CDS Market Formulas and Models

Damiano Brigo Massimo Morini

Credit Models Universit di Milano
Banca IMI Bicocca
Corso Matteotti 6 Piazza dell’Ateneo Nuovo 1

20121 Milano, Italy 20126 Milano, Italy

damiano.brigo@bancaimi.it massimo.morini@unimib.it

September 2005
Abstract

In this work we analyze market payoffs of Credit Default Swaps (CDS) and we
derive rigorous standard market formulas for pricing options on CDS. Formulas are
based on modelling CDS spreads which are consistent with simple market payoffs,
and we introduce a subfiltration structure allowing all measures to be equivalent to
the risk neutral measure.

Then we investigate market CDS spreads through change of measure and con-
sider possible choices of rates for modelling a complete term structure of CDS
spreads. We also consider approximations and apply them to pricing of specific
market contracts. Results are derived in a probabilistic framework similar to that
of Jamshidian (2004).

*Speaker. We are grateful to Massimo Masetti for his help with the CMCDS examples.



1 Introduction

The importance of the credit derivatives market has increased remarkably during re-
cent years. According to the 2004 survey of Merrit et al., the outstanding notional has
reached $3 trillion, increasing by 71% in one year. In particular, Credit Default Swaps
(CDS) have a clear prominence among all credit derivatives. The market of CDS rep-
resents almost two thirds ($1.9 trillion) of the global credit derivatives outstanding. It
increased by 100% from the end of 2002. Along with this impressive development of
the CDS market, also options on CDS are becoming a more popular product.

In spite of this development of the market, no standard market model has emerged
yet. With reference to the other, long-established financial markets, a standard market
model for options is commonly intended to be a model enabling to define the implied
volatility of a market option, positing a lognormal dynamics of the underlying under
an equivalent pricing measure. The seminal example is the Black and Scholes (1973)
model for the equity market. Another example is the Black (1976) model for commod-
ity options, used for years by market operators also as a pricing formula for interest
rates options. By the work of Jamshidian (1997) and Brace, Gatarek and Musiela
(1997), the formula was embedded into rigorous models of the term structure, called
Swap Market Model (SMM) and Libor Market Model (LMM). These models, based
on lognormality of the underlying under a natural equivalent measure, allow pricing
reference options by Black and Scholes market valuation formulas and therefore allow
for rigorous definition and computation of implied volatility. In addition, by providing
also the joint dynamics of different underlying rates under a common pricing measure,
they can be consistently used for more advanced products.

A first important contribution to the development of models of this kind for credit
derivatives is given in Schonbucher (1999). The model allows for Black and Scholes
formulas but differs from standard market models, since it is based on using probability
measures which are not equivalent to the risk neutral probability measure.

In Hull and White (2003) Black and Scholes formulas for CDS options are tested on
market data, and the importance of the development of a market model for improving
liquidity of the CDS options market is further pointed out.

In a similar context Wu (2005) considers an alternative definition of fundamental
bond prices, including recovery.

A very important theoretical advance in this trail is given in Jamshidian (2004).
This work develops a probabilistic framework that naturally lends itself to the devel-
opment of standard market models based on probability measures equivalent to the
risk neutral probability measure. Yet in this work standard (Black and Scholes) market
formulas are considered only as possible approximations.

Brigo (2005) on the other hand develops, starting from market definition of CDS,
an exact standard market pricing formula for CDS options under an equivalent change
of measure in a Cox process setting. This is a fundamental result and a natural starting
point for the development of a candidate market model.

In this work we analyze market payoffs of Credit Default Swaps (CDS) and we
derive rigorous standard market formulas for pricing options on CDS, in a more general
setting than Cox processes. Formulas are based on modelling CDS spreads which



are consistent with simple market payoffs, and we introduce a subfiltration structure
allowing all measures to be equivalent to the risk neutral measure.

Then we investigate market CDS spreads through change of measure and consider
possible choices of rates for modelling a complete term structure of CDS spreads. We
apply the model to pricing specific market contracts (Constant Maturity CDS) and
consider approximations allowing to increase tractability of pricing formulas. Results
are derived in a probabilistic framework similar to that of Jamshidian (2004). We point
out under which conditions pricing formulas are equivalent to that of Brigo (2005).

In Section 2 we present foundations on CDS pricing in a market model context. In
Section 3 we derive standard market pricing formulas. In Section 4 we illustrate how
the definition of CDS rates can be expressed via change of measure and consider pos-
sibilities for a term structure model. In Section 5 a term structure market model and its
dynamics are presented and applied to the valuation of Constant Maturity CDS. Then
we illustrate a model based on a different payoff definition and point out relations and
differences with previous literature, before concluding. Some theorems and properties
are proved in the Appendix.

2 Credit Default Swaps and Options

A Credit Default Swajis an agreement between two parties, called the protection buyer
and the protection seller, typically designed to transfer to the protection seller the finan-
cial loss that the protection buyer would suffer if a particular default event happened to
a third party, called the reference entity.

The protection buyer pays rakeat timesT, . 1, . . . , Ty, ending payments in case of
default. The protection seller agrees to make a single protection payrsenh case
the pre-specified default event happens betwieesmdT;,. These contracts, with some
possible variations in the exact definition of the payoff, represent by far the most liquid
credit derivative market. It is natural to define a market model in credit risk starting
from a conventional definition of CDS.

The initial steps for a rigorous and market motivated derivation of a market model
for Credit Default Swaps are close to the steps one follows to define the Swap Market
Model of Jamshidian (1997). The main goal in the latter case is pricing swaptions.
Swaptions are options on interest rate swaps. One starts from one specification of the
payoff and the price of the swap to detect the value of the fixed rate making the swap
fair. This defines the swap rate which is also the underlying of the swaption. Then one
has to detect the probability measure under which the swap rate is a martingale and
the pricing formula simplifies. With deterministic percentage volatility assumptions
for the underlying swap rate one recovers the standard market Black formula. This is
the approach in Brigo (2004), a fundamental point for then developing a model of the
entire term structure model to be consistent with this pricing formula.



2.1 Par CDS spread

Indicate the default time by, the year fraction betwe€R,_; andT; with «;, and the
bank-account by3;, so that the usual bank-account discount factor is

B

D(1,T) = 3~

The general buyer CDS discounted payoff, with unit notional and protection payment
LGp,isatt < T,

b

1{Ta,<TSTb}D(t’ T)LGD— Z D(t, T;;)OZiR].{T>Ti}—D(t7 T)(T_T,B(T)—l)R]-{Ta<T<Tb}
1=a+1

whereTj . is the first of thel;'s following 7. Modifications to this basic structure are
then possible, for example the protection buyer can pay an upfront fee.

For developing a market model a conventional definition of the payoff must be
considered. Brigo (2004) analyzes different possible market specifications of the CDS
payoff. Following Brigo (2004) we mainly consider the payoff

b

CDSIL, (R) = LGD Z (6T Lr,_<r<ry— Y DTl o1y R, (1)
1=a+1 1=a+1

which is simple enough for developing a market model but realistic enough for practical
applications. Here the protection payment is made at theTfjtllowing default and

there is no payment of the protection buyer for the pefigd; - T; when default
happens. The payment dates remain the same for all multiperiod CDS throughout the
paper, therefore we do not indicate them in the symbols for payoffs and prices.

A payoff from and approximation. Also payoffs which do not correspond to viable

real world CDS payoffs can be considered for modelling purposes. We illustrate be-
low an approximated payoff which takes into account that, when a contract provides
protection payment at default ands much closer td’s(,y_; than to7}(,), then the
postponement of the protection payment can have a relevant impact. In such a case a
better approximation for the discounted protection leg is

b

LGD Z D, Tio1) 1yr,_, <r<Ti}>
1=a+1

while whenr is closer tdl;(,) the discounted protection leg

LGD Z tT 1{TL 1<T<T;}
1=a+1

is better. Thus, for suitablg, a generally good approximation is



LGDZ?:(H—l [D (t’Ti—l) 1{Ti—1<TSTi71+5i} +D (tﬂTi) 1{T1—1+€i<T§Ti}]

LGDZ?:LL-H [D (thifl) 1{T>Ti—1} + 1{T>T7:_1+s7:} (D (t7Ti) -D (thi*I)) -D (t, TZ) 1{7->T,/}]

b
~ LoD Y [D(tTim1) 1oty — D (t,Ti) 1rsry] = CDSIE (R) (2)
i=a+1

where the final approximation amounts to assunding, 7;) — D (¢, T;—1) to be negli-
gible. Differently from the above payoff&;DSTI (R) is not a real world CDS payoff,
but it can sometimes represent a good approximation of a general CDS payoff. We will
see in Section 5.4 that, when considering one single period contta&s117 (R)
leads to a definition of the CDS par spread which resembles the definition of the de-
faultable forward rate in Schonbucher (1999).

As usual in no-arbitrage pricing the price of a CDS is given by the risk neutral
expectation of its discounted payoff. Considering our reference payoff

CDS; (R) = E? [CDSIL; (R) | F] ©)

whereQ is the risk-neutral equivalent martingale measure and the filtreffjorepre-
sents all available information up toDefault is modelled as af;-stopping time.

Subfiltration Structure. In credit risk valuation it is often convenient to express prices
making use of aubfiltration structure Following Jeanblanc and Rutkowski (2000) we
defineF; = F] V 'H;, where

Fl=oc({r>u}l,u<t),

basically the subfiltration generated bywhile H; is a subfiltration representing the
flow of all information except default itself (default-free informatidnj market op-
erator observing only this second filtration can have information on the probability of
default but cannot say exactly when, or even if, default has happened. This structure is
typical for instance of the Cox process setting, where default is defined as the first jump
of a Cox Process. The definition of Cox Process hinges on assuming default intensity
A+ of 7 to beH;-adapted. In fact, if for instance the intensity dropped to zero after
default, the default jump process conditional on the path followed;byould not be
an inhomogeneous Poisson Process, since the time of its first jump would be known.
This subfiltration structure allows to define pricing formulas in terms of conditional
survival probabilityQ (r > ¢|H;) which can be assumed to be strictly positive in any
state of the world. This is the assumption we make in this work (so excluding standard
structural models, in which default is a predictable stopping time). The subfiltration
structure is useful also in settings more general than intensity models, for instance when
the conditional default probability is not necessarily absolutely continuous but it is
allowed to be a general semimartingale. We will see below examples of the advantages
yielded by considering a subfiltration structure.

1We adopt Jamshidian (2004) notation. Notice tatis calledG; in Brigo (2004, 2005, 2005b) while
H. is calledF;.



With subfiltrations as in Jeanblanc and Rutkowski (2000), using the definition of
conditional expectation and recalling thatDSTl; (R) = 1(;-+CDSTI; (R), the
price of the above CDS can be expressed as

1
o {r>t} Q
CDS; (R) = ———L—E~ [CDSTI; (R) |H]. 4
St( ) Q(’T>t|Ht) [ t( )‘ t] ()

Following the standard SMM case, we set expression (4) of the price to zero and solve
in R to derive the expression for the fair rag ;, (¢), also called fair or par CDS spread,
which will be also the underlying of the CDS option. For the rest of this section we
follow Brigo (2004).

Par CDS Spread

Roy(t) — LGDZ?Z“H E? [D (t,T;) 1yz,_, <7<t} | Hi]
7 Z?:aJrl o B9 [D (t,T5) Lirsmyy Ht]
Z?:a_l,_l E“ [D (t, T3) l{Ti—l <7<T;} |Hf]

S i1 @ Q (T > t[Hy) P (£, T))

_ B9 [D(t,T) 1{rory[Hi]
PUD = —qu>m)

= LGD

Remark 1 Notice thatP (¢, T') coincides before default with the price ofamaturity
zero-coupon defaultable bond

E? [D(t,T) s>y Fi] = Loy P (1, T).

Remark 2 Notice a specific advantage of using the subfiltratignin our setting.
Using expectation conditional on informaticf,. including the default time, the de-
nominator of the par spread may jump to zero at default, so that the spread definition
would not be valid in all states of the world. Instead, by expressing prices in terms of
partial information;, our definition holds globally.

2.2 Pricing a CDS Option

Now we can consider CDS options. The CDS option to enter a CDS with fixedsrate
at future timeT, has discounted payoff

N
D (t,T,) [CDSr, (K)]" = D(t,T,) |CDSr, (K) — CDSr, (Ras (Th))

0




which from (1) inserted in (4) is

CDSOptionIl; (K) =
b

Z O‘iD(Taa T%)]-{‘r>T¢} |HTa
i1=a+1

1oty
D(t,T,) —>Tal  po
(7 )@(T>Ta|HTa)

(Ra,b (Ta) - K)+

Lir>7,) = 5 } ot
D (t>Ta) (@(T>—Ta|7_(Ta) {i_;i_l az@ (T > Ta|HTa) P(TaaTz)} (Ra,b (Ta) K) .

b

= D(tT.) lersry { Z a;P (TavTi)} (Rap (Ta) — K)+

1=a+1
Using the pricing formula conditional oH;

CDSOption, (K) =

b

1>y = T
= 7Y RR\D(t,T,) 1, ;P (Ty,T;) p (Rap (Ty) — K
Q0 > UH) (t,Ta) Lir>1,) {;1 ( )}( b (Ta) )

|
b

D(t,Ta)l{T>Ta}{ > aiP (Ta,Ti)} (Ray (T,) — K)*

1=a+1

1

{r>t} Q Q
——2__[E¥ | E
Q(T > t|Ht)

e,

]

b

1{7— } —
W%EQ _D (tha) {Lgl a; P (TmTi)} (Ra,b (Ta) - K)+ EX [1{T>Ta} HTG] Ht]
1, b _
IR (T{:Z‘}Ht)EQ D (t,Ta) {i_za;rlai@ (> Ta|HTa)P(TaaTi)} (Rap (Ta) = K)* Ht‘| :

(5)
This rather complicated formula can be reduced to a simple standard formula by chang-
ing the numeraire. This issue is analyzed in the next section.

3 Standard Market Formula for CDS

In this section we obtain standard market formulas under a general probabilistic frame-
work analogous to part of Jamshidian (2004).

In this context we are in a complete filtered probability spdeeF, P, F;), where
filtration JF; satisfies the usual hypothesis and weBet= (2, %) andF = F for a
terminal datel’. H, is a subfiltration ofF; satisfying the usual hypothesis and we set
Ho = (Q,0) andH = H.

Given the standard bank-account numeraire with price praéeaad an equivalent
risk neutral measur® ~ P, we define a claink as anF-measurable random variable
such that% is Q-integrable, writingB for By. The price process of any claim is given
by

X
X, = B,E? {Bm}

7



Any different numerairg3 is a claim such that > 0 almost surely. The measure’
associated with numeraifeis defined by the Radon-Nikodym derivative

AP° _ Bop
dQ — BB
so that we have the standard change of numeraire formula
X X3y dPP X
— Q2| - m@ - = e et
xo= e | p| < | TR0 | < | 5]

extended as usual to pricés (see Appendix).

3.1 A numeraire for CDS

The quantity of interest in (5) is obviously the quantity between curly brackets, that we
call C, 5 (T,,) according to

Definition 3
b ~ b
Cap(t):= > iQ(r>t/H) P (t,T;) = Y aE?[D(t,T3) 1rory|He] -
i=a+1 i1=a+1

Before default this coincides with the price of a portfolio of defaultable bonds called
defaultable present value per basis paint

The accrued value B

ab _ T) —
(C Ca,b( a) BTa

is a claim andC*® > 0 almost surel§, therefore it is a numeraire associated to a

measure)®® := P’ Notice thatC{"’ = B,E? [C;b |}"t} :

In (5) we change measure @’ and we obtain

- Lir>ty  cabgmab +
CDSOption, (K) = o) [(R%b (T,) — K) ’ Ht} . (6)

This formula is similar but not equivalent to that in Brigo (2005), since in Brigo (2005)
(Cf’b is replaced byC, ;, (t). Namely there &+, conditioning replaces our iterated
‘Hr,, F: conditioning in the numeraire price. The formula of Brigo (2005) holds in the
particular setting of that work, the setting of Cox Processes, while (6) is valid under
the more general hypothesis of this work.

We recall now the definition afonditional independence for subfiltratiofdamshid-
ian (2004)), a property called martingale invariance in Jeanblanc and Rutkowski (2000).
Given the numerairg, H, is a P°-conditionally independent subfiltration & if un-
der P every process which is a martingale when conditioning-fris a martingale

2This fact is proven in the Appendix.



also when conditioning off;. For our CDS pricing, the most relevant way of express-
ing this property is the following: foX bounded andi{-measurable,

E° [X|H,] = EP [X|F], Vt

Therefore we also have

G = BB | 5Cun (1) 1] B9 | FCun (1)1
- =[P mm]
B b
= E?|D(,T)E? | > aD(T,,T) ]mt]
L 1=a+1
r b
= ]EQ Z OziD(t,Ti) 1{T>T;}|Ht]
Li=a+1

= Ca,b (t) .

Hence ifH; is Q-conditionally independent (6) simplifies to

CDSOption, (K) = 1(r~4 Z ;P (t,T;) B [(Ra,b (T,) — K)*‘ Ht] . @
i=a+1
which is equivalent to the formula in Brigo (2005). Yet notice that we are not con-
strained to assume the conditional survival probability to be absolutely continuous and

given byexp (— fot )\Sds) for a’H;-adapted intensity proceds. The formula is valid

in the more general context of conditionally independent subfiltration, of which Cox
Processes are a special case. Analogously, in developing the Swap Market Model the
existence of an instantaneous spot interest rate process is not required.

Remark and Assumption 4 In financial terms, the assumption tHdt is Q-conditionally
independent implies that, if a claim (or a terminal payoff) can be known based only on
total (terminal) default-free information, its current price can be computed based only
on current default-free information. Although, as Jamshidian (2004) correctly remarks,
“this somewhat degrades the role played by subfiltrafton for all 7, conditional ex-
pectations of H-measurable random variable become replaceable with corresponding
F:-conditional expectations”, it appears to us that this property makes the financial
meaning of a subfiltration setting more clear and understandable. Considering also
the computational (and notational) ease it can grdndtm now on we assume condi-
tional independence to hold

3.2 The dynamics of the underlying spread

Obviously formula (7) will be specified by giving a dynamics # , (t) underQ®*.
In the next computationsGb= 1 for easing notation. Notice first that

Zz a+1 E [D (taTl) 1{T-, ]
Cop (1)

Ra,b (t) =



coincides before default with the price of a CDS payed upfront, with a single initial
payment, divided by the numeraire.
Consider the claim

b

Cap
RC = E® [D (T, T) 1ir  crer. e
i=za;rl [P (T T) Lo <oy P Cap (Ta)
Attimet < T,
_ RC
RY = C.u (1) ]E“’b[ ]—'t]
Ca,b
= Z?:a—i—l EQ [‘D (Ta?T‘i) 1{T7‘,_1<T§Tq‘,} HTa]

= C,p(t)E?

.

Ca,b (Ta)
= Cup (E™ [Ryy (T.)| 7).

Furthermore

RS = BE?|—/—

Z?:aJrl E [D (Tm Ti) 1{TL—1<TSTi}
B Cup (Th)

HTa] Ca,b (Ta) BE

:

= BE?

[ Z?:a-&-l E€ [D (Taa ,Tl) l{T'i—1<TSTi} |HTa]

Br
ft] |

]

B,E®

b
lip  —rer
- BEC| Y EQ[ (11 <r<ti)
Li=a+1 i

-

WhenH, is Q-conditionally independent,

b
Z E@ 1{Ti71 <7<T;}
Br,

|
b

= Y EC[D(tT) 1 <rety
1=a+1

R = BE“

]

i=a+1
b

Z 1{Ti—1 <T<Ty}
i=a+1 BTi

B,E®

Hi] = Rap (t) Cap (t).

Thus we have that B
Royp (1) =E™" [Rap (To)| F

andR,, (t) is anF-martingale unde®* for ¢ < T,. SinceH, is Q*-conditionally
independent as well,R, ;, (¢) is also arf{;-martingale unde®®* for t < T,

3That this actually holds is proven in the Appendix.
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Assumption 5 We assume that, as in standard market models, the instantaneous per-
centage volatility is deterministic

dRay (t) = GapRap () dVEP, t < T,
whereV ? is a brownian motion unde@®*.

Then
Standard Market Formula for CDS Options

b
CDSOption, = 11~ > ;P (1, T;) Black (Rayb (t), K, ap Taft), 8)
1=a+1

Black (F, K, v) = F N(d\(F, K,v)) — K N(do(F, K, v))
In(£) + 102

)
In(£) — 142
(K, ) = M T2 gy = ) Z 2
v v

Remark 6 The distributional assumption is obviously inspired by the analogy with
standard market models in equity and interest rate markets. However, this assumption
for the CDS market is specifically underpinned by the empirical analysis in Schon-
bucher (2004).

3.3 Empirical application

When the market is not very liquid, a market model is not easily calibrated to market
guotations to be used for pricing, although it plays an important role. It allows to trans-
late the prices of different options into implied volatilities, making the understanding
of quotations much better. Compare the tables below

R, (0) | K | Mid Opt quote

Option 1 61 60 325
Option2| 43.4 | 43 245

R., (0) | K | Midimplied o,
Option 1 61 60 62.16%
Option2| 434 | 43 63.71%

The possibility to compute implied volatility also allows to assess the implications of
different models on the classic strike volatility curve (smile or skew). And the nu-
meraire martingale framework is general and we can assuni,fgft) an alternative
local or stochastic volatility dynamics

dR,p(t) = Va71,Rif(t)dWa’b(t)

as it may be required in the market.

Now we show some examples of CDS implied volatilities, to see how they change
when modifying some inputs or assumptions. The corporates considered are:

C1 = Deutsche Telecom; C2 = Daimler Chrysler; C3 = France Telecom.

11



The data are Euro market CDS options quotes as of March 26, 200d; = 0.4;
T, =June 20, 2004 and@, =December 20, 2004, = June 20, 2009;

Values obtained for volatility appear high compared to interest rate default-free
swaptions, for example, but they have the same order of magnitude as some of those
found on the CDS market by Hull and White (2003) and in particular by Schonbucher
(2004) via historical estimation.

Below we see that changing the definition of the CDS rate both CDS forward rates
and implied volatilities are almost unchangeﬂgb(o) and afb refer to a CDS pay-
off including one more payment of the protection buyer, for the period when default
happens. For more details on these tests see Brigo (2004).

Option: bid  mid ask| Ros(0) Ras(0) RE, (00 K | oup oF,
C1(Tw) 14 24 34 60 61.497 61.495 60 50.31 50.18
Cc2 32 39 46 94.5 97.326 97.319 94 54.68 54.48
C3 18 25 32 61 62.697 62.694 61 52.01 51.88
C1(T)) 28 35 42 60 65.352 65.344 61 51.45 51.32

In the next table we check the impact of the recovery rate on implied volatilities
and CDS forward rates. Again the impact is very reduced.

REC =20%| REC=30%| REC=40%| REC =50%| REC =60%
Oa,b-
C1(Tw) 50.02 50.14 50.31 50.54 50.90
Cc2 54.22 54.42 54.68 55.05 55.62
C3 51.71 51.83 52.01 52.25 52.61
CYTy) 51.13 51.27 51.45 51.71 52.10
Ra,bi
C1(Tw) 61.488 61.492 61.497 61.504 61.514
C2 97.303 97.313 97.326 97.346 97.374
C3 62.687 62.691 62.697 62.704 62.716
CYTy) 65.320 65.334 65.352 65.377 65.415

In the next table we check the impact of a shift in the simply compounded rates of
the zero coupon interest rate curve.These shifts have still a small impact, even though it
is larger than the impact of recovery. We have volatilities on the left, rates on the right.

shift —0.5% 0 +0.5% || shift —0.5% 0 +0.5%

CYT.) 49.68 50.31| 50.93 61.480 61.497 | 61.514
C2 54.02 54.68 | 55.34 97.294 97.326 | 97.358

C3 51.36 52.01| 52.65 62.677 62.697 | 62.716

4 Variables for a general CDS Market Model

In the previous sections we have shown the fundamental steps for building a standard
CDS Market Model. Although various complications in the credit setting required
specific attention, steps are analogous to those required in the definition of the Swap
Market Model of Jamshidian (1997). Obviously, the above results immediately trans-
late for the case of a CDS Market Model designed along the definition of the Libor
Market Model of Brace, Gatarek and Musiela (1997).

12



4.1 One period CDS forward rates

The LMM is designed for pricing caplets, the building blocks of caps. A capletis an
option on a forward rate agreement, which is a one-period swap. One sets the price
of this one-period swap to zero and recovers the value of the fixed rate making it fair.
This defines the forward rate (one-period swap rate) which is also the underlying of
the caplet. Then one detects the equivalent measure under which a forward rate is a
martingale and assumes it has deterministic percentage volatility. Therefore up to this
point the steps are the same as those seen for the SMM (the relevant differences arise
in giving a term structure model), but applied to a one-period swap.

Analogously, we can express the results of the previous sections with reference to
a one-period CDS, as done in Brigo (2005).

We consider the measufp’ := Q/—'7 associated with numerai@ = C7~17,
Theforward CDS spreadi; () := R;_1; (t), martingale unde@’, is

LGDE® [D (t,T}) 1z, ,<r<;y|Hi]
ajEQ [D (t,T;) 1{7‘>T }|Ht]

EQ [D (t,T}) 1{T>Tj,1}|Ht] —E° [D (t,T;) 1{T>Tj}‘Ht:|
OZjEQ [D (thj) 1{7'>T_7'}|Ht]

E?[D(ET)1  or, ,}IP] _
= = - P(t,T;)
LGD { Q(T>t|Hye) J

; P (t,Ty) ’

R; (t)

(9)

= LGD

and pricing formulas for one-period CDS options are trivially derived by a change of
notation. The relationship betweét} (t) andR, ; () is

P (t,T})
Ra7 (t = aj 7] R] (t . (10)
' ) j=za;-1 Z?:a—i—l a; P (ta Tl) )

Notice that in the definition of a CDS forward rate given in (9) we have complex
quantity between curly brackets. The definition of the rate can be better understood via
a change of measure. Therefore in the next section we carry out an analysis, based on
change of measure, of the nature of the fundamental variables.

4.2 CDS spreads as forward conditional probability ratios

Another advantage of our subfiltration structure approach is that now all quantities
are explicitly defined and represented as conditional expectations. This allows us to
investigate their nature more deeply. It is a well known result in change-of-measure
theory that for ar-subalgebraV of o-algebraM and anM-measurableX, integrable
under the measures considered, we have

dP2
E"? [XlN}:Epl XdPlIEpl dP2|N ‘N] (11)

4A proof of this result is provided in the Appendix.
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This implies that, for & -measurablé” and a measur®? associated to numeraigg

Z
Y B

EZ [Y[H,)=E? |Y —£
TR e g

Ht] . (12)

A one period CDS rate is

E? (D (t,Tj) Lirs7,_ 3| He] —EQ [D (8, T5) Lo,y | He

j o;EQ [D (t,Ty) 1{T>Tj}|Ht]

Consider
Y =14>7,

and apply (12) withP?Z equal to theT; forward measuré)’ associated to numeraire
Z = B/Br, having price proces® (t,T;), t < T;, namely thel’;-maturity default-
free zero-coupon bond. We obtain that

EQ[D(4T) LrsrpH] = P(LT)E [ |H]
— PUT)Q (r > T|Hy)

and analogously
EQ [D (t7Tj) 1{T>Tj—1}‘Ht:| =P (t’ TJ) Qj (T > Tj—1|Ht) .
Therefore the CDS spread is

E? [D (t,Tj) 1irsr, 3 He] — B9 [D (¢, Tj) 1irsm;y | He)
o;EQ [D (t,T}) 1ror;y | He)

P(t,T) Q/ (1 > Tj-1[Hs) — P (t,Tj) @ (1 > Tj|Hy)
oy P (t,T;) Q7 (T > Tj|Hy)

_Lep (Qj (r>Tj-1Hy) 1)
Qa; Qj (7' > Tj|Ht)

Thus we obtain that the basic real world CDS rate is actually a ratio of survival
probabilities, if the right probability measure and information flow are selected in
defining conditional default probabilities. In particular, differently from their usual
representation as in (9), no direct presence of default-free interest rates and discount
factors appears in (13).

This result has a simple financial meaning. Consider for instance a classic toy
intensity model with constant intensity. It is well known that if we assume a continuous
instantaneous premium, a CDS rate can be seen as equivalent, by no-arbitrage, to the
credit spread of the same reference entity over the instantaneous spot interedirrate
fact this is often called CDS spread. It is also well known that in this case the spread is
given by the instantaneous intensity, namely it is determined by survival probability.

The results above show that, in the much more complex context of real market
discrete-tenor CDS spreads, a dependence of the one-period CDS spread from default

R;(t) = LeD

= LGD

(13)
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probability is maintained, but to detect this link separating out default-free interest
rates from default probabilities one needs to consider a probability measure associated
to discrete tenor interest rates, namely a forward measure. This is analogous to the
computation of

E®[D (t,Ty) F (Ty—15 Ti—1,T) |Fe) = P (8, T) F (t; Ty—1, T
where actually a change to tfig-forward measure is performed
E? D (t,Tx) F (Th—1; Ti—1, Tx) |Fe] = P (t, Te) ™ [F (Ti—1; Toe1, Ti)] -

Notice that actually (13) gives a representation of the CDS spread analogous to that of
a Libor rate, where bond prices are replaced by forward default probabilities.
Now we move to consider multi-period CDS spreads. From (13) we have

Ros(t) = Lop 3° PETY (> ToaM) — P(LT) @ (7 > Ty[Hy)
j=a+1 Zizk_u a; P (t,T;) QI (1 > T;|Hy)
(14)
Here we have an expression where both forward default probabilities and default-free
bonds appear explicitly, as one can expect. But due to the change of measure bond
prices and probabilities are separated, something which is usually done by assuming
independence of default probabilities and default free interest rates.

4.3 Dynamics under different measures

Up to now we have given dynamics and formulas involving one rate at a time under
the associated measure. Therefore the practical usefulness of our results is analogous
to that of the Black formula justified by the change of numeraire in the interest rate
market. We do not have yet a general model of the CDS term structure like the SMM
and LMM for the default-free term structure. A major contribution of the Swap and
Libor Market Models is giving the joint distribution of different interest rates under a
single convenient pricing measure.

For a CDS market model one needs defining a plurality of CDS spreads covering
the required tenor structure. A plurality of CDS spredtls, are associated with a
plurality of natural measure®%*. One needs to know the dynamics of CDS spreads
jointly under a singléQ®** measure.

We can span a complete tenor structire= {7y, T4, ..., Ty} choosing for in-
stance the one-period forward CDS rafes(t), j = 1,..., M. This choice is analo-
gous to the LMM of Brace, Gatarek and Musiela (1997) and is the main choice sug-
gested in Brigo (2004, 2005). The definition of the model requires in this case com-
puting the dynamics of eadl; CDS spread under any of tii¥ measures for th&;’s
in the tenor structure. This implies defining the dynamic&etunderQ? wheni # j.
However Brigo (2004, 2005) points out problems in defining the dynamics because of
some fundamental differences between CDS forward spreads and default-free interest
rates. We analyze these differences in the following.
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Recall the change of numeraire rule for diffusions, given in more detail in Section 5.
Suppose we know the dynamics &funder a measur®;, associated with numeraire
N1, then through Girsanov’s Theorem we know that the dynamicX afnder the
equivalent measur®,, associated witliv2, differs in the drift from the dynamics of
X under@Q;. In order to compute the new drift we need to consider the dynamics of
the logarithm of the ratio oV, over N?, in particular its diffusion coefficient, which
is invariant under equivalent measures.

In case of the Libor Market Model the variables modelled are forward rates with
expiry T;_1 and maturityl;

1 (P(t,T; ) -
Fj(t)aj(P(t,JTj)1> j=1,...,M. (15)

In this case the probability measures to considerGre= QF, the Tj,-forward mea-
sure associated to tHE,-maturity zero-coupon bond (¢,7},), andQ, = Qf, the
T;-forward measure associated®dt, T;). If for examplei > k, the numeraire ratio

is

Il g5 = I a+ano)

j=k+1 j=k+1

The numeraire ratio is a function of the state variables being modelled in the LMM and
the diffusion coefficient of its logarithm is easily computed.

P(t,Ty) 14 PtTi.)
P(t,T,:) o H -

CDS numeraire ratios. Considering CDS forward rate3,, the relevant numeraire
ratios have the form B
g o akP (thk)
(C% N aiP (t,Ti) ’

E® [D(t7Tj)1{T>Tj_1}|Htj|
LGD Q(T>t|Hy) )

27 P (ta TJ) 7
where in the quantity between curly brackets the discount factor refers to a time dif-
ferent from the time in the default indicator. Thus we do not have a defaultable bond
numeraire, s@; (¢) cannot be expressed as a function of only numeraire ratios. In turn
numeraire ratios cannot be expressed only in terni3;qf)’s.

This is even clearer making use of the change of measure approach. Express the
numeraire ratio via

(16)

Notice that

R; (1) =

[

(7‘>Tk|7‘lt tTj 1) QJ 1(T>TJ 1[He)

Q*
GLT)Q (r>TH) — AL PT) Q7> TH)

P(t,T;y)

P(t,Ty) P(t,Ty)
P

supposing > k.
Thanks to this change of measure, we can apply the definition of forward Libor
rates (15) and find
tT) _ T @ (r > Ty Hy)
—_— = 1 Fi(t . .
T) H ( +a] J()) Q](T>1}|Ht>

=k

el e
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But we cannot express the probability ratio in terms of defaultable forward rates, since

_ LGD (QJ (7’ > Tj_1|Ht) _ 1)

L= Corsnm

and , ,
QO (1> Tia[He) |, Q71 (1> Ty |Hy)

QI (1 > Tj|H) QI (1 > Tj|Hy)

because of a mismatch in the measure under which the probabilities at numeraire are
taken.

The presence of default risk besides interest rates risk adds degrees of freedom,
and, in order to build a model for a complete term structure, additional assumptions
need to be done compared to a standard default free market model.

One possibility, considered by Brigo (2004), is modelling also additional rates,
for example two-period CDS rate8;_, ; (t), j = 2,...,M. The choice appears
appropriate since, thanks to (10), we have

= k

P, Ty) o Rj_1(t) — Rj—2, (1)

P (t,TZ‘) (6% j=it1 ijg,j (t) - Rj ﬁ)
and from this all required numeraire ratios are specified, so that we could in principle
complete the model, modelling bof®; (t) andR;_, ; (t) rates as lognormal martin-
gales under their natural measures.

Financial Behaviour. Unfortunately, as noticed by Brigo (2004), this holds mathe-
matically but does not hold in financial terms. We are not free to model the two-period
rate as we find more convenient, since the defaultable bonds must remain positive and
decreasing in the maturity:

P(t,T))
0< =2
P(t,T;_1)

This translates into the following constraints

min (Rj—l (1), 2= (t); i (t)) < Rjg, () < max (Rj—l (1), o=t (t); 5 (t)> :

which require specific, nonstandard dynamics whose existence is still to be demon-
strated. Analogous problems arise if considering one-period CDS rates and multiperiod
co-terminal CDS rates, namely with common final d&tg

The analysis previously carried out indicates that the problem can be also inter-
preted as a measure mismatch. This mismatch disappears if, as in Hull and White
(2003), Wu (2005) and in some parts of Schonbucher (1999) we assume independence
of interest rates and default probability. This is shown in the next section, where we
also present how the CDS rate definitions and CDS option formulas here presented can
be applied to develop closed-form formulas for other exotic credit derivatives, gaining
tractability via standard approximations.
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5 Dynamics and Constant Maturity CDS

Notice first that, when interest rates are independent of the default event, our CDS
forward spread becomes

P(t,T])EQ [1{T>Tj,1}|Ht] - P (t,T])]EQ [1{7—>Tj}‘Ht]
P(t,Tj) OéjEQ [1{T>Tj}|Ht]

_ LGD <Q(T > Tj_1|Ht) _ 1)
a; \ Q(7>T;[Hy)

Rj (t) = LGD

and the numeraire ratio is

P(t,Tj—1) E°[DTj1)1sr, yHe] P, T21)Q(r > Ty_a|Hy)

P (t,Ty) EQ [D (t,Tj) 1rryHe) P (6T Q(r > Tj|Hy)

Hence there is no measure mismatch

P(t T;_ 1) Qi
Py = (BOTG) E @+,
PI ] (0 g .

j=k+1

Financial behaviour. With this choice of modelling variables the numeraire ratios
are specified and we are free to model each variable according to a standard lognor-
mal dynamics under the corresponding natural measure. The resulting behaviour of
defaultable bonds satisfies all required financial regularities, in fact

()_ 1
t,T,

Pt
P(t,Tj-) (R (t) (&5 +1) (Fj () o + 1)
with

0<

. <1
(R () 75 + 1) (F; () aj + 1)
whenever the rates in the model are bounded away from zero. Moreover

P(t,Tj-) _ P(tTj-1)
P(t,T;) | PLTy) (B0 (&5 +1)
1 1 o
P(T,_1,T;)  P(T; 1,1 (Rf (T fep * 1)
P(Tj-1.Ty) PUL) o pry,Ty)

(Rj (Tj—l) Teo T 1)

We are now ready to define a complete model.
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5.1 AlLiborand CDS Market Model under independence

Change of numeraire for dynamics Assume that under a measupg associated
with numeraireN'! the dynamics of the process is given by

dX; = ppdt + o dW},

whereX, . are M-dimensional vectors and’! is standard\/-dimensional brownian
motion underQ; with instantaneous correlatidd. The matrixo; is M x M and
diagonal. Then the dynamics &f under an equivalent measu@ associated with
NZis
dX; = (u — 0ES1 (8)') dt + o dW2, a7

whereX; 5 (t), or DC (1n %—é) whereDC stand for diffusion coefficient, is defined

t
by

Aft1 x T
d lnﬁ =Ufdt+ 310 (t)dWF, z=1,2.
t

In terms of stochastic shocks the equivalent formula is

AW} = dW? — 2%, 5 (1) dt (18)

CDS and Libor Market Model Assume a tenor structuf@y, 71, ..., Tar}. Fork =
1,..., M, our variables arefF}(t), the simply compounded forward rate resetting at
Ty—1 and with maturityTy, and R (), the CDS par spread for period fréfp_; to Tj.

QF is the equivalenT,-forward measure associated with the numeraire Bo0d 7}, ),
andQ¥ is the equivalent measure associated with the credit numerairet, T},).
Fork=1,..., M,

dRy(t) = a1 (t) R ()dVE(t), t < Th_1,

where V¥ (t) is the k-th component of anl/-dimensional Brownian motiofy’*(t)
underQ* and
dFy(t) = o) () Fe(t)dZE(t), t < Th_1,

whereZF (t) is thek-th component of ai/-dimensional Brownian motio&* (¢) un-
derQ¥*. The correlation structure is

d‘/;d‘/j = pijdt,
dz;dZ; = &;dt,
dv,dZ; = 0.

since we have assumed independence of default probabilities and default-free interest
rates.
Definehf = 1{j<7,'} — 1{j>i}'7
The dynamics of?;(¢) underQ’ is
iVj

() = hli(1)R; OB L R v
dR;(t) = hioi(t) Ri(t) h:(%ﬂpz,h F) 5 st ARV ()

Qhp
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fOf t S T(i*l)/\j'

Proof Apply (18) to
X = (Ri,....,Ru,Fr,...,Fu),
\%4
v - 2]
o = diag(G1,---,0M,01,---s0M),

= _ | »r 0
- 0o &

recalling that withi > j

B

P(tﬂT}:) - 11 (Rh()—Jrl) (Fi (t)on +1).

- LGD
h=j+1

For the dynamics of CDS spredt}(t) underQ’, i > j, setdZ* for dZ underQ*, so

and

dR;(t)

[vi] Vi p 0 c
IR ARR I L

Vil e 0 P(t,T;)\
I ZZ ] - I 0 5 ] DC <1nP(t7ﬂ> dt
Vil e o0 i DC(] (R ()7+1>)/+DC(1 (Fp (t) o, + 1)) | dt
Z 0 ¢ : e Ten 0 (Fp () an
) . ) h=j+1
(Vi1 [p 0] 5 [BOB®) DO,
N I LR S

Vi _dVZ Z ch nlt)R (t) S dt,

h=j+1 n (?) W

= G Ri(1)dV; (1) = Fi(t Z Pingy ()dt+al( t)R;(t)dVy (t)

h=j+1 ap
= o, () Ry () il (R(t),t)dt + 7 (t) R; (1) dvg (t).

For Libor rates the derivation is analogous, and consistent with the standard Libor
Market Model of Brace, Gatarek and Musiela (1997) and Jamshidian (1997).

5.2 Constant maturity CDS

We see now application of the model to Constant Maturity CDS (CMCDS). In a CM-
CDS two parties, called the protection buyer and the protection seller agree that if a
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third company, called the reference entity, defaults at tmé, < 7 < Tj, then the
protection seller pays to the protection buyer an amaa at the first7; following
default time. In exchange the protection buyer pays periodically & dkfore default
the(c+ 1)-long CDS rateR; _1 ;1. (T;—1) timesa;

This product, developed for giving investors the flexibility of a CDS rate adapting
periodically to changing market conditions, is particularly suitable for being evaluated
via market models. Also the Constant Maturity Swap of the default-free interest rate
market is easily evaluated in a Libor Market Model, in particular closed-form formu-
las are easily obtained via well-established approximation procedures. Now we see a
simple application in the context of CDS market models.

The first approximation we apply is known as drift freezing approximation: in
the dynamics of?;(t) we assume:! (R (t),t) ~ ] (R(0),t). This approximation,
tested via Monte Carlo simulation for the LMM, can be justified noticing the presence
of rates in both numerator and denominatorugf,, so that their volatilities tend to
partially cancel out. With this approximatid®; (¢) is a geometric brownian motion, so

Q

B[R, (T)1)] ~ R, (0)exp [/0 " (R0),0) dt]

i Ty
= R;(0)exp Z mpi,h/o on (t)o; (t)dt

h=j+1 Qp

The second approximation, also typical of the default free market model and justified
in related literature, represents swap rates as linear combinations of forward rates, as-
suming

Jjtc

Rov o (T Zw ). (1) = a; P (t,T;)

Sre anP (t,Th)

Since the protection leg is like in a standard CDS, valuing a CMCDS amounts to valu-
ing the premium leg, computing

b
Z ajE(?[D(O7Tj)1{T>T_7’}Rj71,j+c(Tj71>]
Jj=a+1
b Jj+c
> @l (VES (DO, T)1rsryy Ri(Tj-1))
j=a+1 i=j
b Jj+c
= > > aywl(0)EG[D(0, T5) Ri(Tj-1)E? (L5 | Fr,)]
j—a+1z J
j+e ,
= Z 20 [ (0, T;)(Ri(T;j-1) C7,))
j=a+1 i=j
b Jj+c B
= > D wl P(0,T))Ep[Ri(T;-1)).

j=a+1 i1=j

%
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Now we apply the drift freezing approximation and can easily compute the CMCDS
price with a closed-form formula. Assuming time-constant volatility we find the same
formula obtained, modelling with different assumptions, in Brigo (2004b), giving the
price at time0) as

CMCDS,;..(0) =
b j+c %
_ s on Ry (0
= ajP(O, Tj) ’LU? (O)Rz (0) exp ijlai E 7h h ( L)GD pi,h — Rj (0)
4_2 Z_. L Ra(0)+ 32
j=a+1 1=j h=j+1 ap

5.3 Empirical application

We consider the FIAT car company CDS market quotes of December 20, 2004, with
REC = 0.4. We start by giving a table for

conv(o, p) := CMCDS, ; .(0;0,p) — CMCDS, ;.(0; p = 0).

with o; = o andp; ; = p. The second term is the value where no correction due to CDS
forward rate dynamics is accounted f@;’.:aJr1 a; P(0,T;) {R;—1,j+.(0) — R;(0)}.

This difference gives the impact of volatilities and correlations of CDS rates on the
CMCDS price. We take = 0, b = 20, ¢ = 20 (resetting quarterly).

conv(a, p) p. 0.7 0.8 0.9 0.99
o: 0.1 | 0.000659 0.000754 0.000848 0.0009B3
0.2 | 0.002662 0.003047 0.003435 0.003784

0.4 | 0.011066 0.012742 0.014442 0.0159p5

0.6 | 0.026619 0.030964 0.035464 0.039652

The “convexity difference” increases with respect both to correlation and volatility,
as expected. The next table reports the so called “participationgatg:(c, p)

é (0,p) “oremium leg CDS” Z?gl a; P(0,T;)Ro,20(0)
0,20,20(0, p) = : = 2 |
premium leg CMCDS Ziil ajE{) b [D(0, Tj)]‘{T>Tj}Rj*17j+20(Tj*1)]
$0,20,20(0, p) p: 0.7 0.8 0.9 0.99

o: 0.1 0.71358 0.71325 0.71292 0.71262
0.2 | 0.70664 0.70532 0.704 0.70281
0.4 | 0.67894 0.67368 0.66842 0.66368
0.6 | 0.63302 0.62128 0.60957 0.59907

The participation rate decreases with volatility and correlation.

In the following section we abandon the hypothesis of independence of default-free
interest rates and default probabilities. We signal that, rather than adding other rates
or assuming independence, one can also consider modelling more fundamental quan-
tities to complete the model. For consistency with previous literature, in particular
Schonbucher (1999), here we develop this possibility starting from the expression (2)
in defining a conventional CDS contract. This allows to underline similarities with pre-
vious approaches but also the differences and the advantages of the current approach.
However a similar solution can be applied also starting from the feasible market payoff
(1), an alternative that will be addressed in subsequent research.
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5.4 A different model with approximated payoff

As we mentioned in the introduction, the first important development in the field of
market models for credit derivatives is given in Schonbucher (1999). Therefore we
show in this last sections relationships and differences with the approach of our work.

Building blocks. Schonbucher (1999) builds a market model based on the following
fundamental quantities, in the original notation:

1. T)-maturity default free bondBy, (¢)

2. Ty,-maturity defaultable bondly, -y By, (t)

3. Aratio defined as _
B (1)

Since no subfiltration structure is introduced in Schonbucher (1999), no other represen-
tation of the quantityB;, (¢) is given. In our subfiltration setting, we can give a precise
description of this quantity, in terms of its constituent components, since defaultable
bonds can be expressed as

E@ [D (t,Tx) 1r>1 3| He)
Q (7 > t|Hy) .

sy P (6 Th) = 1iran

The nature ofP (¢, T}) is therefore not opaque, and we can exploit its definition for
tractability. An application is describind;, (¢), which is heré

p(t7Tk) _ P(t7Tk) Qk (T > Tk|Ht) _ @k (7’ > Tk|Ht)
(t,Tk) P (t,Tk) Q (T > t|Ht) Q (T > t|Ht)
Q> H)
= @) @

easily interpreted as a forward conditional (Bayes) survival probability based on default-
free information.

Schonbucher assumes for the quaniity(¢) a dynamics under a generic measure.
With subfiltrations is the dynamics of the above probability

k
M:...dtfa’ﬁldw

Qf (t-)

for a generic covariance vector procesgs and a vectoiV of uncorrelated standard
brownian motions.

5Notice the following property

EQ[D (£, )1+ 5y | He)
EQ[D(¢,Ty;) [ H¢]

Qk (r>t/Hy) = E* [1{7—>t}|Ht] =

_ EQ[ o QDG Tl FIH] _ POTRED 150y [He]

EQ[ER[D(t,Ty)Fe]|H¢) - P(t,T)) Q(7 > t[He)
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Obviously modelling this quantity can allow further development of a model built
on the synthetic real-world payoff (1) as in the previous sections. But in this work we
prefer to show possible relationships with Schonbucher (1999).

Rates. Schonbucher (1999) defines the following rates (with a slightly different nota-
tion for maturities)

1. Default free Libor rate

2. Defaultable Libor rate defined as

_ 1 (B (t)
&”‘%<m@‘g’

3. Discrete-tenor forward intensity defined as

1 (B (t)Be-1 (2)
H““%<Buwmlu>l>

Adapting the notation for bonds, the default free Libor rBtgt) is equivalent to our
default free forward rate and to that of the standard market model.

As for the defaultable forward rate, we signal that in a subfiltration setting it is possible
to find an analogous quantity setting the price of the contract to zero. One needs to
consider contract (2) for a one-period interval:

CDS; (R) = LGD{E® [D(t,Ts—1)lrsm, oy He] —E? [D (t,Th) 1iromy [H] }
_E€ [D (t, Tk) 1{T>Tk}|H] arR,
LGDE® [D (t,T—1) 17>, 3| He] = B9 [D (8, Th) 1757, [ H]

R} (t) =
g () o EQ [D (t,Tx) 1{T>Tk}|H]
_ Leb [P(t,Ti1) 1
- o p(thk)

Here the nature of such a rate is
RS (t) _ LGD {P(t,Tk_l)Qk_l (T > Tk—l‘Ht) _ 1}
k Qg P (t,T3,) QF (1 > Ty|Hy) '

In our context, we can perform the following simplification in defining the analogous
of Hy, ():

1 (P(t,Ty) P(t,Th_1) 1 (QF (T > T Hy) -
o )= Cottam” ) =m0

P(t,T) P (t,Tk—1)

very close toR that we presented in the previous sections, and equal to it in case of
independence, when however probabilities can be taken also under the risk neutral
measure.
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Looking for a measure under whidhi is a martingale, Schonbucher (1999) in-
troduces thél}, survival measure associated to the defaultable bond price numeraire
1{T>t}Bk (t). This numeraire is not strictly positive, and this leads to a measure which
is not equivalent to the risk-neutral and real world probability measures.

In our setting, based on Jamshidian (2004), one can change instead to the measure
QF associated withy, P (¢, T, ). The fundamental martingale properties are maintained
and in addition the measure is equivalent to the risk-neutral and real world probability
measures as in standard mathematical finance, and change of measure and dynamics is
performed as usual.

With the building blocks of this section the numeraire ratios are easily expressed
in terms of Ry (¢)’s. However, with these building blocks, by modelling tR¢ (¢)’s
directly as lognormal random variables we may incur into an unacceptable financial
behaviour.Hy, (t) can rather be modelled as having deterministic percentage volatility.

We have unde@”

dR3 (t) = o} Ry (t) dWF (1)

wherec? is a generic covariance vector process Hidh vector of uncorrelated stan-
dard brownian motions undé*.
As for the default-free forward rate, applying (17),

dFy (t) = —Fy, (t) of o¥dt + Fy, (t) of dW* (1) .

wherecs/ is a deterministic covariance vector process. Then the dynami&s of)
can be computed through Ito’s Formula:
Fy, (t) of

ARy (1) = Tror® ((1 +ayRy, (t)) b — ar Ry, (t) ak) dt+Ry, () 6xdW* (2),

wheregy, is a deterministic covariance vector process.

6 Conclusion

In this work we analyze CDS pricing in a probabilistic setting equipped with a subfil-
tration structure. We derive pricing formulas consistent with the standard market model
framework, with particular attention to the case of conditional independence for sub-
filtrations. We consider possibilities for a term structure model and analyze the nature
of CDS spreads via change of measure. We compute a term structure model dynamics
and apply it to deriving an approximated formula for Constant Maturity CDS. We con-
clude showing a term structure model in the same setting derived from an alternative
definition of conventional CDS contracts pointing out relations and differences with
previous literature.

7 Appendix

. B b
Proposition 7 C** = C, ;, (T,) Br, — Dicati ;B9
almost surely.

Br, B
B;. 1{7‘>Ti} HTQ:| Br, >0
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Proof. We need only to prove th&® [ o1 sy M, } > 0 a.s. Notice that

B B
E© Bza_l{wTi}HTa] = E° ]EQ [lf;l{wﬂ} HTi] HTQ}
_ e[ Prgeqy Hr || H
- BT- [ {T>T}| T} T,
_ el fn T, Hr )| H
= BTQ(T> il Hr,)| Hr, | -

We assumed th& (7 > t| H;) > 0, Vt. SinceB; > 0, Vt, E¢ [g;
0Oas.m

We prove now that

Proposition 8 H, is Q-conditionally independent implies tht; is Q:*-conditionally
independent, namely that for akybounded and{-measurable

E* [YH,] = E** [Y|F)],
-adapted. Infac& M is H-measurable, so

given that’Ht is Q- condmonally independent

Ca b Ca,b
‘B B

—59 |

Ht} . (19)

Let X to be a claim such thqéf—,b is H-measurable. Then alsé is H-measurable
and, as aboveg: is H;-adapted. This implies th%% Xt c“ t- is H,-adapted (by
(19)).So '

Ea,b |: X Xt :Ea,b |: X

Ca,b @ (Ca,b
t
(see also Jamshidian (2004) and the concept of coadaptedmess).

| -

ft} , Vt

Now consider ar-subalgebraV of o-algebraM and anM-measurableX, inte-
grable under the measures considered. We have the following results.

Lemma 9 If X is M-measurable

P2 _mP1 P1 @
EP? [X]=E [XE [dplj\/”.

InfactEP! [EP1 [422\] X] = B! [EF! [4£22 X|\]] = EF1 [2£2X] = 7 [x).

This implies that ifX is -measurable and € A/

dP2
EFP2[14X] = EP |14 XEP! | —=
1ax] = £ |Laxe [§220]).

namely

dP2
XdpP2 = [ XEP! dP1.
[, xar2= [ xem [
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Theorem 10 WhenX is M-measurable

IEP2 [XlM _ EPl

dP2 1
X .
a1 [z |V ]

Proof. The RHS is by definitiod’-measurable. We apply Lemma 9. Rbre N
dP2
dP1EP! [452| N

/ EPl
A dPl

dP2
= EF? P1

‘N dP2

By definition of conditional expectation

/E“{ sz’N} dPl—/X@dPl_/XdPQ.
s dP1 s
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