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Ghsduwphqw ri Hfrqrplf Vwdwlvwlfv/ Vwrfnkrop Vfkrro ri Hfrqrplfv/

Er{ 9834/ V0446 ;6/ Vwrfnkrop/ Vzhghq1 H0pdlo= vwjuCkkv1vh

Devwudfw

Wklv sdshu frqvlghuv duwl�fldo qhxudo qhwzrun prghoolqj iurp d vwdwlv0

wlfdo srlqw ri ylhz1 Vshfl�fdwlrq/ hvwlpdwlrq dqg hydoxdwlrq duh fduulhg

rxw xvlqj Odjudqjh pxowlsolhu whvwlqj1 Vlpxodwlrqv lq vdpsohv ri prghudwh

vl}h ghprqvwudwh wkh shuirupdqfhv ri wkh ryhudoo surfhgxuh1

Dfnqrzohgjphqwv= L dp judwhixo wr wkh Wruh Eurzdogk*v Irxqgdwlrq

iru �qdqfldo vxssruw1

�� ����������	
 �
� �������	


Wkh fdsdelolw| ri vlqjoh klgghq0od|hu ihhgiruzdug qhxudo qhwzrunv +khuhdiwhu QQ,
ri dssur{lpdwlqj dq| Eruho0phdvxudeoh ixqfwlrq wr dq| ghjuhh ri dffxudf| kdv
ehhq srlqwhg rxw lq Kruqln/ Vwlqfkfrpeh/ dqg Zklwh +4<;<,1 Qrqolqhdu ihdwxuhv
lq wlph vhulhv fdq wkhq eh vxffhvvixoo| prghoohg dsso|lqj vwdwlvwlfdo wrrov wr wkh
gdwd ri lqwhuhvw/ vlqfh wkh frqqhfwlrq ehwzhhq QQ dqg vwdwlvwlfv lv jhqhudoo| zhoo
dffhswhg1 L fdoo wkh iroorzlqj prgho dq dxwruhjuhvvlyh QQ prgho ri rughu n zlwk
t klgghq xqlwv dqg d olqhdu frpsrqhqw=

|w @ �3zw .

t[
m@4

�m#+�
3
mzw, . xw> w @ 4> ===> W= +414,

zkhuh � @ +�4> �5> ===> �n> �3,
3/ � @

�
�4> ===> �t

�3
/ �m @

�
�m3> �m4> ===> �m>n�4> fm

�3
/

m @ 4> ===> t> zw @ +z4w> z5w> ===> znw> 4,
3 @ +|w�4> |w�5> ===> |w�n> 4,

3 dqg xw lv q=l=g=1
Khuh/ L dvvxph iru vlpsolflw| wkdw doo odjv iurp 4 wr n hqwhu prgho +414,1

Lq wlph vhulhv dssolfdwlrqv/ wkh �uvw lvvxh lv wkh fkrlfh ri odjv wr eh lqfoxghg
lq wkh prgho1 L gr wklv xvlqj d vhplsdudphwulf phwkrg dv lq Uhfk/ Whuçvyluwd/
dqg Wvfkhuqlj +4<<<,> khuhdiwhu UWW1 Wkh dxwkruv xwlol}h dq k0wk rughu Wd|oru
h{sdqvlrq ri wkh surfhvv1 Vxfk h{sdqvlrq frqwdlqv doo srvvleoh frpelqdwlrqv ri
odjv iurp 4 wr n/ wkh pd{lpxp odj hqfrpsdvvhg/ wkh lghd ehlqj wkdw wkh whupv
lqyroylqj uhgxqgdqw odjv kdyh }hur frh!flhqwv1 Wklv idfw lv xvhg wr rplw wkh
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uhgxqgdqw yduldeohv iurp wkh prgho1 Wkh yduldeoh vhohfwlrq surfhgxuh zrunv
dv iroorzv1 Iluvw/ uhjuhvv |w rq doo yduldeohv +surgxfwv ri odjv iurp 4 wr n,
lq wkh Wd|oru h{sdqvlrq dqg frpsxwh wkh ydoxh ri wkh VELF fulwhulrq +Ulvvdqhq
+4<:;,/ Vfkzdu} +4<:;,,1 Qh{w/ ohdyh rqh odj rxw iurp wkh ruljlqdo prgho/ uhjuhvv
|w rq doo surgxfwv ri uhpdlqlqj odjv lq wkh Wd|oru h{sdqvlrq dqg frpsxwh wkh
ydoxh ri wkh fulwhulrq1 Uhshdw wklv e| rplwwlqj hdfk odj lq wxuq1 Frqwlqxh e|
vlpxowdqhrxvo| rplwwlqj wzr odjv iurp wkh ruljlqdo prgho1 Surfhhg xqwlo |w lv
mxvw zklwh qrlvh1 Wklv dprxqwv wr hvwlpdwlqj

Sn

l@4

�
n

l

�
. 4 @ 5n olqhdu prghov

e| ruglqdu| ohdvw vtxduhv1 Wkh frpelqdwlrq ri odjv wkdw |lhogv wkh orzhvw ydoxh
ri wkh prgho vhohfwlrq fulwhulrq lv vhohfwhg1 VELF lv frqvlvwhqw lq wkh vhqvh wkdw
li wkhuh lv d �qlwh vhw ri fruuhfw odjv dqg li wkh wuxh prgho lv h{dfwo| d k0wk
rughu Wd|oru h{sdqvlrq/ wkh fruuhfw odjv zloo dv|pswrwlfdoo| eh vhohfwhg zlwk
suredelolw| rqh1 Dowkrxjk wkh qxpehu ri uhjuhvvruv jurzv h{srqhqwldoo| zlwk n
dqg k/ UWW vkrz wkdw wkh surfhgxuh zrunv zhoo douhdg| lq vpdoo vdpsohv dqg
fdq eh dssolhg hyhq lq odujh vdpsohv zkhuh wkh qrqsdudphwulf prgho vhohfwlrq
whfkqltxhv ehfrph frpsxwdwlrqdoo| lqihdvleoh1

Wkh vhfrqg vwhs lv olqhdulw| whvwlqj1 L iroorz Whuçvyluwd/ Olq/ dqg Judqjhu
+4<<6,/ zkhuh wkh dxwkruv xwlol}h d wklug0rughu Wd|oru h{sdqvlrq wr dssur{lpdwh
wkh qrqolqhdu klgghq xqlwv1 Wklv lv htxlydohqw wr whvwlqj iru 3 klgghq xqlwv
djdlqvw 41 Rqfh olqhdulw| lv uhmhfwhg/ wkh fkrlfh ri wkh qxpehu ri klgghq xqlwv
ghwhuplqhv wkh jrrgqhvv ri wkh dssur{lpdwlrq wr wkh wuxh gdwd jhqhudwlqj surfhvv
+khuhdiwhu GJS,1 Lw lv wkhuhiruh lpsruwdqw wr xwlol}h dq dssursuldwh phwkrg iru
wklv fkrlfh1 L whvw d QQprgho zlwk t klgghq xqlwv djdlqvw d prgho zlwk t.4 rqhv/
t @ 3> 4> 5> ===1/ fduu|lqj rxw d vhtxhqfh ri Odjudqjh Pxowlso|hu +khuhdiwhu OP,
whvwv iurp vshfl�f wr jhqhudo xqwlo wkh �uvw dffhswdqfh ri wkh qxoo k|srwkhvlv ri
t klgghq xqlwv1 OP whvwlqj lv edvhg rq wkh olnholkrrg ixqfwlrq uhvwulfwhg xqghu
K31 Dq h{whqvlyh ghvfulswlrq ri OP whvwlqj fdq eh irxqg lq Jrgiuh| +4<;;,1
Wkh +t . 4,0wk klgghq xqlw lv dssur{lpdwhg e| d Wd|oru vhulhv wr wkh wklug rughu
durxqg wkh srlqw �t.4@3 dv lq Whuçvyluwd/ Olq/ dqg Judqjhu +4<<6,1 Zh fdoo
wkh �uvw/ vhfrqg dqg wklug rughu frh!flhqwv �l/ �lm / �lmo/ uhvshfwlyho|1 Wklv lv
grqh wr dyrlg lghqwl�fdwlrq sureohpv vlqfh li �t.4 htxdov }hur/ prgho +414, lv
qrw lghqwl�hg=

|w @ ��3zw .

t[
m@4

�m#+�m >zw, .
n[

l@4

n[
m�l

��lmzwlzwm

.
n[

l@4

n[
m�l

n[
o�m

��lmozwlzwmzwo . x�w +415,

zkhuh �� @ � . ��> ��l @ �t.4�l> �
�
lm @ �t.4�lm > �

�
lmk @ �t.4�lmo> x

�
w @

�t.4U6+�t.4>zw> 3, . xw/ zkhuh U6+�t.4>zw> 3, lv wkh uhvw ri wkh wklug0rughu
Wd|oru h{sdqvlrq ri wkh +t . 4,0wk klgghq xqlw1 Wkh qxoo k|srwhvlv fruuhvsrqgv
wr ��lm @ 3> l @ 4> ===> n> m @ l> ===> n> ��lmo @ 3> l @ 4> ===> n> m @ l> ===> n> o @ m> ===> n
lq +415,1 L gh�qh wkh hvwlpdwhg uhvlgxdov xqghu wkh qxoo k|srwkhvlv/ eyw @ |w �

a��3zw �
St

m@4
a�m#+a�m >zw,/ zkhuh �e� ghqrwhv d frqvlvwhqw hvwlpdwru1 Wkh whvw

fdq eh shuiruphg lq wkuhh vwdjhv=
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+l, frpsxwh wkh hvwlpdwhg uhvlgxdov eyw dqg wkh fruuhvsrqglqj vxp ri wkh
vtxduhg uhvlgxdov VVU3 @

Sey5w >
+ll, uhjuhvv eyw rq zw/ #+e�m >zw,/

�
C#+�m >zw,@C�m

�
� m@e� m

/ m @ 4> ===> t/ dqg doo

wkh whupv dw wkh vhfrqg dqg wklug srzhu/ zkrvh qxpehu L fdoo p dqg frpsxwh
wkh uhvlgxdov ey3w dqg wkhlu vxp VVU @

Sey35w >
+lll, frpsxwh

I @
+VVU3 � VVU, @p

VVU@+W � n � 4�p,

Xqghu wkh qxoo/ I lv dssur{lpdwho| glvwulexwhg dv dq Ip>W�n�4�p1
Wkh hvwlpdwlrq surfhgxuh iru prgho +414, uhvhpeohv wkh 50vwhsv dojrulwkp

lq Zklwh +4<;<,1 Lq rughu wr lpsuryh lwv dffxudf|/ d vhw ri vwduwlqj ydoxhv lv
fkrvhq/ olqhdul}lqj wkh prgho dqg xvlqj ruglqdu| ohdvw vtxduhv1 Wkh qrqolqhdu
ohdvw vtxduhv surfhgxuh lv vxevhtxhqwo| fduulhg rxw e| wkh Eur|ghq0Iohwfkhu0
Jrogidue0Vkdqqr dojrulwkp1

Vxpplqj xs/ wkh ryhudoo ghylfh zrunv dv iroorzv1 Wkh vhw ri yduldeohv wr
eh lqfoxghg lq wkh prgho lv vhohfwhg dv lq UWW1 Wkh k|srwkhvlv ri qr qrqolqhdu
klgghq xqlwv +olqhdu prgho, lv whvwhg dw d jlyhq vljql�fdqfh ohyho �1 Li uhmhfwhg/ d
prgho zlwk d olqhdu sduw dqg rqh klgghq xqlw lv hvwlpdwhg dqg wkh dssur{lpdwh
w0ydoxhv ri wkh sdudphwhuv frpsxwhg/ dssur{lpdwlqj wkh fryduldqfh pdwul{ ri
wkh sdudphwhuv e| wkh rxwhu surgxfw ri wkh judglhqw pdwul{1 Wkh odjv zlwk
orz w0ydoxhv duh uhpryhg dqg wkh prgho uh0hvwlpdwhg1 Wkh zkroh surfhgxuh lv
uhgrqh xqwlo wkh klgghq xqlw frqwdlqv rqo| vljql�fdqw hvwlpdwhv1 Vxevhtxhqwo|/
wkh k|srwkhvlv ri qr dgglwlrqdo klgghq xqlwv lv whvwhg dw wkh vljql�fdqfh ohyho
�@51 Li uhmhfwhg/ d prgho zlwk wzr klgghq xqlwv lv hvwlpdwhg/ dqg wkh glphqvlrq
ri wkh prgho uhgxfhg e| fkhfnlqj wkh w0ydoxhv ri lwv hvwlpdwhv dv deryh1 Wkh
surfhgxuh frqwlqxhv kdoylqj wkh vljql�fdqfh ohyho djdlq wr �@7/ �@;> ===/ vwrsslqj
wkh surfhgxuh dw wkh �uvw dffhswdqfh ri wkh qxoo k|srwkhvlv ri qr dgglwlrqdo
klgghq xqlwv1 Ohwwlqj wkh vljql�fdqfh ohyho frqyhujh wr }hur dv t $4 nhhsv wkh
glphqvlrq ri wkh prgho xqghu frqwuro1

�� ��������	


Hydoxdwlqj d prgho uhtxluhv/ dv lq Hlwukhlp dqg Whuçvyluwd +4<<9,/ wr ghyhors
vshfl�f OP whvwv iru wkh k|srwhvlv ri qr huuru dxwrfruuhodwlrq dqg sdudphwhu
frqvwdqf|/ zkloh dgglwlrqdo qrqolqhdulw| lv douhdg| fkhfnhg zkhq L fkrrvh wkh
qxpehu ri klgghq xqlwv1 Wkh whvw iru huuru dxwrfruuhodwlrq lv edvhg rq prgho
+414,/ zkhuh wkh uhvlgxdov xw iroorz dq dxwruhjuhvvlyh surfhvv ri rughu u/ xw @Su

m@4 dmxw�m.%w> %w � q=l=g=+3> �5,1 Wkh fruuhvsrqglqj OP whvw iru wkh k|srwhvlv
K3 = d @ 3 fdq eh fduulhg rxw lq 6 vwhsv dv lq whvwlqj iru t djdlqvw t . 4 klgghq
xqlwv1 Dv wr sdudphwhu frqvwdqf|/ L jhqhudol}h prgho +414, dvvxplqj wkdw wkh
klgghq xqlwv kdyh frqvwdqw sdudphwhuv zkhuhdv erwk �v dqg �v pd| fkdqjh
vprrwko| ryhu wlph1 Wkhuhiruh � +w, @ �3 . �4Im +w> �4> f4, dqg � @ � +w, @
�3 . �5Im +w> �4> f4,1 Wkh qxoo k|srwkhvlv ri sdudphwhu frqvwdqf| lpsolhv wkdw
Im +w> �4> f4, � frqvwdqw iru dq| w1 L frqvlghu wkuhh srvvleoh ixqfwlrqdo irupv iru
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wkh wudqvlwlrqdo ixqfwlrq Im =

I4 +w> �4> f4, @ +4 . h{s i��4 +w� f4,j,
�4
� 4@5 +514,

I5 +w> �4> f4, @ 4� h{s
q
��4 +w� f4,

5
r

+515,

I6 +w> �4> f4, @ +4 . h{s i��4 +w� f4, +w� f5, +w� f6,j,
�4
� 4@5 +516,

L ghulyh d whvw vwdwlvwlf iru wkh prvw jhqhudo fdvh +516, = Wr flufxpyhqw wkh lghq0
wl�fdwlrq sureohp dv lq +415,/ L wdnh wkh �uvw rughu Wd|oru h{sdqvlrq ri +516,
derxw �4 @ 3/ dssur{lpdwlqj � +w, dqg � +w, e| srzhuv ri w1 Frpelqlqj whupv
lq d vlplodu zd| wkdq lq +415,/ L vhw xs wkuhh OP whvwv/ OPl/ l @ 4> 5> 61 Wkhlu
qxoo k|srwkhvlv uhtxluh wkdw whupv lqyroylqj srzhuv ri w iurp 4 wr l/ uhvshfwlyho|/
kdyh }hur frh!flhqwv1

�� �������	
�

Wkh vlpxodwhg vhulhv/ zkrvh ohqjkw lv W @ 533/ duh jhqhudwhg e| wkh iroorzlqj
QQ GJS zlwk 5 klgghq xqlwv dqg d olqhdu sduw/ wlph0ydu|lqj sdudphwhuv dqg
dxwrfruuhodwhg huuruv=

|w @ K4+w, +3=3: . 3=5|w�4 � 3=4|w�5,

.3=86K5 +w, +4 . h{si�4:+|w�4 � 4=;4|w�5 � 3=3:,j,
�4

+614,

�3=6:K6+w, +4 . h{si�53+|w�4 . 5=7|w�7 . 3=3:,j,
�4 . xw

xw @ �xw�4 . %w> %w � Q+3> 43�5,> � @ 3> 3=4> 3=5 +615,

K4+w, @ +4 . h{s +�5 +w� 433=8,,,� 3=8

Km+w, @
�
4� h{s

�
�5 +m � 4, +w� 433=8 +m � 4,,

5
��

> m @ 5> 6

L lqyhvwljdwh srzhu dqg vl}h ri wkh hydoxdwlrq wrrov lq wkh fdvhv ri wlph0ydu|lqj
sdudphwhuv dqg frqvwdqw rqhv +Km+w, � 4 iru dq| m dqg dq| w lq 614,/ dxwrfruuh0
odwhg dqg q=l=g= huuruv +� @ 3 lq 615,1 Zkhq wkh GJS kdv frqvwdqw sdudphwhuv
+judskv 409,/ wkh vl}h glvwruwlrq ri wkh whvwv iru qr dxwrfruuhodwlrq dqg sdudph0
whu frqvwdqf| duh qhjoljleoh/ dqg lwv srzhu jrrg hyhq lq vpdoo vdpsohv1 Wklv lv
d jhqhudo uhvxow vlqfh sdudphwhu frqvwdqf| whvwv kdyh vrph srzhu wrzdugv wkh
k|srwkhvlv ri qr dxwrfruuhodwlrq1 Lqwurgxflqj qrqfrqvwdqw sdudphwhuv +judskv
:043, eldvhv wkh vl}h ri wkh whvwv iru qr dxwrfruuhodwlrq zkhq wkh qxoo lv wuxh/
zkloh wkhlu srzhu lv vwloo d srvlwlyh ixqfwlrq ri �1 Dv wr sdudphwhu frqvwdqf|
whvwv/ wkh srzhu lv jrrg erwk iru � @ 3 dqg1� @ 3=41

��  	
�����	
�

L kdyh glvfxvvhg d vwdwlvwlfdoo| frqvlvwhqw vshfl�fdwlrq whfkqltxh iru QQ prghov
zklfk fdq eh dssolhg wr d zlgh udqjh ri qrqolqhdu surfhvvhv1 Li olqhdulw| lv qrw
uhmhfwhg/ d vlqjoh klgghq od|hu QQ prgho lv �wwhg wr wkh gdwd dqg hydoxdwhg lq
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d vlpsoh exw vwdwlvwlfdoo| frqvlvwhqw zd|1 Vlpxodwlrqv zhuh uxq wr ghprqvwdwh
wkh shuirupdqfhv ri wkh hydoxdwlrq whvwv zkhq wkh wuxh GJS lv dq QQ prgho/
uhvxowv ehlqj vdwlvidfwru| douhdg| dw vdpsoh vl}h W @ 5331 Wkh zkroh surfhgxuh
fdq eh xwlol}hg e| prgho exloghuv lqwhuhvwhg lq qrqolqhdu wlph vhulhv prghoolqj1

!�����
���

Hlwukhlp/ Û1/ dqg W1 Whuçvyluwd +4<<9,= �Whvwlqj wkh Dghtxdf| ri Vprrwk
Wudqvlwlrq Dxwruhjuhvvlyh Prghov/� Mrxuqdo ri Hfrqrphwulfv/ :7/ 8<�:81

Jrgiuh|/ O1 +4<;;,= Plvvshfl�fdwlrq Whvwv lq Hfrqrphwulfv1 Xqlyhuvlw| Suhvv/
Fdpeulgjh1

Kruqln/ N1/ P1 Vwlqfkfrpeh/ dqg K1 Zklwh +4<;<,= �Pxowl0Od|hu Ihhgiru0
zdug Qhwzrunv dqg Xqlyhuvdo Dssur{lpdwlrqv/� Qhxudo Qhwzrunv/ 5/ 68<�991

Uhfk/ J1/ W1 Whuçvyluwd/ dqg U1 Wvfkhuqlj +4<<<,= �D Vlpsoh Yduldeoh
Vhohfwlrq Phwkrg iru Qrqolqhdu Prghov/� VVH2HIL Zrunlqj Sdshu Vhulhv lq
Hfrqrplfv dqg Ilqdqfh/ Qr1 5<91

Ulvvdqhq/ M1 +4<:;,= �Prgholqj e| Vkruwhvw Gdwd Ghvfulswlrq/� Dxwrpdwlfd/
47/ 798�7:41

Vfkzdu}/ J1 +4<:;,= �Hvwlpdwlqj wkh Glphqvlrq ri d Prgho/� Dqqdov ri Vwdwlv0
wlfv/ 9/ 794�971

Whuçvyluwd/ W1/ F1 Olq/ dqg F1 Judqjhu +4<<6,= �Srzhu ri wkh Qhxudo
Qhwzrun Olqhdulw| Whvw/� Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 47/ 53<�5531

Zklwh/ K1 +4<;<,= �Vrph Dv|pswrwlf Uhvxowv iru Ohduqlqj lq Vlqjoh Klgghq0
Od|hu Ihhgiruzdug Qhwzrun Prghov/� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dv0
vrfldwlrq/ ;7+73;,/ 4336�43461

Judskv 4091 Vl}h glvfuhsdqf| sorwv dqg vl}h0srzhu fxuyhv ri wkh whvw ri qr
huuru dxwrfruuhodwlrq xs wr odjv 4 +T4,/ 5 +T5,/ 7 +T7, dqg 43 +T43,/ dqg wkh
wkuhh whvwv iru sdudphwhu frqvwdqf| OP4> OP5> OP6 djdlqvw vprrwk vwuxfwxudo
fkdqjh dw wkh vdpsoh vl}h W @ 533> iru 4333 uhsolfdwlrqv ri wkh vhulhv jhqhudwhg
e| surfhvv +6=4, zlwk frqvwdqw sdudphwhuv=
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4 s0ydoxh glvfuhsdqf| sorwv/ � @ 3
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5 s0ydoxh glvfuhsdqf| sorwv/ � @ 3
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