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Abstract

In this paper, a numerical procedure for solving fuzzy Fredholm
integral equations of the second kind (FIFEs) with arbitrary kernels
have been investigated and residual minimization method is given and
then the proposed algorithm is illustrated with solving some numerical
examples.
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1 Introduction

The concept of integration of fuzzy functions was first introduced by Dubois
and Prade [5]. The topics of numerical methods for solving fuzzy integral
equations have been rapidly growing in recent years and have been studies by
authors of [6]. The numerical methods for fuzzy differential equations have
been studied by S. Abbasbandy, T. Allahviranloo, [1, 2, 3] and others. Alter-
native approaches were later suggested by Goetschel and Vaxman [8], Kaleva
[10] and others. The structure of this paper is organized as follows:

In section 2, some basic definitions and results on fuzzy numbers, fuzzy inte-
gral and the fuzzy linear system is brought. In Section 3, we propose a general
method for solving fuzzy Fredholm integral equation of the second kind. In
Section 4, we illustrate algorithm by solving some numerical examples. The
conclusions are drawn in Section 5.
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2 Preliminaries

Let us now introduce the notation needed in the rest of the paper. We will
place a bar over a symbol if it represents a fuzzy number so a, b, ¢ are all tuzzy
numbers but a, b, ¢ will denote real numbers. Parametric form of an arbitrary
fuzzy number is given in [4] as follows. A fuzzy number @ in parametric form
is a pair (u,w) of functions u(r),w(r),0 < r < 1, which satisfies the following
requirements:

1. u(r) is a bounded left continuous non-decreasing function over [0, 1],
2. u(r) is a bounded left continuous non-increasing function over [0, 1],
3. u(r) <a(r),0 <r <1,

The set of all these fuzzy numbers is denoted by E. A crisp number « is simply
represented by u(r) =u(r) = «, 0 <r < 1. A popular fuzzy number is the
triangular fuzzy number @ = (m, o, 3) which

=41, m—a<z<m,

i(r)=4q "5 +1, m<r<m+p,
0, otherwise.
Its parametric form is
u(r)=m+a(r—1), a(r)=m+p(1—-r).

By appropriate definitions the fuzzy number space {u(r),u(r)} becomes a
convex cone E! which is then embedded isomorphically and isometrically into
a Banach space.

Definition 1. The n x n dual linear system

anZy + -+ @, = G + buTi + 0+ by,

anZy + o+ Gy = Yo+ baZi + 0+ by, (1)

Ap1T1 + 0+ ATy = gn + bnli'l + -+ bnni'na
where the coefficient matrix A = (a;;) and B = (b;;),1 < ¢,j < n is a crisp
n X n matrix, &' = (Z1,...,&,) be a n x 1 vector of fuzzy numbers #; and
7' = (J1,... ,Un) be a n x 1 vector of fuzzy numbers g; is called a dual fuzzy

linear system (DFLS).
For arbitrary fuzzy numbers Z = (z(r),7(r)),y = (y(r),7(r)) and real number

k, we may define the addition and the scalar multiplication of fuzzy numbers
by using the extension principle as
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(a) =g if and only if z(r) = y(r) and Z(r) = H(r),
(b) & +y = (z(r) +y(r), z(r) +7(r)),

T >
£:{<@mm7 k>0,

(c) K (kT,kz), k<O0.

Definition 2. A fuzzy number vector (1, Zs, ..., Z,)" given by

Fo= (), T(), 1<i<n0<r<1,
is called a solution of the fuzzy linear system (1) if

D @iy =D agTy =y =D by = D0 by,

Do @iy =D Gy =Y = D 5 by =D 0 by

If, for a particular 4,a;; > 0 and b;; > 0,1 < j < n, we simply get

n n n n
g aijz; =y, + E bijz;, E aijTj = Y; + E bij T;.
Jj=1 Jj=1 J=1 Jj=1

The following theorem guarantees the existence of a fuzzy solution for gen-
eral case. Consider the dual fuzzy linear system (6), and transform its n x n
coefficient matrix A and B in to (2n) X (2n) matrices as:

suZy + 0+ Sy + St (=T1) + o+ s12a(—Tn) =y, +

thzy + -+ tinz, + a1 (=71) + -+ tion(—T0),

S1Zy + -+ Sy + St (—T1) + -+ Spon(—Tn) = y +
tn1£1 Tt tnngn + tn,n+1(—T1) +--- tn,Qn(_Tn),

Sn11Z) +  F SnrinZy, + Sngima1 (—T1) + o F Spr1on(—Tp) = =T+
tn+171£1 4+ 4 tn-&-l,nln + tn—&-l,n—}—l(_fl) + -4 tn+1,2n(_fn),

Son1Zy + ++ + SonnZy, + Sonmt1(—T1) + -+ Sonon(—Tn) = =Y+
tonaZy + -+ tonnZ, + tonnt1(—T1) + - - - + tonon(—Tn),

where s;; and t;; are determined as follows:

aij 2 0= 84 = Qjj, Sitnjtn = Qij,

Q5 < 0= Sij+n = —Qij, Sitn,j — —Qij, (2>
bij 2 0 = tij = bij, tisnjin = bijs

bij <0 = tijin = —bij, titn; = —bij,
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and any s;; and t;; which is not determined by (2) is zero. Using matrix
notation we get

SX =Y +TX, (3)
therefore, we have:
(S-T)X =V, (4)
where S = (s;;) > 0and T' = (¢;;) > 0,1 <4,j < 2n, and
[z ] [ Y, ]
X=1| |, v=| (5)
—I —Y1
L _En _ _@n

For example:
Consider the dual fuzzy linear system
Ty — Ty = Y1 + 221 + T, (6)
Ty + 2Ty = Yo + Ty — 2.
Let Yy, =nrj=2=r and Y, = 441y, =7—2r, the extended 4 x 4 matrices
are

1 0 01 2100
1 2 0 0 1 0 0 2
5= 01 10|’ = 00 2 1|’
0 01 2 0210
and
r z,
v — 4+r X = Ty
r—2 —T
2r—17 —T9

We obtain that the system (6) is equivalent to the function equation system

SX=Y+TY.
Consequently,
1 001 , r 2100 z,
1 200 Ty | 4+ n 1 0 0 2 Ty
0110 -T | | r—2 0021 -7
001 2 —Ta 2r — 17 0210 —Ta
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Also,
(S—-T)X =Y.
The structure of S and T implies that:
C D E F
=(5¢) m=(Fz)
where C' and E contains the positive entries of A and B respectively, and D

and F' the absolute values of the negative entries of A and B,ie. A=C—D
and B = E — F. Therefore

C-E D-F
S_T:(D—F C—E)’

Theorem 1. The matrix S — T is nonsingular if and if the matrix (C'+ D) —
(E+ F) and (C' + F) — (E + D) are both nonsingular.

Proof. The same as the proof of Theorem 1 in [7].

Assuming that S — 7" is nonsingular we obtain of the Eq. (4)

X=(S-7)'Y (7)

Theorem 2. If (S — T')'exists it must have the same structure as S, i.e.

s-m7= (G &),

[(C+D)—(E+F)"'+(C+F)—(E+D))" ],

and

G:

N | —

H=_-[(C+D)—(E+F)*~(C+F)—(E+D)"],

N | —

Proof. see [7].
Theorem 3. The unique solution X of Eq. (7) is a fuzzy vector for arbitrary
Y if and only if (S — T')~! is nonnegative, i.e.

(S—T)"; >0, 1<i<2n, 1<j<2n.

Proof. The same as the proof of Theorem 3 in [7].

Definition 3. Let X = {(z,(r),Z;(r)), 1 <i < n} denotes the unique solution
of (3), if y (r),y;(r) are linear functions of r, then the fuzzy number vector
U = {(y;(r),w(r)),1 <i < n} defined by

w,(r) = min{z;(r), Ti(r), (1)},
u(r) = max{z;(r), Ti(r), z;(1)}.
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is called the fuzzy solution of (3). If (z,(r),Zi(r)),1 < i < n, are all fuzzy
numbers then w;(r) = z;(r),u;(r) = T;(r), and then U is called a strong fuzzy
solution. Otherwise, U is a weak fuzzy solution.

We will next define a metric D in E' and the fuzzy function notation [8].
Definition 4. For arbitrary fuzzy numbers @ = (u, %) and v = (v,7) the
quantity

D(a,0) = supo<r<i{maz[lu(r) —u(r)], [u(r) —v(r)[]} (8)

is the distance between @ and ©. It is shown [11] that (E', D) is a complete
metric space. 3 R o
Definition 5. Let U = (uy,... ,u,) and V = (0y,... ,9,), D(U,V) is:

S D(ﬂl,@l)
DU, V)= (9)
D(ty,, 0,,)

Definition 6. A function f : R! — E' is called a fuzzy function. If for
arbitrary fixed ¢y € R! and € > 0, a § > 0 such that

[t —to |< 5 = DIf(t), fto)] < e (10)

exist, f is said to be continuous.

3 Fuzzy integral equations

The Fredholm integral equation of the second kind is

b
x(s) = f(s) + /\/ k(s,t)z(t)dt (11)

where A > 0, k(s,t) is an arbitrary kernel function over the square a < s,t <b
and f(t) is a function of ¢ : a <t < b, [9]. If f(¢) is a crisp function then the
solution of Eqgs. (11) is crisp as well. However, if f(¢) is a fuzzy function this
equation may only possess fuzzy solution. Therefore, we have

#(s) = f(s) + A / k(s )i (t)dt. (12)

Sufficient conditions for the existence of a unique solution to the fuzzy
Fredholm integral equation of the second kind, i.e. to Eq. (12) where f(¢) is
a fuzzy function, are given in [12].
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We consider now the numerical solution of fuzzy Fredholm integral equa-
tions of the second kind Eq. (12), which we write in the form:

i=f+ K7 (13)

The exact solution of integral equation Eq. (12) is:

(e 9]

B(s) = aihi(s) (14)

i=1

in truncated form
B(s) ~ En(s) = ) aihi(s), (15)
i=1

where the set {h;} is complete and orthogonal in £%(a,b) (see [?]). For finding
approximation solution we must indicate coefficients a;.

From Eq. (15) we obtain

Zajhj(s):f(s)HZaj/ k(s, t)h;(t)dt. (16)

a

We have n unknown parameters in the form ay, ao, . .. , a, which for finding
them, we need to n equation, so by using n point sy, Sa, ... , S, in interval [a, b]:

n n b
Zhj(si)aj:f(si)ﬂz/ k(si, t)h;(t)dta, i=1,--.n (17)

therefore we have:

Aa = f + Ba, (18)
where the coefficients matrix A = (ay;), 1 <i,j <n, and B = (b;;),1 < 4,5 <
n, are crisp and f = (f;), 1 <1 < n, is an arbitrary fuzzy number vector, where

b
&ij = h]’(sl’), bij = )\/ k(SZ,t)h](t)dt, Z,j = 1, e ,n

3.1 Residual minimization method

The simplest method conceptually again appeals to approximation theory. We
write the integral equation in the form (again we set A = 1)

Li=f, L=1I-K, (19)
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and introduce the residual function r, and error function ¢,

ra = D(f, Li,), (20)
en = D(Z,%,). (21)

To compute r, requires no knowledge of # but, since D(f, L#) = 0, we have
the identity:

ro = D(f, Li,) — D(f, L&) = LD(&,,%) = Le,. (22)
From (19) and (22) we have at once
[ 1< (A [ en ] - (23)

That is,

Itz (21)

+ K|

Thus a small residual is a necessary condition for a small error. We would
rather have an upper bound on g, of course; this is harder to provide in
general and we content ourselves for now with the following. We rewrite (22)
as

en =1, + Ke,

whence

Fen <l l+ K- Tenll  and hence if || K <1 (25)

4 Numerical examples
Example 1. Consider the fuzzy integral equation (12) where

f(s;r) =s3(r* +7r),

fls;r) =384 -1 =),

and kernel

k(s,t) =s+1, —1<s,t< 1.
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and a = —1,b = 1. The exact solution in this case is given by

Let

and
s1=—1,80=1.
From the Egs. (17) and (18):
IR I IR

the Extended 4 x 4 matrices are

1 001 0000
1100 400 0
5= 01 1 0] = 0000
0011 0040
and the solution of Eq. (7) is:
T3 7"2 T
a “ro et
e R At A (27)
—a —Tor s tl
— Tl

The fact that a; and ay are not fuzzy numbers. Therefore the fuzzy solution
of the Eq. (27) is a weak fuzzy solution. The fuzzy approximate solution in
this case is given by

where
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Example 2. Consider the fuzzy integral equation (12) where

and kernel
k(s,t) = s+t, 0<s,t<1.
and a = 0,b = 1. The exact solution in this case is given by

z(s;r) = sr,
Let
and

1
81:0,8225783:1.

From the Eqgs. (17) and (18):

11 1
5 ~ 3 5 7 5
0 0 0 a f(s1) aq
1 1 1 ~ r 7 13 19 ~
o8 ;| |G| =2 | +] 5 % s ||
1 11 as f(33> as
5 9 13
6 20 42

the Extended 6 x 6 matrices are

000 000 s £+ 2 0 0 0
S+ 35 000 %—25%—2000
g_ |1 11 000 r_ |8 w0 00
000 000 |’ 000%%;
ooo0o 1L 4 o0 o0 L 22
voo i1t REEREE
L . L 6 20 42 U

and the solution of Eq. (7) is:
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a; r
ag 0
as | _ e 0
- - (S T) F= ) By )
—0y 0
i.e.
a; = (r,2—r)
as = (0,0)
as = (0,0).

43

(28)

Here a; < @y,a, < @9,a; < a3 are monotonic decreasing functions. There-
fore the fuzzy solution of the Eq. (28) is a strong fuzzy solution. The fuzzy

approximate solution in this case is a approximate solution given by

Example 3. Consider the fuzzy integral equation (12) where

f(sir) = —% cos s(r? + 1),

f(s;r) = 2 cos s(3 —r),

T
and kernel

4

k(s,t) =cos(s —t), A= —,

T

and a = 0,0 = 7. The exact solution in this case is given by

. ) 380 9
x(s;r) = sins(r +T)=(8—§+§—---)(T +7),
) | s
x(s;r):sms(?;—r):(S—§+5—---)(3_7“)-
Let
hl(S) = S,hQ(s) =S ,h3($) =5,
and
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From the Eqgs. (17) and (18):
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0 0 0 i f(s1)

A O O I A B
7—-001 (F-0.01) (F-0.01) as f(s3)
0.726765132  0.574239947  0.6913436 aq

1.4142126 1.668453 2.6463 as |,
1.2805 1.791 3.0578 as
the Extended 6 x 6 matrices are
0 0 0 0 0 0
o P P
G_ | F-001 (F-0.01° (5-0.01)° 0 0 0
0 0 0 : (1) (1) ’
0 0 0 001 (Z-001)% (Z-0.01)°
0 0 0 T 001 (Z-0.01)% (Z-0.01)7
0.726765132 0.574239947 0.6913436 0 0 0
1.4142126 1.668453 2.6463 0 0 0
T— 1.2805 1.791 3.0578 0 0 0
10 0 0 0.726765132 0.574239947 0.6913436
0 0 0 1.4142126 1.668453 2.6463
0 0 0 1.2805 1.791 3.0578
and the solution of Eq. (7) is:
[ a, ] [ 1.0112r2 + 1.012r
as —0.196r2 — 0.196r
as | _ o -lp 0.0192r2 4 0.0192r
—a | (§-T)"F = 1.012r — 3.036 (29)
—ay 0.587 — 0.196r
| —a3 | | 0.00481r —0.057 |

1.e.

ap; = (1.0112r* 4+ 1.012r, —1.012r + 3.036)
g = (—0.196r2 — 0.196r, —0.587 + 0.1967)
as = (0.0192r% 4 0.01927, —0.004817 + 0.057).

The fact that ay is not a fuzzy number. Therefore the fuzzy solution of the
Eq. (29) is a weak fuzzy solution. The fuzzy approximate solution in this case

is a approximate solution given by

i(s) ~ Z3(s) = Z a;hi(s)
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where

5

1 = (1.0112r2 4+ 1.012r, —1.012r + 3.036)
Gy = (—0.587 + 0.1967, —0.196r% — 0.196r°)
az = (0.0192r% + 0.0192r, —0.00481r + 0.057).

Conclusions

In this paper, we proposed a numerical method for solving fuzzy Fredholm
integral equation of the second kind. The resulted approximate solutions from
expansion method may be a strong or weak fuzzy solutions.
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