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Abstract. Besides their topological properties, Kohonen maps are often used
for vector quantization only. These auto-organised networks are often
compared to other standard and/or adaptive vector quantization methods, and,
according to the large literature on the subject, show either better or worst
properties in terms of quantization, speed of convergence, approximation of
probability densities, clustering,... The purpose of this paper is to define more
precisely some commonly encountered problems, and to try to give some
answers through well-known theoretical arguments or simulations on simple
examples.

1. Introduction

Kohonen maps [1] are neura networks widely used in data anadlysis and vector
quantization, and show two main characteristics: they redlise a quantization of a
continuous space, as other vector quantization techniques such as LBG [2], k-means
[3],... and they exhibit a topological property, allowing to analyse the ordering of
centroids.

Recent literature seems to show that the VQ performances of Kohonen maps are worst

than other techniques. As an example, here are some arguments recently devel oped:

e in[4], better clustering performances are shown with standard £-means algorithm;

¢ in [5], the same argument is developed to justify the use of VQ agorithm with
MDS (Muldi-Dimensionnal Scaling) instead of Kohonen maps;

e in [6], the authors argue that there exists an exponent between the underlying
density of vectors and centroids before and after VQ and propose to modify the
algorithm to remedy to this « problem ». this non-unity exponent is known as the
magnification coefficient [7]. Although different, this coefficient can be related to
Lloyd swork [10].

We will try to see to which extend these arguments are pertinent regarding to
definitions, well-known theoretical properties and simulations on simple examples.
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2. Definitions and algorithms

A continuous space Q, of dimension d, has a continuous probability density function
(pdf) Alx), and its cumulated density (or repartition function) is £(x)=P(X<x), where P
is the probability law, and the inequality is verified in each dimension. A vector
quantization @ is an application from a continuous space Q, of dimension d, to a
finite subset F (the “codebook”) formed by » “codewords’ yi, yy,...,y, Of Q. The
positions of the codewords are supposed to be fixed.

The aim of a vector quantization (VQ) isto compress the information by replacing all
elements x of acluster C; (subset of Q) by a unique centroid y;. For a given number »
of centroids, a good vector quantization minimises the loss of information, measured
by the mean quadratic error:

£, (.= [ | ras @
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If N samples xi, xy,....xy are available (randomly chosen according to f{x)), this
distortion is estimated by the intra-class variance:
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All classical VQ agorithms (LBG, k-means,...) minimise this distortion function by
choosing appropriate centroids locations. There is no unique minimum of the
distortion function, but we will not discuss this problem here.

The Kohonen agorithm [1] also realises a VQ. However, unlike more standard VQ
algorithms, centroids are a priori ordered on aline (dimension 1) or agrid (dimension
2). The learning algorithm ensures that, after learning, “close” points in the input
space Q (according to an Euclidean distance measure for example) will be associated
to the same centroid or to close centroids on the line or grid. This topological
property is of most interest in many applications (see e.g. [9,10]), but this point will
not be discussed here. We will focus our discussion on two aspects of the Kohonen
algorithm : the vector quantization property, and the link between the distribution of
centroids and the initial distribution f{x).

During the learning phase, the Kohonen agorithm uses neighbourhoods of centroids
taken into account during the adaptation; the size v of these neighbourhoods is usually
decrased during learning. For v fixed, the algorithm is equivalent [11] to the
minimisation of a generalised distortion function:
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where V(i) is the set of indexes in the neighbourhood of 7, including i. This
generalised distortion function can also be estimated through a finite set of samples x;,
X2,...,Xy , SMilarly to (2).
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3. Quantization

Concerning the quantization aspect of the Kohonen agorithm, it is clear that
minimising &, is not equivalent to minimising &, and thus that it is hopeless to expect
that the Kohonen algorithm with v > 1 neighbours could lead to a minimisation of
distortion &,. For example, we can mention the result in [12] there the difference
between §,,, and &, is measured when dim(Q) = 1 and centroids are arranged on aline
with 2 neighbours; it is shown that the order of magnitude of min(g,,) - min(¢,) is
Cln®, where C is a constant.

In practical situations however, the learning phase of the Kohonen algorithm is usually
concluded with (i) = {i} (the so-called “O-neighbour” case). In this case, §,,=¢,
and the Kohonen algorithm is strictly equivalent to classical VQ techniques. All
previous steps (with neighbourhoods) can be seen as a “good” initialisation procedure
of the VQ algorithm itself.

4. Density approximation

We study here the important following questions:

1) isit possible to estimate the initial distribution f{x), using as only information the
locations of centroids yy, yy,...,y, (and the associated frequencies) ?

2) what is the relation between the discrete distribution of these » points and f{x)?

First, we have to mention a classical result (see [13] for example). If flx) is a
continuous density function (with repartition function F(x)), and if N observations X1,
Xa,...,Xy are drawn independently according to f{x), one can define an empirical
repartition function F(x) which converges uniformly to F(x) when N goes to infinity:

N
Fy(x) = % > card{ x,|x, <x} (4)
i=1

This is equivalent to say that the empirical measure defined by points X3, X5,..., Xy
converges (in law) to the initial probability P. The rate of convergence can also be
characterised. Of course, when speaking about vector quantization, the n centroids y;,
Va,...,¥, CANNOt be considered as independent drawings according to f{x), and this
result cannot be used.

In [14], the Kohonen algorithm terminated with O neighbour at the end of learning is
studied. According to the comment at the end of section 3, the convergence of this
algorithm is thus equivalent to the convergence of a classical VQ technique as the
“competitive learning”. The result in [14] shows that the centroids after VQ are a
good discrete skeleton for reconstructing the initial density f(x), provided that each
centroid is weighted by the probability (estimated by the frequency) of its Voronoi
region. In other terms, if yy, y»,...,y, are the centroids after learning, and Cy, C5,...,C,
the corresponding Voronoi regions, the following convergence (in law) is guaranteed:
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z P(C)5, Oft P (5)
i=1
when » goes to infinity, and &, is a Dirac function on y,. This s equivalent to say that
the empirical measure defined by centroids y, y»,...,y,, weighted by the probabilities
of the associated Voronoi regions, converges (in law) to theinitial probability P.

Provided that centroids are adequately weighted, this results shows that it is possible
to reconstruct the initial law, and the result is exact when the number of centroids goes
to infinity. The authors of [14] also showed that the speed of convergence is better
than with data obtained by independent random drawings.

Another interesting result can be found in [7], and has been completed by many results
taking into account the number of neighbours used during learning, the shape of the
neighbourhood function,... [15, 16]. We know that without weights, the initia
distribution cannot be reconstructed exactly. More precisely, [7] shows that the best
vector quantization (i.e. which leads to a minimisation of distortion §,, without
neighbour) corresponds to a discrete density g(x) which converges asymptotically
(when n goesto infinity) to:

- vz,

g(x) =4 f(x)/4*2 (6)
where 4 is a constant. The Kohonen agorithm, when terminated with O neighbour,
and other more classical VQ methods as the competitive learning, have this property.
Nevertheless, it must be mentioned that it is not easy to visualise this property in
simulations, because it concerns densities and is thus very sensitive to the
observations. Another comment is that the exponent in (6) has no effect on uniform
dengities.

Although different, this result must be related to Lloyd’s work on vector quantization
[8], who aso derives a similar relation between the origina density f{x) and the
resulting g(x). Thislast density is however defined in a different way in Lloyd's work
(in afew words, g(x) is here reconstructed as a staircase density in which the limits of
intervals are defined by the centroids, and their weights are inversely proportional to
their width. The probabilities of intervals are thus supposed equal, and the
reconstructed density is shown to be related to f{x) through an exponent asin (6). We
insist on the fact that definitions of g(x) are different in [7] and [8], and that further
investigation would be necessary to compare these two results.

Finally, it must be mentioned that several authors [17, 6] proposed modifications of
the algorithm to compensate the exponent in (6), and to obtain discrete densities of
centroids closer from f{x). To our opinion, the question is to know if the exponent in
(6) must be considered as an undesired effect which must be compensated, or if the
problem of reconstructing the initial density can be solved by using Pagés' result [14].
In practical situations, when the probabilities of VVoronoi regions can be estimated by
their frequencies (i.e. when the number of initial drawingsis sufficiently large), Pages

214



ESANN'1997 proceedings - European Symposium on Artificial Neural Networks
Bruges (Belgium), 16-17-18 April 1997, D-Facto public., ISBN 2-9600049-7-3, pp. 211-218

result can be used, since it shows that the convergence to the initial density f{x) is
faster with centroids after VQ than with independent drawings on f{x).

5. Simulations

We conducted a set of experiments on known simple one-dimensiona pdfs, in order to
verify if underlying pdfs before and after learning can be built to be asymptotically
equal, without taking into account any exponent. The experiment is shown in Fig. 1
for uniform, gaussian, triangular and Poisson distributions respectively. Cumulated
densities are build according to (4). We insist on the fact that this way of considering
the pdf after VQ seems natural, but is different than for example in [6], where the
locations of centroids or the winning frequencies are taken into account, but never
together. Fig. 1 shows the cumulated probability densities before (plain line) and after
(crosses) VQ, the differences between the two curves, and the Kolmogorov test. Both
the differences and the Kolmogorov test clearly show that this way of approximating
the underlying initial pdf is adequate.

We aso conducted experiments on a 2-dimensional Gaussian distribution.  Fig. 2
shows that the way to take into account locations of centroids and/or winning
frequencies is determining to rebuild the initial underlying pdf. Fig. 2.a shows the
theoretica distribution in 3-D, while Fig. 2.b presents the same distribution in 2-D
(locations and sizes of the bubbles being strictly calculated according to the Gaussian
distribution). Fig. 2.c and Fig. 2.d are build as presented in [6]. In the case of Fig. 2.c,
only the positions of the units are taken into account. In the case of Fig. 2.d, bubbles
are proportional to the winning frequencies of units but position are arbitrarily chosen.
Fig. 2.e and f show, respectively in 2-D and 3-D, the reconstructed distribution using
the Kohonen algorithm and (4). Results are self-speaking.

6. Conclusion

We shown theoretical results that could be used to reconstruct an unknown density f(x)

after vector quantization:

e if the probabilities of the Voronoi regions can be estimated, [14] ensures the
convergence (in law) of the weighted empirical measure defined by the centroids
to theinitial distribution f{x);

e [7] result shows the relation between the discrete density of the centroids (without
weights) and f{(x); this relation can be inverted to reconstruct f{x);

e several authors proposed modifications of the Kohonen algorithm to compensate
the magnification coefficient, and thus to have a discrete density of centroids
(without weights) converging to f{(x).

All these theoretical results concern asymptotic situations, when the number of

centroids goes to infinity. Our simulations show that reconstructing the densities

taking into account locations and frequencies (as suggested in [14]) is very efficient.
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Whether one of the methods is more efficient or has a faster convergence to f{x) when
the number of centroids s finite remains an open question.

Finally, we recall that the Kohonen agorithm, terminated with O-neighbour, can be
seen as an initialization procedure of a classica VQ algorithm and thus, that the
theoretical results after convergence are identical. Whether this initialization is better
than other techniques also remains an open question.
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