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Abstract

Uncertainty-Aware and Efficient Design Automation from Classical Circuit to Quantum

Computing

by

Zichang He

In the twilight of Moore’s Law, the semiconductor industry grapples with escalating

challenges driven by growing process variations and inherent uncertainties in the manu-

facturing of increasingly miniaturized devices. Traditional electronic design automation

(EDA) tools attempt to address this through rigorous simulation, modeling, and op-

timization. Concurrently, the need for alternative computational paradigms, notably

quantum computing, has surged, introducing fresh complexities and challenges. This

dissertation primarily addresses the high cost and low efficiency of modeling and simula-

tion, and the difficulties in design optimization under conditions of noisy and expensive

simulations in the context of classical circuits and quantum computing. It proposes

uncertainty-aware and efficient design automation methodologies in the EDA field and

quantum computing.

The first part of this dissertation focuses on the circuit-level uncertainty quantification

and optimization of classical circuits. We first propose a tensor regression model as

the stochastic circuit performance model under the high-dimensional process variations.

Then we propose a yield-aware stochastic programming approach to optimize the circuit

design, balancing the circuit yield and performance. To tackle optimization in the face of

shifted variations, we introduce a distributionally robust optimization formulation, which

can be efficiently solved using a Bayesian optimization solver.

The second part addresses block-level simulation and optimization of quantum algo-

ix



rithms. Highlighting the difficulty of the simulation, we begin with an exploration of a

variational method employed in the classical simulation of quantum algorithms. Given

the substantial obstacle noise poses to the practical applications of quantum computing,

we extend the idea of distributionally robust optimization to optimize the parameters of

variational quantum algorithms, aiming to enhance the reliability of a quantum algorithm

under real-time noise.
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Chapter 1

Introduction

1.1 Background and Motivation

In the era dominated by Moore’s Law, the semiconductor industry experienced ex-

ponential growth in computational power [1]. However, as we approach the physical

limits of semiconductor technologies, we find ourselves not only facing a slowdown in this

progress, but also dealing with increasing levels of process variation and uncertainties

in the manufacturing of these miniaturized devices [2, 3]. The smaller the devices be-

come, the more significant the impact of these variations. This variability can arise due

to several factors, including imperfections in the manufacturing process, environmental

conditions, changes over time, etc [4]. Such process variations could significantly impact

the performance, power consumption, and reliability of circuits [4–6].

In the conventional realm of electronic design automation (EDA), handling these

uncertainties has become an integral part of the design process. Simulation, modeling,

and optimization tools have been essential in addressing this issue [7–10]. They enable

designers to predict and understand the variations in system behavior, and to optimize

design trade-offs under these uncertain conditions. This reduces the time, cost, and risk
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Introduction Chapter 1

associated with the development of new hardware while ensuring the robustness and

reliability of the final product.

As we are approaching the end of Moore’s era [11], the scientific community has been

motivated to explore new computational paradigms, such as quantum computing [12],

probabilistic computing [13], optical computing [14], etc. Among them, quantum comput-

ing, which holds the promise of significant computational speedups for specific problems,

has been heavily investigated in recent years [12,15]. However, with quantum computing,

we face an entirely new set of challenges. The quantum circuit is, in principle, hard to

simulate in a classical computer due to its exponentially growing memory requirements.

Additionally, a quantum system is highly sensitive to noise, introducing complexity and

challenges to the design optimization process. Although quantum computing has its

unique challenges, we hope to borrow the lessons from EDA to this emerging computing

framework.

As quantum computing continues to mature and the scale of quantum systems in-

creases, there is an urgent need for robust tools for the simulation, modeling, and op-

timization of quantum circuits and systems. This emerging field of quantum design

automation aims to bridge this gap [16–19]. As quantum computing continues to evolve,

its design automation is becoming increasingly crucial in navigating through these un-

certainties and enabling the design of scalable and reliable quantum computers.

1.2 Overview and Contributions

1.2.1 Abstraction of Design Level

In an integrated circuit or a computer hardware design, there are usually four levels

of design: device level, circuit level, block level, and system level. Each level represents a

2



Introduction Chapter 1

specific level of abstraction and provides a particular perspective on the design process.

• Device level. The device level is the lowest level of abstraction. The device level

corresponds to the design of individual basic elements that form circuits, where

designers are concerned with the properties of individual devices

• Circuit level. The circuit level involves the combination of devices into functional

units to perform specific tasks. Designers must deal with the interactions between

different devices, such as timing, power consumption, and how individual device

variations might affect the entire circuit’s performance.

• Block level. The block level combines circuits to create larger and more complex

functional units, often called “blocks” or “modules”. A block-level design needs to

consider data flow, control signals, and interface compatibility between blocks.

• System level. At the highest level of abstraction, the system level involves integrat-

ing the different blocks to create the full system. A system-level design involves

defining the architecture of a system, specifying how blocks interact with each other,

and optimizing the system to meet requirements such as performance, power, cost,

and reliability.

In a classical electronics system, the example of the above four-level design could be

as follows. The device level corresponds to the design of individual transistors, their

characteristics, and their physical implementation on a silicon wafer. The circuit level

can include the design of analog circuits such as amplifiers, filters, and power circuits, or

digital circuits like logic gates, flip-flops, and multiplexers. The block level can include

a processor’s arithmetic logic unit, memory units, and I/O interfaces. The system level

could be the final chip architecture design.

3
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Sharing different computation mechanisms, quantum computing uses quantum phe-

nomena such as superposition and entanglement to perform computation. However, one

can similarly draw a parallel between the four levels of design in classical computing and

their counterparts in quantum computing. The device level refers to the creation and

control of the individual quantum bits or qubits, which are the basic units of quantum

information. At this level, the focus is on the physical realization of the qubits. The

popular realization platform includes superconducting, photonics, trapped ions, etc. At

the circuit level, individual qubits are manipulated and interact with each other to per-

form quantum computation. This includes the design of quantum logic gates. At the

block level, a “block” refers to a group of qubits and the associated quantum circuits that

perform a specific function. Most quantum algorithms are developed and implemented at

this level. The system level encompasses the entire quantum computer system. Although

a current quantum system is much less mature compared to a classical electronics one, a

good example could be the quantum processors developed by the big companies, such as

Google’s Sycamore [20], IBM’s a series of quantum processors [21], Quantinuum’s system

models [22].

The different abstraction levels in both classical electronic and quantum systems are

visualized in Fig. 1.1.

1.2.2 Part I: Classical Circuit at the Circuit Level

In the first part of this dissertation, we focus on the uncertainty-aware simulation

and optimization of classical circuits at the circuit level.

In classical non-scale circuit design, process variations have long been a challenge. Due

to limited knowledge about underlying physics and immature manufacturing technology,

this challenge is exacerbated in emerging computing approaches, such as phonics circuits.

4
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Figure 1.1: Abstraction of different design levels in both conventional and quantum
computing. The two highlighted blocks are the topics mainly covered in this dis-
sertation, i.e., uncertainty quantification and optimization of classical circuits and
simulation and optimization of quantum algorithms.

To account for uncertainty in circuit design, several main challenges arise: (1) modeling

stochastic circuits becomes increasingly difficult when process variations have a high

dimension [23,24], and (2) optimizing performance and yield becomes challenging under

uncertainty-aware optimization [25]. (3) very often, the knowledge of reference variation

is imperfect, and the variation could even shift over time [26,27].

Firstly, we propose a tensor-regression-based generalized polynomial chaos expansion

model to construct a surrogate model that quantifies the uncertainty of a stochastic circuit

and enables fast stochastic simulation [28, 29]. The low-rank structure mitigates the

typical curse of dimensionality challenge. Specifically, the model is capable of determining

the tensor rank automatically and selecting the simulation samples adaptively.

To address over-conservative design in optimizing yield under uncertainty, a chance-

constrained programming formulation is proposed for uncertainty-aware circuit design [30].

A polynomial bounding method is proposed to simplify but strictly bound the stochastic

5
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yield constraints, making the problem tractable.

To deal with the imperfect reference variation model, we introduce a shift-aware for-

mulation [31], distributionally robust optimization, to the EDA community. We assume

the variation distribution is unknown and describe it as an uncertainty ball. The design

optimization becomes a two-level min-max problem where the design is optimized under

the worst-case distribution.

1.2.3 Part II: Quantum Computing at the Block Level

In the second part of this dissertation, we focus on the simulation and optimization

of quantum computing at the block level, which focuses on the development of quantum

algorithms.

Quantum computing is a challenge for classical computers to simulate, even for noise-

less quantum circuits and algorithms, due to exponential memory scaling [32,33]. In con-

trast to many “training-free” simulators (e.g., state vector, tensor network), we explore a

machine-learning-based approach for the efficient simulation of variational quantum algo-

rithms [34]. The machine learning model represents a quantum state in the Hibert space

using significantly fewer parameters and mimics state evolution by variational updates

of the model parameters. We systematically analyze the advantages and disadvantages

of the ML model for variational quantum algorithm simulations [35].

Beyond simulation, to design quantum circuits for practical applications, noise re-

mains a significant obstacle for near-term quantum devices [36, 37]. Due to the inherent

mechanism of quantum computing, quantum circuits are highly sensitive to noise, which

can reduce the robustness and reliability of quantum solutions. To address the challenges

posed by the real-time changing noise of real quantum devices, we propose a distribu-

tionally robust optimization formulation and solve it via Bayesian optimization [38]. The

6
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proposed formulation is applied to the parameter optimization of variational quantum

algorithms, and we observe significant performance improvements under shifted noise

scenarios.

Similar to how electronic design automation has driven the significant progress of

modern computers, we hope the techniques and ideas presented in this part and future

research can accelerate the development of quantum computing.

1.3 Outline

The dissertation is organized as follows. We discuss the uncertainty quantification

and optimization of classical circuits in chapters 2, 3, and 4. In Chapter 2, we introduce a

tensor regression model [28,29] for high-dimensional uncertainty quantification of process

variations. In Chapter 3, we introduce a chance-constrained programming approach for

yield-aware optimization problem [30]. The yield-aware optimization formulation can

effectively balance the design yield and performance, avoiding over-conservative design

in yield optimization. In Chapter 4, we introduce a distributionally robust optimization

for circuits under shifted variations [31]. For the first time, we propose a shift-aware

formulation to optimize a circuit when the reference variation information is not precise.

Then, we introduce some quantum computing background in Chapter 5. We discuss

the simulation and optimization of quantum computing algorithms in Chapter 6 and 7,

respectively. In Chapter 6, we investigate a machine-learning-assisted variational method

for simulating quantum algorithms [35]. We comprehensively study the performance and

limitations of the variational simulation approach. In Chapter 7, we study the parameter

optimization of variational quantum algorithms [38]. Specifically, boosting the reliability

of quantum algorithms, we tackle algorithm optimization under real-time quantum noise.

The dissertation is concluded and discussed in Chapter 8.

7
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Uncertainty Quantification and

Optimization of Classical Circuits
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Chapter 2

High-Dimensional Uncertainty

Quantification of Process Variations

2.1 Introduction

In this chapter, we will highlight the challenges of uncertainty quantification of

high-dimensional process variations and address them using a tensor-regression-based

approach.

Fabrication process variations (e.g., surface roughness of interconnects and photonic

waveguide, and random doping effects of transistors) have been a major concern in nano-

scale chip design. They can significantly influence chip performance and decrease product

yield [4]. Monte Carlo (MC) is one of the most popular methods to quantify chip per-

formance under uncertainty, but it requires a huge amount of computational cost [39].

Instead, stochastic spectral methods based on generalized polynomial chaos (gPC) [40]

offer efficient solutions for fast uncertainty quantification by approximating a real uncer-

tain circuit variable as a linear combination of some stochastic basis functions [41–43].

These techniques have been increasingly used in design automation [44–51]. The main

9
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challenge of the stochastic spectral method is the curse of dimensionality: the compu-

tational cost grows very fast as the number of random parameters increases. In order

to address this fundamental challenge, many high-dimensional solvers have been devel-

oped. The representative techniques include (but are not limited to) compressive sens-

ing [52,53], hyperbolic regression [54], analysis of variance (ANOVA) [55,56], model order

reduction [57], and hierarchical modeling [24,58], and tensor methods [23,24].

The low-rank tensor approximation has shown promising performance in solving high-

dimensional uncertainty quantification problems [23, 59–64]. By low-rank tensor decom-

position, one may reduce the number of unknown variables in uncertainty quantification

to a linear function of the parameter dimensionality. However, there is a fundamental

question: how can we determine the tensor rank and the associated model complexity?

Because it is hard to exactly determine a tensor rank a-priori [65], existing methods often

use a tensor rank pre-specified by the user or use a greedy method to update the tensor

rank until convergence [23,66,67]. These methods often offer inaccurate rank estimation

and are complicated in computation. Besides rank determination, another important

question is: how can we adaptively add a few simulation samples to update the model

with a low computation budget? This is very important in electronic and photonic de-

sign automation because obtaining each piece of data sample requires time-consuming

device-level or circuit-level numerical simulations.

Main contributions. We propose a novel tensor regression method for high-dimensional

uncertainty quantification. Tensor regression has been studied in machine learning and

image data analysis [68–70]. There are some existing works of automatic rank determi-

nation [71–73] and adaptive sampling [74, 75] for tensor decomposition and completion.

The Bayesian frameworks [76,77] can enable and guide the adaptive sampling procedure

for tensor regression, but limit the model in the meanwhile. Focusing on uncertainty

quantification, there are few works about tensor regression and its automatic rank deter-

10
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mination and adaptive sampling. The main contributions of this chapter include:

• We formulate high-dimensional uncertainty quantification as a tensor regression

problem. We propose a ℓq/ℓ2 group-sparsity regularization method to determine

rank automatically. Based on variation equality, the tensor-structured regression

problem can be efficiently solved via a block coordinate descent algorithm with an

analytical solution in each subproblem.

• We propose a two-stage adaptive sampling method to reduce the simulation cost.

This method balances the exploration and exploitation by combining the estimation

of Voronoi cell volumes and the nonlinearity of an output function.

• We verify the proposed uncertainty quantification model on a 100-dim synthetic

function, a 19-dim photonic band-pass filter, and a 57-dim CMOS ring oscillator.

Our model can capture the high-dimensional stochastic output well with only 100-

600 samples.

2.2 Notation and Preliminaries

Throughout this chapter, a scalar is represented by a lowercase letter, e.g., x ∈ R;

a vector or matrix is represented by a boldface lowercase or capital letter respectively,

e.g., x ∈ Rn and X ∈ Rm×n. A tensor, which describes a multidimensional data array,

is represented by a bold calligraphic letter, e.g., X ∈ Rn1×n2···×nd . The (i1, i2, · · · , id)-th

data element of a tensor X is denoted as xi1i2···id . Obviously X reduces to a matrix X

when d = 2, and its data element is xi1i2 . In this section, we will briefly introduce the

background of generalized polynomial chaos (gPC) and tensor computation.

11
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2.2.1 Generalized Polynomial Chaos Expansion

Let ξ = [ξ1, . . . , ξd] ∈ Rd be a random vector describing fabrication process variations

with mutually independent components. We aim to estimate the interested performance

metric y(ξ) (e.g., chip frequency or power) under such uncertainty. We assume that

y(ξ) has a finite variance under the process variations. A truncated gPC expansion

approximates y(ξ) as the summation of a series of orthornormal basis functions [40]:

y(ξ) ≈ ŷ(ξ) =
∑
α∈Θ

cαΨα(ξ), (2.1)

where α ∈ Nd is an index vector in the index set Θ, cα is the coefficient, and Ψα is a

polynomial basis function of degree |α| = α1+α2+ · · ·+αd. One of the most commonly

used index set is the total degree one, which selects multivariate polynomials up to a

total degree p, i.e.,

Θ = {α|αk ∈ N, 0 ≤
d∑

k=1

αk ≤ p}, (2.2)

leading to a total of (d+p)!
d!p!

terms of expansion. Let ϕ
(k)
αk (ξk) denote the order-αk univariate

basis of the k-th random parameter ξk, the multivariate basis is constructed via taking

the product of univariate orthonormal polynomial basis:

Ψα(ξ) =
d∏

k=1

ϕ(k)
αk
(ξk). (2.3)

Therefore, given the joint probability density function ρ(ξ), the multivariate basis satisfies

the orthornormal condition:

⟨Ψα(ξ),Ψβ(ξ)⟩ =
∫
Rd

Ψα(ξ)Ψβ(ξ)ρ(ξ)dξ = δα,β. (2.4)

12
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The detailed formulation and construction of univariate basis functions can be found

in [40,78].

In order to estimate the unknown coefficients cα’s, several popular methods can be

used, including intrusive (i.e., non-sampling) methods (e.g., stochastic Galerkin [79] and

stochastic testing [42]) and non-intrusive (i.e., sampling) methods (e.g., stochastic collo-

cation based on pseudo-projection or regression [80]). It is well known that gPC expansion

suffers the curse of dimensionality. The computational cost grows exponentially as the

dimension of ξ increases.

2.2.2 Tensor and Tensor Decomposition

Given two tensors X and Y ∈ Rn1×n2···×nd , their inner product is defined as:

⟨X ,Y⟩ :=
∑
i1···id

xi1···idyi1···id . (2.5)

A tensor X can be unfolded into a matrix along the k-th mode/dimension, denoted as

Unfoldk(X ) := X(k) ∈ Rnk×n1···nk−1nk+1···nd . Conversely, folding the k-mode matrization

back to the original tensor is denoted as Foldk(X(k)) := X .

Given a d-dim tensor, it can be factorized as a summation of some rank-1 vectors,

which is called CANDECOMP/PARAFAC (CP) decomposition [81]:

X =
R∑

r=1

a(1)
r ◦ a(2)

r · · · ◦ a(d)
r = [[A(1),A(2), . . . ,A(d)]], (2.6)

where ◦ denotes the outer product. The last term is the Krusal form, where factor matrix

A(k) =
[
a
(k)
1 , . . . , a

(k)
R

]
∈ Rnk×R includes all vectors associated with the k-th dimension.

The smallest number of R that ensures the above equality is called a CP rank. The k-th

13
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mode unfolding matrix X(k) can be written with CP factors as

X(k) =A(k)A(\k)T with

A(\k) =A(d) ⊙ · · · ⊙A(k−1) ⊙A(k+1) · · · ⊙A(1),

(2.7)

where ⊙ denotes the Khatri-Rao product, which performs column-wise Kronecker prod-

ucts [81]. More details of tensor operations can be found in [81].

2.3 Proposed Tensor Regression Method

2.3.1 Low-Rank Tensor Regression Formulation

To approximate y(ξ) as a tensor regression model, we choose a full tensor-product

index set for the gPC expansion:

Θ = {α = [α1, α2, · · · , αd] | 0 ≤ αk ≤ p,∀k ∈ [1, d]} . (2.8)

This specifies a gPC expansion with (p+ 1)d basis functions. Let ik = αk + 1, then we

can define two d-dimensional tensors X and B(ξ) with their (i1, i2, · · · id)-th elements as

xi1i2···id = cα and bi1i2···id(ξ) = Ψα(ξ). (2.9)

Combining Eqs (2.1), (2.8) and (2.9), the truncated gPC expansion can be written as a

tensor inner product

y(ξ) ≈ ŷ(ξ) = ⟨X ,B(ξ)⟩. (2.10)
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The tensor B(ξ) ∈ R(p+1)×···×(p+1) is a rank-1 tensor that can be exactly represented as:

B(ξ) = ϕ(1)(ξ1) ◦ ϕ(2)(ξ2) ◦ · · · ◦ ϕ(d)(ξd), (2.11)

where ϕ(k)(ξk) = [ϕ
(k)
0 (ξk), · · · , ϕ(k)

p (ξk)]
T ∈ Rp+1 collects all univariate basis functions of

random parameter ξk up to order-p.

The unknown coefficient tensor X has (p+ 1)d variables in total, but we can describe

it via a rank-R CP approximation:

X ≈
R∑

r=1

u(1)
r ◦ u(2)

r ◦ · · · ◦ u(d)
r = [[U(1),U(2), . . . ,U(d)]]. (2.12)

It decreases the number of unknown variables to (p+ 1)dR, which only linearly depends

on d and thus effectively overcomes the curse of dimensionality.

Our goal is to compute coefficient tensor X given a set of data samples {ξn, y(ξn)}Nn=1

via solving the following optimization problem

min
{U(k)}dk=1

h(X ) = 1

2

N∑
n=1

(
yn − ⟨[[U(1),U(2), . . . ,U(d)]],Bn⟩

)2
, (2.13)

where yn = y(ξn), Bn = B(ξn), and ξn denotes the n-th sample.

2.3.2 Automatic Rank Determination

The low-rank approximation (2.12) assumes that X can be well approximated by

R rank-1 terms. In practice, it is hard to determine R in advance. In this work, we

leverage a group-sparsity regularization function to shrink the tensor rank from an initial
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Figure 2.1: Visualization of the tensor rank determination. Here the gray vectors
denote some shrinking tensor factors that can be removed from a CP decomposition.

estimation. Specifically, define the following vector:

v := [v1, v2, · · · , vR] with vr =
(

d∑
k=1

∥u(k)
r ∥22

) 1
2

∀r ∈ [1, R]. (2.14)

We further use its ℓq norm with q ∈ (0, 1] to measure the sparsity of v:

g(X ) = ∥v∥q, q ∈ (0, 1] . (2.15)

This function groups all rank-1 term factors together and enforces the sparsity among R

groups. The rank is reduced when the r-th columns of all factor matrices are enforced

to zero. When q = 1, this method degenerates to a group lasso, and a smaller q leads to

a stronger shrinkage force.

Based on this rank-shrinkage function, we compute the tensor-structured gPC coeffi-
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cients by solving a regularized tensor regression problem:

min
{U(k)}dk=1

f(X ) =h(X ) + λg(X ), (2.16)

where λ > 0 is a regularization parameter. As shown in Fig. 2.1, after solving this

optimization problem, some columns with the same column indices among all matrices

U(k)’s are close to zero. These columns can be deleted and the actual rank of our

obtained tensor becomes R̂ ≤ R, where R̂ is the number of remaining columns in each

factor matrix.

2.3.3 A More Tractable Regularization

It is non-trivial to minimize f(X ) since g(X ) is non-differentiable and non-convex

with respect to U(k)’s. Therefore, we replace the regularization function with a more

tractable one based on the following variational equality.

Lemma 1 (Variational equality [82]) Let α ∈ (0, 2], and β = α
2−α

. For any vector

y ∈ Rp, we have the following equality

∥y∥α = min
η∈Rp

+

1

2

p∑
r=1

y2r
ηr

+
1

2
∥η∥β, (2.17)

where the minimum is uniquely attained for ηr = |yr|2−α∥y∥α−1
α , r = 1, 2, . . . , p.

Proof: See Appendix A.1.1.

If we take p = R, α = q, and yr = vr (defined in (2.14)), on the right-hand side of

Eq. (2.17), then we have

ĝ(X ,η) = 1

2

R∑
r=1

v2r
ηr

+
1

2
∥η∥ q

2−q
. (2.18)

17



High-Dimensional Uncertainty Quantification of Process Variations Chapter 2

The original rank-shrinking function (2.15) is equivalent to

g(X ) = min
η∈RR

+

ĝ(X ,η). (2.19)

As a result, we solve the following optimization problem as an alternative to (2.16):

min
{U(k)}dk=1,η

f̂(X ) =h(X ) + λĝ(X ,η). (2.20)

2.3.4 A Block Coordinate Descent Solver for Problem (2.20)

Now we present an alternating minimization solver for Problem (2.20). Specifically,

we decompose Problem (2.20) into (d + 1) sub-problems with respect to {U(k)}dk=1 and

η, and we can obtain the analytical solution to each sub-problem.

• U(k)-subproblem: By fixing η and all tensor factors except U(k), we can see that

the variational equality induces a convex subproblem. Based on the first-order

optimality condition, U(k) can be updated analytically:

vec(U(k)) = (ΦTΦ+ λΛ̃)
−1
ΦTy, (2.21)

where Φ = [Φ1, · · · ,ΦN ]
T ∈ RN×R(p+1) with rows ΦT

n = vec
(
Bn

(k)U
(\k)
)T

for any

n ∈ [1, N ], Λ̃ = diag( 1
η1
, . . . , 1

ηR
) ⊗I ∈ RR(p+1)×R(p+1), and y ∈ RN is a collection of

output simulation samples. Here ⊗ denotes a Kronecker product, U(\k) is a series

of Khatri-Rao product defined as Eq. (2.7), and Bn
(k) is the k-th mode matrization

of the tensor Bn = B(ξn). For simplicity, we leave the derivation of Eq. (2.21) to

Appendix A.1.2.

• η-subproblem: Suppose that {U(k)}dk=1 are fixed, the formulation of the η-
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subproblem is shown in (2.19). According to lemma 1, we update η as

ηr = (vr)
2−q∥v∥q−1

q + ϵ, (2.22)

where ϵ > 0 is a small scalar to avoid numerical issues. Suppose that the tensor

rank is reduced in the optimization, i.e., u
(k)
r = 0, ∀k ∈ [1, d], then we can see that

ηr will become zero without ϵ.

2.3.5 Discussions

We would like to highlight a few key points in practical implementations.

• The solution depends on the initialization process. In the first iteration of updating

the k-th factor matrices, we suggest the following initialization

Φ = [Φ1,Φ2, . . .ΦN ]
T with

Φn = vec(On,k)
T ,∀n ∈ [1, N ],

On,k =
[
ϕ(k)(ξnk ), . . . ,ϕ

(k)(ξnk )
]
∈ R(p+1)×R,

(2.23)

where ξnk is the k-th variable of sample ξn, ϕ
(k)(ξnk ) ∈ Rp+1 collects all univariate

basis functions of ξnk up to degree p, and On,k stores R copies of ϕ(k)(ξnk ). Besides,

in the first iteration without adaptive sampling, we set η as an all-ones vector

multiplied by a scalar factor since we do not have a good initial guess for {U(k)}dk=1.

The value of the scalar factor does not influence a lot once it makes Eq. (2.21)

numerically stable. In an adaptive sampling setting (see Section 2.4), we need to

solve (2.20) after adding new samples. In this case, we use a warm-up initialization

by setting the initial guess of {U(k)}dk=1 as the solution obtained based on the

last-round sampling, and therefore can initialize η via Eq. (2.22).
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• The regularization parameter λ is highly related to the force of rank shrinkage. To

adaptively balance the empirical loss and the rank shrinkage term, we suggest an

iterative update of the parameter

λ = λ0max(η), (2.24)

where λ0 is chosen via cross validation.

• We stop the block coordinate descent solver for problem (2.20) when the update of

factor matrices {U(k)}dk=1 is below a predefined threshold, or the algorithm reaches

a predefined maximal number of iterations.

The overall algorithm, including an adaptive sampling which will be introduced in

Section 2.4, is summarized in Algorithm 1. After solving the factor matrices {U(k)}dk=1,

i.e. the coefficient tensor X , the surrogate on a sample ξ can be efficiently calculated as

ŷ(ξ) = ⟨X ,B(ξ)⟩ =
R∑

r=1

d∏
k=1

[
ϕ(k)(ξk)

]T
u(k)
r . (2.25)

In this work, tensor X is approximated by a low-rank CP decomposition. It is also

possible to use other kinds of tensor decompositions. In those cases, although the tensor

ranks are defined in different ways, the idea of enforcing group-sparsity over tensor factors

still works. It is also worth noting that (2.20) can be seen as a generalization of weighted

group lasso. To further exploit the sparsity structure of the gPC coefficients, many

variants can be developed from the statistic regression perspective, including the sparse

group lasso, tensor-structured Elastic-Net regression, and so forth [83].
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Algorithm 1 Overall Adaptive Tensor Regression

Input: Initial sample pairs {ξn, y(ξn)}Nn=1, unitary polynomial order p, initial tensor
rank R

Output: Constructed surrogate model Eq. (2.25)
1: while Adaptive sampling does not stop do
2: Construct the basis tensor B(ξ)
3: if No additional samples then
4: Initialize with Eq. (2.23)
5: else
6: Initialize {U(k)}dk=1 with the last solution
7: end if
8: while Tensor regression does not stop do
9: for k = 1, 2, . . . , d do
10: update U(k) via Eq. (2.21)
11: end for
12: Update η via Eq. (2.22)
13: Update regularization parameter λ via Eq. (2.24)
14: end while
15: Shrink the tensor rank to R̂ if possible
16: Select new sample pairs based on Algorithm 2
17: end while

2.4 Adaptive Sampling Approach

Another fundamental question in uncertainty quantification is how to select the pa-

rameter samples ξ for simulation. We aim to reduce the simulation cost by selecting only

a few informative samples for the detailed device- or circuit-level simulations.

Given a set of initial samples Θ, we design a two-stage method to balance the explo-

ration and exploitation in our active sampling process. In the first stage, we estimate

the volume of some Voronoi cells via a Monte Carlo method to measure the sampling

density in each region. In the second stage, we roughly measure the nonlinearity of y(ξ)

at some candidate samples via a Taylor expansion. We choose new samples that are

located in a low-density region and make y(ξ) highly nonlinear. In our implementation,

the initial samples Θ = {ξn, y(ξn)}Nn=1 are generated by the Latin Hypercube (LH) sam-
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Figure 2.2: An example of Voronoi diagram on [0, 1]2. Each LH sample is a Voronoi
cell center. The lower right cell should be selected in the first-stage since it has the
largest estimated area (volume).

pling method [84]. Specifically, we first generate some standard LH samples {ζLHn }Nn=1 in

a hyper cube [0, 1]d, then we transform them to the practical parameter space Ω via the

inverse transforms of the cumulative distribution function. Generally, the initial sample

size of Θ depends on the number of unknowns in the model. Since problem (2.20) is

regularized and solved via an alternating solver, given a limited simulation budget, we

set the initial size N to be smaller than the number of unknowns in our examples.

2.4.1 Exploration: Volume Estimation of Voronoi Cells

Firstly, we employ an exploration step via a space-filling sequential design. Given

the existing sample set Θ, the sample density in Ω can be estimated via a Voronoi

diagram [85]. Specifically, each sample ξn corresponds to a Voronoi cell Cn ∈ Ω that
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contains all the samples that lie closely to ξn than other samples in Ω. The Voronoi

diagram is a complete set of cells that tesselate the whole sampling space. The volume

of a cell reflects its sample density: a larger volume means that the cell region is less

sampled.

Here we provide a formal description of the Voronoi cell. Given two distinct samples

ξi, ξj ∈ Ω, there always exist a half-plane hp(ξi, ξj) that contains all samples that are at

least as close to ξi as to ξj

hp(ξi, ξj) = {ξ ∈ Rd| ∥ξ − ξi∥ ≤ ∥ξ − ξj∥}. (2.26)

The Voronoi cell Ci is defined as the space that lie in the intersection of all half-plane

hp(ξi, ξj),∀ξj ∈ Ω \ ξi:

Ci =
⋂

ξj∈Ω\ξi

hp(ξi, ξj). (2.27)

It is intractable to construct a precise Voronoi diagram and calculate the volume exactly

in a high-dimensional space. Fortunately, we do not need to construct the exact Voronoi

diagram. Instead, we only need to estimate the volume in order to measure the sample

density in that cell. This can be done via a Monte Carlo method.

Observation 1 In order to detect the least-density region in Ω, we can either estimate

the density of Ω directly or estimate the density of hyper-cube [0, 1]d and then transform

it to Ω. In the Monte-Carlo-based density estimation, it is fairer to choose the latter one.

An example to show the observation is as below.

Example 1 Suppose we already have two samples [0.2, 0.6], and we consider a can-

didate sample 0.4 in the interval [0, 1] equipped with a uniform distribution. Then,

based on the Box–Muller transform, their corresponding Gaussian-distributed samples

are [−0.8416, 0.2533] and −0.2533, respectively. It is easy to know that the PDF value of
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sample 0.2533 is larger than sample −0.8416 in a standard Gaussian distribution. Ap-

parently, the candidate sample is equally close to the two examples in a uniform-sampled

space, but it is closer to the one with a higher probability density in the Gaussian-sampled

space.

Based on the above observation, we estimate the volume of Voronoi cell in the hyper

cube. Let the existing LH samples {ζLHn }Nn=1 be the cell centers {Cn}Nn=1. We first

randomly generateM Monte Carlo samples {ψm}Mm=1 ∈ [0, 1]d. For each random sample,

we calculate its Euclidean distance towards the cell centers and assign it to the closest

one. Then the volume of the cell vol(Cn) is estimated by counting the number of assigned

random samples. The cell with the largest estimated volume is least-sampled. The MC

samples assigned to this cell are denoted as set Γ. A simple example that illustrates the

first-round search is shown in Fig. 2.2. After transforming all Monte Carlo samples in

set Γ back to the actual parameter space Ω via the inverse transform sampling method,

we obtain a set of candidates for the next-stage selection, denoted as set ΓΩ.

The accuracy of volume estimation depends on the number of random samples.

Clearly, more Monte Carlo samples can estimate the volume more accurately, but they

also induce more computational burden. As suggested by [86], to achieve a good estima-

tion accuracy, we use M Monte Carlo samples with M = 100N .

2.4.2 Exploitation: Nonlinearity Measurement

In the second stage, we aim to do an exploitation search based on the obtained can-

didate sample set ΓΩ. Based on the assumption that the region with a more nonlinear

response is harder to capture, we choose the criterion in the second stage as the non-

linearity measure of the target function. We know that the first-order Taylor expansion

of a function becomes more inaccurate if that function is more nonlinear. Therefore,
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Algorithm 2 Adaptive sampling procedure

Input: Initial samples pairs Θ = {ξn, y(ξn)}Nn=1

Output: Sample pairs Θ⋆ with the additional sample
1: Uniformly generate M = 100N Monte Carlo samples {ψm}Mm=1 ∈ [0, 1]d

2: for m = 1, 2, . . . ,M do
3: Find the closest cell Cn center to ψm

4: vol(Cn)← vol(Cn) + 1
5: end for
6: Find the cell with the biggest estimated volume vol and the sample set Γ assigned to

this cell
7: ΓΩ ← Inverse transform sampling(Γ)
8: Calculate the nonlinearity measure γ(ΓΩ) via Eq. (2.28)
9: Select ξ⋆ according to Eq. (2.29)
10: Θ⋆ ← Θ

⋃{ξ⋆, y(ξ⋆)}
given a sample ξ, we measure the non-linearity of y(ξ) via the difference of y(ξ) and its

first-order Taylor expansion around the closest Voronoi cell center a ∈ Ω [87]. We do not

know exactly the expression of y(ξ), but we have already built a surrogate model ŷ(ξ)

based on previous simulation samples. Therefore, the nonlinearity of y(ξ) can be roughly

estimate as

γ(ξ) = |ŷ(ξ)− ŷ(a)−∇ŷ(a)T (ξ − a)|. (2.28)

Notice that the nonlinear measure does not imply the accuracy of the surrogate model

since we do not use the simulation value here. In the second stage, we will choose the

sample ξ⋆ that has the largest γ(ξ) from the candidate set of ΓΩ:

ξ⋆ = argmax
ξ∈ΓΩ

(γ (ξ)) . (2.29)

To summarize, we select the most nonlinear sample from the least-sampled cell space,

which is a good trade-off between exploration and exploitation. Based on the above, we

summarize the adaptive sampling procedure in Algorithm 2.
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2.4.3 Discussion

The proposed adaptive sampling method can be easily extended to a batch version

by searching for the top-K least-sampled regions in the first stage. We can stop sampling

when we exceed a sampling budget or when the constructed surrogate model achieves

the desired accuracy.

Therefore, the proposed sampling method is very flexible and generic. The proposed

method is very suitable for constructing a high-dimensional polynomial model due to two

reasons. Firstly, the number of samples required in estimating the Voronoi cell does not

rely on the parameter dimensionality but on the number of existing samples. Secondly,

the derivative and the nonlinearity of the surrogate model are easy to compute.

Some variants of the proposed sampling methods may be further developed. For

instance, we may define a score function as the combination of the estimated volume

and the nonlinearity measure, and then calculate the score for each Monte Carlo sample

and select the best one. In the batch version, we may also select several top nonlinear

samples from the same Voronoi cell.

2.5 Statistical Information Extraction

Based on the obtained tensor regression model ŷ(ξ) =
∑
α∈Θ

cαΨα(ξ) = ⟨X ,B(ξ)⟩, we

can easily extract important statistical information such as moments and Sobol’ indices.

• Moment information. The mean µ of the constructed ŷ(·) is the coefficient of

the zero-order basis Ψ0(ξ):

µ = c0 = x11···1 =
R∑

r=1

u(1)
r (1)u(2)

r (1) · · ·u(d)
r (1). (2.30)
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Figure 2.3: Results of approximating the synthetic function. (a) Testing error on
105 MC samples. (b) The estimated rank. (c) Probability density functions of the
function value.

x11···1 is the (1, 1, · · · , 1)-th element of tensor X , and u
(k)
r (1) denotes the first ele-

ment of vector u
(k)
r The variance of y(ξ) can be estimated as:

σ2 =
∑

α∈Θ,α̸=0

cα = ⟨X ,X⟩ − x211···1

=
R∑

r1=1

R∑
r2=1

d∏
k=1

u(k)
r1

T
u(k)
r2
− µ2.

(2.31)

• Sobol’ indices. Based on the obtained model, we can also extract the Sobol’ in-

dices [88,89] for global sensitivity analysis. The main sensitivity index Sj measures

the contribution by random parameter ξj along to the variance y(ξ):

Sj =
Var [E [y(ξ)|ξj]]

σ2
(2.32)

where E [y(ξ)|ξj] denotes the conditional expectation of y(ξ) over all random vari-

ables except ξj. The variance of this conditional expectation can be estimated
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Figure 2.4: Sensitivity analysis of the synthetic function in (2.38). The proposed
method fits the results from Monte Carlo [88] with 107 simulations very well.

as

Var [E [y(ξ)|ξj]] =
p+1∑
ij=2

x21···ij1···1

=

p+1∑
ij=2

[
R∑

r=1

u(j)
r (ij)

∏
k ̸=j

u(k)
r (1)

]2
.

(2.33)

The total sensitivity index Tj measures the contribution to the variance of y(ξ) by

variable ξj and its interactions with all other variables:

Tj = 1−
Var

[
E
[
y(ξ)|ξ\j

]]
σ2

. (2.34)

Here ξ\j includes all elements of ξ except ξj. The involved variance of a conditional
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expectation is estimated as

Var
[
E
[
y(ξ)|ξ\j

]]
=

∑
(i1,i2,···id), ij=1

x2i1···id − x
2
11···1

=
R∑

r1=1

R∑
r2=1

u(j)
r1
(1)u(j)

r2
(1)
∏
k ̸=j

u(k)
r1

T
u(k)
r2
− µ2.

(2.35)

Similarly, we can also express any higher-order index representing the effect from

the interaction between a set of variables with an analytical form.

2.6 Numerical Results

In this section, we will verify the proposed tensor-regression uncertainty quantification

method in one synthetic function and two photonic/ electronic IC benchmarks.

2.6.1 Baseline Methods for Comparison

We compare our proposed method with the following approaches.

• Tensor regression with adaptive sampling based on space exploration only intro-

duced in Section 2.4.1 (denoted as Space).

• Tensor regression with adaptive sampling based on exploiting nonlinearity only

introduced in model with only Section 2.4.2 (denoted as Nonlinear).

• Tensor regression model with random sampling (denoted as Rand). In each itera-

tion of adding samples, new samples are simply randomly selected.

• Fixed-rank tensor regression (denoted as Fixed rank). This method uses a tensor
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Table 2.1: Model Comparisons on the Synthetic Function

Sample # Variable # Mean Std Testing

Monte Carlo 105 N/A -162.95 4.80 N/A
Sparse gPC 380 5151 -163.04 2.27 2.3%
Fixed rank 380 15x100 -163.24 5.02 1.01%
Proposed 380 3x100* -162.93 4.86 0.37%

* In the alternating solver, there are 100 subproblems with 3
unknown variables in each one (the rank has been shrunk).

ridge regularization in the regression objective function [70]:

min
{U(k)}dk=1

f(X ) =h(X ) + λ
d∑

k=1

∥U(k)∥2F. (2.36)

The standard ridge regression does not induce a sparse structure. We will keep the

tensor rank fixed in solving Eq. (2.36).

• Sparse gPC expansion with a total degree truncation [90] (denoted as Sparse gPC).

With the truncation scheme in Eq. (2.2), we compute the gPC coefficients by solving

the following problem:

min
ĉ

1

2

∑
n=1

(
yn −

∑
α∈Θ

ĉαΨα(ξn)

)2

+ λ∥ĉ∥1. (2.37)
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2.6.2 Synthetic Function (100-dim)

We first consider the following high-dimensional analytical function [91]:

y(ξ) = 3− 5

d

d∑
k=1

kξk +
1

d

d∑
k=1

kξ3k + ξ1ξ
2
2 + ξ2ξ4

− ξ3ξ5 + ξ51 + ξ50ξ
2
54 + ln (

1

3d

d∑
k=1

k(ξ2k + ξ4k)) (2.38)

where dimension d = 100, ξ20 ∼ U([1, 3]), and ξk ∼ U([1, 2]), k ̸= 20. We aim to

approximate f(ξ) by a tensor-regression gPC model and perform sensitivity analysis.

Assume that we use 2nd-order univariate basis functions for each random variable,

then we will need 3100 multi-variate basis functions in total. To approximate the co-

efficient tensor, we initialize it with a rank-5 CP decomposition and use q = 0.5 in

regularization. We initialize the training with 200 Latin-Hypercube samples and adap-

tively select 9 batches of additional samples, with each batch having 20 new samples.

We test the accuracy of different models on additional 105 samples. Fig. 2.3 (a) shows

the relative ℓ2 testing errors (i.e., ∥y(ξ)−ŷ(ξ)∥2
∥y(ξ)∥2 ) of different methods. The testing errors

may not monotonically decrease since more samples can not strictly guarantee the con-

vergence of the surrogate model. However, see from the figure, we can generally conclude

that more training samples lead to a better model approximation and the proposed sam-

pling method outperforms the others. Fig. 2.3 (b) shows the estimated tensor rank as

the number of training samples increases. The proposed method shrinks the tensor rank

differently from other methods while achieving the best performance. It shows that a cor-

rect determination of the tensor rank helps the function approximation. Fig. 2.3 (c) plots

the predicted probability density function of our obtained model which is estimated via

a kernel density estimator. It matches the Monte Carlo simulation result of the original

function very well.
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Figure 2.5: Schematic of a band-pass filter with 9 micro-ring resonators.

We compare the complexity and accuracy of different methods in Table 2.1. We treat

the result from 105 Monte Carlo simulations as the ground truth. For the other models,

the mean and standard deviation are both extracted from the polynomial coefficients.

Given the same amount of (limited) training samples, the proposed method achieves the

highest approximation accuracy.

Now we perform sensitivity analysis to identify the random variables that are most

influential to the output. Fig. 2.4 plots the main and total sensitivity metrics from the

proposed method and a Monte Carlo estimation [88] with 107 simulations. With much

fewer function evaluations, our proposed method can precisely identify the indices of

some most dominant random variables that contribute to the output variance.
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Table 2.2: Model Comparisons on the Photonic Band-pass Filter

Sample # Variable # Mean Std Error

Monte Carlo 105 N/A 21.6511 0.0988 N/A
Sparse gPC 100 210 21.6537 0.0735 0.39%
Fixed rank 100 12x19 21.6677 0.1906 0.52%
Proposed 100 3x19 21.6567 0.0955 0.16%
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Figure 2.6: Result of the photonic filter. (a) Testing error on 105 MC samples. (b)
The estimated rank. (c) Probability density functions of the 3-dB bandwidth f3dB at
the DROP port.

2.6.3 Photonic Band-pass Filter (19-dim)

Now we consider the photonic band-pass filter in Fig. 2.5. This photonic IC has 9

micro-ring resonators, and it was originally designed to have a 3-dB bandwidth of 20

GHz, a 400-GHz free spectral range, and a 1.55-nm operation wavelength. A total of

19 independent Gaussian random parameters are used to describe the variations of the

effective phase index (nneff) of each ring, as well as the gap (g) between adjacent rings

and between the first/last ring and the bus waveguides. We aim to approximate the 3-dB

bandwidth f3dB at the DROP port as a tensor-regression gPC model.

We use 2nd order univariate polynomial basis functions for each random parameter

and have 319 multivariate basis functions in total in the tensor regression gPC model.

We initialize the gPC coefficients as a rank-4 CP tensor decomposition and set q = 0.5
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Figure 2.7: One-shot approximations for the photonic band-pass filter with 800 train-
ing samples under different ranks and λ. The rank-1 initialization works the best in
this example.

in our regularization. We initialize the training with 60 Latin-Hypercube samples and

adaptively select 9 batches of additional samples, with each batch have 10 new samples.

We test the obtained model with additional 105 samples. Fig. 2.6 (a) shows the relative

ℓ2 testing errors. The proposed method outperforms the others in the first few adaptive

sampling rounds. All the models perform similarly when the ranks are all shrunk to 1.

Fig. 2.6 (b) shows the estimated tensor rank as the number of training samples increases.

The tensor ranks are shrunk gradually in all cases, but our proposed method finds the best

rank with minimal samples. Fig. 2.6 (c) plots the predicted probability density function

of our obtained result. Since the benchmark has a relatively small standard deviation,

the limited approximation error is revealed as the discrepancy around the peak.

In order to see the influence of the tensor rank initialization, we do the one-shot
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Vdd

Figure 2.8: Schematic of a CMOS ring oscillator.

approximation with different initial tensor ranks R and different regularization param-

eters λ as illustrated in Fig. 2.7. For a specific benchmark, the best-estimated tensor

rank highly depends on the number of training samples. Given the limited number of

simulation samples, the rank-1 initialization works the best in this example. It coincides

with the results shown in Fig. 2.6, where the predicted rank is 1. We also compare the

complexity and accuracy of all methods in Table 2.2. The proposed method achieves the

best accuracy with limited simulation samples.

2.6.4 CMOS Ring Oscillator (57-dim)

We continue to consider the 7-stage CMOS ring oscillator in Fig. 2.8. This circuit has

57 random variation parameters, including Gaussian parameters describing the tempera-

ture, variations of threshold voltages and gate-oxide thickness, and uniform-distribution

parameters describing the effective gate length/width. We aim to approximate the oscil-

lator frequency with tensor-regression gPC under the process variations.

We use 2nd-order univariate basis functions for each random parameter, leading to
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Figure 2.9: One-shot approximations for the CMOS ring oscillator with 150 training
samples under different ranks and λ. In this example, the rank-2 model works the
best in most cases.

357 multivariate basis functions in total. We initialize the gPC coefficients as a rank-

4 tensor and set q = 0.5 in the regularization term. We initialize the training with

500 Latin-Hypercube samples and adaptively select 300 additional samples in total by

6 batches. We test the obtained model with 3 × 104 additional samples. Fig. 2.10 (a)

shows the relative ℓ2 testing errors of all methods. The proposed method outperforms

other methods significantly when the number of samples is small. Fig. 2.10 (b) shows

that the estimated tensor rank reduces to 2 in all methods. Fig. 2.10 (c) plots the

predicted probability density function of the obtained tensor regression model, which is

indistinguishable from the result of Monte Carlo simulations.

We do the one-shot approximation with different initial tensor ranks R and different

regularization parameters λ as illustrated in Fig. 2.9. Conforming with the results shown

in Fig. 2.10, a rank-2 model is more suitable in this example. We compare the proposed
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Figure 2.10: Results of the CMOS ring oscillator. (a) Testing error on 3 × 104 MC
samples. (b) The estimated rank. (c) Probability density functions of the oscillator
frequency.

Table 2.3: Model Comparisons on the CMOS Ring Oscillator

Sample # Variable # Mean Std Error

Monte Carlo 3× 104 N/A 12.7920 0.3829 N/A
Sparse gPC 600 1711 12.7931 0.3777 0.11%
Fixed rank 600 12x57 12.7929 0.3822 0.10%
Proposed 600 6x57 12.7918 0.3830 0.04%

method with the fixed rank model and the 2nd-order sparse gPC in Table 2.3, where the

proposed compact tensor model is shown to have the best approximation accuracy.

2.7 Conclusion

This chapter has proposed a tensor regression framework for quantifying the impact

of high-dimensional process variations. By low-rank tensor representation, this formu-

lation can reduce the number of unknown variables from an exponential function of

parameter dimensionality to only a linear one. Therefore it works well with a limited

simulation budget. We have addressed two fundamental challenges: automatic tensor

rank determination and adaptive sampling. The tensor rank is estimated via a ℓq/ℓ2-

norm regularization. The simulation samples are chosen based on a two-stage adaptive
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sampling method, which utilizes the Voronoi cell volume estimation and the nonlinearity

measure of the quantity of interest. Our model has been verified by both synthetic and

realistic examples with 19 to 100 random parameters. The numerical experiments have

shown that our method can well capture the high-dimensional stochastic performance

with much fewer simulation data.
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Chapter 3

Chance-Constrained Yield-Aware

Circuit Optimization

3.1 Introduction

In this chapter, we will tackle the issue of over-conservative design in circuit yield

optimization and propose a chance-constrained yield-aware formulation for it.

The increasing process variations have resulted in significant performance degrada-

tion and yield loss in semiconductor chip design and fabrications [5, 6]. Compared with

electronic ICs, photonic ICs are more sensitive to process variations (e.g., geometric un-

certainties) due to their large device dimensions compared with the small wavelength.

Therefore, yield modeling and optimization for photonic ICs are highly desired [92,93].

The yield optimization and yield-aware robust design have been investigated in the

electronic design automation community for a long time and have been paid increasing

attention in the photonic design automation [94–97]. Typical yield-aware design tech-

niques include geometric approaches [98], geostatistics-motivated performance model-

ing [99], yield-aware Pareto surface [100], yield-driven iterative robust design [101], com-
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putational intelligence assisted approaches [102], corner-based method [103], Bayesian

yield optimization [104] and so forth. Advanced yield estimators can be generally clas-

sified as Monte-Carlo-based [105, 106] and non-Monte-Carlo-based [107–109] methods.

Among the non-Monte-Carlo ones, surrogate modeling aims to approximate some circuit

behaviors under variations to speed up the sampling and simulation process [66,110,111].

Typical surrogate models include posynomial models [112], linear quadratic models [113],

support vector machine [114, 115], Gaussian process [116, 117], sparse polynomial [118],

generalized polynomial chaos expansions [40, 42], and some variants [119]. Focusing on

generalized polynomial chaos expansion, advanced techniques have also been developed

to handle high-dimensional [23, 24, 28, 29, 52], mixed-integer [44] or non-Gaussian corre-

lated [51] process variations. The polynomial-based modeling and optimization has been

widely used in both electronics [43,45,120–122] and photonic IC design [123–126].

While most existing yield optimization approaches try to maximize the yield of a

circuit, the obtained design performance (e.g., signal gain, power dissipation) may be far

from the achievable optimal solution. Recently, an alternative approach was proposed

in [25] to achieve both excellent yield and design performance. Instead of simply maxi-

mizing the yield, the work [25] optimizes a design performance metric while enforcing a

high yield requirement. Specifically, the yield requirement is formulated as some chance

constraints [127], which are further transformed to tractable constraints of the first and

second statistical moments. The chance-constrained modeling itself has been widely used

in many engineering fields [128–130]. The moment bounding method offers a provably

sufficient condition of the chance constraint. However, the bounding gap may be too

large in many applications [131]. The resulting overly-reduced feasible region may lead

to an over-conservative design.

Main contributions. This chapter proposes a novel Polynomial Bounding method

for chance-constrained yield-aware Optimization (PoBO) under truncated non-Gaussian
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correlated variations. Leveraging the recent uncertainty quantification techniques [25,51],

PoBO employs and modifies the idea of kinship functions [132] to approximate the original

chance constraints with a better polynomial bounding method. PoBO provides a less

conservative design than moment-based bounding methods [25] while ensuring a pre-

specified yield requirement. The specific contributions of this chapter include:

• A better bounding method of the chance constraints via optimal polynomial kinship

functions. Compared with existing work in the control community [132], we avoid

the assumption of the independence among random variables and the convexity

of kinship functions. The relaxation allows more general non-Gaussian correlated

uncertainty modeling and tightens the bounding functions. Within a family of

polynomial functions, the optimal polynomial kinship functions can be efficiently

solved via semidefinite programming. Our bounding method preserves the poly-

nomial formulation of the provided surrogate models. It enables the advanced

polynomial optimization solvers, which provide a sequence of convex relaxations

via semidefinite optimization and searches for the global design.

• Numerical implementation of the PoBO framework. Based on available uncertainty

quantification solvers, we implement PoBO efficiently based on some pre-calculated

optimal polynomial kinship functions and quadrature samples and weights without

requiring any additional circuit simulations.

• Validations on a synthetic function and two photonic IC design examples. Our

method offers better design performance while meeting the pre-specified yield re-

quirements. This method requires a small number of circuit simulations due to its

compatibility with recent data-efficient uncertainty quantification methods [23,51].

While this work focuses on the fundamental theory, algorithms, and their validation

on small-size photonic circuits, the proposed method can be combined with sparse or low-
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rank surrogate modeling methods [23, 52] to handle large-scale design cases with much

more design variables and process variations.

3.2 Background

This section reviews chance-constrained yield-aware optimization and its implemen-

tation via moment bounding [25].

3.2.1 Chance-Constrained Yield-Aware Optimization

We denote the design variables by x = [x1, x2, . . . , xd1 ]
T ∈ X, and the process vari-

ations by random parameters ξ = [ξ1, ξ2, . . . , ξd2 ]
T ∈ Ξ. Let {yi(x, ξ)}ni=1 denote n

performance metrics that are considered in yield estimation, {ui}ni=1 denote their cor-

responding upper bounds specifying the design requirements. An indicator function is

defined as

I(x, ξ) =


1, yi(x, ξ) ≤ ui, ∀i = [n];

0, otherwise.

(3.1)

Here [n] = {1, 2, · · · , n}. The yield at a certain design choice x is defined as

Y (x) = Pξ(y(x, ξ) ≤ u) = Eξ[I(x, ξ)]. (3.2)

In conventional yield optimization, one often tries to achieve the best possible yield. This

often requires losing remarkable design performance f(x, ξ) in order to achieve a high

yield.

Simply maximizing the yield may lead to an over-conservative design. As an exam-

ple shown in Fig. 3.1, one may lose lots of performance (from 2.2 to 1.4) while just getting

marginal yield improvement from 99% to 100%. In order to avoid an over-conservative
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Figure 3.1: The trade-off between yield and an objective design performance for the
example from 3.5.1. Simply maximizing the yield can lead to over-conservative per-
formance.

design, a chance-constrained optimization was proposed in [25]:

max
x∈X

Eξ[f(x, ξ)] (3.3a)

s.t. Pξ(yi(x,ξ) ≤ ui) ≥ 1− ϵi,∀i = [n]. (3.3b)

where f(x, ξ) is the performance metric that we aim to optimize, and ϵi ∈ [0, 1] is a

risk level to control the probability of meeting each design constraint. Instead of simply

maximizing the yield, the chance-constrained optimization tries to achieve a good balance

between yield and performance: one can optimize the performance f(x, ξ) while ensuring

a high yield. The circuit yield can be controlled by ϵi: reducing ϵi ensures a lower failure

rate and thus a higher yield.
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The chance-constrained optimization (3.3) is generally hard to solve. Firstly, the fea-

sible set produced by the chance constraints is often non-convex and hard to estimate.

Secondly, it is also expensive to estimate the design objective function f(x, ξ) and design

constraint function yi(x, ξ) due to the lack of analytical expressions. Fortunately, a mo-

ment bounding method was combined with uncertainty quantification techniques in [25]

to make the problem tractable.

3.2.2 Moment Bounding Method for (3.3)

Employing the Chebyshev-Cantelli inequality, one can ensure the chance constraint

via a moment bounding technique [25, 133]. Specifically, with the first and second-order

statistical moments of the constraint function, one can convert the probabilistic constraint

in (3.3) to a deterministic one:

max
x∈X

Eξ[f(x, ξ)]

s.t. Eξ[yi(x, ξ)] + γϵi

√
Varξ[yi(x, ξ)] ≤ ui,∀i ∈ [n],

(3.4)

where constant γϵi =
√

1−ϵi
ϵi

. When the objective and constraint functions are described

by certain surrogate models such as generalized polynomial chaos [42,51], one can easily

extract their mean and variances. This can greatly simplify the problem and reduce the

computational cost, as shown by the yield-aware optimization of photonic IC in [25].

The moment constraint in (3.4) is a sufficient but unnecessary condition of the original

chance constraint in (3.3). Therefore, any feasible solution of (3.4) should satisfy the

probability constraint of (3.3). However, the feasible set produced by a moment bounding

can be much smaller than the exact one [131]. This usually leads to an over-conservative

design solution. When the risk level is very small, the moment bounding method may

even produce an empty feasible set, leading to an unsolvable problem (see Section 3.5).
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Figure 3.2: The feasible set of an original chance constraint, moment bounding (the
cross region of two orange lines), and the proposed polynomial bounding.

3.3 Proposed Polynomial Bounding Method

To avoid the possible over-conservative bounding of the moment methods [25], we pro-

pose to bound the chance constraint via a more accurate polynomial method. Fig. 3.2

plots the feasible regions obtained by different bounding methods for the synthetic ex-

ample in Sec. 3.5.1. For the same chance constraints, the moment bounding method

produces a feasible set that is much smaller than the exact one, whereas our polynomial

bounding method generates a better approximation of the feasible set. Due to the more

accurate approximation of the feasible set, our proposed polynomial bounding method

can provide a less conservative design in yield-aware optimization. Now we describe how

to generate the polynomial bounds via kinship functions.
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3.3.1 Kinship Function

The kinship function was first proposed to construct a convex approximation of an

indicator function in [132]. We generalize the concepts of [132] with two relaxations:

• We do not require the convexity of a kinship function.

• We do not require the random variables ξ to be mutually independent. Instead,

we consider the more challenging cases where random parameters are truncated

non-Gaussian correlated.

We slightly modify the definition of a kinship function.

Definition 1 (Kinship function) A kinship function κ(z) : [−1,∞)→ R is a function

that satisfies the following constraints:

• κ(z) = 1 when z = 0;

• κ(z) ≥ 0 for any z ∈ [−1,+∞);

• κ(z1) ≥ κ(z2) for any z1 ≥ z2 in the range [−1,∞).

Based on kinship functions, the following theorem offers an upper bound for any

probability of constraint violations.

Theorem 1 (Risk integral [132]) Let κ(·) be a kinship function, g(x, ξ) ≥ −1, µ(ξ)

be the density function of random vector ξ, and Vκ(x) be a risk integral quantity:

Vκ(x) :=

∫
Ξ

κ[g(x, ξ)]µ(ξ)dξ, (3.5)

then we have P{ξ ∈ Ξ : g(x, ξ) > 0} ≤ Vκ(x).
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Figure 3.3: Different kinship functions. Black curve: an indicator function.

Proof: According to Definition 1, κ[g(x, ξ)] is nonnegative in [−1,∞) and greater

than 1 if g(x, ξ) ≥ 0. Therefore, for any probability measure µ(ξ) on Ξ, we have:

Vκ(x) ≥
∫

{ξ∈Ξ,g(x,ξ)>0}

κ[g(x, ξ)]µ(ξ)dξ (3.6a)

≥
∫

{ξ∈Ξ:g(x,ξ)>0}

µ(ξ)dξ = P{ξ ∈ Ξ, g(x, ξ) > 0}. (3.6b)

There exist many possible choices of kinship functions. Next, we will show how to pick

some polynomial kinship functions. We consider the polynomial function family because

it is compatible with existing surrogate modeling techniques [23,42,52] to facilitate yield-

aware optimization.
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3.3.2 Optimal Polynomial Kinship Function

An optimal kinship function is defined as a kinship function that minimizes its integral

over [−1, 0] [132]:

κ⋆(·) := argmin
κ(·)∈K

∫ 0

−1

κ(z)dz. (3.7)

Here K is the set of all possible kinship functions that satisfy the constraints in Defini-

tion 1. Let z = g(x, ξ), then the above definition can be understood as minimizing the

gap between the left- and right-hand sides of (3.6a).

Now we consider choosing a kinship function from a family of order-ρ polynomials

Kρ := {κ(z)|κ(z) =
∑ρ

i=0 ζiz
i}. The optimal polynomial kinship function, denoted as

κρ(·), can be constructed by solving the following optimization problem:

min
ζ0,...,ζρ

0∫
−1

κρ(z)dz

s.t. κρ(z) = ζ0 + ζ1z + · · ·+ ζρz
ρ ∈ Kρ,

κρ(0) = 1, κρ(−1) = 0,

κ′ρ(z) ≥ 0, ∀z ≥ −1.

(3.8)

The optimization problem can be reformulated as semidefinite programming and the de-

tails are provided in Appendix A.2.1. The obtained optimal polynomial kinship function

κρ(·) with different orders are visualized in Fig. 3.3. Since we relax the convexity require-

ment, given the same polynomial order, the proposed polynomial function is a tighter

approximation to the indicator function than a convex one [132] for z ∈ [−1, 0].

Based on the obtained optimal polynomial kinship function κρ(·), we bound the origi-

nal chance constraint (3.3b) by enforcing the upper bound of the failure probability below

ϵi:

Pξ(yi(x,ξ) > ui) ≤
∫
Ξ

κρ(yi(x, ξ)− ui)µ(ξ)dξ ≤ ϵi. (3.9)
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The order of κρ(·) controls the upper bound of violation probability. When ρ is small, the

bounding gap in (3.6a) is large. As ρ→∞, the polynomial bounding leads to a worst-case

robust design optimization according to Theorem 3 in [132]. This is equivalent to setting

a risk level ϵi = 0, which leads to an extremely over-conservative design. Fortunately,

this is not a trouble in practice since we do not use a very high-order polynomial due

to the computational issues. In practice, there exists an optimal order ρ⋆ for bounding

the violation probability most accurately. The optimal ρ⋆ is unknown a-priori, but

heuristically we find that setting ρ ∈ [5, 10] usually offers an excellent bound. The

proposed bounding method can be also extended to deal with joint chance constraints

by constructing a multivariate polynomial kinship function.

3.4 The PoBO Framework

Based on the proposed polynomial bounding for chance constraints, we further present

the novel PoBO method to achieve less conservative yield-aware optimization.

3.4.1 Workflow of PoBO

Our PoBO framework has two weak assumptions on the design and random variables:

• The design variable x is box-bounded, i.e., x ∈ X = [a, b]d1 . This is normally the

case in circuit optimization.

• The process variations ξ are truncated and non-Gaussian correlated with a joint

probability density function µ(ξ).

The 2nd assumption is not strong at all. Many practical process variations are correlated

and not guaranteed to be Gaussian. Additionally, the values of almost all practical

geometric or material parameters are bounded, although some simplified unbounded
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distributions (e.g., Gaussian distributions) were used in previous literature for ease of

implementation.

The overall flow of PoBO is summarized below.

• Step 1: Surrogate modeling. We use the recent uncertainty quantification solver [51]

to construct polynomial surrogate models for the objective and constraint functions,

i.e., f(x, ξ) ≈ f̂(x, ξ) and yi(x, ξ) ≈ ŷi(x, ξ),∀i = [n].

• Step 2: Bounding the chance constraints via the proposed optimal polynomial

kinship functions. This transforms a chance-constrained probabilistic optimization

problem into a tractable deterministic one with a high-quality solution.

• Step 3: Design optimization. We use a polynomial optimization solver, e.g., the

semidefinite programming relaxation [134], to obtain a globally optimal solution.

The PoBO framework reformulates the original chance-constrained optimization (3.3)

to the following optimization:

max
x∈X

Eξ[f̂(x, ξ)] (3.10a)

s.t. V (i)
κ (x) =

∫
Ξ

κρ(υi(x, ξ))µ(ξ)dξ ≤ ϵi, ∀i ∈ [n]. (3.10b)

Here υi(x, ξ) := ŷi(x, ξ)−ui, f̂(x, ξ) and ŷi(x, ξ) are the polynomial surrogate models of

f(x, ξ) and yi(x, ξ), respectively.

In the following subsections, we will describe the implementation details of this PoBO

framework.

3.4.2 Building Surrogate Models

High-quality performance models are important to speed up design optimization.

We employ the advanced stochastic collocation method with non-Gaussian correlated
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uncertainty [25, 51] in Step 1. This method approximates a smooth stochastic function

as the linear combination of some orthogonal and normalized polynomial basis functions:

f(x, ξ) ≈ f̂(x, ξ) =

p∑
|α|+|β|=0

cα,βΦα(x)Ψβ(ξ). (3.11)

Here α and β are two index vectors, Φα(x) and Ψβ(ξ) are two series of orthogonal poly-

nomial basis functions, and p upper bounds the total order of the product of two basis

functions. The corresponding coefficients cα,β are calculated via a projection method us-

ing some optimization-based quadrature samples and weights of x and ξ [51]. When the

parameter dimensionality is not high, this method only needs a small number of simula-

tion samples to produce a highly accurate surrogate model with a provable error bound.

When the number of dimensions becomes high, we could utilize many existing advanced

uncertainty quantification techniques to model the performance more efficiently [29, 53].

It is also possible to extend the proposed chance-constrained yield-aware method to other

types of performance models.

3.4.3 Scaling the Yield Metrics υi(x, ξ)

To bound the failure probability P{ξ ∈ Ξ : υi(x, ξ) > 0} via the optimal kinship

function, υi(x, ξ) must be in the range [−1,∞) according to Definition 1. Once υi(x, ξ)

is lower bounded, we can always scale it to meet this requirement.

Since υi(x, ξ) is a polynomial function in our problem setting, and both x and ξ are

assumed bounded, we can compute the minimum value υ−i := min
x∈X,ξ∈Ξ

υi(x, ξ). Then we

change the lower bound of υi(x, ξ) to -1 as follows:

υi(x, ξ)←− − 1
υ−
i

υi(x, ξ), ∀i ∈ [n]. (3.12)
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Probability density of a truncated GMM
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Figure 3.4: An example of optimized quadrature rule for a two-dimensional truncated
Gaussian mixture model (GMM) with two components. The color bar of the right
figure represents the weights of all samples. The shown quadrature rule satisfies the
exact integration up to order 6.

The scaling factor− 1
υ−
i

is positive as long as the problem (3.10) is solvable. This is because

the existence of x ∈ X and ξ ∈ Ξ such that υi(x, ξ) < 0 is the necessary condition to

satisfy the yield constraint. We can easily avoid υ−i = 0 by adding a sufficiently small

perturbation.

3.4.4 Calculating Risk Integral V
(i)
κ (x)

In order to upper bound the probability of violating a design constraint, we need

to calculate the integration in (3.10b). This can be a challenging task for a truncated

non-Gaussian correlated random vector ξ since classical numerical quadrature rules [135,

136] do not work for non-Gaussian correlated variables. Fortunately, we can reuse the

quadrature rule of ξ as the by-product of building the surrogate models in Sec. 3.4.2.

Specifically, the quadrature points and weights {ξl, wl}Ml=1 compute the exact integration

52



Chance-Constrained Yield-Aware Circuit Optimization Chapter 3

Algorithm 3 Flow of the proposed PoBO.

Input: Box-bounded design variable x ∈ X, truncated non-Gaussian correlated varia-
tions ξ ∈ Ξ, risk levels ϵ

Output: Optimized design x⋆

1: Formulate the chance-constrained problem (3.3).
2: Obtain surrogate models for the design objective function f(x, ξ) ≈ f̂(x, ξ) and

constraint functions yi(x, ξ) ≈ ŷi(x, ξ),∀i ∈ [n].
3: Scale the yield metrics υi(x, ξ) via Eq. (3.12).
4: Compute the optimal polynomial kinship function κρ(·) via (3.8).

5: Calculate risk integral V
(i)
κ (x) via the quadrature rule obtained from (3.13).

6: Seek the optimal design of problem (3.14) via a global polynomial optimization solver.

up to order 2q, obtained by solving the following optimization problem [51]:

min
ξl,wl≥0

2q∑
|β|=0

(
Eξ [Ψβ(ξ)]−

M∑
l=1

Ψβ(ξl)wl

)2

. (3.13)

An example of the solved quadrature is shown in Fig. 3.4. The number of quadrature

samples could be controlled by tuning the optimization precision. The detailed accuracy

analysis and the bound of M are provided in [51], which is omitted here.

Theoretically, we need a quadrature rule to exactly calculate the integration up to

order pρ in (3.10b). The exact quadrature rule can be computed offline via solving (3.13)

with q = ⌈ρp
2
⌉. In practice, a low-order quadrature rule, like q = p, often offers sufficient

numerical accuracy. Therefore, we can directly use the quadrature rule used when build-

ing surrogate model (3.11) to calculate the risk integral V
(i)
κ (x). Since the quadrature

points will not be simulated, it does not introduce any additional computational bur-

dens. Based on the quadrature rule, problem (3.10) can be converted to the following
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deterministic constrained polynomial optimization (3.14):

max
x∈X

Eξ[f̂(x, ξ)]

s.t.
M∑
l=1

wlκρ(υi(x, ξl)) ≤ ϵi, ∀i ∈ [n].

(3.14)

Note that the expectation value in the objective function can be easily obtained since

f̂(x, ξ) is a generalized polynomial-chaos expansion [42,51].

3.4.5 Algorithm Summary

We summarize PoBO in Algorithm 3. Below are some remarks:

• In line 4 of Algorithm 3, the optimal polynomial kinship functions (3.8) can be

computed offline and stored as a look-up table.

• In line 5 of Algorithm 3, the optimization-based quadrature rule in [51] can be used

to calculate the risk integral without any additional simulations. The quadrature

rule can be computed offline as well.

• This method enables a global polynomial optimization solver to obtain the optimal

design of (3.14).

The curse of dimensionality could be a challenge for Line 2 and Line 6. For the surrogate

modeling step, we can utilize some high-dimensional uncertainty quantification tech-

niques [29,53] to reduce the cost. In the design optimization step, the current limitation

comes from the polynomial optimization solver. Typically, the polynomial optimization

problem can be reformulated as a convex moment problem. Under very mild assump-

tions, we can build a series of semidefinite programming problems whose solutions are

proved to converge monotonically and asymptotically to the global optimum [137–139].
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Table 3.1: Optimization Results for Synthetic Function

Risk level ϵ Method Objective ∆1 (%) ∆2 (%) Yield (%)

0.01
Moment [25] N/A* N/A* N/A* N/A*

Proposed 1.14 1.01 0.99 99.98

0.05
Moment [25] 1.88 5.25 5.26 99.98
Proposed 2.11 5.21 3.97 98.76

0.1
Moment [25] 2.19 10.47 10.98 99.36
Proposed 2.26 10.67 7.98 97.08

* The algorithm fails with no feasible solution.

The relaxed semidefinite programming problems have the size of O(d1
p) with the num-

ber of design variables d1 and polynomial order p. Although it grows polynomially with

the number of design variables, it can be challenging when p is high. Fortunately, the

design optimization does not suffer from the number of dimensions of process variations

d2. The challenge caused by the high dimensionality of x may be addressed in the future

by using other nonlinear optimization solvers, or a better polynomial optimization solver

(e.g. a sparse polynomial solver) that can exploit the sparse structure of the polynomial

surrogate.

3.5 Numerical Results

In this section, we validate the proposed PoBO framework via the synthetic exam-

ple and two realistic photonic IC examples from [25]. The polynomial optimization is

solved via GloptiPoly 3 [134], which is a global optimization solver based on hierarchi-

cal semidefinite programming. Our codes are implemented in MATLAB and run on a

computer with a 2.3 GHz CPU and 16 GB memory.

Baseline Methods. We choose the moment-bounding chance-constrained optimiza-

tion [25] as the baseline for comparison. On the photonic IC benchmarks, we further

compare our method with the Bayesian yield optimization (BYO) method [104], a recent
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Figure 3.5: Yield of (3.16) given different risk levels ϵ and polynomial kinship orders ρ.

state-of-the-art yield optimization approach.

Gap of chance constraints. We modify the indicator function (3.1) to define an

indicator function Ii(x, ξ) for each individual design constraint in yield definition:

Ii(x, ξ) =


1, ŷi(x, ξ) ≤ ui;

0, otherwise

,∀i = [n].

With N random samples, the individual success rate for each design constraint is evalu-

ated as Yi(x) =
∑N

j=1 Ii(x, ξj)/N. The gap for the i-th chance constraint is the relative

difference between Yi and the pre-specified success rate 1− ϵi:

∆i =
Yi(x)− (1− ϵi)

1− ϵi
, ∀i = [n]. (3.15)
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Figure 3.6: The schematic of a third-order Mach-Zehnder interferometer.

Figure 3.7: The transmission curves of the MZI. The grey lines show the performance
uncertainties. The orange and blue curves show the transmission rates at the drop
and through ports, respectively. The mean values of the bandwidth, crosstalk, and
attenuation are denoted as BW, XT, and α, respectively. (a) The initial design:
x=[150, 150, 150]; (b) Design after Bayesian yield optimization [104]: x=[286.63,
170.59, 299.3]; (c) Design with the moment-bounding yield-aware optimization [25]:
x=[300, 149.67, 300]; (d) Design with the proposed PoBO method: x=[300, 112.15,
300].

The chance-constrained optimization can always provide a solution to certify the yield

requirement controlled by ϵi’s if a feasible solution exists. Therefore, ∆i is always non-

negative. Typically, a tighter probabilistic constraint bounding leads to a larger feasible

region and allows us to explore the optimal design in a larger space, which is more

likely to utilize more risk budgets. Therefore, we use Eq. (3.15) to measure the gap of

feasible regions and the bounding quality. Notice that we do not attempt to achieve the
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Table 3.2: Optimization Results for MZI Benchmark

Risk level ϵ Method Eξ[BW] (GHz) ∆1 (%) ∆2 (%) Yield (%) Simulation #

0.05
Moment [25] 184.53 5.26 5.26 100 35
Proposed 190.99 5.26 5.26 100 35

0.07
Moment [25] 187.02 7.53 7.53 100 35
Proposed 192.10 7.53 7.2 99.7 35

0.1
Moment [25] 189.35 11.11 11.11 100 35
Proposed 193.28 11.11 4.22 93.8 35

N/A* BYO [104] 182.82 N/A* N/A* 100 2020

* No risk level is defined for BYO method. Correspondingly, no gap ∆ is defined.
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Figure 3.8: The probability density function of the optimized bandwidth of the MZI
by Bayesian yield optimization [104], moment bounding [25] and the proposed PoBO
(with ϵ = 0.1).

highest yield. Instead, our goal is to avoid over-conservative design while ensuring the

pre-specified yield requirement. Therefore, given a certain risk level, we prefer a smaller

gap ∆i and a less conservative design solution with better objective performance.
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3.5.1 Synthetic Function

We first consider a synthetic function with design variables x ∈ X = [−1, 1]2 and

random parameters ξ following a truncated Gaussian mixture model. Specifically, we as-

sume µ(ξ) = 1
2
T N (µ̄1,Σ1, a1,b1) +

1
2
T N (µ̄2,Σ2, a2,b2), with µ̄1 = −µ̄2 = [0.1,−0.1]T ,

Σ1 = Σ2 = 10−2

 1 −0.75

−0.75 1

, a1 = −[0.2, 0.4]T , a2 = −[0.4, 0.2]T , b1 = [0.4, 0.2]T

and b2 = [0.2, 0.4]T . Here T N (µ̄,Σ, a,b) denotes a distribution that is a normal distri-

bution with mean µ̄ and variance Σ in the box [a,b].

We consider the following chance-constrained optimization:

max
x∈X

Eξ[3(x1 + ξ1)− (x2 + ξ2))]

s.t. Pξ((x1 + ξ1)
2 + (x2 + ξ2) ≤ 1) ≥ 1− ϵ1,

Pξ((x1 + ξ1)
2 − (x2 + ξ2) ≤ 1) ≥ 1− ϵ2,

(3.16)

where the two risk levels are set to be equal ϵ1 = ϵ2 = ϵ. Remark that we do not require

ϵ1 = ϵ2 since our method naturally handles the individual constraints.

We use 2nd-order polynomials to approximate the three analytical functions and

bound the chance constraint with an order-10 optimal polynomial kinship function. As

shown in Table 3.1, compared with the moment method [25], the proposed PoBO method

produces a better objective value and smaller gaps for chance constraints while meeting

the pre-specified yield requirement. Clearly, a smaller ϵi produces a higher yield. The

moment bounding method fails to work when ϵ = 0.01 while our PoBO can still solve this

problem. Fig. 3.5 shows the obtained yield under different risk levels ϵ and polynomial

kinship orders. The kinship order influences the bounding quality and leads to different

yield. However, the results are all of the high quality, leading to certified designs.
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Figure 3.9: The schematic of a microring add-drop filter.

3.5.2 Mach-Zehnder Interferometer

We consider a third-order Mach-Zehnder interferometer (MZI) which consists of three

port coupling and two arms, as shown in Fig. 3.6. The coupling coefficients τ between

the MZ arms play an important role in the design, whose relationship with the the gap

g (nm) is τ = exp(− g
260

). The gap variables x = [g1, g2, g3] have the design space of

X = [100, 300]3. Their corresponding process variations ξ follows a truncated Gaussian

mixture distribution (see Appendix A.2.2). We aim to maximize the expected 3-dB

bandwidth (BW, in GHz) with probability constraints on the crosstalk (XT, in dB) and

the attenuation (α, in dB) of the peak transmission. Therefore, the yield-aware chance-
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Figure 3.10: The probability density function of the optimized bandwidth of the
microring filter by Bayesian yield optimization [104], moment bounding [25] and the
proposed PoBO (with ϵ = 0.1).

constrained design is formulated as

max
x∈X

Eξ[BW(x, ξ)]

s.t. Pξ(XT(x, ξ) ≤ XT0) ≥ 1− ϵ1,

Pξ(α(x, ξ) ≤ α0) ≥ 1− ϵ2.

(3.17)

The two risk levels are set to be equal ϵ1 = ϵ2 = ϵ. The thresholds of the crosstalk (XT0)

and the attenuation (α0) are -4 dB and 1.6 dB, respectively.

We build three 2nd-order polynomial surrogate models for BW, XT, and α, respec-

tively. We further bound the probabilistic yield constraints via an order-5 optimal poly-

nomial kinship function. The optimized results and comparisons are listed in Table 3.2.

It shows that at the same risk level, the proposed PoBO method can achieve larger
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bandwidth while meeting the yield requirements and having smaller gaps for the chance

constraints. The simulation samples are the ones used for building surrogate models.

We list the number of samples to reveal the simulation cost since the simulation time

per sample may vary from seconds to hours, which depends on the problem size (small

circuits or large circuit) and simulator types (e.g., circuit-level simulation or EM-based

PDE simulator). The proposed PoBO requires the same number of simulations as the

moment bounding method [25], and both of them require much fewer simulation samples

than the Bayesian yield optimization due to the efficient surrogate modeling. Regarding

the CPU time of solving the design optimization problem (3.17), the proposed method

takes 15.28 s, 18.19 s, and 15.2 s for the three risk levels, respectively. The moment

method takes 0.39 s, 2.11 s, and 2.21 s, respectively. Our Kinship-based optimization

is slower than the moment-based method because our method uses higher-order poly-

nomials to bound the probabilistic constraints. However, the optimization overhead is

negligible compared with the sample simulation time (especially when a PDE-based sim-

ulator is employed). The BYO takes even less than 0.1 s in the optimization steps, but it

requires a huge number of simulation samples, causing a much larger overall CPU time

than chance-constrained optimization. Fig. 3.7 compares the frequency response before

and after the yield-aware optimization with ϵ = 0.1. Our PoBO method has a higher

expected bandwidth compared with the Bayesian yield optimization, the moment bound-

ing method, and the initial design. Fig. 3.8 further shows the probability density of the

optimized bandwidth by different models. It clearly shows that our proposed method

produces the highest bandwidth while meeting the yield requirement.
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Table 3.3: Optimization Results for Microring Add-drop Filter benchmark

Risk level ϵ Method Eξ[BW] (GHz) ∆1 (%) ∆2 (%) Yield (%) Simulation #

0.05
Moment [25] N/A* N/A* N/A* N/A* 65
Proposed 116.85 5.26 4.84 99.6 65

0.07
Moment [25] 112.64 7.53 7.42 99.9 65
Proposed 120.05 7.53 6.67 99.2 65

0.1
Moment [25] 118.47 11.11 10.78 99.7 65
Proposed 123.05 11.11 8.33 97.5 65

N/A BYO [104] 117.42 N/A N/A 95.1 2020

* The algorithm fails with no feasible solution.

3.5.3 Microring Add-Drop Filter

We further consider the design of an optical add-drop filter consisting of three identical

silicon microrings coupled in series, as shown in Fig. 3.9. The design variables are the

coupling coefficients x = [K1, K2, K3, K4] that are to be optimized within the interval of

X = [0.3, 0.6]4. The process variations ξ are described by a truncated Gaussian mixture

model (see Appendix A.2.2). The design problem is to maximize the expected 3-dB

bandwidth (BW, in GHz) with constraints on the extinction ratio (RE, in dB) of the

transmission at the drop port and the roughness (σpass, in dB) of the passband that takes

its standard deviation, formulated as:

max
x∈X

Eξ[BW(x, ξ)]

s.t. Pξ(RE(x, ξ) ≥ RE0) ≥ 1− ϵ1,

Pξ(σpass(x, ξ) ≤ σ0) ≥ 1− ϵ2.

(3.18)

The two risk levels are set to be equal ϵ1 = ϵ2 = ϵ. The thresholds of the extinction ratio

(RE0) and the roughness of the passband (σ0) are 20 dB and 0.65 dB, respectively.

Similarly, we build three 2nd-order polynomial surrogate models for BW, RE, and

σpass and bound the chance constraints via an order-5 optimal polynomial kinship func-
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Figure 3.11: The transmission curves of the microring add-drop filter. The grey lines
show the performance uncertainties. The orange and blue curves show the trans-
mission rates at the drop and through ports, respectively. The mean values of the
extinction ratio, bandwidth, and roughness are denoted as RE, BW, and σpass, respec-
tively. (a) The initial design (infeasible): x=[0.45, 0.45, 0.45, 0.45]; (b) Design after
Bayesian yield optimization [104]: x=[0.5758, 0.3718, 0.3720, 0.5746]; (c) Design with
the moment-bounding yield-aware optimization [25]: x=[0.6, 0.3751, 0.3642 0.6]; (d)
Design with the proposed PoBO optimization: x=[0.6, 0.3971, 0.3642, 0.6].

tion. The optimized results and comparisons are shown in Table 3.3. The moment bound-

ing [25] fails when ϵ = 0.05 since no feasible solution is found under its over-conservative

bounding. For three risk levels, the optimization time for the moment method is N/A

(no feasible solution), 5.89 s, 5.5 s, respectively. The proposed method takes 100.58 s,

110.58 s, and 103.74 s, respectively, but the overhead is negligible compared with the

simulation cost. The BYO takes less than 0.1 s in the optimization step, but it takes the

most overall time due to the high cost of simulating many samples. At all risk levels, the

proposed method can achieve larger bandwidth while meeting the yield requirements and

having smaller gaps for the chance constraints. As shown in Fig. 3.10, the proposed PoBO

has a higher expected bandwidth compared to Bayesian yield optimization and existing

yield-aware chance-constrained optimization via moment bounding [25]. Fig. 3.11 shows
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the frequency response before and after the yield-aware optimization with ϵ = 0.1. For

this microring filter benchmark, we further consider a special case where design objective

and constraints are the same quantity. For this case, our method still outperforms others

(see the details in Appendix A.2.3).

3.6 Conclusion

This chapter has proposed a novelPolynomialBounding method for chance-constrained

yield-aware Optimization (PoBO) of photonic ICs with truncated non-Gaussian corre-

lated uncertainties. In PoBO, we first construct surrogate models with a few simulation

samples for the interested quantities based on available uncertainty quantification solvers.

To avoid over-conservative design, we have proposed an optimal polynomial kinship func-

tion to tightly bound the chance constraints. This bounding method can be efficiently

implemented without additional simulations. It also preserves the polynomial form and

enables seeking a globally optimal design. The proposed PoBO is verified with a syn-

thetic function, a Mach-Zehnder interferometer, and a microring add-drop filter. In all

experiments, the proposed PoBO has achieved the yield requirements, produced tighter

bounds on the chance constraints than the state-of-the-art moment bounding method,

and led to better design objective performances with a few simulation samples. On the

two photonic IC examples, the proposed method has also reduced the simulation samples

by 58× and 31× compared with Bayesian yield optimization.

The theoretical and numerical results of this work have laid the foundation of many

future topics. Possible extensions of this work include, but are not limited to: (1) im-

proved algorithms to handle many design parameters and process variation, (2) formula-

tions and algorithms to handle joint chance constraints for yield descriptions, (3) PoBO

with non-polynomial surrogates. The proposed framework is very generic, and it can also
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be employed in other applications beyond EDA, including probabilistic control of energy

systems, safety-critical control of autonomous systems, and so forth.
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Chapter 4

Distributionally Robust Circuit

Optimization under Variation Shifts

4.1 Introduction

In this chapter, we will raise a variation shift issue in circuit modeling and optimiza-

tion and handle it with the technique of distributionally robust optimization.

In the realm of semiconductor chip design, imperfect nano-fabrications have led to

dramatic performance degradation and yield loss [5]. These variations become even

more pronounced in emerging computing technologies. The EDA (electronic design

automation) community has long been engaged in exploring variation-aware simula-

tion [24,29,42,140,141], modeling [23,142–144], and optimization techniques [102,104,145]

for the design and fabrication of integrated circuits, MEMS and photonics.

In most existing approaches, it is assumed that the process variations are described

exactly by a probability density function (PDF). Under this assumption, variation-aware

circuit optimization [25, 30, 102, 104, 145–147] has been formulated as a stochastic opti-

mization problem: the goal is to minimize the expectation value of a cost function subject
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to some deterministic or stochastic design constraints. Compared to robust optimization-

based design [94,148] that optimizes worst-case circuit performance, stochastic optimiza-

tion leads to more accurate and less conservative results by accounting for the PDF of

process variations. So far, stochastic optimization-based approaches have achieved great

success in the EDA field.

In this chapter, we ask a fundamental question: what if the PDF of process variations

is uncertain and/or not exactly known? This is a critical yet rarely explored question

in EDA. In practical EDA flow, the PDF of process variations is normally extracted

based on some measurement data of a foundry. As will be explained in Section 4.2.1,

the given PDF often differs from the actual one due to the limited size and low quality

of measurement data, as well as due to unavoidable errors in the statistical modeling

process. Even if the given PDF is accurate enough at the beginning, the actual PDF

may still change significantly over time. We call the phenomena of the given PDF differing

from the actual one as variation shifts. in this chapter, we investigate how to optimize

a circuit design under such variation shifts. Definitely, worst-case circuit optimization

techniques [94, 148] can still be applied for some cases when variation shift exists and

the variation parameters are bounded, at the cost of (probably tremendously) over-

conservative design. However, our goal is to develop a rigorous problem formulation

and a proof-of-concept solver for shift-aware circuit optimization by considering both the

statistical nature and the unknown PDF of process variations.

Main contributions. In this chapter, we investigate the problem formulation, nu-

merical solver, and validation of shift-aware circuit optimization. Our specific contribu-

tions include:

• We present, for the first time, a mathematical formulation for the shift-aware cir-

cuit optimization problem. Starting with an introduction of the typical sources
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Figure 4.1: Various sources of variation shifts. (a): Insufficient and/or inaccurate
measurement data can lead to inaccurate density estimation of process variations.
(b): An imperfect chosen (e.g., over-simplified) model can generate a distribution
model that is far away from the true one. (3) The distribution of device parameters
can shift over time. In all cases, stochastic optimization can produce underperforming
results when one uses a fixed PDF model (e.g., a nominal PDF) that differs from the
unknown actual one.

of variation shifts in IC design, we formulate shift-aware circuit optimization as a

distributionally robust optimization problem.

• We present numerical methods to solve the shift-aware optimization problem. Rec-

ognizing the effectiveness of Bayesian optimization in traditional variation-aware IC

design optimization [104,146,147], we extend its usage to solve our shift-aware cir-

cuit optimization problem. Specifically, we employ an uncertainty ball whose radius

is defined by φ-divergence to represent the distribution shift of process variations.

By leveraging recent advancements of distributionally robust Bayesian optimiza-

tion (DRBO) [149–151], we can solve our shift-aware circuit optimization problem

effectively and efficiently.

• We validate our approach on both photonic and electronic IC benchmarks. Through

numerical experiments on two realistic design cases, we demonstrate that the pro-

posed distributionally robust optimization method can maintain excellent perfor-
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mance metrics and high yield under various unforeseen potential PDFs of process

variations.

We regard this work as a first attempt to address the critical issue of variation shifts. This

research could enable a new direction, and motivate the study of numerous shift-aware

EDA problems in the future.

4.2 Problem Formulation

4.2.1 Variation Shifts

In classical statistical variation-aware circuit design, process variations are assumed

to be described precisely by a reference probability density function (PDF) ρ0(ξ) (named

nominal distribution in this chapter). Consequently, a circuit optimization framework

seeks to minimize the expected value of a cost function f(x, ξ) over a design variable x

within its design space X . This is mathematically expressed as:

min
x∈X

Eρ0(ξ) [f(x, ξ)] . (4.1)

A typical variation-aware design workflow consists of three steps. (1) Testing engi-

neers measure some data samples {ξi}Mi=1 of device parameters from specially designed

testing circuits. (2) A nominal PDF ρ0(ξ) is extracted from the testing data to describe

the process variations. (3) The extracted PDF ρ0(ξ) is then used in an EDA tool to con-

duct statistical circuit simulation, modeling, and optimization. However, the true PDF

of process variations, denoted as ρ(ξ), is rarely identical to ρ0(ξ) due to the following

reasons.

Poor data quality. Ideally, we can approximate the true PDF ρ(ξ) with arbitrarily
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high accuracy if we have an infinite number of i.i.d. data samples {ξi} that precisely

follow the distribution ρ(ξ). However, in practice, this ideal situation rarely happens since

the measurement data samples could be very noisy [26]. Additionally, since fabricating

and measuring testing circuits can be costly, we typically only have access to a limited

number of data samples, further restricting the modeling accuracy of ρ0(ξ).

Model misfit. In reality, process variations often have a complicated (joint) PDF

ρ(ξ) (e.g., Gaussian mixture distribution) due to the multi-modal behavior and corre-

lation among random parameters [26, 152]. However, in engineering practice, ρ0(ξ) is

often chosen as a trivial distribution (e.g., correlated or independent normal distribu-

tion) for simplicity [153,154]. This inherently introduces a discrepancy between the true

and modeled distributions.

Time shift. It is well known that device parameters can shift over time [27,155–157]

due to many factors, such as reliability issues and external environmental impact (e.g.,

radiation, temperature fluctuations). This phenomenon (including but not limited to the

aging effects) implies that even if the initially modeled ρ0(ξ) accurately describes the

process variations, its accuracy may decrease as time evolves.

Fig. 4.1 visualizes the mismatch between the modeled density function ρ0(ξ) and true

distribution ρ(ξ) under the above three scenarios.

4.2.2 Formulation via Distributionally Robust Optimization

Due to the variation shifts, we need to rethink the fundamental problem formulation

of variation-aware circuit optimization. As shown in Fig. 4.2 (a), in conventional problem

settings, given a particular x, the cost function Eρ(ξ) [f(x, ξ)] can be uniquely determined,

allowing the search for its minimum value. However, the exact ρ(ξ) is unknown due

to variation shifts, which introduces uncertainties to the cost function Eρ(ξ) [f(x, ξ)] as
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Figure 4.2: Comparison between traditional stochastic circuit optimization and our
proposed optimization. (a) In classical variation-aware optimization, ρ(ξ) is assumed
to be fixed and known, allowing for a unique determination of the cost function
Eρ(ξ) [f(x, ξ)] for any given design variable x. (b) Under the presence of process
variation shifts, the true density ρ(ξ) becomes unknown. This consequently intro-
duces uncertainty into the cost function Eρ(ξ) [f(x, ξ)], complicating the optimization
process.

shown in Fig. 4.2 (b). Even given a specific x, we cannot determine the exact value of

this cost function. Therefore, we cannot simply minimize Eρ(ξ) [f(x, ξ)].

To address the above challenge, we propose a novel formulation for a generic variation-

aware circuit optimization under variation shifts. Specifically, we describe the design

optimization as the following distributionally robust optimization:

min
x∈X

sup
ρ(ξ)∈P

Eρ(ξ)[f(x, ξ)], (4.2)

where P is an uncertainty set that includes all possible PDFs of the variation parameters
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ξ. Intuitively, we will minimize the upper bound of Eρ(ξ)[f(x, ξ)] by considering the vari-

ation shifts. In the extreme case where P={ρ0(ξ)}, our formulation (4.2) simplifies to a

standard stochastic optimization (4.1). Regarding why do we care about the worst-case

variations rather than the majority of possible shifted variations? Firstly, technically

speaking, it is hard to sample distributions from the uncertainty set P . Secondly, opti-

mization towards the worst-case distributions gives us the robustness to unknowns. Since

not all variations within P can be perfectly known or modeled, designing for worst-case

scenarios provides a buffer against unanticipated variations or modeling inaccuracies.

Also, the worst-case distribution optimization guarantees circuit performance under var-

ious scenarios.

One important case under shifted variations is yield-aware optimization:

min
x∈X

Eρ(ξ)[fobj(x, ξ)]

s.t. Prob [gk (x, ξ) ≤ 0,∀k ∈ [n]] ≥ 1− τ,
(4.3)

where fobj is a design objective, gi(x, ξ) > 0 describes a violation of the design specifi-

cation, and τ is a risk tolerance. This formulation aims to optimize the design objective

while satisfying a yield requirement [25, 30]. We refer the motivation for such formula-

tion to Chapter 3. To handle the yield constraints, we incorporate these constraints as a

penalty term into the objective function:

f(x, ξ) = fobj(x, ξ) + λI(x, ξ) with

I(x, ξ) =


0, gk(x, ξ) ≤ 0, ∀k ∈ [n],

1, otherwise.

(4.4)

Here, I(x, ξ) is an indicator function for risk violations and λ ≥ 0 is a parameter for
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penalizing the constraint violations. The yield 1− τ is defined as the probability that all

risk constraints are met, i.e., 1− Eρ(ξ)[I(x, ξ)]. The resulting cost function f(x, ξ) can

then be integrated in the shift-aware optimization defined in (4.2).

4.3 Distributionally Robust Bayesian Optimization

Solver

The distributionally robust circuit optimization as defined in (4.2) may be intractable

in practice because: (a) the uncertainty set P may contain an infinite number of PDFs

describing process variations; (b) the min-max problem is inherently hard to solve; (c)

we do not have an analytical form for f(x, ξ) and its simulation could be costly. To

tackle these challenges, we will first define the PDF uncertainty set P appropriately.

Subsequently, we utilize distributionally robust Bayesian optimization (DRBO) [149–

151], a recently developed technique in the machine learning community, to efficiently

solve problem (4.2).

4.3.1 Distribution Uncertainty Set

In our approach, we model the PDF uncertainty set P as a ball whose center is the

nominal distribution ρ0(ξ) (which is often an inaccurate PDF provided by a foundry)

and whose radius ε is measured by a distribution divergence D:

P := B(ρ0) = {ρ : D(ρ0, ρ) ≤ ε}. (4.5)

Here D(ρ0, ρ) measures the difference between ρ0(ξ) and ρ(ξ). In practice, we can decide

the value of radius ϵ based on estimations of variation shifts, which will be discussed
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later.

There are several choices for the divergence D, including maximum mean discrepancy,

Wasserstein distance, φ-divergence, etc [158]. Here, we choose the φ-divergence (also

called as f -divergence) for its advantages in computational efficiency. Let ρ and ρ0 be

two distributions such that ρ is absolutely continuous with respect to ρ0, the φ-divergence

from ρ to ρ0 is defined as [159]:

Dφ(ρ, ρ0)
∆
= Eρ0

[
φ

(
dρ

dρ0
(ξ)

)]
, (4.6)

where φ : R→ (−∞,∞] is a convex, lower semi-continuous function such that is φ(1) =

0 and dρ/dρ0 is a Radon-Nikodym derivative. By choosing different functions for φ,

Eq. (4.6) can cover many popular divergences, such as χ2-divergence, total variation

distance, and KL-divergence.

Based on the uncertainty set P defined in (4.6), we can rewrite the distributionally

robust optimization problem (4.2) as follows:

min
x∈X

sup
ρ(ξ)∈Bφ(ρ0)

Eρ(ξ)[f(x, ξ)]. (4.7)

In this chapter, we choose φ(u) = (u− 1)2 to measure the radius of P by χ2-divergence.

By applying the theorem 2 outlined below, we can further simplify Problem (4.7) to a

single-level optimization problem:

min
x∈X

Eρ0(ξ)[f(x, ξ)] +
√
ε · Varρ0(ξ)[f(x, ξ)]. (4.8)

Note that we can still simplify the min-max optimization if the radius is measured by

other divergences within the φ-divergence family.
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Theorem 2 (modified from [151]) Let φ : R −→ (−∞,∞] be a convex lower semi-

continuous mapping such that φ(1) = 0. Its convex conjugate φ⋆ is defined as φ⋆(u) =

supv∈R uv − φ(v). Let f be measurable and bounded. For any ε > 0, it holds that

min
x∈X

sup
ρ(ξ)∈Bφ(ρ0)

Eρ(ξ)[f(x, ξ)] =

min
x∈X,τ≥0,b∈R

(
−b+ τε+ τEρ0

[
φ⋆

(
b+ f(x, ξ)

τ

)])
.

This theorem simplifies the two-level min-max problem into one simple minimization

one with two additional 1-dimensional variables τ and b. When φ(u) = (u− 1)2, which

corresponds to the χ2 divergence, we have φ⋆(u) = u2

4
+ u. Plugging this into the above

equation and solving the 1-dimensional optimization problems for τ and b, which both

have analytical solutions, yields the reformulated problem in Eq. (4.8). Compared to the

original theorem in Ref [151], we make slight modifications by switching the min-max

order of the original problem and allowing ξ to be a higher-dimensional variable. This

change does not affect the proof sketch.

4.3.2 DRBO Workflow

Next, we explain how to solve (4.8) via DRBO with a few circuit simulation sam-

ples. Similar to a standard Bayesian optimization (BO), DRBO sequentially builds a

probabilistic surrogate model of f(x, ξ) and explores the design space by minimizing an

acquisition function. The overall DRBO algorithm is summarized in Algorithm 4, and

the key steps are explained below.

• Step 1. Build a probabilistic surrogate model of f(x, ξ). Here we choose a Gaussian

process model [160], which has been widely used in BO-based circuit optimization.
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• Step 2. Minimize the acquisition function A(x):

x = argmin
x∈X

A(x). (4.9)

The acquisition function serves as a important role in guiding the exploration of

design space by optimizing some informative metrics, such as expectation improve-

ment and lower confidence bound (LCB). In this chapter, we use the LCB metric

to define A(x). This approach allows us to effectively balance between exploiting

promising current designs and exploring the design space characterized by signifi-

cant model uncertainty:

A(x) :=
1

L

L∑
l=1

[µ(x, ξl)−
√
βσ(x, ξl)]+√√√√ ε

L

L∑
l=1

(µ(x, ξl)− µ̄)2,
(4.10)

where µ(x, ξ) and σ(x, ξ) represent the predictive mean and standard deviation

offered by the probabilistic surrogate model, and β is a balancing factor. A finite

number of samples {ξl}Ll=1 sampled from ρ0 are used to estimate the performance

mean and variance over the nominal variation and µ̄ = 1
L

∑L
l=1 µ(x, ξ

l) denotes the

performance mean.

• Step 3. If convergence is not achieved, we draw a new sample from ρ0 and augment

the existing sample set. Then the algorithm returns to Step 1.

Remarks. Compared with standard BO, the DRBO algorithm aims to find a robust

solution under shifted variations by penalizing an additional term associated with the

variance. In other words, without the second term in (4.8) and consequently in (4.10),

DRBO would simply reduce to standard BO.
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Algorithm 4 Overall DRBO algorithm

Input: Initial sample set S0 = {xi, ξi, f(xi, ξi)}Mi=1, nominal PDF of variations ρ0, un-
certainty ball radius ε, maximum iteration T

Output: The optimal circuit design x⋆ for Problem (4.8)
1: for t = 1, 2, ..., T do
2: Construct a probabilistic surrogate model based on St−1

3: Solve the next query point xt via (4.9) with acquisition function (4.10)
4: Sample variation ξt ∼ ρ0 and simulate f(xt, ξt)
5: Augment data set St ← St−1 ∪ (xt, ξt, f(xt, ξt))
6: end for
7: Return the optimal design x⋆

Despite many methods to construct the distribution set [158], we choose the φ-

divergence since it is particularly suitable for circuit optimization. Firstly, φ-divergence

covers many commonly used divergence measurements and thus effectively describes the

shifted variations. Secondly, both the design variables and the variations of analog cir-

cuits are continuous, while some methods require us to discretize them [149, 150]. More

importantly, the min-max problem can be reformulated into a single-level minimization

problem, offering significant computational advantages. In circuit optimization, computa-

tional cost is often a primary concern. The variations often have high dimensionality, and

without the reformulation, the computational burden of a two-level min-max optimiza-

tion can grow significantly as the dimension of variations increases. However, through the

use of φ-divergence for modeling and the subsequent reformulation, the computational

cost of DRBO is almost the same as a standard Bayesian optimization.

4.4 Implementation Details

In this section, we will show some implementation details of the DRBO algorithm.

Probabilistic surrogate model. In this chapter, we choose the commonly used

Gaussian processes (GP) as the probabilistic surrogate model. For simplicity, we denote
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θ = (x, ξ). Let Θ = {θi}Mi=1 be a set of training samples, and let y = {f(θi)}Mi=1 be their

simulation outputs. Given a pre-specified prior meanm(θ) and a kernel function k(θ,θ′),

a GP model assumes that the output y follow a Gaussian distribution:

Prob(y) ∼ N (y|m,K), (4.11)

where m ∈ RM is a mean vector, with the i-th element being m(θi) and K = k(Θ,Θ) ∈

RM×M is a covariance matrix with the (i, j)-th element being k(θi,θj). For a new data

θ′, we can predict its posterior mean and variance from the GP model as follows:


µ(θ′) = k(θ′,Θ)

T
K−1y

σ2(θ′) = k(θ′,θ′)− k(θ′,Θ)
T
K−1k(Θ,θ′),

(4.12)

In our cases, we choose the prior mean as m(θ) = 0 and the kernel as a Matern function.

The hyperparameters in the GP model are optimized by maximizing the log marginal

likelihood.

Improved modeling of the cost function. In certain situations, after applying a

penalty term for yield constraints as shown in (4.4), the cost function may become non-

smooth, introducing additional challenges for Gaussian process modeling. To address

this issue, we employ two distinct GP models to separately estimate circuit performance

and feasibility, with the feasibility being estimated by a Gaussian process classifier [161].

Depending on the target applications, a variety of surrogate models, such as advanced

variants of Gaussian process [116], Bayesian neural networks [147], and others, could po-

tentially be leveraged to enhance modeling accuracy and achieve superior design results.

Stop criteria. Indeed, in our formulation, choosing the optimal x after multiple

iterations of sampling is not a trivial task. In a much simpler optimization setting,
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such as minx f(x), we can take the optimal design by x⋆ = argmin f(x). However,

our cost function involves an expectation over the variations, specifically Eρ0(ξ)[f(x, ξ)]

as presented in (4.8). Estimating this expectation through simulating f(·) would be

computationally burdensome. To address this, we select x with the minimal value of (4.8)

according to the posterior distribution of f̂(x, ξ). This is a common strategy in such

contexts [162, 163]. Beyond the optimal design selection, one strategy for early stop

could be that the algorithm returns a stable solution after several consecutive iterations.

Minimizing the acquisition function. Many numerical optimization algorithms

and software, such as [164], can be employed to minimize the acquisition function (4.9).

In our implementation, we simply adopt another Bayesian optimization as the optimizer.

In Line 4 of Algorithm 4, only one variation sample is drawn from the nominal PDF

ρ0(ξ) under the newly determined design xt. In the implementation, we found that a

batch-wise strategy of sampling variations can accelerate algorithm convergence. This

strategy groups multiple variation samples with the newly acquired design sample, which

helps the GP model to model the cost functional around the new design. Note that the

grouping strategy is different from batch-wise Bayesian optimization, where a batch of

design variables is determined from the acquisition function. A batch-wise version in

solving x could potentially improve the DRBO efficiency and be of independent interest.

Given the stop criteria of selecting the optimal x based on the posterior distribution,

an augmented sampling set improves the estimation of this distribution, which in turn

assists the algorithm in identifying the optimal design. The sample set can be augmented

either by grouping more variation samples or by conducting more rounds of iterations.

Further investigation is needed to achieve a good balance between these two strategies

in terms of computational efficiency.
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Figure 4.3: The schematic of a third-order Mach-Zehnder interferometer.

4.5 Numerical Results

In this section, we apply the DRBO algorithm in the yield-aware optimization of a

photonic IC and an electronics IC and show the robustness of the proposed design under

the shift variations.

Baseline: We compare the proposed DRBO algorithm with a standard LCBmethod [165],

which serves as our baseline. LCB method assumes that the process variation follows

a fixed distribution ρ0(ξ), whose acquisition function (4.10) degenerates to A(x) =

1
L

∑L
l=1[µ(x, ξ

l) − √βσ(x, ξl)]. Therefore, it does not consider the variation shifts and

thus operates as a standard Bayesian optimization method. It can also be viewed as

a DRBO with ε = 0. Specifically, this is exactly what existing Bayesian optimization

solvers do in statistical circuit design optimization.

Algorithm evaluation. In this comparison, both DRBO and LCB are implemented

with the same nominal variation distribution ρ0(ξ) and with the same initial setup to

search optimal designs. To evaluate the robustness of these designs against distribution

shifts, we then test the resulting designs under various unforeseen variation distributions.

As previously discussed in Section 4.2.1, we have introduced three scenarios to demon-

strate practical variation shifts. For the photonics benchmark, we assume that the vari-

ation shifts arise due to time shift. In the electronic IC benchmark, we assume that the

variation shifts arise from poor data quality and model misfit, for illustrative purposes.

It is critical to note that in realistic applications, it is highly probable that all three

81



Distributionally Robust Circuit Optimization under Variation Shifts Chapter 4

7.5 5.0 2.5 0.0 2.5 5.0 7.5
1 & 2

0.000

0.025

0.050

0.075

0.100

0.125

0.150

0.175

0.200
D

es
ns

ity
t = 0
t = 30
t = 70
t = 100

Figure 4.4: Examples of PDFs for the shifted (testing) variation distributions at
different time steps, changing from the nominal distribution at t = 0 to a highly
shifted one at t = 100.

scenarios would coexist.

4.5.1 Photonics IC: Mach-Zehnder Interferometer

Setup. We consider a third-order Mach-Zehnder interferometer (MZI) which consists

of three port coupling and two arms, as shown in Fig. 4.3. By fixing the first gap

parameter, we design the other two gap parameters x = [g1, g2] ∈ [100, 300]2 nm of the two

arms under variations ξ ∈ R2. We aim to maximize the expected 3-dB bandwidth (BW, in

GHz) with risk constraints on the crosstalk (XT, in dB) and the attenuation (α, in dB) of

the peak transmission. The design objective is defined as f(x, ξ) = −BW(x, ξ) + λI(x, ξ)
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Figure 4.5: The cost function and yield estimated by 104 simulated samples during the
Bayesian optimization iterations in optimizing the MZI. Regarding the cost function
f(x, ξ), the LCB outperforms the DRBO ones when t is relatively small. However, as
t increases, the DRBO methods begin to achieve better performance. Regarding the
yield, the DRBO method with a larger ε consistently achieves the highest yield in this
case. Because it is more conservative in considering the worst case of variation shifts.

with

I(x, ξ) =


0, XT(x, ξ) ≤ XT0, α(x, ξ) ≤ α0

1, otherwise.

(4.13)

Here, we aim to evaluate the design robustness under the time shift of the variation

distribution. Without loss of generalization, we assume the PDFs of the two variations

follow the same time-dependent Gaussian distribution

ρ(ξ1(t)) = ρ(ξ2(t)) ∼ N (µ(t), σ(t)) with

µ(t) = t/300, σ(t) = 2 + 0.005t.

The PDFs of the resulting time-shift variations are shown in Fig. 4.4. Specifically, the

nominal distribution ρ0 corresponds to the variation PDF at t = 0.

For this benchmark, which involves two-dimensional design and variation variables,
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we begin by randomly selecting an initial sample set of 200 pairs of (x, ξ). Here, x is

uniformly sampled from the design variable range, and ξ is sampled from the nominal

distribution. We conduct experiments using five different sets of initial samples for all

algorithms, reporting the mean and standard deviation of the results. To accelerate the

learning process, after determining the next design in an iteration, we use the group-

ing strategy to pair this design with a batch of 5 variation samples from the nominal

distribution to augment the sample set. For all algorithms, we use L = 300 samples in

evaluating the acquisition function and set the maximum iteration count T = 150 as the

stopping criterion.

Results. We report the cost f(x, ξ) and yield of each iteration under shifted vari-

ations in Fig. 4.5. In terms of evaluation, a lower cost function is more desirable, while

a higher yield is better. Specifically, we compare the performance among the LCB and

the DRBO algorithm, using uncertainty set radius of ε = 0.25 and ε = 0.1. At each

time step t, we obtain a design (not a query point) based on the model’s posterior distri-

bution and evaluate its performance and yield under the shifted variation distribution.

The results at specific time points are detailed in Table 4.1. Initially, at t = 0, the LCB

outperforms the DRBO since the testing (true) distribution is exactly the nominal one.

However, as t increases, and the testing distribution begins to diverge from the nominal

one, LCB begins to degrade, eventually becoming worse than DRBO after t > 30. In

contrast, the DRBO algorithms demonstrate increased robustness to variation shifts over

time. Specifically, when the shift is relatively limited (e.g., when t < 60), the DRBO

with ε = 0.1 performs better than the one with ε = 0.25 since a larger uncertainty set

leads to a more conservative design optimization. However, when the shift becomes more

pronounced, a larger ε shows beneficial.

Parameter Analysis. We perform an analysis of the sample size L used in evaluat-

ing the acquisition function (4.10). For each setting, we present the mean and standard
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Table 4.1: Performance of the designs in the MZI benchmark tested under variations
at different t.

Time step Method Cost function Yield (%)

t = 0 (Nominal)
Proposed (ε = 0.25) -189.69±0.099 99.9±0.11
Proposed (ε = 0.10) -189.74±0.085 99.6±0.36

LCB [165] -189.80±0.015 99.1±0.41

t = 30
Proposed (ε = 0.25) -189.68±0.087 99.7±0.21
Proposed (ε = 0.10) -189.71±0.049 99.4±0.64

LCB [165] -189.71±0.044 98.6±0.61

t = 70
Proposed (ε = 0.25) -189.65±0.069 99.5±0.35
Proposed (ε = 0.10) -189.65±0.037 98.9±0.96

LCB [165] -189.57±0.094 97.5±0.92

t = 100
Proposed (ε = 0.25) -189.61±0.059 99.3±0.57
Proposed (ε = 0.10) -189.57±0.093 98.3±1.45

LCB [165] -189.45±0.124 96.6±1.17

deviation of five repeated experiments with different initial samples. Given that we use

a finite number of samples to estimate the nominal distribution, more samples from the

distribution lead to a more accurate estimation, and consequently, more robust optimiza-

tion and design. As shown in Table 4.2, with the increase of L, the design performance

generally improves, evidenced by a lower mean and smaller standard deviation in the

cost function f(x, ξ).

However, increasing the number of samples L in estimating the mean and standard

deviation inherently takes more computational time, leading to a trade-off between com-

putational time and robustness. In the benchmark presented, the problem size is rela-

tively small, so the inference time in a GP model can be almost ignored. However, for

higher-dimensional problems, the computational cost could become a significant factor.

There are also many potential accelerations towards the DRBO solvers, such as paralleliz-

ing the optimization of the acquisition function by starting from different initial points,

using the strategy to augment the sample set as previously discussed, and so forth.

85



Distributionally Robust Circuit Optimization under Variation Shifts Chapter 4

Table 4.2: Resulting cost function of DRBO with ε = 0.25 when using different L in
optimizing the MZI.

L t = 0 t = 30 t = 70 t = 100

100 -189.68±0.104 -189.65±0.093 -189.58±0.135 -189.52±0.161
200 -189.70±0.058 -189.67±0.039 -189.62±0.065 -189.57±0.125
300 -189.69±0.094 -189.68±0.087 -189.65±0.068 -189.61±0.056
400 -189.70±0.085 -189.69±0.070 -189.66±0.051 -189.62±0.026
500 -189.75±0.038 -189.72±0.021 -189.68±0.016 -189.62±0.036

Figure 4.6: The schematic of a two-stage amplifier.

4.5.2 Electronics IC: Two-stage Amplifier

Setup. We consider a two-stage operational amplifier (Op-Amp) whose schematic

is shown in Fig. 4.6. Let Wi denote the width (in µm) of the transistor Mi. To re-

duce the systematic offset voltage, we enforce W1 = W2, W3 = W4, and set a ratio

R = W7/W5 = W6/2W3. We consider x = [W1,W6,W7, R] as the design variables for

optimization. However, due to the process variations in manufacturing, the enforced

equalities may not hold true. Consequently, we consider ξ = [ϵ2, ϵ4] as the process vari-

ations, where W2 = (1 + ϵ2)W1 and W4 = (1 + ϵ4)W3. These variations have been
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Figure 4.7: PDFs of the nominal Gaussian distribution ρ0(ξ) and the true Gaussian
mixture distribution ρ(ξ). We consider three cases where the true variations is a
mixture of two Gaussian distributions with α1 = 0.3, 0.5, and 0.7.

found to significantly impact the circuit’s performance [166]. Here we aim to minimize

the power (in mw) while having risk constraints on the gain (in dB), unity gain fre-

quency (UGF, in MHZ), and phase margin (PM, in degree). The design objective is

defined as: f(x, ξ) = −power(x, ξ) + λI(x, ξ) where I(x, ξ) = 0 when gain(x, ξ) ≥ 30,

UGF(x, ξ) ≥ 120 and PM(x, ξ) ≥ 60 are satisfied, otherwise I(x, ξ) = 1.

We assume that the true parameter distribution ρ(ξ) follows a (multivariate) Gaussian

mixture model (GMM), which is a weighted sum of multiple (multivariate) Gaussian
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distributions:

ρ(ξ) =
n∑

i=1

αiN (µi,Σi), with
n∑

i=1

αi = 1.

In this study, we set n = 2. The variables µ1 and µ2 denote the means of the two Gaussian

distributions, Σ1 and Σ2 denote their covariance matrices, and α1 and α2 represent their

respective mixing weights. Specifically, we set µ1(ξ) = −µ2(ξ) = [0.008, 0.008] and

Σ1(ξ) = Σ2(ξ) = 10−2

0.8 0.1

0.1 0.8

.
To simulate variation shifts due to model misfit and poor data quality, we draw

500 noisy samples from the true GMM ρ(ξ) and fit a single Gaussian distribution to

these samples. This fitted Gaussian serves as our nominal distribution ρ0(ξ). The poor

data quality is represented by adding noise to the samples from the true distribution:

ξnoisy = ξ + η, where η ∼ N (0, 10−4I). In Fig. 4.7, we can clearly see the divergence

between ρ0(ξ) and ρ(ξ) under different mixing weights α1.

Similar to the previous MZI example, for this benchmark involving four design vari-

ables and two process variation variables, we randomly select 500 pairs of (x, ξ) as the

initial samples. During the Bayesian iterations, we group each query point with 10 ξ.

We repeat the experiments using five different sets of initial samples for all algorithms,

subsequently reporting the mean and standard deviation of the results. We set the max-

imum iteration T = 160, and use L = 300 for (4.10). To further stabilize the design

solution in this benchmark, we take the final optimal design as the output design with

the lowest cost function from the last five Bayesian optimization iterations.

Results. We evaluate the design performance of both LCB and DRBO with ε = 0.05

under three specific cases of variation shifts, namely, where the true distributions have

different mixing weights α1 = 0.3, 0.5, and 0.7. Additionally, we also test the design
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performance under the nominal distributions as a reference. For each design, its cost

function and yield are estimated based on 5 × 103 simulated samples. The resulting

design performance and comparisons are comprehensively outlined in Table 4.3. When

we evaluate the designs under the nominal distributions, both the DRBO and LCB

methods achieve comparable results, with a similar cost function and yield. This shows

the effective optimization of two methods in the absence of variation shift. However, when

we evaluate the designs under the true distributions, the DRBO solution demonstrates

significantly better robustness under the shifts. This is evidenced by the lower cost

function and higher yield associated with the DRBO solution. The observations are

consistent across all three true distribution cases.

Specifically, when compared to the evaluations under nominal evaluation, the perfor-

mance of the LCB design decreases significantly as evidenced by an increase in the cost

function and a decrease in yield. These results show that a design quality could be highly

sensitive to the variation shifts, highlighting the importance of the proposed shift-aware

optimization formulation and the DRBO solver.

Parameter Analysis. Here, we analyze the impact of the radius ε of the uncertainty

ball under the true variations where α1 = 0.3. The radius ε represents our estimation

of the potential variation shifts. In this testing case, the true χ2-divergence between

true distribution and nominal distribution is approximately 0.1. Table 4.4 depicts the

results obtained from running the DRBO with different values of ε. As we can see, with

the increase in ε, the obtained cost function first decreases and then increases. The

optimal cost function is achieved when the value of ε is closest to the actual divergence.

It indicates that in real-world applications, users should select the value of ε based on

their estimation of variation shifts. While we observe a consistent improvement in yield

as ε increases in this case, the monotonic relationship between the radius ε and the yield

is not strictly guaranteed in our yield-aware optimization problem. To prioritize yield
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Table 4.3: Performance of the designs in the two-stage amplifier benchmark tested
under different distributions.

α1 Testing ρ(ξ) Method Cost function Yield (%)

0.3
Nominal

Proposed 0.2088±0.0037 93.32±1.36
LCB [165] 0.2124±0.0034 91.73±2.02

True
Proposed 0.2195±0.0043 91.63±2.02
LCB [165] 0.2282±0.0159 86.63±4.01

0.5
Nominal

Proposed 0.2142±0.0035 91.91±2.91
LCB [165] 0.2182±0.0047 90.70±2.20

True
Proposed 0.2191±0.0039 91.36±3.04
LCB [165] 0.2290±0.0115 87.78±1.47

0.7
Nominal

Proposed 0.2241±0.0067 88.09±0.98
LCB [165] 0.2256±0.0112 88.07±3.19

True
Proposed 0.2231±0.0104 88.13±1.76
LCB [165] 0.2287±0.0144 87.11±3.72

optimization, we can simply assign a large value for the penalty factor λ. Meanwhile,

other variants of distributionally robust yield optimization formulations deserve further

investigation.

4.6 Conclusion

In practical IC design, we only have limited and inexact statistical knowledge of pro-

cess variations. Therefore the actual PDF of process variations can be quite uncertain,

and it often differs from the given statistical model. In this chapter, we outlined three

possible scenarios of distributional shift - poor data quality, model misfit, and time shift -

which are likely to occur concurrently in real-world applications. To find a design that is

robust against such variation shifts, we formulated a novel shift-aware circuit optimization

problem as a distributionally robust optimization problem. This formulation optimizes

the circuit design when the actual variation distribution is different from the nominal
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Table 4.4: Parameter analysis on the radius ε of the uncertainty ball under true
distribution with α1 = 0.3.

Radius ε Cost function Yield (%)

0.15 0.2287±0.0144 92.71±0.94
0.10 0.2181±0.0044 92.54±1.61
0.05 0.2195±0.0043 91.63±2.02
0.01 0.2257± 0.0057 88.71±1.17

0 (LCB) 0.2282±0.0159 86.63±4.01

one. With the appropriate modeling of the uncertainty set for variation distributions, we

effectively and efficiently solve the proposed shift-aware circuit optimization via a distri-

butionally robust Bayesian optimization (DRBO) approach. We validate the proposed

method using two IC benchmarks - a photonic IC and an electronic IC. Our approach suc-

cessfully solves out designs that demonstrate greater robustness against variation shifts,

whereas traditional stochastic optimization methods significantly underperform under

the variation shifts.

Possible extensions of this work include, but are not limited to: (i) heuristics or theory

to determine the radius of the uncertainty ball, (ii) techniques to handle high-dimensional

design variables and process variations, (iii) further acceleration of the distributionally

robust Bayesian optimization algorithms.
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Chapter 5

Background of Quantum Computing

In this chapter, we introduce some basic conceptions of quantum computing.

Quantum State. In quantum computing, a state vector, typically denoted as |ψ⟩,

can describe a system. For a simple two-level quantum system (a qubit), this could be

written as:

|ψ⟩ = α |0⟩+ β |1⟩ (5.1)

Here, |0⟩ and |1⟩ represent the two basis states (similar to the 0 and 1 in classical

computing), while α and β are complex coefficients. According to the principles of

quantum mechanics, the absolute squares of these coefficients, |α|2 and |β|2, give the

probabilities of measuring the states |0⟩ and |1⟩ respectively. Moreover, due to the

conservation of probability, these values sum to 1: |α|2 + |β|2 = 1

The density operator (or density matrix), ρ, provides a more general description of

a quantum state, especially when the system is in a mixed state, meaning a statistical

mix of different quantum states. If we have a system in state |ψi⟩ with probability pi,
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the density operator is given by:

ρ =
∑

pi |ψi⟩ ⟨ψi| (5.2)

The symbol ⟨ψi| is the complex conjugate transpose (also known as the bra) of the state

vector |ψi⟩ (also known as the ket).

Quantum Gate. Quantum gates are the building blocks of quantum circuits and rep-

resent the basic operations that can be applied to qubits. Like classical logic gates, they

perform operations on a certain number of input qubits and produce an output. However,

unlike classical gates, quantum gates can be reversible and can operate on superpositions

of their inputs. Let’s consider a single qubit gate, the Pauli-X gate, often compared to a

classical NOT gate. It is represented by the matrix:

X =

0 1

1 0

 .
Multi-qubit gates are also crucial in quantum computing. An example of such a gate

is the CNOT gate, a two-qubit gate that flips the second qubit (target) if and only if

the first qubit (control) is in state |1⟩. The matrix representing the CNOT gate is:

CNOT =



1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


.

Quantum gates are usually represented as unitary matrices, as they preserve the quan-

tum mechanical principle of conservation of probability. The state vectors and density
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operators, when operated on by these gates, transform the state of the quantum system

to enable computations.

Measurement. Measurement is an action that determines the state of a quantum

system. Given a qubit in state |ψ⟩ = α |0⟩+ β |1⟩, a measurement of this state will give

the result 0 with probability |α|2, and 1 with probability |β|2. These probabilities are

calculated from the square of the absolute value of the coefficients of the state vector, as

per the Born rule.

Prob(0) = |α|2, Prob(1) = |β|2

This leads to the post-measurement states being |0⟩ and |1⟩, respectively. In the case

of a density operator ρ representing our quantum state, the probability of obtaining a

specific measurement outcome m can be calculated as follows:

Prob(m) = Tr(Emρ),

where Em is the measurement operator corresponding to the outcome m, and Tr(·) de-

notes the trace of a matrix. After the measurement, the quantum state collapses to the

corresponding eigenstate of the measurement.

Quantum Circuit. Two popular trends of quantum computing are digital and ana-

log quantum computing, which differ in how they use quantum phenomena to process

information. Digital quantum computing involves encoding information into qubits and

applying sequences of unitary gate operations (quantum gates) to these qubits. Analog

quantum computing, also known as quantum annealing or adiabatic quantum comput-

ing, takes advantage of continuous quantum dynamics. Analog quantum computing is

particularly suited to solve optimization problems and simulations of quantum dynamics.
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Figure 5.1: An example of a quantum circuit.

In this dissertation, we mainly focus on digital quantum computation. Digital quantum

computing is considered universal since it holds general-purpose computing capabilities.

The quantum circuit is a model that describes the computation process as a sequence

of quantum gates, with qubits as the basic unit of quantum information. The circuit

offers a framework for representing quantum algorithms and computations in a manner

that is easy to understand and implement on a quantum computer. An example of a

quantum circuit is shown in Fig. 5.1. The quantum circuit belongs to the block level in

the design abstraction discussed in Sec. 1.2.1.

Variational Quantum Algorithm. Variational quantum algorithms are a class of

quantum algorithms that rely on classical optimization to find the best parameters for

a quantum computation. They’re a type of hybrid quantum-classical method, and are

well-suited for near-term quantum computers, often referred to as Noisy Intermediate-

Scale Quantum (NISQ) devices, which can handle a middle-scale quantum system but

still suffer from significant noise.

In a variational quantum algorithm, a problem is mapped onto a parameterized quan-

tum circuit (also called a variational quantum circuit), where the outcome of the com-
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Figure 5.2: An example of a variational quantum circuit.

putation depends on a set of parameters. The structure of such a circuit ansatz typically

consists of a series of gates that prepare an initial state, followed by a sequence of gate

operations that depend on a set of parameters. An example of a variational quantum

circuit is shown in Fig. 5.1. A classical optimizer is used to iteratively adjust these pa-

rameters based on the result of measurements made on the quantum circuit, aiming to

find the minimum of a specific cost function. These variational quantum algorithms are

designed to maximize the efficiency of quantum resources and offer a practical pathway

for the near-term deployment of quantum computing technologies.
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Chapter 6

Variational Method for QAOA

Simulation

6.1 Introduction

In this chapter, we will discuss the classical simulation of quantum algorithms and

specifically focus on a variational approach.

In light of the rapid advancements in quantum hardware, quantum computing has

demonstrated potential advantages in specific applications [20, 167]. However, the prac-

tical application of quantum computing remains limited due to imperfections in current

quantum hardware, such as intrinsic quantum noise) and the high cost of public ac-

cess. Therefore, classical simulation of quantum systems [32, 168] plays an important

role in the development, verification, and benchmarking of quantum algorithms. Some

widely-used classical simulators include state vector simulation [169], tensor network

models [170–174], decision diagrams [175], and customized simulators for certain circuit

families like the Clifford circuits [176,177].

The simulation of a quantum approximate optimization algorithm (QAOA) [178]
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has gained considerable attention [171, 179]. With its potential to show advantages

in optimization problems, QAOA is one notable example of variational quantum al-

gorithms. QAOA and its variants [180, 181] have been extensively studied in recent

years, including its theoretical foundations and mechanism [182–185], parameter opti-

mization [38,186,187], hardware realizations [188,189] and benchmarking [190]. Regard-

ing its simulation, while QAOA energy could usually be simulated efficiently using the

lightcone structure [178,191], simulating its output state on a classical computer presents

a significant challenge.

Recently, a classical simulation of the QAOA algorithm using a quantum neural state

was proposed in [34]. Its key idea is to parameterize the quantum state by a specific neural

network model, restricted Boltzmann machine (RBM), and then simulate the gates in the

circuit by variationally updating the RBM parameters. Neural network models have been

widely used in quantum many-body systems, and states approximated by these models

are often referred to as neural quantum states in the literature [192–196]. A series of

works have investigated the capacity of neural quantum state models, demonstrating

their remarkable expressive power [197–201]. The equivalence between RBM and tensor

network models was shown in Ref. [202].

Regarding using the neural quantum state as a circuit simulator, Ref. [34] demon-

strated that the variational method can accurately simulate quantum QAOA circuits in

the near-optimal parameter regime. However, the performance of this method in broader

contexts is yet to be thoroughly investigated.

Main contributions. In this chapter, we discuss and analyze the performance of

variational methods in simulating QAOA circuits. It is widely recognized that the en-

tanglement entropy (EE) of a quantum system is the bottleneck of its tensor network

representation [203]. The scaling of EE has been used to quantify the complexity of a

quantum circuit [204], and entropy tracking has also been used to analyze the impact of

99



Variational Method for QAOA Simulation Chapter 6

	𝑈(𝛾)

	𝐻

	𝐻

	𝐻

	𝐻

	𝑅!(𝛽)

	𝑅!(𝛽)

	𝑅!(𝛽)

𝑝 depths

	𝑅!(𝛽)

Visible layer

Hidden layer

… simulation

Approximated

2 3 4 5
Maximum entanglement entropy

0.88

0.90

0.92

0.94

0.96

Fi
de

lit
y

N=10
N=16
N=20

Figure 6.1: The overview figure of this chapter. The QAOA circuit is approximately
simulated by a variational method parametrized by an RBM model. The bottom
figure illustrates the simulation results of QAOA circuits with depths ranging from
p = 1 to p = 8, applied to MaxCut graphs of sizes N = 10, 16, 20. We focus on
the relationship between the fidelity of variational simulation and the entanglement
entropy of the circuit. Each data point represents the simulation results of a specific
QAOA circuit corresponding to a particular depth p and graph size N . Our findings
indicate that as the graph size N increases, the maximum entanglement entropy rises
while the fidelity decreases.

noise on quantum algorithms [205,206]. Our study reveals that EE continues to present a

challenge for the simulation performance of variational methods. As depicted in Fig. 6.1,

the approximation accuracy noticeably decreases as the state EE increases. After identi-

fying the limitations of the variational method, we attempt to improve simulation accu-

racy by investigating two key components of variational simulation algorithms: the size

of the RBM model and the quality of Markov Chain Monte Carlo (MCMC) sampling.

The size of an RBM model is related to the model’s capacity to represent a quantum
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state, and the MCMC samples are utilized in stochastic optimization during gate ap-

proximation. Our findings indicate that the simulation performance can be improved by

increasing the model size and the number of MCMC samples. However, these approaches

could considerably increase computational costs, and the degree of improvement remains

limited. These observations underline the challenges associated with simulating complex

circuits via variational methods and emphasize the need for further research to broaden

the regime of simulatable circuits using this approach.

6.2 Background and Formulation

6.2.1 MaxCut Problem

Given a graph G = (V,E) with vertices V and edges E, the MaxCut problem aims to

find a cut that partitions the graph vertices into two sets that have the largest number

of edges between them. The associated cost Hamiltonian can be written as:

Hp =
∑

(i,j)∈E

I− ZiZj, (6.1)

where Zi is a Pauli-Z operator. We aim to search for a bitstring x that minimizes the

cost ⟨x|Hp|x⟩.

6.2.2 Quantum Approximate Optimization Algorithm (QAOA)

QAOA was proposed to solve combinatorial optimization problems by preparing a N -

qubit quantum state using a sequence of alternating operators, which are parameterized
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by γ and β, with a predefined circuit depth p:

|ψp⟩ = UM(βp)UP (γp) · · ·UM(β1)UP (γ1) |ψ0⟩ . (6.2)

UP (γl) = e−iγlHP is the phase sepeartion operator with HP being the problem Hamil-

tonian (6.1). UM(βl) = e−iβlHM is the mixing operator with HM =
∑

j∈V Xj and Xj is

the Pauli-X matrix. The initial state |ψ0⟩ = |+⟩⊗N is a superposition of all computa-

tional basis with |+⟩ being a uniform superposition state of a single qubit. QAOA is a

hybrid variational quantum algorithm where the parameters γ and β are optimized via

a classical optimization routine.

6.2.3 Variational Simulation of QAOA

For a N -qubit quantum system, the Hilbert space is spanned by the computational

basis |x⟩ : x ∈ {0, 1}N of classical bit strings x = (x1, . . . , xN). An arbitrary state in the

Hilbert space is represented as |ψ⟩ =∑x ψ(x) |x⟩. The idea of the variational simulation

is to approximate |ψ⟩ via some parameterized neural network models and simulate gates

by updating its parameters variationally. More specially, a restricted Boltzmann machine

(RBM) has been used to approximate the quantum state [34]:

ψ(x) ≈ ψθ(x) ≡ exp

(
N∑
j=1

ajxj

)
·
Nh∏
k=1

[
1 + exp

(
bk +

N∑
j=1

Wjkxj

)]
. (6.3)

Here, the RBM model has complex-valued parameters θ = {a,b,W} where a ∈ CN are

visible biases, b ∈ CNh are hidden biases, and W ∈ CN×Nh are weights. The schematic

of an RBM model is shown in the upper left of Fig. 6.1.

An advantage of utilizing an RBM model is that given a representation of (6.3), some

one- and two-qubit gates operators can be exactly simulated as the mappings between
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two different sets of parameters θ → θ′. Given a gate G, the parameter mapping is

determined by solving nonlinear equations:

⟨x|ψθ′⟩ = C ⟨x|G|ψθ⟩ , ∀x ∈ {0, 1}N . (6.4)

If there exists a solution θ′ for all bitstrings and any constant C, then the gate G can

be exactly simulated. For example, the widely used ones include the Pauli-XYZ gates,

Z rotation (rz) gates, and the ZZ rotation (rzz) gate with an additional hidden neuron

in RBM. Note that the rzz gate is one of the most fundamental components in QAOA

algorithms for combinatorial optimization problems. See the exact detailed update rules

in Appendix A.3.1.

Other gates that do not have exact solutions of (6.4) need to be approximated through

a variational optimization scheme. Notably, the rx gate in the QAOA belongs to this

category. Suppose we have a current quantum state |ψθ⟩ parametrized by θ and the

target state |ϕθ′⟩ which is parametrized by θ′ (denoted as ψθ and ϕθ′ in the equations

for simplicity), we aim to minimize the distance between them:

min
θ′

D(ϕθ′ ,ψθ) = 1− F (ϕθ′ ,ψθ),with

F (ψθ,ϕθ′) =
|⟨ϕθ′ |ψθ⟩|2

⟨ϕθ′|ϕθ′⟩ ⟨ψθ|ψθ⟩
.

(6.5)

The above minimization problem can be solved by some stochastic optimizers. In this

chapter, we adopt the Stochastic Reconfiguration algorithm [207–209], which is also used

in [34]. We will illustrate the detailed optimization iterations to update RBM parameters

in Appendix A.3.2.
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Figure 6.2: The relation between the maximum entanglement entropy and simulation
fidelity of QAOA circuits with different depths on N = 20 MaxCut graphs. The
maximum entanglement entropy refers to the highest value observed among all the
layers in the QAOA circuit, while the fidelity is computed based on the final state of
the circuit.

6.3 Entanglement Entropy Limits the Variational Sim-

ulation

In this section, we begin by introducing entanglement entropy (EE) and its mea-

surement which is used for the variational simulation method. Then, we explore the

relationship between the approximation performance and EE.

6.3.1 Entanglement Entropy

EE is a key measure of quantum correlations between subsystems within a larger

quantum system. It quantifies the amount of information or uncertainty that is shared
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Figure 6.3: System size N strongly influences the maximum entanglement entropy.
By rescaling the entanglement entropy by 1

N , simulation results of different sizes ex-
hibit consistent trends but with varying fidelity. The data presented in the bottom
panel of Fig. 6.1 corresponds to the same dataset as the non-rescaled data.

between two subsystems, capturing the degree of entanglement between them. Given

a bipartition of a quantum system into two subsystems, A and B, the entanglement

entropy is the Von Neumann entropy of a subsystem:

S(ρA) = −Tr(ρA log(ρA)), (6.6)

where ρA = TrB(ρ) is the reduced density matrix of subsystem A.

EE can also be understood by Schmidt decomposition. Given a pure state |ψ⟩ within

a composite Hilbert space HA

⊗HB, its Schmidt decomposition can be expressed as

|ψ⟩ =
∑
i

λi|ui⟩A|vi⟩B, (6.7)
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Figure 6.4: The fidelity and entanglement entropy of a p = 1 QAOA circuit on
N = 8-node MaxCut graphs, whose γ and β is determined by a grid search with the
resolution of 20 × 20. The circuit fidelity exhibits a high sensitivity to the chosen
parameter settings. Circuits with relatively higher entanglement entropy tend to have
lower fidelity in simulation. The optimal QAOA parameters are indicated by a star
symbol in the heatmap, which is associated with high fidelity and low entanglement
entropy.

where λi denote the Schmidt coefficients, and |ui⟩A and |vi⟩B are orthonormal sets of

states in the Hilbert spaces HA and HB, respectively. The entanglement entropy S

between two subsystems is given as

S(ρA) = S(ρB) = −
∑
i

λ2i log(λ
2
i ) (6.8)

Importantly, given a |ψ⟩, the value of its EE depends on the partition order we used.

In our context, to fairly capture the maximal entanglement of a subsystem, we always

partition the state into two equally sized but randomly selected subsystems. Given a N -

qubit state |ψ⟩ (where N is assumed to be even), with all qubits denoted by a set

Q = {1, 2, . . . , N}, we estimate its entanglement entropy as follows:

1. Sample a random subset A containing N
2
distinct elements from Q such that A ⊂ Q
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Figure 6.5: The fidelity and entanglement entropy of a p = 8 QAOA circuit at the l = 3
layer are investigated on N = 10, 16, 20-node MaxCut graphs, where all parameters
are optimized except for γ3, which is determined through a grid search. The value of
the γ3 parameter strongly impacts both the EE of the state and the circuit fidelity.
Notably, a high entanglement entropy associated with a chosen γ3 leads to a significant
drop in fidelity. The optimal γ3 is also highlighted in the figures.

and |A| = N
2
.

2. Calculate the EE using Eq. (6.8).

3. Repeat the above steps and report the statistical results as the EE of |ψ⟩.

Note that while our focus is on pure states in this chapter, the estimation method can

be easily extended to mixed states by flattening the density matrices.

6.3.2 Variational Simulation & Entanglement Entropy

Intuitively, it is more challenging to represent a state with higher EE using a ten-

sor network model. We confirm that this holds true for the variational method. Our

experiments focus on the QAOA circuit for the MaxCut problem. For N -node graphs,

we use multiple non-homogeneous 3-regular graphs to benchmark the simulations. For

N < 10, we use all the available non-homogeneous graphs. For N ≥ 10, we randomly

use 10 graphs for benchmarking since the number of non-homogeneous graphs grows ex-

ponentially. The EE is estimated by randomly selecting 100 permutations of partition
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orders, and we take its average value. In all the figures and tables, without specification,

we report the average value of the interested quantities (e.g., the fidelity and EE) over

the graph instances, and the error bars are the standard deviations of the average values.

QAOA with near-optimal parameters.

First, we examine the approximated simulation performance of QAOA circuits with

near-optimal parameters. Here, the QAOA parameters are determined by the fixed angle

conjecture [210], a well-established set of parameters that work well for regular MaxCut

graphs.

In Fig. 6.2, we present the simulation results for MaxCut graphs of size N = 20 with

QAOA depth p = 1, 2, . . . , 8. Fidelity is calculated exactly as the overlap between the

approximated final state and the exact final state. Regarding the maximum entanglement

entropy, we collected the EEs of the simulated states after each QAOA layer l(1 ≤ l ≤

p) and reported the maximum observed value. As is evident from the results, fidelity

and maximal EE are highly correlated. Simulating a QAOA circuit with a higher EE

proves to be more challenging numerically. Interestingly, a higher-depth QAOA does not

necessarily translate to increased simulation difficulty for the same graph. We notice

the highest maximal EE and lowest fidelity at the p = 4 QAOA circuit. However, as p

increases from 5 to 8, a decrease in maximal EE and an increase in fidelity are observed.

This suggests that the variational method may be better suited for simulating higher-

depth QAOA circuits (with optimized parameters).

Next, we replicate these simulations for MaxCut graphs of sizes N = 16 and N = 10.

Noting that the maximum EE of a circuit is heavily dependent on the circuit size N ,

we perform a rescaling of the maximum EE by a factor of 1
N

and illustrate the results

in Fig.6.3. Across varying N , the relationship between fidelity and scaled maximal EE

remains consistent: circuits with larger EEs are more challenging to approximate. Given
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the same variational methods setup, the simulation becomes more difficult as the size of

the QAOA circuit increases. This suggests that simulating a larger-sized QAOA circuit

could be more challenging. If we omit the scaling of maximal EE, the results for different

N are shown at the bottom of Fig. 6.1.

QAOA with unoptimized parameters.

To extend our understanding of the variational method performance beyond the near-

optimal parameter space, we conducted simulations of QAOA with unoptimized param-

eter settings.

First, we performed a grid search over the two-dimensional parameter space, encom-

passing one-dimensional γ and one-dimensional β, for a QAOA circuit of size N = 8

and depth p = 1. The heatmap of fidelity and EE under varying parameters is shown

in Fig. 6.4. Notably, even for a graph of this relatively small size, the simulation fidelity

demonstrates significant sensitivity to the QAOA parameters. The regions of low-fidelity

parameters largely coincide with areas of high EE, reaffirming the strong relationship

between EE and simulation performance. Although there exist certain parameters where

high EE coincides with high simulation fidelity, we argue that for a substantial parameter

space (including the near-optimal space), a circuit with larger EE is generally more chal-

lenging to approximate. We also highlight the optimal parameters from the fixed-angle

conjecture in the figures, which corresponds to a low EE and high fidelity.

To deepen our understanding of high-depth QAOA simulation performance, we devel-

oped a one-dimensional grid search strategy due to the prohibitive computational costs

of a full grid search in high-dimensional space. This strategy sweeps γl for a specific

layer l (1 ≤ l ≤ p) in a depth-p QAOA circuit while holding all other 2p− 1 parameters

constant at their optimal values. The QAOA circuit is then simulated up to layer l, and

the fidelity at this stage, which is referred to as the instantaneous fidelity, is used as the
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measure of performance. We use the term “instantaneous” to differentiate the simulation

fidelity associated with a specific layer from the (final) fidelity, which corresponds to the

simulation of the entire depth-p QAOA circuit.

In Fig. 6.5, we report the sweeping simulation results of the l = 3 layer of a p =

8 QAOA for graphs with different sizes N . Once again, the simulation performance

exhibits sensitivity to the value of γ3, and we note the strong correlation between EE

and instantaneous fidelity. The optimal γ3 appears in a region of relatively high fidelity

and low EE. The associated scatter plot visually illustrates the instantaneous fidelity and

EE of QAOA circuits for specific γ3 values. By rescaling EE by 1
N
, we observe a consistent

trend among different-sized QAOA circuits. However, larger-sized QAOA circuits appear

to be more sensitive to γ3 value, implying that as N increases, the parameter space that

is “easy to simulate” becomes narrower.

6.3.3 Remarks

It is worth mentioning that we are not claiming that the RBMmodel can not represent

a highly entangled state. Many papers have explored the entanglement scaling of neural

network states and have shown their exceptional expressive power [197–200]. In fact,

in our simulations, an RBM model with low fidelity also manifests a comparable EE to

the exact state. However, our focus lies on applying the variational method in circuit

simulation, which involves extensive optimization of RBM parameters.

Revisiting Fig. 6.4, we note that the value of β does not influence the EE as the mixing

layer consists only of single-qubit gates. The subtle irregularities in the EE heatmap at

a fixed γ value can be attributed to the stochastic estimation of EE. Meanwhile, the

heatmap indicates that the simulation fidelity varies a lot for a fixed γ but differing β.

This suggests that other factors other than EE also have a role in influencing variational
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Algorithm 5 The variational method for simulating QAOA for MaxCut

Input: A depth-p QAOA circuit, graph G = (V,E)
1: Initialize the RBM model |ψθ⟩ for the initial state |ψ0⟩
2: for l = 1, 2, . . . , p do
3: # Simulate the problem Hamiltonian layer exactly
4: for edges in E do
5: Update the parameter θ analytically
6: end for
7: # Simulate the mixer layer approximately
8: for nodes in V do
9: while not converge do
10: Sample from current and target states xψ ∼ |ψθ|2, xϕ ∼ |ϕ|2
11: Update θ via stochastic reconfiguration based on samples of xψ and xϕ
12: end while
13: end for
14: Compress the RBM model
15: end for

simulation.

Having explored the relationship between EE and simulation fidelity, we will now

delve into the details of the variational simulation algorithm and conduct an analysis of

its performance.

6.4 Analyze the Performance of Approximation

In this section, we aim to analyze the model performance from the algorithmic per-

spective, with a particular focus on enhancing the simulation fidelity, especially when

the QAOA parameters are beyond the near-optimal space. A detailed illustration of the

variational simulation algorithm can be found in Algorithm 5, with a detailed explanation

provided in Appendix A.3.1.
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Figure 6.6: We explore the impact of increasing the number of hidden layers in
the RBM model for approximating a p = 8 QAOA circuit at the third layer on
N = 10, 16, 20-node MaxCut instances. All parameters of the circuit are optimized,
except for the third γ which is set to 0.9. By enlarging the RBMmodel, we successfully
improve the fidelity of the approximation. However, it is important to note that the
degree of improvement in fidelity for larger-sized circuits is limited despite the increase
in the size of the RBM model.

6.4.1 Enlarge RBM Models

An intuitive approach to improving simulation performance is to enlarge the size of

the RBM model, thereby increasing its capacity. Consequently, before simulating the

mixer layer (between lines 7 and 8 in Algorithm 5), we add additional hidden layers with

zero values.

We also tried sequentially adding additional hidden layers after each rx gate (between

lines 8 and 9 in Algorithm 5). The results of the latter approach are similar to the former

strategy. Hence, we report the results of enlarging the RBM model using the former

method. It is probable that a more informative initialization of the added hidden layers
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Table 6.1: The Simulation Fidelity of Different Graphs under RBM Models with
Different Sizes.

N # added hidden layer # parameter Fidelity

10
0 186 0.606 ± 0.030
20 406 0.795 ± 0.011
50 736 0.827 ± 0.013

16
0 441 0.565 ± 0.031
20 781 0.654 ± 0.023
50 1291 0.694 ± 0.013

20
0 671 0.154 ±0.011
20 1091 0.193 ±0.011
50 1721 0.228 ±0.012

could contribute to improved simulation, which could be worth further investigation.

In Fig. 6.6, we examine a depth-p = 8 QAOA circuit with an unoptimized γ3 = 0.78

and simulate the circuit up to the l = 3 layer using variously sized RBM models. As can

be read from Fig. A.3, such QAOA circuits have high EE and low instantaneous fidelity.

For simplicity, we only augment the RBM model when simulating the third layer of the

QAOA circuit, as this layer’s parameter is the only one that remains unoptimized. As

can be observed from the results, increasing the size of the RBM model does improve the

simulation fidelity. However, the scope of improvement is relatively limited, especially for

larger N graphs. We argue that it is due to the size of the target state being 2N , which

increases exponentially with N , while the number of parameters only grows polynomially

with N . For an RBM model with N visible nodes, the addition of one hidden layer

equates to an increase of (N + 1) parameters. A summary of the RBM parameters and

their performance is provided in Table 6.1. It suggests that learning a highly entangled

state from a size-N QAOA becomes progressively more challenging by simply augmenting

more hidden layers.
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Figure 6.7: We show the results of the variational simulation under different sampling
setups for a N = 16 MaxCut problem using a p = 1 QAOA circuit with optimized β
and γ values, specifically γ = 0.7. By approximating the rx gate one by one, we ob-
serve changes in both fidelity and distance. Increasing the number of MCMC samples
proves beneficial in reducing the distance between the true probability distribution
and the estimated one, while also increasing the fidelity of the approximation.

6.4.2 Increase the Number of MCMC Samples

Beyond the structure of the RBM model, the optimization algorithm employed to

update the RBM parameters also holds critical importance in the variational simula-

tion. For our experiments, we utilize the Stochastic Reconfiguration method (refer to

Appendix A.3.2). In Stochastic Reconfiguration, the quality of sampling (as noted in

line 10 of Algorithm 5) is of significant importance as it serves as the foundation of esti-

mating gradients in the RBM parameter update. Here, we use the Markov Chain Monte

Carlo (MCMC) method [211] to sample from quantum states that are parametrized by

RBM models. In our experiments, we propose a sample in the MCMC chain by ran-

domly flipping one bit. Without specification, we use a total of 8000 samples from four

independent chains, warming up each MCMC chain with an additional 8000 samples and

taking 20 steps between two accepted samples. To explore how sampling quality impacts
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Figure 6.8: The performance of p = 4 QAOA circuits on a N = 16 problem under
different numbers of MCMC samples. The parameters of the circuits are well-opti-
mized, except for γ4, which is fixed at 0.3. We observe that increasing the number of
MCMC samples leads to improved fidelity at each layer of the QAOA circuit.

simulation performance, we modified the number of MCMC samples used to simulate the

same QAOA circuits.

In Fig 6.7, we examine a N = 16, p = 1 QAOA circuit with an unoptimized γ = 0.7

and an optimal β. Its heatmaps, generated from scanning two parameters, would be

similar to Fig. 6.4. We monitored the fidelity after simulating rx gates individually and

labeled the fidelity after simulating specific rx gates as instantaneous fidelity. We also re-

ported the distance between the exact and approximated states along the simulation path

of rx gates. This distance measures the Kullback-Leibler (KL) divergence between the

exact probability distribution and the empirically estimated one obtained from MCMC

samples. As we increase the number of MCMC samples, we observe a significant im-

provement in the simulation fidelity and a decreasing sampling distance. It implies that
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accurate sampling from the quantum states is crucial for the variational method, and in-

creasing the number of samples is a straightforward approach to improving the sampling

quality.

We also validated our observation regarding the number of samples in higher-depth

QAOA circuits in Fig. 6.8. An increasing number of samples can benefit the instantaneous

fidelity in each layer. However, as evident from the figure, the degree of improvement

progressively decays with a growing number of MCMC samples. We also attempted to

sample from the exact state during stochastic optimization in our experiments, yet a

significant gap in fidelity remained. This suggests that enhancements in simulation per-

formance from merely improving sampling quality and increasing the number of MCMC

samples are limited, similar to the observations from augmenting the RBM model.

Meanwhile, some studies have shown that it could be challenging for classical tech-

niques, such as MCMC, to sample from QAOA states whose probability distribution is

close to a low-temperate Boltzmann distribution [212, 213]. This inherent difficulty in

classical sampling could potentially be an obstacle to optimizing RBM parameters. While

increasing the number of MCMC samples might enhance the estimates, it would invari-

ably lead to increased computational costs. In our experiments, we utilize all available

MCMC samples to estimate the gradients and other related quantities in the Stochastic

Reconfiguration. One possible solution could be to use a batch of MCMC samples for

gradient estimation, although this would require further benchmarking for validation.

In summary, our exploration has analyzed two essential ingredients of the variational

simulation methodology within this section. We noted the potential improvement from

increasing the RBM model size and the number of MCMC samples during stochastic

optimization. Nevertheless, both of these strategies entail substantial additional compu-

tational costs, which could constrain the performance of classical simulations. More sig-

nificantly, our findings suggest that the fidelity improvements from these two approaches
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are limited. Consequently, the development of a comprehensive solution to enhance the

variational method for simulating QAOA circuits, particularly in the context of beyond-

near-optimal parameter spaces, remains an area of significant interest.

6.5 Conclusion

In this chapter, we have discussed the variational method for simulating QAOA cir-

cuits. Intuitively, the variational method is suitable for this task since it can simulate the

problem Hamiltonian layer, which consists of rzz gates, analytically, with only the rx

gates in the mixing layer requiring approximation. As reported in the previous work [34],

the method can efficiently simulate the QAOA circuits with near-optimal parameters,

achieving high fidelity. However, the variational method often encounters difficulties

when simulating circuits with high entanglement entropy, such as most QAOA circuits

with unoptimized parameters. We tried to improve the simulation performance by aug-

menting the RBM model and enhancing the sampling quality during the stochastic opti-

mization of model parameters. While both strategies yielded performance improvements,

they also introduced additional computational costs and, notably, their potential for fur-

ther improvement appeared limited. This underscores the need for improvements to the

variational method to facilitate the simulation of QAOA circuits beyond near-optimal pa-

rameter spaces and more entangled circuits. Possible directions for exploration include

a more suitable neural network structure for variational simulation, utilizing a better

parameter optimization algorithm, and developing a parallel and distributed scheme for

variational simulation.

In our experiments, we restricted our simulations to N = 20 MaxCut graphs due

to the memory constraints for reporting the fidelity and entanglement entropy which

requires us to store the full quantum state. However, the variational method itself is
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capable of simulating much larger graphs with a reasonable degree of entanglement en-

tropy. For larger-scale simulations of QAOA with optimized parameters, compared with

traditional simulation methods like tensor network models, the variational method does

offer advantages in terms of memory requirement, as reported in Ref. [34].
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Chapter 7

Distributionally Robust Variational

Quantum Algorithms with Shifted

Noise

7.1 Introduction

This chapter will introduce a parameter optimization approach for quantum algo-

rithms under shifted noise.

Variational quantum algorithms (VQAs) [214] have the potential to demonstrate

quantum advantage and have been applied in diverse fields, such as optimization [215,

216], finance [183, 217, 218], machine learning [219–221], quantum simulation [222–224],

and chemistry [225–227]. However, parameter optimization is a substantial challenge for

VQAs [228].

Numerous efforts have been made to optimize VQA parameters [186, 229–231]. One

critical challenge for VQA parameter optimization is quantum noise [205,232,233], which

limits their capabilities and introduces additional complexities to parameter optimization.
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Modeling and mitigating hardware noise is a core part of Near-term Intermediate-scale

Quantum (NISQ) algorithms [234–236]. Quantifying and improving the reliability and

robustness of a VQA has been an important task and has gained increasing attention

recently. To name a few, machine learning methods have been used to estimate the re-

liability of a quantum circuit [237]; noise-aware ansatz design methodologies [238] and

robust circuit realization from a lower-level abstraction [189,239] have also been investi-

gated.

A more challenging yet practical problem is the sensitivity of quantum noise to the

real-time environment. Suppose we have an accurate model of the quantum noise as

a reference. However, the quantum noise can change significantly under different envi-

ronmental conditions in real time, making the reference noise model inaccurate. Some

studies [240, 241] have considered the reproducibility and stability under different noise

models. We refer to this phenomenon of noise change as “noise shift”.

In this chapter, we ask a fundamental question: Can we optimize the VQA parameters

such that they are robust to potentially shifted (unknown) noise? We assume that we have

access to a fixed noise model, but the actual noise level is an unknown random variable

with an unknown PDF. This fixed PDF represents our limited knowledge about the

potential noise shift.

To optimize VQA parameters under such unknown noise, for the first time, we pro-

pose a new min-max optimization formulation. Such an optimization formulation is

called distributionally robust optimization (DRO) in the classical operation research

community [158, 242–244]. DRO is an advanced optimization framework that aims to

find solutions resilient against a range of possible probability distributions rather than

a single expected distribution. In our context, we aim to optimize parameters based on

the worst-case distribution of noise levels. This task, while distinct, complements error

mitigation efforts. Rather than attempting to reduce quantum noise, our focus is on opti-
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Figure 7.1: Overview of the distributionally robust variational quantum algorithms.
Given an ideal ansatz and noise model, we assume the noise level is a random variable
that can change in real time. We have samples of the noise level variable ξ from a
reference distribution, ansatz parameter θ, and the corresponding VQA performance
f(θ, ξ). With the real-time noise, the VQA landscape and its optimum θ can poten-
tially change. Specifically, the optimal θ under a certain noise level may not perform
well under another noise level. Likewise, an optimal θ under a reference noise level
PDF may not perform well under another noise level PDF. To address the landscape
shift, we reformulate the parameter optimization problem as a min-max formulation
to find a robust parameter θ. In other words, we aim to optimize the performance
under the worst-case noise level PDF. We use a distributionally robust Bayesian op-
timization solver to solve the new parameter optimization formulation, which is still
handled by classical computers.

mizing parameters in the presence of potentially shifting noise. Various error mitigation

techniques can be seamlessly integrated with our method.

Main contributions. In this chapter, we investigate the problem formulation, nu-

merical solver, and validation of variational quantum algorithm training under unknown

shifted noise. The overview is illustrated in Fig. 7.1. Our specific contributions include:

• To be robust against the real-time shifted noise, we formulate the problem of op-

timizing VQA algorithms as a distributionally robust optimization that aims to
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optimize a targeted performance under the worst-case noise distribution.

• To solve the distributionally robust optimization, we model the unknown PDFs

as a distributional uncertainty set that is defined by Maximum Mean Discrep-

ancy (MMD). We then solve the min-max problem using a distributionally robust

Bayesian optimization (DRBO) method [149, 151, 245]. Recently, Bayesian opti-

mization (BO) has attracted attention in the field of quantum algorithm optimiza-

tion. [246–251].

• We validate the proposed min-max formulation on two popular VQAs, including

QAOA for the MaxCut problem and VQE with hardware-efficient ansatz for the

one-dimensional Heisenberg model. The numerical results show that the proposed

parameter optimization algorithm has better performance than conventional ones

under the shifted noise.

7.2 Problem Formulation and Method

Variational quantum algorithms (VQAs) are a class of algorithms in quantum com-

puting that utilize a hybrid approach, combining classical and quantum computing re-

sources to solve computational problems. They are especially pertinent for use with Noisy

Intermediate-Scale Quantum (NISQ) devices, which are the currently available quantum

hardware.

The core idea of VQAs is to define a parameterized quantum circuit (ansatz) that

manipulates the state of a quantum system in a way that depends on a set of parameters

θ. Given an interested observable O, these parameters are then optimized classically

to minimize an objective function ⟨ψ(θ)|O|ψ(θ)⟩, which is evaluated by the quantum

system. However, due to the hardware noise, the actual ansatz and the resulting quantum
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state |ψ(θ, ξ)⟩ differ from the ideal one.

7.2.1 Distributionally robust optimization formulation of VQAs

We assume we have access to a fixed noise model and have estimations on its noise

level, which follows a certain PDF ξ ∼ ρ(ξ). Let f(θ, ξ) = ⟨ψ(θ, ξ)|O|ψ(θ, ξ)⟩ be the

interested quantity evaluated from an ansatz parametrized by θ under a noise level ξ, then

a standard variational quantum optimization algorithm becomes stochastic programming:

min
θ

Eρ(ξ)[f(θ, ξ)] (7.1)

For simplicity, we consider the noise level for a single noise model as a scalar, but it can

be seamlessly extended to a high-dimensional case.

However, due to the real-time noise, the PDF of the noise level ξ can shift and become

unknown. As a result, we assume that ρ(ξ) is not exactly known and it can be any PDF

inside a set P , which makes it impossible to obtain a deterministic value of Eρ(ξ)[f(θ, ξ)].

As a result, we try to optimize the worst-case value of Eρ(ξ)[f(θ, ξ)] by solving

min
θ

sup
ρ(ξ)∈P

Eρ(ξ)[f(θ, ξ)]. (7.2)

When the uncertainty set degenerates to P = {ρ(ξ)}, problem (7.2) degenerates to the

standard stochastic optimization probelm in (7.1). On the other hand, the problem

degenerates to a robust optimization under the worst noise level when the PDF of a

noise level degenerates to a Dirac function.

The distributionally robust circuit optimization (7.2) may be intractable in practice

because: (a) P may contain an infinite number of PDFs describing process variations;

(b) the min-max problem is hard to solve by nature; (c) we do not have an analytical
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form for f(θ, ξ) under the presence of noise. In this section, we properly define the PDF

uncertainty set P and solve problem (7.2) leveraging distributionally robust Bayesian

optimization (DRBO) [149–151] developed recently in the machine learning community.

7.2.2 Distribution Uncertainty Set

Wemodel the PDF uncertainty set P as a ball whose center is the nominal distribution

ρ0(ξ) and radius ε is measured by a distribution divergence D:

P := B(ρ0) = {ρ : D(ρ0, ρ) ≤ ε}. (7.3)

There are many options for the divergence D, including Maximum Mean Discrepancy,

Wasserstein distance, φ-divergence, etc [158]. Here, we choose the Maximum Mean

Discrepancy (MMD).

MMD aims to compare the means of samples drawn from two distributions in a high-

dimensional reproducing kernel Hilbert space (RKHS) induced by a positive definite

kernel function [252]. For the tractability of the problem, we discretize the noise level

in a finite space Ξ with n parts. Then, let HM be an RKHS with corresponding kernel

kM : Ξ × Ξ → R, we can embed the distributions ρ0 (similarly for ρ) into HM via the

mean embedding:

mρ0 := Eξ∼ρ0 [kM(ξ, ·)], such that

⟨mρ0 , kM(ξ′, ·)⟩ = Eξ∼ρ0 [kM(ξ′, ξ)],∀ξ ∈ Ξ.

Then the MMD between two distributions ρ0 and ρ over Ξ is defined as

D(ρ0, ρ) := ∥mρ0 −mρ∥H, (7.4)
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where ∥ · ∥H =
√
⟨·, ·⟩ is the Hilbert norm. Let wi = ρ0(ξi) and w

′
i = ρ(ξi) be the density

probability of two discrete distributions, if we replace the expectation with the empirical

expectation, i.e., mρ =
∑n

i=1wikM(ξi, ·) and mρ′ =
∑n

i=1w
′
iw

′
ikM(ξi, ·), Eq. (7.4) can be

written as:

D(ρ0, ρ) =
√
(w −w′)TM(w −w′), (7.5)

where Mij = kM(ξi, ξj) is the kernel matrix.

7.2.3 DRO Main Workflow

By modeling the distribution uncertainty set defined via MMD, the DRO prob-

lem (7.2) becomes tractable. The main steps are summarized below.

• Step 1. Characterize the nominal noise distribution ρ0.

• Step 2. Given a current θ, solve the inner problem to determine the worst-case

PDF of ξ:

sup
ρ(ξ):D(ρ0,ρ)≤ε

Eρ(ξ)[f(θ, ξ)] = max
w′:∥w′∥1=1,

0≤w′
j≤1,∀j∈[n],

∥w′−w∥M≤ε

⟨w′, fθ⟩, (7.6)

where fθ := f(θ, ·) ∈ Rn is the output with a given parameter θ.

• Step 3. Solve the outer problem to update θ.

min
θ

⟨w′, fθ⟩ (7.7)

• Step 4. If not converge, go back to Step 2.

Specifically, Step 2 can be solved analytically via convex programming. Step 3 can be

solved via a numerical optimizer. However, one of the challenges in steps 2 and 3 is that

we need to simulate multiple f(θ, ξ), which can be expensive in practice. To address the
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Algorithm 6 Overall DRBO algorithm with GP

Input: Initial sample set S0 = {θi, ξi, f(θi, ξi)}Mi=1, reference PDF of noise level ρ0(ξ)
with ρ0(ξi) = wi,∀i = [n], uncertainty ball radius ε, maximum iteration T

Output: The optimal circuit design variables θ⋆

1: for t = 1, 2, ..., T do
2: Construct a GP model as the probabilistic surrogate model f̂(θ, ξ) = GP(θ, ξ)

based on St−1

3: Define LCB(θ, ξ) := µ(GP(θ, ξ))− β · σ(GP(θ, ξ))
4: Define the PDF of the worst-case distribution w′ := argmaxw⟨w′,LCB(θ, ξ)⟩ s.t.

w′ : ∥w′∥1 = 1, 0 ≤ w′
j ≤ 1,∀j ∈ [n], and ∥w′ −w∥M ≤ ε

5: Solve the robust parameter θt = argminθ⟨w′,LCB(θ, ξ)⟩
6: Sample K noise levels from the reference PDF ξk ∼ ρ0 and simulate f(θt, ξk), for
k = 1, 2, . . . , K

7: Augment data set St ← St−1 ∪ {(θt, ξt, f(θt, ξk))}Kk=1

8: end for
9: Return optimal θ⋆

computational issue, we apply a Bayesian optimization solver to the workflow. The key

idea is to sequentially learn a surrogate model of f(θ, ξ) and optimize it by iteratively

adding informative samples.

7.2.4 BO solver for DRO problem

Next, we explain how to solve DRO via Bayesian optimization with a few quantum

circuit simulations. Bayesian optimization sequentially builds a probabilistic surrogate

model of f(θ, ξ) and explores the design space by minimizing an acquisition function.

The overall DRBO algorithm is summarized in Algorithm 4.

We first construct a probabilistic surrogate model f̂(θ, ξ), which can estimate both

the output and its uncertainty given an input (θ, ξ). Here, we use the Gaussian process

regression model GP(θ, ξ) as the surrogate f̂(θ, ξ). Then we use its lower confidence

bound (LCB) to replace the original objective function f(θ, ξ) in Eqs. (7.6) and (7.7) in

steps 2-4

f(θ, ξ)→ LCB(θ, ξ) = µ(GP(θ, ξ))− β · σ(GP(θ, ξ)), (7.8)
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where µ(·) and σ(·) denote the estimated mean and standard deviation, and β is a

parameter to balance the model exploitation and exploration.

Gaussian process surrogate To build the Gaussian process regression model, we

need to predefine the mean function m(·) and the kernel function kGP(·, ·). Given a

dataset X = {xi}Mi=1 = {θi, ξi}Mi=1 and their simulation outputs y = {f(xi) + ϵ}Mi=1, the

GP model assumes that the simulation outputs follows a Gaussian distribution [160]:

Prob(y) = N (y|µ,K), (7.9)

where µ ∈ RM is the mean vector with µi = m(x), K ∈ RM×M is the covariance matrix

with Ki,j = kGP(xi,xj). The measurement noise is characterized as a white noise ϵ in

the simulation output.

Then, the GP model can offer a probabilistic prediction of a new data x′, GP(x′) ∼

N(µ(x′), σ2(x′)), as follows:

µ(x′) = kGP (x
′,X)

T
(K+ ϵ2I)

−1
y

σ2(x′) = kGP(x
′,x′)− kGP(x

′,X)
T
(K+ ϵ2I)

−1
kGP(X,θ

′)

In our cases, we choose the prior mean as m(x) = 0 and use the RBF kernel kGP(xi,xj) =

e−
∥xi−x)j∥2

2l2 . Note that such a kernel kGP in GPR is different from the kernel function

kM embedded in MMD. Beyond the Gaussian process, other surrogate models are also

possible.

Optimal selection Regarding the selection of an optimal solution, it terms out to be

non-trivial. Since we want to estimate the expectation over the noise distribution, it will

be too expensive to estimate with real quantum devices. Instead, we choose the solution
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with maximized model posterior, i.e., we choose the θ = argmaxθ Eρ(ξ)[µ(f̂(θ, ξ))] =

⟨w, µ(f̂θ)⟩, where f̂θ is the mean prediction from f̂ with a given parameter θ. It is a

common strategy for similar conditions [162,163].

In addition, an accurate estimation over f̂(θ, ·) will benefit our model output. For this

motivation, at the end of each iteration in Algorithm 4, we can add a batch of samples

of ξ from Ξ in step 3. It can help build a better probabilistic model and fasten the BO

solver convergence.

Remarks One possible further improvement is to treat the BO solver as a warm-start

procedure. After returning a few high-quality solutions from BO, we can conduct the

local numerical optimization by taking them as the initial. The local search step may

introduce additional computational cost and need more calling of f(θ, ξ) instead of the

surrogate model, but it can lead to a potentially better solution. The hybrid of different

solvers is also a common strategy in VQA parameter optimization [249,253].

The proposed distributionally robust optimization can easily degenerate into stochas-

tic optimization or robust optimization. Stochastic optimization, namely Eq. (7.1), does

not consider the real-time change of the noise. Robust optimization degenerates the PDF

of the noise level ρ(ξ) to a single scalar. This case can easily lead to over-conservative

parameter optimization.

The current distribution uncertainty set modeling of MaximumMean Discrepancy has

the great power of capturing the worst-case distribution. However, we need to discretize

the noise level PDF in order to efficiently estimate the MMD. We are aware of the f -

divergence modeling [151] of the distributional shift that does not distritize the noise

level, but it performs poorly in our experiments due to the unfitted modeling of shifted

noise level distribution.
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Figure 7.2: The results for solving N = 14 3-regular graph MaxCut problems via
QAOA. The x axis denotes the significance of noise shift, where the noise level PDF
is the reference one at x = 0. The y axis is the expectation of the approximate
ratio of the QAOA solution evaluated at different noise PDF. We report the average
result over 10 non-isomorphic graphs. As we can see, the standard BO-LCB solution
has the best performance under the reference noise. However, under an increasingly
shifted noise, the DRBO solution begins to outperform the BO-LCB. Meanwhile, the
BO-Stable solution is over-conservative with respect to the noise. It significantly
scarifies the performance under the reference PDF and the slightly shifted PDFs to
gain an improvement under significant shifts. These observations are consistent in the
experiments with different QAOA depths.

7.3 Numerical Results

We validate the distributionally robust formulation of optimizing VQA parameters (7.2)

in two widely used VQA applications: one is using QAOA for MaxCut and the other one

is using VQE for one-dimensional Heisenberg model.

Here we conduct the numerical experiments on a simulator in order to adjust the

noise level easily and correspondingly to validate the method. To apply the distributional

robustness formulation in hardware experiments, the estimation of the noise model and

noise level is another challenge, which is out of the scope of this work.

Baseline We compared the proposed DRBO solver to a standard Bayesian optimization

for solving stochastic optimization, BO-LCB [165], and a robust Bayesian optimization,
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BO-Stable [254]. In BO-LCB, we target problem 7.1 with a fixed reference distribution of

noise level ρ0(ξ) using a Bayesian optimization approach. We use the same GP surrogate

model and its LCB as Eq. (7.8), but without solving the outer problem (7.7). Specifically,

the lines 4 and 5 of Algorithm 4 are combined as solving minθ⟨w,LCB(θ, ξ)⟩.

In BO-Stable, we target a shift-aware problem but only focus on the worst noise level

instead of the worst distributional noise level. We use the same GP surrogate model and

its LCB as Eq. (7.8). Differing from using DRBO for problem (7.2), the lines 4 and 5 of

Algorithm 4 are replaced with solving minθ LCB(θ, ξ
⋆) where given a θ, the worst ξ⋆ is

defined as ξ⋆ := argmaxξ LCB(θ, ξ).

To access different VQA parameter optimization methods, we obtain different param-

eter solutions and evaluate them under different noise level distributions ρ(ξ).

7.3.1 Experiments on QAOA

QAOA is a leading variational quantum algorithm for combinatorial optimization

problems. It alternatively applies two operators, a phase-separation operator and a mixer

operator, to drive a quantum system to the target solution state. Without hardware noise,

a QAOA solution is denoted as ψ(θ) = e−iβpHM e−iγpHP · · · e−iβ1HM e−iγ1HP |ψ0⟩.

We will take the MaxCut problem as a case study of QAOA. Given a graphG = (V,E)

with vertices V and edges E, the MaxCut problem aims to find a cut that partitions the

graph vertices into two sets with the largest number of edges. Its cost function is written

as

C =
∑

(i,j)∈E

1− sisj, (7.10)

where si and sj are binary variables associated to the vertices in V , which assume value

1 or −1 depending on which of the two partitions defined by the cut are assigned. Its

cost Hamiltonian is defined as HC =
∑

(u,v)∈E
1
2
(I − ZiZj), where Zi denotes a Pauli-Z
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Figure 7.3: One example of evolving of solution in different BO algorithms. The x axis
is the iterations in a BO algorithm, and the y axis is the expectation of cost function
evaluated over noise level at a θ. The evaluated θ at one iteration is obtained by
maximizing the model posterior, which is unnecessary to be the explored θ at that
iteration. Under the reference noise PDF, the BO-LCB algorithm converges to a better
solution, while the DRBO converges to a better solution under the shifted noise. The
rightmost figure shows the example PDFs of the reference noise level, shifted noise
level, and the estimated worst-case noise level from the DRBO algorithm.

operator.

In applying QAOA for solving the MaxCut problem, given a noise model with noise

level ξ, we aim to optimize the QAOA parameters θ = (γ,β) such that the resulting

solution |ψ(θ, ξ)⟩ has minimal energy f(θ, ξ) = ⟨ψ(θ, ξ)|HC |ψ(θ, ξ)⟩. Considering the

uncertainty and real-time shift of noise level, we aim to find parameters θ that make

QAOA performance more robust towards the real-time noise by solving the DRO prob-

lem (7.2).

Here, we discretize the noise level into 20 bins in [0, 0.08] evenly. We assume the

reference noise follows a truncated Gaussian distribution, with the real-time shift may

shift its mean to a larger value. To begin with, for a depth-p QAOA ansatz, we initialize

the sampling set S0 = {θi, ξi, f(θi, ξi)}Mi=1 by taking M = 20p, where θi is drawn from

the design space based on a Latin hypercube approach [255], and the noise level samples

ξi are drawn from the reference distribution ρ0(ξ). We set the maximum BO iterations
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Figure 7.4: The results for solving the ground energy of a 6-spin, J = 1, B = 0.2
one-dimensional Heisenberg model via VQE with two-layer hardware efficient ansatz.
The x axis denotes the significance of noise shift, where the noise level PDF is the
reference one at x = 0. We first obtained the optimal parameter θ0 in a noiseless
simulation, which solves the problem perfectly with f(θ0) = −4.8. Then we report

the relative improvement of the energy
Eρ(ξ)[f(θ,ξ)]−Eρ(ξ)[f(θ0,ξ)])

Eρ(ξ)[f(θ0,ξ)]
. Under all the shifted

distributions, BO-LCB performs close to θ0. DRBO scarifies limited performance
under mild noise and performs much better than the BO-LCB and noiseless optimal θ0
in significantly shifted noise. While the BO-Stable can also find the robust parameter
under the shifted noise, it performs not as well as DRBO, especially when the noise
shift is mild.

as T = 20p.

As shown in Fig. 7.2, we evaluate different BO-based parameter optimization results

on 10 graphs with degree-3 and graph size N = 14. We report the average approximate

ratio results under different shifted noise levels. The x-axis denotes the index of the levels

of noise shift, with a higher one denoting a more significant shift, and index-0 denotes

the reference noise. Since we solve the optimal θ under shifted noise, the DRBO-solved

QAOA is expected to perform worse than the one solved from a standard BO solver under

the reference noise. However, as the noise shift becomes more and more significant, the
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Figure 7.5: Example of energy landscapes under different noise models. The left
heatmap is the depth-1 QAOA landscape for the MaxCut problem. The color denotes
the solved energy. The optimal point in this landscape is highlighted as a triangle. The
middle heatmap is the landscape under simple Pauli errors, which has been shown not
to change the VQA optimal and uniformly flatten the landscape. The right heatmap
is the landscape under the phase and amplitude damping noise, where the optimum
is shifted and the energy landscape has a different shape. Under the noise, both the
middle and the right ones have worse energies than the left noise-free landscape.

DRBO solution begins to show its advantages. Notably, for the BO-Stable, it performs

better than BO-LCB under a significantly shifted noise as well. However, it is also over-

conservative under the reference noise since it only considers a single worst noise level.

The results and observations are consistent over different QAOA depths.

We plot the solution during the BO iterations in Fig. 7.3. During the iteration, the

performance is evaluated under the optimal solution selected from the maximum posterior

rather than from the solution of an acquisition function. We show the performance

evaluated under the reference noise and the shifted noise. During the iterations, DRBO

consistently converges to a shifted-noise preferred solution while the LCB converges to

a reference-noise preferred one. We also show the PDFs of the reference noise, shifted

noise, and the worst-case estimated from the DRBO algorithm. We can see that the

MMD approach successfully captures the shifted noise under the worse-case distribution,

enabling the DRBO to explore the parameters space that performs better under shifted

noise.
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7.3.2 Experiments on VQE

Variational quantum eigensolver (VQE) is another popular VQA, specifically designed

to simulate quantum systems and find the ground state energy of quantum systems. We

use the VQE algorithm with a hardware-efficient ansatz [256] for simulating the ground

energy of a one-dimensional Heisenberg model defined as:

H = J
∑
i

XiXi+1 +YiYi+1 + ZiZi+1 +B
∑
i

Zi, (7.11)

where J is the strength of the spin–spin interaction and B is the magnetic field along the

Z direction. Here, we use a hardware-efficient ansatz to implement the VQE algorithm

(see more details in the supplementary). Given an ansatz parameterized by θ and under

a noise model with noise level ξ, we denote the state as |ψ(θ, ξ)⟩. The VQE algorithm

cost function is defined as f(θ, ξ) = ⟨ψ(θ, ξ)|H|ψ(θ, ξ)⟩. Here, we aim to find the ansatz

parameters that lead to robust performance under shifted noise by solving the DRO

problem (7.2).

Here, for a layer-2 hardware-efficient ansatz, we discretize the noise level into 20

bins in [0, 0.08] evenly. We assume the reference noise follows a truncated Gaussian

distribution, and the real-time PDF may shift its mean to a larger value.

In Fig. 7.4, we show the ground energy solved for a 6-spin system with J = 1, B = 0.2,

whose ground state is highly entangled. Aiming to optimize the last layer parameters, we

initialize the sampling set withM = 40 and set the maximum BO iteration T = 40 as well.

We reported the results from a two-layer hardware-efficiency ansatz with a more detailed

setup and results in Supplementary. Similar to the QAOA results, DRBO performs

better than BO-LCB under a significantly shifted noise. Additionally, the DRBO solution

almost does not scarify the reference noise performance. In the meanwhile, Bo-Stable

solves an over-conservative result.
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7.4 Discussion

7.4.1 Landscape shift

Ref. [257] has shown that the optimal variational parameters are unaffected by a

broad class of noise models, such as measurement noise, gate noise, and Pauli channel

noise. This phenomenon is called optimal parameter resilience. Meanwhile, some noise

can shift the location of minima. A rich of work has studied how quantum noise can

influence the VQA landscape [258–260]. We highlight that the shift location of optimal

parameters motivates our work, i.e., given that the optimal parameter will change under

different (shifted) noise, we aim to find a parameter with robust performance under the

shifted noise environment.

In our simulation, we use the phase and amplitude damping noise model, which has

been shown to change the values of optimal parameters. The landscape with a changed

or unchanged optimum is illustrated in Fig. 7.5.

7.4.2 Variant problem formulation

Radius varying formulation Beyond optimization under real-time noise, another

case where the distributionally robust optimization can be applied is as follows: we

do not have a precise enough estimation toward the real noise level distribution as the

reference distribution. As we collect more data on the noise level, we can have a more

accurate estimation of its PDF. Therefore, as the iteration continues, we can gradually

refine the center ρ0(ξ) of the uncertainty ball and reduce its radius ε.

Gate error modeling Beyond modeling hardware noise, another possible modeling

is on the gate error f(θ + ξ) in the parameterized quantum circuit realization, which

assumes that the gate parameters are not exactly implemented but suffer from some
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errors. In such a formulation, under different error levels of ξ, the optimal θ will have

different values. The DRO formulation can optimize the VQA to find parameters that are

robust to the shifted gate errors. A robustness analysis of such a formulation is discussed

in [261].

7.5 Conclusion

Noise has been a major obstacle to the applications of near-term quantum comput-

ers, especially the variational quantum algorithms (VQAs). Various error mitigation

techniques have been intensively studied. However, one of the challenges of noise mod-

eling and error mitigation is that the quantum noise is usually changing as time evolves.

Consequently, a VQA with optimized parameters may perform poorly in another noise

environment.

In this chapter, we have presented a distributionally robust optimization formula-

tion to optimize VQA parameters that are more robust under shifted quantum noise.

The proposed formulation is efficiently handled by a distributionally robust Bayesian

optimization (DRBO) solver. We validate the proposed method in two popular VQA

benchmarks, QAOA for MaxCut and VQE with hardware-efficient ansatz for the one-

dimensional Heisenberg model. The proposed distributionally robust optimization for-

mulation does not mitigate the inherent quantum noise, but it fights against the noise

at the algorithm level. It can be potentially integrated with various error mitigation

techniques to improve the VQA robustness further.

Our formulation can be more impactful in large-size problems. When scaling to large-

size problems or a deeper VQA ansatz, a smaller noise level may influence performance.

For example, a larger problem needs a deeper circuit depth to implement QAOA. In this

case, a small shift in the noise level can propagate and accumulate and potentially impact
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the VQA performance. Therefore, the VQA parameter optimization under a shift can be

more important.

To integrate the proposed distributionally robust formulation into more practical use

cases, a better knowledge of the noise models is highly desired since we currently only

model the variations of noise levels. To improve the distributionally robust optimization

solver, some better techniques that do not need to discretize the noise level or efficiently

handle high-dimensional parameter optimization can be developed.

We also have applied a similar distributionally robust optimization formulation for

classical circuit optimization [31] in Chapter 3, where we identified the shifts of process

variations. In this chapter, we focus on handling the parameter optimization of noisy

variation quantum algorithms and highlight the challenge of real-time noise.
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Conclusion and Discussion

As we approach Moore’s law’s end, the process variations have been increasingly signif-

icant in the integrated circuit design. Meanwhile, researchers are actively searching for

alternative unconventional computing approaches, where quantum computing has been

a promising computing method due to its great computational power in nature and the

recent great success in quantum hardware.

In this dissertation, we have discussed the uncertainty-aware design automation of

both classical circuits and quantum computing. While the design abstraction can be

categorized into different levels, we mainly focus on the circuit level in classical circuits

and the block/gate level in quantum computing. However, we focus on the simulation,

modeling, and optimization for both classical and quantum circuits.

In the classical part, we were motivated by the issue of process variations in the

nano-size design. In Chapter 2, we first developed a tensor regression-based uncertainty

quantification model for the high dimensional variations. The uncertainty quantification

model is a polynomial surrogate model for the circuit performance, allowing us to fast

simulate the circuit under variations. In Chapter 3, we highlight an over-conservative de-

sign issue in yield optimization and propose a chance-constrained yield-aware optimiza-
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tion formulation. To solve the stochastic programming with probabilistic constraints,

we leverage a polynomial bounding approach to upper bound the constraint violation

probabilities and convert the probabilistic constraints into a certified deterministic one.

Together with a polynomial-based performance modeling, the overall yield-aware prob-

lem can be solved using a global polynomial optimizer. Next, in Chapter 4, we highlight

another fundamental issue in the uncertainty-aware design: the probability density func-

tion modeling of variations could be imprecise and differ from the practice. We name this

issue as variational shift. For the first time, we propose a shift-aware circuit optimiza-

tion problem with a min-max form, where we search for a design under the worst-case

distribution of variations. We leverage an efficient Bayesian optimization solver with

φ-divergence modeling on the uncertainty set of shifted variations.

In quantum computing, many new challenges differ from classical circuit simulation

and optimization. First, the classical simulation of quantum systems is challenging in

principle due to the exponentially growing complexity of a quantum system. In Chap-

ter 6, we studied a variational method for simulating quantum approximation optimiza-

tion algorithms. We show that the circuit entanglement entropy is a bottleneck for the

variational simulation method, similar to other classical simulation methods like tensor

network models. It indicates that the simulation-friendly circuit regime for the varia-

tional method is limited. In Chapter 7, we looked into the parameter optimization of

variational quantum algorithms under real-time noise. Quantum noise has been one of

the biggest obstacles to near-term quantum computing applications. Additionally, the

noise from the environment interactions changes in real time. We borrow a similar idea

from Chapter 4 to formulate a parameter optimization framework under real-time noise

by modeling the noise level as a random variable. We model the noise level density

uncertainty set using the Maximum Mean Discrepancy and solve the min-max problem

with a Bayesian optimization approach.
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In future works, design automation of quantum computing could have long-term in-

terests. With the growth of quantum hardware, we are approaching to demonstrate the

quantum advantage or utility with near-term devices. Meanwhile, the final goal is to de-

velop a fault-tolerant quantum computer, which could have a revolutionary impact on our

life. Computer-aided design tools will play an essential role in this path, including circuit

simulation, quantum circuit optimization and compilation, circuit verification and certi-

fication, error mitigation and correction methodologies, etc. Although this dissertation

mainly focuses on block/gate-level quantum computing and design, the cross-design-level

end-to-end design will be essential for the success of both near-term and fault-tolerant

quantum computing.
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Appendices

A.1 Chapter 2

A.1.1 Proof of Lemma 1

We consider two cases α ∈ (0, 2) [82] and α = 2 [70].

When α ∈ (0, 2), κ(η) := 1
2

∑p
r=1

y2r
ηr

+ 1
2
∥η∥β is a continuously differentiable function

for any ηi ∈ (0,∞). When yr ̸= 0, lim
ηr→∞

κ(η) = ∞ and lim
ηr→0

κ(η) = ∞. Therefore, the

infimum of κ(η) exists and it is attained. According to the first-order optimality and

enforcing the derivative w.r.t. ηr (ηr > 0) to be zero, we can obtain

ηr = |yr|2−α∥η∥α−1
α

2−α
. (A.1)

With yr = ∥η∥
1−α
2−α
α

2−α
ηr

1
2−α , we have ∥η∥ α

2−α
= ∥η∥

1−α
2−α
α

2−α
(
∑p

r=1 ηr
α

2−α )
1
α = ∥y∥α, therefore we

obtain the optimal solution ηr = |yr|2−α∥y∥α−1
α in Lemma 1. If yr = 0, the solution to

minη≥0 κ(η) is ηr = 0, which is also consistent with Lemma 1.

When α = 2, ∥η∥1 is non-differentiable. Given a scalar yr, we have yr = yr2

2ηr
+ 1

2
ηr

only when ηr = yr (we let yr2

2ηr
= 0 when yr = ηr = 0). Similarly, given a vector y ∈ Rp,
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we have ∥y∥1 = 1
2

∑p
r=1

yr2

ηr
+ 1

2
∥η∥1 only when η = |y|, which is also consistent with

Lemma 1.

A.1.2 Detailed Derivation of Eq. (2.21)

Let Λ = diag( 1
η1
, . . . , 1

ηR
) and ∗ denote a Hadamard product, we can rewrite the

objective function of an U(k)-subproblem as

fk(U
(k))

=
1

2

N∑
n=1

[
yn − ⟨U(k)U(\k)T ,Bn

(k)⟩
]2

+
λ

2

R∑
r=1

∥u(k)
r ∥22
ηr

=
1

2

N∑
n=1

[
yn − Tr

(
U(k)

(
B̃n

(k)

)T)]2
+
λ

2
Tr(U(k)ΛU(k)T )

with B̃n
(k) = Bn

(k)U
(\k). When the dimension d is large, it is intractable to store and

compute Bn
(k) ∈ R(p+1)×(p+1)(d−1)

or U(\k) ∈ R(p+1)(d−1)×R. Fortunately, based on the

property of Khatri-Rao product, we can compute B̃n
(k) as

B̃n
(k) = Bn

(k)U
(\k)

= ϕ(k)(ξnk )[ϕ
(d)(ξnd )

TU(d) ∗ · · ·ϕ(k+1)(ξnk+1)
TU(k+1)∗

ϕ(k−1)(ξnk−1)
TU(k−1) ∗ · · ·ϕ(1)(ξn1 )

TU(1)].

Enforcing the following 1st-order optimality condition

∂fk(U
(k))

∂U(k)
=

− 1

2

N∑
n=1

[
yn − Tr(U(k)(B̃n

(k))
T
)
]
B̃n

(k) + λU(k)Λ = 0,

we can obtain the analytical solution in Eq. (2.21).
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A.2 Chapter 3

A.2.1 Solution to Optimal Polynomial Kinship (3.8)

Given a ρ-order optimal kinship function κρ(·), we introduce two positive semidefinite

matrices Y1 ∈ R(n1+1)×(n1+1) and Y2 ∈ R(n2+1)×(n2+1) with n1 = ⌊(ρ − 1)/2⌋ and n2 =

⌊(ρ − 2)/2⌋. We further define two series of Hankel matrices H1,m ∈ R(n1+1)×(n1+1) and

H2,m ∈ R(n2+1)×(n2+1) as

Hk,m (i, j) =


1, i+ j = m+ 1

0, otherwise

, k = 1, 2. (A.2)

Based on the sum-of-square representation of a nonnegative univariate polynomial, we can

reformulate (3.8) as a finite-dimensional semidefinite programming (A.3), which can be

handled by many efficient solvers and toolboxes [262]. The detailed proof will be similar

to the Corollary 1 of [132], where the difference is the order of nonnegative polynomials.

minζ0,...,ζρ,Y1,Y2

∑ρ
i=0

(−1)i

i+1
ζi

s.t. ζ0 = 1,∑ρ
i=0(−1)iζi = 0,

Tr(Y1H1,m) + Tr(Y2H2,m) =∑ρ
i=m+1

i!(−1)i−m−1

k!(i−m−1)!
ζi,m = 0, 1, . . . , ρ− 2,

Yk ⪰ 0, k = 1, 2.

(A.3)

We list some examples of the solved polynomial as below: for ρ = 5, the polynomial

coefficients are [1, 7.87, 24.62, 37.49, 27.74, 8.00]. For ρ = 8, the polynomial coefficients

are [1, 13.4, 75, 223.71, 384.3, 381.57, 203.57, 45.19].
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A.2.2 Details about Benchmark Setup

In the MZI benchmark (Sec. 3.5.2), the process variations on the coupling coefficients

are described by a truncated Gaussian mixture model with two components:

µ(ξ) =
1

2
T N 1(µ̄1,Σ1, a1,b1) +

1

2
T N 2(µ̄2,Σ2, a2,b2), (A.4)

where µ̄1 = −µ̄2 = [3, 3, 3]T ,Σ1 = Σ2 = 32


1 0.4 0.1

0.4 1 0.4

0.1 0.4 1

 , a1 = −b2 = [−6,−6,−6]T , a2 =

−b1 = [−12,−12,−12]T .

In the microring benchmark (Sec. 3.5.3), the process variations on the coupling co-

efficients are described the same as Eq. (A.4) with different parameters µ̄1 = −µ̄2 =

[0.03, 0.03, 0.03, 0.03]T , Σ1 = Σ2 = 0.032



1 0.4 0.1 0.4

0.4 1 0.4 0.1

0.1 0.4 1 0.4

0.4 0.1 0.4 1


,

a1 = −b2 = [−0.06,−0.06,−0.06,−0.06]T , a2 = −b1 = [−0.12,−0.12,−0.12,−0.12]T .

A.2.3 Additional Case Study

In this case study, for the same microring add-drop filter in section 3.5.3, we aim

to optimize its bandwidth while holding a constraint on the bandwidth as well. The

yield-aware chance-constrained design is formulated as

max
x∈X

Eξ[BW(x, ξ)]

s.t. Pξ(BW(x, ξ) ≤ BW0) ≥ 1− ϵ,
(A.5)
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Table A.1: Bandwidth-Constrained Optimization Results for Microring Add-drop Filter

Risk level ϵ Method Eξ[BW] (GHz) ∆ (%) Yield (%) Simulation #

0.05
Moment [25] N/A* N/A* N/A* 65
Proposed 105.66 3.89 98.7 65

0.07
Moment [25] 93.96 7.53 100 65
Proposed 107.28 4.09 96.8 65

0.1
Moment [25] 98.88 11.11 100 65
Proposed 109.01 3.67 93.3 65

N/A BYO [104] 102.05 N/A 99.8 2020

* The algorithm fails with no feasible solution.

where the bandwidth threshold BW0 is 120 GHz. The design solutions and compar-

isons are summarized in Table A.1. Similar to the cases in section 3.5, our method still

works when the objective and constraint are the same quantity and outperform the other

approaches.

A.3 Chapter 6

A.3.1 Details of variational simulation for QAOA

Here, we show details of the variational simulation [34, 263], including initial state

preparation, the parameter update for gates needed in the QAOA simulation, and model

compression.

In preparing the initial state of a uniform superposition state, we can assign all the

parameters to be zeros, which ensures that every bitstring has an equal amplitude output

from the RBM model.

In simulating the problem Hamiltonian layer, we need to simulate multiple two-qubit

rzz gates. For example, for simulating a rzz gate acting on qubits k and l, we need to

add and additional hidden unit (labeled by c) to the RBM. The additional parameters
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are also associated with qubits k and l. The nonlinear equation (6.4) becomes

ea
′
kxk+a′lxl(1 + eWkcxk+Wlcxl)ψθ(x) = C ⟨x|G|ψθ⟩ . (A.6)

To implement the rzz gate: rzz(γ) = e−iφ
2
Z⊗Z on qubit k and l, the solution to (A.6)

reads:

Wic = −2A(γ),

Wjc = 2A(γ),

a′i = ai +A(γ),

a′j = aj −A(γ),

C = 2

(A.7)

where A(γ) = Arccosh(eiγ). By repeating the above update rule, given a current RBM

model, the Hamiltonian layer can always be exactly simulated by inducing only a few

additional parameters. In detail, we add one hidden layer to the RBM for each rzz gate.

However, in order to simulate the rx gate in simulating the mixer layer, we have to

approximate the gate operator by updating the RBM parameters via a learning proce-

dure. We use a stochastic reconfiguration method as the learning algorithm, which will

be detailed in Appendix A.3.2. In the implementation, we may also need to simulate

the rx gate to evaluate the sample probability in MCMC. For example, for simulating a

Pauli-X gate acting on qubit i, we want to solve

lnC + a′ixi = (1− xi)ai,

b′k + xiW
′
ik = bk + (1− xi)Wik

(A.8)
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for xi = 0, 1. The solution is

lnC = ai, a
′
i = −ai,

b′k = bk +Wik,W
′
ik = −Wik

(A.9)

with all other parameters unchanged.

After simulating one layer of problem Hamiltonian and mixer, to keep the RBMmodel

compact with a reasonable number of hidden layers, we apply a compression step towards

the RBM model. Specifically, we initialize a smaller RBM to represent a quantum state

and update its parameters by stochastic optimization, aiming to approximate the state

represented by the larger RBM. In our experiments, we compress the RBM model to its

half size. For simulating QAOA circuits with near-optimal parameters, the variational

method has shown its superiority in the model size and memory over a tensor network

model. See more details in Ref. [34].

A.3.2 Stochastic reconfiguration

Stochastic reconfiguration is a gradient-descend-like algorithm that uses the infor-

mation encoded in the quantum geometric tensor to precondition the gradient used in

stochastic optimization, which could be derived from the quantum imaginary time evo-

lution [264,265].

Given a current state |ψθ⟩ and a target state |ϕ⟩, our goal is to minimize their

distance:

D = 1− F (ψθ,ϕ) = 1− |⟨ϕ|ψθ⟩|2
⟨ϕ|ϕ⟩ ⟨ψθ|ψθ⟩

(A.10)

Let Ok be a diagonal operator in the computational basis such as ⟨x′|Ok|x⟩ = ∂ lnψθ

∂θk
.

Define the expectation of an operator over ψ as ⟨·⟩ψ = ⟨ψ|·|ψ⟩
⟨ψ|ψ⟩ . To minimize (A.10) via
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stochastic reconfiguration, the parameters are updated as follows:

θt+1
k = θtk − η

∑
l

S−1
kl

∂D

∂θ⋆
, (A.11)

where η is the learning rate and S is the Quantum Geometric Tensor or Quantum Fisher

Information [265,266] with

Skl = ⟨O†
kOl⟩ψθ

− ⟨O†
k⟩ψθ
⟨Ol⟩ψθ

. (A.12)

The estimated gradient is written as

∂D

∂θ⋆
=

〈
ϕ

ψθ

〉
ψθ

〈
ψθ
ϕ

〉
ϕ

⟨O⋆
k⟩ψθ

−
⟨ ϕ
ψθ
O⋆

k⟩ψθ

⟨ ϕ
ψθ
⟩
ψθ

 . (A.13)

A.3.3 Additional experiments

Under optimal parameter. In Fig. A.1, we report the evolution of QAOA cir-

cuits of various depths. Under the well-optimized parameter schedule, as the number of

layers increases, the entanglement entropy initially rises, then stabilizes and eventually

decreases. For QAOA circuits with different values of p, both the highest entanglement

entropy and the lowest fidelity are observed in the p = 4 circuit. Interestingly, our

simulation results indicate that a QAOA circuit with a higher p is not necessarily more

challenging to simulate, which may appear counterintuitive.

Under grid-search parameter. In Fig. A.2, we perform a grid search on the one-

dimensional parameter γ across different layers of a p = 8 QAOA circuit. We observe

that both the entanglement entropy of the circuit and the instantaneous fidelity are more

sensitive to γ in the early layers. This suggests that the variational simulation method

necessitates a highly optimized QAOA parameter schedule, particularly in the initial
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Figure A.1: The performance of approximated simulations for QAOA circuits with
varying depths p = 1, 2, . . . , 8 on N = 16 3-regular graph MaxCut problems with
well-optimized QAOA parameters. As the depth p increases, we observe a decrease
in the approximation fidelity while the EE of the state increases initially, stabilizes,
and then eventually decreases. Notably, the highest entanglement entropy and lowest
fidelity are both observed at p = 4. For p = 5, 6, 7, 8, we notice a slight increase in
fidelity at the last layer. The increase in fidelity is not guaranteed, and we interpret
it as a sign of robust approximate performance in the last layer.

layers. For a circuit with a given parameter configuration, the relationship between

entanglement entropy and instantaneous fidelity follows a consistent trend that shows

higher entanglement entropy correlates with lower fidelity. We conduct the same exper-

iment for circuits with p = 4 and p = 6, yielding similar results as depicted in Fig.A.3.

Each point in the scatter plot corresponds to a circuit with a specific parameter schedule

in a certain layer. The range of obtained entanglement entropy remains consistent across

QAOA circuits with varying depths.

Sequence order of simulating rx gates. Given that the approximation of a series

of rx gates is the origin of simulation error, we conducted experiments to investigate

the impact of the sequence in which the rx gates are simulated. In line 8 of Alg. 5, the

default simulation order is based on the node index in the graph. We randomly permutate
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Figure A.2: The performance of approximated simulations for p = 8 QAOA circuits
on N = 16 3-regular graph MaxCut problems at the l-th layer. All QAOA parameters
are well optimized, except for the l-th γl, which is determined through a grid search.
When the value of l is relatively small, we observe that the QAOA circuit at the l-th
layer becomes more sensitive to the specific value of γl in terms of both fidelity and
entanglement entropy. By examining the scatter plot of entanglement entropy versus
fidelity, we find that the observed trend aligns with the one observed in the simulations
with optimized parameters. Specifically, circuits with higher entanglement entropy are
more challenging to simulate accurately.

the list of update indexes for the variational simulation, which does not influence the

exact simulation results since all single qubit rx gates commute with each other. The

simulation results for the same p = 4 QAOA circuit with various rx update orders are

presented in Fig. A.4. For l = 1, 2, 3, the QAOA parameters are well-optimized, resulting

in similar fidelity across different update orders. However, in the last layer (l = 4),

where we assigned an unoptimized value to γ4, the simulation fidelities experienced a

significant drop. Although different sequence orders for simulating rx gates resulted in

varying degrees of fidelity, none of the sequences could substantially mitigate the drop

in simulation fidelity. In our experiments, we did not observe a clear pattern among the

sequences that could offer slight improvements to simulation fidelity.
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Figure A.3: We repeat the above experiments on QAOA circuits with depths with
p = 6 and p = 4. By performing a one-dimensional grid search, we found that the
observed relationship between entropy and fidelity persists, regardless of the specific
depth of the QAOA circuit.

A.4 Chapter 7

A.4.1 Detailed experiments and more results

QAOA

In the QAOA algorithm, we characterized the noise level PDF as follows. We first

generate a truncated Gaussian distribution with mean−0.01 and standard deviation 0.01.

We estimate the probability density at each discretized level and do the normalization to

obtain the reference PDF of the noise level. We follow a similar procedure to generate the

PDF of shifted noise by shifting the mean of the initial truncated Gaussian distribution.

One example of the newly sampled θ with p = 1 is plotted in Fig. A.5. The DRBO
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Figure A.4: The impact of the order in which the rx gate is approximated in QAOA
circuits. In our experiment, we considered 20 different update orders obtained by
permuting the list of update indexes. The approximations were performed on aN = 10
MaxCut problem using a p = 4 circuit with optimized parameters, except for the last
γ which was set to 0.7. Our results indicate that although the approximated fidelity
slightly varies under different permutation orders, no specific order can significantly
mitigate the drop in simulation fidelity.

algorithm explores the parameter space toward the optimal one under a shifted noise,

while the other algorithms exploit the space surrounding the optimal parameter under

the reference noise. Therefore, the DRBO could find a parameter that performs better

under shifted noise.

More results on MaxCut with graph size N = 8, 10, 12 and QAOA depth p = 1, 2, 3

are shown in Fig. A.6. The results are consistent with the ones in Fig. 7.2. The DRBO so-

lution performs better than the baselines under significantly shifted noise, which demon-

strates that our method could optimize the VQA parameters that are more robust to the

real-time shifting noise.
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Figure A.5: An example of explored θ in p = 1 noisy QAOA cost landscape in a N = 8
MaxCut problem. The optimum θ differs from the noiseless optimum. Compared to
the BO-LCB and BO-Stable, the DRBO explores the parameter space that performs
well under the shifted noise.

VQE

The hardware-efficiency ansatz is set up as shown in Fig. A.7. The number of pa-

rameters grows quickly and becomes challenging for a BO solver. For simplicity, we only

optimize the last N parameters and fix the others, similar to the idea of layer-wise opti-

mization in Ref. [267]. For the demonstration purpose, the fixed parameters are obtained

through a multi-start classical optimization routine. We follow the same procedure as

QAOA to set up the noise level distribution of both the reference and the shifted ones.
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Figure A.6: More results on the Max-Cut experiments with graph sizes N = 8, 10, 12
and QAOA depth p = 1, 2, 3. While potentially sacrificing the performance under the
reference noise a little, the DRBO solution performs better under the significantly
shifted noise. Meanwhile, BO-Stable solutions are over-conservative.
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Figure A.7: The schematic of the hardware-efficient ansatz for variational quantum
eigensolver. The layer of two-qubit entanglement and one-qubit rotation gates are
repeated for L− 1 times.
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