the negative impact of these two features. For example, in nine out of ten cases, there is less than
ten seconds difference between ILASP3%F and ILASP3%7S9. In contrast, in general the different

variations perform better with implication and propagation than without.

Both implication and propagation make a significant difference to the computation time as both reduce
the number of hypothesis schemas that need to be computed by ILASP3. Interestingly, although the
ILASP3%LF algorithm performs the best on most tasks, there are some tasks where ILASP3LP’s
computation time is very close to ILASP3”’s (e.g. with 120 and 140 examples). This demonstrates
that for some tasks, although implication might reduce the number of iterations needed, propagation
without implication can be sufficient, as the propagation can make these extra iterations so short that
the process of checking for implications becomes an overhead. This is not always the case however, as
there are some tasks in the table on which ILASP3%7 significantly outperforms ILASP3” (e.g. with
160 and 200 examples).

Hamilton Experiments with Varying Degrees of Noise

In this experiment, we used ILASP3%7 (the fastest variation on our “one-off” experiments?) with
varying degrees of noise. We ran three sets of experiments to evaluate the performance of ILASP3%:7
on the Hamilton learning problem with 5%, 10% and 20% of the examples being labeled incorrectly. In
each experiment, an equal number of Hamiltonian graphs and non-Hamiltonian graphs were randomly
generated. n% of the examples were chosen at random to be labeled incorrectly. These n% of examples
were labeled as positive (resp. negative) if the graph was not (resp. was) Hamiltonian. The remaining
examples were labeled correctly (positive if the graph was Hamiltonian; negative if the graph was

35P with up

not Hamiltonian). Figure 11.1 shows the average accuracy and running time of ILASP
to 200 example graphs. Each experiment was repeated 50 times (with different randomly generated
examples). In each case, the accuracy was tested by generating a further 1000 graphs and using the
learned hypothesis to classify the graphs as either Hamiltonian or non-Hamiltonian (based on whether

the hypothesis was satisfiable when combined with the representation of the graph).

2Note that on average, the different variations affect only the computation time, and not the accuracy of the solution,
as they each return an optimal solution of the task if they terminate.
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Figure 11.1:  (a) the average computation time and (b) average accuracy of ILASP3%7 for the
Hamilton learning task, with varying numbers of examples, and varying noise.

The experiments show that on average ILASP3%7 is able to achieve a high accuracy (of well over
90%), even with 20% of the examples labeled incorrectly. A larger percentage of noise means that
ILASP3%7 requires a larger number of examples to achieve a high accuracy. This is to be expected,
as with few examples, the hypothesis is more likely to “overfit” to the noise, or pay the penalty of
some non-noisy examples. With large numbers of examples, it is more likely that ignoring some non-
noisy examples would mean not covering others, and thus paying a larger penalty. The computation
time rises in all three graphs as the number of examples increases. This is because larger numbers of
examples are likely to require larger numbers of iterations of the ILASP3%7 algorithm. Similarly, the
more noise in the example, the longer the computation time, as more noise is also likely to mean a

larger number of iterations.

11.1.2 Noisy Journey Preferences

Recall the journey preferences setting from Chapter 8, where the goal is to learn a user’s preferences
from a set of ordered pairs of journeys. In this section, we consider a noisy version of the experiment,
testing how ILASP3L.P:S9:SWE3 herforms on tasks with different percentages of noise and numbers of

examples.

3In this experiment, ILASP used clingo 5 to solve meta-level ASP programs, with unsatisfiable core optimisation
enabled.
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Figure 11.2: (a) and (c) show the average computation time and (b) shows average accuracy of
ILASP3Z.P:S9SWC for the journey preference learning task, with varying numbers of examples, and
varying noise. Each of the point in the graphs is an average of ILASP3Z7:89.SWC°g performance on
50 different tasks.

In each experiment, we selected between 1 and 3 weak constraints from the same hypothesis space as

was used in Chapter 8. For each set of weak constraints, we then ran learning tasks with 0, 20, ...,
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200 examples and with 5%, 10% and 20% noise. The examples for these learning tasks were generated
from the weak constraints such that half of the ordering examples represented journeys J; and Jo such
that J; was strictly prefered to Js given the weak constraints, and the other half represented journeys
such that J; was equally prefered to Jo. Depending on the level of noise, either 5%, 10% or 20% of
the examples were given with the wrong operator (> instead of < and # instead of =). In each of

these learning tasks, each ordering example was given a penalty of 1.

Our results (Figure 11.2 (a)) show that even with 20% noise, ILASP3%7:59SWC was able to learn
hypotheses with an average accuracy of over 90%. We found that there was not much difference
between ILASP’s accuracy with 5%, 10% and 20% noise, although the noisier tasks have a higher
computation time (this is shown in Figure 11.2 (b)), as in general ILASP3 requires more iterations
on noisier tasks because more examples need to be translated. Even with 20% noise and 200 ordering

examples, ILASP3ZP59:5WC terminated in just over 60 seconds on average.

As the results for 20% noise were so close to the results for 5% noise, we ran a further set of examples
to check that there was some limit to the level of noise where ILASP3 would no longer learn such
an accurate hypothesis?. In this second set of experiments, we tested ILASP with up to 40% noise,
and investigated with 0, 10, ..., 100 examples. With 40% noise, the accuracy was lower, but we still

achieved an average accuracy of just under 80%.

11.2 Comparisons with Other Algorithms

In addition to our own synthetically generated datasets, we also experimented with using ILASP3 on
several datasets that have previously been used to evaluate other systems. Several of these consist of
“real” data (in contrast to the synthetically generated datasets that we have presented so far). In real
datasets there is no way of knowing what proportion of the examples are noisy, and we do not know
what the “target” hypothesis is. These datasets allow us to evaluate ILASP3 more realistically — in
practical settings, it is unlikely that we would know the target hypothesis (if we did, there would be

no point using a system to learn it), or the proportion of noise.

11.2.1 CAVIAR Dataset

In this experiment we tested ILASP37 on the recent CAVIAR dataset that has been used to evaluate
the ILED [KAP15] and OLED [KAP16] systems, which are extensions of the XHAIL [Ray09] algorithm
aimed at learning Event Calculus [KS86] theories. The dataset contains data gathered from a video
stream. Information such as coordinates of people has been extracted from the stream, and humans

have annotated the data to specify when any pairs of people are interacting. Note that we use ILASP3%

41f there was no such limit, and we could achieve a high accuracy, even with very high levels of noise, then this would
indicate that our hypothesis space was too restrictive, and it was impossible to learn anything other than an accurate
hypothesis.
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in this section because all examples lead to exactly one hypothesis schema, and this is unlikely to be
the same hypothesis schema for any other example. For this reason, propagation would be an overhead

that is unlikely to give any gain in performance and schema generalisation is unnecessary.

Specifically, we consider a task from [KAP16], in which the aim is to learn rules to define initiating and
terminating conditions for two people meeting. The background knowledge (Figure 11.3 (a)) of this
task has rules determining whether a fluent (in this case two people meeting) holds at a given time.
This can hold in two cases: either the two people were meeting at the previous timepoint and their
meeting was not terminated at this previous timepoint; or their meeting could have been initiated at

the current timepoint.

In the evaluation of the OLED system, examples were generated for every pair of consecutive time-
points ¢ and ¢t + 1. Each example is a pair (N U Ay, Ayy1), where N is the “narrative” at time ¢ (a
collection of information about the people in the video stream, such as their location and direction),
and A; is the “annotation” at time ¢ (exactly which pairs of people in the video have been labeled
as meeting). This is very simple to express using context-dependent examples. The context of an
example is simply the narative and annotation of time ¢ together with a set of constraints that enforce
that the meetings at time ¢ are exactly those in the annotation (denoted by the goal predicate). One

such context-dependent example is shown in Figure 11.3 (b).

holdsAt(F,Te) :- initiatedAt(F,Ts), next_time(Ts, Te).
holdsAt(F,Te) :- holdsAt(F,Ts), not terminatedAt(F,Ts), next_time(Ts, Te).

(a)

<p_12440, 1, <<{}, {}>, {
goal (holdsAt (meeting(id0,id1),2)). goal (holdsAt(meeting(idl,id0),2)).

:— holdsAt (meeting(P1,P2),2), not goal(holdsAt(meeting(P1,P2),2)).
:- not holdsAt(meeting(P1,P2),2), goal(holdsAt(meeting(P1,P2),2)).

person(id0). person(idl).
happensAt (walking(id0),1). happensAt (active(idl),1).
holdsAt (meeting(id0,id1),1). holdsAt (meeting(id1,id0),1).
dist(id0,id1,1,36). dist(id1,1id0,1,36).

}>>.

(b)

Figure 11.3:  (a) An extract from the background knowledge, and (b) a CDPI example for the
CAVIAR dataset.
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In total there are 24530 consecutive pairs in the dataset®. We performed 10 fold cross validation
by randomly partitioning the dataset. As there were only 22 timepoints where the group of people
meeting was different to the timepoint before, we gave a high penalty (of 100) to not covering each of
these examples. Effectively this is the same as oversampling this class of examples. If we had given
all examples a penalty of 1, then we would have most likely learned the empty hypothesis, as the 22

examples in a task comprised of many thousands of examples are likely to be treated as noise.

We compare ILASP3Z to OLED on the measures of precision, recall and the F; scoreS. We achieved a
precision of 0.832 and a recall of 0.853, giving an F} score of 0.842, compared with OLED’s precision of
0.678 and recall of 0.953, with an average Fj score of 0.792. Our average running time was significantly
higher at 576.3s compared with OLED’s 107s. This is explained by the fact that the OLED system
computes hypotheses through theory revision, iteratively processing examples in sequence to contin-
uously revise its hypothesis. This means that OLED is not guaranteed to find an optimal solution of

a learning task. In contrast, ILASP3? is guaranteed to find an optimal solution of the task.

We note several key differences between our experiments and those reported in [KAP16]. Firstly, to re-
duce the number of irrelevant possible answer sets (which lead to irrelevant schemas, and slow computa-
tion), we put a constraint on the hypothesis space, stating that any rule for
terminatedAt(meeting(V1,V2),T) had to contain holdsAt(meeting(V1,V2),T) in the body, which
ensures that a fluent can only be terminated if it is currently happening. Similarly, any rule for
initiatedAt(meeting(V1,V2),T) had to contain not holdsAt(meeting(V1,V2),T) in the body. OLED
does not employ this constraint, but when processing an example pair of timepoints, only considers
learning a new rule for initiatedAt, for example, if two people are meeting at time ¢ + 1, but not at

time t.

The second difference in our experiment is that we enumerate the hypothesis space in full. As the
hypothesis space in this task is potentially very large, we placed several “common sense” constraints
on the rules in the hypothesis space; for instance, two people cannot be close to each other at the same
time as being far away from each other (we did not generate rules with both conditions in the body).
In total our hypothesis space contained 3370 rules. OLED does not enumerate the hypothesis space
in full, but uses an approach similar to XHAIL, and derives a “bottom clause” from the background
knowledge and the example. In most cases (unless there is noise in the narrative, suggesting that two
people are both close to and far away from each other) OLED will therefore only consider rules that
respect our “common sense” constraints, as other rules would not be derivable from the background

knowledge and example.

SWe used the data available from http://users.iit.demokritos.gr/~nkatz/0LED-data/caviar.json.tar.gz
SLet tp, tn, fp, fn represent the number of true positives, true negatives, false positives and false negatives achieved
by a classifier on some test data. The precision of the classifier (on this test data) is equal to and the recall is

tp
tp+fn’

tp
tp+fp
2Xprecision Xrecall
precision—+recall

equal to The F1 score is equal to
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11.2.2 Sentence Chunking

In [KSS17] the Inspire system was evaluated on a sentence chunking [TKSB00] dataset [AGALG'16].
The task in this setting is to learn to split a sentence into short phrases called chunks. For instance, ac-
cording to the dataset [AGALG16], the sentence “Thai opposition party to boycott general election.”
should be split into the three chunks “Thai opposition party”, “to boycott” and “general election”.
[KSS17] describes how to transform each sentence into a set of facts consisting of part of speach (POS)
tags. We use each of these sets of facts as the context of a context dependent example. In Inspire
(which is a brave induction system), the facts are all put into the background knowledge. The task is

to learn a predicate split/1, which expresses where sentences should be split.

Note that the Inspire tasks in [KSS17] group the muliple split examples for a chunk into a single
example (using a goodchunk predicate); for example, the background knowledge may contain a rule
goodchunk(1):-split(1), not split(2), not split(3),split(4) expressing that there is a chunk be-
tween words 1 and 4 of a sentence. It is noted in [KSS17] that this increased performance. This is
because there is no benefit in covering some of the split atoms that make up a chunk, as hypotheses
are tested over full chunks rather than splits. The ILASP task represents this directly with no need
for the goodchunk rules, with the individual split atoms being inclusions and exclusions in the exam-
ple and the penalty being on the full example rather than each individual inclusion and exclusion.
In the ILASP task, the example corresponding to the rule for goodchunk(1) would have the partial
interpretation ({split(1), split(4)}, {split(2), split(3)}).

In [KSS17], 11-fold cross validation was performed on five different datasets, with 100 and 500 exam-
ples. As Inspire has a parameter which determines how aggressive the pruning should be (discussed in
Section 10.7), [KSS17] presents many Fj scores. Each entry for Inspire in Table 11.2 is for the pruning

parameter for which Inspire yielded the best Fj score.

Inspire Fy score | ILASP Fy score | ILASP computation time (s)
Headlines S1 73.1 74.2 351.2
Headlines S2 70.7 73.0 388.3
100 examples Images S1 81.8 83.0 144.9
Images S2 73.9 75.2 187.2
Students S1/S2 67.0 72.5 264.5
Headlines S1 69.7 75.3 1616.6
Headlines S2 73.4 77.2 1563.6
500 examples Images S1 75.3 80.8 929.8
Images S2 71.3 78.9 935.8
Students S1/52 66.3 75.6 1451.3

Table 11.2: The Fy scores for Inspire and ILASP3TMT on the various sentence chunking tasks. We
also show the average computation time for ILASP3%M7

Inspire aims to approximate the optimal inductive solution of the task. The hypothesis can be sub-

optimal for three reasons: firstly, the abductive phase may find an abductive solution which leads
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to a suboptimal inductive solution; secondly, Inspire’s pruning may remove some hypotheses from
the hypothesis space; and finally, Inspire was set to interrupt the inductive phase after 1800 seconds,

3LMTT terminated in less

returning the most optimal hypothesis found so far — in contrast, ILASP
than 1800s on every task. ILASP3ZMT7 achieved a higher average F; score than Inspire on every one
of the ten tasks. This shows that computing the optimal inductive solution of a task can lead to a
higher accuracy than approximating the optimal solution. Although there can certainly be a trade
off between accuracy and computation time, ILASP3ZM7 terminates in less than Inspire’s timeout

of 1800s in every case.

Note that for 4 out of the 5 datasets, Inspire performs better with 100 examples than with 500
examples. A possible explanation for this is that with more examples, Inspire does not get as close
to the optimal solution as it does with fewer examples, thus leading to a lower Fj score on the test
data. With 500 examples, ILASP3Z-MT7 does take longer to terminate than it does for 100 examples,
but in 4 out of the 5 cases, ILASP’s average F} score is higher. This is the expected result: more data
should tend to lead to a better hypothesis.

11.2.3 Car Preference Learning

We tested ILASP3’s ability to learn real user preferences with the car preference dataset from [ASB*13].
This dataset consists of responses from 60 different users, who were each asked to give their preferences
about 10 cars. They were asked to order each (distinct) pair of cars, leading to 45 orderings. The cars
had 4 attributes, shown in Table 11.3.

‘ Attribute ‘ Values ‘
Body type sedan(1), suv(2)
Transmission manual(l), automatic(2)

Engine Capacity | 2.5L, 3.5L, 4.5L, 5.5L, 6.2L
Fuel Consumed | hybrid(1), non hybrid(2)

Table 11.3: The attributes of the car preference dataset, along with the possible range of values for
each attribute. The integer next to each value is how that value is represented in the data.

Our initial experiment was based on an experiment in [QK17], where the ALEPH [Sri01] system was
used to learn the preferences of each user in the dataset and compared with support vector machines
(SVM) and decision trees (DT). 10-fold cross validation was performed for each of the 60 users on
the 45 orderings. In each fold, 10% of the orderings were omitted from the training data and used to
test the learned hypothesis. The flaw in this approach is that in many cases the omitted examples
will be implied by the rest of the examples (i.e. if a < b and b < ¢ are given as examples it does
not make much sense to omit a < ¢). For this reason, we also experimented with leaving out all the

examples for a single car in each fold (i.e. every pair that contains that car), and using these examples

"In this experiment, ILASP used clingo 5 to solve meta-level ASP programs, with unsatisfiable core optimisation
enabled.
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to test (again leading to 10 folds). Essentially this new task corresponds to learning preferences from

a complete ordering of 9 cars, and then testing the preferences on a new unseen car.

| SVM[QK17] A | DT[QK17] A | ALEPH[QK17] A [ ILASP35"YC A | ILASP3°"C B |
y 0.832 | o074 ] 0.729 \ 0.880 \ 0.863 \

Table 11.4: The accuracy results of ILASP35"Y¢ compared with the method in [QK17] on the car
preference dataset.

Table 11.4 shows the accuracy of the approach in [QK17] and ILASP35"C’s accuracy on the two
versions of the experiment. The easier task (with a random 10% of the orderings omitted) is denoted
as experiment A in the table, and the harder task is denoted as experiment B. In fact, even on the
harder version of the task with all examples for a particular car omitted, ILASP3%"C performs better

than the approaches in [QK17] perform on the easier version of the task.

The following set of weak constraints are an example of the preferences learned by ILASP35C in one

of the folds for user 1 (in experiment A):

17 fuel(2).[104, 2]

17 body(1), transmission(2).[-1@3, 4]
~ engine_cap(V0) . [VO@2, 3, VO]

17 body(1).[-1e1, 1]

Note that the first term in each weak constraint (after the priority level) is a unique identifier inserted
by ILASP3 to guarantee that all weak constraints in the hypothesis are independent. This set of
weak constraints corresponds to the following set of prioritised preferences (ordered from most to least

important):

The user prefers hybrid cars to non-hybrid cars.

The user likes automatic sedans.

The user would like to minimise the engine capacity of the car.

The user prefers sedans to SUVs.

The noise in this experiment comes from the fact that some of the answers given by participants in
the survey may contradict other answers. Some participants gave inconsistent orderings (breaking

transitivity) meaning that there is no set of weak constraints that cover all of the ordering examples.
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11.2.4 SUSHI Preference Learning

Another dataset for preference learning is the SUSHI dataset [KKA10]. The dataset is comprised of
peoples’ preference orderings over different types of sushi. Each type of sushi has several attributes,
which are described in Table 11.5.

] Attribute Values ‘
Style maki(0), non maki(1)
Major group seafood(0), non_seafood(1)
Minor group 0,...,11
Oiliness [0,4]
Frequency Eaten [0, 3]
Normalised Price [0, 5]
Frequency Sold [0,1]

Table 11.5: The attributes of the SUSHI preference dataset, along with the possible range of values
for each attribute.

There is a mix of categorical and continuous attributes. In the language bias for our experiments
(see Appendix A), the categorical attributes are used as constants, whereas the continuous attributes
are variables that can be used as the weight of the weak constraint. This allows weak constraints to
express that the continuous attributes should be minimised or maximised. An example of a hypothesis
learned by ILASP is as follows:

minor_group(8).[1e5, 2]
minor_group(7).[1€4, 1]
minor_group(3).[1@3, 5]

:” value(0il,V0), minor_group(1).[V0@2, 3, VO]
:~ value(oil,V0).[-VO@1, 4, VO]

This set of weak constraints corresponds to the following set of prioritised preferences (ordered from

most to least importance):

This person does not like sushi which is of minor group 8 (this corresponds to “other seafood”).

¢

This person does not like sushi which is of minor group 7 (this corresponds to “roe”).

This person does not like sushi which is of minor group 3 (this corresponds to “tare”).

This person prefers sushi which is of minor group 1 (this corresponds to “akami”) when it is less

oily.

This person likes all other types of sushi to be as oily as possible.
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The dataset was constructed from a survey in which people were asked to order 10 different types
of sushi. This ordering leads to 45 ordering examples per person. Our experiment is based on a
similar experiment in [QK17]. For each of the first 60 people in the dataset we perform 10-fold cross
validation, omitting 10% of the orderings in each fold. This experiment suffers from the same flaw as
Experiment A on the car dataset in that some of the omitted examples may be implied by the training
examples, but we give the results for a comparison to [QK17]. As shown in Table 11.6, ILASP3%7:SW¢

achieved an average accuracy of 0.84, which compares favourably to each result from [QK17].

| SVM[QK17] | DT[QK17] | Aleph[QK17] | ILASP3 |
| 076 [ 081 | 0.78 | 084 |

Table 11.6:  The average accuracy results of ILASP3ZPSWC compared with the methods used
in [QK17] on the sushi preference dataset.

Although in this experiment each participant gave a consistent total ordering of the 10 types of sushi,
it might be the case that there is no hypothesis in the hypothesis space that covers all of the examples.
This could be the case when we are not modelling a feature of the sushi that the participant considers
to be important. For this reason, we treated this as a noisy learning setting, and used ILASP3%.P-SWC

to maximise the coverage of the examples.

11.2.5 Comparison to JILP

Although the work in this thesis concerns learning ASP programs from noisy examples, work has
been done in the area of extending definite clause learning to handle noisy examples (for example,

[SJ93, Sri01, OB10)).

A recent paper [EG18] claims that ILP systems can not handle noisy data. In order to learn from
noisy data, [EG18] introduces the §ILP algorithm, based on artificial neural networks. It demonstrates
that 4ILP is able to achieve a high accuracy even with a large proportion of noise in the examples.
In [EG18], JILP is evaluated on six synthetic datasets, and the noise is varied from 0% to 90%. In
these experiments, we investigated the performance of ILASP3 on five of these six datasets®. In the
original experiments, examples were atoms, and noise corresponded to swapping positive and negative
examples. In each of our tasks, we ensured that the hypothesis space was such that for each H C Sy,
B U H U e., was stratified for each example e. This allowed atomic examples to be represented as
(positive) partial interpretations — a positive example e was represented as a partial interpretation
({e},0), and a negative example e was represented as a partial interpretation (0, {e}). Note that
each of the atomic examples must be represented as a separate partial interpretation example, as the

penalties of examples must be separate.

The language bias of JILP is more prescriptive than ILASP’s in the overall structure of the hypothesis;

for example, it forces a maximum of two rules per learned predicate, and these two rules have to

8The authors of [EG18] provided us with the training and test data for these five problems.
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conform to given rule templates, which state how many existential variables are allowed in the rules,
and whether the rule is allowed to use learned predicates in the body. JILP also puts an upper
bound of two literals in the body of any rule in the hypothesis. Technically, this does not restrict the
expressivity of what can be learned, providing the language bias allows sufficient predicate invention,
since any definite rule can be translated into a set of definite rules with at most two body literals
by using extra predicates. ILASP on the other hand can be restrictive on the structure of individual
rules in the hypothesis space (specifying the number of times a predicate can appear in the body of a
single rule, or the type of certain variables). Due to the differences in language biases used by ILASP
and JILP, the hypothesis spaces of the two systems are not equivalent. The ILASP language biases
for each of the five tasks are in Appendix A.

Due to the imbalance of positive and negative examples in many of the tasks, we weight the positive
examples at wx |E~|/(|ET|+|E~|) and the negative examples at w x |E™|/(|E*|+|E~|), where in this
experiment w is 100. This essentially specifies the scoring function S(H,T'), which is used by ILASP3
to choose between potential hypotheses. The weight for each example class (positive or negative) is
equal to w multiplied by the proportion of the whole set of examples which are in the other class. This
“corrects” any imbalance between positive and negative examples (i.e. the penalty for not covering
a certain proportion of the positive examples is the same as the penalty for not covering the same
proportion of negative examples). The constant w can be thought of as the difference in importance
between the hypothesis length and the number of examples covered. In this these experiments we
chose 100, as it is a high enough number to ensure that coverage is considered far more important

than hypothesis length.

Figure 11.4 shows the mean squared error of the two systems. The results for §ILP are taken from
[EG18]. The results in Figure 11.4 show that in most tasks ILASP3%7:59 achieves similar results to
OILP in the range of 0% to 40%. However, at the other end of the scale (with more than 50% noise),
there are some tasks where ILASP3%7:59 finds hypotheses with close to 100% error, where 6ILP’s
error is much lower (less than 20% in the “member” problem). We would argue that when the noisy
examples outnumber the correctly labeled examples, the learner should start learning the negation
of the target hypothesis; for instance, in the case of “less than”, ILASP3%7°9 correctly learned the

“greater than or equal to” relation. This corresponds to the following definition of p:

p(VO, VO) :- succ(VO, V1). % succ/2 is the successor relation.
p(Vi, V1) :- succ(VO, V1).
p(V1, V2) :- succ(VO, V1), p(VO, V2).

We would argue that the ideal outcome of these kinds of experiments, where the proportion of noise
is varied, is that the learner achieves close to 0% error until around 50% noise and close to 100% error

35759 in the “predecessor”, “less than”,

thereafter. This is roughly what seems to happen for ILASP
“member” and “undirected edge” experiments. In “predecessor”, the graph is less symmetric, with

the “crossover” from low to high error occurring later. This is likely because the hypothesis for “not
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Figure 11.4: The average mean squared error of SILP and ILASP3%759 on five synthetic datasets
from [EG18].
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predecessor” is longer than the hypothesis for “predecessor”. The failure of ILP to get close to 100%
error in many of the tasks (for example in the “member” task, SILP has an error of less than 20%
with the noise level at 90%) indicates that the negation of the target hypothesis is not representable
given the language bias used by JILP in these experiments. In some cases (such as “member”), this
is most likely because the negation of the concept requires negation as failure (which is not supported
by 0ILP), but in others such as “less than”, the negation of the target concept is expressible without

negation as failure.

Summary

In this chapter we have evaluated ILASP3 on various datasets with noisy examples. We used several
synthetic datasets to show that ILASP3 can learn even in the presence of high proportions of data
that is inconsistent with the target hypothesis. We have also tested ILASP3’s performance on several
datasets used by other ILP systems aimed at learning under the answer set semantics, one ILP system

aimed at preference learning, and one system for definite clause learning.
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Conclusion

The goal we set at the beginning of this work was to design a framework and learning algorithm
that enables the learning of general ASP programs. We have shown that pre-existing frameworks and
systems for learning under the answer set semantics are not general enough to learn ASP constructs

such as choice rules or hard and weak constraints.

The contributions in this thesis fall into two categories. Firstly, we have extended the theoretical work
on ILP under the answer set semantics, both with new learning frameworks, and with a new notion
of the generality of a learning framework. Secondly, we have designed and implemented several new
algorithms for learning ASP programs and evaluated them on a collection of synthetic and real-world
datasets to demonstrate their accuracy and computational performance. We have shown that our
algorithms are able to learn highly accurate hypotheses, from both non-noisy and noisy data, and that
our ILASP2i and ILASP3 algorithms are highly scalable with respect to the number of examples on

non-noisy and noisy learning tasks, respectively.

Theoretical Contributions

We have introduced a novel set of frameworks for learning ASP programs. They are the first frame-
works that are capable of learning any ASP program consisting of normal rules, choice rules and hard
constraints, up to strong equivalence. We are also able to learn weak constraints, and have shown

that this allows us to bring the advantages of ILP to the field of preference learning.

We have introduced three novel measures of generality, based on the notion of distinguishability. For

each of the three measures D, we have shown that the following orderings of generality hold:

o D(ILP,) C D(ILPyy,) C D(ILPyas) C D(ILPpoas) C D(ILPterty
e D(ILP.) C D(ILPpas)
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This shows that I LPE‘(’%%” is the most general of the six frameworks, with respect to each of the three
measures. Although each of our new frameworks (ILPpas, ILProas and I LPE"O%?t) is more general
than the previous frameworks (I LP,, ILPs,, and ILP.), we have also shown that this does not come
with any additional price to pay in terms of computational complexity when compared with cautious
induction (which, among the previous frameworks, is the one with highest complexity). For each of
the three decision problems considered in Section 4.5, we have shown that the decision problem for

1 LPE‘&’E‘?t is in the same complexity class as the decision problem for ILP,.

Practical Contributions

We have developed four new algorithms for learning ASP. The first new algorithm, ILASP1, showed the
feasibility of our approach to learning ASP programs, although it had several scalability issues. These
were addressed by ILASP2 and ILASP2i, which perform significantly better on tasks with negative
examples and large numbers of examples, respectively. The first three algorithms were targeted at
learning from non-noisy examples. In practice, however, examples can be noisy, and although ILASP2
and ILASP2i can be extended to solve noisy learning tasks, they are not well suited to do so. We
therefore introduced the ILASP3 algorithm, which is specifically targeted at learning from noisy data
and takes a very different approach, based on a notion of approximate coverage expressed through
hypothesis schemas. We have shown that all of these algorithms are sound and complete with respect
to the optimal inductive solutions of an ILP{@# task (or ILPJ25S task in the case of ILASP3),

and are guaranteed to terminate provided the task is well-defined.

Through our evaluation, we have shown that the ILASP2i algorithm (on non-noisy tasks) and the
ILASP3 algorithm (for noisy tasks) scale well with respect to the number of examples, both on

Pomieat tasks, a direct

synthetic and real datasets. As there are no other systems which can solve IL
comparison with related systems is difficult. For example, many of the other systems can only solve
brave induction tasks. However, we have tested ILASP3 on five datasets that have been used for
evaluating other ILP systems. None of these datasets require the full expressive power of T LPfgLﬁ?t,

but nonetheless in most cases ILASP3 is still able to perform favourably compared to the other systems.

12.1 Completeness

In addition to the theoretical differences in the learning framework used by the ILASP algorithms and
the simpler frameworks used by other ILP algorithms, there is a major difference in ILASP’s approach
compared to other algorithms. Each of the ILASP algorithms presented in this thesis is sound and
complete with respect to the optimal inductive solutions of an [ LPE‘gljf‘eft task. This means that they
are guaranteed to return an optimal inductive solution (if the task is satisfiable). In practical settings,

ILASP’s termination depends on the resources available (these are computation time and memory).
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Many ILP algorithms (e.g. Progol 5, Aleph, XHAIL, Inspire) are not complete, and are only sound in
the sense that they return an inductive solution (with no guarantee on the optimality of this solution).
Some of these algorithms do have a notion of hypothesis “compression”, but they are not guaranteed
to find the most compressed hypothesis. XHAIL, for instance, does compute the “locally” optimal
inductive solution with respect to its Kernel set, but this may not be the “globally” optimal solution.
Similarly, Inspire computes the optimal solution of the pruned Kernel. For this reason, we say that

these algorithms return approximations of the optimal solution.

Computing the optimal inductive solution of a task is certainly a more computationally expensive task
than finding an arbitrary inductive solution, so the obvious question is whether striving for optimality
is really worth it. We would argue that it is, as the results in Chapter 11 have proved that ILASP
can achieve a higher accuracy than the current approximate systems. The fact that ILASP’s accuracy
results are often better than those achieved by approximate systems would seem to indicate that there
is an advantage to finding the optimal inductive solution, in that this solution may be of higher quality

than sub-optimal inductive solutions.

In some larger scale applications, there is likely to be a trade-off between accuracy and scalability of
the approach; however, a major problem with the current approximate systems is that they have no
way of knowing how far their approximation is from the true optimal solution of the task. It would
be possible to extend the ILASP3 approach to stop after finding the first hypothesis whose score was
known to be within some threshold of the optimal score. In each iteration the lower bound score of
the current hypothesis Sy, is less than or equal to the score of the optimal inductive solution. So if
a hypothesis is found whose true score minus the lower bound score is below the threshold, it could
be returned. However, this is outside of the scope of this thesis, which has presented algorithms for

finding optimal solutions.

12.1.1 Predicate Invention

One of the challenging aspects of ILP is predicate invention, where a predicate that does not occur in
the background knowledge or examples must be learned. The ILASP algorithms support prescriptive
predicate invention, where the structure (predicate name and arity) of any invented predicates are

specified in the language bias of the learning task.

One way of supporting automatic predicate invention, where invented predicates are not specified in
the mode bias is to use iterative deepening over the number of invented predicates that are permitted.
In each iteration, further invented predicates are added to the mode bias, until the task becomes
satisfiable. Essentially, each iteration involves calling a prescriptive predicate invention algorithm. In
principle, this prescriptive predicate invention algorithm could be any one of the ILASP algorithms,

thus enabling automatic predicate invention in ILASP.

There are two main reasons why we have chosen not to implement this as part of the ILASP systems.

Firstly, it can be achieved trivially, with a wrapper outside of the ILASP systems. More fundamentally,
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the approach is not guaranteed to find an optimal solution to the task, as the optimal inductive solution
for the first satisfiable task is always returned (there may be shorter solutions of tasks that allow further
invented predicates). In non-noisy settings, the iterative deepening approach will eventually converge
on a correct hypothesis if it is given sufficient examples — for any incorrect hypothesis there is a counter
example, meaning that there is a set of examples that rules out any hypothesis that uses fewer invented
predicates than the target hypothesis; i.e. if 5 invented predicates are required, it should be possible
to construct examples such that no hypothesis with fewer than 5 invented predicates satisfies every

example.

The natural extension of the iterative deepening approach in a noisy setting is to continue adding
invented predicates until there is a solution that covers a certain proportion of the examples. The
issue with this is that there may be exceptional kinds of examples that only occur in rare settings,
but require extra predicate invention. If the stopping criterion of the system is that a hypothesis is
found that covers 95% of the examples, but the exceptional examples only occur 1% of the time, no
matter how many examples are given the correct hypothesis is unlikely to be learned (even though it

is within the full hypothesis space of the system).

In such noisy tasks, the trade-off between using an iterative deepening approach and using ILASP
directly is similar to the trade-off between complete and approximate systems discussed in the previous
section. If the correct solution is within the hypothesis space, and sufficient examples are given, each
of the ILASP algorithms will return a solution that is equivalent to the correct solution (computational
resources permitting). On the other hand, iterative deepening approaches may be more scalable, but

may also return sub-optimal solutions, no matter how many examples are given.

12.2 Future Work

In this thesis, we have made significant progress towards a scalable approach to learning ASP programs.
We have shown that our ILASP algorithms are scalable with respect to the number of examples, even
for noisy tasks. However, none of the current ILASP algorithms scales well with the size of the
hypothesis space. The main reason for this scalability issue is that each of the ILASP algorithms
begins by computing the hypothesis space in full. The next step of future work, will be to design a
new version of the ILASP algorithm that only computes the parts of the hypothesis space that are

necessary to solve the task.

Other future work may include the expansion of the subset of ASP that is considered by ILASP.
Including constructs such as (stratified) summing aggregates and conditional literals would not in
principle pose any greater challenge for the algorithms, beyond extending the meta-level programs
used by the ILASP algorithms (and dealing with the potential increase in the size of the hypothesis
spaces). However, they do introduce some interesting theoretical questions; for instance, what is the
“length” of a rule containing a summing aggregate or a conditional literal? And, how can we generalise

mode declarations to allow the expression of these wider hypothesis spaces?
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In our current ILASP algorithms, we have already slightly diverged from a traditional view of hy-
pothesis “length” (i.e. counting the literals), in our calculation of the length of hypotheses containing
choice rules. Before the computation of the length of a choice rule, the aggregate in the head of the
rule is first converted into disjunctive normal form. The intuition behind this is that a choice rule that
has a larger number of disjuncts leads to more possibilities, and is therefore less compressed than a
choice rule with fewer possibilities. This is linked to the number of potential answer sets of the choice
rule. It may be that other measures of a program, such as the number of even and odd loops in the
program (which is also linked to the number of answer sets of the program) give a better measure of
hypothesis compression than simply counting the number of literals. The motivation of exploring more
advanced compression metrics in future work is twofold: firstly, these metrics may allow for the defi-
nition of hypothesis length for other constructs, such as conditional literals and summing aggregates;

and secondly, they may lead to better quality hypotheses.
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Appendix A

Language Biases used in the
evaluations of ILASP

The example learning tasks used throughout this thesis have mostly used small hypothesis spaces,
presented as the full set of rules in the hypothesis space. In practice, however, hypothesis spaces are
usually defined by a mode bias. In this chapter we formalise ILASP’s particular form of mode bias

and present hypothesis spaces used in the experiments in Chapter 8 and Chapter 11 of this thesis.

A.1 The ILASP Mode Bias

Definition A.1 formalises the notion of mode bias used by our ILASP systems.

Definition A.1. An ILASP mode bias M is a set of meta-level atoms, which take the following forms:

e Mode declarations, each of which is a meta-level atom of the form class(r,a, (opti,...,opty)),
such that:

— ris an integer called the recall. If r is omitted, this corresponds to an unrestricted (infinite)
recall.
— class € {#modeh, #modeha, #modeb, #modeo}.

— a is a term (representing a reified atom) which may contain placeholder arguments of the

form var(t) or const(t), where t is a constant called the type of the argument.

— opty,...,opty is a list of constants called options. If n = 0, the list of options is omitted.

e Constant declarations, each of which is a meta-level atom of the form #constant(t, c) where t

and c are both constants (t is called a type).
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A.1. THE ILASP MODE BIAS

e Weight declarations, each of which is a meta-level atom of the form #weight(c) where c is a

constant.

e Parameters of the form #param(i), where #param € {#minhl, #maxhl, #maxv, #maxp, #maxbl,

#maxrl}! and i is an integer. There is at most one atom in M per #param predicate.

e The flag {#no_constraints}.

An ILASP mode bias can be used to specify a full hypothesis space. Definition A.3 formalises the
notion of the expansion of a set of mode declarations. We first formalise the notion of an atom being
an instance of a mode declaration in Definition A.2. Each variable in a rule is assigned a constant
called its type. These types correspond to the types in the variable placeholders. No variable is allowed

to take more than one type.

Definition A.2. Given an ILASP mode bias M, let m be a mode declaration c(r, a, (opti,...,opty)) €

M. An atom a’ is an instance of m if each of the following conditions hold:

e a’ can be constructed from a by replacing each placeholder var(t) is with a variable of type t

and each placeholder const(t) with a constant ¢ such that #constant(t,c) € M.
e If anti reflexive € {opty, ..., opty} and a’ has arity 2, then its two arguments are non-equal.

e If symmetric € {opty, ..., opty} and a’ has exactly two arguments arg; and args, then arg; <

argy (where < is a lexicographical ordering of all possible terms).
If a’ is an instance of m and positive ¢ {opty, ..., opty}, then not a’ is also an instance of m.

Note that unlike the mode declarations in other systems, there is no need for the types to correspond

to predicates in the background knowledge.

Definition A.3. Given a mode bias M, we define the rules that conform to M as follows:

e A conjunction of naf-literals C' is said to be valid over a class ¢ € {#modeb, #modeo} given M
iff each of the following conditions hold:
1. Each literal in C' is an instance of at least one mode declaration in M with class c.
2. If there is a parameter atom #maxv(i) € M, then the number of variables in C' is at most
i.
3. If there is a parameter atom #maxbl(i) € M, then the number of literals in C' is at most

i.

'In the ILASP implementation, #maxbl and #maxrl are passed to the system as the command line flags
-ml=[integer] and --max-rule-length=[integer], respectively.
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4. Every variable in C' occurs in at least one positive literal in C' (i.e. C' is safe).

e A hard constraint R is said to conform to M iff #no_constraints ¢ M and body(R) is a valid

conjunction over #modeb given M.
e A normal rule R is said to conform to M iff each of the following conditions hold:

1. body(R) is a valid conjunction over #modeb given M,
2. head(R) is an instance of at least one mode declaration in M with class #modeh.
3. each variable in head(R) occurs in body(R).
4. If there is a parameter atom #maxrl(i) € M, then the number of literals in R is at most
i.
e A choice rule R is said to conform to M iff each of the following conditions hold:

1. body(R) is a valid conjunction over #modeb given M.

2. each atom in heads(R) is an instance of at least one mode declaration in M with class
#modeha.

If there is a parameter atom #minhl(i) € M, then |heads(R)| > i.
If there is a parameter atom #maxhl(i) € M, then |heads(R)| < i.

If there is a parameter atom #maxrl(i) € M, then the number of literals in R < i.

SRR

The lower bound 1b and upper bound ub of head(R) are such that 0 < 1b < ub <
|heads(R)|.

7. All variables in head(R) occur in body(R).
e A weak constraint W with the tail [wt@Qlev,ty,...,t,] is said to conform to M iff each of the
following conditions hold:

1. body(W) is a valid conjunction over #modeo given M.

2. wt is either an integer such that #weight(wt) € M or a variable V that occurs in body(W)
(or the negation —V of such a variable) such that weight(t) € M, where t is the type of V.

3. lev is a positive integer and if there is a parameter atom #maxp(i) € M, then lev < i.
4. t1 = W4 (the unique identifier of W).

5. ta,...,ty is the list of variables that occur in body(W).

A hypothesis space Sy is called an expansion of Sy if each rule in Sj; conforms to M, and every rule

that conforms to M is strongly equivalent to at least one rule in Syy;.
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We use Sy to denote an arbitrary (finite) expansion of M?2.

The latest versions of the ILASP system also support bias constraints, which are used to cut rules out
of the hypothesis space. Rather than fully specify the semantics of these bias constraints, we have
commented on the effect of any bias constraints that we use in language biases throughout the rest of

the section.

A.2 Language Biases Used in the Evaluation Chapters

A.2.1 Hamilton Graphs

The Hamilton problem was first run before bias constraints were implemented in ILASP. We used a
mode bias to generate a hypothesis space and then cut out rules which were equivalent to other rules
in the hypothesis space (or at least were guaranteed to give exactly the same results), or which were
guaranteed not to appear in an optimal inductive solution of the task. In modern versions of ILASP,

we could achieve similar results using bias constraints. The original language bias was:

#modeha (1, in(var(nodel),var(nodel))).

#modeb (1, edge(var(nodel), var(nodel)), (positive)).

#modeb (2, in(var(node), var(node)), (positive, anti_reflexive)).

#modeb (1, var(node) != var(node), (positive, symmetric, anti_reflexive)).

#modeh (1, reach(var(node))).

#modeb (1, reach(var(node))).

#modeb (1, node(var(node)), (positive)).

#modeb (1, in(const(node),var(node)), (positive)).

#constant (node, 1).

#maxhl (1) .

The final set of rules (where n ~ R denotes that R is in the hypothesis space, and |R| = n) were:

1 7 :- edge(VO, VO).
1 7 :- edge(VO, V1).
1~ :-in(1,V0).

2Note that there is guaranteed to be at least one finite expansion of any finite mode bias M for which M contains
values for each of the parameters (the ILASP implementation assigns default values if these are unspecified). This is
because there must be a finite set of (non-equivalent) valid conjunctions of any length given M. This fixes the set of
possible bodies, and as the variables in the rest of a rule must all occur in the body of the rule, this means there is a
finite set of non-equivalent rules that conform to M.
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~ = in(VO,V1).

~ := reach(V0).

~  :- edge(VO, VO), in(1,V1).

~  :- edge(VO, VO), in(V1,V2).

~ :- edge(VO, VO), reach(V1).

~ :- edge(VO, V1), in(1,V2).

~ :- edge(VO, V1), reach(V2).

~ := in(1,V0), reach(V0).

~ := in(1,V0), reach(Vil).

~ :=- in(VO,V1), VO != V1.

~ :- in(VO,V1), in(1,V0).

~ := in(VO,V1), in(1,V1).

~ :- in(VO,V1), in(1,V2).

~ :- in(V0,V1), in(VO,V2).

~ = in(VO,V1), in(V1,V2).

~ :- in(V0,V1), reach(V0).

~ :- in(VO,V1), reach(Vil).

~ :- in(VO0,V1), reach(V2).

~ :- node(V0), not reach(V0).

~ reach(V0O) :- in(1,V0).

~ reach(V0) :- in(VO,V1).

~ reach(V1) :- in(VO,V1).

:— edge(VO, VO), in(1,V1), reach(V1).
~ :- edge(VO, VO), in(1,V1), reach(V2).
~ :- edge(VO, VO), in(V1i,V2), V1 != V2.
~ :- edge(VO, VO), in(V1i,V2), in(1,V1).
~ :- edge(VO, VO), in(V1,V2), in(1,V2).
~  :- edge(VO, VO), in(V1,V2), reach(V1).
~  :- edge(VO, VO), in(V1,V2), reach(V2).
~ :- edge(VO, VO), node(V1), not reach(V1).
~ :- edge(VO, V1), in(1,V2), reach(V2).
~ :- edge(VO, V1), node(V2), not reach(V2).
~ :- in(1,V0), node(VO), not reach(V0).
~ :- in(1,V0), node(V1), not reach(Vi).
~ :=- in(VO,V1), VO != V1, in(1,V0).

~ = in(VO,V1), VO !'= V1, in(1,V1).

~ :- in(VO,V1), VO != V1, in(1,V2).

~ :- in(VO,V1), VO != V1, reach(V0).

~ :- in(V0O,V1), VO != V1, reach(V1).

~ = in(VO,V1), VO != V1, reach(V2).

~ :- in(VO,V1), in(1,V0), reach(V0).

~ :- in(VO,V1), in(1,V0), reach(V1l).

~ :- in(VO,V1), in(1,V0), reach(V2).

~ :=- in(V0,V1), in(1,V1), reach(V0).

W W W W W wWw W w Wwwwwwowowowowowowowowow N dNDNDNDDNDNDNDDNDDNDNDDNDNDDNDDNDNDDNDNDDNDDNNDNDN-RER-
R
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W W W W W w Ww wwwwowwowowowowowowowowowowowowowowowowowowowowowowowowwowwwwwow

:= in(VO,V1), in(1,V1), reach(V1).

:— in(V0O,V1), in(1,V1), reach(V2).

:— in(VO,V1), in(1,V2), reach(V0).

:— in(V0O,V1), in(1,V2), reach(V1).

:— in(V0O,V1), in(1,V2), reach(V2).

:= in(VO,V1), in(VO,V2), VO != V1.

:- in(V0,V1), in(VO,V2), VO != V2.

:- in(V0,V1), in(VO,V2), V1 != V2.

:= in(V0O,V1), in(VO,V2), in(1,V0).

:= in(V0,V1), in(VO,V2), in(1,V1).

:= in(VO,V1), in(VO,V2), in(1,V2).

:— in(V0,V1), in(VO,V2), reach(VO0).

:- in(V0,V1), in(V0,V2), reach(V1).

;- in(V0,V1), in(V0,V2), reach(V2).

:= in(V0,V1), in(V1,V2), VO != V1.

:- in(VO,V1), in(V1,V2), VO != V2.

:- in(V0,V1), in(V1,V2), V1 != V2.

:= in(VO,V1), in(V1,V2), in(1,VO0).

:- in(V0,V1), in(V1i,V2), in(1,V1).

:= in(V0,V1), in(V1,V2), in(1,V2).

:— in(VO,V1), in(V1,V2), reach(V0).

;= in(VO,V1), in(V1,V2), reach(V1).

:— in(V0,V1), in(V1,V2), reach(V2).

:= in(V0,V1), node(V0), not reach(V0).
:— in(V0,V1), node(V1), not reach(V1).
:— in(V0,V1), node(V2), not reach(V2).
:— reach(V0), node(V0), not reach(V0).
:— reach(V0), node(V1), not reach(V1).

O O O O O

reach(V0)
reach(V0)
reach(V0)
reach(V0)
reach(V0)
reach(V0)
reach(V0)
reach(V0)
reach(V0)
reach(V1)
reach(V1)

{in(V0,V0)
{in(V0,V0)
{in(V0,V1)
{in(V1,V0)
{in(V1,V1)

} 1 :- edge(VO, VO).
} 1 :- edge(VO, V1).
} 1 :- edge(VO, V1).
} 1 :- edge(VO, V1).
} 1 :- edge(VO, V1).
in(1,V0), reach(V1).

in(VO,V1), VO != V1.
in(V0O,V1), in(1,V0).
in(VO,V1), in(1,V1).
in(V0,V1), in(1,V2).
in(V0,V1), in(V0,V2).
in(V0o,V1), in(V1,V2).
in(V0,V1), reach(Vl).
in(V0,V1), reach(V2).
edge(VO, VO), in(1,V1).
edge(VO, VO), in(V1,V2).
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~ reach(V1l) :- in(VO,V1), VO != V1.

~ reach(V1l) :- in(VO,V1), in(1,VO0).

~ reach(V1l) :- in(VO,V1), in(1,V1).

~ reach(V1l) :- in(VO,V1), in(1,V2).

~ reach(V1l) :- in(V0,V1), in(VO,V2).

~ reach(V1l) :- in(VO,V1), in(V1,V2).
reach(V1l) :- in(VO,V1), reach(VO).

~ reach(V1l) :- in(VO,V1), reach(V2).

~ reach(V2) :- edge(VO, VO), in(V1,V2).
~ reach(V2) :- edge(VO, V1), in(1,V2).
~ reach(V2) :- in(VO,V1), in(1,V2).

~ reach(V2) :- in(V0,V1), in(VO,V2).

~ reach(V2) :- in(V0O,V1), in(V1,V2).

W W W W w w w w w wwww
R

A.2.2 Scheduling

#modeo (3, assigned(var(day), var(time)), (positive)).

#modeo (1, type(var(day),var(time),const(type)), (positive)).

#modeo (1, neq(var(day),var(day)), (positive, symmetric, anti_reflexive)).
#constant (type, jmc).

#weight (1).

#weight (-1).

#maxv(4) .

A.2.3 Journey Preferences

#modeo(1,leg_mode(var(leg), const(mode_of_transport)), (positive)).
#modeo(1,leg_distance(var(leg), var(distance)), (positive)).
#modeo(1,leg_crime_rating(var(leg), var(crime_rate)), (positive)).
#modeo (1, var(crime_rate) > const(crime_rate)).

#weight (distance) .

#weight (1) .

#constant (mode_of _transport, walk).

#constant (mode_of _transport, bus).

#constant (mode_of _transport, bicycle).

#constant (mode_of _transport, car).

#constant (crime_rate, 1).

#constant (crime_rate, 2).

#constant (crime_rate, 3).

#constant (crime_rate, 4).

#maxp(3) .

#maxv (2) .
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A.2.4 Agent A

#modeh(valid_move(var(cell), var(time))).

#modeb (1, adjacent(var(cell), var(cell)), (symmetric, anti_reflexive)).
#modeb (1, agent_at(var(cell), var(time))).

#modeb (1, unlocked(var(cell), var(time))).

#modeb (1, wall(var(cell), var(cell)), (symmetric, anti_reflexive)).
#modeb (1, link(var(cell), var(cell)), (anti_reflexive)).

A.2.5 Agent B

#modeh(valid_move(var(cell2), var(time))).
#modeh (extra(var(cell2), var(time))).

#modeb (1, extra(var(cell2), var(time)), (positive)).
#modeb (1, visited_cell(var(cell), var(time)), (positive)).

#modeb (1, locked(var(cell2))).

#modeb (1, agent_at(var(cell), var(time)), (positive)).
#modeb (1, wall(var(cell), var(cell2))).

#modeb (1, adjacent(var(cell), var(cell2)), (positive)).
#modeb (1, link(var(cell), var(cell2)), (positive)).
#modeb (1, key(var(cell), var(cell2)), (positive)).

A.2.6 Agent C

#modeh (valid_move(var(cell2), var(time))).

#modeb (1, adjacent(var(cell), var(cell2)), (positive, symmetric, anti_reflexive)).
#modeb (1, agent_at(var(cell), var(time)), (positive)).

#modeb (1, already_visited_cell(var(cell), var(time)), (positive)).

#modeb (1, unlocked(var(cell2), var(time)), (positive)).

#modeb (1, wall(var(cell), var(cell2)), (symmetric, anti_reflexive)).

#modeb (1, link(var(cell), var(cell2)), (positive, anti_reflexive)).
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A.2.7 Agent D

#modeo (1, agent_at(var(cell), var(time)), (positive)).

#modeo (1, daytime(var(time))).

#modeo (1, danger_rating(var(cell), var(danger)), (positive)).
#modeo (1, coin(var(cell), var(value))).

#weight (1).

#weight (danger) .

#weight (value) .

#maxp (3) .

#modeh (valid_move (var(cell2), var(time))).

#modeb (1, adjacent(var(cell), var(cell2)), (positive, symmetric, anti_reflexive)).
#modeb (1, agent_at(var(cell), var(time)), (positive)).

#modeb (1, already_visited_cell(var(cell), var(time)), (positive)).

#modeb (1, unlocked(var(cell2), var(time)), (positive)).

#modeb (1, wall(var(cell), var(cell2)), (symmetric, anti_reflexive)).

#modeb (1, link(var(cell), var(cell2)), (positive, anti_reflexive)).

A.2.8 Predecessor

#modeh (predecessor(var (any) ,var(any))) .
#modeb (succ (var (any) ,var(any))) .

#modeb (number (var (any) ), (positive)).
#maxv (2) .

#maxbl (3) .

A.2.9 Less Than

#modeh (less_than(var(any), var(any)), (positive)).
#modeb (1, succ(var(any), var(any)), (positive)).
#modeb (1, less_than(var(any), var(any)), (positive)).
#maxbl (2) .

A.2.10 Member

#modeh (member (var (number), var(list))).
#modeh (p (var (number) , var(list))).

#modeb (1, p(var(number), var(list))).

#modeb (1, value(var(list), var(number)), (positive)).
#modeb (1, cons(var(list), var(list)), (positive)).
#modeb (list (var(list)), (positive)).

#modeb (number (var (number) ), (positive)).
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#maxbl(5) .

% enforces that the list/number nodes are used as typing atoms (i.e. they occur

% if and only if a variable of that type occurs).

#bias(":- body(p(V1i, V2)), not body(number(Vi)).").

#bias(":- body(p(V1, V2)), not body(list(V2)).").

#bias(":- body(value(V1l, V2)), not body(list(V1i)).").

#bias(":- body(value(V1, V2)), not body(number(V2)).").

#bias(":- body(cons(V1l, V2)), not body(list(V1i)).").

#bias(":- body(cons(V1l, V2)), not body(list(V2)).").

#bias(":- body(number(V1)), not body(p(Vi, _)), not body(naf(p(Vi, _))),
not body(naf (value(_, V1))), not body(value(_, V1)).").

#bias(":- body(list(V1)), not body(p(_, V1)), not body(maf(p(_, V1))),
not body(naf(value(Vi, _))), not body(value(Vi, _)),
not body(cons(V1l, _)), not body(cons(_, V1)).").

#bias(":- head(p(_, _)), body(mnaf(p(_, _))).").

A.2.11 Connected

#modeh (connected (var(any), var(any)), (positive)).
#modeb (1, edge(var(any), var(any)), (positive)).
#modeb (1, connected(var(any), var(any)), (positive)).
#maxbl(2) .

A.2.12 Undirected Edge

#modeh (undirected_edge (var(node), var(node))).
#modeb (edge (var (node) , var(node))).
#modeb (node (var (node)), (positive)).
#maxbl(5) .

% enforces that the node atoms are used as typing atoms (i.e. they occur if and
% only if a variable of that type occurs).
#bias(":- body(edge(V1l, V2)), not body(node(V1)).").
#bias(":- body(edge(V1l, V2)), not body(node(V2)).").
#bias(":- body(naf(edge(V1, V2))), not body(node(V1)).").
#bias(":- body(naf(edge(V1, V2))), not body(node(V2)).").
#bias(":- body(node(V)), not body(edge(V, _)), not body(edge(_, V)),
not body(naf (edge(V, _))), not body(naf(edge(_, V))).").
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A.2.13 Sentence Chunking

#constant (postype, c). % for each part of speach tag that occurs in the task.

#modeh (split(var(token))).

#modeb (1, pos(const(postype),var(token)), (positive)).
#modeb (1, prevpos(const(postype),var(token)), (positive)).
#modeb (1, test_split(var(token)), (positive)).

#maxv (1) .

% This constraint means that test_split(VO) must occur in the body of every

% rule. As each context contains test_split(X) for each X such that split(X)

% occurs in the inclusions or exclusions of the corresponding partial

% interpretation, this just means that the only ground instances of rules in
% the hypothesis space that are considered are those that could affect whether
% or not the example is covered.

#bias(":- not body(test_split(_)).").

A.2.14 Cars

#weight (cap) .

#weight (1) .

#weight (-1).

#modeo (1,body(const(bool)), (positive)).

#modeo (1,transmission(const(bool)), (positive)).
#modeo (1,fuel (const(bool)), (positive)).

#modeo (1,engine_cap(var(cap))).

#constant (bool, 1).

#constant (bool, 2).

#maxp (5) .

A.2.15 SUSHI

#modeo (1, value(const(val),var(val))).

#modeo (1, minor_group(const(mg)), (positive)).
#modeo (1, seafood, (positive)).

#modeo (1, maki, (positive)).

#maxp(5) .

#weight (val) .

#weight (1).

#weight (-1).

#constant (val, oil).

#constant(val, price).

#constant(val, freq).
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#constant(val, freq2).

% The constants for minor groups 2, 4 and 10 were omitted as none of the
% sushi’s in this part of the dataset have any of these minor groups.
#constant (mg, 1).

#constant (mg, 3).

#constant (mg, 5).

#constant (mg, 6).

#constant(mg, 7).

#constant (mg, 8).

#constant (mg, 9).

#constant (mg, 11).
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Appendix B

Proofs and Meta-programs Omitted
from the Main Thesis

Proofs from Chapter 2

Lemma 2.11.

Let P be an ASPT program and I be an interpretation. I is an answer set of P if and only if I is a

model of P and there is no non-empty unfounded subset of I wrt P.
Proof. Let P be an ASPT program and I be an interpretation.

1. Assume that I € AS(P). We must show that (a) I is a model of P and (b) I has no non-empty unfounded

sets.

(a) Assume for contradiction that I is not a model of P. This means that there is a rule R in P such
that I satisfies body(R) but does not satisfy head(R). In the case that R is a choice rule, PT will
contain the rule | :-body™(R), which means that M (P!) must either contain 1 (which it cannot
do, if I is an answer set), or must not satisfy body®(R). Hence I # M(P'). This contradicts the

assumption that I is an answer set.

(b) Assume for contradiction that I has a non-empty unfounded set U.
= There is no R € P st heads(R) NU # 0, body™ (R) C I\U and body~ (R) NI = 0.
= There is no rule R in P! such that head(R) € U, body(R)* C I\U (as any rule in P that
satisfies these two conditions must contain a negative literal not a for some a € I, and will therefore

be removed when constructing the reduct).

As I is an answer set of P, I = M(P!). But consider the smaller interpretation I’ = I\U. This

must also be a model of P’: for every rule R in P’ with an element of U in the head, I’ does not
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satisfy body™ (R) and hence I’ satisfies the rule; and for every other rule R € P! (st head(R) € U),
if I’ satisfies the body, then I must satisfy the body (as R is definite), and hence head(R) € I, so
head(R) € I' (as head(R) ¢ U and I’ = I\U). Contradiction! (as I is an answer set of P, I must
be the minimal model of PT).

2. Assume that I is a model of P and there is no non-empty unfounded subset U of I wrt P. We must show
that I = M(P!). We first show that (a) it is a model of P! and then show that (b) nothing smaller can
be a model.

(a)

I is a model of P.
= BR € P st body™(R) C I, body~ (R) NI = () and head(R) is not satisfied by R.

Let R be in P. From the definition of the reduct for ASP programs, there are four possible cases:

Case 1: There is a normal rule R’ € P such that body=(R') NI = (), body™ (R') = body™*(R) and
head(R') = head(R). Hence if the body of R is satisfied by I, then the head of R must be satisfied
by I.

Case 2: head(R) = L and there is a constraint R’ € P such that body  (R') NI = @ and
body™(R') = body™(R). As I is a model of P, body™(R') must contain at least one element that is
not in I. Hence the body of R is not satisfied by I, and so R is satisfied by I.

Case 3: head(R) = L and there is a choice rule R’ € P such that body™ (R') NI = 0, body™ (R') =
body™*(R) and head(R') is not satisfied by I. As I is a model of P, body™ (R') must contain at least
one element that is not in I. Hence the body of R is not satisfied by I, and so R is satisfied by I.

Case 4: There is a choice rule R’ € P such that body™ (R') NI = 0, body™(R') = body™ (R),
head(R') is satisfied by I, head(R) € heads(R') and head(R) € I. As head(R) € I, I satisfies R.

Hence I satisfies every rule in P!, and so must be a model of PI.

We now show that no subset I’ C I can be a model of P/. We assume the converse for contradiction.
Let I’ C I be amodel of P!. Consider the set U = I\I’. As U is non-empty, it cannot be unfounded;
and hence, there must be at least one rule R € P such that heads(R) NU # 0, body™(R) C I’ and
body= (R) NI =10. As I is a model of P, I must satisfy head(R), and hence, there is a definite rule
u:-body*(R) in P!, where body™(R) C I’ and u € U. Hence I’ cannot be a model of P!, as it
satisfies the body of this rule, but u & I'.
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Lemma 2.12.

Let P be any ASP program, and C be an ASP program containing only hard constraints. A €
AS(PUC) if and only if A € AS(P) and A does not satisfy the body of any instance of any constraint
in C.

Proof.

1. We first show that A € AS(PUC) = A does not satisfy the body of any ground instance of any constraint
in C.
Assume A € AS(PUC). Assume for contradiction that A satisfies the body of a ground instance g of
some constraint in C. Then L :-body™(g) would be in the reduct ground(P U C)“. Hence, as A must be
a model of ground(P U C)#, A must contain L. This is a contradiction, as no answer set is allowed to
contain 1. So A does not satisfy the body of any ground instance of any constraint in C.

2. We now show that A € AS(PUC) = A € AS(P)

Assume A € AS(P U C). First note that ground(P)* C ground(P U C)A. Hence, as A is a model of
ground(P U C)4, it is also a model of ground(P)#. It remains to show that no subset of A is a model
of ground(P)#. Assume for contradiction that some A’ C A is a model of ground(P)#. We know from
part (1) that A does not satisfy the body of any constraint in ground(C'), so it cannot satisfy the body of
any constraint in ground(C)#. As A’ C A and the constraints in ground(C)# contain only positive body
literals, this means that A’ does not satisfy the body of any constraint in ground(C)#. Hence, A’ is a model
of ground(C)#. As A’ is also a model of ground(P)4, and ground(PUC)* = ground(P)*Uground(C)4,

A’ must be a model of ground(P U C)4. This contradicts A being an answer set of P U C.

3. Finally, we show that any answer set A of AS(P) that does not satisfy any ground instance of any

constraint in C' must be an answer set of PUC.

We know that A = M (ground(P)#). As A does not satisfy the body of any constraint in ground(C), A

cannot satisfy the body of any constraint in ground(C)#. Hence, A is a model of ground(C)*. Hence,

A is a model of ground(P UC)4 (as ground(PUC)* = ground(P)* U ground(C)?). Tt remains to show
that no subset A’ of A is a model of ground(P U C)#. But if there were such an A’ it would also be a
model of ground(P)#, which would contradict A being an answer set of P.

Theorem 2.17.

Let P be any ASPT program such that |HB!| is finite.

1. |ground ! (P)| is finite

2. AS(P) = AS(ground ' (P))
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Proof.

1. As any ASP program P contains a finite set of rules, it remains to show that for an arbitrary rule R,

2.

there are a finite number of ground instances RY of R such that body™*(RY) C HB!.

As R must be safe, no two distinct ground instances RY and R of R can share the same positive body
literals. Hence it remains to show that there are a finite number of ground instances of body™(R) that
are subsets of HB%!. In fact, there are at most |H B}'fl||b°dy+(R) | such ground instances. Hence as both
|HB?!| and |body™ (R)| are finite, there are a finite number of ground instances of R.

(a) We first show that AS(P) C AS(ground ' (P)).
Assume that I € AS(P)

= I is a model of ground(P) and no non-empty subset U of I is unfounded wrt ground(P).

= I is a model of ground"!(P) and no non-empty subset U of I is unfounded wrt ground(P)
(as ground ' (P) C ground(P)).

It remains to show that I does not have any non-empty unfounded subsets wrt ground ! (P).
Assume for contradiction that I ¢ HB%'. As HBY! is a fixpoint of fp, there is no rule
R € ground(P) such that heads(R) ¢ HB' and body*(R) C HB'. Hence, there is no rule
in ground(P) such that heads(R) N (I\HB%') # 0 and body™* (R) C (I\(I\HB}!)), meaning
that (I\HB!) is a non-empty unfounded subset of I wrt ground(P) (contradicting that I is an
answer set of P). Hence, I C HB}!.

Let U be a non-empty subset of I. As U cannot be an unfounded subset of I wrt ground(P),
3R € ground(P) such that heads(R) NU # ®, body™(R) C (I\U) and body= (R)NI = (. In
order to show that U is not an unfounded subset of I wrt ground™(P), it suffices to show that
R € ground ' (P). We can do this by showing that body™ (R) C HB%. This is clearly the case
as body™*(R) C (I\U) C I C HBy.

(b) It remains to show that AS(ground ' (P)) C AS(ground(P).
Assume I € AS(ground ' (P)).

= [ is a model of ground”®!(P) and I has no non-empty unfounded subsets wrt ground ! (P)
= I is a model of ground™®(P) and I has no non-empty unfounded subsets wrt ground(P) (as
ground ' (P) C ground(P), any rule in ground™(P) that prevents a non-empty subset from
being unfounded must also be in ground(P)).

It remains to show that there is no rule R in ground(P) such that I is not a model of R. Assume
for contradiction that such a rule R does exist. Then there is an R € ground(P) such that
body(R) is satisfied by I but head(R) is not satisfied by I. This R cannot occur in ground™® (P)
(or I would not be a model of ground™(P)), and so there must be an atom a € body™ (R) such
that a ¢ HB!. As I is not a model of R, a € I. Hence there is an atom a € I such that there
is no rule R’ € ground™®(P) for which a € heads(R'). Hence {a} is an unfounded subset of I
wrt ground ' (P). Contradiction (as I € AS(ground ' (P))).

Proofs from Chapter 4

Before proving Theorem 4.9, it is useful to introduce the following lemma.
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Lemma B.1. (proof on page 266)

For any program P (consisting of normal rules, choice rules and constraints) and any set of pairs
S = {(C1,a1),...,(Cy,an)} such that none of the atoms a; appear in P (or in any of the C’s) and

each a; atom is unique:

AS(PLJ{HQWW%ﬁ} ):{Au@g
U {append(C;,a;)|(C;,ai) € S}

Ae AS(PUCY),
<CZ‘, ai> es

Proof. The answer sets of {1{ay,...,a,}1.} are {a1},...,{an}, hence by the splitting set theorem (using U =
{ai,...,an} as a splitting set):

AS(PU{1{a1,...,an 1.} U {append(C;,a;)|{C;,a;) € S})

:{A’U{aj} aj € {ay,...,an}, }
A" € AS(ey(P U {append(C;,a;) | (Ci,ai) € S},{aj}))
={AU{a;}|]A € AS(PUC(C,)),(C;,a;) € S}. O

Theorem 4.9.

For any ILP§%"" learning task T, ILProas(Troas(T)) = ILPEAEN(T).

Proof. Let T = (By, Sar, (B, E;,0%,05)) and Troas(T) = (Ba, Sur, (ES, By, 05, 05)).

Assume H € ILPf3AE(T)

& H C Su; Yepi,eer) € B ,3A € AS(By U ey U H) st A extends epi; V(epi,ectz) € Ey,PA €
AS(B1Uez UH) st A extends e,;; Vo € O%, By UH bravely respects o; Vo € Of, By UH cautiously respects o

& H C Sy; Ve € BEf,3A € AS(By U H) st A extends c(e); Ve € E;, A € AS(By U H) st A extends c(e);
V{ey,ez,0p) € 0%, By U H bravely respects {c(ey),c(ez),op); V{e1,ea,0p) € Of, By U H cautiously respects
(c(e1),c(ez2),0p) (by Lemma B.1)

& H C Sy Ve € Ef ,3A € AS(By U H) st A extends e; Ve € Ey , A € AS(By U H) st A extends e;
Yo € 05, B, U H bravely respects o; Yo € OS, By U H cautiously respects o

& H € ILPLoas(Troas(T))

Proposition 4.11.

1. Deciding verification, satisfiability and optimum verification for I L P, each reduce polynomially

to the corresponding I L Ps,, decision problem.
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2. Deciding verification, satisfiability and optimum verification for I L P, each reduce polynomially

to the corresponding I L P, decision problem.
Proof.

1. Let T, = (B, Sy, (ET, E7)) be any arbitrary ILP, task.
Consider the task Ty, = (B, Sy, {{ET,E7)})). VH, H € ILP,,,(Ty,,) if and only if H € ILPy(T}) and

hence deciding verification for ILP, reduces polynomially to deciding verification for I LP;,,. Similarly,
as [ LPgy(Tem) = ILPy(Ty), Tsrm, is satisfiable if and only if T}, is satisfiable; hence, deciding satisfiability
for 1L P, reduces to deciding satisfiability for ILPs,,. Finally, as the two tasks give the same length to
every possible hypothesis, *ILP,(Ty) = *ILPs,(Tsm). Hence, any hypothesis H is an optimal solution
of Ty if and only if it is an optimal solution of Ty,,; and hence, deciding optimum verification for ILP,

reduces to deciding optimum verification for ILPs,,.

2. Let Ty, = (B, Sy, (E)) be any arbitrary ILPs,, task and let E = {e1,...,en}.

For each integer ¢ from 1 to n, let f; be a function which maps each atom a in BU Sy, to a new atom a;.
We also extend this notation to work on sets of atoms and rules (and parts of rules) by replacing each
atom a in the set or rule with f;(a).

For each rule R € Sj,, define a new atom in_hg.

Consider the task T, = (B?, S%,, (E*, E~)) where the components of the task are as follows (append(R, a)
is the rule R with the atom a appended to the body).

fi(R), append(fi(R),in hg),
B = ..., |[ReByU el Re Sy

f’ﬂ (R) append(fn(R)a inhR)

St = { inhy |R€ SM} such that the length of each in hy atom is defined as |R].

K2 k2

B+ ={ £(inc)

— [pinc pexc\ s inc
e; € E,e; = (e, e5%¢) inc € ¢! }

_ inc ,exc exc
ei € E,e; = (el"¢,ef*¢), exc € ¢f }

E- = { £ (exc) i
For any solution H of Ty, define g(H) to be {R | in-hg € H}. We now show that ILPs,,(Tsm) = {g(H’) |
H' ¢ ILPb(Tb)}

Assume H € ILPsn(Tsm)
& H C Sy and Ve; € E,3JA € AS(BU H) such that A extends e;.
& H C Sy and Ve; € E,3A € AS(fi(BU H)) such that A extends ({fi(inc) | inc € "¢}, {f;(exc) |
exc € ef™°}).
& H C Sy and 34 € ASH{fi(BUH) |1 <i < n}) such that A extends (E*, E~) (as the atoms in
each sub program are disjoint).
& H C Sy and 3A € AS(BY U {in b | R € H}) such that A extends (E*, E~) (by the splitting set
theorem, using {in hy | R € H} as a splitting set).
< JH' C SY, such that g(H') = H and 3A € AS(B® U H') such that A extends (E+, E~)
< JH' € ILPy(T}) such that g(H') = H
& He{g(H) | H € ILP,(T)}
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VH, H € ILPgy,(Tsy,) if and only if {inhy | R € H} € ILP,(Ty) and hence deciding verification for
1L Py, reduces polynomially to deciding verification for ILP,. Similarly, as IL Py, (Tsm) = {g(H) | H €
ILPy(Ty)}, Tsm is satisfiable if and only if T}, is satisfiable; hence, deciding satisfiability for I L Ps,, reduces
to deciding satisfiability for ILP;.
Finally, for any arbitrary H, assume that H € *IL Py, (Tom)

< H € ILP;,(Tsm,) and VH' € Sy such that |H'| < |H|, H € ILPsy(Tsm,)

< {inhy | R€ H} € ILP,(T}) and VH' € Sy such that |H'| < |H|, {in-hg | R € H'} € ILP,(T})

< {inhg | R € H} € ILP,(Tp) and VH' € Syps such that [{inhy | R € H'}| < [{inhz | R € H}|,

{inhg | R€ H'} ¢ ILP,(T})

< {inhg | R€e H} € *ILP,(T})

Hence, deciding optimum verification for I L Ps,, reduces to deciding optimum verification for I LP,.

Proposition 4.12.

1. Deciding verification, satisfiability and optimum verification for I L P, each reduce polynomially

to the corresponding IL P 45 decision problem.

2. Deciding verification, satisfiability and optimum verification for ILPr 45 each reduce polynomi-

context

ally to the corresponding I LP}7}§" decision problem.

3. Deciding verification, satisfiability and optimum verification for ILP{%%" each reduce polyno-

mially to the corresponding I L P g decision problem.

4. Deciding verification, satisfiability and optimum verification for ILPrpag each reduce polyno-

mially to the corresponding ILFPj ;4 decision problem.

Proof.

First note that if we can show that there is a polynomial mapping M, such that for any ILPx, task T, M(T)
is an I L Pz, task such that such that ILPr (T") = ILPr,(M(T)) (and the length of all hypotheses is preserved
by M), then this suffices to show all three polynomial reductions. For verification, we can check that H is an
inductive solution of T, by checking that it is an inductive solution of M (T); for satisfiability, we can check that
T is satisfiable by checking that M (T) is satisfiable; and finally, as the length of all hypotheses is preserved by
M, *ILPr (T) = *ILPz,(M(T)), and hence, we can check that H is an optimal inductive solution of T, by
checking that it is an optimal inductive solution of M (T).

1. Let T, be any ILP,. task (B, Sy, (ET,E™)).
Let M(T.) = (B, Sar, ({(0,0)}, {0, {e"}) | e" € ET}U{({e"},0) | e~ € E7})).
By the definition of ILPp s, H € ILPas(M(T,)) if and only if H C Sy;; 3A € AS(B U H) such that

A extends (B,0); Vet € E*, BA € AS(B U H) such that A extends (0, {e*}); and finally, Ve~ € E~,
$A € AS(BU H) such that A extends ({e™},0).
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This is true if and only if H C Sy, B U H is satisfiable, Vet € ET VA € AS(BUH), et € A and
Ve~ € B~ VA € AS(BUH) e~ ¢ A. This is the definition of H being a member of ILP,(T.); hence,
ILP.(T.) = ILPpas(M(T.)).

Hence, there is a polynomial mapping from ILP, tasks to ILPy as tasks.

. Let Tras be any ILPpag task (B, Sy, (ET,E7)). Let M(Tpas) = (B, Su, (ET,E~,0,0)). Clearly,
ILPpLas(Tras) = ILPLoas(M(Tpas))-

. For any TLPFoVest task Teovert et M(TEOUE) = Troas(TELAHE).

By Theorem 4.9, ILPE%’E?%TE%{Z?” =I1LProas (M(Tf%l‘fl%wt ).

. Consider the ILProas task Troas = (B, Sar, (E1, E~,0% 0°)). Before defining our translation M, we

define several new atoms used in its meta-level representation.

For i € {1,2}, let f; be a function which maps each atom a in BU Sy to a new atom a;. We also extend
this notation to work on sets of atoms and rules (and parts of rules) by replacing each atom a in the set
or rule with f;(a).

For each rule R € S}, define a new atom in_hg.

For each weak constraint W € B U Sy let idi (W) and ida (W) be two new (propositional) atoms and let
wt(W) be the weight of W and priority(W) be the priority level of W.
For any two terms t; and t,, dominates(ty, t) is defined as below.
dominates(ty, ty) =
dom 1v(ty,t9,1):-
#sum{id; (Wy) = wt(Wy),...,ids (W,
idy(Wy) = —wt(Wy), ..., ids(Wy)
non_dom_1v(ty,ts,1):-
#sum{idy (Wy) = wt(Wy),...,1ids(Wy) = wt(Wy),
idy(Wy) = —wt(Wy),...,ida(Wy) = —wt(Wy)} > 0.
dom(ty,ts):-dom 1v(ty,ts,1),
not non bef(ty,t,1).

) = wt(Wy),

—wt(Wy)f <O. . L .
(Wa)} [ is a priority level in B U Sy,

Wi, ..., W, are the weak

constraints in B U Sy, with level [

l1,15 are levels in BU S
U{ non bef(ty,ts,11):-non dom 1v(ty,ta, 1a). b2 M }

ll < 12
Let M(Troas) be the ILP§ g task (B’, S}, (Et', E~")) where the individual components are defined

below. For the positive and negative examples, it is a simple reification so that the examples relate to
the new B’ and S},. The brave orderings are mapped to positive examples which can only be covered by
a hypothesis H if BU H bravely respects the ordering example. For any hypothesis H' € S}, the f; and
f2 in a single answer set of B’ U H' represent two answer sets of BU H where H is the hypothesis in Sy,
corresponding to H’. Similarly, cautious orderings are mapped to negative examples, such that there is
an answer set of B’ U H' which extends the example if there is a pair of answer sets of the corresponding
B U H which are ordered incorrectly (i.e. if B U H does not cautiously respect the ordering).
B’ = {fi;(R)|R € B, R is not a weak constraint, i € {1,2}}

U {id; (W) : - f;i(body(W)).|]W is a weak constraint in B,i € {1,2}}

U {append(f;(R),in_hgr)|R € Sy, R is not a weak constraint }

U {id; (W) : - append( f;(body(W)),in_hy ).|W is a weak constraint in Sy}

U dominates(1,2) U dominates(2,1)

U {dom:-dom(1,2). dom:-dom(2,1).}
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S = {in_hg|R € S}
EY = {f1(6+)\6+ E*}
{ (e")U fo
fr(e™) U f
Ji(€™) U fa
Ji(€™) U fo
(7
(

e5"¢) U {dom(1,2)}, f1(e5°) U fo(e57)) [((ef"¢, e1™), (5", e5°¢), >) € O°}
§°), F1(ef7) U fa(e57) U {dom(2, 1) }) [{(ef", e§7), (€5, e57), >) € O°}
U {dom}, f1(e57¢) U f2(e57)) |((ef"", €1™), (€5, e5°¢), #) € O°}
U {dom(2, 1)}, f1(ef") U fa(es™))[{(ef™, e5°¢), (eh*, e57), <) € O"}
Fi(e§7€) U f2(e57) U {dom(1, 2) [ (e, e§°¢), (€5, e57¢), <) € O°}
Fr(ef7) U f2(e57) U {dom}) [ (e, e579), (e, e57), =) € O"}

eénc
eénc
eénc
e'ém:
eénc

inc U f2

N N N N N
\/\/\/\/\_/\/

U {(

U

U {(

U

U {1 6’”0) U f2
Em ={f(e7)le” e E7}

(fa(e (€5, f1(e57¢) U fa(e5) U {dom(1, 2)})[{(ef™, ), (e, e57), >) € O°}

(f1(e5™) U f2(e5) U {dom(2, 1)}, f(e57°) U fa(e5))[{(e1, e§°€), (€5, e57¢), =) € O°}

(fu(ef™) U f2(eh™), f1(e§7) U f2(e57) U {dom}) | (], e1™), (5", e5°¢), #) € O°}

(filex (€5°), f1(ef™) U fa(e57) U {dom(2, 1) }) [{(ef", ef7), (€5, e57), <) € O°}

(fa(e (e5")

'L'I’LC) U f2 e’LZTLC
2

nc

L’LL Ufz 62
{ fl mc) Uf2 eénc U {dom(l 2)} fl( exc) Uf2(eeacc)>‘<< inc eiwc> <612nc egwc%g) c Oc}
U{ fl eznc) U f2( znc) U {dOHl} fl(eewc) U f2(eexc)>|<< inc eimc> < inc egmc>7_> c Oc}

By using the splitting set theorem [LT94], it can be shown that for any H' € S},
f1(A1) U fa(Az)

AS(B'UH') = A|A € AS | Udominates(1,2) U dominates(2,1) | ,A:,As € AS(BUH)
U{dom:-dom(1,2). dom:-dom(2,1).}

Hence, as the rules in dominates(ti, ty) describe exactly the behaviour of the weak constraints in B U H

for two answer sets (with dom(t;,t,) being true if and only if the first answer set dominates the second):

AS(B'UH') = {A'|A = f1(A1) U f2(Az), A1, Ay € AS(BU H)}, where A’ is A augmented with dom and

dom(1,2) when A; dominates Ay and dom and dom(2, 1) when As dominates Aj.

For any hypothesis H' € S, Let H be the corresponding hypothesis in Sy;. The answer sets of B’ U H’

correspond to the pairs of answer sets of BU H.

Each positive example e™ € E* is mapped to an example in Et ensuring that at least one of the pairs of

answer sets’ first answer set covers et. Note that as each answer set of B U H must be the first element

of one of these pairs at least once, this is true if and only if B U H covers each positive example.

Similarly each negative example e~ € E~ is mapped to an example in E~ ensuring that none of the pairs

of answer sets’ first answer set covers e”. This is true if and only if B U H does not cover any negative

examples.

Each brave ordering example (e, ea,0p) € O is mapped to a positive example ensuring that there is a
pair of answer sets (A1, As) of BU H such that A; covers e, A covers ey and (A1, As, op) € ord(BUH).

This is true if and only if B U H bravely respects the ordering example.

Each cautious ordering example (e, e2,0p) € O° is mapped to a negative example ensuring that there is
no pair of answer sets (A1, As) of BUH such that A; covers ey, Az covers e; and (A, Az, op) & ord(BUH).

This is true if and only if B U H cautiously respects the ordering example.

Hence, H' is an inductive solution of ILP} , (M (Troas)) if and only if H is an inductive solution of

ILProas(Troas)-
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Proposition 4.13. Verifying whether a given H is an inductive solution of a general ILP, task is
N P-complete.

Proof. Let T, be any ILP, task (B, Sy, (ET,E™)). For any H C Sy, H € ILP, if and only if BU H U
{:-not eT. | et € Et}U{i-e”. | e € E~} is satisfiable. As deciding the satisfiability of this program
is N P-complete (B U H contains only normal rules, choice rules and constraints), this means that deciding
verification for ILP, is in NP.

It remains to show that deciding verification is N P-hard. We do this by showing that deciding satisfiability
for any ASP program P containing normal rules choice rules and constraints can be reduced polynomially to
deciding verification for an ILP, task. Consider the ILP, task T, = (P, 0, (0,0)). Let H = 0. H € ILP,(Tp) if
and only if there is an answer set of P U H, and hence, if and only if P is satisfiable. O

Proposition 4.15. Deciding the satisfiability of a general ILP, task is N P-complete.

Proof. First we will show that deciding the satisfiability of a general I LP, task is in N P. We do this by mapping
an arbitrary task T'= (B, Sy, (ET, E7)) to an ASP program whose answer sets can be mapped to the solutions
of T'. This program will be satisfiable if and only if T is satisfiable and as the program is aggregate stratified,
checking whether the program is satisfiable is in IV P. Hence, if we can construct such a program then we will
have proved that deciding satisfiability for ILP, is in N P.

For each R € Sj; we define a new atom in hgp:. Also, let meta(R?) be the rule R with the additional atom
in hg: added to the body.

We define the meta encoding Tj,etq as follows:

Trneta = BU {meta(R") | R* € Spr}U{ 0{in hg,...,in hyjs, }{Sul. }
U{:-not e |ec Et}U{i-e.|ec E7}

For any answer set A, let M~1(A) = {R" | R* € Sj;,in hg: € A}.

A € AS(Tonetq) if and only if (A\{in hg: | R € Syy}) € AS(BUM 1 (A)U{:-not e.|e€ ET}U{:-e.|e€
R’ € Syr} as the splitting set).

E~}). (This can be seen by using the splitting set theorem, with {in hg:

Hence A € AS(Tyeta) if and only if 3H C Sy such that H = M~1(A), (A\{in_hp:
and A extends (KT, E7).

R e Sy}) € AS(BUH)

Hence Tetq is satisfiable if and only if 3H C S such that 34 € AS(B U H) such that A extends (E1, E7).
This is the case if and only if T is satisfiable.

It remains to show that deciding the satisfiability of a general I L P, task is N P-hard. Deciding the satisfiability
of a normal logic program is N P-hard, so demonstrating that deciding the satisfiability of a normal program P

can be mapped to an I LP, task is sufficient.

Let P be any normal logic program. Let T be the ILP, task (P, 0, (#,0)). T is satisfiable if and only if 3H C ()
such that 3A € AS(P U H) such that § C A and AN @ = (. This is true if and only if P is satisfiable.

Hence, deciding the satisfiability of a general I L P, task is N P-complete.
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Proposition 4.17. Verifying whether a given H is an optimal inductive solution of a general ILP,

task is D P-complete.
Proof.

1. We first show that the decision problem is in DP. We do so by showing that it can be reduced to two

decision problems; one of which is in NP and the other is in co-NP.

Let T = (B, Sy, (ET,E™)) be an arbitrary brave induction task and assume that H is an optimal
inductive solution of T'.
< H is a brave inductive solution of T" and there is no H' such that |H| > |H’| and |H’'| is a brave
inductive solution of T'.

< H is a brave inductive solution of T" and the program:
B U {append(R,in h(Rig)) 0{inh(Ri4)}1. | R € Sp}

covi-ef,...,el, not e],..., not e;.
;- not cov.
:- |H|#tsum{in h(R!;) = |R'],...,in h(R%,) = |R¥|}.

is unsatisfiable (where Spy = {RY,...,R*}, E* ={ef, .., ef}and B~ ={e;, ..., e7})
Hence, the decision problem can be reduced to two problems: verifying a hypothesis is a brave inductive
solution; and deciding that a ground aggregate stratified program is unsatisfiable. Hence, as the former is
in NP and the latter is in co-N P, verifying that a given hypothesis is an optimal brave inductive solution

of a given task is a member of DP.

2. We now show that the decision problem is DP hard. To prove that optimum verification for ILP, is
D P-hard, we must prove that any problem in DP can be reduced to this decision problem.
Let D be any arbitrary decision problem which is in DP.

By the definition of DP, this is the case if and only if there exist two decision problems D; and Dy such
that Dy is in NP, D is in co-N P and D returns yes if and only if both D; and D5 return yes.

By Lemma 2.19 and Corollary 2.20, this is the case if and only if there are two programs P; and P, and
two atoms a; and a, such that both P; =4 a; and P; =, a, if and only if D returns yes. Without loss
of generality we can assume that the atoms in P; (together with a;) are disjoint from the atoms in P,
(together with ay). Let a be a new atom that does not occur in Py or P;.

Let B be the program P; U append(Pa, not a) U {:-as}. We now show that {a.} is an optimal solution
of the ILP, task T' = (B, {a.}, ({a1}, 0)) if and only if D returns yes.

Assume {a.} is an optimal solution of T
& {a.} € ILP,(T) and 0 ¢ ILP,(T).
< BU/{a.} has an answer set that contains a;, but B has no such answer set.
< P, has an answer set that contains a;, but B has no such answer set.
(by the splitting set theorem, using HBp, U {a} as a splitting set).
< P; has an answer set that contains as, but Py UP,U{:-a,.} has no such answer set (by the splitting
set theorem, using {a} as a splitting set).
< P; has an answer set that contains a;, and P, U {:-a,} is unsatisfiable (as the atoms in P; and P,

are disjoint).
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< P; has an answer set that contains a;, and P, has no answer set that does not contain as.
s Py ’:b aig, and Py ':c as.

< D returns yes.

Proposition 4.19. Deciding verification for ILFP;} , ¢ is a member of DP.

Proof. Checking whether H is an inductive solution of an ILP; ,¢ task T = (B, Sar, (ET, E™)) can be achieved
by mapping T to two aggregate stratified ASP programs P* and P~, such that H € ILPpg(T) if and only if

PT bravely entails an atom and P~ cautiously entails an atom.

1. Let n be the integer |ET|.
For any integer ¢ € [1,n], let f; be a function mapping the atoms a in BU H to new atoms a;. We extend
the notation to allow f; to act on ASP programs (substituting all atoms in the program).

Let PT be the program:

{fz(B UH)U { covered(i):-f;(ei™), ... f;(ei), }

not f;(e$*¢),..., not f;(e*). . e

et e BT
el = ({elnc, .. eincl feoxc goxcl)

P7 can be split into n sub programs P ... P, where each program P; contains the rules containing the
atoms generated by f;.

As the atoms in each sub program are disjoint from the atoms of all other subprograms, AS(P*) =
{A1U...UA, | Ay € AS(Py),..., A, € AS(P,)}. (This follows from applying the splitting set theorem
n — 1 times).

For each i € [1,n], P; =, covered(i) if and only if 34 € B U H such that A extends e; (where ¢; is the
ith positive example). Hence P+ U {covered:- covered(1),...,covered(n).} =) covered if and only if
all the positive examples are covered. Therefore, checking whether all the positive examples are covered
is in NP by Corollary 2.20.

As checking that H C Sj; can be done in polynomial time, this means that checking both that H € Sy,

and all the positive examples are covered is in N P.

2. Let P~ be the program:

BU H U {covered:- not neg violated.}

neg violated:-ei®® ... elnc . . 3

e:l.nC7 e e!][.lIlC , eexc7 e eexc e E'
U{ not e*¢,..., not e*°. e ) et =)

P~ |=. covered if and only if #A € AS(B U H) such that Je~ € E~ such that A extends e~. Hence

checking that all negative examples are covered is in co-N P by Lemma 2.19.

Hence as H € ILP; 4,4(T) if and only if H C Sy, all the positive examples are covered and all the negative
examples are covered, verifying that H € ILP} ,4(T) can be reduced to checking one problem in NP and
another problem in co-NP. This means that verifying a hypothesis is a solution of an ILP} 44 task is in DP.

O
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Proposition 4.20. Deciding verification for ILP, is D P-hard.

Proof. To prove that verification for ILP, is DP-hard, we must prove that any problem in DP can be reduced
to the verification task. Let D be any arbitrary decision problem which is in DP. By the definition of DP, this
is the case if and only if there exist two decision problems D; and Ds such that Dq is in NP, D5 is in co-N P
and D returns yes if and only if both D; and Dy return yes.

By Lemma 2.19 and Corollary 2.20, this is the case if and only if there are two programs P; and P, and two
atoms a; and a such that both Py =, a; and P» =, aj if and only if D returns yes. Without loss of generality

we can assume that the atoms in Py (together with a;) are disjoint from the atoms in P> (together with as).

Take T, to be the ILP, task (B, Sy, (ET, E7)), where the individual components of the task are defined as

follows:

B =P UA(P2,23) U{:- not a;. 0{as}l. ap:- not as.} (where we assume a;z to be a new atom and
A(P,a) to add the atom a to the body of all rules in P)

(] SM:@
o BT ={ar}
o - =10

() € ILP.(T.) if and only if (P; U {:- not a;.}) is satisfiable and A(P»,a3) U {0{az}1. as:- not as.} . as.
This is the case as the two subprograms P; U{:- not a;.} and A(P»,a3)U{0{as}1. a,:- not as.} are disjoint,
and the latter is guaranteed to be satisfiable (it has the answer set {ap}). Hence §) € ILP.(T.) if and only if
Py =y a;. and Py |=. ap. But this is the case if and only if D returns yes. Hence any problem in DP can be
reduced to verifying that a hypothesis is an inductive solution of an ILP, task.

Hence verification for ILP,. is DP-hard. O
Proposition 4.22. Deciding satisfiability for ILP} ¢ is in »b.

Proof. Given an ILPj 4¢ task T = (B, Sy, (E1, E™)), we show that a non-deterministic Turing Machine with
access to an N P oracle could check satisfiability of T in polynomial time.

A non-deterministic Turing Machine can have |Sys| choices to make (corresponding to selecting each rule as
part of the hypothesis). As verification for ILP} , is in DP (by Proposition 4.19), this hypothesis can then be
verified in polynomial time using an N P oracle, with two queries, answering yes if and only if the first query

returned yes and the second query returned no.

Such a Turing Machine would terminate answering yes if and only if the task is satisfiable (as there is a path
through the Turing Machine which answers yes if and only if there is a hypothesis in Sp; which is an inductive
solution of the task).

Hence, deciding the existence of a solution for an ILP} 44 task is in X2. O

Proposition 4.23. Deciding satisfiability for /L P, is ©£-hard.
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Proof. We show this by reducing a known Y% -complete problem (deciding the existence of an answer set for a

ground disjunctive logic program [EG95]) to an ILP, task.

Take any ground disjunctive logic program P. We will define an ILP, task T'(P) which has a solution if and
only if P has an answer set.

Let P’ be the program constructed by replacing each negative literal not a with the literal not in_as(a)
(where in_as is a new predicate) and replacing each head hy V...V hy with 1{hy,... hy}m (empty heads are
mapped to 1{}0 — this is equivalent to L).

We define the learning task 7'(P) as follows (not minimal is a new atom):

:-a, not in_as(a).

B=PFPU

ac HBP}

notminimal:- not a,in_as(a).
Sy ={in.as(a).|a€ HBp}
Et =10

E~ = {not minimal}

This task has a solution if there exists an H C Sj; such that B U H is satisfiable and no answer set of BU H
contains not_minimal.

1{hy,...,hy}m:-by,..., by,

< JH C Syst3dA e AS 1{hy,...,hptm:-by, ..., by not in as(cy),..., not in-as(c,).
{in_as(cy), ..., in-as(c,)} N H =0
such that A C {a| in_as(a) € H} and no answer set of BU H contains not minimal.

€ P,

1{hy,...,hyjm:-by,... by,

< JH C SyystdA e AS 1{hy,...,hp}m:-by,... b, not in as(cy),..., not in as(c,).
{in_as(cy), ..., in.as(c,)} N H =10
such that A = {a | in_as(a) € H} and there is no strict subset of A which is also an answer set (or there

e P,

would be an answer set of BU H which contains not minimal).
< JH C Sy st {a| in-as(a) € H} is a minimal model of

1{1’11, e ,hm}m:—bl, - 7bn,
hyV...Vhy:-by,...,by not in as(cy),..., not in_as(c,).
{in_as(cy), ..., in.as(c,)} N H =0

€ P,

< JH C Sy st {a| in_as(a) € H} is a minimal model of
hl\/...\/hml—b17...,bn,
hyV...Vhp:-by,...,by not cy,..., not c,.
{in_as(cy), ..., in.as(c,)} N H =10

€ P,

& JA C HBp st A is a minimal model of

hl\/...\/hmi—bl,...7bn,
hyV...Vhp:-by,...,by not cq,..., not c,.
{c1, .-y CotNA=0

< JA C HBp such that A is a minimal model of P4

€ P,

& JA C HBp such that A an answer set of P.

& P is satisfiable.
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Hence, deciding whether a disjunctive logic program is satisfiable can in general be mapped to the decision

problem of checking the existence of solutions of a cautious induction task.

Therefore, deciding the existence of solutions of a ground ILP, task is ¥4'-hard.

Proposition 4.25. Deciding optimum verification for ILP} , 4 is in .

Proof. Given an ILP; ,q task T = (B, S, (ET, E™)), we show that a non-deterministic Turing Machine with

access to an N P oracle could check whether a hypothesis H is not an optimal solution of 7" in polynomial time.

H can be verified in polynomial time using an NP oracle, with two queries to the oracle (as verification for
ILP; 44 is in DP, by Proposition 4.19). H is a solution if and only if the first query returns yes and the second
no. If the first query returns no, or if the second query returns yes, then H is not an optimal solution (as it is

not a solution), and so the Turing machine can return yes.

If the first query returns yes and the second returns no, then H is a solution, so in order to prove that H is not

an optimal solution, we must show that there is a shorter hypothesis H’ such that H’ is a solution of T.

A non-deterministic Turing Machine can then have |Sy| choices to make (corresponding to selecting each rule
as part of the hypothesis). This hypothesis H' can then be verified in polynomial time using an N P oracle (by
Proposition 4.19), answering yes if and only if the first query returned yes and the second query returned no

and |H'| < |H| (which can be checked in polynomial time).

Such a Turing Machine would terminate answering yes if and only if H is not an optimal solution of T (as there
is a path through the Turing Machine which answers yes if and only if either H is not a solution of T or if there
is a hypothesis H' in Sjs such that |H'| < |H| and such that H' is an inductive solution of the task).

Hence, the Turing Machine terminates answering no if and only if H’ is an optimal solution of T'.

Hence, optimum verification for ILP; , is in I1%". O

Proposition 4.26. Deciding whether an arbitrary hypothesis H is an optimal inductive solution of
a given ILP, task is I1-hard.

Proof. We show this by reducing a known II4-complete problem (deciding whether an atom is cautiously
entailed by a ground disjunctive logic program [EG95]) to deciding whether a hypothesis is an optimal solution
of an ILP,. task.

Take any ground disjunctive logic program P and any atom a*. We will define an ILP, task T(P,a*) and a
hypothesis H such that H € *ILP.(T(P,a*)) if and only if P |=. a*.

Let P’ be the program constructed by replacing each negative literal not a with the literal not in_as(a) (where
in as is a new predicate) and replacing each head h;y V...V h, with the counting aggregate 1{hy,... ,hy}m
(empty heads are mapped to 1{}0 — this is equivalent to L).

We define the learning task T'(P,a*) as follows (not minimal and b are new atoms):
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:-a, not in as(a).
:- not n_in as(a), not in_as(a).
B = A(P’, not b)U( :-n_in as(a),in-as(a). a € HBp
not minimal:- not a,in as(a), not b.
:-in_as(a*), not b.
Sy ={in.as(a) |a€ HBp}U{n.in.as(a) |a€ HBp}U{b.}
Et =0

E~ = {not minimal}
We now show that {in as(a). | a € HBp} U {b.} is an optimal solution of T'(P,a*) if and only if P =, a.
Assume that {in_as(a). | a € HBp} U {b.} is an optimal solution of T'(P,a*)

& {in.as(a). | a € HBp} U {b.} € ILP.(T(P,a*)) and #H C Sy such that |H| < |HBp| and H €
ILP.(T(P,a*))

< BU{inas(a). | a € HBp} U{b.} is satisfiable and has no answer set that contains not minimal and
AH C Sy such that |H| < |HBp| and H € ILP.(T(P,a*))

& PH C Sy such that |H| < |HBp| and H € ILP.(T(P,a*))
(as {in-as(a) |a€ HBp}U{b} € AS(B U {in.as(a). |a€ HBp}U{b.}))

< VH C Sy such that |H| < |HBp|, and B U H is satisfiable, BU H = not minimal

< VA C HBp such that P* is satisfiable, P* =, not minimal

- t in_ .
8, not in-as(a) U{in_as(a). | a € A}

where P*=PuU tminimal:- not a,in :
not-minimal:- not a,in-as(a) U{n.in_as(a). |a € HBp\A}

:-in_as(a®).
< VA C HBp such that a* ¢ A and P* is satisfiable, P* |=; not_.minimal
- in_ . in_ . A
where  P* = P'U a, not in as(a) U{in.as(a). | a € A}
notminimal:- not a,in_as(a). U{n-in as(a). | a € HBp\A}

< VA C HBp such that a* ¢ A and P* is satisfiable, P* =, not minimal
where  P* = PAU{:-a. | 2 ¢ A} U {not minimal:- not a. | a € A} (similar to the proof of
Proposition 4.23).

& VA C HBp such that a* ¢ A and 3A’ € M(P4) such that A’ C A.
& VA C HBp such that a* ¢ A, A ¢ M(P4).
© VA C HBp such that a* & A, A ¢ AS(P).

& Pl a*

Proofs from Chapter 5

Proposition 5.9.

For any programs P; and Py, &(P1) C &(P,) if and only if AS(P) C AS(P»).
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Proof.

e Assume that AS(P)) C AS(P,)
S VA e AS(P), A e AS(P).

Assume c =13 A...Aip, A not eq,..., not e, € &(Py). Then there must be an answer set A of Py

which contains all of the i’s and none of the e’s. Hence, there is also such an answer set of P,. Hence,

cc Eb(Pg).

e Conversely, assume that &,(P1) C & (P2). Let A € AS(Py), we must show that A € AS(P2).
Let £ be the set HBp, U HBp,.

As A e AS(P1), c =11 A... Aip, A not eyq,..., not e, € &(P1), where {iy, ..., in} = A and {ey,
. ent = L\A. As c € &(Pr), c € &(P2) and hence there is an answer set A" of P which contains

each i € A but no atom e € £\ A, and hence as HBp, C £, A’ = A. Hence A € AS(P,).

Proposition 5.10.

DI(ILP,) = {(B, Hy, H3)| AS(BU Hy) £ AS(BU H3)}

Proof. We prove this by showing that D (ILP,) = {(B, H1, H2)|E,(B U H1) € &,(B U Hs)}, which is equal to

the set {(B, H1, H2)|AS(BU Hy) € AS(B U Hs)} by Proposition 5.9.

e We first show that if (B, Hy, Hs) € Di(ILP,) then there must be a conjunction in & (B U H;) that is not

in 5b(B U Hg)

As (B, Hi, Hy) € DI (ILP,), there is an ILP, task T = (B, {{i1,...,1n},{€1,...,en})) such that H; €

ILP,(T) and H, ¢ ILP,(T).

Hence, there must be an answer set of BU Hp such that {i,...,iz} € A and {eq,...,en} N A =0, but

no such answer set of B U Ho.

Hence the conjunction ¢ =i; A...Aiy A not e; A... A not e, € (B U Hy) but ¢ ¢ &(B U Hy).

e Next we show that if there exists a conjunction ¢ = i; A ... A iy A not e; A... A not e, such that

¢ € &(BUH,) but ¢ € &(BU H), then (B, Hy, Hy) € D(ILP,).

Assume that there is such a conjunction ¢. Then B U H; has an answer set that extends ({i4,...

{e1,...,en}) and B U Hy does not. Hence Hy € ILP,((B,{i1,---,in},{e1,---,ea})))

but Hy ¢ ILPy((B, ({i1, ..., in}, {e1,...,ea}))). So (B, H, Ho) € DLILP,).

Proposition 5.11. DI(ILP,) = Di(ILPs,,).
Proof.
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e First we show that DI(ILP,) C Di(ILP;y,). Assume (B, Hy, Hs) € DI(ILP,). Then there is a task
Ty = (B, (E*, E-)) such that Hy € ILPy(Ty) and Hy ¢ ILPy(Ty). Let Ty = (B, {(E*, E-)}). H, €
ILPyyn(Tym) but Hy ¢ ILPyy(Tsm). Hence, (B, Hy, Hy) € D} (ILPyy,).

e Next we show that Di(ILP,) D Di(ILPsy,). Assume (B, Hy, Hy) € Di(ILP;,,). There must be a task
Tom = (B, {(Ef,E]),...,(E}f,E;)}) such that Hy € ILPy,,(Tsy) and Hy € ILPs,,(Tsy). There must
be at least one partial interpretation (E;r ,E;) such that there is an answer set A of B U H; such that
E C Aand E; N A = () and there is no such answer set of B U Hy. Hence, letting T}, = (B, (E;}", E;)),
Hy € ILPy(Ty) but Hy & ILPy(Ty). So (B, Hy, Hy) € DNILP).

Proposition 5.13.

AS(B U Hy) # OA }

Di(ILP.) = {<B’H1’H2> (AS(BUH3) =0V E(BUHy) Z E(BUHY))

Proof.

e First we show that for any (B, Hy, Hy) € D} (ILP.), AS(B U Hy) # 0 and either AS(B U Hs) = () or
E(BUH)) € E.(BU H>).

Let (B, Hy, Hy) be an arbitrary element of D} (ILP.). As H, € ILP.(T,), AS(BU Hy) # . Assume
that £.(B U Hy) C E.(B U Hz). We must show that AS(B U Hs) = (. As (B, Hy, Hs) € DI(ILP,),
3T, = (B, (E*, E-)) such that Hy € ILP.(T,) and Hy ¢ ILP.(T,).

As Hy € ILP.(T.),YA € AS(BUH,) : E* C Aand E~ N A # 0, hence the conjunction ET A { not e~ |
e~ € E7} € £.(BU Hy); hence by our initial assumption that £.(BU Hy) C £.(B U Hy), the conjunction
is also in £.(B U H3); hence, VA € AS(BUH,),ET C Aand E- NA = (. But as Hy ¢ ILP.(T,) this
means that AS(BU Hy) = 0.

e We now show that for any B, Hy and Ha, if AS(BUH;) # OA(AS(BUH3) = 0VE.(BUH,) € E.(BUH>),
then (B, Hy, Hy) € D}(ILP,).
Case 1: AS(BUH;) #0ANAS(BUH,) = 0.

Consider the task T, = (B, (0,0)). H, € ILP.(T,) as AS(BUH;) # ) and VA € AS(BUH,),0 C A
and ANQ=0. Hy ¢ ILP.(T.) as AS(BU Hs) = 0.

Case 2: AS(BUH;) #0AN3Jc = (i4A...ANigA not e; A...ANey) € E(B U Hs) such that ¢ ¢
E.(BUH,).

Consider the task T. = (B, ({i1, .-+, in},{€1, -- - en})). H1 € ILP.(T.), but Hy & ILP.(T,).

Proposition 5.14. D} (ILPas) = {(B, H1, Hy)|AS(B U Hy) # AS(B U Hs)}

Proof.
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e We first show that D} (ILPras) C {(B, Hy, H2)|AS(BU Hy) # AS(BU Hs)}. For any (B, Hy, Hs) €
DY(ILPpas) there is an ILPpag task T = (B,(E*,E7)) such that Hy € ILPpas(T) and Hy ¢
ILP;45(T).

Case 1: Je € E* such that VA € AS(B U Hs), A does not extend e.

As Hy € ILPas(T),3A" € AS(B U H;) such that A’ extends e. Hence as A’ cannot be in
AS(BUH,), AS(BUH,) # AS(B U Hy).

Case 2: Je € E—, 3A € AS(B U Hj) such that A extends e.

As Hy € ILPpas(T),VA' € AS(BUH,), A’ does not extend e. Hence A cannot be in AS(BU H;)
and so AS(BU H;) # AS(B U Ha).

e It remains to show that DI (ILPpas) 2 {(B, Hy, H2)|AS(BU Hy) # AS(BU Hy)}. Take B, Hy, Hy to
be any ASP programs such that AS(BU H;) # AS(B U Hs)

Let L be the set of atoms which appear in answer sets of BU H; and B U Hs.
Case 1: 34 € AS(BU H;) such that A ¢ AS(B U H>)

Let eq = (A, L\A). A is the only interpretation in AS(B U Hy) or AS(B U H;) which extends e4
(as e4 is completely defined over the atoms in L). Hence, there is an answer set of B U H; which
extends e 4, but no such answer set of B U Hs.

Hence, Hy € ILPpas((B,{{ea},0))), but Hy &€ ILP;as((B,{{ea},0))).
Hence (B, Hy, Hy) € DY(ILPpA5).
Case 2: 34 € AS(BU H3) such that A ¢ AS(BU Hy)
Let eq = (A, L\A). A is the only interpretation in AS(B U H;) or AS(B U Hs) which extends

e4. Hence, there is no answer set of B U H; which extends e4, but there is such an answer set of
B U H,.

Hence, Hy € ILPpas((B, (0,{ea}))), but Hy & ILPLas((B, (0, {ea})))-
Hence (B, Hy, Hs) € D} (ILPpas).

Proposition 5.15.

Di(ILProas) = {(B, Hi, Hy)

AS(B U Hl) 75 AS(B U Hg) or
ord(BU Hy) # ord(B U Ha)

Proof.

ord(B U Hy) # ord(B U H>)
For any (B, Hy,Hs) € Di(ILProas) there is an ILPpoas task T = (B, (E*, E~ 0" O¢)) such that
H, € ILPLOAs(T) and Ho € ILPLOAs(T).

Case 1: Je € E* such that VA € AS(B U Hs), A does not extend e.

As Hy € ILProas(T),3JA’ € AS(B U Hy) such that A’ extends e. Hence as A’ cannot be in
AS(BUH,), AS(BUH,) # AS(B U Hs).

e We first show that D} (ILProas) C {(B,Hth)

AS(B U Hy) # AS(B U Hs,) or }
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Case 2: Je € E—, 3A € AS(B U Hj) such that A extends e.
As Hy € ILProas(T),VA' € AS(BUH,), A’ does not extend e. Hence, A cannot be in AS(BUH;)
and so AS(BU H;) # AS(B U Hs).

Case 3: 3(ey,ea,0p) € O which is covered by H; but not Ho.
Assume AS(BU H,) = AS(BU H,). 3A;, As € AS(B U Hy) such that A; extends e;, Ay extends
eo and (Ay, As,op) € ord(BU H) as Hy covers the ordering example. (A1, Ag, 0p) & ord(B U Ha)
as Hy does not cover the ordering example; and hence, ord(B U Hy) # ord(B U Hy).

Case 4: 3(e1,e2,0p) € O° which is covered by H; but not Hs.
Assume AS(BU H,) = AS(BU H,). 34, A; € AS(B U Hs) such that A; extends e;, Ay extends

eo and (Aq, As,op) & ord(B U Ha) as Hy does not cover the ordering example. (Aq, Aa,0p) €
ord(B U Hy) as Hy does cover the ordering example; and hence, ord(B U Hy) # ord(B U Ha).

Hence, in all cases, either AS(B U Hy) # AS(BU Hs or ord(B U Hy) # ord(B U Ha).
AS(B UHl) # AS(B U Hg) or

ord(B U Hy) # ord(B U Hy)
Hs to be any ASP programs such that AS(B U H;) # AS(B U Hy) or ord(B U Hy) # ord(B U Hs).

Let L be the set of literals which appear in answer sets of BU H; and B U Hs.

Case 1: AS(BUH,) # AS(B U Hy)
(B,H,Hy) € DI(ILPpas) (by Proposition 5.14). Hence, there is an ILPras task Tras =
(B,(E*,E7)) such that H, € ILPpas(Tpas) and Hy ¢ ILPpas(Tpas). Let Troas =
(B,(ET,E~,0,0)). Hy € ILPLoas(TrLoas) and Hy € ILPLoas(Troas)-

Case 2: AS(BUH;) = AS(BU Hj) but ord(BU Hy) # ord(B U Hs)
JA;, Ay € AS(BUH;) (which is equal to AS(BU H,)) such that there is a binary operator op such
that (A1, Az, 0p) € ord(B U Hy) but (A1, As,op) & ord(B U Hs). Let e = (A1, L\A;) and e; =
(A2, L\ A3) (where L is the set of atoms in the answer sets of BU Hy). Consider the ILProas task
Troas = (B, ({e1,e2},0,{(e1,e2,0p)},0)). Hi € ILPLoas(Troas) and Hy € ILProas(Troas)-

Hence, in both cases (B, Hy, Ha) € DI(ILPLoas)-

e It remains to show that DI (ILProas) 2 { (B, Hy, H) . Take B, Hy,

O
Proposition 5.17.
BUH; # BUH.
DI(ILPsstesty = { (B, Hy, Hy) \ 17 2o
3C € ASP" such that ord(BU H; UC) # ord(BU Hy U C)
Proof.
BUH1 fsBUHQ or
We first show D} (ILPMerty C { (B, Hy, H
* We first show Dy (ILPESLE") © {< HVHR)| S0 ASPO st ord(BU ) UC) 4 ord(B U Hy U C) }

For any (B, Hy, Ha) € Di(ILPf2?) there is an ILPFSUE task T = (B, (ET, E~,0° 0°)) such that
Hy € ILPEest(T) and Hy ¢ ILPES4e(T),
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Case 1: 3(e,C) € E™T such that VA € AS(BU Hy U C), A does not extend e.
As Hy € ILPf% st(T),3A’ € AS(BU Hy UC) such that A’ extends e. Hence, as A’ cannot be in
AS(BUH,UC), AS(BUH,UC) # AS(BU H>UC). Hence, BU Hy #; BU H>.

Case 2: 3(¢,C) € E~, 3A € AS(BU H, U C) such that A extends e.

As Hy € ILPf3EY(T), VA € AS(BU H, UC), A’ does not extend e. Hence, A cannot be in
AS(BUH;UC) and so AS(BUH; UC) # AS(BU HyUC). Hence, BU Hy #5; BU Hs.

Case 3: 3((e1,C1), (€2, Ca),0p) € O° which is covered by H; but not Hy.

Assume that BU H; =, BU Ho.
Let S be the set AS(BUH,UC,)UAS(BU H; UC3) (which is equal to the set AS(BUH;UCT)U
AS(B UHyU Cg) as BUH; =, BU HQ) JA; € AS(B UHU Cl), Ay € AS(B UHU Cg) such
that A; extends e1, Ao extends ey and (A;, Ao, 0p) € ord(B U Hy,S) as Hy covers the ordering
example. (A1, As,op) & ord(B U H,, S) as Ha does not cover the ordering example.
Let C be the ASP" program append(Cy,a;) U append(Cy,ay) U {1{a;,a,}1.} (where a; and a,
are new atoms and append(P,a) appends the atom a to the body of each rule in P). AS(B U
HUC)={AU{a;} | A€ AS(BUH,UCy)} U{AU{ay} | A € AS(BU H; UC(C3)}, and hence,
t= (A1 U{a1}, A2 U{ax},op) € ord(BU H; UC), but ¢t & ord(BU Hy UC).
Hence, 3C' € ASP" such that ord(BU H, UC) # ord(BU Hy U C).

Case 4: (e, e2,0p) € O° which is covered by H; but not Hs.
Assume that BU H; =, BU Ho.
Let S be the set AS(BUH,UC,)UAS(BUH; UC3) (which is equal to the set AS(BUH;UC)U
AS(BUHQUC2) as BUH,| =, BUHQ). dA, € AS(BUH1U01>, Ay € AS(BUH1 UCQ) such that
Aj extends ey, Ag extends ey and (A1, As, op) & ord(B U Ha, S) as Hy does not cover the ordering
example. (A, Az, op) € ord(B U Hy,S) as Hy does cover the ordering example.
Let C be the ASP" program append(Cy,a;) U append(Cy,ay) U {1{a;,a,}1.} (where a; and a,
are new atoms and append(P,a) appends the atom a to the body of each rule in P). AS(B U
HUC)={AU{a;} | A€ AS(BUH,UCy)} U{AU{as} | A € AS(BU H; UC(C3)}, and hence,
t= (A1 U{a1}, A2 U{ax},op) € ord(BU H; UC), but ¢t & ord(BU Hy UC).

Hence, 3C' € ASP" such that ord(BU H, UC) # ord(BU Hy U C).
Hence, in all cases, either BUH; =, BUH; or 3C € ASP" such that ord(BUH,;UC) # ord(BUH,UC).

e It remains to show that:

DIUILPIEAT") 2 {(B,H1,H2>

BUH1 %SBUHQ or
3C € ASP™" st ord(BU H, U C) # ord(BU Hy U C)

Take B, Hy, Hy to be any ASP programs such that BUH; #° BUH, or 3C € ASP" st ord(BUH,UC) #
ord(BUHy UC).

Case 1: BUH, #;, BU H,
There must be a program C such that AS(BU H, UC) # AS(BU HyUC).
Case i: A € AS(BU H; UC) such that A ¢ AS(BU H,UC).

Let L be the set of atoms in the answer sets of BU H; UC and B U Ho U C and let e4 be
the partial interpretation (A, L\A). Then B U H; U C has an answer set that extends e4, but
B U H, UC does not, and hence, Hy € ILP{3A (B, Su, ({{ea, C)},0,0,0))) but Hs is not.
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Case ii: 94 € AS(BU H2 U C) such that A ¢ AS(BU H, UC(C).

Let L be the set of atoms in the answer sets of B U Hy UC and BU Hy U C and let e4 be
the partial interpretation (A, L\A). Then B U Hy U C has an answer set that extends e, but
B U H; UC does not, and hence, H; € ILPf& (B, Sp, (0, {{ea,C)},0,0))) but Hy is not.

Case 2: BUH, =, BU H, but 3C € ASP" such that ord(BU H; UC) # ord(BU Hy U C)

JA;, A2 € AS(B U Hy UC) (which is equal to AS(B U Hy U () such that there is a binary
operator op such that (Ay, As,op) € ord(BU Hy UC) but (A1, As,op) & ord(BU Hy U C). Let
er = ((A1,L\A1),C) and ey = ({Az, L\ As),C) (where L is the set of atoms in the answer sets
of BUH; UC. Consider the ILPfOMet task TEoMet = (B, ({e1,e2},0,{{e1,e2,0p)},0)). Hy €
ILPEIE (Teiat) and Hy & ILPEBIG (TE3ie).

Hence, in both cases (B, Hy, Hs) € D} (ILPFoE).

Proposition 5.22. For any framework F:

<B7H7H1> ED%(‘F)a
DL (F)=<(B,H,{Hy,...,H,})

ey

(B,H, H,) € D (F)
Proof.

o We first show that D} (F) C {(B,H,{H,...,H,})|(B,H,Hy),...,(B,H,H,) € D}(F)}. Take an ar-
bitrary (B, H,S) € D} (F). We must show that (B,H,S) € {(B,H,{H1,...,H,})|(B,H,Hy),...,
(B,H,H,) € D{(F)}. To do this, we need to show that VH' € S, (B, H,H') € D} (F).

Take an arbitrary H' € S. It remains to show that (B,H,H’) € D{(F). By definition of D}, (F),

there must be some subset S’ C S such that H' € S’ and (B, H,S") € D} (F). Hence, 3T such that
H € ILP#(T¥) and §' N ILP(Tx) = 0. Hence, as H' € S, (B, H, H') € DX(F).

e We now show that D} (F) 2 {(B,H,{Hy,...,H,})|(B,H,Hy),...,(B,H,H,) € D}(F)}. Take an ar-
bitrary (B, H,{Hx,...,H,}) € {(B,H,{H,...,H.})|(B,H,H1),...,(B,H, H,) € D{(F)}. For each

i € [1.n], (B,H, H;) € D}(F), and hence, (B,H,{H;}) € D} (F). Hence, by definition of D}, (F),
(B,H,{H1,...,H,}) € DL (F).

Proposition 5.27. ILP., ILPsy,, ILPras, ILPoas and ILPf%%%" all have closed one-to-many-
distinguishability.

Proof.
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1. Consider any two ILP, tasks, T} = (B, (E{", E;)) and T? = (B, (ES, Ey)). Let T3 = (B, (E{ UES, E; U
Ey )
H € ILP.(T})NILP.(T?) if and only if AS(BUH) is non-empty and VA € AS(BUH): E}f C A, Ef C A,
E;NA=0and E; N A= 0. This is the case if and only if (E;f UE;) C A, and (E; UE;)NA =10
which holds if an only if H € ILP.(T3).
Hence, by Lemma 5.26, I LP, has closed one-to-many-distinguishability.

2. For any tasks T2 = (B,({el,...,eL})) and T2, = (B,{{e?,...,e2 1)), let T3, = (B,{{el,... ek,

sm

€2, ..., 2 ). ILP.,(T3,) = ILP,,, (T} YN ILPy,(T2,).
Hence, by Lemma 5.26, I L Ps,, has closed one-to-many-distinguishability.

3. For any tasks T} 4o = (B, (B, E7)) and T? 45 = (B, (Ey , Ey ), let T3 4o = (B,(Ef UES, Ef UE;)).
ILPLas(T} as) = ILPLas(TLag) N ILPLAs(TE 45)-
Hence, by Lemma 5.26, ILPr 45 has closed one-to-many-distinguishability.

4. For any tasks T}, 4g = (B, (Ef, By, 0},09)) and T7 ¢ 4 g = (B, (B3, Ey ,05,05)), let T3 45 = (B, (B U
Ey, By UE;, 00U 08,07 U05)). ILPLoas(TEoas) = ILPLoas(TEoas) N ILPLoAs(TEoas)-
Hence, by Lemma 5.26, ILProas has closed one-to-many-distinguishability.

5. For any tasks 719958t = (B, (EY, By, 0%,0%)) and T253% = (B, (ES, Ey,05,05)), let T3554et =
<B7 <ET UE2 aEl UE2 7Ob UOZZ)aOC UO§>>
ILPEEAs (T35515") = ILPESSS (T15558Y) N ILPESAS (T25558").

Hence, by Lemma 5.26, I LP{%"%" has closed one-to-many-distinguishability.

Proofs from Chapter 6

Theorem 6.3. Let T be the I LP{% task (B, Sy, (BT, E~, 0% 0°)), ASigs = {t1,...,ta} be a set
of terms and let H C Sj;. Consider the program P = M (T)U{as(t). | t € ASigs}U{inh(hiq4). | h €
H}. For any list [(I',e!), ..., (I", e™)] (of length |AS;4s|), where each I’ is an interpretation and each
e is selected from ETUE~, 3A € AS(P) such that Vi € [1,n], ctx(ely, ti) € Aand M (A, t;) = I*
if and only if Vi € [1,n], I' € AS(BU H Uél,,).

Proof. Let [(I',el),... (I" e™)] be a list of pairs, where each I’ is an interpretation and each e is an example
in ETUE™.
Assume 3A € AS(P) such that Vi € [1,n], ctx(ely, t1) € A and M (A, t;) = I;

& there is an answer set A of the program:
A(R(non_weak(B U H), in_as, AS_ID), as(AS_ID))
U {A(A(R(ecty, in-as,AS_ID), as(AS_ID)), ctx(eiq, AS_ID))|le € ET U E~}
U {1{ctx(ex},, AS_ID),..., ctx(ex?;,AS_ID)}1:-as(AS_ID).}
U{as(t). |t € ASigs}
such that Vi € [1,n], ctx(ely, ti) € A and M (A, t:) =
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(where {ex!,..., ez} = Et UE")
by the splitting set theorem (using the in_h atoms as a splitting set).

& Vi € [1,n], there is an answer set A of the program:
A(R(non_-weak(B U H),in_as, t;),as(t;i))
U{A(A(R(ects, in as, t;), as(t;)), ctx(esq, t;))le € EYUE™}
U {1{ctx(exiy, ti),...,ctx(exBy, ti)}1:-as(t;).}
U{as(ti).}

such that ctx(ely, ti) € A and M (A, t;) =I!

& Vi € [1,n], there is an A € AS(R(non_weak(B U H U €’

ctx

),in as, t;)) such that M;1(A4,t;) = I
by the splitting set theorem (using the ctx and as atoms as a splitting set).

& Vi€ [l,n], I' € AS(non-weak(B U H Ue',,))

& Viell,n], I'e AS(BUH Uel,,)
O

Theorem 6.4. Let T be an [ LPE%%S"“ task with background knowledge B and hypothesis space Sy,
and let H C Sys. Let AS;gs = {t1, ..., tn} be a set of terms. For each t € AS,4s let Fy be a set of
CDPlIs.
Consider the program P = M;(T) U {inh(hi).|h€ H}
U {as(t). |t € ASi4s}
U {check(e,t) |t € AS;us,e € E¢}

1. For any list [(I1,e!),..., (I",e™)] (of length |AS;4s|) such that each e’ is selected from E* U E~
and each I’ is an interpretation: 34 € AS(P) such that Vi € [1,n], ctx(ely,t;) € A and
MZHA, t;) = I if and only if Vi € [1,n], I' € AS(BUH U¢€l,,).

ctx

2. For any answer set A € AS(P), Vi € [1,n], Ve € E* U E~, cov(eiq,ti) € A if and only if
ctx(eiq,t1) € 4, e € By, and M (A, t;) is an accepting answer set of e wrt BU H.

Proof. Note that the set of atoms in HBp that do not have the predicate name cov form a splitting set of
P. Hence, we can use the splitting set theorem, using the answer sets of P/ = M;(T) U {in-h(hi4). | h €
H} U {as(t). | t € AS;4s} to compute the answer sets of P. Specifically, AS(P) = {A | A’ € AS(P'),A €
AS({a. |a€ A’} U{check(e,t) | t € ASius,e € Et})}.

1. Consider a list [(I',e!),...,(I", e")] and such that Vi € [1,n], ¢! € E* U E~ and each I’ is an interpre-
tation.
Assume 3A € AS(P) such that Vi € [1,n], ctx(ely, ti) € A and M (A, t;) = I°
& JA' € AS(P') st Vi € [1,n], ctx(el,, t;) € A and M (A’ t;) = I'. This can be seen using the
Splitting Set Theorem, with all but the cov atoms in the splitting set.
& Viel,n], I'€ AS(BUH Ue¢t,,) (by Theorem 6.3)

ctx
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2. Let Ac AS(P),i€[l,n]andec EYUE".
Assume that cov(eiq,t;) € A
< there is a rule in ground(P) with cov(eiq,t;) in the head whose body is satisfied by A
& check(e,t;) C P and the body of the only rule in check(e, t;) is satisfied by A
& e € By, ctx(eiq, t1) € A and M} (A, t;) extends ey

& e € By, ctx(eia,t1) € A, M} (A t:) € AS(BU H U ecy) and M (A, t;) extends e, (by
Theorem 6.3)

& e € By, ctx(eia, t1) € A, M (A, t;) is an accepting answer set of e wrt BU H.

Theorem 6.6. Let T be an ILP{?4%" task with background knowledge B and hypothesis space Saz,
and let H C Syr. Let AS;qs = {t1, ..., ta} be a set of terms and Pairqs be a set of pairs (t;,t;),

where t; and t; are terms in AS;qs such that no term occurs more than once in Pair;gs.
For each t € AS;4s let Et be a set of CDPIs and for each tuple p € Pairqs let O, be a set of CDOESs.

Let P=M:(T) U {inh(hiq)|h € H}

{as(t). |t € ASi4s}

{check(e,t) | (t,e) € Ex,t € AS;4s}

U {check_ord(T,o0,ti,t5) | p= (ti,tj) € Pairis, o€ Op}

cC C

For each term t € ASj4s, let E(t) = Ex U{e | p = (t,) € Pairigs,(e,-,-) € OpyU{e | p=(,t) €
Pairigs, (-, e,-) € Op}.

1. For any list [(I%,el),..., (I", )] (of length |AS;4s|) such that each e’ is selected from E+ U E~
and each I’ is an interpretation: 34 € AS(P) such that Vi € [1,n], ctx(ely,t;) € A and
MZHA, t;) = I' if and only if Vi € [1,n], I' € AS(BUH U¢€l,,).

ctx

2. For any answer set A € AS(P), Vi € [1,n], Ve € EY U E™, cov(eiq,ti) € A if and only if
ctx(eiq,ti) € A, e € E(t;) and M, (A, t;) is an accepting answer set of e wrt B U H.

1 0e?, 0p) and for any i,5 € [1,n],

3. For any A € AS(P), for any ordering example o = (oe
ord respected(oiq,ti,tj) € A if and only if p = (ti,t5) € Pairigs, 0 € Op, cov(oely, ti) € A,
cov(oe?y,tj) € A and (M} (A, t1), M, (A, t;)) is an accepting pair of answer sets of o wrt

BUH.

Proof. In this proof, we use the notation check_ord'(T,o0,t1,t2),...,check_ordS(T,0,t1,ts) to refer to the 6
components of check_ord(T,o0,t1,ts) (in Meta-program 6.3).

Let PT's be the set of terms that occur in Pair;qs and Ls be the set of priority levels in B U Syy.
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P = My(T) Ufinn(hw). | h € H)
U{as(t). | t € AS;as}
U{check(e,t) | t € AS,as,e € Ex}
U{check_ord'(T,o,ts:,t5) | p = (t1,t;3) € Pairys,0 € Op,i € [1,6]}

= M;(T) U{inh(hi4). | h € H}
U{as(t). | t € ASias}
U{check(e,t) | t € AS;as,e € Ex}
U{check(eq,t1) U check(ez,ty) | p = (ti,t;) € Pairigs, (e1,e2,0p) € Op}
U{check_ord'(T,o,t;,t;) | p = (ti,t;) € Pairygs,0 € Op,i € [2,6]}

= M;(T) U{inh(hi4). | h € H}
U{as(t). | t € ASias}
U{check(e,t) | t € AS;4s,e € Ft}
U{check(e, t) | p = (t,-) € Pairygs, (e, -, 0p) € Op}
U{check(e,t) | p = (,,t) € Pairyqs, (-, e,0p) € Op}
U{check_ord'(T,o,ts,t5) | p = (t1,t3) € Pairys,0 € Op,i € [2,6]}

— My(T) Ufinn(hia). | h € H}
U{as(t). | t € ASias}
U{check(e,t) | t € ASiqs.e € E(t)}
U{check_ord'(T,o,ts,t5) | p = (t1,t;) € Pairys,0 € Op,i € [2,6]}

We partition the program P as follows:

=M (T)U{inh(hi,). | h € H} U{check(e,t) | t € ASi4s,e € E(t)} U{as(t). |t € ASi4s}
P2 = check_ord'(T,0,ts,t5) | p = (t1,t3) € Pairys,0 € Op,i € [2,6]}

1. First note that the atoms that occur in the heads of P> do not occur in the program P;. Hence, (by
Corollary 2.14), AS(P) = {A € AS({a. | a € A’} UP,) | A’ € AS(P1)}. As there is no recursion in
Py, there is a unique answer set of {a. | a € A’} U P, for each A’ € AS(P;). Hence, {ANHBp, | A €
AS(P)} = AS(Py).

Consider a list [(I',el), ..., (I",e™)] such that each ¢! € ET U E~ and each I* is an interpretation.
Assume JA € AS(P) such that Vi € [1,n], ctx(ely, ti) € A and M (A, t;) = I'.

< JA € AS(Py) such that Vi € [1,n], ctx(ely, t;) € A and M (A, t;) = I'.

& Vie[l,n]and I' € AS(BUH Uel,,) (by Theorem 6.4, part (1)).

2. Recall from (1) that {ANHBp, | A€ AS(P)} = AS(Py).
For any answer set A € AS(P), for any example e and any ¢ € [1,n], assume that cov(eiq,t;) € A
< JA’ € AS(Py) such that AN HBp, = A’ and cov(eiq, t;) € A’

& JA' € AS(Py) such that AN HBp, = A, ctx(eis,ti) € A, e € E(t) and M 1(A',t;) is an
accepting answer set of e wrt B U H (by Theorem 6.4, part (2))

& ctx(eiq, ti) € 4, e € E(t) and M (A, t;) is an accepting answer set of e wrt B U H
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3. Recall from (1) that {ANHBp, | A€ AS(P)} = AS(P).
Let A € AS(P), and o = (oe!,0e?,0p). Let i,5 € [1,n].

Note that for each k € [1,n], Vu(wt, lev,args(as,...,as), tx) € HBp, w(wt, lev,args(ay,...,an),tx) € A
if and only if IW € weak(ground(B U H)) such that M_1(A,ty) satisfies body(W) and tail(W) =
[wtQlev,ay,...,a,); i.e., if and only if (wt,lev,a;,...,a,) € Weak(BU H, M (A, ty)).

Hence, for each priority level lev that occurs in BU Sy, dom_at_lev(t;, t;,1lev) € A if and only if (B U
-1 . “HAT; e i as (A
HYMa: A gy gyMas (A 0 which s true if and only if (BU H)Me: W) o (g gy (48D

lev lev ) lev LAt lev
.. . . " i M5 (AT
Similarly, dom_at_lev(tj,ti,1lev) € A if and only if (BU H)ﬁ"; (4bs) (BUH) oy “4t)

Hence, dom(t;,t;) € A if and only if there is a level lev in B U Sjs such that (B U H)M‘:SI(A’ti)

lev
“1Ats - ‘ ~10Ats
H)ﬁ‘i] “4%3) and for all levels 1ev’ in BUS)y such that lev < lev’, (BUH)ﬁ?;i(A’tl) = (BUH)ﬁt,(A’tJ)
This is the case if and only if M;(A, t:) =pum Mg} (A, t;). Similarly dom(tj,t;) € A if and only if

MGHA t5) =pun Mgl (A ).

> (BU

o We first show that ord_respected(oiq,ti,tj) € A = p = (ti,t;) € Pairygs, 0 € Op, cov(oely, ts)
and cov(oe?y, tj) are both in A and (Mg} (A, ts:), M (A, t5)) is an accepting pair of answer sets
of o wrt BUH.

Assume that ord_respected(oiq,ti,t;) € A.

Assume for contradiction that either p ¢ Pair;qs, o & O, cov(oeiy, ti) & A or cov(oe?y, ty) & A.
Then either there are no rules in P with ord respected(0iq, ti, tj) in the head, or the bodies of each
such rule is not satisfied by A. This contradicts A being an answer set of P ({ord_respected(osq,ti,t;)}

would be a non-empty unfounded subset of A wrt P).
It remains to show that (M (A, ti), M} (A, t5)) is an accepting pair of answer sets of o wrt BUH.

Firstly, as cov(oelq, t1) and cov(oe?y, t;) are both in A, M} (A, t;) and M} (A, t5) must be ac-
cepting answer sets of oe! and oe? (respectively) wrt B U H (by part (2)). So it remains to show
that (M (A, t:), M ) (A, t5),0p) € ord(BUH, AS(BUH Uoel,,)UAS(BUH U oe?,).
Case 1: opis <
Assume for contradiction that dom(ts,tj) ¢ A. Then there would be no rule in ground(P) with
ord_respected(oiq,ti, tj) in the head whose body is satisfied by A (which would contradict A
being an answer set of P). Hence, dom(t;,t;) € A. Hence, M, (A, ti) =pum My} (A, t;). This
means that (M} (4, t1), M} (A, t5),0p) € ord(BUH, AS(BUH Uoel,,)UAS(BUH Uoe2,, ).
Case 2: op is >
Assume for contradiction that dom(t;,t;) ¢ A. Then there would be no rule in ground(P) with
ord_respected(oiq,ti, tj) in the head whose body is satisfied by A (which would contradict A
being an answer set of P). Hence, dom(tj,t;) € A. Hence, M (A, t;5) =punw My} (A,t;). This
means that (Mg} (A, t;), M (A, t5),0p) € ord(BUH, AS(BUH Uoel,,) UAS(BUH Uoe?,,).

ctx ctx
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Case 3: op is #
Asgsume for contradiction that dom(t;,t;) € A and dom(tj,t;) ¢ A. Then there would be no rule
in ground(P) with ord respected(osq,t;,t;) in the head whose body is satisfied by A (which
would contradict A being an answer set of P). Hence, either dom(t;, t;) € A or dom(t;,t;) € A.
Hence, either M} (A, t:) =punm Mgl(A, t5) or M (A, t5) =pur Mg }(A, t1). This means
that (M (A, t:), M} (A, t5),0p) € ord(BUH,AS(BUH Uoel,,) UAS(BUH Uoe?,,).
Case 4: op is =
Assume for contradiction that either dom(ti,t;) € A or dom(tj,t;) € A. Then there would be
no rule in ground(P) with ord_respected(oiq4,ti,t;) in the head whose body is satisfied by A
(which would contradict A being an answer set of P). Hence, dom(t;,t;) ¢ A and dom(tj,t;) ¢ A.
Hence, M (A, t:) ¥pun M (A t5) and M} (A, t5) #pum Mgl(A, t:). This means that
(MH(A ), M (A, t5),0p) € ord(BU H,AS(BU H Uoel,,) UAS(BUH Uoe?,).
Case 5: op is <
Assume for contradiction that dom(t;,t;) € A. Then there would be no rule in ground(P) with
ord_respected(oiq,ti, tj) in the head whose body is satisfied by A (which would contradict A
being an answer set of P). Hence, dom(tj,t;) ¢ A. Hence, M (A, t;5) #punw My} (A,t1). This
means that (Mg} (A, t;), M (A, t5),0p) € ord(BUH, AS(BUH Uoel,,) UAS(BUH Uoe?,,).
Case 6: op is >
Assume for contradiction that dom(t;,t;) € A. Then there would be no rule in ground(P) with
ord_respected (014, tsi,tj) in the head whose body is satisfied by A (which would contradict A
being an answer set of P). Hence, dom(ts,t;) &€ A. Hence, M_ (A, t:) #punw My (A,t;). This
means that (Mg} (A, t;), M (A, t5),0p) € ord(BUH, AS(BUH Uoel,,) UAS(BUH Uoe?,,).
We now show that if p = (ti,t;) € Pairs, o € O, cov(oely, ti) € A, cov(oely, t;) € A and
(MZH(A £:), M (A, t5)) is an accepting pair of answer sets of o wrt B U H then
ord_respected(oiq, ti,ty) € A
Assume p € Pair;qs, 0 € Op, cov(oely, ti) € A, cov(oe?y, tj) € A and (M} (A, t5), M} (A, t5)) is
an accepting pair of answer sets of o wrt BU H. We need to show that there is at least one rule in
ground(P) whose head is ord_respected(oiq,t;,t;) and whose body is satisfied by A.
Case 1: op is <
M HA t5) = o MZ(A, t5) (as the two interpretations form an accepting pair of answer sets
of (0e', 0e?, op)). Hence, dom(t;,t;) € A.
Hence, the body of the rule: ord respected(osq,ti,t;):-dom(ts,t;), cov(oely, ti), cov(oedy, t;)
is satisfied.
Case 2: op is >
MGHA t5) =pum Mg} (A, t;). Hence, dom(tj, t5) € A.
Hence, the body of the rule: ord respected(osq,ti,t;):-dom(tj,t;), cov(oely, ti), cov(oedy, t;)
is satisfied.
Case 3: op is #
Either M }(A,t:) =pun Mgl(A,t5) or M (A t5) =pun Mg} (A, ti). Hence, either
dom(ti,tj) € A or dom(tj,t;) € A. Hence, the body of one of: ord respected(oiq,ts,tj):-
dom(ts,tj), cov(oeiq, ts), cov(oe?,, t;) or ord respected(oiq, ti,t;):-dom(ty,ts), cov(oely, ts),

cov(oe?y, ty) is satisfied.
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Case 4: op is =
MGHA ) Feom MH(A t5) and ML (A t5) #Bum Mgl(A,t:). Hence, dom(ts, t;) ¢ A
and dom(tj,t;) ¢ A. Hence, the body of the rule: ord respected(oiq, ts,t;):- not dom(t;,t;),
not dom(tj,t;),cov(oely, ts), cov(oe?y, ty) is satisfied.

Case 5: opis <
M A t5) ¥eum Mgr(A ty). Hence, dom(tj,t;) ¢ A. Hence, the body of the rule:
ord respected(0i4, ti,ty):- not dom(tj,t;),cov(oely, ts), cov(oe?y, t;) is satisfied.

Case 6: op is >
M A ts) ¥eum Mgl(A ts). Hence, dom(ti,t;) ¢ A. Hence, the body of the rule:

ord respected(0i4, ti,ty):- not dom(ts,tj),cov(oely, ts), cov(oely, t;) is satisfied.

Theorem 6.10. Let T be an ILP{2/ie#t task, and H be a hypothesis.

1. 3A € AS(M(T)) such that H = M ', (A) if and only if H € P(T).

2. Ve € E7, for any A € AS(M(T) U {check_violating.}) such that v_i(e;q) € A and H =
./\/lm w(A), Mgl(A,v1) is an accepting answer set of e wrt B U H.

3. Yo € O° for any A € AS(M(T) U {check_violating.}) such that v.p(oiq) € A and H =
ML (A), (MGH(A v1), M3 (A, v2)) is an accepting pair of answer sets of inverse(o) wrt
BUH.

4. 3A € AS(M(T) U {check violating.}) such that H = M_ !, (A) if and only if H € V(T).

Proof.

L. Let [cdpi', ..., cdpi™?"] be the list [e',...,e™, 0l 1,080, .., 001,00], where {e!,... ™} = E* and
{0}, ..., 0"} = O?, and each oégl and 0392 is assumed to be a copy of the CDPI example, with id 0;4; and
0;42, respectively.

Assume H € P(T).
& thereis alist [(I1, cdpil), ..., (I™+2" cdpi™*2")] such that for each i € [1,m+2n], I is an accepting
answer set of cdpi® wrt B U H and for each i € [1,n], (I™*2¢ I™+27+1) is an accepting pair of answer
sets of o'
My(T) U {inh(hi4).|he H}
© 34 € AS u {as(cdpiid)‘. | E [1,m + 2n]}
U {check(e,el,) | i€ [1,m]}

U {check_ord(T,o", 0!, ,0l4) | i € [1,n]}
such that for each i € [1,m+2n], ctx(cdpily, cdpily) € A and M 1(A, cdpily) is an accepting
answer set of cdpi® wrt B U H and for each i € [1,n], (M} (A, cdpili?®), M7 (A, cdpilf?*™)) is an

accepting pair of answer sets of o’ (by Theorem 6.6 (1))
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Mi(T) U {inh(hiq). |h € H}
{as(cdpily). |i € [1,m + 2n]}
{check(e',et;) | i € [1,m]}
U {check_ord(T,o", 04, 0l4) | i € [1,n]}
such that for each ¢ € [l,m], cov(cdpily,cdpily) € A and for each i € [1,n],
(MZHA, cdpiT™®), M7} (A, cdpili?* ™)) is an accepting pair of answer sets of o' (by Theorem 6.6

(2))

-

& JAe AS

C

My (T) U {inh(hi).|h € H}
{as(cdpily). |i € [1,m + 2n]}
{check(e',et;) | i € [1,m]}
U {check_ord(T,o", 0, ,0l4) | i € [1,n]}
such that for each i € [1,m + 2n], cov(cdpily,cdpily) € A and for each i € [1,n],
ord_respected(oly, oly;, 0l4,) € A (by Theorem 6.6 (3))

My (T) U {inh(hi4).|h € H}
U {as(cdpily). |7 € [1,m + 2n]}

check(e’, et,) € [1,m] }

-

& JAe AS

C

= .
:- not cov(el d7eid)
check_ord(T, o', 0%,,,0%,5) ieln)
:- not ord.respected(oly, 0lys, 014,
is satisfiable.
Mi(T) U {o{inh(hjq)}1.|h € H}
U {as(cdpily).|i € [1,m + 2n|}
heck(e', e
< JAe AS chee (e’e“i). . i €[1,m]
:- not cov(ely,ely)-

check_ord(T, 0", 0}y, 0%4s)

ie[l,n]}

& JA € AS(M(T)) such that M, (A) = H (the other rules in the program depend on check violating
which does not occur in the head of any rule in the program).

:- not ord respected(ol,,0ly,0%4,).

such that M; !, (A) = H

2. Let e* € E~ and A € AS(M(T) U {check violating.}) such that v_i(e}y) € A and H = M}, (4)

= AN HB}'fl € AS(Py), where P1 is the program:
{0{inh(hiq)}1.lh € Spr} UM;(T) U {check_violating.}
as(vl):-check violating.
U< v_i(eiq):-cov(eiq,vl). ec B~
check(e,v1)
(as HB}! is a splitting set of M(T) U {check violating.}).
= AN HBg' € AS(P,), where P, is the program:
{inh(hiq).|h € H} UM (T)
as(vl).
@] v,i(eid) :-COV(eid,Vl). ee B~
check(e,v1)
= ANHB' € AS(Ps), where Pj is the program:
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{in-h(hiq).lh € H} UM (T)
as(v1).
U< vii(ely):-cov(ely, vl).
check(e*,v1)
(as HBE! is a splitting set of Py).
= AN HB};il € AS(Py), where Py is the program:
{in-h(hiq).lh € H} UM (T)

0 as(vl).
check(e*,v1)
and cov(e}y,vl) € AN HBE!

= M;HAN HBTel ,v1) is an accepting answer set of e* wrt BU H (by Theorem 6.4 part (2)).

= M7} (A, v1) is an accepting answer set of e* wrt B U H.

3. Let 0* € O° and A € AS(M(T) U {check violating.}) such that v_p(oly) € A and H = M;,!, (A)

= ANHBy' € AS(Py), where Py is the program:
{0{inh(hiq)}1|h € Sy} UMy (T) U {check violating.}
as(vl):-check.violating.
2):-check_violating.
as(v2):-check violating o e OF
v_p(0i4) : - ord _respected(oiq, v1,v2).
check_ord(inverse(o),v1,v2)
(as HB}! is a splitting set of M(T) U {check violating.}).
= AN HBITDZZ € AS(P,), where P, is the program:
{in-h(hiq).]h € H} UM (T)
as(vl).
2).
as(v2) o€ 0°
v_p(0iq) : - ord_respected(0iq, v1,v2).

check_ord(inverse(o),v1,v2)

= AN HBg' € AS(Ps), where Pj is the program:

{inh(hiq)|h € H} UM;(T)
as(vl).

U< as(v2). 0€ 0°

check_ord(inverse(o),v1,v2)

= ANHBY! € AS(P,), where Py is the program:

{inh(hiq)|h € H} UM, (T)

and ord respected(o},,v1,v2) € AN HBE!

as(vl).
as(v2). | and ord respected(o}y,vi,v2) € AN HBY!
UQ check(0eg1,v1) 0 € 0O° 4
check(0eg2, v2)

check_ord(inverse(o),v1,v2)
(the extra program fragments are contained in the check_ord program).

= (M;1(A,v1), M 1(A,v2)) is an accepting pair of answer sets of inverse(o) wrt BU H (by Theo-
rem 6.6, part (3))

4. Let [edpi®, ..., cdpi™*?"] be the list [e',... €™, 00,1,08, .., 0051, 00,], where {e',... e} = E* and
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{o',...,0"} = O, and each o}, and 02, is assumed to be a copy of the CDPI example, with id 0;q; and

0;42, respectively.

Assume that 34 € AS(M(T) U {check violating.}) such that H = M; ', (A)

Mi(T) U {o{innh(hiq)}1.|h € H}
U {as(cdpily).|i € [1,m +2n]}

check(e', et,) ie]l m}}

& dA, € AS C
:- not cov(eiy,eiq)-
check_ord(T, 0", 0%y, 0k 40)

ie[l,n]}

:- not ord respected(oly, oly;,0l).
such that M !, (A,) = H and:

in_h

{a.]a€e A} U My (T)
check_violating.
as(vl):-check violating.

g as(v2):-check violating.
:-check_violating, not violating.
violating:-v_i(_), check violating.
violating:-v_p(-),check_violating.

g v_i(eiq):-cov(eiq,vl). . c E‘}
check(e,v1)

g v_p(0i4):- (?rd,respected(oid, v1,v2). o OC}
check_ord(inverse(o),v1,v2)

is satisfiable (by Corollary 2.14)

My (T) U {0o{inh(his)}1.|h € H}
U {as(cdpily).|i € [l,m+2n]}

check(e’, et,) el m}}

& 34, € AS . .
:- not cov(ely,ely)-
check_ord(T, 0%, 0%,,, 0% )

iE[l,n]}

:- not ord.respected(oly, oly;,0ls).
such that M !, (A4;) = H and:
{inh(hiy). |he H} U My(T)
check_violating.
as(vl):-check violating.
as(v2):-check violating.
:-check_violating, not violating.

violating:-v_i(_),check violating.

violating:-v_p(.),check violating.
v_i(eiq):- cov(eiq, v1).
check(e,v1)

v_p(0iq) : - ord_respected(oiq, v1, v2).

ec B~

U

_ € 0°
check_ord(inverse(o),v1,v2)

is satisfiable (the other atoms in A; do not occur in the second program).
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{inh(hi4). |h € H} U M;y(T)

check_violating.
as(vl):-check violating.

4 as(v2):-check violating.
:-check violating, not violating.

& H € P(T) and violating:-v_i(_),check violating.

violating:-v_p(.),check violating.
v_i(eiq):-cov(eiq,vl). . e E}
check(e,v1)

g v_p(0i4):- ?rdlespected(oid, v1,v2). b OC}
check_ord(inverse(o),v1,v2)

is satisfiable (by part (1))

{inh(hi). |[h € HY U M(
as( v1
as(v2).
U - not violating.
v1olat1ng -vi(o).

H T) and
< HeP(T)an v1olat1ng -v_p().

1-Cov 1da“1 . —
( ) ec E
check € V1

v_p(0iq) : - ord_respected(oiq, v1, v2).

check_ord(inverse(o),v1,v2)

OEOC}

is satisfiable

< H € P(T) and:

{in-h(hi4). | h€ H} U (T)

M,y
as(vl).
g as(v2).
violating:-v_i(_).
JA € AS violating:-v_p(_).
v_i(eiq):- cov(eiq,vl). oc B

check(e,v1)

v_p(0iq) : - ord_respected(o;q, v1,v2). c O

0
check_ord(inverse(o),v1,v2)

such that violating € A

< H € P(T) and:
{in-h(hiq). |h€ H} U My(T)

as(vl).
U
as(v2).
JA S AS U v,i(eid) - cov(eid,vl). ec E-
check(e,v1)

U v_p(0iq) :- ord_respected(oiq, v1, v2). o€ O
check_ord(inverse(o),v1,v2)

such that Je € E~ such that v_i(eiq) € A or Jo € O° such that v_p(oi4) € 4
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& H € P(T) and:
{inh(hi4). |h € H} U My(T)

U { as(vl). }
JA € AS as(v2).
? check(e,v1) ‘e € E*}

check_ord(inverse(o),v1,v2) ‘0 € OC}
such that 3e € E~ such that cov(ejq,v1l) € A or Jo € O° such that ord_respected(oiq,v2,v2) €

c C

A

< H € P(T') and either Je € E~ such that e has at least one accepting answer set wrt B U H or
Jo € O° such that there is at least one accepting pair of answer sets of inverse(o) wrt B U H (by
Theorem 6.6)

< HeP(T) and H € V(T)
< H e V(T)

O

Proposition 6.11. Let T be any ILPfZ%%" task and n € N. AS(M™(T)) = {A € M(T) |
MG (A)] = n}.

Proof. Let T = (B, Sy, E), where Spr = {RY,..., R™}.
Assume that A € AS(M™(T))

& A€ AS(M(T)) and #sum{in h(R};) = [RY|,...,in h(R?;) = |R®|} # n is not satisfied by A.
(By Lemma 2.12)

= Ae AS(M(T)) and ( > |h|) =n

heM!, (A)

& A€ AS(M(T)) and |IM L (A)| =n

in_h

O

Proposition 6.12. Let T be an I LP{%"#" task, n € N and V be a set of hypotheses of length n. Con-
sider the program P = M™(T)U{constraint(v) | v € V}. Then P"(T)\V = {M; ', (A)|A € AS(P)}.

in_h

Proof. Assume that H € P*(T)\V

< HeP(T), |H|=nand H & V(T)
& JA € AS(M(T)) such that M !, (A) = H, |H| =n and H ¢ V(T), by Theorem 6.10 part(1).

in_h

& JA € AS(M™(T)) such that H = M; ", (A) and H ¢ V, by Proposition 6.11

in_h
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& 3A € AS(M™(T)) such that H = M !

in_h

(A) and Yo € V, Ir € v such that r ¢ H

(the = holds as because H is not in V, it cannot be equal to v, and it cannot be a strict subset of V' as

both have the length n, and no rule in the hypothesis space can have length 0).

& 3A € AS(M™(T)) such that H = M}

mn(A) and Yv € V| A does not satisfy the body of constraint(v)

& JA € AS(P) such that H = M}

in_h (A)
(by Lemma 2.12)

& H e AS ({M!,(A)|A € AS(P)})

in_h

Proposition 6.13. Let T be any well-defined ILPf‘gffgft task, n € N, and HS be any finite set of
hypotheses.

1. ground ' (M™(T) U {check violating.}) is finite.

2. ground™ (M™(T) U {constraint(H) | H € HS}) is finite.
Proof.

1. To prove that M™(T) U {check_violating} has a finite relevant grounding, it is sufficient to prove that

‘HBj\fll"(T)u{check,violating}| is finite. Note that as the task is well defined, |[HBlg ¢l is finite.

Let GH S be the set of ground atoms which occur in the head of a rule in M"(T)U{check_violating}. Let
AS_IDs be the set of all terms as_id for which the fact as(as_id) occurs in M"(T)U{check_violating}.

We define a set HB™** = GHS U {ctx(eiq,as-id) | e € ET UE~,as_id € AS_IDs} U {in_as(a,as_id) |
a€ HBElg g as-id € AS_ IDs}U{u(wt,lev,args(ty, ..., tyx),asid) | :~ body.[wtQlev,ty,..., ty] €
ground ' (B U Sy UCS),as_id € AS_IDs}.

Assume for contradiction that Jatom € HB;\ZZn(T)u{check,violating} such that atom ¢ HB™**. As

there are only three types of rules in M™(T') U {check_violating} that contain variables, there are only
three possible cases:

(a) IR € non_weak(B U Sy U CS) such that there is a ground instance g of Rip a5(R) such that
atom € heads(g) and body™(g) C HB™*.

= JR € BU Sy UCS such that there is a ground instance g of R for which Ja € heads(g) such
that a € HBY ¢ g and body™(g) C {a; | in_as(a;,a;) € HB™**}.

= 3R € B U Sy UCS such that there is a ground instance g of R for which Ja € heads(g)
such that a ¢ HBELIJSMLJCS and body™*(g) C HB]T;LZJSMUCVS. Contradiction, by the definition of

rel
HBBUS]\J ucs:
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(b) atom € heads(1{ctx(el,;,as_id),..., ctx(e?y,as_id)}1:-as(as_id).), for some term as_id such that
as(as_id) € HB™ (where {e!,...,e"} = E* U E~). This cannot be the case, as HB™ was
assumed to contain ctx(e;q,as_id) for each e € E™ U E~ and each as_id € AS_IDs.

(¢) IW € weak(BUS)r) such that Ryeqr (W, as_ids) has a ground instance g such that atom € heads(g)
and body™(g) C HB™*.
= atom = w(wt, lev,args(ty,...,tx),as_id) and IW € weak(BUS)s) such that W has a ground
instance g such that body™(g) C HBlg g and tail(g) = [wt@Qlev, ty, ..., ty.

= atom = w(wt, lev, args(ts,. .., tx),as id) and g € weak(ground ™ (BU Sy UCS)) such that
and tail(g) = [wtQlev,ty, ..., tx]. Contradiction, as HB™** would contain such an atom.

Hence, there are no atoms in HB;\fll"(T)u{check,violating} C HB™®. So as HB™3® is finite, the

program M™(T) U {check_violating} must have a finite relevant grounding.

2. By part 1, |Hthl"(T)u{check,violating}‘ is finite. Hence, |HBlen(T)| is finite. Hence

‘HBr\sll"(T)U{constraint(H)\HeHS}| is also finite (the extra constraints cannot possibly add anything to
the fixpoint, as they have no head atoms).

Proofs from Chapter 7

Theorem 7.4. Let T be an ILPE‘gﬁffé”t task, and H be a hypothesis. Consider the program P =
{0{check violating}1.} U M(T).

1. 3A € AS(P) such that H = M !, (A) if and only if H € P(T).

2. For any A € AS(P) and any e € E—, if v.i(eiq) € A and H = M, !, (A) then M '(A) is a

in_h
violating interpretation of H with respect to e.

3. For any A € AS(P) and any o € O°, if v.p(oiq) € A and H = M; !, (A) then M} (A) is a

violating pair of interpretations of H with respect to o.

4. 3A € AS(P) such that H = M;l{h(A) and violating € A if and only if H € V(7).
Proof.

1. By Theorem 6.10, we know that 34 € AS(M(T)) such that H = M_ ', (A) if and only if H € P(T) and

in_h

that 3A € AS(M(T) U {check violating.}) such that H = M "', (A) if and only if H € V(T).

Hence, 34 € AS(M(T) U {0{check violating}1.}) such that H = M; "', (A) if and only if H € P(T)
or H e V(T).

Hence, 34 € AS(M(T) U {0{check violating}1.}) such that H = M; "', (A) if and only if H € P(T)
(as V(T) € P(T)).
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2. By Theorem 6.10 (part (2)), we know that Ve € E—, VA € AS(M(T)U{check_violating.}), if v_i(eiq) €
Aand H = M_', (A) then M !(A,v1) is an accepting answer set of e wrt BU H (i.e. it is a violating

in_h
interpretation of H wrt e).

Hence, Ve € E~, VA € AS(M(T) U {check violating.}), if v.i(eiq) € A and H = M_', (A) then

M

1(A) is a violating interpretation of H wrt e.

As the answer sets of M(T) U {0{check_violating}1.} are the answer sets of M(T) and M(T) U
{check violating.} combined, it remains to show that Ve € E~, VA € AS(M(T)), if v_i(esq) € A and
H = M, (A) then M;}(A,v1) is an accepting answer set of e wrt B U H. Hence, it suffices to show

in_h

that no answer set of M(T') can contain v_i(e;q). This is the case, because the only rule for v_i(eiq) (in

ground(M(T))) contains cov(eiq,v1) as a positive body literal, the only rule for cov(e;q,v1) contains

ctx(eiq,v1) as a positive body literal, the only rule for ctx(eiq,v1) contains as(vl) as a positive body

literal, and the only rule for as(vl) contains check violating as a positive body literal. As there is

no rule for check_violating in ground(M(T)), A cannot contain v_i(eiq) without having a non-empty

unfounded subset. Hence, no answer set of M(T') contains v_i(eiq).

3. By Theorem 6.10 (part 3), we know that Yo € O¢, VA € AS(M(T)U{check violating.}), if v.p(0iq4) € A

andH:M%{h
BUH.

Hence, Yo € O°, VA € AS(M(T) U {check_violating.}), if v.p(0o;q) € A and H = M}

in_h

M} (A) is a violating pair of interpretations of H wrt o.

(A) then (M7 1(A,v1), M (A, v2)) is an accepting pair of answer sets of inverse(o) wrt

(A) then

As the answer sets of M(T) U {0{check.violating}1.} are the answer sets of M(T) and M(T) U
{check_violating.} combined, it remains to show that Yo € O¢ VA € AS(M(T)), if v.p(oiq) € A
and H = M; !, (A) then (M;}(A,v1), M} (A,v2)) is an accepting pair of answer sets of inverse(o)
wrt B U H. Hence, it suffices to show that no answer set of M(T') can contain v_p(oiq). This is the

case, because the only rule for v_p(oiq) (in ground(M(T))) contains ord respected(oiq,v1,v2) as a

positive body literal, the only rule for ord respected(o;iq,v1,v2) contains an atom cov(ely,vl) as a

positive body literal, the only rule for cov(el;,v1) contains ctx(el;,v1) as a positive body literal, the

only rule for ctx(ely, v1) contains as(vl) as a positive body literal, and the only rule for as(v1) contains

check_violating as a positive body literal. As there is no rule for check_violating in ground(M(T")),

A cannot contain v_p(0;4) without having a non-empty unfounded subset. Hence, no answer set of M(T')

contains v_p(0iq4)-

4. Assume 3A € AS(P) such that H = M}

in_h

(A) and violating € A

& 3A € AS(P) such that H = M}

in_h

(A) and check.violating € A (there is a constraint in M(T')

that means that if check violating is in A then violating must be in A too, and every rule for

violating depends on check violating, hence, every answer set either contains both or neither of

the two atoms).

& JA € AS(M(T) U {check violating.}) such that H = M !

in_h

(4)
< H € V(T) (by Theorem 6.10 part(4))
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Theorem 7.7.

Let T be an [ LPE%‘IZ%’” task with hypothesis space Sy; and let H C Sp;. Let S be a set of tuples of

the form (I, e, int_id), where I is an interpretation, e is a CDPI and int_id is a unique ground term.

Myio(T,S) U{inh(hiq) | h € H} has exactly one answer set, which consists of:

e The atom in h(hjq) for each h € H

e For each (I,e,int_id) € S, the atoms:

— int(int_id)

in_int(a, int_id) for each a € I

— mmr(a, int_id) for each a € M (ground™ (B U H U eqy)!)

If I ¢ AS(BU H U ecy), the atom not_as(int_id)

Proof. Assume that A € AS(M.io(T,S) U {inh(hiq) | h € H}).
& A= M(ground ™ (M.;o(T,S) U {in h(hiq) | h € H})?)

& A = M(ground™®(P,)?), where:
P, = {int(int_id). | (I,e,int_id) € S}
U{in_int(atom, int_id). | atom € I, (I, e, int_id) € S}
U{ M educt (€cts, int_id) | (I, e,int_id) € S}
UM, educt(B, INT_ID)
U{A(Mequet (R, INT_ID),in h(Riq)) | R € Sur}
not_as(INT_ID): - int(INT_ID), in_int(ATOM, INT_ID), not mmr(ATOM, INT_ID).
{ not_as(INT_ID):-int(INT_ID), not in_int(ATOM, INT_ID), mmr(ATOM, INT_ID). }
U{inh(hiq). | h € H}

& A = M(ground ™ (Py)?), where:
P, = {int(int_id).| (I,e,int_id) € S}
U{in_int(atom, int_id). | atom € I, (I, e, int_id) € S}
U{Moeduct (€cta; int_id) | (I, e, int_id) € S}
UM educt(B U H, INT_ID)
u{ not_as(INT_ID):- int(INT_ID), in_int(ATOM, INT_ID), not mmr(ATOM, INT_ID). }
not_as(INT_ID):-int(INT_ID), not in_int(ATOM, INT_ID), mmr(ATOM, INT_ID).
U{in h(hiq). | h € H}
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& A = M(ground™®(Ps)?), where:
P; = {int(int_id). | (I,e,int_id) € S}
U{in_int(atom, int_id). | atom € I, (I, e, int_id) € S}
U{ M educt(BU H U ey, int_id) | (I,e,int_id) € S}
not_as(INT_ID): - int(INT_ID), in_int(ATOM, INT_ID), not mmr(ATOM, INT_ID).
{ not_as(INT_ID):- int(INT_ID), not in_int(ATOM, INT_ID), mmr(ATOM, INT_ID). }
U{in h(hiq). | h € H}

& AN HBp, = M(ground ' (Py)A"HBr))  where:
P, = {int(int_id). | (I,e,int_id) € S}

U{in_int(atom, int_id). | atom € I, (I, e, int_id) € S}
UM yetuet (BU H U ey, int 1) | (I, ¢, int_id) € 5)
U{inh(hiq). | h € H}
(I,e,int_id) € S,

{atom | in_int(atom, int_id) € A}

”

{atom | mmr(atom, int_id) € A}

and A\HBp, = { not_as(int_id)

& AN HBp, = M(PYMP5)) where:
P; = {int(int_id). | (I,e,int_id) € S}

U{in_int(atom, int_id). | atom € I, (I, e, int_id) € S}
U{ M equct(ground™ (B U H U ety ), int_id) | (I, e, int_id) € S}
U{in_h(h;q). | h € H}
(I,e,int_id) € S,

{atom | in_int(atom, int_id) € A}

+

{atom | mmr(atom, int_id) € A}

and A\HBp, = { not_as(int_id)

S A=A"U{a€ Aipt iq | ({,e,int_id) € S}, where:
(I,e,int id) € S,
{atom | in_int(atom, int_id) € A}
4

{atom | mmr(atom, int_id) € A}

A* = {inh(hi4). | h € H} U not_as(int_id)

and for each (/,e,int_id) € S:

Aint_id
{int(int_id).}
=M U {in_int(atom, int_id). | atom € I}
U M equet (ground™ (B U H U e, int_id)
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{int(int_id).}

U {in-int(atom, int_id). | atom € I}
mmr (head(R), int_id):-
U int(int_id), R(body™(R), mmr, int_id),
NR(body™ (R),in_int, int_id).
mmr(L,int_id):-
U int(int_id), R(body™*(R), mmr, int_id),
NR(body™ (R),in_int, int_id).

R € ground™ (BU H U e.y),

R is normal

R € ground™ (BU H U ey,),

R is a hard constraint

mmr(L,int_id):-
M int(int_id), R(body™ (R), mmr, int_id),
B NTR(body™ (R), in_int, int_id),
g u+ 1{in_int(hy, int_id),...,in_int(h,, int_id)}. | R € ground™(BU H U e.y,),
mmr(L, int_id):- head(R) = 1{hy,...,hy}u
int(int_id), R(body™(R), mmr, int_id),
NR(body™ (R),in_int, int_id),
{in_int(h;,int_id),...,in_int(h,, int_id)}1 — 1.
mmr(h;, int_id):- R € ground™ (BU H U e.y),
U int(int_id), R(body™ (R), mmr, int_id), head(R) = 1{hs,...,hy}u,
NR(body™ (R),in_int, int_id), i € [1,n],
1{in_int(hy, int_id),..., in_int(h,, int_id)}u. h; €1
Re drelBUHU ctx ),
mmnr (head(R), int_id) : - ground ( Cctz)
o body~ (R)N 1T =,
R(body™ (R), mmr, int_id). )
R is normal
Re d™(BUH Ueyy),
mmr(L,int_id):- grounf ( €cte)
o body= (R) NI =0,
R(body™ (R), mmr, int_id). : ;
R is a hard constraint
R € ground™ (BU H U e.,),
=M g mmr( 1, int_id):- body~ (R) NI =0,
R(body™ (R), mmr, int_id). head(R) = 1{hy,...,hy}u,
|heads(R) N I| > u or |heads(R)N1I| <
R e groundml(B UHUegy),
body=(R)NI =
mmr(h;, int_id):- ody™(R) b,
U head(R) = 1{hy, ..., hy}u,

R(body™ (R), mmr, int_id)

[ < |heads(R)N 1| < u,
i€[l,n],h; €1

U {int(int_id)} U {in_int(atom, int_id) | atom € I}
= M(R(ground (B U H U e“®)! mmr,int id)) U {int(int_id)} U {in_int(atom, int_id) | atom € I}
= {mmr(a, int_id) | a € M (ground (B U H U e“*)!)} U {int(int_id)} U {in_int(atom, int_id) | atom € I}

Hence, M,;o(T,S) U {in h(hiq4). |

h € Sy} has exactly one answer set:
{not_as(int_id)|] ¢ AS(BU H Uecy), (I,e,int_id) € S} U {mmr(a,int_id) |

{inh(h;q)

| h € HU

(I,e,int_id) €

S,

a € M(ground™ (B U H Ue®®)1)} U {int(int_id) | (I,e,int_id) € S} U {in_int(a,int id) | (I,e,int_id) €

S,ae I}
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Theorem 7.8.

Let T be the task (B, Sy, E), let S be a list of tuples [(I',e!, int_id!),..., (I", ", int_id®)], where
each I’ is an interpretation, each e is a CDPI st I’ extends ¢’ and each int_id* is a unique ground
term, and let Sy be a set of tuples of the form (piq,int_id*, int_idJ, op), where piq is a unique ground
term, 7,7 € [1,n] and op € {<, <, >, >, =, #}. Let H C Sy,

The program {in_h(hiq). | h € H} U Myio(T, S1) U M, (T, S2) has exactly one answer set, consisting
of:

e All atoms in the unique answer set of {in h(hiq). | h € H} U M,y;o(T, S1).
e For each (piq,int_id}, int_idJ,op) € Sa:

— viow(wt,1lv,args(ty,...,tyn), int _id*) (resp. vio w(wt,1lv,args(ts,...,ts),int_idJ)) for
each weak constraint W € ground(B U H ), with tail [wt@1v, t4,...,ty] such that body(W)
is satisfied by I’ (resp. I7).

— v.dom 1lv(int_id*, int_idJ, lev) (resp. v_ dom._ lv(int_idJ, int_id', lev)) for each level lev
that occurs in B U Sy such that (BU H)L < (BU H)lw (resp. (BUH)L > (BU H>lev>

lev lev
— v_dom(int_id*, int_idJd) (vesp. v_dom(int_idJ, int id%)) if I =puy I/ (resp. I’ =puy I?).
— vp_not_resp(piq) if I' is an accepting answer set of ¢! wrt BU H, I7 is an accepting answer

set of e/ wrt BU H and (I', I/, op) & ord(BU H, AS(BUH Ue¢l,,) UAS(BUH U¢l, )

Proof.
{inh(hi4). | h € H}
Assume A € AS U Myio(T, S1)
U MUP(T, 52)
/
< JA’ such that A € AS {a-acdl ,and A" € AS {in-h(hsa). | h € H} (by Corol-
U Mvp(T7 Sg) UM’UZO(T7 Sl)
lary 2.14).
o Ac AS {a. La/\ivf:z; %) > where A; is the unique answer set of {in h(hiq). | h € H} U M,;0(T, S1)
(by Theorem 7.7).
caveas( B2l
U{ML, (T, 82) i€ (1,2} )
{a.]ae A"}

such that A € AS (by Corollary 2.14), where the M? 'S Tepresent

U {M;L)p(T7 S2) ‘ i€ [37 5]}
the (ordered) components of M,, (in Meta-program 7.3)

{a. |a€ A1}
& 3A' € AS g Ruie (W, int_id') | (piq,int_id*, int_idJ, op) € So ;
Ruio (W,int_id}) | W € weak(B U H)
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{a.|a€ A"} (
U{M;,(T,S2) | i € [3,5]}

does not occur in the head of any rule in the program).

(:}AGAS<{a'|a6A1UA2} )7

such that A € AS < the removed rules contain an atom in h(h;q4) that

UM, (T, S2) | i € [3,5]}
(pia, int_id, int_id, op) € S,
W € weak(B U H),
I satisfies body(W),
tail(W) = [wtQlv, ty, ..., ty
(pig,int_id*, int_idJ, op) € So,
W € weak(BU H),
I satisfies body(W),
tail (W) = [wtQlv, ty, ..., ty]

where Ay = { viow(wt,1lv,args(ty...,ty), int_id?)

U viow(wt,1lv,args(ty ..., ty),int idJ)

{a. | a€A1UA2UA3}
UAMi, (T, 52) | € [4,5]) |
(resp. v_dom 1v(int_idJ,int id,lev)) for each level lev that occurs in B U Sy such that (BU H)L <

lev
(BUH)!, (vesp. (BUH)L, > (BUH)FE,), where (piq, int_id!, int_idJ, op) € Sy

lev lev
{a. | ac A UAQUAgUA4}
UMS (T, Ss) ’

< Ae AS ( ) , where Aj is the set of atoms v_dom_1v(int_id!, int_idJ, lev)

@AGAS(

(pia, int_id*, int_idJ, op) € Sa,
v_dom lv(int_id} int_id), lev) € A3,
Vlev’ > lev,v.dom lv(int_id!, int_idJ, lev’) & A3,
Vlev’ > lev,v.dom lv(int_idJ, int_id?}, lev’) ¢ A3
(piq, int_id}, int_idd, op) € Sa,
v_dom_lv(int_idJ, int_id}, lev) € A3,
Vlev’' > lev,v_dom lv(int_id!, int_idJ, lev’) & As,
Vlev' > lev,v.dom lv(int_idJ,int_id* lev’) & A3
(pia, int_id!, int_id3, op) € S,

where A4 = < v.dom(int_id}, int_idJ)

U{ v_dom(int_idJ, int_id%)

= { v.dom(int_id*, int id)) (BUH)L, <(BUH),,
Vlev' > lev,(BUH)L = (BUH)E,
(pia, int_id}, int_idJ, op) € Sa,
U< v.dom(int_idJ, int_id*) (BUH),, <(BUH){,,
Vlev' > lev,(BUH)L = (BUH)E,
. . ia,int_id, int_idJ, op) € So,
= {v.dom(int_id*, int_idJ) (Pia . o) € 52
I > BUH g
‘ . 14, int_id!, int_id3, op) € S
U 4 v dom(int id), int iat)| P > op) € S,
I > BUH It
< A = A U Ay U A3 U Ay U As, where A is the set of atoms vp not resp(pia) for each

(pia, int_id, int_idd, op) € Sy such that I? is an accepting answer set of ¢! wrt BU H, I/ is an accepting
answer set of e/ wrt BU H and (I', I/, op) ¢ ord(BU H, AS(BUH U¢’,,)UAS(BUH U¢€,,)) (the rules in
Mip depend on the operator op and are satisfied if and only if I? is an accepting answer set of ¢! wrt BU H
(guaranteed by the not_as atoms in A;), I’ is an accepting answer set of e/ wrt B U H (again guaranteed
by the not_as atoms in A;), and (I*, I, 0p) & ord(BU H, AS(BUH Ue’,,) (guaranteed by the v_dom atoms

ctx
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in A4))

O

Theorem 7.9. Given an ILP{o%" task and a set of violating reasons VR, let AS be the set of
optimal answer sets of Mrrasp2(T, VR)

. For any hypothesis H, 3A € AS(M/pasp2(T,VR)) such that H = M1, (A) if and only if
H € P(T') and Yur € VR, vr is not a violating reason of H.

. For any A € AS such that violating € A, extractV R(A) is a violating reason of M_1, (A).

in_h

. If no A € AS contains violating, then the set of optimal remaining hypotheses (none of which
is violating) is exactly equal to the set {M 1 (4) | A € AS}.

1. We partition the Myp asp2(T, V R) program such that P; is the program M(T)U{0{check violating}1.}

and P, is the remaining program.

Let H C Sy Assume that 3A € AS(Mrpasp2(T, VR)) such that M;l{h(A) = H.
& JA” € AS(Py) such that M;,', (A) = H and the program {a. | a € A’} U P is satisfiable (by
Corollary 2.14).
& JA’ € AS(Py) such that M ', (A) = H and the program {in h(hi4). | h € H} U P, is satisfiable
(as the other atoms in A’ do not occur in the bodies of ground instances of rules in P)
< H € P(T) and the program {in h(hiq). | h € H} U P, is satisfiable (by Theorem 7.4 part (1))
< H € P(T) and the unique answer set of {inh(hiq). | h € H} U Myio(T, S1) U M,p(T, S2) contains
not_as(Iiq) for each (I,e) € VR and does not contain vp_not_resp(oiq4) for any ((I1,I5),0) € VR

< H € P(T) and for each (I,e) € VR, I is not an accepting answer set of e wrt B U H and for each
((I1,1I2),0) € VR, (I,I5) is not an accepting pair of answer sets of inverse(o) (by Theorem 7.7 and
Theorem 7.8)

< H € P(T) and Yor € VR, vr is not a violating reason of H.

2. Let A€ AS st violating € A.

Given the rules in M(T'), as violating € A, either Je € F~ such that v_i(eiq) € A or Jo € O° such that
v_p(oiq) € A. Hence, by Theorem 7.4 (points (2) and (3)), extractV R(A) can extract a violating reason
of M1, (A) from A.
. Assume no A € AS contains violating.
Case 1: AS=10

= {H € P(T) | Yur € VR, vr is not a violating reason of H} = ()

= the set of optimal remaining hypotheses is empty (and hence, is equal to {M_ 1, (A) | A € AS})

Case 2: AS #0)

304



= {M; ' (A) | Ae AS} = {H € P™(T) | Yor € VR, vr is not a violating reason of H} (where n is
the smallest n for which this set is non-empty). This is the set of remaining hypotheses of length n

(and no shorter remaining hypotheses exist).

= {M; !, (A) | A€ AS} is the set of optimal remaining hypotheses.
It remains to show that none of the optimal remaining hypotheses is violating. For any optimal remaining
hypothesis H, 3A € AS such that M_! (A) = H. Hence, Yor € VR, vr is not a violating reason of H.

in_h
Hence the program {in h(hiq4). | h € H} U P» is satisfiable.
Assume for contradiction that H € V(T'). Then 34’ € AS(Py) such that violating € A’ and M; ', (A) =
H (by Theorem 7.4 (4)). Hence, there is an answer set A” of P; U P, such that violating € A” and
M;ih(A) = H. But as this answer set contains violating and represents the same hypothesis H as the
answer sets in AS, it must be more optimal than the answer sets in AS. This contradicts AS being the

set of optimal answer sets of M asp2(T, VR).

O

Proposition 7.10. Let T be any well-defined ILP{%i" task, and VR be a finite set of violating
reasons. ground (M asp2(T,V R)) is finite.

Proof.

To prove that M asp2(T, V R) has a finite relevant grounding, it is sufficient to prove that ‘HB;ZZILASM(T,VRﬂ

is finite.

Firstly note that the relevant Herbrand base of Mjpasp2(T,VR) is equal to the relevant Herbrand base of
M(T) U {check_violating.} U My;o(T, S1) U Myp(T, S2) (as the remaining rules are hard or weak constraints,
and thus do not contribute to the relevant Herbrand base).

Consider the following partition of the program:
Py = M(T) U {check_violating.}
Py = {inh(hiq). | h € Sar} U Muio(T, S1) U My (T, Sa)

Due to the division in the language of the two programs (other than the in_h atoms, which are in the relevant

Herbrand base of both programs), HB:,;\ZIILASPQ(T VR) = HB}T{Z U HB}GZZ.

Note that as the task is well defined, |H B} s,,ucs| s finite, by Proposition 6.13, H B}"{l is finite, so it remains
to show that H B}il is finite. There are three predicates which appear unground in the head of a rule in
Ps: not_as, mmr and viow. As vio_w and not_as do not appear in the bodies of any rule with an unground
head, it remains to show that there are a finite number of ground instances of mmr in H B};Zl. For every rule
R such that mmr(a,int_id) is a ground instance of head(R), IR’ € B U Sy U CS such that body*(R) =
R(body™* (R'),mmr, int_id) for some int_id. Hence, a must be in HBJ' g g (which is finite as the task is
well defined). As the int_id’s are a finite set of ground terms, this means that HBIT;; has a finite relevant
Herbrand base. O

Theorem 7.11. Let T be any well-defined ILP{%%%" task.
1. ILASP2(T) terminates in a finite time.
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2. ILASP2(T) = *ILP{%e!(T)

Proof.

1. By Proposition 7.10, we know that every call to solve must terminate (as the groundings of the programs

being solved are always finite). Hence to prove termination, it is sufficient to show that there can only be a

finite number of iterations of the while loop in the ILASP2 algorithm. We show this by proving that in ev-
ery iteration ‘{M-_l (A) | Ae AS(MILASPQ(T, VR()))H > ‘{M-_l (A) | Ae AS(M[LASPQ(T, VRl))H

in_h in_h

(where V Ry is the value of VR at the start of the loop iteration and V R; is the value of VR at the end
of the loop iteration). As the initial value of [{M}, (4) | A € AS(Mrrasp2(T,VR))}| is at most 219!

(and is hence finite), this means that there must be a finite number of iterations.

e We first show that {M_ ' (A) | A € AS(Mpaspa(T,VRy))} is a subset of [{M_ 1 (A) | A €

in_h in_h

AS(Mirasp2(T, VRy))}.

Let H be a hypothesis and assume that 34 € AS(Mrpasp2(T,V Ry1)) such that H = M;,IJ,
= H € P(T) and Yur € VRy: vr is not a violating reason of H (by Theorem 7.9 (1))
= H € P(T) and Yur € VRy: vr is not a violating reason of H (as VRy C VR;)

= JA € AS(Mipasp2(T,V Ry)) such that H = M ', (A) (by Theorem 7.9 (1))

(4)

e It remains to show that there is at least one H such that 34 € AS(Mrrasp2(T,V Ry)) such that

H=M;" (A) and A4 € AS(Mpasp2(T,VRy)) such that H = M1, (A).

in_h in_h

Let H = M}, (A), where A is the answer set used in ILASP2. Then extractV R(A) is a violating
reason of H (by Theorem 7.9 (2)), and hence V R; contains a vr that is a violating reason of H.

Hence, H ¢ {M', (A) | A€ AS(Mpasp2(T,VR1))} (by Theorem 7.9 (1)).

in_h

2. We first show that at every step through the while loop, VR is a set violating reasons of T'.
Base Case: Before the loop has been entered, VR = ()

Inductive Hypothesis: Let V Ry be a set of violating reasons. If VR = V Ry at the start of an interation

through the loop, then V Ry, the value of V R after one iteration of the loop, is still a set of violating

reasons of 7T

Proof of Inductive Hypothesis: violating € A. Hence, by Theorem 7.9 (2), extractVR(A) is a

violating reason. Hence as V Ry = VRy U {extractVR(A)}, VR, is a set of violating reasons.

Hence at every step through the loop, VR is a set of violating reasons of 7.

When ILASP2(T) terminates, violating ¢ A and hence no answer set in AS*(Mrrasp2(T,VR)) can
contain violating. Hence by Theorem 7.9 (3), {M !, (as) | as € AS*(Mipasp2(T,VR))} is the set of

in_h

optimal remaining hypotheses, none of which is violating. This means that they are the optimal inductive

solutions of T'.

Proposition 7.13. Let T be any well-defined 1 LPf‘gLff;t task with a hypothesis space Sy, and let

H be any hypothesis H C Sys. ground™ (M s,.(T, H)) is finite.
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Proof. Consider the set S = R(HBlg g in-as, 1) UR(HBy s | cg,in-as,2) U {ctx(eiq,i) | e € ET U

E~,i € [1,2]}U{w(wt,1v,args(t1, ..., ta),1) | W € ground™®(BUSy UCS), tail(W) = [wtQlv,ty,...,ty],i €

[1,2]} UG (where G is the set of all ground atoms which appear in the heads of rules in M¢,..(T, H)).

This set is finite, as the task is well defined. Hence, it suffices to show that H Bj\jlm (T.H) C S. But this is the

case as there is no ground instance of any rule R in M f,..(T, H) such that body™(R) C S and heads(R) € S.
O

Theorem 7.15. Let T be an ILP{Z%" task, and let H be a hypothesis.

1. If H € ILP§2%#Y(T) then findRelevantExample(T, H) returns nil

2. If H ¢ ILP{%#(T) then findRelevantExample(T, H) returns an example that is relevant to
H given T.

Proof. Let T be the task (B, Sy, (ET, E~,0% 0°))

We first show for each of the four types of examples, an example e is covered by H if and only if e ¢
findRelevant Exzamples(T, H).

Note that the program M ¢, (T, H) is equal to the program P in Theorem 6.6 (where AS;qs = {1, 2}, Pair;qs =
{(1,2)}, By = By = EY UE™ and O oy = O U {inverse(o) | i € O}).

e Letec ETUE™

Firstly, assume that e is accepted by B U H.
= dI such that I is an accepting answer set of e wrt BU H
= JA € AS(M (T, H)) such that 31 such that ctx(eiq, 1), ctx(eiq,2) € A, M} (A, 1) = M} (A,2) =
I, and I is an accepting answer set of e wrt B U H (by Theorem 6.6 (1), with the list [(I,e), (I, €)])
= 3A € AS(My,.(T, H)) such that cov(eiq,1) € A (by Theorem 6.6 (2))
= My o(T, H) |=p cov(eiq, 1)

On the other hand, assume M,..(T, H) |=p cov(eiq, 1)
= JA € AS(My,.(T, H)) such that cov(eiq,1) € A
= JA € AS(M,(T, H)) such that M !(A) is an accepting answer set of e wrt BUH (by Theorem 6.6
(2))
= B U H accepts e

e Let o= (e!, €2 op) € O° U {inverse(o) | o € O°}

Assume that B U H accepts o
< dp = (I1, I) such that p is an accepting pair of answer sets of o wrt BU H
& Jp = (I, I) such that I is an accepting answer set of e! wrt BU H, I is an accepting answer set
of e wrt BUH, (I}, I5,0p) € ord(BUH,AS(BUH Uel,,)UAS(BUHU¢2,,))
& JA € AS(My,(T, H)) such that cov(ely, 1), cov(e?;,2) € A and (M }(A,1), M (A, 2)) is an
accepting answer set of o wrt BU H (by Theorem 6.6 (1) and (2))
< JA € AS(My,o(T, H)) such that ord respected(oiq, 1,2) € A (by Theorem 6.6 (3))
& Myre(T, H) |=p ord_respected(oiq4, 1, 2)
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Hence, CDPIs is the set of all CDPI examples e such that e € ET UE~ and e is accepted by BU H. Similarly,
CDOEs is the set of all CDOE examples o such that either o € O and o is accepted by B U H or o € O° and
inverse(o) is accepted by BU H.

Hence the returned set is the set of all examples in ET U E~ U O? U O° that are not covered by H.

We can now prove the two properties of the theorem (about the findRelevant Example method).

1. Let H be any hypothesis in ILPf2<(T). Then H covers all examples in 7, and hence,
findRelevant Examples(T, H) will return (). Hence, findRelevant Example(T, H) will return nil.

2. Let H C Sy such that H ¢ ILP{4%*(T). Then there is at least one example e in T that H does not
cover. Hence, the set returned by findRelevant Examples(T, H) will be non-empty (and by the above
will be a set of examples that H does not cover). Hence, findRelevantExample(T, H) will return an

example in T that H does not cover (i.e. an example that is relevant to H given T).

Theorem 7.16. ILASP2i terminates for any well-defined I LP C%”Ifxegt task.

Proof. Assume that the task T' = (B, Sy, E) is well-defined. Note that this also means that (B, Sys, Relevant)
is well-defined. The soundness of ILASP2 (Theorem 7.11) can be used to show that H will always cover every
example in Relevant; hence, at each step re must be an example which is in F but not in Relevant. As there
are a finite number of examples in F, this means there can only be a finite number of iterations; hence, it
remains to show that each iteration terminates. This is the case because, as (B, Sy, Relevant) is well defined,
the call to ILASP2 terminates (Theorem 7.11) and findRelevant Example terminates (Corollary 7.14). O

Theorem 7.17. Let T be a well-defined I LPCgﬁeg’t task.

1. If T is satisfiable, then ITLASP2i(T) returns an optimal inductive solution of 7'

2. If T' is unsatisfiable, then ILASP2i(T") returns UNSATISFIABLE.
Proof.

1. Assume that T is satisfiable. Then no matter which examples are added to Relevant, the call to ILAS P2
will always return a hypothesis. So ILASP2i cannot return UNSATISFIABLE. Hence, it must return a
hypothesis (as it terminates by Theorem 7.16). This means that the while loop must terminate. For this to
happen findRelevant Example must return nil. This means that H € ILP§34%*(T') (by Theorem 7.15
part(2)). It remains to show that H is optimal. Assume for contradiction that there is a hypothesis
H' € ILP;9(T) such that |H'| < |H|. Then as Relevant C E, H' € ILPf%%% " ((B, Sum, Relevant)).
Hence, by Theorem 7.11, ILASP2({B, Sy, Relevant))) will not return H (contradiction!). Hence, H is

an optimal inductive solution of T

2. Assume that T is unsatisfiable. In this case, findRelevant Ezample will never return nil (Theorem 7.15).
Hence, the while condition will never be satisfied. As ILASP2i is guaranteed to terminate (Theorem 7.16),
it must return UNSATISFIABLE (eventually, (B, Sy, Relevant) will become unsatisfiable).
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B.1 Proofs and Meta-programs from Chapter 10

Lemma 10.2.

Let P be any ASP program whose weak constraints are independent, [ be any integer and I; and I

be any interpretations. Then AP (I, I5) = > AN ).
Weweak(P)

Proof.

AP(I, 1) = P -pP

Alp(Il,Ig) = Z wt — Z wt

(W't7 1,t4,..., tn)Eweak(P,Il) (Wt, 1,t4,... ,tn)Eweak’(P,Iz)
AP(LL) = X% > wt — > wt|W € weak(P)
(wt,1,t4,...,ty)cweak({W},I1) (wt,1,tq,...,ty)cweak({W},I2)

(as the weak constraints are independent)
AP ) = S ({l = Wi |w e weak(P) })

Af (L, 1) = > AV, I)
Weweak(P)

Lemma 10.3.

Let S be a set of interpretations and P be an ASP program. Given any pair of interpretations Iy
and I» in S and any binary operator op € {<,>,<,> = #}, (I1,Is,0p) € ord(P,S) if and only if
AP<11, IQ) op 0.

Proof. Case 1: op is <
Assume that (I1, I, <) € ord(P,S)
s -pl
& there is a priority level [ such that PlI < Pll2 and VI’ > 1 PlI1 = Pll2
& there is a priority level [ such that AP (I1,I5) < 0 and VI' > 1 AF(I1,12) =0
e AP(I,1,) <0
Case 2: op is >
Assume that (I, Iz, >) € ord(P, S)
sl -p 1y
< there is a priority level [ such that I—"’lI1 > PZI2 and VI’ > 1 PlI 1= PII2
& there is a priority level [ such that AP (I1,I3) > 0 and VI’ > 1 AF(I1,13) =0
e AP, 1) >0
Case 3: op is =

Assume that (Iy, I, =) € ord(P,S)
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s htpland Iz fp Iy
& for every priority level [, PlI = PZI2
& for every priority level I, AF(I1,1) =0
e AP(1,1)=0
Case 4: op is #
Assume that (I1, Iz, #) € ord(P, S)
Sl =ploorly =p I
& there is a priority level | such that PlI v £ Pll2
& there is a priority level [ such that AP (11, I3) # 0
e AP(L, 1) #0
Case 5: op is <
Assume that (I1, Iz, <) € ord(P, S)
s hhtplh

& either there is a priority level [ such that PlI1 < PZI2 and VI’ > 1 PII1 = PZIQ, or for every priority level

& either there is a priority level [ such that AP (I1,15) < 0 and VI’ > | AJ(I1,1>) = 0, or for every
priority level I, AP (I1,15) =0

& AP(I, 1) <0or AP(I,I5) =0
e AP(1,1) <0
Case 6: op is >
Assume that (I1, I, >) € ord(P,S)
s L ¥pl

< either there is a priority level [ such that PlI > PlI2 and VI’ > 1 PZI1 = PZIQ, or for every priority level

& either there is a priority level | such that AP (I1,15) > 0 and VI’ > | Al (I1,15) = 0, or for every
priority level I, AP (I1,15) =0

54 AP(Il,IQ) >0 or AP(Il,IQ) =0
= AP(Il,IQ) >0

Lemma 10.6.

Consider a background knowledge B, hypothesis space Sy; and a context-dependent ordering example
o. Then for any hypothesis H C Sy;, BUH cautiously respects o if and only if BU H does not bravely

respect inverse(o).
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Proof. Assume that B U H cautiously respects o
< there is no accepting pair of answer sets of inverse(o)
< B U H does not bravely respect inverse(o)

O

It is useful to present the following two theorems earlier than they were presented in the chapter (as
their results are used by the proofs of some of the meta-level encodings which were omitted from the

main chapter).

Theorem 10.16. Let SC be a set of hypothesis schemas and Sj; be a hypothesis space. For each
H C Sy, there is exactly one answer set Ay of M.(SC, Syr) such that H = M (Ap). Furthermore,

in_h
Vsc € SC, conforms(sciq) € Ay if and only if H conforms to sc.

Proof. We prove this by using the splitting set theorem [LT94]. ey (P, X) is the partial evaluation of P with
respect to X (over the atoms in U), which is described in [LT94].

To aid the proof, we partition the program M,.(SC, Sys) into three subparts:

o M! = { not_disj(diq):- mnot in h(dy),..., not in h(d,). ’d ={d;,...,du} € DISJ(SC’)}

o« M2 — conforms(sciq):- not not_disj(Di,),...,
e not not_disj(D}y),not disj(Viq).

sce SC,sc={({D,...,D"},V) }
o M3, ={0{innh(hiq)}1.|h € Sn}

Let H C Sy and assume 3Ag € AS(M,.(SC, Sar)) st H =M, (Ag)

& Ay = {inh(hi) | h € H} € AS(M3,) and 345 € AS(ey(ML. UM?2, A)))}
such that Ay = A; U Ay
(by the splitting set theorem, using the in_h atoms as the splitting set U).

& 345 € AS({not_disj(diq). | d € DISJ(SC),ids(H)Nd =0} UM?,)}
such that Ay = {inh(hi4) | h € H} U Ay
(by evaluating the function ey)

< Ay ={inh(hiq) | h € H} U Ay U A3, where:
Ay = {not_disj(diq) | d € DISJ(SC),ids(H)Nd = 0} and
sc € SC,sc=(D,V), }
Vd € D,not disj(diq) € Az,not disj(Viq) € As
by the splitting set theorem (with the not_disj atoms as a splitting set)

Az = { conforms(scigq)

< Ap = {inh(hig) | h € H} U Ay U A3, where:
A = {not disj(diq) | d € DISJ(SC),ids(H)Nd =0} and
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sc € SC,sc=(D,V),
As = { conforms(sciq)| Vd € D,ids(H)Nd # 0,
ids(H)yNvV =190

< Ay = {inh(hig) | h € H} U Ay U A3, where:
Ay = {not_disj(diq) | d € DISJ(SC),ids(H)Nd =0} and
As = {conforms(sciq) | sc € SC, H conforms to sc}

Hence, for each H € Sy, there is exactly one answer set Ay of M.(SC, Syr) st H = M ", (Ay), and Vsc € SC,

in_h
conforms(sciq) € Ay if and only if H conforms to sc.

O

Theorem 10.18.

Let Sjs be a hypothesis space, SC be a set of hypothesis schemas and OSC be a set of ordering
schemas such that {sc | (sc,ws,op) € OSC} C SC. For each H C Sy, there is exactly one answer
set A of My.(SC, Snr) U Mys(OSC, Syr) such that Mt (Ag) = H. Furthermore:

in_h

1. Vsc € SC, conforms(sciq) € Ay if and only if H conforms to sc

2. Yosc € OSC, osc_conforms(osciq) € Apy if and only if H conforms to osc

Proof. Let H C Sy;. Assume Ap is an answer set of M. (SC, Spr) U Moyse(OSC, Syr) and M

in_h

(Ag) =H.

= AH N HBMSE(SC,SM) S AS(MSC(SC7 S]w))7 Mz_nl,h(AH N HBMSC(SC,SM)) = H and AH\HBMSC(SC,SM)

is an answer set of following program:

(sc,ws,op) € OCS, {sc,ws,op) € OCS,
diff(wd 1) w € ws, Uq diff(w, —1) w € ws,
w[H] >0 w[H] <0
osc_diff(osciq,D):-
diff(w;,D),

osc = {sc,{w1,...,wm},op) € OSC,

U not diff(wi? —1), not diff(wid 1), ;
i€ [1,m]

not diff(wit,,—1), not diff(wi?,, 1).
osc_diff(osciq,0):-
not osc_diff(osciq,1),

osc = (sc,{wi1,...,wn},op) € OSC
U not osc_diff(oscig, —1). (s qwrs - wm} o) ’

conforms(scia) € Ag N HB ., (sC,59:)
osc_conforms(oscigq) : - ’

osc_diff(osciq,D),DopO.

&S Ag N HBMSC(SC,SM) € AS(MSC(SC, SM)), M;’Ll,h(AH N HBMSC(SC,SM)) = H and AH\HBMSC(SC,SM)
is an answer set of following program:

(sc,ws,op) € OCS, (sc,ws,op)y € OCS,
diff(wi? 1) w € ws, UJq diff(w?, —1) w € ws,
w[H] >0 w[H] <0
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osc = (s¢,{w1,...,wm},op) € OSC,
UJ{ osc.diff(oscig,D):-diff(w;,D). i€ [l,m],
Vj € [1,i— 1],w;[H] =0
osc_diff(osciq,0):-

not osc_diff(osciq,1),

osc = (sc,{w1,...,wm},op) € OSC,
U not osc_diff(osciq, —1). (se, {wr m 0p)

conforms(scia) € Ay N HB ., (sC,5)
osc_conforms(oscig): - ’

osc_diff(osciq,D),DopO.

& Ag N HBMS(;(SC,SNI) c AS(MSC(SC7 S]\/[))7 Mz_nl,h(AH N HBMSU(SC,SM)) = H and AH\HBMS(,(SC,SM)

is an answer set of following program:

(sc,ws,op) € OCS, (sc,ws,op)y € OCS,
diff(wd 1) w € ws, UQ diff(wid, —1) w € ws,
w[H] >0 w[H] <0

U { osc_diff(oscig, 1).

osc = (s¢c,{w1,...,wm},op) € OSC,
T ([wi[H], ..., wm[H]]) >0 }
= (s, {w1,...,wm},0p) € OSC, }
T ([wilH], ..., wm[H]]) =0
= (s¢c,{w1, ..., wm},0p) € OSC,
[wilH], ..., wm[H]]) <0 }
osc = (sc,{w1,...,wm},0p) € OSC,
Uq osc_conforms(osciq). | conforms(scia) € Ag N HB, (s0,5:)
T ([wi[H], - .., wm[H]]) op0

U { osc_diff(oscigq,0).

U { osc_diff(oscig, —1).

Hence, for each H C Sy there is a unique answer set Ay of M.(SC, Snr) U My (OSC, Sar) such that
M1 (Ay) = H. Furthermore, Ay N HBp, (sc,s0) € AS(Me(SC, Sar)) and Ag\HB,, (sc,s,,) is the

in_h
unique answer set of following program:

(sc,ws,op) € OCS, (sc,ws,op)y € OCS,
diff(wd 1) w € ws, UQ diff(wid, —1) w € ws,
w[H] >0 w[H] <0
g { o5C_diff(05Cs, 1), osc = (sc,{w1,...,wm},op) € OSC, }
T (wilH), ... ,wn[H]]) >0
osc = {

U { osc_diff(oscigq,0).

= (s¢,{w1,...,wm},op) € OSC, }
T (wi[H], ..., wm[H]]) = 0
= (s¢c,{w1,...,wm},op) € OSC, }
[wilH], ..., wm[H]]) <0

osc = (sc,{w1,...,wm},op) € OSC,
Uq osc_conforms(osciq). | conforms(scia) € Ag N HB, (s0,5u:)
T ([wi[H],..., wm[H]]) op0

U { osc_diff(oscig, —1).

Hence, the unique answer set Ay of M.(SC, Snr) U Ms.(OSC, Spr) such that M;ih(AH) = H has the
following properties: (i) for each sc € SC, conforms(sciq) € Ay if and only if H conforms to sc (by
Theorem 10.16); and (ii) for each osc = (s¢,{w1,...,wm},0p) € OSC, osc_conforms(osciq) € Ap if and
only if H conforms to sc and 1 (jw1[H],...,wn[H]]) op0 (this is the case if and only if H conforms to osc).
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O

Our method for computing a translation of an interpretation into a hypothesis schema (Algorithm 10.1)
makes use of a meta-level program that we omitted from the main thesis. This meta-level program is
used to compute a potential unfounded subset for a partial hypothesis schema. Given an interpretation
I and a hypothesis schema sc, this meta-level program finds a hypothesis that conforms to sc, but for

which I has at least one unfounded set with respect to BU H.

The first two components in M,, state which atoms are in the object-level interpretation, and use
a set of choice rules to “guess” at an unfounded subset U of this interpretation (represented by the
in u atoms). The next two components define what it means for an atom to be supported by a rule
(without using the atoms in U in the positive body literals of the rule). If a background rule gives
support to an atom, then it is definitely supported; on the other hand, if a rule in the hypothesis
space gives support to the atom, then it may or may not be supported, depending on whether the
rule is part of a hypothesis. We use the predicate supports to represent which rules in the hypothesis
space represent which atoms. This program is used iteratively to find the rule-disjunctions D of a
hypothesis schema. Given any already computed rule-disjunction d in D, we know that any hypothesis
must contain at least one of the rules whose ids are in d. This is ensured by the fifth component of
the program. The final component computes the atoms that are supported, and constrains away any
meta-level answer set in which an element of U has support (i.e. those answer sets where U is not an

unfounded set). For any remaining answer set, U must therefore be an unfounded set.

Meta-program B.1 (M, (P, Sy, 1, sc)). Let P be a program, Sys be a hypothesis space, I be
the interpretation {aj,...ay} and sc be the hypothesis schema (D, V). M, (P, Sas, I, sc) is the
ASP program including the following rules:

1. in_as(a;), for each atom a; € I.

2. 1{inu(ay),...,inu(ay)}m.

3. supported(rh):-R(body(r), in_as), N'R(body™ (r),in u).

for each rule r € P and for each atom rh € heads(r)

4. supports(rh,riq):-R(body(r),in as), NR(body™(r),in u).

for each rule r € Sy and for each atom rh € heads(r)

5. 1{inh(d4),...,in h(dn)}n.
for each {d4,...,dn} € D

&

supported(Atom) : - supports(Atom,Rid), in h(Rid).
:-in u(Atom), supported(Atom).

Proposition B.2. (proof on page 315)
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Let P be a program, Sy; be a hypothesis space, I be an interpretation, sc be a hypothesis schema
and U be any set of atoms. 34 € AS(M, (P, Sy, 1,sc)) such that U = {a | inu(a) € A} if and only

if U is a potential unfounded subset of I wrt sc.

Proof. Assumes that D is always disjoint from V (which is the case).

Assume JA € AS(M,, (P, Sy, 1, sc)) such that U = {a | inu(a) € A}

< U is non empty, and the program:
{ in_as(a). ’a € I}
U { in_u(a). ‘a € U}
U { supported(rh):-R(body(r), in_as), NR(body™ (r), in u) ’r € P,th e heads(r)}
U { supports(rh,Tiq) :-R(body(r), in_as), N'R(body™ (r), in u) ’r € Su,rh e heads(r)}
U{1{inh(d4),...,inh(dn)}.l{d1,...,dn} € D}

supported(ATOM) : - supports(ATOM,RID), in h(RID).

is satisfiable.
:-in u(ATOM), supported(ATOM).

< U is non-empty and 3H C Sy st H conforms to (D, {hiq | h € Spr,Vd € D : hyg & d}) and the program:
{ in as(a). ’a € I}
U { in u(a). ‘a € U}
U { supported(rh) :-R(body(r), in_as), NR(body™ (r), in_u) ”I“ € Prthe heads(r)}
U { supports(rh, rig) :-R(body(r), in_as), NR(body™ (r),inu) ‘7‘ € Sy,rh € heads(r)}
supported(ATOM) : - supports(ATOM, RID), in h(RID). s satisfiable.
:-in u(ATOM), supported(ATOM).
< U is non-empty and 3H C Sy st H conforms to (D, {hiq | h € Sy,Vd € D : hiq € d}) and the program:
r € ground(P),rh € heads(r), body™(r) C I,
body= (r) NI =0,body™ (r)NU =0
r € Spy,gr € ground(r),rh € heads(gr), body™ (gr) C I,
body~(gr) NI =10,body™(gr)NU =0
U { supported(ATOM) : - supports(ATOM, hig). ’h € H}

has at least one answer set that does not contain supported(atom) for any atom € U.

{ supported(rh).

U { supports(rh, rig).

< U is non-empty and 3H C Sy st H conforms to (D, {hiq | h € Sp,Vd € D : hig & d}) and the unique
answer set of the program:

r € ground(P),rh € heads(r),body™(r) C I,
body=(r)NI=0,body™(r)NU =10

{ supported(rh).

U t h,rig).
{ supports(rh, Tia) body~(gr) NI =0,body™(gr)NU =0

U { supported(ATOM) : - supports(ATOM, hig). ‘h € H}
does not contain supported(atom) for any atom € U

r € Sy, gr € ground(r),th € heads(gr), body™ (gr) C I, }
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(the program is definite, and so has exactly one answer set).

< U is non-empty and 3H C Sy st H conforms to (D, {hiq | h € Spr,Vd € D : hiq & d}) and the unique
answer set of the program:
r € ground(P),rh € heads(r),body™(r) C I, }

ted(rh).
supported(rh) body=(r)NI =0, body™(r)NU =10

r € H,gr € ground(r), rh € heads(gr), body™ (gr) C I,
body~(gr) NI =10,body™(gr)NU =0

U { supported(ATOM) : - supports(ATOM, hig). ’h € H}
does not contain supported(atom) for any atom € U

U { supports(rh, rig).

(the removed rules have no effect).

< U is non-empty and 3H C Sp; st H conforms to (D,{hiq | h € Sy,Vd € D : hiq & d}) and
#r € ground(P U H) such that heads(r) N U # 0, body™* (r) C I\U and body~(r) NI = 0.

< JH C Sy st H conforms to (D, {hiq | h € Sp,Vd € D : hig & d}) and U is a non-empty unfounded
subset of I wrt PU H.

< JdH C Sp st H conforms to (D,V) and U is a non-empty unfounded subset of I wrt P U H. Note
that for every hypothesis H; that conforms to (D,V) there exists a hypothesis Hy that conforms to
(D,{hiq | h € Sp,¥d € D : hiq € d}) and He C Hy (and if U is an unfounded subset of I wrt P U Hy, then
it is also an unfounded subset of I wrt P U Hy).

< U is a potential unfounded subset of I wrt sc and P.

Theorem 10.8.
Let P be a program, Sjp; be a hypothesis space and I be an interpretation. The procedure

translate AS(P, Sy, I) terminates and returns a translation of I.

Proof.

1. We first show that if translate AS(P, Sar, I) terminates, then it returns a translation of I. First note that
V is the set of rule ids h;q € ids(Snr) such that the corresponding rule h is not a model of I. Hence,
VH C Sy such that I is a model of H, H conforms to (), V). So at line 4, just before the first iteration
of the loop, VH C Sy such that I € AS(PUH), H conforms to (D, V). We now show that this property
is an invariant of the while loop. Assume for contradiction that at the start of an arbitrary loop iteration
VH C Sj such that I € AS(PU H), H conforms to (D, V) but that at the end, 3H* C Sy, such that
I € AS(PUH*) but H* does not conform to (D, V). This means that for the set U in the loop iteration
ids(H*) N{hiq | hig € ids(Sy)\V, I = body(h),U Nbody™ (k) = 0, heads(h) U # 0} = (). Hence, there is

a U such that U is a non-empty unfounded subset of I wrt PUH* (P cannot contain any rule preventing
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U from being an unfounded subset of I, or U would not be a potential unfounded subset of I wrt (D, V)
and P). This contradicts that I is an answer set of P U H*. Hence, when the while loop terminates
VH C Sy such that I € AS(PU H), H conforms to (D, V).

It remains to show that when the while loop terminates, VA C Sj; such that H conforms to (D, V),
I € AS(PUH). Let H* be a hypothesis that conforms to (D,V) and assume for contradiction that
I ¢ AS(PU H*). By the definition of V, I must be a model of AS(P U H*); hence there must be a
non-empty unfounded subset U of I wrt P U H*. As H* conforms to (D,V), this means that U is a
potential unfounded subset of I wrt (D, V) and P. This contradicts that the loop terminates.

2. Note that in each iteration, by Proposition B.2, (D, V) is conformed to by a fewer number of hypotheses
than in the iteration before — each potential unfounded subset U is no longer a potential unfounded subset
by the end of the iteration, meaning that at least one hypothesis that conformed to the schema at the
start of the iteration does not conform to the schema at the end of the iteration. Hence, as (0, V) is
conformed to by a finite number of hypotheses, and it is impossible for a schema to be conformed to by

a negative number of hypotheses, there must be a finite number of iterations.

Algorithm 10.2 uses a meta-level program (omitted from the main thesis) that searches for a hypothesis
H that accepts a CDPI e but does not conform to any schema in a set SC. This program is formalised

in Meta-program B.2.

Meta-program B.2 (Myqns(T,e,SC)). Let T be the ILP}E5 task (B, Sy, E), e be an
example, where e,; = ({ei"¢,... e} {e§%¢, ..., e®}), and SC be a partial translation of e.

Mirans(T, e, SC) is the program consisting of the following components:

e R(BU ec,inas) U{A(R(h,in as),in h(hiq)) | h € Sy}

inc
m

exc

inc) ,..., not in_ as(ef*°).

e cov:-in as(ej %)

,...,in as(e;™), not in as(e$

® :- not cov.

o M.(SC,Sn) U {:-conforms(sciq). | sc € SC}

The first component of the meta-level program Mi,qns(T, e, SC) is the reification of B U Sy, where
the rules h € Sj; are appended with an extra condition, ensuring that the rule takes effect if and
only if the atom in h(hiq) is in an answer set. Each answer set of this first component therefore
corresponds to an answer set A of BUeq, UH, for some H C Sys. The particular H for which A is an
answer set can be extracted from the in h atoms in the meta-level answer set. The second and third
components in the meta-level program ensures that only answer sets that extend ep; are returned.
The final component makes use of the previous meta-level program Mg, to ensure that the hypothesis
represented by the meta-level answer set does not conform to any previously computed schema. This

prevents us from computing the same schema twice.
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Proposition B.3. (proof on page 318)

Let T bean IL }fg’j% task, e be an example and SC be a partial translation of e. For every interpre-
tation I, 3A € AS(Myprans(T,e,SC)) such that I = {a | in_as(a) € A} if and only if 3H C Sy such

that H does not conform to any schema in SC' and I is an accepting answer set of e wrt BU H.

Proof. In the proof below, let COV be the program:

cov:- in_ as(ei®™) ... in as(eln®),
not in as(e$*®),..., not in_as(e®*®).
.- not cov.

Let I be an interpretation. Assume 3A € AS(Mirans(T,e,SC)) st [ = {a| in_as(a) € A}.

PREp Ag‘ Ay € AS(M.(SC, Spr) U {:-conforms(sciq). | sc € SC}), }

As € AS(ey(R(B U ecty,in as) U {A(R(h,in as),in h(hig)) | h € Sp} UCOV, Ay))
such that I = {a | in_as(a) € A}
(as the atoms in M, form a splitting set U of Mirans)-

= JAc {A2 Ay € AS(M(SC, Spr) U {:-conforms(sciq). | sc € SC}), }

Ay € AS(R(BU ecty, in_as) U {R(h,in as) | h € Sy, inh(hig) € 41} UCOV)
such that I = {a | in_as(a) € A}

As € AS(R(B U eczUH, in_as) U COV)
such that [ = {a | in_as(a) € A}
(by Theorem 10.16)

& dA e {A2

H C Sy st Vsc € SC, H does not conform to sc, }

1€ {{a| in_as(a) € Ay}

H C Sy st Vsc € SC, H does not conform to sc,
As € AS(R(B U ez U H,in_as)UCOV)

sle {{a| in as(a) € As}

H C Sy st Vse € SC, H does not conform to sc,
Ay € AS(R(BU eg; U H,in as))

and I extends ep;

SledA
Ae AS(BUeéq: UH)

and I extends ey,

H C Sy st Vsc € SC, H does not conform to sc, }

< JH C Sy st Vsc € SC, H does not conform to sc and [ is an accepting answer set of e wrt B U H.
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Theorem 10.11.

Let T be an [ LPfgj% task and e be an example. translateFExample(T,e) terminates and returns a

pair (e, SC') where SC is a complete translation of e.

Proof. Before the first iteration of the while loop in translate Example, SC = (). Hence, at this stage SC is
(vacuously) a partial translation of e.

We now show that for an arbitrary iteration of the loop, if SC is a partial translation of e at the beginning of

the iteration, then SC is still a partial translation of e at the end of the iteration.

Note that I is an interpretation for which 3H C Sy such that Vsc € SC, H does not conform to sc and I
is an accepting answer set of e wrt B U H. Hence, the call to translateAS returns a schema sc such that
any hypothesis H that conforms to sc must accept e (as sc is the translation of I, by Theorem 10.8). Hence
SC U{sc} is a partial translation of e. Therefore, at the end of the iteration, SC is still a partial translation of

€.

If translate Example terminates, then there is no interpretation I for which 3H C S); such that Vsc € SC, H
does not conform to sc and I is an accepting answer set of e wrt B U H. Hence, there is no hypothesis that
accepts e but does not conform to at least one schema in SC. Hence, as SC' must be a partial translation of e

from the above, SC' is a complete translation of e.

It remains to show that translate Example always terminates. Note that the number of hypotheses that conform
to at least one schema in SC' increases with every iteration — as the hypothesis H that causes the while condition
to be met does not conform to any schema in SC' at the start of the iteration, but conforms to the new schema
that is added to SC' during the iteration. As there are a finite number of hypotheses, this means that there

must be a finite number of iterations. O
Theorem 10.13.
Let T bealIL ngfs task and let A; and A be interpretations. Let [wy,...,wy] = w(T, A1, As). For

any H C SM7 ABUH(AMAQ) = T ([wl[H]7 s 7wn[HH)

Proof.
Let [l4,...,l,] be the list of priority levels in B U Sy (in descending order).
ABUH(A, Ay) = 1 ([APUF, .. APUH])

(s ) s)
Weweak(BUH) Weweak(BUH)

= T ([W(T,Al,AQ,ll)[H], e ,W(T,Al,AQ,ln)[HH)
= T (wnld],...,wnlH])

)

O

Meta-program B.3 formalises the meta-level program, M., that searches for a hypothesis that does
not conform to any of a set of ordering schemas, but that accepts a given ordering example. For any
such hypothesis, there must be a pair of interpretations that form an accepting pair of answer sets of

the ordering example. M, can be used to find these pairs of interpretations.
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Meta-program B.3 (M, (T,0S5C,0)). Let T be a ILPP5S task, OSC be a set of hy-

. . . 1 1
pothesis schemas, and o be an ordering example, where oeg1 = (€45, €,;)

Mpair(T,OSC, 0) is the program consisting of the following components:

and ogg2 = (€2, 312)1;>-

[ ] Ml(T)
e {as(1). as(2).}
e check_ord(T,o0,1,2)

e :- not ord respected(oiq,1,2)

M(SC, Syr) (where SC' is the set of all hypothesis schemas that occur in OSC).

Mosc(OSC, Spr) U {:-osc_conforms(osciq). | osc € OSC}

Proposition B.4. (proof on page 320)

Let T be the ILPP2S% task (B, Sy, E) and let OSC be a partial translation of the CDOE o. For
every pair of interpretations Iy, Iz, 3A € My (T, OSC,0) such that I; = {a| in_as(a,1) € A} and
I, = {a| in.as(a,2) € A} if and only if 3H C S); that does not conform to any schema in OSC and

(I, I5) is an accepting pair of answer sets of o wrt B U H.

Proof. Let I and I, be interpretations and assume 3A € Myq (T, OSC, 0) such that I; = {a | in_as(a, 1) € A}
and Ir = {a| in_as(a,2) € A}.

M (T)

U{as(1). as(2).}

U check_ord(T, 0,1, 2)

U{:- not ord respected(oiq,1,2).}

U M.({sc| (sc,ws,op) € OSC}, Snr)

U M,se(OSC, Spr) U {:-osc_conforms(osciq). | 0sc € OSC}
such that Iy = {a| in_-as(a,1) € A} and I, = {a | in_as(a,2) € A}.

& JA e AS

My (T)
U {as(1). as(2).}
< JH C Sjp; such that 34 € AS U check_ord(T,o0,1,2)

U{:- not ord respected(oiq,1,2).}
U{inh(hi4). | h € H}
such that I; = {a | in.as(a,1) € A} and I, = {a | in_as(a,2) € A} and
M({sc| (sc,ws,op) € OSC}, Sp)
U Msc(0OSC, Spr) U {:-osc_conforms(osciq). | osc € OSC}
(A)=H.

JA € AS(

such that M *

in_h
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My(T)
U{as(1). as(2).}
< 3H C Sy such that 34 € AS U check_ord(T, 0,1, 2)

U {:- not ord respected(oiq,1,2).}
U{inh(hia). |h € H}
such that Iy = {a | in-as(a,1) € A} and I, = {a | in_as(a,2) € A} and H does not conform to any
ordering schema in OSC (by Theorem 10.18).

< JH C Sy such that H does not conform to any ordering schema in OSC and (I, Is) is an accepting pair
of answer sets of o wrt BU H (by Theorem 6.6).

O

Theorem 10.14.
Let T be the ILP}25% task (B, Sy, (E1, E™, O°, 0%). Also let 0 be a CDOE and A; and A, be in-

terpretations that extend (0eg1)pi and (0eg2)pi, respectively. translate Pair AS(T, 0, A1, A2) terminates
and returns an ordering schema osc such that VH C Sy, H conforms to osc if and only if (A;, Ag) is

an accepting pair of answer sets of o wrt BU H.

Proof.

The procedure translatePair AS terminates as the two calls to translate AS terminate (by Theorem 10.8). It
remains to show that VH C S);, H conforms to the returned schema (sc; U seq,w(T, A1, A2), 00p) if and only if

(Aq, As) is an accepting pair of answer sets of o wrt BU H.
Let H be an arbitrary subset of Sj; and assume that H conforms to (scq U scy,w (T, A1, A2), 0pp)-

& H conforms to sc; U scy and 1 ([w;[H] | w; € w(T, A1, A2)]) 0op 0.
< H conforms to sci, H conforms to sca and 1 ([w;[H] | w; € w(T, A1, A2)]) 0op O.

& A is an accepting answer set of 0.1 wrt B U H, Ay is an accepting answer set of o.g2 wrt B U H and
T ([wl[H] | w; € W(T7A17A2)]) Oop 0.
(by Theorem 10.8)

& A is an accepting answer set of o.g1 wrt B U H, A, is an accepting answer set of o.40 wrt B U H and
ABUH(Al,AQ) Oop 0
(by Theorem 10.13)

& Aj is an accepting answer set of ocg1 wrt B U H, A, is an accepting answer set of ocg0 wrt B U H and
(A1, Az, 00p) € ord(BU H, AS(B U H U (0¢g1)cta) UAS(BUH U (0cg2)ctz))-
(by Lemma 10.3)

< (A1, As) is an accepting pair of answer sets of o wrt BU H.
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Theorem 10.15.

Let T be any IL }J’gjes task and o be any CDOE. translateOrderingExample(T, o) terminates and

returns a pair (0, OSC), where OSC' is a complete translation of o.

Proof. (Similar to the proof of Theorem 10.11)

Before the first iteration of the while loop in translateOrdering Example, OSC = (). Hence, at this stage OSC

is (vacuously) a partial translation of o (wrt 7).

We now show that for an arbitrary iteration of the while loop, if OSC' is a partial translation of o at the

beginning of the iteration, then OSC' is still a partial translation of o at the end of the iteration.

Note that (17, I5) is a pair of interpretations for which 3H C Sj; such that Yosc € OSC, H does not conform to
osc and (Iy, I5) is an accepting pair of answer sets of o wrt B U H. This means that I; extends (0cg1)p; and Io
extends (0eq2)pi- Hence, the call to translate Pair AS returns an ordering schema osc such that any hypothesis
H that conforms to osc must accept o, by Theorem 10.14. Hence OSC U {osc} is a partial translation of o.
Therefore, at the end of the iteration, OSC is still a partial translation of o.

If translateOrdering Example terminates, then there is no pair of interpretations (I, Is) for which 3H C Sy,
such that Vosc € OSC, H does not conform to osc and (I, I2) is an accepting pair of answer sets of o wrt
B U H. Hence, there is no hypothesis that accepts o but does not conform to at least one schema in OSC.

Hence, as OSC must be a partial translation of o from the above, OSC' is a complete translation of o.

It remains to show that translateOrderingExample always terminates. Note that the number of hypotheses
that conform to at least one schema in OSC' increases with every iteration — as the hypothesis H that causes the
while condition to be met does not conform to any schema in OSC at the start of the iteration, but conforms
to the new schema that is added to OSC during the iteration. As there are a finite number of hypotheses, this

means that there must be a finite number of iterations. O

Theorem 10.20.

For any set C'C' of coverage constraints, and any /L Egj% task T

1. solve_current_task(CC,T) terminates.

2. If there is no hypothesis H C Sy such that Sy (H, T, CC) is finite, then solve_current_task(CC,T)

returns (nil,nil).

3. If there is a hypothesis H C Sy such that Sy, (H, T, CC) is finite, then solve_current task(CC,T)
returns a pair (H*, ApproxCov), where H* is optimal with respect to CC and
ApproxCov = ApproxCoverage(H,T,CC).

Proof. Let T be the ILPP&sS task (B, Sy, (ET, E~,0° 0°)).
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1. As the program M p,(CC, Sy, (ET, E~, 0% O°)) has a finite grounding (the program contains no func-
tion symbols), the call to solve will terminate in a finite time. Hence SolveCurrentTask will also

terminate in a finite time.

2. Assume that there is no hypothesis H C Sy such that Si,(H, T, CC) is finite. It is sufficient to show that

M o106 (CC, Syr, (BT, E~,0° 0°)) is unsatisfiable. Assume for contradiction that there is an answer set
A of Morwe(CC, Spr, (ET, E~,0% 0°)). Then there must be an answer set A’ of M.(ALL_SC, Sy) U
M,s(0OSC, Spr) such that the following four properties all hold:

(a) V{e, SC) € CC such that e € ET and epe,, = 00, Isc € SC such that conforms(sciq) € A’

(b) ¥{e, SC) € CC such that e € E~ and epen, = 00, Vsc € SC, conforms(sciq) ¢ A’

(c) Y{0,08C) € CC such that o € O° and 0pe, = 00, Josc € OSC such that osc_conforms(osciq) € A’

(d) ¥Y{o,0SC) € CC such that inverse(o) € O° and ope, = 00, Yosc € OSC, osc_conforms(osciq) ¢ A’

Hence, by Theorem 10.18, there is a hypothesis H such that the following four properties all hold:
(a) V{e, SC) € CC such that e € ET and epe,, = 00, Isc € SC such that H conforms to sc
(b) ¥
(c) Y{o,08C) € CC such that o € O and Open = 00, Josc € OSC such that H conforms to osc
(d) ¥(o,0S8C) € CC such that inverse(o) € O° and oy, = 00, Yosc € OSC, H does not conform to H

e, SC) € CC such that e € E~ and epen = 00, Vsc € SC, H does not conform to sc.

(
(
(
(

Hence S;p(H, T, CC) is finite. Contradiction!

Hence, M 10(CC, Sy, (ET, E~,0° 0°)) is unsatisfiable, and hence solve_current_task(CC,T) returns
(nil, nil).

3. We first show that for any H such that S;,(H,T,CC) is finite, there is a unique answer set Ay of the
program M o1, (CC, Sy, (ET, E=, 0% 0°)) and the score of Ag at level 0 is equal to Sy,(H, T, CC).

First note that there is a unique answer set of Ay of the program M, ,e(CC, Sar, (ET, E~,0% 0°))
with the final three components omitted, and that for each e € (E* U E~ U ot U 0°), uncov(eiq) € Al
if and only if e & ApproxzCoverage(H,T,CC) (this follows from Theorem 10.18 and the definition of
the uncov rules). Hence, the hard constraints in Mepe(CC, Sy, (BT, E=,0° O¢)) are not violated,
and the score of Ay at level 0 is equal to Sy (H,T,CC) (this follows from the weak constraints in
Misotve(CC, Sar, (ET, E=,0°,09)).
Hence if there is at least one hypothesis H C Sy such that Sp(H,T,CC) is finite, then the pro-
gram M 10(CC, Syr, (BT, E=,0° O°)) must be satisfiable. Hence, solve_current_task(CC,T) returns
(M1, (A*),{e € EY UE~ UO"UO° | uncov(eiq) ¢ A*}), where A* is the optimal answer set of
M1 (CC, Spr, (BT, E~,0° 0°)). By the above, this is a pair (H*, ApproxzCoverage(H,T,CC)), where
H* is optimal wrt CC.

Theorem 10.21.

Let T be a well-defined ILPP%5% task.

1. ILASP3(T) terminates.
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2. If T is satisfiable, then ILASP3(T) returns an optimal inductive solution of 7'

3. If T' is unsatisfiable, then ILASP3(T) returns UNSATISFIABLE.

Proof. Let T be the ILPPg5S task (B, Sy, E), where E = (ET, E~,0° 0°).

By Theorem 10.11 and Theorem 10.15, at each stage in the ILASP3 algorithm, C'C is a set of coverage constraints
such that each element in C'C is of one of the following three forms:

1. {e,SC), where e € ET U E~ and SC is a complete translation of e.
2. (0,08C), where o € O° and OSC is a complete translation of o.

3. {0,08C), where inverse(o) € O¢ and OSC is a complete translation of o.

1. Firstly, we show that the calls findRelevantExample will never return the same example twice. This is
because at any time that findRelevantExample is called, if it has returned an example e in a pre-
vious iteration, then (e, SC) will be in the set CC, where SC is a complete translation of e. For
findRelevant Example to return e again, e would have to be in the set ApproxCoverage, but if this
is the case, then by Theorem 10.20, e must be covered by H, and therefore will not be returned by
findRelevant Example. Hence, there must be a finite number of iterations. As each of these iterations
is guaranteed to terminate (as the individual function calls have been proven to terminate, and there are

no loops inside each iteration), ILASP3 must terminate.

2. Assume that T is satisfiable.

At each stage of the ILASP3 algorithm CC' is a set of coverage constraints such that for each element
(e,SC) € CC, SC is a complete translation of e. Hence, V(e, SC) € CC, for any hypothesis H C Sy,
such that H covers e, H must satisfy (e, SC'}. Hence, for any hypothesis H, S;;(H,T,CC) < S(H,T).

As the task is satisfiable, there is at least one hypothesis with a finite score, and hence, in each iteration,
there is always at least one hypothesis with a finite lower bound score. Hence, by Theorem 10.20 (part
(3)), solve_current_task will never return (nil,nil). Hence, as ILASP3 is guaranteed to terminate, it

must return a hypothesis.

Let H* be the hypothesis returned by ILASP3. findRelevantExzample((B, Sy, ApprozCoverage)) =
nil. And hence, ApproxCoverage(H*,T,CC) C Coverage(H*,T). Hence, S;,(H*,T,CC) > S(H*,T).
Hence, S;(H*,T,CC) = S(H*,T).

Assume for contradiction that there is a hypothesis H’ such that S(H',T) < S(H*,T). Then
Sw(H',T,CC) < Sip(H*, T,CC). This contradicts the fact that H* is optimal wrt CC (which is the
case due to Theorem 10.20 part (3)). Hence, H* € *ILP}&5%(T).

3. Assume that T is unsatisfiable. Then no hypothesis H has a finite score; and hence, every hypothesis
H fails to cover at least one example with an infinite penalty. This means that solve_current_task
will never return a pair (H, ApproxCov) such that H covers every example in ApproxCov, as every
example with infinite penalty must be in ApproxzCov. This is the case because Spp(H, T, CC) is finite,
and ApproxCov = ApproxCoverage(H, T, CC).
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This means that the condition of the while loop will never be falsified. As findRelevantExample is
guaranteed to return a different example every time it is called (shown in the proof of (1)), there will
eventually be an iteration where C'C is such that S;(H,T,CC) is infinite for every hypothesis H. In
this iteration, solve_current_task(CC,T) will return (nil,nil) (by Theorem 10.20 part(2)), and hence,
ILASP3 will return UNSATISFIABLE.
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